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1. ApodeÐxte ìti den up�rqoun pr¸toi arijmoÐ sthn apeiroakoloujÐa twn
arijm¸n

10001, 100010001, 1000100010001, ...

LÔsh

Arqik� ja anazht soume to prìtupo me to opoÐo par�gontai oi arijmoÐ thc
parap�nw apeiroakoloujÐac. Gia to skopì autì gr�foume touc arijmoÔc sthn
analutik  morf  tou dekadikoÔ sust matoc wc ex c:
10001 = 1 + 104

100010001 = 1 + 104 + 108

1000100010001 = 1 + 104 + 108 + 1012

...
Ta parap�nw dÐnoun ìti h genik  morf  eÐnai an = 1 + 104 + 108 + ... + 104n

ìpou o n eÐnai ènac fusikìc arijmìc.
'Omwc gia a 6= b gnwrÐzoume ìti isqÔei h tautìthta

an + an−1b + ... + abn−1 + bn =
an+1 − bn+1

a− b
, opìte gia a = 104, b = 1,

paÐrnoume ìti

an = 1+104 +108 + ...+104n =
104(n+1) − 1

104 − 1
=

(102(n+1) − 1)(102(n+1) + 1)

9 · 11 · 101

Tèloc parathroÔme ìti 9|102(n+1) − 1 kai 11|102(n+1) − 1, en¸ 101|102(n+1) − 1

ìtan n perittìc kai 101|102(n+1) + 1 ìtan n �rtioc.
Sunep¸c ìtan n perittìc, o an gr�fetai wc ginìmeno dÔo akeraÐwn me th morf 

an =
(102(n+1) − 1)

9 · 11 · 101
· (102(n+1) + 1)

En¸ ìtan n �rtioc, o an gr�fetai wc ginìmeno dÔo akeraÐwn me th morf 

an =
(102(n+1) − 1)

9 · 11
· 102(n+1) + 1

101
Prèpei na parathr soume ìti gia n > 1 oi parap�nw akèraioi twn ginomènwn
eÐnai kai megalÔteroi tou 1. Gia n = 1 èqoume ton 10001 = 73 · 137.
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2. 'Estw f èna polu¸numo me pragmatikoÔc suntelestèc. DeÐxte ìti ìlec
oi rÐzec tou f eÐnai pragmatikoÐ arijmoÐ an kai mìno an to polu¸numo f2 den
mporeÐ na grafeÐ san �jroisma dÔo tetrag¸nwn

f2 = g2 + h2

ìpou ta g, h eÐnai mh-mhdenik� polu¸numa me pragmatikoÔc suntelestèc kai
isqÔei deg(g) 6= deg(h).

LÔsh

DeÐqnoume pr¸ta thn kateÔjunsh (⇒). Upojètoume dhlad  ìti to f2 den
mporeÐ na grafeÐ san �jroisma dÔo tetrag¸nwn poluwnÔmwn g, h me diafore-
tikoÔc bajmoÔc, kai deÐqnoume ìti ìlec oi rÐzec tou f eÐnai pragmatikoÐ arijmoÐ.
Upojètoume to antÐjeto, dhlad  ìti den eÐnai ìlec oi rÐzec pragmatikèc. Tìte
to polu¸numo sthn paragontopoÐhs  tou ja èqei opwsd pote kai k�poiouc
deuterob�jmiouc par�gontec me arnhtik  diakrÐnousa. Dhlad  ja èqoume ìti

f(x) = a(x−a1)(x−a2)...(x−am)(x2+b1x+c1)(x
2+b2x+c2)...(x

2+bnx+cn)

ìpou o a eÐnai pragmatikìc arijmìc, oi a1, ..., am eÐnai oi (ìqi aparaÐthta di-
aforetikèc) pragmatikèc rÐzec tou poluwnÔmou kai oi deuterob�jmioi par�gontec
(up�rqei toul�qiston ènac apì thn upìjes  mac), pou èqoun arnhtik  diakrÐ-
nousa, dhlad  b2i − 4ci < 0 gia i = 1, ..., n. ParathroÔme ìti me sumpl rwsh
tetrag¸nou stouc deuterob�jmiouc par�gontec paÐrnoume:

x2 + bix + ci = x2 + bix +
b2i
4

+

(
ci −

b2i
4

)
=

(
x +

bi
2

)2

+

(
1

2

√
4ci − b2i

)2

dhlad  up�rqoun polu¸numa gi, hi ¸ste x2 + bix + ci = g2i + h2i .
Opìte gia to polu¸numo f2 ja èqoume ìti

f2(x) = a2(x−a1)2(x−a2)2...(x−am)2
(
g21(x) + h21(x)

)2 (
g22(x) + h22(x)

)2
...
(
g2n(x) + h2n(x)

)2
'Omwc me diadoqikèc qr seic thc tautìthtac Lagrange, pou lèei ìti
(a2+b2)(c2+d2) = (ac+bd)2+(ad−bc)2, paÐrnoume ìti up�rqoun polu¸numa
s(x), t(x) tètoia, ¸ste:(

g21(x) + h21(x)
)2 (

g22(x) + h22(x)
)2

...
(
g2n(x) + h2n(x)

)2
= s2(x) + t2(x)

Epiplèon an jèsoume a2(x − a1)
2(x − a2)

2...(x − am)2 = q2(x) tìte telik�
paÐrnoume ìti

f2(x) = q2(x)
(
s2(x) + t2(x)

)
= g2(x) + h2(x)

Tèloc afoÔ ta gi èqoun bajmì 1 kai ta hi èqoun bajmì 0, ja èqoume ìti
deg(g) 6= deg(h).
Katal xame dhlad  se �topo kai ètsi h mÐa kateÔjunsh èqei apodeiqjeÐ.
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ApodeiknÔoume t¸ra thn kateÔjunsh (⇐). DeÐqnoume dhlad  ìti an ìlec oi
rÐzec tou f eÐnai pragmatikèc, tìte den up�rqoun polu¸numa g, h me diafore-
tikoÔc bajmoÔc tètoia, ¸ste f2 = g2 + h2.
Pr�gmati, ac upojèsoume p�li to antÐjeto kai ja prospaj soume na katal x-
oume se �topo. Upojètoume lìgw thc summetrÐac ìti deg(g) > deg(h). Opìte
sugkrÐnontac touc bajmoÔc sta dÔo mèlh thc f2 = g2 + h2 (*), paÐrnoume ìti
deg(g) = deg(h). Epiplèon an a eÐnai mia rÐza tou f , tìte g2(a) + h2(a) = 0,
�ra g(a) = h(a) = 0. AfoÔ loipìn ta f, g èqoun tic Ðdiec rÐzec kai ton
Ðdio bajmì eÐte ja isqÔei ìti f(x) = g(x) eÐte ja up�rqei mÐa rÐza tou f se
megalÔterh pollaplìthta apì aut  sto g. H perÐptwsh f(x) = g(x) apor-
rÐptetai kaj¸c tìte to h ja  tan to mhdenikì polu¸numo. Opìte up�rqei a
¸ste (x − a)2mf2

1 (x) = (x − a)2ng21(x) + (x − a)2sh1(x) me m > n. Tìte
den mporeÐ na èqoume s > n giatÐ tìte ja eÐqame ìti to a eÐnai rÐza tou g1(x).
EpÐshc den mporeÐ na isqÔei n > s giatÐ tìte to a ja  tan rÐza tou h1(x).
Epomènwc n = s, opìte (x − a)2m−2nf2

1 (x) = g21(x) + h21(x). Tìte ìmwc gia
x = a èqoume ìti g21(a) + h21(a) = 0, �ra g1(a) = h1(a) = 0 to opoÐo eÐnai
�topo, opìte h upìjes  mac  tan esfalmènh, opìte to zhtoÔmeno apodeÐqjhke
kai se aut  thn perÐptwsh.

ShmeÐwsh: To parap�nw prìblhma an kei sthn kathgorÐa tou 17ou prob-
l matoc tou Hilbert. O Hilbert diatÔpwse thn ex c er¸thsh:
"Dojèntoc enìc poluwnÔmou poll¸n metablht¸n to opoÐo paÐrnei mh arnhtikèc
timèc uper�nw twn pragmatik¸n arijm¸n, mporoÔme na to anaparast soume
san �jroisma tetrag¸nwn rht¸n sunart sewn? �
H ap�nthsh sthn er¸thsh aut  eÐnai katafatik  kai apodeÐqjhke apì ton
Emil Artin. Parìla aut� den eÐnai swstì ìti:#Dojèntoc enìc poluwnÔmou
poll¸n metablht¸n to opoÐo paÐrnei mh arnhtikèc timèc uper�nw twn prag-
matik¸n arijm¸n, mporoÔme na to anaparast soume san �jroisma tetrag¸nwn
poluwnÔmwn". To antipar�deigma dìjhke to 1967 apì ton Motzkin pou èdwse
par�deigma tou poluwnÔmou p(x, y, z) = z6 + x4z2 + x2y4 − 3x2y2z2, pou eÐ-
nai sqedìn pantoÔ jetikì all� den mporeÐ na grafeÐ wc �jroisma tetrag¸nwn
poluwnÔmwn.
Bèbaia an p�me lÐgo parapèra, ja doÔme ìti isqÔei ìti k�je mh arnhtikì
polu¸numo proseggÐzetai apì akoloujÐa poluwnÔmwn pou ta stoiqeÐa thc gr�-
fontai wc �jroisma tetrag¸nwn poluwnÔmwn.
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3. DÐnetai tetr�gwno ABΓ∆ pleur�c 1. An E,Z,H,Θ eÐnai ta mèsa twn
pleur¸n tou, tìte na deiqjeÐ ìti to tetr�pleuro IKΛM , ìpwc autì sqh-
matÐzetai sto parak�tw sq ma, eÐnai tetr�gwno. Poio eÐnai to m koc thc
pleur�c tou?

SuneqÐzoume th diadikasÐa me to nèo tetr�gwno pou dhmiourgeÐtai kai qrw-
matÐzoume ta trÐgwna pou sqhmatÐzontai, ìpwc faÐnetai sto parak�tw sq ma.
Na apodeiqjeÐ ìti an suneqÐsoume ep�apeiron aut  th diadikasÐa, tìte to em-

badì twn qrwmatismènwn trig¸nwn ja isoÔtai me to
1

4
tou embadoÔ tou arqikoÔ

tetrag¸nou.
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LÔsh

ParathroÔme arqik� ìti ta trÐgwna BΓΘ,Γ∆E eÐnai Ðsa, sunep¸c ja isqÔei
ìti ∠ΘBΓ = ∠∆ΓE = 90◦ − ∠ΛΓB, opìte ∠ΓΛB = 90◦. 'Omoia deÐqnoume
ìti ìlec oi gwnÐec tou IKΛM eÐnai orjèc. 'Ara eÐnai orjog¸nio parallhlì-
grammo. Ja deÐxoume ìti èqei kai dÔo diadoqikèc pleurèc Ðsec. Ja deÐxoume ìti
KΛ = MΛ. Pr�gmati autì isqÔei afoÔ BΘ = ΓE, EM = ΘΛ kai ΓΛ = KB.
Sunep¸c to IKΛM eÐnai tetr�gwno. Epiplèon, afoÔ ta trÐgwna ΓΘΛ,Γ∆E
eÐnai ìmoia, ja isqÔei ìti:

ΘΛ

ΛΓ
=

∆E

∆Γ
=

1

2

EpÐshc ΓΛ = ΛM opìte MΛ =
2

5
ΓE =

1√
5
.

Gia to deÔtero er¸thma t¸ra, ja doÔme genik� se tetr�gwno me pleur� a, ti
mèroc tou embadoÔ tou kalÔptoun ta 4 trÐgwna. Ja diathr soume ton arqikì
sumbolismì twn gramm�twn sto tetr�gwno gia eukolÐa, upojètontac mìno ìti
antÐ gia pleur� 1 èqei pleur� a. Tìte to �jroisma tou embadoÔ twn trig¸nwn

eÐnai 4
1

2
ΘΛ · ΛΓ = ΓΛ2.

'Ara ta trÐgwna kalÔptoun to
ΓΛ2

a2
=

(
2
5ΓE

)2
a2

=
4
25

5a2

4

a2
=

1

5
tou tetrag¸nou.

Epomènwc sthn arq  kalÔptetai to 1
5 , sto deÔtero b ma kalÔptetai to 1

5 tou
1
5 kai loip�. Dhlad  sunolik� kalÔptetai to

1

5
+

1

52
+

1

53
+ ... =

1

5
· 1

1− 1
5

=
1
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tou arqikoÔ tetrag¸nou, pou eÐnai kai to zhtoÔmeno.

4. Na kataskeuasteÐ trÐgwno ABC an dÐnetai h pleur� BC, to m koc tou
tm matoc OH kai ìti OH//BC, ìpou O, H eÐnai antÐstoiqa to perÐkentro
kai to orjìkentro tou trig¸nou ABC.

LÔsh

An D eÐnai to Ðqnoc tou Ôyouc apì thn koruf  A kaiM eÐnai to mèson thc BC,
tìte afoÔ OH//BC, ja èqoume ìti to tetr�pleuro OHDM eÐnai orjog¸nio,
�ra DM = OH. AfoÔ ìmwc xèroume to mèson M gnwst c pleur�c kai
xèroume kai to m koc OH, xèroume kai to Ðqnoc D tou Ôyouc. Sunep¸c gia
na kataskeu�soume to trÐgwno, mènei mìno na broÔme to m koc AD, ¸ste na
prosdiorÐsoume kai thn koruf  A. GnwrÐzoume ìmwc ìti to summetrikì K
tou orjokèntrou wc proc th BC an kei ston perigegrammèno kÔklo, kai ìti
AH = 2OM . 'Omwc OM = HD, opìte DK = DH = DA

3 , opìte apì to
je¸rhma thc dÔnamhc shmeÐou wc proc kÔklo èqoume ìti

DA ·DK = DB ·DC ⇒ DA2 = 3DB ·DC
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Autì ìmwc dÐnei to zhtoÔmeno afoÔ to D eÐnai gnwstì shmeÐo p�nw sth BC,
�ra ta m kh DB,DC ta gnwrÐzoume.


