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Introduction

Galois, whose the bicentennial was celebrated the last year, during his
short life, built one of the most fruitful mathematical theories and
areas of application wider than we know today. As for the theory of
e(fluations, it is not possible to measure the real contribution
of Galois without having read what had been done before him.

The classical problem of solving an nt" degree polynomial equation
An a x"+a, X"+, +a,x+a,=0 (1)

has substantially influenced the development of mathematics throughout
the centuries and has still several important applications to the theory
and practice of present-day computing.

The aims of this paper is to show same aspects of solving algebraic
equations of degree 3 beginning in the sixteenth century with the
[talian mathematicians and ends in the eighteenth century with the
work of Lagrange.
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Khayyam'’s resolution

Let, f(x)= x*+a’x-b=0 (1) ([x_bjzwzz(b]

Equation (1) transformed into | Zza2

X
Y=

d

let: X>°+1.5°x—-7.1=0

1 ye S1B6x ()

is equivalent to
y =0.67X"
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Equation : 2 + a’x — b= 0

9
_ B> b
Circle : (rc _E) +yf = (@)

: £u"'2
Parabola : y = =

Solution = Cirle N Parabola = {B}
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- Cardano’s method

Let,
x3+ax2+bx+c:0

x—y—E
3

x3 = y3 —ay2 +... (1)

ax? = ay2 +.... (2)

1)
x3taxZ+bx+c = y3—y(——+bj+5a —gba+c

= > +py+(
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Cardano’s method

x3+px+q=0

X=U+V

x3 +pPX+Qq = (u+v)3 + (3uv+p)(u+v)

Let:uv=—E
3

(u+v)3+(3uv+p)(u+v) = (pj
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~ Cardano’s method

. 0 2 +qX—(gj

3
o
_ > = ) 2 3
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The symmetrical functions

Definition: One algebraic relation between the
variables x, y, z, v,... say that is symmetrical, if one
permutes the variables of them, then this quantity
remain unchanged

For example
x3+bx2+cx+d=(x-r,) (x-1,) (x-T,)
Then the Vieta’s formulas is symmetric functions

(
L+r+r,=-b

N

Lr,+LL+00 =C
Lr,r,=—d

\
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The Newton’s theorem

Newton’s Theorem: Every symmetric function of the
roots of a polynomial, then it can be expressed in
terms of coefficients of this polynomial by sums and
products.

For example
' +r°+r’ =-b’+3bc-3d
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Lagrange’s method

X% +bx? +ox+d = (x—1) (x—1,)(x-r,)=0 (1)
(Vi +rp+r3=—b
Viete:=<vo ifro +ror3 +nr3 =c

(V3 inror3 =—d

r

Uu=n +pm +p2r3

\V =M+ p2r2+pr3

—1+i\@

Where p is a complex number #1 such that: p3=1, for example: p = >

u=n +pm +p2r3 v:r1+p2r2+pr3
qu'=ry +pr3 + p2r1 vi=rg + p2r1+pr2

u'=r3+pn + p2r2 V'=ry+ p2r3+pr1

Then: u=u3=u""3 and v3=v'3=v '3,
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Lagrange’s method el
uv = (rlz—rl-rz—rl-r3—r2-r3+r22+r32)

u +v3 = (2r1 —fo—3 )(2r2 = =13 )(2r3 s rl)

By Newton’s theorem these two quantities can be
expressed in terms of coefficients of this polynomial
by sums and products. So:

33

uv:v12 —3vo ~b” -3¢
uS +v3 = 2v2 —9vqvy + 27v3 = 2(=b)® — 9(=b)c + 27(~d)
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[agrange’s method

But, the u3 and v3 are the solution of the polynomial
y2- (W3 + v3)y + (u3 v3)

[ vi+u+tv

Vi=n+rp+r3 3

2
Then, we have the system: J,_p +pr, 1 p2r e dra= VLT UTPY
3

_v1+pu+p2v
3

N pr3+p2r2
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Example (Cardano’s formula)

Given the polynomial x3 + px +q=0 (1)

(Vi +r,+1r,=0
Then : Viete:=<v, :rr, +rr,+rr,=p

\V3 hhL; =—0
u=n +pr +p2r3

Lagrange intermediate quantities: :
V=r+p rpt+pr3

3

uv = v12 —3vo =-3p
Ut v = 2v13 —9vqvo +27vg =-27q

Solving the equation:
y* +279y-27p3=0 UiV’ =—2—27qig\/81-q2 12.p
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Example (Cardano’s formula)

u+v
= 1

v1:r1+r2+r3 3 2
2 Vi +pTu+pv
U=rn+prn+pr3 < = 3
i 2
V=r +pra+p nr r _v1+pu+p2v
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Example (Cardano’s formula)

take the equation x3-8x-8=0

x3—8x—8=0<:>(x+2)[x—(1+\/§)}[x—(1—\/§)]<:>r1:—2, r,=1+5, r,=1-+5

By the previous formulas (S), if p= - S

B 2
no= \/4+4'f %/4——
2 Aj simplify = 1+\/7
Iy = 3,/4+ V15 +p- 3,/4—— 15 < rh=1-4/5
Maple
4i 2 r3=-2
rg = p-3d+— \/7+p 34——
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The Galois role

Lagrange did not stop there and even his method of solving
e%uations of degree great than 4 but in very special cases.
Abel and Galois, relying both on the work of Lagrange, will
eventually show independently of one another that the
equation of degree 5 is not solvable by radicals.

Galois goes further and completely the answer about the
solvability of equations by giving a necessary and sufficient
condition for an equation is solvable by radicals. The
structure of all the permutations of n roots, in Galois
theory, is consider as a mathematical object, this structure
takes the name of Galois group. Each property of an
equation translates into a property of the corresponding

group Galois and vice versa.
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Conclusion
We would like to thank for his help, our

professor of mathematics Mr. Zenon
Lygatsikas.
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Thank you for your attention !!!




