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ITPoAOI'oxr

To BipArio mov kpatdte ota Yépa 6o meptAapufdvel v VAN g AlyeBpag Kot Tmv
[MiBavothte®V oV TPoPAémETaL Ad TO TPOYPOUUS 6ToVd®Y TG A’ Taéng Tov I'evikon
Avxkeiov.

To Piprio avtd mpoABe amd avopopewon ™ A’ ékdoong (2010) tov Piiiov
AATEBPA A’ TENIKOY AYKEIOY, tov omoiov 1 cvyypoa@ikh opdda amotelody ot .
Avdpeadakng, B. Katcapyopng, X. Iaractavpidng, I. IToAdvlog kot A. ZBépkoc. IIpo-
otédnkav eniong dvo axopa keedaiota: to kKe@aialo «ITiBavotnteey kol 1o Kepdiaio

«IIpdodow.

To xepdioto «I[TBavdmTtecy eivar pépog tov avtictoyov kepaiaiov amd to Pifiio
MAGHMATIKA KAI XTOIXEIA XTATIZETIKHZ I'" TENIKOY AYKEIOY (2010) tov
0moiov TN CLYYPOUEIKN opdda amotedovy ot A. Adapdmoviog, X. Aapuovod kot A. XBEp-
koc. To xepdrao «IIpdodory elvar pépog tov avtictoyov Kepoiaiov amd to Pifiio
AATEBPA B’ TENIKOY AYKEIOY (2010), tov omoiov T Guyypagikn opdoo arxotelody
ot X. Avdpeaddakng, B. Katoapydpng, Z. [arnactovpidng, I [ToAvlog kot A. ZBEprog.

To mepiexopevo tov Pipiiov mepthapPdvetl o€ yevikéc ypappés Ta €ENG:

Y10 1° Ke@dhraro yivetat pia etoaymyn o Ocopia tov [IiBavotntov. H anddeién tov
W10THTOV TG TOOVOTN TG £VOG EVOEXOLLEVOL YiveETaL LOVO GTNY TEPITTMOT TOV TO ATAL
evdegyopeva givat toontifava. H Oewpia tov [TiBovottov acyoleital e KOTAGTAGELS
OmoL VITapyeL AfePardTNTO, KOl AVTO TNV KAVEL IOLOITEPA CLLAVTIKY GTIG EQUPLOYEG TNG
kabnpepwng Cong.

Y10 2° Ke@ahroto emovorapfBavovial, GOUTANP®OVOVTOL KOl ENEKTEIVOVTOL Ol PAGIKES
WO10TNTEG TOV TPAYUATIKOV 0pLOL®V.

10 3° Kepdaharo erovorappdvovral, enekteivovrol Kot 5€TALOVTOL GVGTNLOTIKG OGO
glvatl yvootd and to I'opvacio ya tig e&iodoelg 1™ kat 2* Babpov. Erxiong e&etdlovton
eElodoelg mov, yia va emdvBodv, avayovtol og 1* kot 2 Badpov.

>10 4° Kepahato mapovsialovial avicmcelg 1™ kot 2* fabpod kabdg kot avicdoelg
oV, Yo va. emtdvBobv, avdyovtal oe 1* kot 2 Badpov.

10 5° Ke@ahato yivetatl elooymyn oty évvolo TG akoAovdiag Tpaylatikdy aptopay,
Kot e&etdlovtot 1 aplOUNTIKY Kot 1] YEOUETPIKT TPOOSOG MG EWOIKEG TEPMTMGELS KOVO-
vikotnTag (pattern) e akolovdies.

Y10 6° Ke@draro eiodystal n évvola ¢ cvvaptons. H cvuvaptnon sivor pia Bgpeit-



®dNg évvola mov drumepvd OAOVE TOVG KAGOOVS TV MabnUoTIK®V Kot Xl KEVIPIKY|
onuacio Yo TNV TEPALTEP® AVATTLEN Kot EPAPLOYT| TOVC.

210 7° Kegdharo yivetar uedém tov cuvapticenv f(x) = (xxz’ flx)= % Kot

f(x) = ax*+Bxty. H pedém mg f(x) = ax>+fx+y elvar 0 KeVIpkog 6T0X0g TOL KePa-

Aoiov owtov.
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EDATI'QI'TIKO KEDPAAAIO

E.1 TO AEZIAOI'IO THX AOTI'IKHXY

2 mopdypago avty Ba yvopicovue pepucés Pacikég Evvoleg g AOYIKNG, TIg
omoiec Ba YPNOLUOTOICOVIE GTN GLVEYEL, OOV OVTO KPIVETAL AVOYKAi0, Yo
TN cOQESTEPT JOTHTOGT LAONUOTIKOV EVVOLDV, TPOTAGEMY KTA.

Ta mwopadeiypota Tov Bo xPNOUOTOIGOVUE AVUPEPOVTAL GE EVVOLEG KOl 1010-
™mteg mov elvan Yvwotég amd o 'vpvdaoto.

H ovvemaywyn
Ag Bempncovpe 00O TpayUATIKOVG 0ptOpovg a xar S . Eival yvootd ot
Av ot apiBuoi o kol f eivor iool, 10T KO T TETPAYWVE, TOVS o glvor ioa.
Avto onpoaivel ot
Av 0 1oyvp1ouds « a = » sivar alnbdic, t6te Kot o 1oyvpLouds « o’ = By
Oa eivor alnoing.
I'V avtd Aépe OTL 0 1oYVPWOHOC «o =L » OLVERAYETAL TOV 1GYLPICUO
«o’ = B » kar ypaoovpe: a=p=a’ =p.

Ievika:

Av P xou Q elvon 00 1oyvpiopol, tétotol dote, 0tav ainbeder o P va
ainBedel kar o O, T0TE Aépe 0TL 0 P ovvemdyeran tov Q Kal Ypapovpe

P=0.

O wyvpopog « P= Q@ » Aéyeton oovemaywyn kol ToAAEG opég daPaletal
«av P, tote O». O P Aéyeton vmobeon TG GUVETAYWOYNG v 0 O Aéyetal

counépacua avthc®.

1) Zmmv xabnuepvi Tpdén, cvvNOMC, deV ¥PNOIUOTOIOVUE GVVETOYMYES e WeLdN vIdbeom.
AMVG kot ) podnpatikny enotun dev Exel avaykn T€Tolov €i60vg cvvenay@ydv. Opmg, yio
TEYVIKOVG AOYOUG OV GLVOEOVTOL e TNV EVKOAIN TNG EKPpaong Labnpuatikdv (nnudtov,
0o viobetrcovpe ™ cduBacn 6T N cuveraywY « P = O » va gival aindng kot otnv mepi-
ntoon mov M vrdbeon P givar yevdnc. ‘Etol,  cvveraymyn « P = 0 » givol yeudng, povo
otov 1 vdbeon P eivarl aAnbng kot o cvprépacpo O gival yevdég Kot aAnOng ce kabe dA-
An mepintoon. Ex mpodtng dyewc n ovpufacn avth eaivetal mepiepyn, aAld 610 TAAic10
oV TopovTog PipAiov dev pmopov vo eEnyndovv ot Adyol Tov 001 yNGOV GE ALTY.
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H 1600vvouia j o1y coveraywyn

Ag Bempnoovpe TG YvooTéG pag ond To I'vpvacio cuvenaywyEc:
a=p=a’ =p (1)
Kot
o=f=>a+y=p+y (2),
TOV 10YVOVV Y10 OAOVG TOVG TPAYLLATIKOVS @, ff KoL Y.
[Hopatnpodpue otL:
v Tw v TpOTN GLUVETNY®YY, OeV 16Y0EL TO 0VTIoTPOPO. ANAadn dev 1oydel

n ovvenayoyn o =47 =a = 10 6LoVG TOVS TPAYLOTIKOVG APIOUODS o
Ko S, aob yio mopadetypa givon (—3)2 =3’ ev —3#3.

v Tt dedtepn, OUOE, GLVETAY®YN 1GYVEL KOl TO 0vIIGTpopo. Anhad yia
OAOVG TOVG TPAYUATIKOVG aptOoVs a, £, y 1oyDEL KOl 1] GUVETAYWYN:
at+y=p+y=a=p

'V avtd Aépe 6t 01 dVO 1oYLPIGHOL Eival 1003VVALLOL KO YPAPOVLE:
ao=fSa+y=F+y.

T'evikd

Av P xarQ elvor 0o oyvpiopol, T€tolor dote, 6Tov aAnbevel o P, va

aAnBedetl kot 0o O ko 6tav aAnbevel o O, va ainbevel kot o P, tote Aéue
011 0 P ovvemdyetonr Tov @ Kol GvVTIGTPOQOG 1), 0AMMDG, 0TL 0 P givan

16000vapog pe Tov Q kot ypdpoopue P Q.

O oyvplopdg « P < O » Aéyetal t6odvvapio Kot apketéc popég dafaletal

«P av ko povo av O».

O 6bvoeouog «p»

I'vopiloupue otL:
To yvouevo dvo mpaypatikwv opiuov o kol B eivai ioo ue 0 unoév, av
Kal Hovo av évag Tovidyiotov ano tovg apifuods a kol B eival iocog ue
7O UNOEV.

INa va dnhdoovpe 411 évag TovAdylotov amd Toug a kot S eivon icog pe 1o

undév, ypdooope oo=0 f S =0."Etol, £govpe v 1c0dvvopia

a-p=0a=0M =0

Tevika
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Av P xorQ eivar 800 1oyvpiopoi, tote o woyvpiopds P i O ainbevel povo

OTNV TEPIMTOOT TOV £VOC TOVAAYLIGTOV ald TOVG 6V0 1GYLPLoHOVS aANnOevEL.

O woyvpiopdg «P 1 O» Aéyetar o1alevén tov P kol Q.

(x2 —x)(x2 —l) =0

/. I4 4 I4 7 Ié 2
aAnBevel, av kol poévo av €vag TOVAGXIOTOV OO TOVS TAPAYOVIESG X~ —X Kol

Mo moapdderypa n e&icwon

x* =1 givon icog pe To pndév, Snhadn, av kot pdvo ov 1oydet 1 Stalevén:
¥ -x=0f x*-1=0.
Hopatnpodpue €dd OTL:
v Tw x=1 aAnbebovv kot ot 300 e£l6OGELS, EVD
v T x=0 aindedel udévo n mpdt kot yio. x =—1 ainbedel uovo n dedre-
pN.

O c¥voeouog «kavy
I'vopilovpe otL:
«To ywvouevo ovo mpoyuotikwv apiBumv o KoL eivor d1apopo Tov unde-
VOG, oV Kal Hovov av Kal ol 000 aptBuoi o Kol f eivar diapopot tov unoe-
VOO,
Mo va dnidcovpe 6Tt Kat ot dvo apBuoi o kot S sivar dtdpopot Tov PNdeEVOS
YpApovLE
a#0 xou f#0
‘Etot, éxovpe v 1coduvapio
o-f#0 a0k f#0

I'svika

Av P xar O egivor 800 1oyvuptopoi, tote 0 woyvplopoc P kar @ ainbevel

LOVO GTNV TEPIMTO®ON TOL Kot 01 6V0 1oyvpiopol ainbevouv.

O woyvpiopoc «P kar O» Aéyetar o0ievén tov Pxot Q.
Mo mopdderypa, o 1GYLVPIGUOC
x(x—1)=0 ko (x—1D(x+1)=0

ainBevet yio exelva To x yuo to omoia aAnBedovv Kot ot dvo e&iodoels, dnia-
My x=1.
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EPQTHXEIY KATANOHXHY

L Ye KoOegpa amo TIG TOPUKAT® TEPITTAOGELS VO KVKAMDGETE TO YPpappaQ
A, av o wyvpiopoc givar aAn01ig Yo 6AoVg TOVS TPAYROATIKOVS aprO-
ROVG a KoL f. Al0.QopETIKG VO KVKADGETE TO Yphpupa P.

1. o’ =9=a=3 A Y
2. o’ =asa=1 A ¥
3. adra=azl A Y
4. a2 a4 A V¥
S8 a>2=a >4 A Y
6. a<2=a <4 A Y
7 o’ <4=a<?2 A Y
8. > >d=a>2 A ¥
9. a<2xo f<3=a <6 A Y

II. Nao avtioTolyicere K0.Oéva amd TOVS LGYVPLOPNOVG TGS OpAdag A ng TOV
1600VVONO TOV LoYVPLGNO ol TN opada B'.

A" OMAAA B° OMAAA
1 x(x—2)=0 A x#0 ko x#2
2 x(x—2)¢0 B x=2
3 x’ =4 r x=-2Mx=2
4 ¥ =4 ko x<0 A x=0
5 x(x=2)=0 ot x(x-1)=0 E x=0Mx=2
6 x* =4 ko x>0 4 x=-2
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E.2 XYNOAA

H évvoia tov evvolov

[ToArol avBpwmol cvvnBifovv va cvAAéyovv dSideopa mpdyuata, OTMS ..
ypoppotoéonua, vouicpata, mivakes (oypaeikng, epnuepideg, Pipiio kti. Ot
mEPLOCOTEPOL GVAAEKTEG TAEIVOUOUV TIG GLAAOYEG TOVLG GE KOTNYOpies, .Y
CYPUUULOTOCT|LOL TTOL TPOEPYOVTAL amd TNV 1010 YOPO», «VOUIGLATO TOV TEPO-
GUEVOD ALDVOY, «TIVOKES TNG AVAYEVVIONGY KTA.

Eniong and apyarotdtov xpdvov ot avBpomnotl evolaeépdnkav yio tovg apif-
pov¢ Kot Tovg TaSvouncoV 6€ Katnyopieg, 0mmg ival m.y. «ol aptiol aplo-
poi», «ot TpMOTOL 0Pl KTA.

ZVAAOYEC I KaTNyopieg OMME Ol Tapamave 1 aKOUn ouddes OVIIKEINEV®DV, O-
HOEW@mV N O, TOV UTOPOVUE UE KATO0 TPOTO va. To. Egympicovpe, ovopalo-
vtot oto. Mobnpatikd ohvoira.

Zoupmva pe Tov peydAio podnuaticé Cantor:

20voAo eivol kKGBe GLAAOYN OVTIKEIUEVOV, TOV TPOEPYOVIAL ATO TNV
gumelpio pag N In dtovonon pog, eivol kald opiopéva Kot dtakpivovtot
10 éva, oo TO AALO.

Ta avtikeipeva avtd, mov anotelobv 10 6GOVOAO, ovoudlovtol oTotyeio N LEAN
TOV GLVOAOV.

2X0A4I10

‘Eva ovvolo mpémel va eival, 6nmg cuvnbilovpe va AEpe, «KKOADMG OPLGUEVOY.
Avtd onpaivel 0Tt Ta oToLYEiD TOL UTOPOVY Vo avayvepilovial pe clyovpld.
INa mapdaderypa dev pmopolpe va PIAGUE Y10 TO GUVOAO TOV UEYAAW®V TPOYLLO-
TIKOV aplfumdv. Avtd dev givar cuvoro, pe ™) padnuatikny £vvola tov Opov,
O10TL 0V LITAPYEL KOVOVOG OV Vo Kabopilel av évag Tpaypatikodg apldpnog &i-
valr N dev  elvor peydrog. Av dpmc BempoovE TOVE TPOYLATIKOVS ap1Bpovg
7ov givar peyaAivtepot Tov 1000000, to6TE qvtoi amotelovv chVoAo.

o va svpPolricovpe éva cvvoro oto Mabnuatikd, xpnoILOTOlOVUE Eva, ATd
Ta Kepodaio ypaupata tov EAAnvikod 1 tov Aativikod aleofitov, Ve Yia
T oTOLYELD TOV YPNCLOTOOVUE T LKPA Ypdppata avtdv. [a mapdderypa:
v ue N ovpfoirilovpe 10 6UVOAO TOV GLOIKDV aplOU®V,

pe Z 10 6Vvolo TV akepoinv aplipov,

pe Q to obvoro TV pNTOV aplBuUdV Kot

ASRNEN

pe R 1o ocOvoro TV TpayHaTik®v aplOpudv.
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Ta ocbuforia € ka1 &
IMa va dnAdoovpe 6tL o X glval oToLXEl0 TOL GLVOAOL A, Ypdpovpue x € A Kot
dwPalovpe «to x aviKel 6To A», VD Yo va SNADOGOVUE OTL TO X eV gival
otoryeio tov cuvorov A ypdpovpe x ¢ A kot dStaPfalovpe «To X OV AVIKEL GTO
A». T mapadetrypa

3

géN, %e(@, 2eZ, \E%Q, J2 eR k1.

IHapaoctacy cvvoiov
INa va Topactioovpe €ve cOVOAD YPNOIUOTOLOVUE GVVIOME £vav Omd TOLG
TOPUKATO TPOTOVG:

a) Otav divovtatl OAa Ta oToLyeia Tov Kot elvat Alya og TAn0o¢, T1ote ypdipovpe

Ta ototyeion avtd peta&d dvo aykiotpov, yopiloviag Ta pe 10 KoOppa. ‘Etot

Y., OV T0 GOVOAD A €xel o¢ aToyeia Tovg aptBpovg 2, 4 Kat 6, Ypleovpe:
A={2, 4, 6}

[MoAAéc @opég YPMNOLLOTOIOVUE EVOV TOPOUOL0 GUUPBOAICUO KOl Ylo GUVOAQ
oL €YoLV TOALG M melpa oToLYElD, YPAPOVTOG HEPIKE LOVO amd avTA Kot O-
TOGIOTMVTOG TO VITOAOITA, 0pKEL va lval Gapég mola givatl avTd Tov TopaAEi-
movtal. 'Etotl yio mapddeiypa to cvvorlo B tov akepaiov and to 1 péypt 1o
100 cupPoriletar og €&ng

B={1, 2, 3, ..., 100},

1
EVO TO 6VVOLO TV KAACUAT®V TNG LOPONG — , OOV vV BETIKOG 0KEPOLOG, GULL-
v

S T
2 3 4

O mapandve TpOTOC TOPACTACTG EVOG GLVOLOV AEYETOL «TOPAGTOCT TOV GV-

BoAiletor og €€nc:

VOAOVL LLE aVAYPUPT] TOV GTOLYEI®V TOLY.

B) Av amd to ocOVOAO T®V TPAYHATIKGOV aplBudv emAééove eKelvovg Tov é-
YOLUV TNV 10Tt Vo givor Betikol, 10te QTIdYVOLUE TO GHVOAD T®V BETIKOV
TPAYUATIK®OV aplpmv, To oroio cuuforiletor pe:

{x € R| x> 0}

ko dafaletoan «To ocvvoro Twv xR, dmov x >0 ».

Opoimg 10 6GUVOLO TV ApTIOV akepoiny cuuBoAiletot

{x € Z| X dpnog}
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levikd, av and éva ovvoro Q emdéyovpe ekelva Ta oTolyEio TOV, TOV £YXOVV
pa opopévn wiotnta I, tote Tidyvovpe éva véo cbvoro mov cvuPoirileTon
ne:

{x € Q| x &xeL v 1B10TNTA I}
Kot dropaletal «To ocvvoro Tov x € Q, 6oL x Exel TV WOOTNTA ).

O mopandve TPOTOC TUPAGTACTG EVOG GLVOAOL AEYETAL «TOPAGTACT] TOV GL-
VOAOVL LLE TEPLYPOPTN TOV GTOLYEIDV TOVY.

Toa ovvoia
Ag Bempncovpe TOPO TO CLVOAQL:

A={1, 2} Kol B={xeR| (x-D(x-2)=0 }
Ene1dn ot Aoeig g eéiowong (x—1)(x—2)=0 eivar ot apiBuoi 1 kot 2, 10

ovuvolo B éyel ta 1010 axpipdg ototyeia pe to A. Xe avtnv v mepintoon Aé-
pe 61t ta ohvora A ko B givan ioa.

Tevika

Avo chvola A ko B Aéyovtal iea, 6Tav £xovv Ta idta akpImg cTotyEia.

Me aAla Adyia:

«Avo oOvora A ka1 B Aéyovtal ica, 6tav kdOe cToyeio Tov A givar Kan 6TOL-
xeilo Tov B kan avtioTpdpoc kdBe otoryeio Tov B givanr kon 6Tovygio Tov Ax».
2V mepintmon avtn ypdeovue A=B.

Yroovvola cvvoiov
Ag Bewpncovpe Ta GUVOLQ

A={1,2,3,..,15}  xam  B={1,2,3,..,100}

[Hopatnpodpe 611 kKaBe cTOoLKEio TOV GLUVOAOL A gival Kol GTolKEl0 TOL GLVO-
Aov B. Xy mepintoon avt) Aéue 6t to A gival vrochvoro Tov B.

I'evikd

‘Eva ocbvodo A Aéyetal vmoovvoio evog cuvorov B, otav kébe otoyeio
Tov A givon ko ototryeio Tov B.

Yy nepintmon avtn ypapovpue A< B.
Apeceg cuvEmElEg TOV OPIoHOD glvan ot
i) AcA, vy kabe cvvoro A.

ii) Av AcB xait BcI', t6te AcCT.
iii) Av AcB xa1 BC A, to1te A=B.
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To kevo civvoio

Ag avalnmoovpe ta ototyeia Tov cuVOAOL A = {x eR ‘xz =— } . Etvat pavepo
6t 1810100 oTOTYELRL SEV VIAPYOVV, APV N eficmon x* =-1 eival addvatn 610
R. To cdvoro awtd, mov dev éyet kavéva ctoryeio, Aéyetal Kevd oHvolo Kot
ovpPorileton pe & M { }.

Anradn:

Kevo 6ovodo eival 1o 6OVOLo oL dgv €xEl GTOLYE .

Agybpoote 011 T0 KEVO GVVOLO €ival VTTOGUVOAO K&BE GLVOLOVL.

Awaypauuata Venn

Mo €TOTTIKN TAPOVGINCT TV GUVOAWMV KoL T®V UETAED TOVG GYECEDV YivETAL

pe ta dtaypaupato Venn.

e KdBe popd mov epyaldpacte pe oOVOLa, T GUVOAL avtd Bempovviat
VTOGVVOAX EVOC GLVOAOL oL AyeTal Bacikd cvvoro kot cupuforileton
ue Q. I'a mapaderypa, to cvvora N, Z kol Q, givar vrosvvora tov Po-

olkoV ocvvorov Q=R.

To Bacwkd cOvoro cvuPoAriletor pe To ecmte- 2

p1Kd evog opBoywviov, evd kdbe vmoovVoAO
evOC Pactkod cLVOLOL TAPICTAVETOL LE TO A
ECMTEPIKO [0S KAEIOTNG KAUTOANG TOV TTE-
PLEYETOL GTO EGMOTEPIKO TOV opbHoywviov.

e Av AcCB, 16t€ 10 A TOPIGTAVETOL [LE TO O
EOMTEPIKO OG KAEWOTNG KAUTUANG TTOL B
TEPLEYETOL OTO ECMTEPIKO TNG KAEIGTNG
KOUTOANG TTOV TOPIGTAVEL TO B.

Ilpaéeig ue ovvoia
‘Boto Q={1,2,3,..,10} éva Bacikd chvVoro kat 300 VTOGHVOAL TOV:

A={1,2,3,4} xa B={3,4,56}.

e To ovvoro {1,2,3,4,5,6} , TOV €Y€l MG OTOLYElD TO KOWVA KO TO U1 KOWE

otolyeio T@v A kot B, dnAadn 10 6OVoAo TV GToyEiov Tov Q Tov avi-
KOVV TOVAGYIoTOV G éva amd to A ko B Aéyetan évmon tov cuvodlov A
kot B.
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Ievika:

"Evoon d00 vroocuvorwv A, B evdg PBaot-
K00 GVVOLOV Q AéyeTOl TO GUVOAO TOV
otoyelov tov  TOv AVINKOLV TOVLAGXL-
oTOV 0€ €va amd ta cvvora A kot B kot
ovuPoAriletor pe AUB.

o
&=

Anhadn elva:
AuB={er|xeAf]xeB}

To sOvoro {3,4} oL €yl ®C oTolyeln T KOWVa LoOvo ototyeio Tov A kal B

Aéyeton Topn T@v A kot B.

Tevika:

Topn 600 vrocuvorwv A, B evdg factkon
ouvorov Q Aéyeton TO GHVOAO TOV GTOL-
yelov Tov Q TOL AVNKOLY KOl GTA dVO GV-
voAia A, B kot cupporileton pe ANB A B

Aniadn givor:
AmB:{er|xeAKm xeB}

Yy mepinton mwov dvo cvvora A kot B dev éxovv kowvd ctotyeia, dnia-
on 6tav AN B =0, ta dVo cuvora Aéyovtar Eéva petalld Tovg.

° To ocvvoiro {5,6,7,8,9,10} oL £xel o¢ otoryeia ta oToryeion Tov Q TOL

dev aviKovV 610 A, AEYETOL GLUTANPOUO TOV GLVOLOL A.

I'evikd:

ZOUTAMPONO €VOG LTOGLVOAOL A €VOG A
Bacikod cvvorov Q Aéyetal TO GVUVOAO
TOV oTOlYEI®V TOV Q TOL 6EV AVIKOVY GTO
A kot oopPoriletan pe A’

Anhadn givart:

A'={er|x¢A}
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EPQTHXEIY KATANOHXHXY

I. 1. Zt0ovg mopakdto TIVOKEG VO GUUTANPAOGETE [Ee TO GOUBOAO “v " ekelva To Te-
TPOYOVAKIL TOV 0TIV 0 aVTIGTOLY0G aplOIOC OVIKEL GTO OVTIGTOLO GHVOAO.
2. Ilog ovopdlovtar ot apBpoi yia Tovg onoiovg £xovv cvurAnpwdel To TeTparym-
vaKio LOVO NG TEAELTALOG YPOLLUNG;
3. Na ypnotponomcete ta dtaypdppoto tov Venn yio Vo TOPOSTHGETE TG O1000-
yikég oyéoelg eyrieiopod tav cuvorov N, Z, Q kot R kot va tonobetnoete
péca og anTd Tovg aptdpovg avTovg.

13 - | 20
-3,5 0 Jio | -—= L I Jioo | -5

5

eN
e’
eQ
eR

II. X& koBeprd amé TIC TOPUKATO EPAOTICELS VU COUTANPAGETE TIG IGOTNTEG.

1. Av A:{x € N|x dtapé€ng Tov 16} Ko B:{x € N|x dup€Tng T0V 24} ,T0TE:

2. Ac Bsopnoovue @g Pacikd cvvoro T0 GHVOAD Q TOV YPUUUATOV TOV
EAMANVIKOD aA@oP1Tov KoL T0 VTOGHVOAL TOV

A:{x € Q|x(poavﬁsv} Kol B:{x € Q|xc51')u(p(x)vo} .

Tote:
a) AUB=....... B) AnB=..... v) A=... ) B=......
III. X& kaBeprd amd T TAPUKATO EPMOTNGELS VO PALETE 6€ KOKAO TIG 6MOTEG
OTAVTI|GELC.
1. ’Eotw dvo cvvora A xou B. Tore:
o) AcAnB B BcAnB y)AnBcA 8 AnBcB
2. ‘Ecto 800 covoro A ko B. Torte:

o) AcAuUB B AuBcB y) AUBcA 6 AUBCB

IV. X¢& koOgpid amé TIC TOPUKAT® EPOTNGELS VO CUUTANPDOCETE TIG LOOTNTES.
1. 'Eoto Q éva Bocikd cvvoro, & to kevd cbvoro kot A < Q .Tote:

a) D'=...... p) Q' =...... v) (A) =....
2. 'Eotw A cB.Tote




1 IHHNIOANOTHTEY

Ewcaywyn

Yrdpyet o€ mTOALOVG 1 EVTOHTOON OTL TO KUPLO KIVITPO Yo TNV OVATTUEN TG
Ocopiog Tov [IBavottov TponAbe amd T0 EVAAPEPOV TOL AVOPOTOL Y10 TO
TUYEPE TOY VIO, ZNUOVTIKN LAAGTO MO o1 6TV avAmTtuén Tov KAAOOV auToD
TV Manpotik®v anotédese 1 YoV aAAnioypagio mov avartdydnke ové-
peca otovg Pascal kot Fermat to 170 cudva pe agopun d1dpopa wpofAnpota
OV TPOEKLY AV OO TNV EVAGYOANGN TOL OvOPOTOV LE TOL TUYXEPE ALY VIO

MoAOVOTLOUMG TO TUYEPA TOLYVIOLO N TOV EVPEWMS O10LOEOOUEVA KOl GTOVG A pyoi-
ovg ' EAMnveg kot otovg Popaiovg, n Oswpio tov [TiBavotitov dev avamtdydn-
K€ KOTA TNV apyaidtnTa, 6mmg cuVEPRN pe AALovg KAGOoVS Tmv Mabnpatikdv,
aAAG TOAD apyoTepa, To 160 kot 170 odva p.X. I'' avtd moddoi amoppintovv
v dnoym 6t Oswpio tov [TBavottemv opeilel T Yéveon Tng oty evaoyo-
Anon tov avOpdOTOL LE T TVYXEPE ToLY VIO KOL TV ATOdId0VV OTIC AVAYKES VOl
AV00VV TPOPAN LT TTOL TOPOVGLACTNKAV LE TV AVATTLEN TOL EUTOPIO, TV
acQAUAMGEDV, TNG GLALOYNG £E000MV TOL KpdTovg KTA. H avantuén e Osmpiog
tov [TBavottev opeiletal emiong Kot oTig avdykes tov Puoikov Emoetudv
OGS M ePappoY” TG Oempiog ZEAAUATOV GE AGTPOVOUIKES TOPATIPTOELS.

H Osopio tov [IiBavotitev avartdydnie akopo teptocotepo to 180 aidva pe
116 a&loonpeioteg epyacieg tov padnuatikov Bernoulli, Moivre, Laplace kot
Gauss. Idwitepa o Laplace pe tic epyacieg tov dvoiée po Katvovpylo Exoyn
yw ) Ogwpia [TBavotitov. ['oti o Laplace dev meplopileton pdévo otn podn-
HOTIKT] OVAADGT] TOV TUYEPOV TOLYVIOLOV, OAAA QapPUOLEL TO. GLUTEPAGLOTA
TOV KOl 6€ €vol TAN00G 0o EMGTNUOVIKA Kot TpoakTikd tpoPAnuarta. ‘Etot, pe
OQOPUN TN UEAETN TOV GEUAUATOV TOV TPOKVTTOVV OTIG EMOVOLULPOVOLEVES
LETPNGELG TOV 1010V OGTPOVOUIKOD HEYEBOVS OVAKOAVTITETOL 1) TEPTIPN LT KOVO-
viKf] katovoun tov Gauss. Koatdémv amodeikvoetal 0Tt 1) KOVOVIKT KATOVOUN
amekovilel Oyt LOVO TNV KOTOVOUT TV COAALATOV TOV AGTPOVOULIK®OV TP
TNPNCE®V OALE KOL TV KATOVOUT TOAA®Y PLOAOYIKOV, KOWVOVIKOV KOl QLGT-
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KoV eoawvopévev. ‘Etot, ot dudpkela tov 190v aidva yevviovvtot vEol KAGSoL
TOV EPUPUOCHEVOV LOBNUOTIK®V, OTTOC givol 11 Osmpia TOV ZQaANATOV, To
Acpaiotikd Madnpoatikd Kot n Ztotiotikn Mnyovikn.

2115 uépeg pog 1 Osmpia tov [MBavotnToV UE TIC £pYacieq TOAA®Y Ao LWV
ponpoatikov, 6nwg eivar ot (Chebyshev, Markov, Von Mises, Kolmogorov
K.G., £xel onueldoel oApaT®mOn Tpdodo. Kavovpyla Bempnticd aroteAécuato
TAPEXOVV VEES SLVOTOTNTES Yl TN PN OLLOToiNoT TV Hefddmv T Oempiog
tov [TBavottev. Eivar a&toonpeinto 1o yeyovog 6Tt ot epapuoyég tov I-
BovotTeV avaeépovtal o€ £va VPHTATO PACHA ETOTNUOV OT®G 1] DLOIKY,
n Xnueia, n Fevetikn, n Yoyoroyia, 1 Owovoporoyia, 1 Thniemikowvovia, n
Metewporoyio KTA.

H Ocopia tov [TBavot)tov avikel 6Toug KAAdovG Tov Mabnuotikeov mov
ovppadifouv pe ™MV avaTTLEN TOV PLGIKOV ETGTNUMV KO TNG TEXVOAOYING.
Av16 o€ onuaivel BEPara 6T1 M Oewpia tov [IiBavotHTOV sivon amidmg Eva fon-
ONTkd epyoreio yroo TN AVON TPOKTIKOV TPOPANUATOV TOV GAADV ETCTNUMV.
Amevovtiog £xel LETACYNUATIOTEL GE EVOV AVTOTEAN KAAOO0 TV Kabapmv Ma-
ONUATIKOV, TOV £YEL O1KA TOL TPOPANLOTO Kot S1kEG TOL HeBOSOLG.

1.1 AEIT'MATIKOX XQPOX - ENAEXOMENA

Ilgipaua Toyns

Onwg yvopilovpe and t dvoikn, av Beppdvovpe amoostaypévo vepd oe 100°
Keloiov omyv emodvela g 0dAaccag, dniadn ce aTHOGEAIPIKN Tieon 760
mm Hg, 10 vepd Ba Bpdcetl. Eniong, av apnoovpe Eva om0 vo TEGEL GTO KEVO
VIO TNV emidpacn g PoapvTnTag, UTopovEe vo TpoPfAéyovue pe akpifela to
duotnpa mov Ba dtavdcetl oe optopévo ypdvo £ Kabe tétoto melpopa Kotd to
0Toi0 1 YVOOT TOV GLVONKOV KAT® amd Tig onoieg exteleiton kabopilel mAn-
PMG TO OMOTEAEG O AEYETOL ALTIOKPOTIKG (deterministic) meipopaL.

Ymépyovv Op®G Kot TEWPALOTO TOV OTOLOV OV UTOPOVUE EK TOV TPOTEPOV
v TpoPAEYOVUE TO ATOTEAEGUM, HLOAOVOTL emavaiapfdvoviol (Qatvople-
VIKG TOLAGYIoTOV) KAT® amd TiS 1d1e¢ ovvOnKes. 'Eva té€toto meipapa ovo-
paleton meipapa Toyns (random experiment). o mapdostypa, dev pmo-
povue va wpoPAéyoupe pe axpifeio Tov aplOpd TV Tpoyainy oTUYNUATOV
mov cvpPaivovv e o efdopdda oe éva onpeio pog £6vikng 0dov, aeov o
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apOpdc avtdg efaptatat omd TOAAOVG ATPOPAETTOVS TAPAYOVTEG.

[Tepdipata TOYNC givor Kou tar ENg:

1. Piyveron éva vOpuG oL Kot KaToypagEToL 1) (v Oy TOL.

2. Piyveton éva (apt kot koTaypdeetat 1 EVOEIEN TG Avo £6pag TOL.

3. AwoAéyeton avbaipeta pio otkoyévela pe 000 Toudid kot eEeTAleTon MG TPOg
TO PVAO TOV TOOUDY KO TN GEPA YEVVIONG TOVG,.

4. Piyveton £évo VOLLIGHO GTOV VL OEPOVLLE “YPAUUTE” dALA Ol TEPIOCOTEPO
omd TPELC POPES.

5. Emdéyeton Tuyaio pio TRAEPmVIKT GUVOIAAEEN Ko KatorypapeTon 1) SIGPKELR TNG.

6. I'veton n kApwon tov AOTTO Kot KaToypageETUL TO OMOTEALEC L.

7. Tnv mopapovy tov [ldoya, 6t1g 5 W.l., HETPLETOL TO UKOG TNG OVPAG TV
OVTOKIVATOV oTa TpdTa 010010 TG EBvikng 0600 Abnvov-Aapiog.

8. Em\éyetan Tuyaio pio pépa g efoopddog kot HeTplétal o apOpdg Tmv
mAebeat®V TOV TOPAKOAOVONGAY TO ATOYELUATIVO OEATIO €10 CE®V
omv ETI.

9. Emiléyeton tuyaio (o padlevepyog Ty Kol KoTaypaeetal o apluog tmv
EKTEUTOUEVOV COUOTIIMV GE GLYKEKPLUEVO YPOVIKO SLAGTNLLOL.

Agrypartinos Xapog

Olo To amoTEAEGHATO TTOV UITOPOVV VO ELPAVIGTOVV GE EVOL TEPOLAL TOYNG
Aéyovtat SuvaTd amOTEAEGLLOTO 1) SVVATEG TEPMTMGELS TOL TEPALOTOC. To GV-
VOAO TV SLVOTMOV ATOTEAECUATOV AEYETOL OELYPOTIKOS YD POg (sample space)
Kot cvpforiletar cuvnBwg pe To ypdupa Q. Av oniadn ,, @,,...,m_ lvar To
duvatd amoTeEAESHOTO EVOC TEWPANATOS TOYNG, TOTE O JELYLATIKOG XDPOG TOV
nepdparog Oa gival To GuVoLo:
Q={ov, 0,..,0}.

'Eto1, 610 mpdTo 0md To Tapomave mepdpoato Toyns, av pe K cvpfoiicovpe
TO OTOTEAEGUO VO, PEPOVUE “KEPOUAN” Kot PE I TO AMOTEAEGUA VO PEPOLLLE
“ypappato”, TOte 0 dEIYRATIKOG X®Ppog elvan Q = {K, I'}. Emiong, oto de0tep0
omd T TOPOTAVE TEPAATO TOYNG 1 EVOEIEN TG dve £0pag pmopel va givart
évag amd tovg apBpovg 1, 2, 3, 4, 5, 6. Emopévog, o detypatikog ydpog etvor
0Q={1,2,3,4,5,6}.

Evogyousva

To ovvoLo oL €xEl MG GTOLXELN £Vl 1] TEPLIOCOTEPO ATOTELECUATO, EVOG TTELPA-
HOTOG TOYNG AEyeTon evdgydpevo (event) 1 yeyovog. [a mapddetypo, otn piyn
evog Caprov ta ovvora 4 = {2,4,6}, B={1,3,5} xon I'= {6} eivar evdeydpeva.
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To A givor 10 evoeyOUEVO v PEPOLLE GPTIO 0plOUd, TO B vo pEPOLLE TEPITTO
appod kot 1o I va eépovpe 6. Eivar goavepd ot éva evdeyduevo gival vro-
GUVOAO TOV deryHaTikoy Ydpov. ‘Eva evdeyouevo Aéyetal amho 6tav €xel Eva
novo ototyeilo kot 6vvOETO av Exel mepiocdTepa oTotyeia. [ mapddetypa, to I
elvat éva amAd evoegyopevo, eva ta 4 Kot B etvat ovvOeta evoeyopeva. Otav to
amoTELECO EVOG TTEPANOTOS, O L0, CUYKEKPIUEVN EKTELEGT] TOV €ivall GTOL-
¥€lo evag evdeyopuévov, ToTe AEpE OTL TO EVOEYXOUEVO OTO TPUYNUTOTOLEITOL
N sopPaiver. ' ovto ta otoryeio evog VOEXOUEVOL AEYOVTOL KOl EVVOIKES TTE-
PITAOGELS Yo TNV Tpaypotomoinon tov. Etot, yio mapddetypa, To evoeyouevo
A= {2,4,6} &xel TpELg EVVOIKEG TEPUTTMOOELS KO TPOALYLLOTOTOLEITOL, OTOV (E-
povpe 2N 41 6.

O 310G 0 derypaTikdg ydpog L2 evog melpdpatog Bempeitat OTL lvor EvoeyOpe-
VO, TO 07010 UAAIOTO TPALYLLOTOTOLEITOL TTAVTOTE, OLPOV OTOL0 Kol OV €ivol TO
amotéleopa Tov TEPARoToc Ba avikel oto Q. I'avtd 10 2 Aéyetan BéParo
EVOEYONEVO. AgXOLOGTE OKOUO MG EVOEXOLEVO KOl TO KEVO GUVOLO D oL dev
TPOUYUOTOTOLEITAL O KOUIEL EKTEAEGT] TOV TEIPALOTOS TOYNG. [ owTd Aépe 0Tl
10 O givol T0 AdVVATO EVOEYONEVO.

To mnBog TV otoyeinv evog evdeyopuévov 4 Ba to ovufolrilovue pe N(A).
Emopévaog, av Q = {1,2,3,4,5,6} xor 4 = {2,4,6} &yovope N(4) =3, N(2)=6
ko1 N(@} = 0.

IHpaéerg ue Evosyoueva

Onwg eidape, Ta gvdeydpeva givatl VITOGHVOLN TOV JELYHATIKOD YDpov 2. Eno-
UEVAS, LETAED TMV EVOEYOUEVMV EVOG TEWPAUATOS LTOPOVV VOL OPIGTOVY O1 YV®-
oTéC Tphels petall TV GUVOLMV, A0 TIG OTOIES TPOKVITOVY VEN EVOEYOLEVAL.
'Etot, av A kou B gtvou 600 evdeyoueva, £xovue:

* To evdeyopevo A N B, mov drafaletar “A topn 4 B
B’ M “A xou B” kot mpaypoatomoteiton, otov
TPAYLLATOTOIOVVTOL GUYYPOVOGS To. A Kol B.

ANB
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* To gvdeyopevo 4 U B, mov dafaleton “A Evo-
on B” N “A4 1 B” xou mpoypotonoteital, ot
TPOYUATOTOLEITAL €VOL TOVAGIGTOV amd To. A,
B.

* To evdeyopevo A4', mov dwPdaletor “oxt 47 1
“CUUTANPOUATIKO TOV A” Kol TPAYLATOTOE -
Tat, Otav dev mpaypotonoleitor to 4. To A" Aé-
yeto Ko “avtifero Tov A”.

* To &evdgyouevo A-B, mov owPdaleton “dt-
aeopd Tov B amd 10 A7 KOl TPOYLOTO-
moleital, OTav  mpaypotomoleitor  to A
aALAd Oyt to B. Eivar gokodo vo dovupe 0Tt
A-B=4ANB"

Xtov mapoakdTo mivaka to 4 ko B cupporilouv evdeydueva evog TEPAUATOC
KOL TO @ £V0, OTOTEAEGLLOL TOV TTEPALOTOS OVTOV. ZTNV aPIoTEPT] GTNAN TOL Ti-
VOKO 0VOYPAPOVTOL OIAPOPES GYEGELS Y10 TA A KOl B S10TuI®UEVES BTNV KOTVN
YAOGOOW, Kot 6T 0e&1d GTNAN avaypaeovTol ot id1Eg GYEGELS AAAGL SLUTVTME-

VEG OTN YADGGO TOV GUVOAMV.

A B
Q
AUB
A/
Q
4 B
Q
A-B

To evdeyopevo A mpaypatomoteiton

To evdeyodpevo A dev mpayporomoteiton

‘Eva tovhdyiotov amd ta 4 Ko B mpaypoto-
moteiton

[Ipaypatomoovvror apeotepa o A Kot B
Agv mpaypotonoteiton kKovéva and ta 4 Ko B
[Ipayparonoteitar pévo to 4

H mpaypartomoinon tov 4 cuvendystal

TNV TPOYLLOTOTOINGT TOV B

weAd
weA Mo ¢ A)
weAUB

weANB

w e (AU B)
weA-BMweAdNnB)
AcB
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INo mapdodetypa, ot piyn evog Laplod éotm ta evoeyopeva 4 = {1,2,3,4} ko
B=1{2,4,6}. Av 10 amotélecpo TG piyng etvar o apBuodg 1, 1ote To VOO UEVQ
A, AV B, A— B, B mpaypatonoovvrol, evo 1o A, B, (A U B)',(4A-B), AN B
dgV TPAYLLOTOTOLOVVTOL.

Acvupiffacta Evocyoueva

X piyn evog Caprod av A4 gival to evoeyo-
Hevo va, e€povpe aptio aplud kot B 1o ev- A B
deyOUEVO Vo PEPOVLE TTEPTTO apPBpd, Exovpe
A= {2,4,6} xu B = {1,3,5}. Ilopatnpovpue
0TL T A KO B dgv UmOpovv va TPoyLLOTOTTO)- O

0oV cuyPOHV®S, POV deV £XOVV KAVEVO, KOL- INB=-0
v6 otoyeio. Xty mepintmon avt ta. 4 Ko B

Aéyovtar acvpPipacta. I'evikd:

Ao gvdgyopeva 4 kol B Aéyovtar acopfifacta, 6tav A N B =O.
Ao acvpupifacta evoeydpeva Aéyovion eniong Eéva petald Tovg 1 apotpai-
MG UTOKAELONEVA.

E®PAPMOI'EXY

1" Piyvoope évo vopopa Tpelg o10d0ykéc popéc.

i) Noa ypagtei 0 derypotikog y@pog 2 tov mEWPPATOC.

ii) Na mapaoctaBovv pe avaypaen to gvogydpeva mov tpocsdlopilovror
amé TV avricToryn W10TNTO:
A: “O apBpog Tov K vaepfaiverl tov aprOpé tov 1™
A,: “O apBpog Tov K civan axprfpag 2”
A: “O apBpoc Tov K givan Tovrayiotov 2”
A, “Iow Oyn Ko 611G TPELS piyers”
A “Lny mpoT piyn @épvoope K~

iii) Na ppe0ovv ta evoeyopeva A, A. N A,, A, U A,

AYZH
1) T va tpocdtopicovpe To SEIYHOTIKO YDPO, Bol ¥PNCILOTOIGOVE £V
OEVTPOSLAYPOLLLLAL:
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1" piym 2" piym 3" piym Amotéleouo

K KKK

K <K <F KKI
r <K KT'K

r Krr

© <K KK

r < r KT
r <K I'TK

r rrr

Apa, 0 SEYUATIKOG YDPOG TOV TEPAUOTOS OATOTELEITAL OO OLUTETAYUEVES TPL-
Goeg pe ototyeia To K Kot To 17 Ko givot

Q={KKK, KKI, KI'K, KIT KK I'KI] ITK, I'TT?}.

i1) "Exovtag véym 10 detypotikd ydpo £ Kot TNV avtiototyn 10Tt £XOVLE:

A={KKK, KKI; KI'K, 'KK}

A, = {KKI; KTK, KK}

A,={KKK, KKI, KI'K, I'KK} (Ilopatnpodpe 011 4, = A4))
A, ={KKK, I'TT?}

A.={KKK, KI'T KI'K, KIT?.

ii1) To 4', mepiéyet exeiva T 6ToLEl TOV GELYHATIKOD XDPOL TOV JEV TEPIEXEL
70 4, TePEEL ONAON T 6TOLYEIR 6T 00T 0 APLOUOG TV K givar KpOTEPOG
and 2. Enopévag, A', ={KI'T; K[ ITK, I'TT}.

To evoegyopevo 4, N A, mepiéyel ta Kowd otoyeia v A, Kot 4,, Aadf ta
otoleia pe 6vo akplPag K, ek TV omoiwv to éva oty Tpmtn 0éom. Emoué-
vog, A, A ={KKI; KI'K}.

To evoeyopevo 4, U A, nepiéyet ta otoryeia mov oty npmdt Béon Exovv K
1 to otoyeio mov £xovv idieg Kat Tig Tpelg evoeifeic. Emopévag, 4, U 4, =
{KKI; KI'K, KKI; KKK, I'TT}.

2" Aivovtan V0 gvogyopeva A Kar B €vog TEPARATOS UE OELYRATIKO YOPO
Q. Na napactadovv pe droeypdppata Venn Kor vo EKQPacTtoOv pne T Pon-
010 cUVOL®V TO, EVOEYOHEVA TTOV OPilovTon NE TIS EKPPACELS:

i) llpaypatomoreitar povo éva amd 10 A ko B.

ii) Agv mpaypatomoreiton kovéve amé tTa A ko B.
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AYXH

1) Enedn 0éhovpe va mpaypotonolgitor povo
10 A 1] pOVO 10 B, YPOUHOCKIALOVLE TIC EMLPEL-
veleg Tov A ko B pe e€aipeon v Topn Toug,
dNAadN TNV KO ETPAVELYL TOVG.

[Mopatnpodpe OTL o1V  TEPIMTOON  OLTY
mpaypatonoleitat £vo povo amd ta A — B kat
B — A. Apa, To (nToduevo evdeydevo gival To

(4—B) U (B - A) 1 100dbvapa to (4 N B') U (4" B).

i1) Emedn 0éhovpe va unv mpaypotonoteitol
Kavéva and ta 4 kot B, ypappookidlovpe v
emeaveln, Tov 2 mov elvar extdg NG EVOOTG
TV A o B. Xty nepintmon aut Topatnpov-
pe 6t To {nrovpevo GHVoOAo €lval GUUTANPO-
patikd tov A U B, dniadn 1o (4 U B)'.

A B
A-B B-A4
A B

(4UB)

AXKHYELY

A'OMAAAY

70 1010 YpOHO”;

0éton).

1. 'Eva kovrti €yet Tpeig pmdieg, o Aompn, (o Lovpn Kot pio KOKKIvI.
Kévovpe to €€fg melpopa: moipvovpe amd to Kouti pio prdAa, Koto-
YPAPOLLE TO YpOUa TG Kot TNV Eavafalovpe 610 KOVTi. T GUVEXELL
TOIPVOLLLE Lol SEVTEPT] UTAAM Kol KATOYPAPOLLLE ETIONG TO YPOLA TNG.
(Onwg Aépe maipvovpe dadoyikd 600 UmaAeg pe eravatomodEéon).

1) Ilotog etvor 0 delyPaTIKOG XMDPOS TOV TEWPAUATOC;
i1) Tlowo givat To gvdeyOUeVO “n TPMOTN Ao va givart KOKKIvN;
iii) ITowo eivon To evoeydpevo “va e&ayBel kot T1g Svo POPEC LA pe

2.  No emivbfel to Tponyodevo TPOPANUA, Y®PIS OUMG TOPO Vo Yivel
EMOVATOTOOETNON TNG TPOTNG UTAAOGC TPV TNV EEQYMYN TNG O€LTE-
pne. (Omwg Aépe maipvoupe d1000y1IKAE dVO UTAAES YOPIG ETAVATOTO-




1.1 Agtyuarinog yapog - Evogyoueva

Mo owoyévela amd v Adnva omoeacilel va KAVEL TIG ETOUEVES
dwkomég g oty Kompo 1 ot Moakedovia. Znv Konpo pmopet
Vo ThEL PE aepOMAGVO 1 e TAolo. Xt Makedovia pmopel va mdet
LE TO QVTOKIVITO TNG, KE TPEVO 1| LE 0EPOTAAVO. AV G OMTOTEAEGLOL
TOV TTEPAUATOS DEMPNGOLVLLE TOV TOTO SLOKOTMV KOl TO TOEOIMTIKO
LEGO, TOTE:

1) No ypayete To SEIYUATIKO YDPO £ TOV TEPAUATOG

i1) Na Bpeite 10 evdegyouevo 4: “H owoyévela Oa mdet pe agpomidvo

GTOV TOTO TOV SOKOTT®OV TG .

‘Eva Egvodoyeio mpoopépel yevpo mov amoteleitol amd Tpio TdTa.
To kVp10 MATO, TO GVVOSEVTIKO KOl TO YAVKO. Ot dvvaTEG EMAOYEC
divovtal GTOV TAPOKATM TIVOKOL:

I'evpa Eniloyég

Kvpro midro Kotomovio 1 piléto
2UV0odEVTIKO Moxkapovia 1 pol 1 xopta
ko [Moywtd 1 tovpra 1 (eAé

‘Eva dtopo mpdkerton vo dtarécet Eva €100g amod kdbe midto,

1) Na Bpeite 10 dEIYHATIKO YDPO TOV TELPAUATOG

i1) No Bpeite to gvdeyopevo 4: “to dTopo emAEyel Tay®TO”

ii1) Na Bpeite 1o evdeydpevo B: “10 dtopo emAELYEL KOTOTOVAO™

iv) Na Bpeite 10 evdeyouevo 4 N B

V) Av I" 10 gvdeydpevo: “to dropo emiéyel podl”, va Bpeite To evde-
youevo (A N B) N T

H d1e066vvon evog vosokopeiov kmdikomolet Tovg acbeveic cOLLPOVA
pe 1o av gival 0cQAMGHEVOL 1] OYL KOl COLO®OVO LE TNV KOTAGTOON
™G vyeiag Tovg, N omoia yopakTnpileTor g KaAn, HETpla, cofapn M
kpioyn. H dievBvvon kataypaeet pe 0 tov avacpaicto achevi Ko
pe 1 tov ac@aMopévo, Kot 6T cLVEXELD diTAa YpapeL Eva amd To
ypdupota a, S, y N J, avAAOYa LLE TO OV 1) KATAOCTOGCT) TOV £ivot KOAN,
péTpia, cofoapn 1 kKpiciur. Oewpovie To TEIpOpL TNG KOAKOTOINoNg
evoc véov acbevovg. Na Ppeite:

1) To derypatikd ympo £ tov TEWPAUATOGS.

27




28 1. IIOANOTHTEX

ii) To evdeyduevo A4: “n xotdotoon tov acbevovg givor cofapn M
Kpiowyn kot givol avac@aActos”,

iii) To evdeydpevo B: “n Katdotoor Tov ac0evoic stvon Ko 1 pétpla”,

iv) To evdeyopevo I': “o achevng eivar acpalopuévos”.

6. Xe kabgpd omd TIG TOPOKATO TEPIMTOGELS Vo eEETACETE OV TA

evdgyopeva 4 kot B gtvon acvopPifacto:

1) Piyvoupe éva {apt. 4 eivor to gvdeyopevo vo eépovpe 3 Kot B givar
TO EVOEYOLEVO VO PEPOVLE APTLO 0P1OUO.

i1) EmAéyovpe éva dropo. A gival to gvdeyopevo va €xetl yevvnoel
omv EALGSa Kot B to evdgyopevo va givar kaboAkog,

iii) EmAéyovpe pa yovaiko. 4 givar to evogyopevo va £xel nAkio
dvo tov 30 kot B to evogyOUEVO VO EIvOl TAVTPEUEVT] TTAVD OO
30 ypdvia,

iv) Emiéyovpe kdmotov pe éva avtokivnto. 4 givor to evogyouevo to
OVTOKIVNTO TOV VO Elval ELPOTAIKO Kot B T0 evOEYOLEVO VO Elvat
QGLOTIKO.

7. Meto&d TV 01KoyeVEIDV e TPio Tod1d ETAEYOVLE TVYOHN [LL0L O1KO-
vévela ko e&etdlovpe Ta TOdld G TPOG TO PVAO KOl (G TPOG T GEL-
pa yévvnong tovg. Na ypayeTe T0 SEYHOTIKO YDPO TOL TEPALOTOC.

B' OMAAAY

1.  AvYo maikteg o maiovy GKAKL KOl CLULEOVOVY VIKNTNG Vo Eivol EKEl-
VoG Tov TPMTOG Ha Kepdioel dvo maryvidia. Av o eival To OmOTEAEG L
VoL KEPOIGEL 0 TPMTOG TOUKTNG £Vl Ty VidL Kol S €ivoi To amoTtélecpal
va kePOIoEL 0 dEVTEPOC TOIKTNG Eval TOLYVIdL, VO YPAWETE TO JELYLLO-
TIKO Y(OPO TOV TEPBLATOC.

2. Piyvovue éva Lapt ovo eopés. Na Bpeite ta evoeydueva:
A: “To amotéheopa g 1ng piyng eivar peyaAdhtepo amd To amoTéAE-
opa g 2ng piyng”.
B: “To dBpoicpa tov evoeifewv oTig dVo plyels givarl aptiog apio-
u(’)g?7
I': “To ywopevo tov evdeifemv oTig 6V0 plyelg etvan LkpOTEPO TOL 5™
21 ovvéyela va Ppeite ta evdoeyopeva AN B, ANT,
BNnI,(AnB)nT.




1.2 ENNOIA THX ITIOANOTHTAY

Ewcaywyn

‘Eva amd ta kOpio xopaKTnpioTikd ToV TEPAUUTOS TOYNG, OTMG EIdaLE, Elvat
N ofefardTra Yo T0 TO0 ATOTELECHA TOV TEPAUATOS Oo ELLPAVIOTEL GE pua
oLYKeKPIEVT ekTéAeoN Tov. Emopévag, av 4 gival éva evogyopevo, dev pmo-
povpue pe Befardtra va tpoPréyovpe av 10 A Bo mpaypatorombet v oyt I
ovTO Elval ¥PNOLUO VO OVTIoTOLYiGOoVE o€ KAOE evoexouevo A évav aplOuod,
7oL Ba glva Eva HETPO TG “TPOGOOKING” LLE TV OTTOI10 OVOUEVOVLLE TNV TTPOLY-
patomoinon tov. Tov apBud avtd Tov ovopdlovpe mhavoTTa T0v 4 Kot TovV
ocvpporilovpe pe P(A4). Tlog dpmg Bo mpocsdiopicovpe yio Kabe evdexOpueEVo
evog mepdpatog Toyng v mhovotntd Tov; Andadn mog Bo Ppodpe o do-
dwkacia pe v omola og kdOe evdeydevo Ba avtictoryilovpe v TOAvOTNTA
T0V; @0 TPOGTOONGOVIE BTN GUVEYELN VOl ATTOVTI|GOVILE GTO EPOTHLOTO QVTAL.

‘Evvoia kai Ioiotytes Lyetikng Loyvotyrog

Av ¢ v eKTELEGELG EVOG TTEPAUATOC £VOL EVOEYOUEVO A TPAYLATOTOEITOL K (PO-
pég, 10TE 0 AOYOC % ovopdleton ayetixny ovyvotnro tov A Ko cupuPorileTon
ue f . Idodtepa av 0 8£1yHaTIKOG YMPOG EVOGS TEPAUATOG EIVOL TO TEXEPUCUEVO
ouvoro Q = {w,, ,,...,0, } KOl GE V EKTELECELG TOV TEPANATOS AVTOD TO AL
gvogyopeva {w }, {®, },..., {®,) TPAYUOTOTOLOOVIOL K ,K,...,K, POPES OVTIGTOL-
YOG, TOTE Y10 TIG GYETIKES GLYVOTNTEG

Ky Ky K) , . .
f=51y=5 =5 10vankov evieyouévav Ba Exovpe:

1.O<f <1, i=L12,.,A(apo00<k <v)

K, tr,+..+tk
2. f ot f, =5 L=2=1

Ag ektelécovpe TOpa To akdiovbo meipapa: Piyvooue éva cuppeTpikd kot
OLOYEVEG VOO O KOL CTUELOVOVE pe K TO amoTéEAEGHO “KEPOUAN Kol [E
I' 1o amotélecpa “ypappoto”.

YTOV TOPOKATO TIVokKa avapEpovTal To TAN00G TV K Kol Ol 0VTIGTOLEG O)E-
TiKEG ovyvotnteg otig 10, 20, 30,...,200 plyelg oV VOUUGHATOG EVED GTO GYNLLA
1 moploTdveTol TO aVTIGTOLO OAYPAUILO CYETIKMV GUYVOTNTMOV.
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30
[Tivaxoc
plyemV EVOG VOLIOHOTOG
v K .
10 7 | 0,700
20 | 13 | 0,650
30 | 16 | 0,533
40 | 23 | 0,575
50 | 26 | 0,520
60 | 31 0,517
70 | 33 | 0471
80 | 39 | 0,488
90 | 43 | 0,478
100 | 46 | 0,460
110 | 53 | 0,482
120 | 61 0,508
130 | 66 | 0,508
140 | 70 | 0,500
150 | 73 | 0,486
160 | 81 0,506
170 | 87 | 0,512
180 | 89 | 0,494
190 | 93 | 0,489
200 | 99 | 0,495

AQypOpLLO. CYETIKOV GLUYVOTHTMV

1 4 4 ©

4
4

0.5‘%

glitiing sk PRRAIL

0 50 100 150 200

[Mapatnpodpue 6t kabBDG av&avetar o aplOnos v
TV plYE®V N GYETIKN GVLYVOTNTO [ EULPAVIONG
¢ “ke@aAng” otabepomoleital yupw amd v
T 0,5 1, 6mwg Aéue “teiver” otov apOud 0,5.
Av16 emBeParmverl v “mpocdokio” pag 6TL 6N
plyn evOg GuppeTPKoD KoL OLOYEVOVS VOoUicLO-
TOG 1, OTTWG AELE, EVOC “OUepOANTTOL” vopicua-
TOG, Ol GYETIKEG GLYVOTNTEG TMV EVOEYOUEVOV

{K}, {I'} etvon logg. Avddoyo mopadeiypato pog 0dnyodv 6To GUUTEPAGLLO OTL
Ol GYETIKEG GLYVOTNTEG TPAYLOTOTOINGNG TMV EVOEXOUEVOV EVOG TEIPALOTOS
otabepomotovivtal yop® ond Kamolovg aptfpovs (Oxt mdvtote i6100g), KaODS
0 apliudg TV SOKMV TOV TEPAUATOS emavarapfaverol ameptopiota. To
eumepkd ovtd eEayodpevo, 1o omoio emPeformveron ko Oewpntikd, ovoudle-
TOL GTATIOTIKI] ORLOAOTITA 1] VOROS TOV PEYAL®V aplOpdy.

Ba mpocmadncovpe TOpa GTNPLOHIEVOL GTIG TPOTYOVUEVES OUTIGTMOCELS VL
opicovpe TV TOAVOTNTO EVOG EVOEXOUEVOD.

Kiaoixos Opiouog IIiBavorytag

Ag g€etdoovpe ™V €101KN TEPIMTOON TOL OUEPOANTTOV Vopiopatog. Pi-
YVOVUE €Va TETOLO VOUIOUO KOL TAPATNPOVUE TNV Oyn Tov Bo ELPOVICTEL.
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Onmg S10mTIGTOGAIE TPONYOVUEVMOS 1 GYETIKN GLYVOTNTO KOOEVOS 0md T
amla evdgyopeva {K}, {I'} teivel otov apBuod % Opoimg Ba pmopovoaye

VoL ST TAOCOVLE OTL 6T piyn VOGS apepOANTTOL {oplov 1 GYETIKN CLYVOTN-
T KaBevog amd ta amAd evdeyoueva {1},{2},{3},{4},{5} ka1 {6} telvel oTOV

oap1Ouo l. e TEWPANOTO OTMG TO TPOTNYOVUEVH AEUE OTL TOL SUVATH OTTOTEAE-

6

ouata 1, 10odvVapa, To oAl evdeyOueva gival ieomifava.

Ag S0oVLE TOPO TOLOL AVOLUEVOVLLE VOL ELVOL T) GYETIKT GLYVOTNTA EVOG GOVOETOL
EVOEYOUEVOL GE £Va TEIPOLO. [LE 100TIOOVO, ATOTEAEGLLOTAL.

‘Eocto yuo mopddetypa, to evogyouevo va, eépovpe Luyo aplfud ot piym evog

opepoAnmTov (oplov. Emedn 1o evoeyopuevo avtd TPOYUOTOTOEITOL OTAV TO

OTOTELES A TOV TTEPApATOG Etvat 2 1) 4 1} 6 KoL KabEVe 0o To OTOTEAEGLOTA

ovTd eppavileTon pe GYETIKN cuyvotTa % N GLYVOTNTA ELPAVIONG TOL {UYoD
aptdpob avapéveror va givon L+ L+ L = 3
PIHOD GVEHt 6 6 6 6

I'evikd, oe éva meipapa pe v 160mi0ave OTOTEAEGUOTO 1) GXETIKY CLYVOTNTA
€VOG EVOEYOUEVOD LE K oTotyEln Ba TEivEl oTOV Op1OUo % ['avto etvar edroyo
o€ éva meipapo pe 16omifava amroTeEAEcUATO VO OPIGOVUE MG TOUVOTNTO TOV
eVOEYOUEVOL A TOV aplOpo:

_ IIwBog Evvoikav Tgpuntdosmv _ N(4)

e, ITAn00g Avvatov Iepintdoeov  N(Q)

‘Etot, éxovpe Tov KAAGIKO 0plopd g mbavotnTag, Tov dtatvtddnke and
tov Laplace to 1812.
AmO TOV TPOTYOVLEVO OPIGUO TPOKVTTEL AUECH OTL:

3. T kdBe evoeyopevo A woybdel 0 < P(4) < 1, apov 1o TAn00g TV oTot)El-
@V €vOG evogyorEVODL glval 160 1 pikpdTEPO amd TO TANBOG TV GTOXEI®V TOV

JEYROATIKOD YDPOUL.
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A&iopatinés Opieuog Ihbavornrog

"o va propet Opmg va xpnoyomoindet 0 KAUGIKOG 0pIGHAG TG TOAVOTNTOS OE
£v0, OELYLLOTIKO YDPO UE TEMEPAGUEVO TANO0C oToLKEl®V, Elvon amapaitnto o
amhd evoegyopeva va etvat icomifava. Ymapyovv Opmg ToAAG TEpApATo TOYNG,
TOV OTOI®V 0 SEIYUOTIKOG YDPOG OEV AmOTEAEITON Atd 10000V Ol EVOEYO-
peva. Omog yuo mopaderypa o aplipudg TV oVTOKIVITIGTIKOV OVGTUYLATOV
pio opiopévn efdoudda, n piym evog Loptod mov dev eival GUUUETPIKO KTA. [
TIG TEPMTMOGELS AVTEG YPTCLLOTOIOVUE TOV TOPAKAT® AEIOUATIKO OPIGUO TNG
TOAVOTNTOC, 0 0TO10G £YEL AVAAOYEG 1OIOTNTEG LLE TN GYETIKY] GUYVOTNTOL.

‘Eotw Q = {0,,0,,...,0, } £vag dEIYLOTIKOG YMPOG UE TEMEPACUEVO TAN00G
otoyeiov. Te ke amho evoexOUEVO {®,} avTIoTOYYILOVHE EVaV TPAYHOTL-
K6 ap1Oud, mov tov cuuPoriovpe pe P(w,), £T61 OOTE Vo, IGYHOVV:

*0<P(w)<1

*P(w)+Plw,)+..+Pw)=1.
Tov apBuéd P(w)) ovopdlovpe mbavotnta tov evogyopeévou {w }.
Q¢ mBavotra P(A4) evog evdexopévov 4 = {a,, a,,...,a _} # < opilovue T0
abpowopa P(a) + P(a,) + ... + P(a ), eved g mbavotnTa Tov 0d0vaTon
gvogyopévov & opifovpe tov apud P(J) = 0.

Av P(w) =+, 1= 1,2,..,v, 10T€ £(0VUE TOV KMAGIKO OPIGHO TG ThavotTTOg
eVOG EVOEYOUEVOU.

XXOAIO

Otav &ovpe éva SeryHOTIKO XDPpo Q = {®,, @,,...,0 } KOl XPNGILOTOLOVUE TN
epbon “maipvovpe tuyaio Eva ototyeio tov Q7, evvoolue 6Tl GA TOL SLVOTA
amoteAéopata ivar woomibava pe mbavomra P(w,) = %, i=12,..,v.

Kavoveg Aoyiouodv twv Ii@avorytwv

[Na T mBavoOTTEG TOV EVOEYOUEVOV EVOC OELYUATIKOD YDPOL £ 16Y00VV Ot
TOPOKATO WO10TNTEC, YVOOTEG MG “KOVOVEG AOYIGHOV TV Tlavottemv”. Ot
Kavoveg avtol Bo amoderyfodv otV TEPIMTMOOT TOV TO ATAG EVIEXOUEVA EIVOL
oomifova. ATOdEUKVIETOL OU®G OTL IGYVOVY KOl GTNV TEPITTMOT) TOV TO. OTAN
gvogyopeva dev givar ioomifava.
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1. Ta omoladnmote asvpfipacto petath Toug evdeydpeva 4 Kot B oyvet:

P(4 U B) = P(4) + P(B)

AIIOAEIEH

Av N(A) =k ko1 N(B) = A, 101 10 A U B €)e1 k + A oT01)El0, V10Tl 0AAMDG T 4 Ko
B ¢ Ba Mjtav acvpPifacta. Aniadn, Exovpe N (A U B) =k + A= N (A4) + N(B).
Emopévoc:

N(4 U B)
P(4 U B) :—N(.Q ) 5
_N(4) + N(B)
e O
_NA) | N(B) .
N(Q) N(Q)
— P(4)+ P(B). AUB

H ¥omrta avt) eivar yvoot) o arhog tpocdetikdg vopog (simply additive
law) kot 1oy0et kot yro meprocdTEpa amd dvo gvdeyoueva. Etot, av to evoeyo-
peva A, B xou I givon avd 600 acvppifacta Oa £xovpe:
P(AuUBUI)=P(A)+ P(B)+ P(I).

2. ' 600 cvumAnpopotikd evdeyopeva 4 Kot A’ 1oyvet:

P(A) =1 - P(4)

AIIOAEIEH
Engion 4 N A'=J, dnhodn ta A ko A’ gtvar acoppifacta, Exovpe dradoyikd,
GOLPMOVA e TOV OTAO TPOGHETIKO VOUO:

P(4 U A" = P(4) + P(4")
P(Q) = P(4) + P(A")

1 = P(4) + P(4).

Onédre P(A)=1-P(A). Q

3. ' Vo evdeydueva 4 Kot B evog detypatikol xmpov 2 1oyvetL:

P(A U B) = P(4) + P(B) — P(4 " B)
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AIIOAEIEH
I dvo evdeyoueva 4 kar B €yovpe

N(A v B)=N(A) + N(B) — N(A " B), (1)
aeov 010 abpotopa N(A) + N(B) 1o minbog

Tov otoyegiov Tov 4 N B vroAoyiletal dvo 0

Qopéq.

Av dtupécovpe to pEAN g (1) pe N (LQ) éxovpe:

AUB

N(AUB) N(4)  N(B) N(4nB)

NQ)  N@) NEQ)

KO EMOUEVOG

P(4 U B)=P(4) + P(B) — P(4 " B).

H 1310m1o avt eivar yvoot| og tpocBeTikog vopog (additive law).

Av 4 € B,téte P(A) < P(B)

AIIOAEIZEH
Eneidn 4 < B €ovpe dodoyikd:

N(4) < N(B)

5. T 600 evdeyoueva A kol B €vog derypoticon ydpov £ 1oyvet

P(A - B)= P(4) - P(A N B).

AIIOAEIZEH

Emedn ta evdeydueva A — B xor A N B gival
acvuPifoacta ko (4 — B) U (4 N B) = 4,
€yovpe:

P(4) = P(4 - B) + P(4 " B).
Apo.  P(A - B)=P(4) - P(4 N B).
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E®PAPMOI'EY

I" Piyvoope 0v0 “apepéinmra” Lapra. Na Bpedei n mOBavotnTo va gépovpe
G 0mOTELEG O, OVO OLUO0YIKOVS 0.pLOPovS.

AYXH

* [l va Bpodpe T0 SEYHOTIKO YMDPO TOL TEPAUATOS, YPNCULOTOOVUE EVAV
TivoKa “OmAnG 1000017, OTMG POIVETAL GTO aKOAOVLOO GYNLLOL.

20
lo 1 2 3 4 5 6
1 (LD | (1,2) [(1,3) | (1,4) | (1,5) ] (1,6)
2 2,0 12,2 [(23)24)](12,5](2,6)
3 G, |32 (3,334 (3,91 (@3.6)
4 @0 |42 (4344|451 4,6
5 5,1 | (5,2) [(5,3)[(5,4) [ (5,9 ] (5,6)
6 (6,1) | (6,2) [(6,3)](6,4)](6,5)] (6,6)

AT ToV Tivaka ovToV £ovpe OTL 0 JEIYHATIKOG YDPog 2 €xel 36 oomibava

dvvatd amoteléopata, oniadn N (Q)=36.

* To evdeydpevo A: “va pépovpe d0o dradoykovs aptBpovg”, etvat To
A4=1{(1,2),(2,1),(2,3), 3.2), (3.4), (4.3), (4.5), (5:4), (5,6)(6,5)}

dniadn N(4) =10

* Enopévog, P(A4) = N(4) _10_ 5

N(Q) 36 18
Apa, N TOavoTNTA VO PEPOVE dVO d1000Y1IKOVS apldpovg givat % ~ 0,28 1,
oTN YA®GGO T®V TOGOGTOV, TEPiTov 28%.

2" T 0v0 evoegyopeva A Kol B €vog derypotikov yopov 2 divovrar
P(A4)=10,5, P(B) = 0,4 xor P(A "N B) =0,2. No BpeOei n mOavotnTo TOV
EVOEYONEVOIV:

i) No punv mpayporomon0si kavéve ané tTa A ko B.

ii) Na mpaypatomomn0sei povo éva andé to A ko B.

AYZH

1) To evdeyopevo va, pnv mparypotorom0el Kovéva amd ta A ko B gtvar to (4 U B)'.
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Enopévmg
P((AvuB))=1-P(A4uUB) A B
=1-(P(A) + P(B)— P(4A " B))
=1-(0,5+0,4-0,2)
=1-0,7 Q A
=0,3. UUB)
i1) To evdeyduevo va mpoaypatomrombet poévo 4 B
éva, amo ta A xou B etvar to (4 — B) U (B — A).
Emedn ta evdeydpeva A — B ko B — A4 gival
acvupifaocta, Exovue: o
(A4 -BU(B-4)

P((4 - B) U (B — A)) = P(4— B) + P(B — A)
— P(4) — P(A " B) + P(B) — P(A  B)
— P(4) + P(B) - 2P(A N B)
=0,5+0,4-2.02
=0,5.

3" T 300 gvogyONEVE. €VOG dEYRATIKOD Ypov 2 woyvovy P(A) = 0,6 ko
P(B)=0,5.

i) No eetaotel av ta A ko B givar acopfipocta,

ii) No amoociere 011 0,1 < P(A N B)<0,5.

AY2ZH

1) Av ta 4 kot B tav acvpfifacta, and tov amhd mpobetikd vopo tov mha-
vottav Ba eiyope:

P(4 U B)=P(4)+ P(B)= 0,6 +0,5=1,1

woyvel, oniadn, P{4 U B) > 1, mov eivan dtomo. Apa, to. A Ko B dev givan
acvupipacta.

i1) Eneton 4 N B Bxow A N B < 4 £&yovpe 4 B
P(A N B) < P(B) xau P(A N B) < P(A),
EMOUEVMG P(ANnB)<0,5 (1)
Q
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A6 10V TPocHETIKO VOLO TV TIOOVOTNTOV EYOVLLE:
P(A U B)=P(A) + P(B) — P(A n B)
P(AUB)=0,6+0,5—-P(4NB).

Opawmg PAUB)<1.

Emopévoc: 0,6+05-PANB)<1

0,6+0,5-1<PAnNB)
0,1 <P(A N B). 2)

A6 116 (1) ko (2) mpoxvmet Ot
0,1 <P(A4NB)<0,5.

AXKHXELY

A" OMAAAY

1. Ao o tpdmovia pe 52 @OALa aipvovpe éva oty tHyn. Na Bpei-
1€ TI§ TOAVOTNTEG TMV EVIEYOUEVAV 1) TO YopTi vau glvon méVTE i) TO
yopti vo unv givon mévre.

2.  Naoa Bpeite v mbavotnta ot piyn V0 VOUICUATOV VO ERPOVIGTOVV
dvo “ypapporo’.

3. 'Eva kovti mepiéyet pumarec: 10 dompeg, 15 padpeg, 5 kdxkveg ko 10
npaoves. [aipvovpe toyaing o prdia. Na Bpeite Tig mbavotteg
TOV EVOEYOUEVOV 1) UTddal va. ivat:
1) popn  ii) Gompn N powpn iii) ovTe KOKKIVY 0VTE TPAGIVY.

4. Ze o taén pe 30 pabntég, potOnkav ot padntéc moca adEAPLa
€yovv. O1 amavIGELS TOVG POIVOVTOL GTOV ETOUEVO TIVOKOL:

Ap1Opog 4 11 9 3 2 1
pobntov
Ap1Opog 0 1 2 3 4 5
AOEAPDV

Av gmdé€ovpe toyaia amd v Taén éva podn, va Ppeite v mba-
vOTITO 1] OIKOYEVELH TOV V. £XEL TP TOd1AL.
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10.

11.

12.

13.

‘Eoto ta oovora Q = {w e N/ 10 < w <20}, 4={w e Q/ w

moALamAGG10 Tov 3} kot B = {w € Q / @ moAlamAdcio Tov 4}. Av
emAegoovpe Tuyoimg Eva ototyeio Tov 2, va Ppeite TiIg TOAVOTNTEG
1) va aviKeL 6T0 4 1i) Vo unv aviKel 6to B.

X évav ayova n mbavomra va kepdicel o Agutépng etvar 30%, n
mhavotta vo kepdicel o Tlavrog etvar 20% kou 1 mbavotnTa va
kepdioet o Nikog eivar 40%. Na Bpeite tnv mbavotnta i) va kepdicet
o Agvtépng 1 o Tladvrog i) va punv kepdicel o Agutépng 1 o Nikoc.

Mo to evoeydueva A koar B evdg detypatikov ydpov £ 1oydovv

P(A):_%

P(B) = 17—5 kou P(4 U B) = % No Bpeite v P(4 M B).

o ta evoeyopeva A kow B evdg derypatikod ympov £ 1oyvovv
_1,
P(4)=1

P(AUB)= % ko P(4 N B) = %.Na Bpeite v P(B).

INo ta gvdeydpeva 4 kot B tov 18100 derypatikod xdpov eival yvm-
610 6t1 P(4) = P(B), P(A W B) =0,6 xa1 P(A N B) =0,2. Na Bpeite
mv P(A).

INa ta evoeydpeva 4 Kot B Tov 10100 dELyLoTikoD ympov 2 divetal

ot

PA) =1 P(B)=2 kot P(ANB)= L Na Bpeite v P(4 U B)
Vit g sl ‘

[ 300 evdeyOUEVa TOV 1B10V OELYHOTIKOD Y®PpoL L va dei&eTe OTL

P(4 v B) < P(A) + P(B).

‘Eva opiopévo kataotnuo oéxeton motmtikés kdpteg D 1 V. To 25%

TV tehatov Exovv Kapta D, 1o 55% é&yxovv kapta V kot to 15%
€yovv kot T1g Vo kaptes. ITowa eivar n mbavotta Evog Teddng Tov
EMALYETOL TVYOLO VO EXEL 0L TOVAAYLOTOV OO TIC OLO KAPTEC;

To 10% tov atdpmv vog mTAnBucpov £xovy veéptac, 10 6% oTepa-
viaio Kapdtakn acBévela kot o 2% Exovv Kot Ta dvo. ['a éva dropo
OV EMALYETAL TVYOIN TTO10L €IV 1) TOAVOTNTA VoL EXEL
o) TovAdotov pio acBévewn;  B) povo pia acbévela;
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14.

Amd Tovg podntég evog oyoieiov to 80% pobaiver Ayyikd, to 30%
FoAlika kot to 20% ko 11g 600 yAdooes. EmAéyovpe tuyaing éva
paontn. Na Bpeite v mbavotnta va pn pobaivel kopud arod tig ovo
YADGGEG.

B' OMAAAY

1.

Av vy o gvdgyopeva A Ko B €vOog detypatikov yopov £ €yovpe
P(A4) =k, P(B) = A xo1 P(4 N B) = u, va Ppeite tic mBavotnreg:

1) va mpaypotonombel TovAdyiotov Eva amd to 4 Ko B

i1) vo unv mpaypatoron el kavéva amod ta 4 Ko B

iil) vo mpaypatomomBet povo €va omod ta 4 kon B.

Ye o Kopoémoin 1o 15% tomv vouokupldv dev £xovv Tniedpoo,
10 40% dev £yovv Pivteo kot to 10% dev €xovv ovTE TNAEOPOOT
ovte Pivieo. EmAéyovpe toyaing éva voikokvptd. Na Ppeite v
mlavotnta va £xel tnAedpaocn kat Bivteo.

}]))((jv)) = % va. Bpeite 11 mBbavotteg P(A) ko P(A4").

Av 0 < P(4) < 1, va amodeilete 6T1 P(IA) + P({él') >4.

Av A xou B givor evdgyopeva Tov id10v dEyHaTIKOD Yhpov Q e
P(A4)=0,6 xou P(B) = 0,7, va dei&ete 611 0,3 < P(4 N B) £0,6.

[ 600 evdeyopeva A kal B Tov 18100 derypatikod ympov 2 va dei-
Eete OTL P(B) — P(A") £ P(A N B).

39
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EPQTHXYEIY KATANOHXHY 1°° KEDPAAAIOY

1.  Av piovpe 600 vopicpata o amoteléopata Umopet va gival dVo
“KeEPUAES”, (o “Ke@AAn” Kol pa “ypappota’, 1 6vo “ypdupota’,
KOl ETOUEVMG, KOOEVO At oTA TO EVOEXOUEVA £XEL TOOVOTNTOL 3 Tu
elvar AaBog oto emyeipnua avtod; [owo gival To cmotod;

2. 'Eva vopopa piyvetonr 5 @opéc kar Epyetor kibe @opd “kepain’.
Emopévog, n mbavotnta va pépovpe “ke@oin” e pio piyn Tov vo-

piopotog tvot % = 1. No o(0MAGETE TO OMOTEAEGLOL OVTO.

3.  Tpia cvvnbiopéva (apra, Eva dompo, Eva padpo Kot Vo KOKKIVO, TO-
moBetovvtan og £va kovti. 'Eva meipapo cuvictator otnv tuyoio emt-
Aoyn evog Laplov amd To KovTi, oTn piym Tov {oplov AVTOL Kol GTNV
TOPOTPNON TOL YPDOUATOG KOt TNG EVIEIENG TNG AV £0pOS TOV.
(o) Tt onuaiverl €0 M AEEN “Tuyoia’;
(B) To mANB0¢ T®V GTOLYEIDV TOV SELYHOTIKOD YDPOV TOV TEPALOTOS
etvan

(1)3-6 (i) 3¢ (i) 6* (iv)3-6°.
(Na Baiete oe KOKAO TN 6OGTH ATAVTNON)
(Ze kaBed omd T1g pOOEIS 4 - 6 pio LOVO amd TIG GLVOOEVTIKEG OO

vnoelg ival cootn. Na BdAete o€ KOKAO TN 0OGTH OTAVTNON).

4.  AvnmbBavétra paypatoroinong evog evoeyouévov givar 0,4, mowo
glvor M TOavOTNTO TNG U1 TPAYLOTOTOINGNG TOL EVOEYOUEVOD Ol-
TOV;
() 0,2 (B)0,8 (y)0,6 (3) 1,4

5.  Avta evdgydpeva 4 kot B givan tétoln wote P(4) = %, P(B)= %,
P(AnB)= 4> W glvonn P(4 U B);

(w1 (B % () % (0) % (g) timota omd To TPONYOOUEVAL.
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10.

11.

[Tolo evdeyoOLEVO TAPIGTAVEL GTO STAOVO
ddypoppo Venn 10 6KloGHEVO EPPaddv; A B
(B p)4" (A-B (8)B-4.

(KaBed amod Tic mopakdtm TpoTacELS

7 - 9 elvan cwot 1 Aabog.

Av givar 60T, KUKAMGTE T0 X, oV givo
AaBoc, KukA®oTe TO A).

Avo copmAnpopoatikd evogyopueva etvor Eéva petald tovg. X A
Avo evdgyoueva EEva petald Toug givar avtiferta. X A

Av 000 evoegyopeva 4 kot B givon E€va peta&h toug, ToTE KOl TOL GL-
urAnpopotikd toug A’ ko B’ gtvon EEva petalhd tovg. XA

Av ta gvdegyopeva A kai B elvar E€va peta&d tovg, pmopet va 1oyvet
P(A)+ P(B)=1,3;
-No d1kaloAoYNGETE TNV ATAVTNOT GOG.

Na ypayete pe ) Pondeia tov npdée®v TV GUVOA®Y TO EVOE-
YOUEVO OV TAPLGTAVEL TO OKLOUGUEVO UPadOV oe KabEéva and Ta
TOPAKAT® dloypappato Venn:

'
oy
'
oo

A
S5
N
o

iif) iv)







OI IIPAI’'MATIKOI
APIOMOI

2.1 Ol IIPAZEILY KAI OI IAIOTHTEY TOYY
(Emavalnyeis - Zouminpaoelg)

Ewcaymyn

Y10 I'vpvacto pabape 6TL o1 mpaypotikoi apBpoi amotelovvtol amd TOLg
PNTOVG Kol TOVG GPPNTOVG OPLOUOVS KOl TAPIGTAVOVTOL HE TO CNUELN EVOC
a&ova, ToOV GEOVA TOV TPAYRATIKOV aplOpdv.

=y

®vpuiloovue otL:
v Kabe pntog apOpog £xel (R pmopei vo mdpet) kKhaouatiky popen, dnta-

oM ™ popoen %, omov a, f aképatot, pe f#0.

<\

KéBe pntog ap1Budg pumopet va ypoagel og dekadikdg 1 meplodikdg deka-
OKdG KoL, AVTIOTPOQ®G, KAOe dekadikOg N TEPLOOIKOG dEKAIIKOG Umopel
va Tépel KAoopatikni popen. o Tapadetypa,

E=2,8, —2=—1,25, @zsﬁ, 2,25:g Kot 2,§=@

5 8 11 100 99
Mmnopovpe dnAady va movpe 6Tt ot pnroi aplBuoi amoteAovvIal Amd

TOVG dEKASIKOVG KOl TOVG TEPLOOTIKOVE dEKAOLKOVE 0ptBovg.
Yrapyovv opmg kot aptdpoi, 6Twg ot V2, V3, m kTh., mov Sev UTOPOVV VO
TAPOLV TN LOPOT %, omov a,f aképaot, pe f#=0(N, ue dAio Aoy, dev

UTOPOVV VO, YPOPOLV 0VTE MG OEKAJIKOL 00TE ¢ TEPLOdKOl dekadikol). Ot
apOpoi avtoi Aéyovtat appnror aplopoi.
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Ilpaéeig

210V¢ TpayuaTIKovg aplBpotg opictnkay ot Tpaelg g tpodcsbeong Katl Tov
TOALOTAOGLOGHOD KoL, pe T fonbetd tovg , N apaipeon kot n dwaipeon.

e T v mpdcoheomn Kol TOV TOAAOTANGLOGUO 1GYVOLY Ol 1OLOTNTEG TOV
avVOQEPOVTOL GTOV EMOUEVO TIVOKO, Ol 0Toieg KOl amoteAovv T Pdacm Tov
aAlyePpikol AOYIGHOD.

IowtnTo IMpécOeon MMoArhamraorLoopnOG
AvTipetadeTiK at+pf=p+a aff = pa
IpooceTolploTIK a+(B+y)=(a+pB)+y a(py)=(ap)y
0068178?0 a+0=a o-l=a
Xroyyeio
Avnﬂsrog/Avnfr‘rpoq)og a+(—a) —0 u 1 “1, a#0
ApOpov o
Empeprotikng a(ﬁ +y)=af+ay

Y1ov mivaka avtoév, aAAd Kot ot ovvéyela tov Pipiiov, to yphupote mov
YPNOLUOTOLOVVTOL TAUPIOTAVOVY OTOLOVGINTOTE TPAYUOTIKODS apiOuove, &-
KTOG av INADVETAL SLOLPOPETIKA.

O ap1Budc 0 Aéyetal kot 0VOETEPO GTOLYEIO TG TPOSOEGNC, O10TL TPOGTIOE-
LEVOG 6€ omolovonmote aplud dev tov petafariet. Emiong o apbpog 1 Aé-
YETOL KOL OVOETEPO GTOLYEID TOV TOALUTAAGLUGHODV, O10TL OMOLOGONTOTE
ap1Opndg morramiactaldpevog pe avtov dev LeTafAALETAL.

2X0410

H avtipetafetikn kat n Tpocetoplotiky 010tnta ¢ tpdcbeong €xovv g
ovvénela, Kabe a0polopa e TEPLGTOTEPOLG AMd VO TPOGHETEOVS, VO 1GOV-
Tal pe omotodnmote dAlo dBpotspa mov oynuatiferor and Tovg idovg apib-
Lo¥G e OTOLUONTOTE GEPA KoL av TOVG Thpovpe. ['a mapaderypa,

342+2+3-V2+5-2=-3+3+2-2+5+2-2=5.

Opoimg, éva yvopevo UE TEPLOGOTEPOVS ATO VO TOPAYOVTEG 1GOVTAL UE O-
TOL0ONTTOTE AAAO YIVOIEVO TOVL Umopel va oynuaticdel and tovg idtovg apib-
HOVG [LE OTOLOONTOTE GEPA KoL av TOVvg Tdpovue. o mapdderypa,

S oo
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(H am6deién tov mopandve 1oYupIoUOV Elval 0PKETE TOAVTAOKT Kol TAPOL-
AgimeTon).

e H aeaipeon kot 1 dwaipeon opilovtal pe 1 Pfonbeta g ntpdcbeong Kat
TOV TOALATAOGLOGUOD OVTIIOTOIX®G MG EENG:

(8 #0)

a 1
a—pf=a+(-p KoL a:f=—=a-—
(=5) =%

Anhodn:
Mo va Bpodue ™ dwpopd o —fF , tpochétovpe 6T0 LELOTEO TOV avTibeTo

. , , . [ .
TOV QPALPETEOD, EVD Y1 va, fpodpe TO TnAiko E , b f#0 , molamiaoid-
{ovpEe TO SLUPETED [LE TOV OVTIGTPOPO TOV JLOLPET.

SHMEIQXH
Ene1dn dwaipeon pe dtopétn to undév dev opiletal, 6mov 6to ££1g cuvavTda-

, O , . , ,
UE TO TNAiKO E, gvvoeitor 0Tt =0 kot dgv O toviletar 1dtaitepa.

o To t1g téooepig mpdéelg Kal TNV 100TNTA 1GYVOVY Kol 01 aKOAOLOES 1510-
mreg mov eival yvootés and 1o I'vpvdacio:

1.

(a=p xav y=6)= a+y=f+0

dMAad1, dvo 160TNTEG UIopobuE va. TIC TpochBécovpe KaTd PEAN.

2. (a=p ko y=0)= ay = o

OMAad1], dVO 1GOTNTEG UTOPOVUE VA TIC TOALATANGIACOVIE KOTO UEAT.

3.

a=f a+y=p+y

OMAad1], UTopovUE KOl GTA OVO WEAN Mag 166tnTaC Vo TpocsBécovpe 1 va
aQAlpEGOLLE TOV 1010 aplOuod.

4. Avy#0, tot¢!
a=pf<ay=py

OMAGdT], UTOPOVUE KL TO OLO UEAT HIOC LOOTNTOG VO TO, TOAAATAOGLACOVLLE
N vo To O1opECOVE e TOV 1010 U Undevikd aptOuo.

3. a-f=0=0a=07 =0
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ONAadn, TO YIVOUEVO OVO TPAYLATIK®OV aplOudv gival ico pe 1o undév, av Kot
HOVO OV £Vag TOVAAYLGTOV amd TOVG apldovg ival icog e To undév.

Apeon ocvvémeia TG O10TNTAC AVTNC elvat 11 akOA0LON:

a-f#0=a#0 ko f#0

2XoA4I10

Otav and v 16010 0+y=F+y N and v 160TT0 0 -y=F-y petaPai-
voupe otV 166TnTa =L, 10TE AEUE OTL SLAYPAPOVUE TOV 1010 TPocheTéo 1
ToV 1010 mapdyovta avtiotoiywe. Opme oty mepintmon mov daypaeovue
Tov 1010 mapdyovta TPEMEL Vo EAEYYOVIE UNTTOG O TOPAYOVTOS 0LTOG gival
icog pe undév, omote evoéyetal va odnynbovue oe Adboc, dnwg cvuPaivel
0TO 0kOAOVLOO TapdadELypLaL.

‘Eoto a=1. Tote £govpe d1ad0yIKd:

a=1
a-a=o-1
2
a =a

o’ —l=a-1
(a+1)(a—-1)=(a-1)-1
oa+1=1
0=0
Opmg éyovpe kar a =1, ondte 1o 1 Ba givarl ico pe to 0. OdIMNyNONKape oto
AavBoopévo avtd coumépacua, d10TL GTNV 160TNTo (a+1)(a—1)=(a—1)-1
dtaypayoape Tov mapdyovio (oc—l) 0 omoiog, Aoy® tng vrdbeong, NTav icog

ue undév.

Avvaueig

Eivatr yvoot) and 1o I'vpuvdocio n évvola g dvvaung aptdpov pe ekbétn o-
KEPAL0. ZVYKEKPIUEVO, AV O a €ival TPAyHATIKOG apludg Kol 0 v pUGIKOG,
€yovpe opioel OtL:
a =a-aa-a, v v>1 kot
%,_J
v mapdyovres

a=a, v v=1.

Av emimiéov eivar a # 0, 16te opicape otL:

a’ =1 Kot a’ =
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2XoAqI10

Evd eivar poavepd ot av a=p, 1018 o’ =4, dev 1oybEL TO OvVTioTPOPO, 0O-
, . ; 2 2 .

900 Y10 Topaderypa eivar (=2) =2%, adhd -2 # 2.

Y1ov emduevo mivako cvvoyilovtal ot 1010TNTEC TOV dvvApuewv ue ekBétn

aképato, pe v mpobmdbeon 0Tl kdbe Qopd opilovial ot SLVAUELS KOl Ol
TPAEELS TOV O UELDVOVTL.

Aroonueiontes tavtoTnTeg

H évvola ¢ tavtdtntog eival yvootn and 1o I'vpvéolo. Zvuykekpipévo, K-
0g 160TNTO TOL TTEPLEYEL HETAPANTEG KOl EMOANOEVETAL Yio OAEG TIC TILES TOV
ULETAPANTOV AVTOV AEYETOL TAVTOHTNTA.

Y10V mivaka mov aKoAoLOEl avapEpovTal ol YVOGSTEG Hog To 0&l0oTUEI®TES
TOVTOTNTEC:

2

(a+pB) =a’+2af+p°
(oc BY =a* 20 +
—B*=(a+p) (a-p)
(a+ﬁ o +3a’ B +3ap + B’
(a—p) =a® —3a>f+3ap> - §
o+ =(a+p)- (az—aﬁ+ﬁ2)
B =(a-B)-(a’ +ap+p*)
(a+ﬁ+y)2=a2+ﬁ’2+y2+2aﬁ’+2ﬁy+2ya

3

)
)3
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MéBoodor amdoeiéng
1") EvOcio Anddeiln

‘Eoto 611 yio tpelg mpaypatikovg aptBpovg a, f kar y 1oyvel n ovvinkn

a+f+y=0 kot Béhovpe va amodeifovpe 6Tl o + B+’ =3afy , Nhadh éoto

011 BéAovpe va amodei&ov e TN GLUVETAYMYN:

«AV o+ B +y=0, 1018 o’ + B’ +y’ =3afy».

Enewdn a+p+y=0, eivan a =—(ﬁ+y) , omote Ba Exovpe:

>+ +y = [—(ﬁ+y)}3 +B+y
=—(B+y) + B+
== =3By =3y’ =y + B+’
=-38% =38
=3By(B+7)
3apfy, ((x(poi)/)’+y=—oz).

Mo mv amddeén g nopoandve cvveraymyng Sekwvnoaps pe tmv vrdbeon
o+f+y=0 ot pe dwdoywkd PAuote KATOANEQUE GTO CUUTEPOAGUO

o+ +y =3apy . Mia té1010 Srodikacio Aéyetol gv0eio amdd1n.

2X0AIA

1°

2°)

EvOcia anddeién ypnoonomocape kat 6to ['vpvdoto yia tv anddeién
TOV YVOGTOV HO¢ TovToTHTeV. ['a mapadetyua, yioo TNV amddeén g

tovtomrag (o + ,b’)2 =a’ +20B+ B, ne a,f R, éxovpue Sradoyikd:

(a+B) = (a+B)(a+p) [Opopog Sovaung]
= a(oc+ ﬂ)+ ﬁ(a+ ﬂ) [Emusptormﬁ 161(')mw]
=’ +af +fa + [Empeprotucy 1816t |
=a’+20B +p° [Avayoy opowwv 6pov]

Mo vo amodei&ovpe 0Tt évog 1oyvPIGHOC Eival aAndng, neptkéc popéc pe
10 00Y1KOVE LETACYNUOTIGHOVG KATAAYOVUE GE VAV AOYIKH 1GOOVVALO
oyvpioud mov givor aindnc. ‘Etol cvumepaivovpus 611 Kot 0 apylkog 1-
oYLPIoHOG eivar aindng.

Mo mapdderypa, €ot® OTL ylo TOVG TPOYHATIKOVS apldpovg a, B, x, y

Bélovpe va amodeiove TNV TOVTOTNTA!
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2 2
(a2 + ﬁz)(x2 + yz): (ocx-l— By) +(0cy —ﬂx)
‘Eyovpe dradoyikd:
2 2
(a2 + ﬂz)(xz + yz) =(ax+ ) +(ay - px)
Sa’x’+a’y + B0+ 1y = o’ x + 2afxv+ By +a’y’ - 2apxy + X7
Sax+a’y + X+ Ry = a’x v ad’y + T+ By OV 10YVEL.
3%) T vo amodei&ovpe O6TL évag 1oyvplopog dev givan mavra aln0dng, apkei
va Ppovpe €va TopAdELYUO YO TO OO0 O GLYKEKPIUEVOG LOYVPLCUOC
dev oyveL 1, OTWG Aée, apkel va Bpodue Eva avTTapadsLypna.
"Etot 0 woyvupiopode
«yia kéhe a>0 1oyder a’>a»

1 1
dev givar aAnbng, apov v a:E éyoope o’ =Z, MAadn o’ < a.

2") MéBodoc tnc Amaywync o Atomo

‘Eoto 611 0éhovpe va amodei&ove TOV 16XVPIGHO:

«Av 10 TETPAYWVO EVOS akepaiov apiBuod eivar aptiog, T0TE Kal 0 opiBuog
aVTOG EIVOL APTIOCH,

onAadn
«Av 0 &’ givan GpTiog apOpéc, TéTE Ko 0 a £ivar ApTIOg UPLONHSH
Mo v anddel&n tov 1oYVPICHOY AVTOV GKENTOUACTE OG EENG:

Eotw 011 0 a dev givar aptiog. Tote o a Oa eivarl mepirtog, onAadn Ba €xetl ™
popen a=2x+1, 6mov k aképalog, ondte Ba Exovpe:

a’=(2x+1)’
= 4x* +4K +1
=2(2«% +2rc)+1
=2A+1 (6mov A=2k" +2k).

ANAodY o’ =24+1, A€Z, mov onpaivel 6TL 0 &’ sivol TEPTTOS. AVTO OU®OG
épyetal og ovtifeon pe v vdbeon 6t 0 o givan Gptioc. Emopévog,  ma-
padoyn 6tL a dev givan dptiog gival AavBacuévn. Apa o a gival apTiog.

v mapandve anddelén vrobécape 6Tl dgv 1oyveEL avtd mov Béhaue va o-
nodeiEovpe Kot ypnotponotdvtag oAindeic npotdoeic Odoaye og £va cupumé-

pacue Tov épyetal oe avtibeon pe avtd wov yvopilovue otL oydel. Odnyn-
Onrape dnwg Aépe oe dromo.



50 2. O1 IIPATMATIKOI APIOMOI

H pébodog avtn amddeiéng ypnoipomodnke yio mp®d@TN @opd amd tovg Ap-
yoiovg ‘EAANveg kal AéyeTal amay®yn 6€ GTomo.

E®PAPMOI'EY

1" Na amodziy000v o1 &g 1816TNTES TOV GVAAOYLOV:

) %=%@a5= By (epéc0v fo = 0)

if) %:%@%=§ (epboov pyo = 0)

iif) %:%@ a;ﬂ =? (epboov o+ 0)

) a 7 a y a+y ,

iv) Z=3 :>E=3=ﬂ+5 (sq)ocovﬂé(ﬁ‘+§)¢0)
AIIOAEIZH

i) Tw po=#0 éovpue:
ﬁ:l@ﬁé.ﬁ:ﬂé-%@ddzﬁy-

g0 s
it) Tha fyo =0 €qovpe:
ﬁ:Z@agz/jy@@:&@ﬁzﬁ,
p o yo 0y 0
iii) T Bo # 0 &povpe:
ﬁ:Z@ﬁ+1:Z+1©a+ﬂ:m
poo B 0 B 0
7

iv) Tw ,b’é(ﬁ+5) # 0, av Bécovpe %: 5 =1, &yovpe:

o= A xar y = Ad, ondte a+y = A(f +9).

EFV smach L =L = %*7

Enouévoc, A = —~— s 2
s A s BT o

2" Na omodeiy0ci 6T 0 aprOpég V2 givan appnTog. X1 GULVEYELD, BLE TN YpNON
TOV Kavéva Kol Tov dwafntn, vo mapactadodv o1 V2 ke /2 etov agova

TOV TPUAYROTIKOV aplopdv.
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AIIOAEIZH

K
‘Eoto 6110 +2 eivar pntog. Tote pmopovpe va ypdwovu?,\/_ :Z , 0mov k, A givan

puvoikol apBpol kat % avayoyo kiacpa (dnradn KAdopa oto omoio €yovv yivel

O0Agg o1 duvatéc amromoinoelg). Tote £yovpe dradoyikd:

() -(5]

2

> =21
’ 7 2 r 7 ’ ’ 7 ,
mov onuoivel 6TL 0 k- givarl dptiog, omdte (oeX. 25) ko o k glvar dptiog, dnradn

glval g popoeng k=2u.
Tote éxovpe dradoyikd:

k* =21
(2u) =27
4> =27
2 =2

r r 2 r r ’ ’ Je
ITov onpaiver 6t o A givar aptiog, dpa kot o A givar dptiog.

. , ; , ‘ K ’ . ,
A@ov Lowmodv ot k, 4 givar dptiot, To KAGGUHO 7 dgv givan avayoyo (dtomo).

C

M'-2) M(/2)

X' A'CD) o T A

L

>10 onueio 4 tov mpaypatikov dEova mov mapioTdvel Tov aplBud 1 vydvovpe Ka-
Beto tunpa AB pe pnkog 1. Tote n vroteivovsa tov opboymviov tprydyvov OA4B €xet

unkog ico pe V2. 21n ovvéyela pe kévipo 1o O kot aktiva OB =2 yphpovpe KO-
kAo 0 omoiog tépvel Tov dEova XX ota onueioa M kot M’ mOv TAPLGTAVOLY TOVG O~

p1Opovg V2 ko =2 ovTIoTOlY™C.
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AXKHXYEIY

A OMAAAY
, . 2 3\ 3\* x N
1. Aivetarn mopdotoon A:[(x y ) (xy ) }: =
y
i) Nadeifete 6m1 A=x"-)°.

1
ii) Na Bpeite v Tun ™g Tapdotoong yuoo x =2010 kor y = 2010

2. O1 IIPATMATIKOI APIOMOI

2. Na Ppsive myv wpuq e mapdcTacng A:{(Xyl)z:(f/)l} T

x=0,4 xou y=-2,5.

3. Na vtoloyicete TIg TOPACTACELS :
(7,23) —(4,23)’

i) 1001>-999 ii) 99-101 iii)
11,46

4. i) Nositete ont (a+p) —(a—p) =4af .

ii) Na vmoAoyicete Tnv TN ™G TAPAGTAONG:

(999 +1000j2_( 999 1000)2

1000 999 1000 999

5. i) Noomodeifete 6t a’ —(a—1)(a+1)=1.
ii) No vmoloyicete TV TIUN TS TAPACTAONG:
(1,3265)" ~0,3265-2,3265.

6. No dei&ete 0TL N S10POPA TOV TETPUYDOVOV dVO S1AIOYIKOV QVOIKOV 0p10-
LoV (TOV HIKPOTEPOL ATO TOVL LEYOAVTEPOV) 100VTOL LE TO AOPOLIGHLA TOVC.

7. Av v @uoikdg apiBuoc, vo deifete 611 0 aplOuog 2" + 2" + 27 gival moA-

AoamAdoto Tov 7.
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B OMAAAY
1. No amAOTOMGCETE TIC TAPUCTAGELS:
o =202 +a (az—a)+2a—2
) — i) —F—.
o — o o —1

No arAOTOCETE TIG TAPACTAGELG

. 1Y & +d .. a+a+l o’ -1
i) o——| - 7 i) ——
o (a+l) o+1 o’ —1

No arAoTo|CETE TIG TAPACTACELG

) =i
D (ce) () i

x3+y3 x2
No deitete 6Tt — | -y |=1.
X -y x—y

‘Eoto a, f kol y Ta pRKn TV TAELPOV VOGS Tprydvov ABI. Na deifete 0Tt

70 TPly®Vo gival 160TAgLPOo o€ KABEULE aTd TIG TAPAKAT® TEPIMTAOCELS:

p avi-b 7

Y a

ii) Ava-f=p-y=y-a.

Na deiéete 611, av éva opBoydvio €xer mepipetpo L =4a xot gppfaddv
E =a’, 1618 10 0pBOY®VIO 0TS givol TETPAY®VO pe TAEVPE ioM e a.

Na dei&ete OtU:
i) Av a pntoc kot S appnrog, 10t€ o+ S dppnTog.

if) Av a pntdg, pe a#0, xar S dppnroc, 10tE a- f AppnTog.
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‘Evvoia tys orataéng
O1 évvoleg «UEYOADTEPOC ATTO», KUIKPOTEPOS ATO», TOV €IVl YVOOTEG 0O TO
IMvuvéoto, opiotnkav wg e&n¢:

OPIXMOXY

‘Evag apBpog a Aépe ot eivon peyarvtepog and évav aplBud f, kai

ypapoovue a> f, 6tav n deopd a— f sival Betucdg apBpoc.

YV mepintoon avtn Aépe emiong 0Tt 0 S eival PIKPOTEPOG TOV o Kot Yph-
povue fi<a

And 0V TOPOTAVEO OPLoIO TPOKVTTTEL APECMS OTL:
e  Kda0Oe Oetikdg aplOpdg eivat peyaAvtepog amd 1o undév.
o  Kdé&Be apvnrikdg apiBudg eivarl pikpotepog amd to pundév.

"Eto1 0 apyikdG oplopds ypageToL 1I6000VVOLLA:
a>pfa->0

l'eopetpikd n avicdénta o> f onpaivel 6TL, TAvEO 6ToV AEOVO TV TPOYLLA-

TIKOV 0 aplBuoc a eival 0e&otepa and Tov L.

=Y

x' -4 -3 -2 -1 0 1 2 3 4

Av yia Toug apOpotdg o kol B woyvel a>pf M a=pf, 101€ ypagovue a= f
Kot dtafdlovpe: «a peyarvtepog 1 icog Tov f».

Amd tov TpOTO e TOV 0moio yivovTol ol TPALelg TG mpdcsheomnc Kol TOL TOA-
AOTAOGLAG 0D, TPOKVTTEL OTL:

(a>0 xaw B>0)=a+p>0
(a<0 xou f<0)=>a+p£<0

a, B opdonuot <:>a-,6’>0c>ﬁ>0

a, f etepoonuot = a - f<0 =20
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a’ >0, v kabe a € R

(H womta woydet povo dtav o =0)

Ao TNV televtaio €0KOAN TPOKVLTOLY Kol Ol IGOOVVAUIES:
2 2
a+pf =0ca=0Kru f=0

a+p>0a20 17 20

1016T)TES TOV AVIGOTHTWY

Ymplopevor oy woodvvapio a> f < a— f>0, propodue va arodei&ovpe

TIG TAPOKAT® OOTNTEG TOV AVICOTTOV:

1. (Oc>,B Ko [)’>y):>a>y

o oa>f<Sa+y>pf+y
2. e Avy>0,10t8: a>fSa-y>p-y

e Av y<0,16t8: a>f<a-y<p-y

e (a>pB xam y>d8)=>a+y>p+0

o T OeTikovg apBuovg a, B, y, 0
LOYVEL 1| CUVETAYWOYT|:
(a>p xar y>6)=a-y>p-0

H 1816t 1a 3. woyvel kot Yo TePLocoTEPES AVIGOTNTEG. ZVYKEKPIULEVOL:

v (o, > B, kot a, > B, kon..kat a, > )= oy a, +oto, > B+ P+t p
v Av, emmAéov, 1o uéAn TOV avicotHToV gival OgTikol apdpoi, tote:

(a,> B, xon a, > B, kon..kon o, > B,) =040, -.o0, > B By B, (%)

211 ovvéyetn Ba amodeifovpe Kot TNV TOPUKATO 1010TNTO.

Mo Betcovg apbpotg a, f kol Betikd axépaio v
4. 1oy vEeL 1 1oodvvapio:
a>psa” >p"
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AINIOAEIZH
e 'Eotw a>p . Totg, and m (*), Y

o,=0,=..=a,=0>0 «xau B =p=.=4=£>0,

TpoKvTTEL OTL: @' > S
e T v anddelén Tov aviioTpdpov Ho ypnoiponoticovue tn HEH0do TN
anaymyns o€ dromo. Eotw Aowmdv 6t " > B xar a < f. Tote:
v av nTav a=/f , and tov opiopd ¢ eotntag Oa giyape a’ ="
(4tomo), evd
v avntav a< B, 0o giyape a” <B" ( Gromo).
Apa, a>f.

Me ) fonbeia g mopandve 316t Tog Ba arodeiEovpe TOpa OTL:

INo 0eT1K00g ap1Opovg a, f Kot 0ETIKO aKEPALO v 1oYVEL 1] 1600VVapia:
a=pa =p"

AIIOAEIEH
e ’'Eotw a=p . Tote, and tov opiopd g 160TNTOG TPOKVTTEL, OTMC Eima-

LLE KOl TPONYOVUEVMG, OTL o’ = f".

e T v anddelén Tov aviiotpdpov Ha ypnoiponoticovue tn HEH0d0 TN
amay®yng o€ dtomo. Eotw Aowmdv 011 o’ = 7 kar a# S . Tote:

v avhtav a> B, Moyo ¢ (4), Oa giyoue a” > B (dtomo), evd
v avhtav a< B, Myo g (4), 0o eiyope o < B (dtomo).
Apa, a=pf.

2X0AI1A

1° Zopeova pe v 1810tta 3, av dvo avicdtnteg ¢ idag popig Tig mpo-
ocBécovpe katd pEAN, mpokHMTEL avicotnTa TNG 010G Popdg. Agv ovp-
Baivel dpmc to 1010 pe v agaipeon. o tapaderypa, eivat
10>6 xou 7>2, adAhd 10-7<6-2 .

2°  Emiong, cbppova pe tnv d80tnta 3, av dvo avicdtnteg ¢ idtog popdg
pe Betikobg, OU®G, OPOVS TIG TOAAATANGIAGOVUE KATA UEAT), TPOKVTTEL
avicotnta NG idtag eopdc. Aev ocvufaivel Opmg to 1010 pe ™ daipeon.
Mo mopdderypoa, ivar



2.2 Awgraén mpoyuotikdy apiBuay 57

24>10 xou 6>2, oAAG ﬁ<E .
6 2
Awactijuara
To ochvoro TtV mpoypatiKdv aptBpudv x pe a<x < f Aéyetol KAEWGTO O1d-

ot amd a péypr f kol cvpPoirileton e [a, f].

Av 10pa amd 10 KAEWGTO ddotnuo [a, f] mapareiyovpe ta a kot f mpo-

KOTTEL TO OVTIGTOLYO GVOIKTO d1doTnpne amé To o péyxpt f mov cupuPoArile-
TOL PLE (a, ﬁ').
Ot aplBuoi a kot f Aéyoviol GKpe TOV SLAGTNRATOV 0VTOV Kol Kabe a-

p1OuoG petaéd Tov a Kol f AEYETOL ECMTEPIKO GNUELD ALTOV.

H dwapopd oniadn peta&d evog KAEIGTOD KOl TOV OVIIGTOLXOL OVOLKTOD
OlOTAUATOG Elval OTL TO TPDTO TEPLEYEL TAL AKPO TOV, EVD TO OEVLTEPO OEV TA.
TEPLEYEL.

AALEG LOPOEG dlooTNUATOVY Elval:

v To avolkté d£&rd dvaotnpa [a, f) mov amotereital and tovg aptOpodec
X Yo Tovg omoiovg toyvel a < x < f Kot

v To avoikto apietepd dvdetnpa (a, f] mov amoteleital amd TOVG O-

p1ORovC pe X Yo TOVg omoiovg oyvel a< x < f.

Térog, VO pHopeN SACTHUATOG,
v To o0voro T@V aplOudv x yio Tovg omoiovg oyvel a < x ovuforiletan

pe [a, + o), evd

v To cbvoro tov aplOudv x Yo Toug omoiovg toyvel x < a cvpPoriletor
pe (—o, al.

Mg avdroyo tpémo opilovtor kot ta daotiuote (a, + o) kot (—o, a). Ta
oopfora 400 Kol —oo, wov Stafalovial «GVV ATEIPO» KOl «TANV ATELPO»
OVTIOTOlYMC, OEV TOPLGTAVOVV TPOYLOTIKOVS 0ptOpovg.

Y10V mapaKkdTo wivako cvvoyilovtol ot HopPEG SLUCTNUATOV TPAYUOTIKOV
aplOUdOV Kol 01 SLEPOPES OVATAPUCTACELS TOVG:
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AITAXTHMA ANIXOTHTA 2YMBOAIZMOX
w o p > a<x<p [a, B]
3{,40?—5—§ a<x<p [a, B)
x' a f x a<x<f (a, B]
ﬁ:_,b’o—§ a<x<p (a, B)
x' o " xza [@, +0)
X o > X>a (a, +o)
> P X x<a (o0, a]
= p ¥ x<a (—o0, a)
E®PAPMOI'EY

1" Na amodeiydsi 61 :

1 1
i) Av a, f opoonpotl apiBpoi, Tote A< f S —>—

a p

ii)  Ta 6hovg ToVg TpaypaTiKovg apBpoig a, f woyver a’ + f* > 2ap

. 1
iii) Ava>0,710te a+—2=2
a

AIIOAEIZH

i)  A@o?¥ a,f eivar opdonpor apBpot éxovpe af > 0. Emopévog toyvet:
a<ﬁ<:>i<£c>l<l<:>l>l.
of af  p a a f
ii) Eyovpe:
@+ 220 &’ + 2020 (a—f) >0, nov wyver

iii) 'Eyovpe:

1
a+—2>2a+122a & o> +1-20>0 < (a—1)" >0, mov wydeL
o
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27 Av —%< x<% Kot —§<y<§, va amodeiy0si T
-11<8x-12y+3<17

AIIOAEIZEH
Amd Vv avicoéTO —% <Xx <% &yovpe d1000y1KA:
8(—lj <8x < 8-E
2 4
—4<8x<6 (1)

, , 2 5, .
Opoimg and v -3 <y< e €yovpe d10d0yIKA:

12(-3j<12y<12.§
3 6

-8<12y<10
8§>-12y>-10

~10<-12y<8 )

IIpocbBétovpe topa katd péEAN t1g avicotnteg (1) kat (2), mov &xovv v id1a Popda,
KOl YOV LE!
—14<8x—-12y <14,

omdte Ba 1oyvet:
-14+3<8x—-12y+3<14+3

Apa
-11<8x—-12y+3<17
AXKHXYEIY
A OMAAAY
1. Na anodei&ete otu
i) o’+9>6a i) 2(a’+p)2(a+p)

2. Na anodeiéete 611 o’ + B> —2a+1>0. [16te 10y0EL 1) 1GOTNTA

3. No Bpeite Tovg Tpaypatikovg aptBpods x Kot y o€ KaBeULd and T TopaKa-
TO TEPIMTAOCELG:
) Av (x=2) +(y+1) =0 i)  Av X’ +)"-2x+4y+5=0
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4. Av 45<x<4,6 xou 53<y<5,4, va Bpeite ta 6plo petald TV onoiwv
TEPLEYETAL 1) TIUT KOOEULAG Ao TIC TOPAGTAGELS:
i x+y i) x-y i) 2~ iv) X+
y
5. To mAdtog x kol To PAKOG ¥ €vOG 0pHoymviov 1KAVOTOLOUV TIG OVIGOTNTEG
2<x<3xot 3<y<5. Av Avénoovpe to TAGTog katd 0,2 Kol EAATTOGOV-
pe to punkog kata 0,1, va Ppeite Tig dvvatég TIHEG:
i) g mepétpov ii) tov guPfadov tov véov opBoymviov.
] . a B
6. Av 0Za<p,vadeiete 0T1 ——<——.
l+a 1+p
7. Na Bpeite o LdB0g 6T0VG TOPAKATO GVAALOYIGLOVG:
‘Eotw x > 5. Tote éxovpe d1000)1Ka
x>5
5x>25
S5x—x*>25-x
x(S—x) > (5+x)(5—x)
x>5+x
0>5.
B OMAAAY
1. Aivovrtot éva kAdoua % pe Betucong 6povg kat €vag Beticdg apBuog v. Na
anooei&ete OTL:
i) AvZ<i,ore VL E
B p+y B
" a ) +y a
ii) Av —>1, 10t¢ <—
B+y B
2. Ava>1>pf,vaoanodeiete 6TL a+f>1+af .
: . . . 1 1
3. Av a,f Oetwcoi apiBpoi , va deifete 6t (a+B) _+E >4,
a
4. No onodei&ete Ol

i) a>+af+ >0 i) o’ —ap+p>0




2.3 AIIOAYTH TIMH IIPAI'MATIKOY APIOMOY

Opioudg Tty andivTyg TIUIG
Ocwpovue Evav aplBud a TOV TUPLETAVETOL UE TO oNUEio 4 Thve o évav
a&ova.

o) A(w)

=Y

-~
l|=

A(@) 0(0)

r A

=Y

g
-

I'vopilovpe and to I'vuvdolo 6t1 1 amdcsTacn TOL onueiov 4 amd TNV apyy
O, oMiadn 10 unkog Tov gvbhvypappov tunpatog OA4, ovoudletal amd6AvTY
T T0V aplBpov a kot v cvupPoriletal pe |a| .

Amd tov TpOMO E TOV 07010 KATAGKEVAGTNKE 0 AEOVOG TPOKVTTEL OTL:

e [2/=2, 13

:§= ‘\/5‘ =2 «xm YEVIKA: |a| =a, T KGE a>0.
Anrodn:

H amérvtn Tipn 0eTikod aprBpov givar o idrog o aprOpdc.

. =2 -3
5

—\/5‘ =2 kot YEVIKG: |a| =—a, Yo kdle a<0.

AnAodn:
H amérvtn Tipn apvntikod apiBpod givar o avtifetodg tov.

e |o]=0.
Enopévmg, &xovpe tov akorlovbo alyeBpikd opiopd g amdAVTNG TIUNG
TPOYLOTIKOD 0p1lOpoD.

OPIZMOXY

H améivtn Tyuq evog mpaypatikod aptbuov o cvpuforiletor pe |a| Kol
opifetor and Tov TOTO:

a, ov a=>0
Jof =
—a, av a<0
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And ta tponyovueva cupmepaivove apnécms OTL:

) |0c| = |—a| >0
o |a| >0 Kot |a| > —a
. |0:|2 =a

Av 0>0, tote:
o |x|:0 Sx=0 5 x=-0

. |x|=|a|<:>x=a n x=-a

Mo mtapdderypa,
v |x|:5 Sx=517x=-5
V' a-fl=]20-3fl<a-p=20-38 ¥ a-p=3p-20

Sa=2 1 a= %ﬁ
1016T)TES TV ATOIVTOVY TIUDV

Amo 1OV TPOTO eKTéLEONG TOV TPAEEMV UETAED TPOYUATIKOV 0plOudv, Tpo-
KOTTOVV Y10 TIG OTOAVTEG TIUEG O aKOAOVOEC 1010TNTEC:

L o gl=lal-|5|
2. |o|_ldl

Bl |8
3. |a+Bl<|a+|A]

Ot 1016 TEC OVTEG, OP®G, UTOPOLY va 0modelyBovv Kal pe 1n fondeia tov
TPONYOVUEV®OV GUUTEPAGUATOV.

AIIOAEIZEH
1. Emedn kot ta 600 uéAn ng 160tnTog |0c-,5| = |a|- |ﬁ| givatl un apvntikoi

apopoi, Eyovpe dladoyLKad:
- 8= o] | 8] = e " =(|al-| I}
& o f =lal - 1A
N (a-,B)2 =a’ - B, mov 1oyVEL.

2. Amodeikvietal pe tov id1o Tpomo.



2.3 Améivty Tiun mpoyuatikov apifuod 63

3.  Emedn kot to 800 péEAN TG avicotnTog |a+,B| £|a|+|,8| glvar un apvn-
TiKol apBpoi, £yovpe dradoyikd:
ot Bl <la] + 1] = fo+ B < (o] +[])
& (a+ B) <laf +|4 +2]a] |
Sa’+ 2 +2ap<a’ + +2|0c,5|

Sof < |aﬁ , TOV 1OYVEL.

Eivatr pavepd 611 1 woodtTO aff =|a,8| oyveL av kot pévo av off 20, dnhaoy
ov Kot poévo av ot aptbuoi a kot B eivar opdonuotl | €vog TOLVAAYLOTOV
amd avToVC lval 160G e UNdEV.

2XoA4110
e Hicomra |a-ﬁ| = |a|- |ﬁ| LoYVEL KOl Y10 TEPLGGOTEPOVS TAPAYOVTIEG. XV-

YKEKPIUEVAL:
|a, Oyt O :|a1|-|a2|-...- a,
2y ekt pdiioto nepintwon wov sivan o, =a, =...=a, =a, EXOVYE!
o"|=of

e H avicotnrta |0c + ﬁ| < |a| +|ﬁ| 16y 0EL KAl Y10, TEPLGTOTEPOLG TPOTHETEOVC.
YUYKEKPIULEVOL:
oy + oy + ..+ o, | <o | +]o |+ ...+

a,

Arnootacny ovo aprBuwv

e Ag mapovue TOpa dVO apPlBUOVE, Yio TOPASELYHUA TOVG —2 Kol 3, TOV 7o~
plotavovtal Tdvm otov dEova pe ta onueia 4 kol B avtiotolymc.

AE2) o) B@3)

=Y

5 povaosg

To pikog tov Tunratog AB Aéyetal amdéstacn Tov aplbuov —2 kol 3. Ila-
patnpovuE OTL

(4B)=5=|(-2)-3|=]3-(-2)|-
Ievikotepa, ag Bewpnoovpe dvo aplBpovc a kot S Tov TOPIGTAVOVTAL TAV®
otov a&ova pe ta onpeia 4 ko B avtictoiymg.

A(w) 0(0) B
d(aaﬂ):|a'ﬁ|

=Y
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To unkog Tov TuNratog AB Aéyetot amdéotaon Tov aplOudv o kol S, cou-

BoriCetar ped (a, B) xau eivar {on pe |a— B|. Eivar dnhadh:

d(a,p)=la~p]

[Ipopavdg oydet d(a,ﬂ) =d(,b’,0c). v mepintoon poAloto 7oL gival
o< f, 16te n andotoon TOV o Kol f gival ion pe f—a Kol AEyetal piKog

Tov doTiuatog [a, f].

e Ac¢ Beswpnoovpue Topa éva dtdotnua [a, f] xatl og ovopdcoovpe A4 kot B ta

onueia TOov TOPLETAVOVY GTOV A&ova Ta dKpa o Kol S avTioTolymG.

A(a) Mixg) B
P pa
2 2

Av M(x,) eivar To p€cov tov TpipaTog AB, T0TE £X0VLE

=Y

(MA) = (MB) < d(x,,a)=d(x,,B)
< v, —a|=[x, - f
S x,—a=pf-x,, (apod a<x,<p)
S2x,=a+f

o+ p
2

S X, =
OV avTIoTOlYEL 6T0 péoov M tov Tunuatog AB Aéyetat

ﬂ_

KévTpo Tov dwwotnuatog [a, B, eved o apBuodg p=Ta Aéyeton axtiva

O ap1Buog e

Tov [a, S].
Qg punKog, KEVTIPO Kol OKTiVe TOV S100TNHAT®OV (a, ﬂ), [a, B) o (a, F]

opilovpe To UNKOG, TO KEVIPO KAl TNV AKTIVA TOL dtaoTHpatog [a, fF].

e ’Eoto topa 6T1 B€hovpe va Ppodue Tovg TPpayUoTIKOOG 0plOUodg X Yo

TOVG 0mO10VG 1GYVEL |x - 3| <2.

d(x3)
/_/%

I x 3 5 _

A\ y ;

' '
2 povadec 2 povddeg
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Ao Tov 0pIGHO TNG ATOGTACNG EXOVLE:
|x-3]<2ed(x,3)<2
& 3-2<x<3+2
oxe(3-2,3+2)

I'evika:

IN'o x, e R xar p >0, woyoet
|x—x0|<p<:>xe(x0—p, x0+p)

S Xy —p<X<Xy+p

Anladn, ot aplBpol x TOL IKAVOTOLOVV 11| GYXEoN |x—x0| < p elval ta onpeia

oV StaoTpaTog (X, — p, X, +p) TOV £xEL KEVIPO TO X, KOL UKTIVOL p.

d(x%)
—
X-p x Xy X,tp .
x, N J\ J E

' A'd

P povadec p povadeg
2tV ek nepinton mov givar x, =0, éxovpe:

lx|<p o xe(-p, p) &-p<x<p.
Mo mapddeiypa,

X <2 e xe(-2,2)e-2<x<2.
e ’Eoto, tdpa, 6T1 BEAovpe vo Bpode Tovg TpayuaTikohg aptdlovg x yio
TOVG 0TO10VG LoYVEL |x - 3| >2.

d(x3)

X 1 } 5

] AN s

=Y

2 povadeg 2 povadeg

Ao Tov 0pIGHO TNG ATOGTACNG EXOVILE:

|x=3[>2<d(x,3)>2
&Sx<3-21x>3+2
o xe(-o, 3-2)U(3+2, +x).

Tevika:
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INa x, e R xow p >0, woyden
|x—x0|>pc>xe(—oo, Xo—p) (X, + p, + o)

SX<Xy —p N xX>X+p

AnAodn ot aplOpoi x oV 1KAVOTOL0VV TN GYECT |x—x0| > p OvVTIGTOL(OUV GE
onpeia M (x) tov a&ova x'x mov oaméyovv amd to onpeio K(x,) omdoTaoy

LEYOADTEPT) TOV p .

d(x,x;)
r -\ N
X Xo-f) Xy Xitp >
xl \ ~ '\ ~ J ;:
P Hovadeg p Movadec

Zmv €01k mepintwon mov eivan x, =0,n teAevtaia wwodvvapio maipvel ™
Hope:
|x|>p SxX<-p N x>p

Mo mopdderypo:
f>2 e x<-2 1 x>2.

AXKHXEIY
A OMAAAY
1. Noa ypayete T TapaKATO TOPACTACELS X®OPIG AMOAVTEG TILES.
i |3 i) |z—4|
iii) [3—7|+[4—1] iv) [V2-V3|-[3-+2).

2. Av 3<x<4,vaypayete yopig TV amOALTN TIUN TNV TopAoToon

|x=3|+|x—4]

3. Nao ypayete yopic TNV amdALTN TIUN TNV TOPACGTACT |x—3|—|4—x|, oTav:

i) x<3 ii) x>4.




2.3 Amoivty Tiun mpoyuatikov apifuod

67

a-p

—a

Av a# f, va Bpeite Tnv TIUN TNG TOPAOTACNG ‘

Av x#0 kot y # 0, va Bpeite T1¢ TIHEG TOV UTopel vo TAPEL 1| TOPAOTACT

A= M.}_M
Xy
H dwqpetpog evog diokov petpndnke kot Bpeédnke 2,37dm. To AdBog tng pé-
Tpnong eivat 1o mord 0,005dm. Av D givar | wpaypotikn S1GUETPOG TOV KO-
KAov, T0TE:
i) Na ekppdoete v Topondve Tapadoyn pe 1n Ponbeia g £vvolag g
OTOGTOONG

ii) Na Bpeite peta&y mowdv opiov Bpioketor 1 tiun D.

No GUUTANPDGETE TOV TAPUKATO TIVAKA OTMG Ol VEL | TPDTN YPOLUN
TOV.

IMINAKAX
Anorvtn Twpn Amnobotaon évmoAnu:it:Zgrspilirwv
|x—4|<2 d(x,4)<2 [2, 6]
|x + 3| <4
|x—4]>2
|x+3]=4
d(x,5) <1
d(x,-1)>2
d(x,5) 21
d(x,-1)<2
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B OMAAAXY

1.

Noa amodei&ete 6TL |a —ﬁ| < |a —y| +|y—ﬂ| .

Av a> [, va dei&ete OTL

NEPA s | iy poithlesl
2 2
Tt onpaivet yia Tovg aptpovg x kot y :
i) H 10(’)rnw|x|+|y| =0; ii) H avicotmta |x|+|y| >0;

Eotow O<a<p.

i) No dwatd&ete amd TOV HIKPATEPO GTO PEYOADTEPO TOVS APLOLOVG

B

o
I, — ko =—.
o

ii) Noa dci&ete 6t11 6TOV TPOAYUATIKO GEOVA O APLONUOC % Bpioketon TANGLE-

B

otepa 610 1 amd 6tL 0 apBudg —.
a

Av |x-2|<0,1 ko [y—4/<0,2, vo ekTIuAGETE TNV TR TG TEPLUETPOL TOV

TOPAKATO CYNUATOV:
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Terpaywviky pilo un apvytikov apifuov
210 I'vuvéolo pabape v €vvotla g TeTpay®VIkng pilag pn apvntikov o-
pOLOY Kol TG 1310TNTEG TNG. ZuyKkekplpéva ndbape ot

OPIZMOX

H terpayoviki pifa evoc un apvnrikov aptbpov a cvupolriletar usx/;

Kot glvot o un apvntikdc aptBuodg mov, otav vymbel oTo TETPAY®VO, divel

TO0V O .

Mmnopolpe emopévmg va Tovpe Ot
Av a20,1n Ja TOPLGTAVEL TN UN opvNTIKH Mo ¢ eéicoong x’ =a.
TINo 11 tetpayovikéc pileg un apvnTiKdV apldpdv yvopicape Tic TopaKdTt®

1010TNTEC:

N
NN N

. o \ﬁ
JB \B
v-06TH pila un apvytikov apibuov

Ag vroBécovpe 4TL BELOVLE VO KATAUGKEVAGOVILE i '

po kKoPuen de&apevn yopntikdtTog 64 KuPikmdv

pETpOV Kal {ntape v TAevpd TG. AV x pHETpO

glvar n Tievpd g deEapevng, TOTE 0 OYKOG TNG

Ba eival x° kuPkd péTpa Kat ETopéved Ba 1oy 0- X

el x° =64.

Avoalntoope Aowmdév évav aplOpd x mov, dtav /—\

vymbel otov KOPo, Oa poc dmoetl 64. O apOuode

oVTOC, APOoV TOPLOTAVEL UNKOG, TPEMEL VA ivar \_/
Oetikoc. Me dokiuég Bpiokovue 6Tl 0 {nTodurEVOg
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ap1Bpoc sivar o 4, 51611 4° =64 .

O apBpoc 4 Aéyetar Tpitn pifa Tov 64 kot cvpPoirileton pe o4 . Anladn
Y64 =4. H tpitn pila evog apBpod Aéyetor kol kKuPikn piCa tov aplBpod
aVTOV.

Tevikebovtag Topa Ta TOPATAVEO Yo, KAOE OeTikd axéparo v, divoupe tov
akoéAovBo opiopo.

OPIZMOX

H v-o0t pifa evog un apvnrikod aptbuod a cvpPoriletar pe Ya wa

givat 0 un apvnrikoc ap@uoc®

ov, 6Tav VYwbel otV v, divel Tov a.

Eniong ypdoovpe
Ya=a xa Ya=a.
Mmnopovpe emopévme vo movpe ot
Av a=20, téte 1 Ya TOPLGTAVEL TN PN apvnTIKY Avon tng £gicmong
x'=a.
2Xo410
Eivar 10* =10000, ométe /10000 =10. Eivar emiong kot (-10)' =10000.

Oupog, dev emrpémetar va ypagovue V10000 =—10, agov, GOLE®VE UE TOV

TopOTAve oplopd, N V10000 eivor m un apvnriky Adon tng e€icwong
x* =10000.
I010tnTes TV Préay

Amd tov oplopd NG v-00TN g pilag evog un apvntikov aptbuod a, cvpmepai-
VOULUE aPECHOG OTL:

e Av a=>0, 10t1s:
v
(X/;) =0 kot +a' =a
e Av a<0 xov dptiog, T0tE:

Yo' =a.

1 , . . . .
MArodevieTar o1t VIApyEL Kot givor povadikog.
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Mo mapdderypo:
20 =2, o g(-2) =]-2=2.

Ioyvovv 6pmg kot o1 akdrlovbeg 1810TNTESG, 0O TIC OMOoieg 01 VO MPdTEG Eival
AVOAOYEG T®V O10TAT®V TNE TETPAYOVIKNG pilag:

Av a,f>0, torte:

1. Na-3[p=ap

%: v% (epooov f#0)
3. e ="«
4. Yo =War

AIIOAEIEH
1. ’'Eyovpe:

Voo =ifo-p < Jaa) =(a-B)
= (o) (fF) =a-s

So-f=a-p, OV GYVEL.
2.  Amodewkvietal 0nmg kot 1.
3. ’'Eyxovpe:
w w
”{/;:‘wa <:>(#(/a) _(/t\V/;)’
1 “ ’
= (’ Yo ) =a
= ((/;)V =a, 7oV 1oyVEL.
4. ’'Eyovpe:
Yo = ,Vll’la/t/) _ /),(au )/’ =gt
2XoAI10
H 316mra 1. woyvel kot yio teplocdTEPOLS Amd dVO UN APVNTIKOVS TOPAYO-
VTEG. LVYKEKPLUEVA, YlOL U1 PVNTIKOVG aptBpovg a,, a,, ..., 6, 1GYVEL:

v .Y . <V =V . . .
Yoy Xay - Xo, =Xa -0, .0,
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2V €01k pdAtoto nepintmon wov glval o, =a, =...= a, =a =0, woydset
K
o =4
omdte, AOY® ¢ 1010t Teg 1, Yo @, f >0 éxovue

Avvaueig pue pnto exbétn
ﬁ

211 ovvéyela 0o opicovue TOPOGTAGELG TG LOPPNG a¥, 6mov a >0, u oké-
potog kot v BeTikdg axépoiog, T onoieg o ovopdoove SOVVARELS pE pNTO €K-
0étn. O opiopdg Ba yivel pe t€1010 TPOMO, MGTE VA HLATNPOVVTOL Ol YVOOTES
Hog 1010TNTEC TOV SLVANE®V UE aKEPLO eKOETT.

2
Ti Ba mpémel, yio mapadetypa, va onpaivelt o 33 ; Av omoitoovE va 1oyOEL

. q . . . . ,
n oo (a”) =a” kol yuoo dvvapelg pe pntod ekbétn, 1ote Ba eivan
2 2

P 5
[35j =355 =3*. Apa mpénet o 3% va givol Aon g eéicoong x° =37,

2
AnAadh mpémet va sivar 3% =x/3% . Tevika:

OPIZMOX

Av a>0, u axéparog kar v 0etikodg axéparog, T0te opilovLe:

I

a’ =3a"

"
EmmAéov, av i, v Betikol aképatot, tdte opilovpe 0¥ =0.

Mo rapdderypo:

2 4
85:%/87223/6_4:4 Kol 27_5=\3/274=3L4=;=i.
27 7t 3
Me 11 Bonbeia Tov 1010TTOV TOV P{dV ATodEIKVVETAL OTL Ol OOTNTEC TOV
duvhpemv pe aképato ekBETN 1oydovy Kot Yo SVVANELS e pNTO eKBETN.
To yeyovog avtd dievkolvvel To Aoyiopud pe ta pilikd. ‘Etotl éxovpe yio ma-
pédetypa givat:

1 1 11 7
rororr 7
12/ 7
Jo-da=a*-a>=a*?=a=Na .
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E®PAPMOI'EY

1" Av a xav f givor pn apvnrikoi api®poi, vo anodsiydsi n 1codvvapia:

a<ﬁ’<:>{/;<(/ﬁ

AIIOAEIEH

"Eyovpe:
Ja <fF o (V&) <(4F)

Sa<f, OV 1oYVEL.

2" Na Tpamodv o1 mTapucTdcslg 6 160d0VVANES, YmPig PLiIKGE GTOVS TUPOVONA-

oTég:
i) 1—5 *ii) —10 iii) 6
J3 J5-1 \/7+\E.
AYEXH
"Exovpe
i 15 1543 _15~J§:15J§:5\6'

RN
10 10(v5+1)  10(V5+1) 10(V5+1) 5(J5+1)

iiii) = = = = .

J5-1 (ﬁ_l)(ﬁﬂ) (\/g)z_lz 5-1 2

e IB) 6T e(VT)
M N R

3" No amodery0zei 6TuL:

J10-35-%/40 =10.

AIIOAEIZH

"Exovpe:
1 1 11 1
V10 -3/5-4/40 =102 -57 405 = (2.5)2 .57 (2°-5)¢
| R T | S T T
:25,55,55,25.56:25_25,55,55,53
111

—2.523%6 =2.5-10
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AXKHXYEIY
A OMAAAY
1. No vmoloyiocete t1g pileg:
i) 100, /1000, 10000, /100000 .
i) V4, s, 6, 32

iii) /0,01, /0,001, 3/0,0001 , 3/0,00001 .
2.  Na ypayete TIg TAPAKAT® TOPOOTAGELS Y®Pig pLlika

i) J(z—4) i) (=20 i) (x-1) V) %

3. No anodei&ete o011 \/(2—\/5)2 +\/(3—«/§)2 =i,

4. No amodei&ete OTL («/x—S —«/x+3)-(\/x—5 +«/x+3)=—8.

5. Na amodei&ete OtL:

) (VB-18):(V50 ++72-+32) =-14.
i) (V28+47+32) (V63 -32)=31.

6. Noa amodei&ete OtL:

i) V242-V2-42+2=2 i) 2-33+5-33-5=2.

7. Na amodei&ete otU

) V22 =32 i)y 24232 =2.

8. Na amodei&ete OtL:
D FB=33B iiy 320407 =240
i) V53545 =25.45.

9. Na amodei&ete OtL:

i) 25-JE=10 " 216«/%:18.
J75 J50
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10. No peTATPEYETE TIC TAPAKAT® TAPUCTACEL OE LGOOVVAUEG UE PNTOVG T~
POVOUOCTEG:
n o 4 i) —— iii) V146
P~ N N
11. No amodeiete 6t1
. 162++/98 . 97 £ 3%
i) — =16 ii) =3,
J50 =32 9" +27
@OV OVOAVGETE TO VTTOPLLO GE YIVOUEVO TPDTOV TOPOYOVTIMV.
B OMAAAY
—2~2
1. i) No amodeiEete 6Tt M =5+6
V3-2
ii) Av a, f>0 va amodeilete 0TL
wa-pp
=(a+p)+op
Vb
2 2
2. i)  No Bpeite Ta avartdypato TV (3 + 2\/7) Kol (3 - Zﬁ) .
i)  No amodeifete ot V371247 —\37-127 =6.
2 3)
3. i) No anodei&ete 6TL 0 ap1BudC (\/;+\/;J gival pntoc.
1 2
ii) Av a Betikdg pnToG, Vo anodeifete 6TL 0 [\/E-FT] etvon pnroc.
a
4. No anodei&ete 611
1 1
i) B, B ii) - _=83.
V5-3 5443 (2-3) (2+43)
5. Zg éva opBoydvio tplywvo ot kdaBeteg migvpég tov eivar AB = Ja kot

Ar =/ .

i)  No vmoloyicete v vroteivovsa BI' 1OV TPLYGOVOVL.

ii) Me m PonBeia g TpLyOVIKAG avicOTNTOG Vo 0modeigete OTL:

Jar B <Na+yF.

iii) Tw un opvnrkodg apiBpodg axor f, va omodeiete o1l

Ja+p < «/;+\/E . I16te wodeL ) 100N TO;
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EPQTHXEIY KATANOHXHY 2°° KE®PAAAIOY

I.

Ye Kafepd amo TIG TAPOKATO TEPINTAOGELS VO, KUKAAGETE TO ypappa A,
av 0 16YVPLGNOG eivar aAndng yro 610vg TOVG TPAYROTIKOVG aplOpovg a,
B, Y Kal 8. AlaQopeTIKA VO KOKADGETE TO Ypappa V.

=~ R

10.

11.
12.
13.
14.

15.

16.

17.

18.

19.

20.

(a=p xou y=0)a+y=L+0.
Av @’ =af ,161e a=f.

(a+,b’)2=a2+ﬁ2.

To aBpowopa a+ S 600 appntev aplBudy a ko S givor

appNTog 0ptOpog

To ywopevo a-f 600 appntov oplBpumdv a kol S givar

appNTog optBpos.

Av o> f xay<9, 10te aa—y>pf—0.

Av o’ > af , 1018 0> f.
o z
Av —>1,t6t8 0> f.
p
Av o> f xon a>—f, 10t 00>0.

|
Av o>— 1018 00 > 1.
o

Av a< <0, 16t @’ > f°.

Av a>-2 ko1 f>-3,1t01¢ aff >6.

Av a<-2 ko f<=3,10t€ 0fp > 6.

do* —200f +255> > 0.
(a-1)" +(a+1)’>0.

(a2 —1)2 +(a+1)2 >0.

(a+ﬁ)2+(a—ﬁ)2=0<:>a=ﬁ=0.

Av a-f2>0, tote |a+ﬂ|=|a|+|ﬁ|.
Av a®=f, 1618 a=+[f .
VT =a.

A Y
A Y
A Y

b4
A Y
A Y
A Y
A Y
A Y
A Y
A Y
A Y
A Y
A Y
A Y
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2
21. Av >0, 101¢ (\/;) =a. A Y
22. Av a-f=>0, 10te UmOPOVUE TAVIOTE VO YPAPOLLE

\[(X-ﬁ:\/;-\/ﬁ. A \P
23. Av 20,161 \Ja* - B =a-[f. A ¥

24. o’ + B =a+p. A ¥

25. Av a=20, tote pmopovLe TAVTOTE VO  YPAPOLLE

A Y
Yo’ =a .
26. Mmnopovpe ThvToTE VoL YPAPOLUE (‘/07 = . A ¥
27. 5% >25.
28. 117 >22".

II. No emAéEete ™ 0OGTH OTAVTINGY 0 KOOENLA OO TIC TAPUKATO TEPITTAOCELS.
1. Av 2<x<5 tote n mopdotacn |x— 2| + |x = 5| etvon tom pe:

A) 2x-7 B) 7-2x r -3 A) 3.
, ) ) |x=10] |x-20]
2. Av 10 <x <20 101€ M TIUN] TNG TOPAGTAOTG +———— elvan tom pe:
x—10 x-20

A) 2 B) 2 I) 10 A) 0.

3. Av a:m, ﬁ:\/z Kol yz%/g TOTE:

A)a<pf<y B)a<y<p INy<a<p A) f<y<a.
4. O apBpuog V9+45 givan 100G ue:
A)3+2J5  B)3+245 ) 2++45 A) 2+45.

III. Xtov mapaxato déova to onueia O, I, A xou B mapiotdvovy Tovg aptdpovg 0,
1, a xon f avriotoiyog, pe 0<a<1l kov f>1,evotaonpeial, 4, E, Z, H
2

KaL @ mapieTavovy Tov apOpos Va , /B, a¥, B2, @’ ko B, oy bpog pe
TNV ogpd wov avoypdeovrar. Na avtiotoyyicere ta onpeia I, 4, E, Z, H xor @
JE TOVG 0PLOROVG TOV TAPLGTAVOLV.
0 a 1 p
x' O I 4 A E I Z B H @

=y

r 4 E Z H (%)




78 2. Ol IPAI'MATIKOI APIOMOI

IXTOPIKO *HMEI2MA

O « duthaclacIdC TOV TETPAYDOVOLY, dNANON 1) KOTO-
OKEVY €VOG TETPAYDVOL HE gUPadd dumhdoio evog
dAdov 600évtog TeTpaydvov, pmopel va yivel pe pa
QAN «YEMUETPIKTY KOTOOKELN. AEYOVTOG «YEMLE-

TPIKN» KOTOOKELY] EVVOOVLE KOTAOKELT Ue yOpoka 4 a
Kol o).

Qo1660, N TAELPA P, TOL TETPAYDOVOL HE TO IITAAGLO

euPadod, dev mPOKVTTEL OO TNV TAELPA O LE TTOANO-

TAoclcud ent pntd apBud. Avtd onpaivel 6Tt dgv

VIApyYEL EVOVYPAUIO THHO (OC LOVADO LETPNOTG) LUE TO OTOI0 WITOPOVUE VA e~
TPNOOLLE OKPPDS TO SVLO ALTE TUAUATO, TAELPE KOl SLOYDVIO TETPOUYDVOUL.

H an6deién g vmoapéng dppnrov apfudy Bempeitol pio ond TIc OToVdUOTEPES
avakaAdyelg tov Iubayopeimv. (TMubaydpac: 6% . X. cidvog).

Or apyaiot EAAnveg elyav pia fabdeld wiom 6Tt TavTote S0 VOVYPULLO TURUOTO
&yovv koo pétpo. 'V’ awtd, ota mAaiclo TG EnoyNg EKEIvG, 1 ovaKAAVYT oWTH
tov [TuBayopeimv dev NTav amAd Kot Ldvo Hio EVOLopEPOLGO Labnuatikny tpdta-
o1, 0AAG onuave TNV avatpomn OepeMmOOY PIAOGOPIKAOV AVIIAMYE®DVY Y10, TOV
KOGO Kol TN QUOoT).

"Hrov xevipikn avtidnym tov [MuBayopeiov 6tL 1 ovoia kdbe dvtog pmopel va
avaybei o puokovg apiBuovg. O veomvBayopelog P1AdAa0g YOpw ota 450 w.X.,

£ypaQe:

«Ipayuatird 1o kabeti mov yvawpilovue Exel Evav apiBuo (oniadn pvoiko). AAAiwe
Oo. frav addvaro va to yvwpicovue kar vo 10 kotalafovue ue ™ loyiky. To éva
eivou ) apyn Tov TaVIogy.

H avakdioyn ooy 6t vadpyovv peyédn kot poAoto anid , OT®G 1 VTOoTEL-
VOUGQ TETPAYDVOL, T OTTOIR dEV UTOPOVV VO EKPPUGTOVYV GTO TANIGLO TOV QVOL-
KOV aplfudv, Beopndnke aAndivi coppopd yio v mobaydpeto prrocopio. Xo-
poktnplotikoi givar or Bpvrot mov mepIaiiovy To yeyovog avto. Katd évav amd
avTovC, 1M avaKAALYT TNG VTTOPENG TOV AppnTeV apldumy £ytve and Tov mubayod-
peto Inacco, 6tav avtog kot aArot [TuBaydpetot ta&idevay pe mioio. H avtidopaon
v [TuBayopeiov NTav va tviEovv Tov Tnacco kot vo GUUEOVAGOUY HeTa&d TOVG
va un 01ad0bel 1 avakaivyn Tpog to EEm.

H vrépPaon tov «duckoldv» mov eépvel oto Mabnuotikd n vroapén dppnrov
apOudv, katéotn dvvarn and tov Evdoto (360m.X.) pe v 1810¢u1| «Bsmpio twv
Aoyovy. H amddeién yio 1o 611 €vag ouykekpiuévog apBpog ivat appntog eivat
éva TpoOPAnpo Tov amoitel TOAAES POPES TOADTAOKOVS GLAAOYIGHOVG.



3 EZIXQXELY

3.1 EEIXQYEIY 1 BAOMOY

H &Eicwon ax+ =0

Y10 T'vpvdolo pébape tov TpoémO emilvong TV e£lOMOE®Y TNG HOPONG
ox+ =0 vy cuykekpipévoug aptOpovg a,f, pe a =0

Ievikotepa tdpa, Bo dovue Thg pe tnv Pondelo TV WB0THTOV TOV TPaEE®V,
emdovpe TV mopomdve e&locmorn, omolownToTe Kol av givol ot apiBpol

a,p.
"‘Exovpe Aoudv
ox+pf=0ux+p-F=-p
Sox=—f

Awokpivoope TOpO TIG TEPITTAOGELS:
e Av a#0 tote:

B

ox=—f>x=——
a

B

Emopévmg, av a#0 n e&icwon éxel akpifpdg pia Avon, v x=—=.
a

Av a=0, t6te n e€icwon ax=—pF yivetor Ox=—pF, n omoia:

i) ovelvar f#0 dev éxel Abom Katl y1 avtd Aépe OTL gival advvartn,
EVD

ii) av etvar =0 &xer m popen Ox=0 ko ainbevel yio kébe mpay-
patikd apBpd x dniadn eival tavtéTNTA.

H Abon g e&lowong ax+ =0 kot yevikd ké0e e&icwong Aéyetor kar pila

QVTHG.

Mo tapddetypa

v Ty eéicoon 4(x—5)=x-5 éyovpue:
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4(x-5)=x-5<4x-20=x-5
& 4x-x=20-5

<3x=15
1
<:>x=—5:5.
3

Apa, n e&lomon €yel povadikn Avon, TNy x=5.

v Tty eéicwon 3x—x—3=2x Exovue
3x-x-3=2x3x—x-2x=3<0x=3
7oL givol advvar.

v T e&iowon 4(x—5)—x=3x-20¢yovue
4x-20-x=3x-20=4x-x-3x=20-20=0x=0
mov glval TavtdHTNTO.

2XoA4I0
Onwg PAémovpe oT0 TAPATAVEO TTOPAdEIYHATA, KADE POPE KATOANYOLUE GE
e€lowon g popong ax+ =0, g omoiog oL cuvteElesTEG o Kal S eival
ovykekpipévol aplipol Kot HTopovpe AU Vo OOVUE TOLN Amd TIC TPOT-
YOOUEVEG TEPIMTAOGELG LoYVEL. AgV cupPaivel Opwg to 1610, 0V 01 GLVTELECTEG
o xar f g e&looong ax+ =0 exppalovial pe 1n Pondeia ypoppdtov.
Ye T€TO1EG TEPUTTMGELS, TO, YPALUATO 0VTA AéyovTal TapapeTpol, 1 e&icmon
AEYETOL TOPOUETPIKI KOl 1 €EPYacio TOL KAVOLUE Yo TNV €0PECT TOVL TAN-
Oovc Tov prllov g Aéyetal drgpedvnon.
Mo mapdderypa n e&icwon

(Z-1)x-A+1=0,1eR
€YEL TOPAUETPO TO A KAl YPAPETOL 1GOSVVOLLAL

(Z-1)x=i+1=0c (7 -1)x=A-1
< (A+1)(A-1)x=1-1
Emopévog
v Av A#—-lka L#1, n e€icwon &gl povadikny Aoon, v
A-1 1

(A+1)(A-1) A+1

v Av A=-1,n e&icoon yivetor 0x =-2 kot givar adovarn.

v Av 1=1, n e&icoon yivetor Ox =0 kot gival TavtdTnTa.
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E®PAPMOI'H

‘Evag modnrdtng miye awd po toAn A og pioa néikn B ko enéotpeye and Tov
1010 dpopo. Xtnv petdfaon odnyovce pe péon tayvtnte 25km/h kv Eexkovpa-
oTNKE gvolapneco 1 @pa. TNy emMoTpo@i] 0dnyovee pe péon toxvtnta 20 km/h
Kol 0€v £Kave Kopia 6Tacn. AV 0 60VOAIKOG xpovos Tov Talidrod ftav 10 dpeg,
VO, VTOAOYLGTEL TO p1KOg TG dradpopng AB.

AYXH

Av x km givar n andctacn AB, 16t€ 0 TOONAATNG YPELOCTNKE 2—);obpsg Yo va Taet
arnd 10 A oto B kot 2—);) wpeg ya va emotpéyel. Aol Eekovpdotnke Kot 1 dpa ,

. , . X X
0 GVVOMKOAG ¥pOVOG TOV Ta&Ld10V NTOV E+%+l

Emedn o ypovog avtog givar 10 dpeg Exovpe v e&icmon:

XX i1=10
25 20

Avvoope v e&lomon kat £Yovpe:

2 1210 4x+5x+100=1000
25 20

< 9x =900
< x=100
Apa to pnkog ¢ dtadpopng ivar 100 km.

E&ioewaoeis mov avayovral o¢ eéicaeelg 1ov fabuov

Yv ovvéyela Oa dovpe, pe TN Pondela mopadElyUdTOV, TMOG UTOPOVUE VO
gmAvoovpe eElomoelg ol omoieg dev eivan pev e€lomoetg 1°° Babupod, aidrd,
UE KATAAANAN Otadikacio, avayovial og eElodaelg 1ov Babuov.

ITAPAAEITMA 1°
Na Avbei n e&iowon

2
X

o b
x—1 x—1

AYXH

H g&iowon avtn) opiletor yio kdBe x #1. Me avtdv 1OV TEPLOPIGUO EYOVLE:
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e e ) ) ()

x—1 x—1 x—1 X—

X

o xP-x+1=1
oxt—x=0
<:>x(x—1)=0

& x=0, aeov x # 1.

Enopévog n elowon €xel povadikn Avemn, v x=0.

ITAPAAEITMA 2°

Na Avbei n e&icwon
|2x—1|=|x+3|

AYXH

AT TIC 1010TNTEC TOV ATOADTMV TILMV £YOVUE:
[2x—1]=|x+3|=2x-1=x+3 | 2x—-1=—(x+3)

Opnog:

vV 2x-l=x+3o2x—-x=4<x=4

2
4 2x—1=—u+3y:2x+x=—3+h:3x=—2¢>x=—§.

Enopévmg n e&lowon €xel dvo Avoelg, Tovg aptdpotg 4 Kat —%.

2X0A110
Me tov 1610 Tpomo Advovpe kdbe e&icmon TG LopeNg |f(x)| = |g(x)|.

ITAPAAEITMA 3°

Na Avbein e&icwon
|2x-3|=3x-2

AYXH
Ene1dn to mpmto péhog tng e€icwong eivat pn apvntikd, yuo va £el AOGN 1M
e&lomon avTtn TPEMEL Kal To de1TEPO PEAOC TNG VO €lval un opvnTikd. AnAa-
on, TpémeL:

3x-220 (D

Me avtdv tov meplopiopd, AOY® TV 1WO0THTOV TOV ATOALTOV TIL®OV, £X0V-
pe:
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|2x-3|=3x-2e2x-3=3x-2 7 2x-3=2-3x
& 2x-3x=-24+43 N 2x+3x=2+3
& —x=1 n 5x=5
Sx=-1 n x=1

Amo 11¢ Tapandve Avoelg dektn eivar uovo - x=1, 81611 pOVo avtn
wavonotlel Tov meploptopd (1).

zxoAIo
Me tov 1610 Tpomo AOvovpe e£lodaelg TG LOPONG | f (x)| =g(x).

AXKHXYEIY
A OMAAAY
1. Na Moete T1¢ e€lodosglg
) 4x—3(2x—1)=7x-42 i) oAx xdl_x-4,5
5 4 20 4

i) T-I-Z 1 2 iv)  1,2(x+1)-2,5+1,5x=8,6.

Noa Moete 116 e&lodoelg
) 2(3x-1)-3(2x-1)=4 ii) 2x—5%x:—§+7?x.

No AMoete T1¢ E10M0ELS Y10, TIG S1aQopeg TIHEG TG mapapétpov AeR .

i) (A-1)x=4-1 ii) (A-2)x=2
iii)  A(A-1)x=1-1 iv) AMA-1)x=2+2
10 duthavo opBoyadvio tpanélio va Bpebei n 6o 4 3 r
tov onpeiov M ommv A4 dote y To epPadd ‘|* E ¥ \
a a a  \
E,=(MAT), E,=(MAB) xa1 E;=(MBT) va ¢ y .
oY VEL: l M K 3
i) E+E,=E, ii) E =FE, 1% E, S \
A 5 B

Amd kepdiato 4000 € éva pépog Tov KOaTOTEOMKE

oe po tpamela mpog 5% kot 1o volowto o€ o GAAN Tpamela wpog 3%.
Yotepa and 1 xpdévo sonpdydnkav covorkd 175€ tokot. Iloo mocod toki-
otnke mpog 5% xatl oo wpog 3%:;
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10.

11.

12.

13.

14.

Na emtlvb0o0v ot TopakdT® TOHTOL MG TPOG TNV AVAPEPOUEVT LETAPANTY:

i) v=v,+at, a#0 (og Tpog T0¢) i) %:R%JFR% (g mpog TOR)) .
Na Avoete T1g e&lodaELg
i) xz(x—4)+2x(x—4)+(x—4):0.
i) (x-2)"-(2-x)(4+x)=0.
Na Avoete T1¢ e€lodoElg
i) x(x-1)-x+x"=0 i) (x+1) +x*-1=0.
Na AMoete T1¢ e€lodoelg
) x(x-2) =x"—dx+4 i) (x*—4)(x-1)=(¥"-1)(x-2).
Na AMoete 116 e€lodoELg
i)  x-2x-x+2=0 i) x’-2x"—(2x-1)(x-2)=0.
Na Avoete 11 e€lodoelg
b 1 . x+1 2

=1 x*=2x+1 -

Na Avoete t1g e€lodoelg

. 1 1 2 . 3 2 x—4
l) + = B ll) —_—= >
x-1 x+1 x -1 x+2 x x +2x
X X —x X
iii) iv) =—

12 x -4 -1 x+1

Na Bpeite tpelg 51000yKOVG AKEPALOVS TETOLOVE MGTE TO AOPOLICHLO TOVS VO
100VTAL [LE TO YIVOUEVO TOVG.

Na Aoete 116 e€l0M0ELg
i [2x-3]=5 i) [2x—4|=|x-]|

i) |r-2[=2x-1 iv) [2x-1]=x-2.
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15. Noa Moete 11g €£l0doELG

i) |x|_+4_|x|_+4:£’ ii) 2[x+1 |x|—1_l
3 5 3 3 2 2

16. No Moete 116 E£l6DGELS

3—x
i =4 ii x—1flx-2|=|x—-1
) B ) petfpe-2l=fe-
B OMAAAY
1. No arwodeitete 611 01 e€lodoEIC:
) (craf —(x-p) =2a(a+p) i) E=XF
s a
€yovv Tavta AVon, omolodNmoTe Kot av givat ot Tpaypatkoi apOpoi a, S .
2. Tlowoi mepropiopoi mpénel vo woxbouvv yio ta a,f € R, dote va éxel Adon n
e&lowon E l;
a
3. TI6c0 kabapd owodmvevpo mpénel vo mpocBicel &vag Qopuakomolds o€
200ml dradvpo owvomvedpatog TeplekTikoOTToS 15%, Yoo va mapet ddAvpa
otvomvevpatog meplektikodTnTog 32%);
4. ’'Evo avtokivnto A xweitaw pe 100km/k. ‘Eva dehtepo avtokivnto B mov
kweitar pe 120km/h mpoomepviel 1o A. Xg mOca AETTA Ta dVO OVTOKIVNTA
0o anéyovv 1km;
) ) x+a z , .
S. Na Moete v e&lowon —— =——— y10 OAeg T1g Tipég ToV 2 e R .
x— X —a
, , x3 _8 2
6. No Moete v e€icmon =x"+4.
7. No Moete v e€icoon |2|x|—1| =3.
8. Na Avoete v eéicoon Vx* —2x + :|3x—5|.




3.2HEEIZQYXH X = a

e 'Eoto 1 eéicoon x° =8. Onwg avapipape 6TOV OpIoUd TNG V-00TNG pi-
Cac un apvntikod apBuov, n eéicoon x’ =8 éxet akpiBdg pa OeTikn
Avon, TNV dé=2.H e&lomon avtn dgv €xel un apvnTikég A0oelg, yorti,
710 kG0e x <0 oyvel x° <0,

Enopévag n eéicmon x° =8 éxet akpipdc pio Abon, v 8.

Tevikdtepa:

H e&iowon x"'=a, pe a>0 kot v wgprrtd QLGIKO aplOpd, €xet

akpBdc plo Advon v Yo .

e ’'Ecto 1 séicwon x* =16. Onwc kot tponyovpévec 1 séicmon avth €xet

akplfdg wa BeTikn Avon v fNe=2.H e&locon avt OU®G £xEl MG
4 4

Ao ko v —4/16 =-2, agod (—4 16) =(4 16) =16.

Enopévag 1 eélcoon x* =16 éyst axpifahg §Ho AMosig, Tnv 6=2 xm

mv V16 =-2.

Ievikdtepa:

H g&icoon x'=a, pe a>0 kot v aptio ouoikd apOud, &xet

akp1fag 6vo AboELg TIg Yo xor Yo .

e 'Eoton eficwon x° = -8 ‘Eyovpue dtadoyikd:
¥ =-8& —x =84i)(—x)3 =8 —x=B8ox=-38=-2.
Enopévag 1 e€icwon ovth £xel akpipdg pio Aoon, Ty —3/8 = -2

Tevikdtepa:

H e&iowon x"'=a, pe a<0 kot v wgprrtd QLGIKO aplOpd, €xet

akpBdc plo Advon v —(/;| .

e 'Eoto n géicoon x*=-4. Enedy yua kébe x 1oyvel x* >0, 1 eéicwon
gtvat advvarn.
Tevikdtepa:

H e&icoon x"'=a, pe a<0 ko v aptio gvoikd apbpod, eivol
advvorn.
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And 10 mopamdve cvumepAcUOTO KAl amd To YeYovdg OTL M e&lomon

x'=a", peve N, éet mpopavny Abon v x =a, TpokdnTel OTL:

Av 0 v mepTTég, ToTE N g€icwon x' =a” £xEl povadiki Adon, TV
X=0a

Av o v GpTiog, T0te N eicmwon x" =a” £yel 8V0 Aboelg, TIG X, =a K

X, =—da.
E®PAPMOI'H
No Av0ci 1 e&icoon x* +8x=0
AYXH
xt +8x=0<::>x(x3 +8)=0
&Sx=0 4 x’=-8
Sx=0 7 x=-38=-2
AXKHYEIY
A OMAAAY
1. Na Avoete 116 €€l6MOELG
i) x —125=0 ii) x°-243=0 iii) x'-1=0.
2. Na Aboete 115 €£loDOELS
i) X’ +125=0 i) x°+243=0 iii) x'+1=0.
3. Na Moete 116 e€lodoelg
i) x*—64=0 ii) x'-81=0 iii) x*-64=0
4. No Moete 116 €£loDOEL
i) X —8x*=0 ii) x*+x=0 iii) x’+16x=0.
5. ’Eva opBoydvio maparinieninedo €xet dyko 8lm’ xon Stootdosic x, x kot 3x. No
Bpeite T1g 6100TACELS TOV TAPAAANAETITESOV.
6. No Aoete 11¢ e€lodoelg

i) (x+1) =04 i) 1+125x°=0  iii) (x-1)'-27(x-1)=0.
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H séicwon ax* + fx+y=0, a#0

H Mon modhov mpofinpatev g leopetpiag, g Pvowmg kabog kot GA-
AV EMGTNUOV aviyeTol otV enidvon pag eEicwong e LopeNc:

ox’ + fx+y=0, pe a=0 (D)
n omoia Aéyetar e€icwon dgvtépov Badpod.

. . . 1 . . .
[No mapdderypo, €6t 0 TOTOG S =V ! +Eyl2 , 0oV S 10 d1AoTNHA TOV S1OVD-

€L Kwntd og ypdvo ¢, P apylkn TayOTNTO Vo Kol emMTAyLvon y. Av Bewpn-
GOVUE MG AYVOGTO TOV YpOVO t, TOTE mpoKHNTEL 1] e&lomaon:

1 5

— it +vt—85=0,

2 Y 0
n omoia gival e&icwon devtépov Padpov.
211 ovvéyewn Oa emhdoovpe v e&iomon devtépov Pabuod ot YeEVIKN TNG
popen pe ™ néEB0d0 NG KCVUTANPMOGNS TOV TETPAYADVOLY.
"Exovpe:

ocx2+/)’x+y:0c>x2+£x+l=0
a

o

[apo a =0 ]

o+l 2

o o
Xt +2x-£:—l
20 a
2
oy ﬂ2 =—Z+i2
20 4a a 4a

2 2
-4
N
2a 4a

Av 0écovpe A = B> —4day, tote N TedevTaia eéicmon yivetat:

BY _ A
(X'sz —4a2 (2)

Awaxpivoope Tdpa 11 £€1G TEPIMTAOGELG:

e Av A>0, t6te éyovpe:

g A B NA
X+—=— N x+—=———
200 2a 2a 2a
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omAadn
_ A A ox _ BN
20 20
Enopévog n e€icwon (2), dpa xat n icodvvaur g (1), éxer dbo Avoelg

GV1oEG TIC!
—B+JA —p-A
X =———— Kl X,=—"——
20 20
Mo ocvvtopia o1 Avoelg aVTEG YpagovTal
B ERN

1,2 —
2a

o Av A=0, t6te 1 e&lowon (2) ypdoetat:

(x+£j2=0<:>(x+£j( j
20 20
& X fa—o Ll x+ﬁa
__ B . __ B
<= 2a nox 2a

2y mepintoon avtn Aéue 0t N e&lomaon €xel owmAn pila v —2ﬁ .
a

e Av A<D0, t6te N eEiowon (2), apa kot 1 eodvvaun g (1), dev €xel
npaypatikéc piec, dniadn eivar addvern oto R.

H alyeppich| mapdotacn A= B> —4ay, and v Tiuq ¢ onoiog séaptdrot To

00 tov piov e eicmong ax’ + fx+y=0, a =0, ovopdleTal dvaxpi-

VOVGO. QVTHC.

To ntopandve courepdcuata cuvoyilovtal otov akoiovbo mivaka:

A=p*—4ay H e&icoon ax’ + fix+y=0, a#0
—f+
A>0 ‘Exet dvo pileg Gviceg T1¢ x, = ﬂz;ﬂ
a
A=0 "Exet pio Simhn piCo tn x = _Zﬁ
a
A<0 Eivar addvatn oto R.

Mo napdderypa
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v H ekiooon 2x* -3x+1=0 £yet Az(—3)2—4-2-1=1>0, omote sl dvo

++/1

W

ilec 11 x —3——1 Kol X 31

PGES TIG X, 20 2Ty, Ty

v H séicoon x*—4x+4=0 &yel A=(—4)2—4-1-4=0, omote sl pa S
—(—4

(4,

2-1

H mopondve e€icoon Avvetal covtope g e&Ng:
¥ —4x+4=0 (x-2)° =0 < x =2 (St pida).

v Heéiooon 2x°-3x+4=0 $yst A=(—3)2—4-2-4=—23<0, omoTE dev

€xel mpaypatikég pileg.

7w pila v x =

TV mepintoon mov n eéicoon ax’ + fx+y=0, a#0 éxel mpaypoTikéc pilec
X;,X%, , EYOVLE:

PN p-NA 28 B
20

X +x,= 5 5 Kot
o o o
2 2
BN —p—~A (=8) _(\/K) ﬁz_(ﬁ2_40‘7’) 4oy
xl 'x2 = . = = = = =
20 20 4 40 40> a

Av pe § ovpPoricovpe to dOpotopo x, +x, Kot pe P 10 ywoOpEVO X, -X,,
TOTE £YOVE TOVG TOTOVG:

7oL glval yvowotoi og Tomotl tov Vieta.

H séicwon ax’ + fx+y=0, pe v Pondsia towv tOmov 0V Vieta, pstooyn-
patiletor og e€ng:
ox’ +ﬁx+y:Oc>x2+£x+l=O
a a
=35 —(xl +xz)-x+x1 x, =0

S xP=Sx+P=0

H tedevtaio popen ¢ eéicoone ax’ + fx+y=0 pag divel T duvatdTnTo vo.
TNV KoTtookegvdoovpe, 0tTav yvopilovpe 10 AOpoloHO KOl TO YIVOUEVO T®V
plov t¢.

Mo mapaderypa n e&lowon pe abpoicpa pilov 3 kot yvopevo V2 eiva n
x> =3x+4/2=0
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EDPAPMOI'EXY
1" Na M0¢i ) eéicwon x’ —2(\/§+1)x+4\/§ =0

AYXH
H dwokpivovoa givat

A=4(\6+1)2—4-4\B=4[(\B)2—2\6+1}=4(ﬁ—1)2

Enopévag n egicwon éxetl dvo pileg tic

2(V3 1) 4(V3-1) 2f+222(3-1) [25

X = =
2

b2 2 2

2" "Evag Bpayog Ppicketar otnv Kopuen NG Xopadpag evég motapov, N omoia
&yer padog 300m. Iécog ypévog amarteitar péypr T oTiyp), mov o Ppayos Oa
ayyi&el To vepo Tov mOTAROV, av 0 Bpdayog

i) wéoelL améd TNV KOPLP1|;

ii) €Ko@evOOVIOTEL KATAKOPVPO TPOG TO KATM pE ToxvTNTA 50 M/sec;

Aidetar 6tL g =10 m/sec’.

AYEXH

i)  Eivat yvootdé and v @voikn 6Tt 10 dtdotnpa S mov dtoviel £va GO TNV

1
eAlevbepn mtdon oe xpodvo t sec givat: S = Egt2

Eneidn S =300m ko g = 10%, €yovpe:
sec

1
E10%=300<:>5t2=300<:>t2:60<:n:J_r\/@<:n=J_r7,75

H apvntikn pifa dev eivar amodektn, 10Tt 0 ¥pOVOG GTO GLYKEKPLUEVO TPO-
BAnua dev pmopet va, eivat apvntikdc. Apa ¢ =7,75sec .

ii) Ortav 10 cdua &gl apykn taxdtnta v,, 10 ddotnuo Tov daviel oe ypovo t

1
sec gfvarl S = vt +Eyt2.
, m .
Enedn v, =50— xot >0 Bo €xovpe:
sec
%IOt2 +50¢ =300 < 5¢° +50¢ 300 =0
<SP +10t-60=0

o -10++/100+4-60 —-10+18,43

= =4,22sec.
2 2

Apa, o {ntodpevog xpovog eivar mepinmov 4,22sec .
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2X0A4I10

Koatd v enidvon evog mpofAnpatog, 0nwg idape Kat napandve, dev Tpémetl va
Eeyvape va EAEYXOVLLE, OV OL AVCELS TOV PprKape eivot EDAOYEG.

E&icooeig mov avayovral o¢ éicmoeis 200 fabuod

21t ovvéyela Ba dovpe, pe ™ Ponbela mapaderypndtov, TOG UTopovue va
emlboovpe elomaoelg ol omoiec dev gival pev 2ov fabuod, aird, ue KATAA-
AnAn dwadikacia, aviyovtal og e&lomoelc 20v fabpod.

ITAPAAEITMA 1°:

Na Avbei n e&icwon
x*=2[x|-3=0.

AYEXH

Enedy x° =|x2, n e&lowon ypdoetat:

i —2|x[-3=0
Av Bécovpe |x| =w, 10te N e€icwon yivetal

o —20-3=0.
H etiocwon avtn €xer pilec tic @, =3 xo1 o, =—1. And oavtég dektn elvar
povo m  Betwkn, apod w= |x| >0. Emopévag |x| =3, mov onpaivel

x=-3 1 x=3.

ITAPAAEITMA 2°:
Na Avbein e&icwoon:
3x-1 2 2x" +x-1

x—1 x X —x

AYXH
INa va opiletar 1 e€icmon mpénet x—1#0 kot x° —x#0, dhady x =0 ko
x #1. Mg avt00¢ 100G TEPLOPLGLOVG TOV X EYOVE:

3x=1 2 2x*+x-1 3x-1 2 2x* +x—1

_—— = -1 - -1)—= -1)—

x—1 x xP—x c>x(x )x—l x(x )x x( )x(x—l)
e x(3x-1)—(x—1)2=2x"+x-1

S x’—4x+3=0
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H tehevtaio e&lomon €xet pileg x, =1 ka1 x, =3. And avtég, AOy®w Tov Te-
plopiopov, deKT elvat povo n x, =3.

ITAPAAEITMA 3°:
Na Avbein e&icwon:

2xt=T7x*—4=0 (1)
AYXH
Av Bécovpe x> =y 1 eéicmwon yivetar:

2y ~T7y—4=0 (2)

H céicwon 2)y°-7y—4=0 &g pileg g y, =4 xar y, = —% Eneidn

y=x>2>0, dexth elvar povon y, =4.
Emopévac, ot pieg g (1) sivon ot pileg g eéicwong x* =4, dnhadn ot
X, ==2 Ko x,=2.
2XoAI0
H péBodog mov akorovOncape oto mopandve mapddstypa epappdletor Kot
v TV emidvon ka0e e&icwong g Lopeng:
ox* + px* +y=0, pe a#0
O1 e&iomoelg TG LopPNS VTG ovoudlovTal OITETPAY®VES E£IGDGEILG.

AXKHXYEIY

A OMAAAY

1. Na Moete t1g e€lodosig:
i) 2x*—5x+3=0 ii) x*—6x+9=0 iii) 3x"+4x+2=0.

2. No Aoete 115 e€loDoELS:
i) x*=1,69=0 ii) 0,5x°-x=0 iii) 3x*+27=0.

3. Na anodeifete 611 01 TOpOKATO EEI0DOELG £XOVV TpaypOTIKEG piles:
i) A +2x—(A-2)=0, A#0 ii) ox’ +(a+pB)x+p=0, a=0.

4. Na Bpeite 11¢ TIéc T weR  ywoo T omoieg M e&icwon

W +2x+u=0, u#0 &xel Sumh pila.
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10.

11.

12.

13.

14.

15.

Av a=f, va Odcifete OtTL eivar addvatm oto R n  eficwon
(a2+ﬂ2)x2+2(a+ﬂ)x+2:0. Na eéetdoete Vv mepintmon mov eivat

a=p.

No Bpeite v e&icwon 2°° Babpod mov el pileg Tovg apiOpovg

i) 2 ko3 i) 1o % i) 5-2v/6 xau 5+26.

Na Bpeite dvo apBpods, EPOGOV VIAPYOLY, TOV VO EXOVV
i) Afpotopa 2 kot ywopevo —15.
ii) aBpotopa 9 kot ywvouevo 10.

Na Aoete 116 e&lodoelg

i) xz—(\/§+\/§)x+\/ﬁzo i) x2+(ﬁ—1)x—ﬁ=o.

No Avoete v eéicoon x”+a’ =7 —2ax, yio T SIGPOPES TIHEC TOV
a,peR.

Na Bpeite 11 mhevpég €vog ophoymviov pe mepipetpo 68cm Kot daydVio
26¢cm.

Na Avoete 116 elodoelg
i)  X-7px|+12=0 i) x*+2|x-35=0 iii) x*-8x|]+12=0.

No Moete v e&icwon (x— l)2 +4[x-1-5=0.

2
Na Avoete v e€icoon (x+lj —5(x+lj+ 6=0.
X X

Na Aoete 115 e€lodoElg
2

S G U ST e St S

x+1  x 6 x x-2 x -2x

Na Adoete Ti¢ &l00TELG
i) ¥ +6x"—40=0 ii) 4x*+11x*-3=0 iii) 2x*+7x°+3=0.
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B OMAAAY
1. Aivetaun eéicoon a’x’ —2o’x+a*-1=0, pe a=0.
i) No Seifete 61 1) Sraxpivovoa ¢ e€icwong eivor A =4a’.
2 2
o +1 o —1

ii)  No doei&ete 611 01 pileg g e&icwong eival ot

Kot

a
Atvetai n e€icwon x° —(5 - \/E)x +6-3J2=0.

2
i) Na dei&ete 6TL 1 drakpivovoa g e&iomong ivar A = (1+\/§)
ii)  No doei&ete 611 01 pileg g e&lowong eival ot 3 kot 2-42.

Na PBpeite 116 Tipwég tov aeR  yio Tic omoiec mn  eficwon
2x* +(a—9)x+a’ +3a+4 =0 &el Stk pika.

Av o apudg p eivor n pifa g eéicwong ax’ +Pfx+y=0, pe a-y =0, va

dei&ete 011 0 0pOUOG 1 givar ) piCa g e&lomong x> + fx+a=0.
p

Na Avoete T1¢ e&lomoElc:

. 1 1 .. X a a
i) x+—=a+—, a#0 ii) —F+—=—+=, o,f=0.
a X a X

QR[>

Atvetan m eéicoon x> +21x—8=0

i) Na dei&ete 011 M e&lomon €xet mpaypatikés pileg ya ke 1R .

ii) Av n pa pifa g e&icwong 1oovTal e TO TETPAY®OVO TG GAANG, TOTE
va, Bpefodv ot pileg kot T Tov A.

Na e€etdoete av vVIApPYOVY d1adoYIKOL AKEPALOL TOV VO EIVOL UNKN TAEVPOV
opBoywviov Tprydvov.

A4 & N r
H onpoaia. Tov dSimlavod oynuatog £yt d
daotdoelc 4m kal 3m avtiotoiyoc. Na b7 oM A
Bpeite TAdtog d tov GTAOLPOD, AV YVO- d
pilovpe o611 10 guPaddv tov eivarl ico E Z I K
pe 1o euPadov tov VTOAOITOL HEPOLG
™¢ onpaiog.
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9. Mo kataockevooTikn eTotpeio dtabétel dvo unyavApoata A kat B. To punyd-
vnpo B ypetdletar 12 mpeg meptocdTEPO amd 4Tl TO pnydvnua A yio vo Te-
Aeldoet éva cvykekpipuévo épyo. O xpdvog mov amottelton Yo va TELELDGEL
70 £pYyo, av ¥pnoilpomotnfovv kot Ta dvo pnyaviporto poli eivar 8 mpeg. Na
Bpeite 10 ypodvo mov Ba ypetaldTov TO KAOE pUNYAVNLOL Y10 VO TEAELDGEL TO
épyo avto av gpyaldtav pdvo tov.

10. Eivar yvooto o1t pia pilo ¢ eélowong x* —10x° +a =0 eivor o apdpdc 1.
Na Bpeite o a ka1 va Aoete v e&iocwon.

EPQTHXEIY KATANOHXHY 3°° KE®PAAAIOY

I. X& koBgpid amd TG TOPAKATO TEPITTAOGELS VO KUKADGETE TO Ypappa A,
av 0 WoYVPIGPOg gival ain01)g Yo 6Lovg TOVG TPAYRATIKOVS aplOpovg a,
S Kor . AloQopeTIKA Vo KOKA®OGETE TO Ypappa V.

1. H e€icwon (a—1)x=a(a—1) &el povadikn Aven vx =a . A ¥
2. H e&icmon (|x|+1)(|x|+2) =0 egival advvarn. A Y
3. H e&iowon (|x|—1)(|x|—2) =0 &xel dv0 mpaypatikég pileg. A Y

4. H e&icmon (|x|—1)(|x|+2) =0 €xel dvo mpaypatikég piles. A Y

5. Hetiowon |x|=x—-2 éer povaduai Aoom. AW
6. H e&icmon |x| =2-—x &yeL povadikn Avon. A ¥
7o Av o1 6uvteLeoTég a kot y g eélcwong ax’ + fx+y =0 eivar A ¥

etepooN oL, ToTE 1 e€lcmon €xel dvo pileg Avioes.

8. Av 800 &icmoeig 2% Babuod &xovv Tig dieg pilec, tOTE OL
GUVTEAEGTEG TOV 6OV SVVAUEDV TOL X TOV EEIGOGEDYV O- A Y
TV gival oot

9. H séicoon ax’ +2x—a=0 &yet 300 pilec mpaypoTikés Kot A ¥
OV10EG.
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10. H eicoon x*—4ax+4a’ =0, pe a#0, ée 300 piles A
TPOLYLOTIKEG KOl (VIGEG.

11. H &ficwon a’x’ —2ax+2=0, pe a =0, dev éxel mpaypoti- AW

k&G pilec.
12. Hekiowon 2x° +3ax+a’ =0 dev &yel mpoypotikéc pilec. A ¥
13. ] 2 1 _ . .
H e&icwon x" —| a+— |x+1=0, pe a#0,1 €yel 600 aviceg AW
a
KoL ovTIGTPOPES TPOYLOTIKES Piled.
2
—3x+2
14. Ot g&ichoeic X2 ¥ —3x42=0 EOW TS A
x—1
101eg Moeig.
2x% +3x+1
15. Oy stwdosic x;—_’f =5 ka QF 434D =5 ) L g
&youv T1¢ 1d1eg AMGELG.
16.  Ymépyovv mpaypatikol apiBuoi x kKot y mov va Egovv dOpot- AP

opo S =-10 xou ywwopevo P =16.

17.  Ymépyovv mpaypatikol apiBuoi x Kot y mov va Egovv dOpot-
opo S =10 xon ywopevo P =25 .

18.  Ymdpyovv mpaypatikoi apiBuoi x Kot y mov va Egovv dOpot- A W
opa S =2 Kot ywouevo P=2.

II. Na gvronicere 10 L0005 6TOVG TUPAKAT® GLALOYIGHOVG:

1. He&icoon 2x—1)(x+2)=(3-2x)(x+2) ypdoetot 1cod0vopLaL:
Cx-Dx+2)=C-2x)(x+2) = 2x-1=3-2x < 4x=4<x=1.
Onwg kot o apBuds x = —2 egmainbevet ) do00eica e&icwon.

2. H e&&iowon |2x - 1| =x—2 ypapetal 100dVVaLOL:
|2x-1|=x-22x-1=x-2 | 2x-1=2-x&x=-17 x=1.
Onowg kopio oo Tig THég avtég Tov x dev emainBevet T dobeica e&icwon.
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IXTOPIKO *HMEIQMA
Amo to apyoio xpoévie ot podnpatikol ypnolponoincay S1GQOPeES TEXVIKES
yia va Avcovv pia e&icwon 2ov fabuod.

Ot apyaior ' EAAnveg ypnolpomoincav yeouetpikég pedodovg, icwg Adyw tomv
OVOKOAMV OV €lyav pe TOVG AppNTOVS 0PpBUOVG, AAAN Kol AOY® TPUKTIKOV
SVGKOMMOV TOV TPOEKLTTAV OO TO EAANVIKA ynoia.

Ot Ivéoi kar ot Apafec ypnoonoincav pio péBodo Opotla e TN GNUEPIVN
dad1Kacio. «KCLUTANPOONG TETPAYDOVOLY», TEPLYPAOOVTIAS OU®G AEKTIKA TOV
TpdTO gVpeaNG TOV AVce®V. Avtol Bewpodcav w¢ dtapopeTikov THmOV KAOE
pia and tic e&lomoelg

xz—i-px:q, xz—px:q, xz—px:—q.
Ipepa OU®G YPAEOLLE TIC EELCMOELS OVTEG LE TN YEVIKN LOPOT|

ox’ + fx+y=0

O ovyypovog cvuPoriopndg dpyloe va eppaviletal mepi to 1500 p.X, kot ot
dVVATOTNTEG XPNOIHOTOINONG ApVNTIKOV pldV Kol aKOUO HIYadiKav pilov
wpotadnkav amd tovg Cardano ko Girard. H yeopetpikn mopdotacn tov
apvnTIK®OV pilav amd tov Descartes kol ToV Uyadik®v aptlOudv amd tohg
Wessel, Argand kot Gauss ékape Tovg aplBpodg avTovg TEPICGOTEPO ATOOE-
KToVG ¢ pileg pac devtepoPdbuiag e&icmwong.
Opwgn mokidio TV eMAVGE®Y TOV ovamtuXONKe Ta apyoic YpoOvIC LOGC
EVETVEVCE VO AVATTTOEOVE PEPIKOVG TPOTOVS €A Y®YNG TOV TOHTOV
- 2a
7oV divel T1¢ pileg g yevikng e&icmong 2ov fabuod

X2

ox’ + fx+y=0, a#0.
21 ovvéyela mapovotalovpue Tpelc pebodovg enilvong piag e€icwong 2°°
Badpov.

M£0o0doc Tov Ivoav

H erilvon avtq mov emvondnke otnv Ivdia, amodidetal otov Sridhara (1025
pu.X. mepinov).

"Eyovpe dradoyikd:

ax’ + fx+y=0
ox’ + fx =~y
[MoAhamAacidlovpe Kot to 000 pEAN NG e&lowong e 4a Kol VoTEPO TPOGHE-

2 , . , . . I
TOVUE TO f° KOL 6TO OVO UEAT, YO VO, TPOKDYEL EVAL KTEALELO» TETPAY®VO GTO
aplotepd pnérog. Aniadn
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40’x* + dafix = —day
40°x* +4apx+ B = B —4ay
(Zozx-i-ﬂ)2 = p* —4day
20x+ f =+ B* —day, epocov B’ —day>0.
B 4w

2a
2yoi10: H anlotta g pebodov tov Ivomv yapaktnpiletar and 1o yeyovog

"Eto1l mpoxkdmtel Ot x

0Tl T0 KAGopa dev eppaviletatl. mapd poévo oto televtaio Pua.

M£0ooog Tov Vieta

H eEicoon 2°° Pabuov ax’ +px+y=0, a=0punopei va Abel gvkordtepa, av
dev mepiéyel tov mpmtofabuio 6po fx, mpdyua mov pumopel eHKoOAd vo emi-

TeVYOel e TNV AVTIKOTAGTACN

x=y-L (1)

2
Tote n eicwon yivetau: a(y —2ﬁj +ﬁ(y —2ﬁj+ y=0 1 omoia 6TOV OMAOTOL-
a a

nOel yivetau:

2 “hrday
4o '

7 —4ay
2a

INa va Bpodue tig pileg g apyikng e&icmong aviikabioToOue TNV TOpaTd-
vo T Tov y otnv (1) kat €govpe:
VB —day

20

ay

Ot pileg ¢ e&lomong avtg givar y = epdoov B —4day >0

B B
X = ——:i‘ —_—
4 2a 2a

Ondte

_ BB -4y .

20

X

Xyoi10: H péboodoc avtn tov Vieta gival evdlapépovoa, yiati eival o mpody-
YEAOG TNG TEXVIKNG YO TNV EMIAVGON TNG YEVIKNG TprtoPabuiog kabdg Kot g
duretpaymvng eéicoong. o mapadelypa, 10 Tp®TO PR 6TV ETIAVON T™NG

g€lomong ax’ + fx’ +yx+0 =0, givor n ovIIKATAGTOCT X =y —3£ OV ATAA-
o

Miocel v e€icwon and to devtepofadio 6po.
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Mé£0odog tov Harriot

O pafnpatwkdg Thomas Harriot (1560-1621) epdpuooce ™ pébodo g ma-
payovtomoinomng, ylo va PBpet tig Moelg pog e€icoong 2°° Badbuov, 610 pe-
yéAo €pyo tov Yo TNV AAyePpa «Artis Analytical Praxisy. H teyvikn tov &i-
v m €éng mepimov:
Yrofétovpe 6T x, Kt x, givar ot pileg Tng devtepofaduiac e&icwong
ox’ +px+y=0, a#0 (1).
Yynpatiloope topo pio eEicwmon pe pilec x, kol x,. Avti eivar 1
(x—x)(x—x,)=0 1 ,1c080vapa, n
xz—(x1+x2)x+x1x2=0 2)
Me dwaipeon tov pehav g (1) pe a =0, Bpickovpe:
w+lsiZog 3)
a a
Eneon ot e€lomoerg (2) kat (3) eivar 1d1eg, o1 avTIoTOLY Ol CUVTEAESTEG TPETEL
va givan icot. Enopévac:

X +x, = £ Ko XX, = 2 4)
a

H tavtotnta (x,—x,)" =(x, +x,)" —4xx, o€ cuvdVAGHO pe TV (4) Siver

2
JB -4
w—x, =t XA o6oov f—day=0] (5)
a
Abdvovtog to shonua Tov eéiomoemv (4) kat (5) éxovpe:
BB by BB —day
xy=——" K x,=—
2a 2a
Xyoi0: Eival apketd va Bewpnoovpe povo tn Betikn tetpayovikn pifo g
(5). H apvntikn pi€a aniog evairacoet T didtaln tov x, Kot X, .
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4.1 ANIXQXEIY 1 BAOMOY

Ot avicwoerg: ax+ >0 ko ax+ <0

I'vopicape oto I'vpvacto ) dtadikacio exiAvong piag ovicmong g LOpONS
ox+ >0 M g popeng ox+ <0, pe axkar f ovykekpiévoug aptdpong.
Tevikdtepa éxovpe:
ox+p>0ax+p-F>-p
Sox>—f

Awakpivovpe Tdpa T €N TEPIMTOCEL:

e Av a>0, tote:

o —
ax>—ﬂ<:>—>—’5

a (04

@x>i

a

e Av a<0, tote:

o —
ax>—[)’<:>—<—ﬁ

a a

<:>x<i

[

e Av a=0, 16te n avicwon yivetanr 0x>—F, n omoia
v’ alnbederl yia ke xeR, av givar f>0, evod

V' givatl adovarn, av eivar £<0.

Mo moapdderyuo:
e H avicwon 4x>8ypdoetat:

4x>8<:>x>%<3x>2.
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Enopéveg n avicmwon avti aindevel yua x e (2,+©)

x! 2 ¥
e H avicowon —4x>8ypdoetarl:
—4x>8<:>x<—%<:>x<—2.
Emopévmg n avicoon avtn ainbevel yio x e (—oo0,-2) .
< - ¥

r
X 2

e H avicoon 0x>-2 oainbevel yuo kabe xR, evd M avicoon 0x>2
givar advvarn.

E®PAPMOIH

i) Na Zv009v 01 avicdoelg:
2(x+4)-(x+6)<12-x  xa 2x+%+§22(1+x)

ii) Na ppeBovv o1 KoWEG AVGELS TOV 0V0 UVIGCDGEMV.

AYEXH
i) T v apo avicwon £xovpe:
2(x+4)—(x+6)<12—x<:>2x+8—x—6<12—x
S 2x—x+x<12+6-8
& 2x <10
2x_10

< x<5.

Apa n avicwon ainbedet yia kébe mpaypotikd aptBud x <5.

IMo tn devTepn avicwon Exovpe:
2x+§+§22(1+x)c>12x+x+10212(1+x)

S 12x+x+10>12+12x
Sx=22.
Apa n avicoon ainbedet yio kibe Tpaypotikod aplOud x > 2
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ii) Emewdn n tpo avicworn aAnbedetl yio x <5 kai n dgvTepn Yo x =2, Ol Avi-
omoelg ovvalndedouv yuo kKabe Tpoypotikd apBud x pe 2<x <5, dnladn ot
avicGoelg cuvaAndevovy 6tav x €[2,5).

IMa tov Tpocdiopiopd TV KOOV AVGEOV TMV 300 AVICOGEMY LG JLEVKOAD-
VEL VO TOPAGTHCOVE TIG AVGELG TOVG 6ToV 1010 d&ova (Zynpa), amx 6Tov Tpo-
KOTTEL OTL 2<Xx <5

\

A

(S8
il

AVICAHGEIS UE ATOAVTES TIHES

Me ™ Bonfela ToV 1810TATOV NG AMOALTING TIUNG KOl TNG £VVOLAG TNG OTO-
oTaoNg 000 APlOUdV, UTOPOVUE VA, EXADOVE AVIGOGELS TOV TEPLEYOVY OTO-
Auteg TéG. Ztn ovvéyelo Oa dovpe PeEPIKE TapadEiypata exiAvong TETolOV
OVICDGEMV.

ITAPAAEITMA 1°

Na Avbel n avicoon: |x - 2| <3.

AYZH
H enilvon g avicoong |x— 2| <3, pe ™ Pondeia g WO1OTNTOG
x—x)|<pex,—p<x<x,+p
yivetotr wg e&n¢:
|x-2|<3<2-3<x<2+3
& -1<x<5
Mmopovpe OO VO ADGOVUE TNV TOPATdve avicmon kot pe tn Bondeia g
1¥10TNTOG
x|l<pe-p<x<p
oG £&NG:
|x-2|<3e-3<x-2<3
& -3+2<x-24+2<3+2
< -1<x<5.
Apa 1 avicoon ainbevet yio x € (-1,5).

ITAPAAEITMA 2°

Noa Avbeil n avicoon: |2x - 1| >5.
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AYXH
And v WoTTO |x|>p<:>x<—p N x>p EYOVUE :
2x-1|>5<2x—1<-5 | 2x-1>5
S2x<—4 1 2x>6
Sx<-2 19 x>3

Apa n avicwon aAndevet yia x e (—0,-2)U(3,+x).

AXKHXEIY
A OMAAAY
1. Noa AVoete T1g 0VIoDOELS:
. x—1 2x+3 x . X—12 x 3 eeen, X—2 1-2x x 2
i) —+ <— ii) +—+=—>x iii)) —+ <—-——.
2 4 6 2 2 4 2 5 10 5

2. Na Bpeite T1g TIpéG TOV X Y10 TIG 0OMOiEG GLVAANOEVOLVV Ol AVIGMDGELG:

3x—1<x+5 xo 2—£Sx+l.
2 2

3. Na eetdoete av cvvainbfebovy ol avicOGELS:

x—l>£+1 Ko x—lﬁf—l.
2 2 3

4. Na Bpeite to x € Z yia o omoio GLVAANBeVOVY 01 AVICAHGELS:

2x—x—_1>x Kot x—4+x—+1<0.
8 2

5. Na Aoete 116 avio®OoELS:
i) [x<3 i) |x-1|<4 i) [2x+1/<5.

6. Na Adoete TIG AVICOGELS:
i) [x=3 i) |x-1]>4 i) [2x+1/>5.

7. Na Moete T1c e€lomoelc:
i) [2x—6]=2x-6 i) [3x—1=1-3x.
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10.

11.

B’

Na A0ceTE TIG OVIoDOELG:
|x=1-4 5 |x—]|
+=< _ s
2 3 3 2 3 3

i)

No Aoete Vv avicoon Vx> —6x+9 <5.

Na Bpeite v avicoon g HopeNng |x—x0| < p, IOV €YEl ®G ADGELG TOVG O-

p1Opovg Tov SactipaTog (—7,3).
H oyéon mov cuvdéer toug Babuovg Keloiov (C) pe toug Pabuovg Dapevait

9
(°F ) glvaun F = §C +32 . ¥ ddpketa pog voytog 1 Beprokpacio o pio mo-

An kopdvinke and 41°F péypt 50°F . No Bpeite to ddotnuo HeTofoANg g
Oeppoxpociog og °C.

OMAAAY

1.

Na Bpeite T1g TIHEG X Y10 TIG OTO1EG LOYVEL:
i) 3<4x-1<6 if) 4<2-3x<-2.

Na Bpeite T1g TIHEG X Y10 TIG OTO1EG LOYVEL:
i) 2<|x<4 i) 2<[x-5/<4.

‘Eot® A kot B ta onueia wov maptotdvouv ce évav aova toug aptdpovg —3

Kot 5 kol M 1o péso tov TUnpatog 4B8.

i) Ilowog apBuodg aviiotoryel oto onpeio M;

ii) No dwrtvndcete yeopetpikd to {nTovpevo g avicwong |x—5| < |x+3|
Kot va Bpeite Tig AVoELg NG,

iii) Noa emPePordoete alkyeBpucd ta cvunepdopatd cog.

‘Eotw A kot B ta onpeio mov mopiotdvouv og évav agova tovg aptbpovg 1
Kot 7 kor M 1o péco tov tunqpatog 458.

i)  Ilowog apBpog avtiotoryel oto onueio M;

ii) Noa dwtvnocete  yeopetpwkd 10 {ntodpevo g  elocmong
|x—1| +|x—7| =6 Kot va Bpeite Tic AOGELS TNG.

iii) Noa emiPefoardoete alyefpikd 10 GLUTEPAGLATAE GOG, AOOV TPONYOVLUE-
VG 6VVTAEETE TivaK TPOGH LoV TOV TopacTdoe®v x—1 Kol x—7 .




4.2 ANIZQXEIY 2°° BAOMOY

Mopoés Tprawviouov

H nopéotoon ax’ + fx+y, a#0 Aéystor Tprdvopo 2°° Badpov 1, mo amhd,
tprdvope. H Swokpivovsa A g avtictoymg eéicmong ax” + fx+y=0 Aé-
yetalr kot dwwkpivovoa Tov Tprwvopov. Orv pilec g e&lowong

—f+~A —f—~A
ox’ + Pfx+y=0, dnhadh ot x, =ﬁ2—\/7 Kol X, =/))2— ovoudaovtal
a

kot pileg Tov TPLOVOHOVL.

To Tptdvopo ax’ + fx+p, a#0 petacynuotileTal og s&nc:

ox’ +ﬁx+y=a(x2 +£x+lj
a o«

=a| x* +2-x-£+(£)2 —(ﬁjz +Z}
200 \ 2a 20 o

. (Hﬁ]ﬂﬂ}

20 4a’
Emopévag:
2
A
a+ petry=al[ x+ 2| - 1).
Px+y 2a 4a’ 1)

Awokpivoope Todpa TIG €ENG TEPIMTMOOELS:

2
. A>0. Tote woyver A= (\/K) , OLOTE £YOVUE:

ox’ +,Bx+y=0{(x+£j —[%J

Emopévog:
ax’ + px+y=a(x-x)(x-x,),

omov x,, x, o1 pileg Tov TPLOVOHOL.
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Apa, 6tav A >0, T0TE TO TPLOVLLO LETATPEMETAL GE YIVOUEVO TOV o €M
500 TpwtofdOuiovg TopdyovTec.
. A=0. Tdte and v wedéta (1) Exovpe:
ﬂ 2
ax’ + fx+7y :a(x+2—) .

a

Apa, 6tav A=0, T0TE TO TPIOVLUO UETATPETETOL GE YIVOUEVO TOV @
eni éva téhelo TETPhymVO.

. A< 0. Téte woyvet |A| =—A, omOTE EYOVUE:
2
; pY , Al
o+ px+y=al| x+—| +—
Pty |:( Za] 4a2:|
Enedn v kdbe x € R, n mapdotaocn péca oty aykoAn gival Betikn, to

TPLOVLHO OEV AVAADETAL GE YIVOUEVO TPOTOPGOI®V TapayovI®V.

Yuvoyilovtag To TopaTAvVe GUUTEPACHATO Yo TIG HOPPES TOV TPLWVOLOV
ox> + fx+7, a0 pe dokpivovoa A €xovpe:

e Av A>0,t01¢:
ox’ + fx+y=a(x—x)(x—x,),

omov x,, x, ot pileg TovV TPLOVLLLOV.

) Av A=0, tote:

ﬁ 2
ax2+ﬁx+y=a(x+—) .
2a

e Av A<QO0, torts:

ox’ +ﬂx+y:o{(x+£j2 +ﬂ}
2a

4a’

Mo Tapddetypa:
v To tpidvopo 2x° +3x—-2 éxet A=9+16=25>0 wou pileg x, =% Ko
x, =—2. Emopévacg:

2x2+3x—2=2(x—%j(x+2)=(2x—l)(x+2).

.2:0 Ko ﬁ:—3. Emopsé-
2 20

N | —

v To tpidvopo %x2+3x+% éxst A=9—4.

vog:
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lx2 +3x+2=l(x—3)2.
2 2 2

V' To tprdvopo 2x* —6x+5 éxst A=—4<0. Enopévoc:
, 3V 1
2x"—6x+5=2|| x—=| +—1.
2 4

Ilpoonuo Ty TLu@Y TOL TPIOYIUOD
lN'oe vo peletqoovpe t0  7POONUO TOV  TIUOV  TOL  TPLOVOLOV
ox’ + fx+7, a#0, 0o YPNCILOTOMGOVUE TIC LOPPES TOV AVAAOYQ HE TN
dlakpivovaoa.
e Av A>0, 16te ,0mm¢ €ldape TPONYOLUEVOC, IGYVEL:
ox’ +ﬂx+y=a(x—xl)(x—x2) (1) .
Yrobétovpe 011 X, <x, kattomobetovue Tig pileg oe évav agova.

[Mapatnpodpe OTL:
v Av x<x <x, (Zyfpa), tote x-x, <0

x’ X
kot x—x, <0, onote (x—x )(x—x,)>0. )
Enopévog, Aoye g (1), 1o tprdvopo
gtval opdonpo tov a.

v Av x, <x<x, (Zynpa), tote x—x, >0
. x' X
kot x—x, <0, onote (x—x )(x—x,)<0. X, X X,
Emopévog, Aoye g (1), to tprdvoupo
glvat etgpoonpo oL o .
v Av x <x,<x (Zyaua), 10t¢ x—x, >0
. x' x
kot x—x, >0, onote (x—x )(x—x,)>0. X % %

Enopévag, Moye g (1), 10 tprdvopo

gtvat opdonpo 0L O .
e Av A=0, t6t¢ woyl¢eL:
2
x>+ px+y=a x+£
2a
Enopévmg, to tprdvopo eivol opdonuo tov a Yo kabe mpoypotikod

X# £ , evo undeviletor yuo x = £ .
20 20
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e Av A<0, t6te 1oyveL:
2
Al
o+ priy=al [ x+ L +|— :
Pty 2a 4a’

Opwg M mapdotacn péoa oty aykOAn eivar OeTikn yia kabe Tpaypati-
k0 apud x. Emopéveg 1o Tpidvupo gival opdonpo tov a 6€ OO0 TO
R.

Ta ntapandve cvovoyilovtal otov mivaka:

To Tptdvopo ax’ + fx+y, a# 0 yiverau:

. Etepoonpo tov a, povo otav givar A>0 kot ylo Tig TIHES TOL X,
oL Ppickovial peTaéd Tov priav.

. Mnoév, 6tav 1 T tov x givor kKdmoto amd Tig pilec Tov TPLOVY-
LLov.

o Opoonpo tov a ce kdBe AAAN TepinTmon.

AviedoELs THS HoPPIg ax2+ﬁx+y >0n ax2+,6’x+y <0
Ta TPoNYOOUEVE CUUTEPAGILATO YPT|GLULOTOLOVVTOL GTNV EMIAVCT AVICOCEDY
™G HOPOIC ox” + fx+7y>0 1 ax’ + fx+y<0, a#0, 11c onoiec ovopdlovpe

avViIe®GELS 0eVTEPOV PaBpov. O Tponog enilvong avtdv Qaivetal oTa TOPM-
KAT® Topadelypata.

ITAPAAEITMA 1°
Na AvBobv o1 avichoelg

i) 2x7-3x-2>0 (i) 2x*—3x-2<0

AYXH
ZNTapE TIC TIHES TOV X, Y1 TIC OMOIES TO TPLdVLIO 2x” —3x—2 &ival OeTikd
otV mepintowon (i) Kol apvnTikd oty nepintmon (ii).

To Tpidvopo €xer pileg tovg apBpove —% Kol 2 kot enewdn a=2>0, 1o

TPOCGNUO TOL PAIVETOL GTOV TOPUKAT®O TIVOKA.

f(x) + 0 - 0 +
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Amd tov mivaka auTdév TPOKLTTEL OTL:
i) H oavicoon 2x° —3x—2>0 éyel Aoeig ta x € R yio T omoia 1oy0eL

x< —% N x>2,0mkadn ta x € (—oo,—%ju(Zﬁ oo) . Ot Aoeig avtég

EMOTTIKA POIVOVTOL GTO TAPAKAT® GYTLLO.

. & A
x' -1/2 2

XYY

ii) H avicoon 2x> —3x—2<0 &yelt Mosgic to. x € R yia ta omoia 1oyvet
1 1
=3 <x<2,0mhadn to x € (—E, 2 j . O1 Mboelc avtéc emonTikd Qaivo-
VIOl GTO TAPAKAT® G L.

* -2 2z

=Y

HAPAAEITMA 2°

No A0sin avicwon 2x* —3x-2<0.

AYZH
Zntapue TIg THEG TOv X, TOL eivar AVoelg ¢ avicmong 2x” —3x-2<0 1
pileg g e€icwong 2x* —3x-2=0. Enopéveg ovppova pe to 1° tapadetypa

1
o1 Moelg ¢ avicwong 2x> —3x—2<0 sivor ta xeR, pe 3 <x<2, dnro-

o ta xe [——, 2 |. Ot AMyoelg avTég EMONMTIKG QOUIVOVTAL GTO TOPAKAT®D oYM -

TR
x 12 2 x

ITAPAAEITMA 3°

Na AvBovv o1 avichoelg

i) x*-2x+1>0 (ii) X2 =2x+1<0

AYXH

H Swaxpivovsa tov Tptovipoy x° —2x+1 sivar A=0, omdte éxst dumhn pila
mv x=1. Apa 10 TpLdVLHO €ival opdonpo tov a =1, dniadn Betikd, Yo
ka0 xeR pe x#1.
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Enopévmg ot AMoelg e avicwong (i) eivor 6Aot ot mpoypatikoi aptdupoi x,
pe x =1, eved n avicwon (ii) eivar addvatn.
O1 Moelg g (1) ETONTIKA PAiVOVTOL GTO TOPOKAT® Gy L.

- >
| -

P -
T ! X

ITAPAAEITMA 4°
No A0si n avicoon x° +x+1>0

AYXH

H Saxpivovsa tov Tptovipov x* +x+1 sivar A=-3<0, ondte T0 TPLOVLLO
gtvar opdonpo tov a=1, dnradn Oetikd, yio kibe xe R. Emopévog ot Av-
og1g TN¢ avicmong eivatl 6Aot ol Tpaypatikoi apOpoi.

E®PAPMOI'EY

1" Na Bpe@odv o1 Tipéc Tov x € R yia Tig 0moisg cuvainBevovy o1 avicdosig:
x’—4x-5<0 kov x’—x-6>0.

AYXH

Abdvovpe kbBe avicwon yoplotd kot petd fpickovpe TIg KOvEG AVGELS.
"Exovpe:

vV X -4x-5<05 (x-5)(x+1) <0 -1<x<5

vV X -x-6>0(x+2)(x-3)>0x<-2 fx>3

= N,

x -2 - 3 3

=YY

Apa o1 avie®oelg cuvainbevovy yia x €(3,5).

2" Aivetar ) gicoon x* —(a+1)x+a+4=0,aeR

i) Na Ppebei n dowekpivovsa tng eEicwong kot va peretn0ei To Tpdonuod
™me.

ii) T moweg Tipéc Tov a M eicmon £xer 6Yo0 pileg dvioeg;

iii) o moweg Tipéc Tov a M e€icwon Exer dwrhn pilas

iv) T moieg Tipéc Tov a 1 eicwon givar advvartn 1o R ;

AYXH
i) 'Exovpe:
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A=[~(a+1)] ~4-1-(a+4)=a> ~2a-15.
Hapatnpodpe 6Tt M dakpivovsa ivatl £vo TPLOVLLO TOL a pe dtokpivovoa
A =(-2)~4-1-(~15)=64>0.

Enopévog n dwakpivovca A €yet pilec:

2+8 2-8
o =——= Kol o, =——=-3.
2 2
KOl TO TPOGTLO TNG QAIVETOL GTOV TOPAKAT® TIVOKAL.
o —o0 -3 5 +00
A + 0 - 0 +

Amd tov mivaka ovTtd TpokvITEL OTL:

ii) H e&icwon €yxet dvo pileg dvicegav A>0, dniadjav a<-3 q a>5.
iii) H e&lowon €yt pla durAn piaav A=0, dnradfjav a=-3 | a=5.
iv) H e&looon eivar addvatn av A <0, dnrad -3 <a<5.

AXKHXYEIY

A OMAAAY
1.  No petatpéyete o yivoueva napoaydviov To TpLOVOUL:

i) x*-3x+2 i) 2x°-3x-2.

2.  No omAOTOINGETE TIG TAPACTACELS:

x> =3x+2 . 2x> +8x—42 v AXT—12x49
— i) ——— i) ———.
2x°—3x-2 x°—-49 2x°—=5x+3

i)

3.  Tw tig dtdpopeg tiuég Tov x € R, vo Bpeite 1o Tpdonuo oV TpLOVIUOV:

i) x*-2x-15 ii)  4x>—4x+1 iii) x*—4x+13.

4. T 1ig dtdpopeg Tiuég Tov x € R, va Bpeite 1o TpdoNUO TOV TPLOVIU®OV:

i) —x>+4x-3 i) —9x” +6x—1 i) —>+2x-2.
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5. Naoa Abogte Tig OVIGHOEG:

i) 5x* <20x i) x*+3x<4.

6. No Adoete TIC AVICOOELS:

i) x¥’-x-2>0 ii) 2x*-3x-5<0.

7.  Noa Aogte TIC OVICHOELG:

i) x*+4>4x i) x*+9<6x.

8. No Aboete T1¢ avicdoelc:

i) x*+3x+5<0 ii) 2x*-3x+20>0.
, ; 1/,
9. No Aboete v avicoon —Z(x —4x+3) >0.

10. Na Bpeite 11¢ Tipéc Tov x € R Y100 T1¢ omoieg oyvet: 2x—1< x> —4<12.

11. Na Bpeite 11g T1pég Tov x € R Yo T1g omoieg cLVAANOEVOVY OL AVIGHDOELS

X2 —6x+5<0 kot x> =5x+6>0.

B OMAAAY

1. i) No uetarpéyete 6 ywoueva napoydviov Ti¢ TopacToEls:
o> +af-2p8 xoar o’ —aff —6f>.

a’ +af-28°

ol —af-64* "

ii) No arAomoicete TV TopdoTaon

2.  No TopayoVIOTOWGETE TO TPLOVLIO 2X° + (2/)’ —a)x —af .

x> —ox+ px—of

3.  Na anlomom|GETE TNV TAPUOTACT — 5
x~ =3ax+2a
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Atveton 1 géiooon Ax* +3Ax+A+5=0, Le R. Na Bpeite Tic Tiuéc Tov A
yia T1¢ omoieg 1 e€lcmon:

i) éyxel pileg logg ii) éyet pileg dviceg  iii) elvor advvarn.

No Bpeite 11¢ Tipég tov A€ R Yo Tig omoieg n avicwon x” +3Ax+1>0
aAnbevel yio kébe xeR.

Atveton 1o tpidvopo (A+2)x’ —2Ax+34, A= 2.

i) Na Bpeite ™ dwakpivovco A TOL TPLOVOHOV Kot Vo ADGETE TNV avicw®-
on A<O.

ii) Na Ppeite t1g¢ Tipég 100 Ay TG omoieg M avicwon
(A+2)x* =22x+34<0, 2 # -2 aAnbevel yio kGbe xeR.

Y10 dtmhavo oynpa to ABIA egival tetpdyovo A Z r
mAevplc AB =3 kar to M eivor éva onpeio
¢ dwyoviov AN . Na PBpeite 11 0€oglg TOoV
onueiov M whvo o daydvio AT yia TIg
omoieg 10 GBpolopa TV gpfaddv TOV OKla- q M @
OLEVOV TETPAYDOVOV glval pikpdTeEPO amd 5. AXE B

i) Na anodsiéete 611 o> —aff+ > >0 Yy dhata a, feR pea, f#0.

B

ii) No kobopicete 10 TPOONUO TNG TAPAGTOONG A=%+——l Yo TG
a

dbpopeg Tipég TV a, f#0.




4.3 ANIZQXEIY T'INOMENO & ANIZQXEILY ITHAIKO

Ilpoonuo yrvouévoo

‘Eoto 611 6éhovpe va peletoovpe £va yvopevo P(x)=A(x)-B(x)-...-P(x)
®g TPOg T0 TPOSNUS TOV, dmov ot aphyovieg A(x), B(x),..., D(x) eivon
™G HopeNg ax+ A (Tpotofdbuion) i g popefig ax’ + fx+y (tpidvopa).
Bpiokovpe 10 mpoonpo kdbe mapdyovia y®PLoTE Kol GTN GLVEYELL TO TPO-
GO TOV P(x), OT®G POIVETOL GTO TAPASELY LA TOV AKOAOVOEL.

IHTAPAAEITMA
Na Bpebei yia t1¢ dtdpopeg TipéG Tov x € R T0 TPOGNLO TOV YIVOUEVOD
P(x)z(x—l)(x2 +x—6)(2x2 +x+1).

AYXH
Apykd Bpickovpe To TpdSTMO TOV KABE TOPAyOoVTO YOPIOTE OG EENG:
v' Eneidn

x-1>20=x2>1,

0 x—1 elvan Betikd yoo x >1, undév yio x =1 kot apvntikd yuo x<1.
v Emedn

x’ +x—620©(x+3)(x—2)20<:>x£—3 nx=2,
10 X* +x—6lvar BeTikd Y100 x < -3 Kot yoo x>2, undév yio x =—3 Ko
Yo X =2 Kol 0pvnTiKo yio —3<x<2.
v Enedy 10 2x° +x+1 £yt Sraxpivovoa A=1-8=-7<0, 10 TPIOVVLO
avTo gival Betkod yio kabe xeR.
O mpocdloplopnds, TMPO, TOV TPOCHULOV TOV YIVOUEVOL P(x) yiveton pe

BonBeia tov Tapakdto Tivaka, EPaprolovTag ToV Kavova TOV TPOCHLOV.

X —0 -3 1 2 400
x—1 - | - 0+ | +
X’ +x—6 + 0 | - 0 +
2x% +x+1 + | | + | +
P(x) - 0 o - 0 4

Qote 10 Yvopevo P(x) elvar Betikd Yo —3<x<1 xou yio x>2, eved givar

apynTkKod yuoo x<-3 xot yo l<x<2. Télog elvar pundév yuu x=-3, vy
x=1 xouyww x=2.
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Avieadoels TS HopPns A(x)-B(x) . ...-di(x) >0 (<0)

Apueon €QUpUOY TOV TOPATAVE® EYOVUE GTNV EMIAVON AVICOCEDV TNG HOP-

pfig A(x)-B(x)-....@(x)>0 (<0), 6mog eivar y1o Tapadetypo 1 avicwon
(x—l)(x2 +x—6)(2x2 +x+1)<0

[Ipokeuévon va Avcovue TNV avicmwon ovtn apkel vo Bpovue T TIUEC TOV

xeR yw 11¢ 0moieg TO YIVOUEVO P(x)z(x—l)(x2 +x—6)(2x2 +x+1) givat

apvNnTIKO.
ATo TNV TPpOTN Kot TNV TEAEVTAIN YPOAUUT TOV TIVAKO TPOGT|LOV TOV P(x)

SumioTdvovpe 0Tt N avicwon aAndedet dtav x e (—0,-3)U(1,2).

AVIGAOGEIS THS HOPPNS zgi; >0 (<0)

Onwg yvopilovue 10 TNAiKo Kot 10 yvOuevo dvo aplumv eivol opooTa.
Enopévog:

A(x)> f— X)-: xX)> Kat A(x)< f— X)- xX)<
b 0 AL B(x)>0 b <0 AL B) <0,

agov, kapio ond Tig Moeg g A(x)-B(x)>0 kot g A(x)-B(x)<0 dev
undeviter to B(x).
Mo moapddetypa , éotm 6TL BEAove va AVGovE TNV ovicmon

(x—l)(Z)c2 +x+1)

> >0.
X +x—-6

H avicwon avtn givat 1coddvaun pe v
(x—l)(x2 +x—6)(2x2 +x+1)>0,
dnhadn pe v P(x)>0, n omoia, and tov mivaka mposipov Tov P(x) oAn-

Beder otav x e (-3,1)U(2,+%0).

2X0410

A(x)

B(x)

KOUG aplOLOVG X Y10 TOVG OTOL0VG IGXVOVY GLYYPOV®G
A(x)-B(x)ZO Kot B(x);tO.

Mia avicworn g Hopeng >0 alnbedel yio €KeivOVE TOVE TPOYUATL-
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2
‘Eoto ywo mopadetypo n avicwon ﬂ >0. Exovue:
x +3x-4
x*—4x+3

x2+3x_420<:>(x2—4X+3)(x2+3x_4)20 KoL x2+3x_4¢0.

Ot pilec Tov TprOVOMOL Xx° —4x+3 eivat ot 1 kot 3, evd TOVL TPLOVOUOD

x> +3x—4 givarot 1 ko —4.

Yvvtdocovpe TOV TivVOKO TPOGH OV TOV YIVOUEVOD:

P(x)=(x" —4x+3)(x* +3x—4)

X —0 —4 1 3 +00
x> —4x+3 + | + 0 - 0
x +3x—4 + 0 - 0 + |
P() F 1 - 1 -

Apa n avicoon akndevet dtav x € (—o0,—4) U[3,+x).

AXKHYEILY
A OMAAAY
1. Na Bpeite o Tpdonuo tov yvoudvoo
P(x)= (2—3x)(x2 —x—2)<x2 —x+l) )
2.  No Bpeite t0 TPOGTNUO TOV YIVOUEVOD

P(x)=(-x"+4)(x* =3x+2)(x* +x+1).
3. Naiboete my avicoon (x—1)(x* +2)(x* =9)>0.
4. No Woete v avicwon (3—x)(2x* +6x)(x* +3)<0.
5. Na boete v avicwon (2-x—x")(x* +2x+1)<0.

6. No Moete v avicoon (x—3)(2x2 +x—3)(x—1—2x2) >0.




118 4. ANIZQXEIY

7.  No AMoete T1g aVIcOOELS:

D 2.0 i 2o,
x+ x=3
2
-x-2
8. No Aoete v avicwon xz—x <0.
X +x-2
B OMAAAY
1. Na Adoete 116 avicohoeglg:
p 23y i) =24
x—1 3x+5
2
-3x-10
2. Na Moete Tnv avicwon %+2 <0.
e
3.  Noa Aboete T1G AVIGOGELS:
i) P i X 3
3x-5 x-1 2x—-1 x+2
p , 1
4. Na AMbogte v avicoon |—|>2.
X
5. Mia etopeia mopdyst niextpikovg Aapntipes. [a éva cuykekpiuévo toH-

O AQUTTHP®V TO TUNHO EPEVVOG OYOPAS TNG ETOLPEING EKTIUA OTL OV 1 Ti-
U TOANONG TOV AQUTTAP®V €ival x gupd avd Aapmtipa, 1te T0 €fd0-
padiaio k6otog K katl ta avtictolyo £€c0da E (oe yAiddeg evpd) divo-
vTatl and tovg movg K =7 —x ko E =5x—x". No Bpeite 11¢ TipéC md-
ANGNG TOV AOUTTHP®V Yo TIG OTOIES 1 eTALpEiR £XEL KEPSOG.

6. 'Evo @apupako givol amoTteAecHOTIKO oV 1] GLYKEVIP®OGT] TOV 6TO KUKAOPO-
pKo ovotnua vaepPaivel pio opiopévn Ty, mov KoAeitor eldyloto Og-
pameVTIKd eninedo. YmoOétovpe 4Tl 11 GLYKEVTPOGN 0 €VOG @apUaKov, ¢

wpeg Votepa amd T ANyn TOv, diveron omd TOV TOMO 0 = mgr/lt .

£ +4
AV y10. TO GUYKEKPIEVO QAPUAKO TO €AGYLOTO BepamevTikd eminedo gival
4 mgr/lt, va Bpeite moTe N cVYKEVTPWOT TOL O Egmepdioet To eninedo o.
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EPQTHXEIY KATANOHXHY 4 KEDPAAAIOY

I. X& kaBgmd oo TIG TOPUKATM TEPTTAOGELS VO EMAEEETE TN GOGTN UTAVTY-
on.
1. Avnavicoon —x” +2x+7y >0 sivol advvatn ToTe:
A) y>-1 B) y=-1 I y<-1 A) y>-1.

2. Avnavicwon x> —2x+y>0 aAndedet yio kdde x € R, 1618:
A) y<l1 B) y=1 ry>1 A) y<1.

3. Avnavicwon —2x* +34x— A <0 oAnOsvet yio k6Bs x € R, to1E:
A) 250 B) /<0 ) i=1 A) 1=0.

4. H etiowon |x —1| + |x - 5| =4 oAnbedel av Kot povo av:

A) x<1 B) x>5 N 1<x<5 A) 1<x<5.
5. H &&iowon |x—1| =x-1:

A) Eivot adovarn B) 'Eyet povadikni Avon m x =1

I') 'Exet amepeg Mboeig A) Eivon tavtémto.

II. X& kaOepid amd TIC TOPUKATO TEPIATAOGELS VO KUKAMGETE TO Ypappa A,
av 0 woVPIeNog givar ain0ng kol 1o ypappa ¥, av o woyvupispog givar

YELVONG.
1. H avicoon x*+Ax+2 >0, pe 120, aindevel yo 6ra
A Y
ta xeR.
2.  Havicoon £x* +4ix+5<0, pe 1#0, alnbedet yio OAa A
ta xeR.
3. O1 avichoelg x*(x—1)>0 xou x—1>0 &yovv TiC 1d1eC B W
Aboets.
4. O1 avichoelg x*(x—1)<0 kou x—1<0 &yovv TiC 1d1eC A Y
Abdoetg.
S. Ot aviomoelg —>1 ko 2x—1>x+1 &yovv TG 101G
x+1 A Y
Adoets.
6. Ot avicdoelg — =20 xau x=1>0 £&ovv T 1dieg
(x = 2) A Y
Adoets.
7. Ot avichoerg ——— >0 Kot (x—l)(x—2)2 >0 &ovv

(x-2) A VY
T1G 101¢ AMoelc.
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-2
8. Or aviocwoelg 7250 ke (x=2)(x-1)=0 é&yovv TIg
x—1 A Y
1d1eg Moelg.
-2
9. Or avicmoelg 7200 ke (x=2)(x-1)<0 é&yovv TG
x—1 A Y
1dteg Moelg.
1 2
10. O avichoeig I X (x+1)2 <(x-1)(x+1)

x—1 x+1 A Y
€YOVV TIG 101E¢ AMoELG.

III. No oavtietolyicete KoBéva amd TO TPLOVLRO TG A’ opddog pe Tqv
16000vaun pop@i Tov a6 Ty B’ opdda.

A" OMAAA B’ OMAAA
1 —2x* +6x—4 A (x-1)(x-2)
2 | x-3x+2 B —(x=1)(x-2)
3 —x* +3x-2 r 2(x-1)(x-2)
4 2x’ —6x+4 A —2(x-1)(x-2)

IV. Na evronicere 10 L4005 6T0VS TOPAKAT® GVALOYIGNOVG:

1.

H avicoon (2x—6)(x—1)>0 ypagetar 1codbvapo:
(2x-6)(x-1)>0=2x-6>0ku x-1>0< x>3 kar x>1 < x>3.

Opwmg o apBudg 0, av kot givar pikpdtepog Tov 3, emaindevet ) dobeica
aviocwon.

g 4 .
H avicwon x <— ypdhoetar 1codvvopa:
X

x<i<:>x2<4<:>x2—4<0<:>—2<x<2.
X

Ouwmg o apBudg —1, av kot ivor peta&d tov —2 Kot Tov 2, dgv emainfevet
) doBeica avicmon.

H avicwon (x+2)*(x—1)>0 ypaeetor 1codOvap:
x+2(x-D20=x-120=x>1.

Opwmg o apBudg -2, av kot ivon pkpdtepog tov 1, emaindedel ™ dobeica
aviocwon.
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5.1 AKOAOYOIEX

H évvoia tns axolovbiog

Ac vmoBécovpe 0Tt kKatabétovpe oty Tpdmelo £va kepdiaio 10000 gvpd pe
avaTOKIGHO avd €Tog Kot pe emtokto 2%. Avtd onpaivel 6Tt o€ £va ypovo ot
ToK0l TOL B0 TOdMGEL TO KEPAANO TPOSTIBEVTOL GE QVTO KOl TO TOGO TOL
npokvTTEL EOvaToKiLETON Y10 TOV ETOUEVO YPpOVO e TO 1d10 emttokio. H dadi-
Kaoio ovt propel va cuveytotet 6oa ypovia BErovpe. Emopévmg, 1o kepdioto
tov 10000 evpd Oa yivet:

e 1 ypovo:

10000 + 0,02 - 10000 = 10000(1 + 0,02) = 10200 gvp®.

e 2 ypovi:

10000 - 1,02 + 0,02 - ( 10000 - 1,02) = 10000 1,02 - (1+0,02) = 10000 - (1,02)*

= 10404 gvpod.

Xuveyilovtog pe Tov 110 tpomo Ppickovpe 0Tt T0 T0oso Twv 10000 gupd Ba yiver:
Ye 3 ypovio 10000 -« (1,02)° evpd, og 4 xpdvia 10000 - (1,02)* eupd KTA. KoL o€
v xpovia Ba yiver 10000 - (1,02 )Y evpo.

"Etot1 éyovpie Tov mivaxa:

Xpovia: v 1 2 3 v

Kepouo oe v ypévie 10000+ 1,02 10000+ (1,02 10000+ (1,02)° ... 10000+ 1,02)' ..

[Mopatnpovpe 6tL KaOe BeTIKOG 0KEPOLOG V avTIGTOLYXILETAL GTOV TPAYLUATIKO
ap1Oud 10000 - (1,02)".

H mopandve avtietoiyion ovopdletatl akolovdio TpoylaTikdy aptOpmy.
Ievikd axorovBia wpaypoaTIKOV aplOpa@v gival pio ovIloToiyion TV QUot-
KOV aplBpov 1,2,3,...,v,... 6T0uG TpayLotikovs optfpovg. O aptBpdc otov omoio
avtiotoryel o 1 xakeiton mp@dTOg 6pOg TG axorovbiog kot tov cvpuforilovpe
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ocuviBwg pe a,, 0 apBpdg otov omoio avtistoryel 0 2 Kakeitar dgvTEPOS 6pOg
™G axoAovbiag kot Tov cvpforiCovpe cvvibog pe a, KA. T'evikd o apBuodg
GTOV OT010 OVTIGTOLYEL £vag PLOIKOG 0PlOUOS vV KOAEITOL V-06TOG 1) YEVIKOG
6pog g axkorovdiag kot Tov cupBoiiCovpe cuvibog pe a,.

Aniaon, 1> a,2 - o, 3 = a,, ..., voa,, ... Tnv axorovbio avt ™ cvpfo-
MCovpe (a ). Mopadetypata.

i) H avriotoiyion 1—12, 2-52%, ... v—>V?, ... eivar n akoiovdia (o) pe TpdTO
0po a, = 17, 5e0TEPO OPO 0, =27 KA. KOl YEVIKO OpO 0, = V7.

i1) H axorovBia (o) pe yevikd 6po o, = (—1)" éxet 6povg: o, = -1, a, = 1, o= —1,...
1

%

ii1) H axorovBia (o) pe v-0016 0po o, = 5; £xe1 Opovg: o, =1, a1, = %, o, = %

Arolovlics mov opilovrar avaopouikd

Zmv axolovBio 12, 2%, 3%, ..., V2, ... 0 YEVIKOG TNG OPOG O = V* [0G EMITPETEL
vo, Bpodpe Tov omotovonmote 6po tng. Etven .y a, = 20* =400, a, = 100> =
10000 xTA.

Ynrdapyovv dpmg Kot akorovdieg mov yia to yeviKO Toug 6po gival SVGKOAO Vo
Bpebet évag padnpatikodg Tomoc.

Ag Bewpficovpe m.y. TNV axorovdia (o, ), TG omoiag o mpmTog Opog eivar o 1,
0 debtePOg OpOg etvar emiong To 1 Kot kKABe AAAOG OPOG, Omd TOV TPiTO Kot PETA,
elvar i60g e 10 dfpotopa Twv dvo TPoNYOHUEVAOV OpwV:

alz 1’ (12:1, av+2:av+1+av

"Exovpe:

o,=1+1=2, a,=2+1=3, a,=3+2=5, a=5+3=8, i
[Mapatmpovpe OtL pmopovpe pe dradoywkd Prpoto vo Bpodie Tov omolovon-
mote 0po g axorovBiag. Avtd onuaiver 611 N axorovdia (a ) eivar Tereing
OPLGUEV.
Aépe 6t m axorovdio (o) opiCeTar avadpopikd kot n 6ot ., = o, + o
Aéyetar avadpopkdg THmog g akorovdiog. evikotepa, Yo va opileton pua
axoAovdio avadpopukd, omotteital va yvopilovpe:

(1) Tov avadpopukd g TOHTO Ko
(i1) Ocovg apykovs dpovg pag xpelalovtal, MGTE 0 AVadPOUKOS TOHTOG VoL
apyloel va divel 6poug.

XXOAIO:

Ynapyovv akorovdieg, yio Tic omoieg puéypt tmpa o€ yvopilovpe 00Te Evay TOTO
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Y10 TO YEVIKO TOLG OpO 0VTE £VOV avadpoutko tomo. Mia tétota axolovbio &i-
VO Y. 1 0KoAovOio TV TpOTOV aplpumv:
2,3,5 711,13, ...

HAPAAEITMATA

I’ No, ypOWETE TOVG TEGGEPLS TPMTOVS 0POVS KL TOVGS 20°° 6pOVS TOV 0KO-
AovOrov:

o oo (1)
1)0zv 2vi-3 11)BV_2V—1
AYXH
i)' Exovpe a,=2-1*-3=-1, a,=2-2*-3=5
a3=2~32—3=15, a4=2~42—3=29
Kol 0,=2:20°-3=797
(-1) =17 4
II)EXOUMSBIZmZ—l, 32:2.2_1=§
-1 (-1
b=23-1% Bo=72a-1-7
(-1 4
Kot Bo=7720-17"39

2" Aiveton 1 axorovOia pe o, = 2 kot o, = o} + 1. Na Bpgdovv o1 mpdToL
Téo0epLg Opol TG akorovOiog.

AYXH

\S}

"Eyovpe
al+1=2*+1=5

al+1=52+1=26
=a3+1=26"+1=677

1:

o
Ov2
o
o

3
4
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3" Aiveron n axorovBio o, = 3v+S. Na oprotei n oxorovdia avtn kor ava-
Opopka.
AYZH

‘Exoope o, —a =[3 (v+1)+5]—-(3v+35)

=3v+3+5-3v-5

=3
Apo o, =3+ a, wov givar 0 avadpopkdg TOmog Tg akorovbiog.
Emedn) a, =31+ 5 =28, n akorovbio opiCetor avadpoukd og e&fg:

a =8 xa o, =3+a
v+1 v

AXKHYEIY
A" OMAAAY
1. Na Bpeite ToVg TEVTE TPADOTOVSG OPOVG TOV AKOLOLOIDV:
) o =2v+1 if) o, =2 iy o, =v+v  iv)a, =Y

v

Va,=(-4) " viya,=1-(=F) vi) o, =[5 - V| vii) o, =nu 2

ix)aV=% X) (xvz(—l)”‘-% xi) o = (= 1)**!
28 Na Bpeite Tovg TEVTE TPOTOLS OPOVE TWV AKOAOVOLDV:

o =2,0a,,=ai)a =00, =a2+1 ii)a =30, =2(-1)

3. Noa opioete avadpopkd Tic akoAovdieg:
Do =v+5 i)a =2 i)a =2"-1 iv)a =5v+3
4. Noa Bpeite 10 v2 6po TV aKoAOLOIOV:

1) a, = 1, av+l=av+2 ii) al=3, aM:SaV
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— Xmv axoAovBia 1, 3, 5, 7,... Tov meprrtdv aplumv, kdbe 6pog TpokHTTEL
oo TOV TPONYOoVUEVO TOV pE TPOcHecT TOL aptBpod 2. AnAadn Yo TV 0Ko-
AovBia ot woyveL:

avH:("\/—i—2 f] a’\ﬂrl_("v:2
H axolovBia (0, ) Ayetar aprOuntikn p6odog pe dra@opd 2.
— XV axkoAovBia 15, 10, 5, 0, =5, —10,... k4B 6pog TPOKHTTEL ATO TOV TPO-
NyobUEVO TOV LE TPOGOeon ToL apBpov —5. AnAadn Yo TV akoAovdio ovtn
oyveL:

a,=o -5 1 o, 6 —0o=-5

Onwg kot Tponyovuévag, n akorovdio (o) Aéyetar aprtOpntikig Tp60odog
pe orapopa —5.

I'evikdtepa opilovpe Ot

Mio axoArovBio Aéyetan apOunTikni Tpo60dog, av Kabs 6pog g
TPOKVTTEL 0Td TOV TPONYOVLEVO TOV LE TPOSHEGN TOL 1510V TAVTOTE OPIOLOD.

Tov apBuod avtd Tov cupporilovpe pe @ kot Tov Aée dLQOPA TNG TPOO-
dov.

Emopévag, n akolovbia (o) eivar apiBuntikh) 7poodog pe dtapopd o, ov Kot
UOVO OV 1GYVEL:

o, =o+to n o, —0=0

Av 6¢ i aplOuntikh p6odo yvepiCovpe Tov IpdTO Opo TNG O, KoL TN 109popd
™G O, TOTE 0 AVAOPOUIKOG TG TOTOG O, = 0 + @ pog emTpEnet va fpodue e
S doy K fNIHATO TOV OTOLOVONTOTE OPO TNG.

Mmopodpe dpwg va vroroyicovpe katevbeiav 10 v2 6po o, piog apldunTikng
TPOOSOV MG GLVAPTNOT TV 0, M KoL V g £ENG: ATO TOV 0p1oud TG aptdun-
TIKNG TPOHOOL EXOVLE:
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(112(11

a,=0to
a,=o,to
a,=oto

[TpocBétovTag Katd HEAN TG V aVTEG 100TNTEG KOt EPapUOlovTag TNV 110TNTA
™G darypagng, Bpickovue a, = a, + (v — Io.
Emopévamg

O ve 6pog prag apdunTikng Tpoddov pe TPOTO OPo o, Kot duPopd o ivar
a =0 +v-1o

‘Etot .. omv apBuntikn npdodo 3, 5, 7, 9, ..., n onolo éxer a, = 3wt
0=5-3=2,0v=06pogmngeivara =3+ (v—1)-2. Enopévag o 20> 6pog g
gtvar o,y =3 +19+2 =41, 0 100* 6pog g eivar o, =3 +99 - 2 =201 xth.

Ap1Ountikog uécog

Av mépovpe tpelg d1ad00yKovg Opovg a, B, v oG aplunTikng Tpodoov e ot-
apopd ®, TotE 1oYVEL:

+
B-o=0 xut y-P=o, emopévac P-oa=y-pf N PB= a2 Y
. . , , aty
AMG KoL avTIoTPOPMC, OV Yo TPELS apBpovg a, B, v woyvet f = 5> T0t8

&yovpe:

B=at+ty n P-a=y-B,
ov onpaivel 6t ot a, B, v eivor dradoywoi Opot apBunTikng tpoddov. O B
Aéyetan aprtOunTikég péGog TV o Kot .
Amodeifape Aomov ot

Tpeic apBuot a, B, y elvar dradoytkol Opot apBunTikng Tpoddov
oty

oV Kol Lovo av oyvel = 5
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ABpoicua v o1000ytk@v opwy aptOunTikyis Tpoooov

Ag Bewproovpe v apuntikn tpoéodo 1, 2, 3, 4,... kai ag fpovpe to abpot-
opo tov 100 Tpdtev 0pov TG
S 00 = 11243 +..+ 98+99+100

Avti va tpocBécovpe Tovg aptBpong avTovg e Tov cuvin TPOTO, LITOPOVLLE
va Bpodpe cuvtopdtepa To AOPOIGHA TOVS MG EENG:
I'papovpe dvo popéc to mapamdve dbpoicua, aAld pe avtifen ) oelpd TV
TPoceTEDV Kol TPOoGHETOVLE TIG OVO 1GOTNTES KATA LEAN:

S0 = 14243 +..+ 98+99+100

S0 = 100+99+98 +.. + 3+2+1

28, = (1+100)+(2+99)+(3+98)+...+ (98+3)+(99+2)+(100+1)
n 2S,,=101+101+101 +..+ 101+101+101

A 28,,=100-101, épa S, = 100100 _ 5050

Eappoloviog tov mopamdve TpoOTo 6€ (o OTO10dNTOTE aptunTiK Tpoodo,
0o amodeifovpe OTL:

To éBpoiopa Tov TPOTWY v Op®V aptOUNTIKNS TPOOS0V (0 ) e d1upopd  eivor

Sv=% (o, + o)

AIIOAEIZH *
‘Exovpe: S = a (o, to)+Ho,2w0) + ... + [aH(v-2)o]+H o Hv-1)o]
Ko S, = at(a-—0)(a-20)+ ..+ [a—~(v-2)o]+a-(v-1)o]

Av mpocBécovpe KOTq HEAN TIG TOPOTAVED 1GOTNTEG EYOVLLE:

28 = (oo ) o ta ) Ha o) + ...+ (o ta)Ho ta))
1 28 =v(o,ta ). Apa S, = % (o, + 01,

Eneidn o, = o, + (v—1)w, 0 t0m0g S, = % (o, + @) YpageTar:

sz%[20L1 +(v-1)o]
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HAPAAEITMATA

I' Na. ppe0ei to aOporopa 7+10+13 + < + 157

AYXH

TTpoxertar yio. 1o GOpoicpa SLBoYIKMY OOV (oG aptpmTikig TpoddoL pe o, =7,
o, = 157 ko1 @ = 3. T va 10 vroroyicovue, ypelalopacte to TAnbog v Tov
npochetéwv. Ao Tov THIo TOL VZ Opov o = o, HV — 1w £xovue

157 =T+(v-1)3 < 7+(v-1)3 =157
& 7+3v-3 =157
< 3v=153
& v=751
Emopévmg 1o {ntodpevo dBpotopa givat

So=3L(7+157) = 4182

2’ T1ocor 6por g opOuNTIKIAG TPo6dOL 52, 47, 42,... £ovv GOporona ico pe 90;

AYXH
‘Exovpe a, =52, ©=47 - 52 =-5xu S, =90.
Enedn S, = % [20, + (v = 1)w], &xovpe
90 =>[2+52+(v—1)(-5)]«90=3 (109 - 5v)
< 5v-109v+180=0

<:>v=52 Hov=20

Emedn opwg velN*, coumepaivoope 6Tt v = 20. Apa 20 6pot g dobeiong

ap1OUNTIKNC TPOOdoL £yovv dBpoicua ico pe 90.

30 10Z 6pog prog aprtdunTikig Tpoodov ivar 0 42 kot 0 192 6pog Tng eivan
o 87. Na vmoroyio0sei 10 GOporopa tov tpdTtev 100 6pmv TG TPOHGIOV
(VA Ve (T
AYXH

Amd tov tomo o, = o, FH(v—1)w &yovue 42 = o, +o ko1 87 = o, +18w.
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Enopévmg ot a, kot @ givar o1 AWcelg Tov 6VeTHHOTOG
{ a, + 9w =42
a, + 18w =87

Amé v enilvon tov cueTipaTog awtod Bpickovpe 6L givar o, = —3 Ko = 5.

Enopévmg
100
SIOO = 7[2(— 3) +99 - 5]
=50(— 6 +495)
= 24450
AXKHYEILY
A'OMAAAY
1. Noa Bpeite T0 V2 po TV aplunTik®dv TpoddmV:
1) 7,10, 13,... 1) 11, 13, 15,... i) 5, 2, -1,...
iv)2,2.3,.. v)—6,—-9,—12,..

757 )

P Na Bpeite o (nTovpevo 6po oe kabepd omd T1c apOunTIKEG TPOO-

dovg:

i) Tov o, g -2, 3, 8... ii) Tov a, g 11, 18, 25,... iii) Tov a, e 4,
15, 26,...

. 57

iv) Tov a5 g 17, 25, 33,... v) Tova,,mg 1, 33

vi) Tov a,, TG %, %, 2,...

3. 1) Av 0 62 6pog o oplunTiKng Tpoooov eivon 12 ko o 10% dpog
gtvon 16, va Bpeite tov 12 6po Kot ) Stapopd TG TPoOSov.
ii) Opoiwg, av eivar o, = 14 kar o, = 42

ii1) Opoiwg, av givar o, = 20 kot o, = 32.

4. i) O 5Z 6pog pag aptduntiknig Tpoddov givar —5 kot o 15% 6pog g
gtvanl —2. Na Bpeite tov 502 6po g TpoOO0V.




130 5. ITPO0O40I1

11) Av o o apiBuntikn Tpoddo eivor o, = 55 ko a., = 145, va Bpei-

TE TOV O .

5. 1) ITotog 6pog g aptdunTiKAg TPoddov ue 0, = 2 Kot @ = 5 1600t
pe 97;
ii) [Totog 6pog g apdunTikng Tpoddov pe o, = 80 Kot w = =3 16ov-
to pe —97;

6. 1) Na Bpeite tov apiBuntikd péco twv 10 kot —40.

i1) Na Bpeite yio woto 1] Tov X 0 aptOuntikoc pécog twv Sx + 1 kot
11 givon 0 3x — 2.

7. Av dvo apiBpol dtapépovv katd 10 kol o apOuNTIKOG TOVE HEGOG
glvar o0 25, va Bpeite Tovg dvo aVTOVG aPBOVG.

8. Na Bpeite to aBpoioua T@v Tpdtv 40 Op®V TV 0PIOUNTIK®OV TPO-
00mV:
1)7,9,11,... i) 0,2, 4,.... iii) 6, 10, 14,...
v) =7,-2,+3,...
9. Na Bpeite to aBpoioua T@v TpdTv 80 OpmV TV 0POUNTIK®OV TPO-
00mV:
: 11 5
1) 2, —1, —4,... 11) § § g, .
10. No vroAoyicete to afpoicpoto:
1) 14549 + ... + 197 i) 9+12+15 + ... + 90 1ii)
—7-10-13-...-109

11.  [I6covg TPOTOLG OPOVS TPETEL VO TAPOLUE OO KOOEUIE Omd TG
TOPOKATO aplOUNTIKEG TPOOSOVE Yo Vo, Exovv aBpotopo 180;
1)4,8,12,... i) 5, 10, 15,...

12. M otéyn oynuatog tpameliov £xet 15 oepéc kepapiow. H mpot
oelpad €xet 53 kepopidwa Kot kaOe emduevn oelpd Exel dvo Kepapio
Myotepa. [Toca kepapidia Exern 151 oelpd Kon mOcH KepAioo ExEl
GLUVOMKGA 1| OTEYT;
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B' OMAAAY
1.

O v 6pog pag axorovdiog etvar a, = 12—4v. Na deiete 611 ako-
AovBio vt etvorl aplOunTIK) TPAOS0G KOl VO YPAWETE TOV TPMTO
0po g o, Kot ™ S1popd TG .

Na Bpeite o aBpoicpa:
1) Tov TpoTtev 200 TepttTodv apliudy, i1) Tov tpotev 300 Oeti-
KOV ApTIoV ii1) OA®V TV meptttodv apiudv petadd 16 kot 380.

Na Bpeite o aBpoicpa:
1) TV ToAamhaciov tov 5 petagd 1 ko 199,

i1) Tov Tolamiaciov tov 3 peta&d 10 kot 200.

Na Bpeite To abpoicpa:
1) tov TpmTeV 30 Opwv TG akoiovbiag o, = Sv—4,

ii) Tov TpdTOV 40 6pwv TG akorovbiag o = —5Sv-3.

Na Bpeite to dBpotopa tov akepaiov amd 1 péypt 200 mov dev eivar
moAlamAdcio tov 4 1 Tov 9.

Na Bpeite 10 eAdyioT0 TAN00G TPOTO®V OpOV TNG APOUNTIKAG TPOO-
oov 1, 3,5, 7,... tov arartovvtal, doTe To dBpoioia Tov va Eemepviet
t0 4000.

Na courAnpmoete to duthavod miva-
) S a | o | v ]oa |S
KOL,, oTOV 07r01<3 o 0, O, Y, o, Ka} v (120101 12
ovinKouv cg kdbe ypoapp otnyv idw
aplBunTikn Tpdodo > 2 |10
' 3 |12 210
2 |16 | -8

‘Eva poAdr yromder tig aképateg dpec. Tloca yrumnpato akovyo-
vtat o€ éva 24/wpo;

‘Eva otdoo €xel 33 oepég kobiopdtomv. Xty KATO-KOTO GEpd




132 5. ITPO0O40I1

Bpiokovtar 800 BEcelg Ko otV Thve-Ttave celpd Bpickovion 4160
0éoeic. To mAn0og tov Bécewv avéavel amd oelpd e oePA KOTd TOV
1010 TévTa ap1Bpd Bécewv. Na Ppeite mocec BEqELg £xel GLVOAKE TO
0Tdo10 kol TooeC BEcelg Exel N pecaio oelpd.

10. Meta&d tov apuov 3 kar 80 Béhovpe va PBpovpe aArovg 10
ap1Bpovg mov 6ot pali va ival d1odoy kol Opot piog apthunTiKng
wpoddov. Na BpeBovv ot apiBpoi avtoi. [TéTora tpofrqpata Aé-
yovtal Tpofiqpata wapepPorng 6pov].

11. Navroloyicete to 60powopa: 1+~ v 1, v v 34+ %

11.  "Evog aypotng, ylo va Kével pio yedTPN O GTO KTHLO TOV, GUUPO-
ynoe ta e&Ng pe Tov 10KTATN ToL YewTpvmavov: To 1° pétpo Ba
Kxooticel 20 evpd Kot awEavopuévou Tov Babovg, Bo avEaveton Kot M
T Kabe pétpov katd 5 gupd. O aypdtng dwwbéter 4700 gvpw. Ze
moc0 PaBoc pmopel va. TAEL 1) YEOTPNON GTO KTHLLOL TOV;

5.3T'EQMETPIKH ITPO0OAOXY

— XV akohovBia 3, 6, 12, 24, ... kdOe 6pog TG TPOKVTTEL OO TOV TPOTYOV-
pevo tov pe moAhamAaciacud ent 2. AnAaodn yio v axolovBio avt| woyvet:

.o
A =0-2 N =2

v

H arxolovBia (0, ) Aéyetar yeopeTpkn mpdodog pe Aoyo 2.

— Xmv akoiovBia 27, -9, 3, —1, ... kGBe OpOC TNG TPOKLATEL ATO TOV TTPO-
NYOVUEVO TOV LE TOAAATANGIOUGUO ETL —%. Anhodn yio v axoAovdio vt

oY VEL:

ooz A Geg
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Onwg kot Tponyovpévag, N akoiovdio (o) Afyetar YE@UETPIKN TPO0dOG pe
Abyo —%.

I'evicotepa opilovpe Ot

Mo akohovBio AEyeTon YEMUETPIKT TPOOOOG, 0V KAOE GpOG TG TPOKVTTEL OO TOV
TPOTYOLLEVO TOV WE TOAAOTAUGLOGHO ETTL TOV 1010 TTAVTOTE N UNOEVIKO aplOpo.

Tov apOpd avtd tov cupPorifovpe pe A ko Tov Aépe AOyo TG TPoddov.

Xe pa YEOUETPIKN TPO0do (0, ) vrobetovpe mavta 6t o, # 0, omote, apod ivar
o A # 0, woyver o, # 0 1o kGOe veIN*. Emouévag, n axorovbia (o) eivor
YEOUETPIKN TPOOS0G Pe AdY0 A, av KoL LOVO av 1oy OEL:

— . A av+1 —
a A 1 = =A

Av 6& o YEOUETPIKT TPO0So YVmpilovpe ToV TpMTO OPO TG &, Kot TO AOY0
™G A, TOTE 0 AVOSPOIKOG TNG TOTOG ., = 0, *A pag emTpémel vo, Bpodue pe o1
0d0YIKA BHate ToV 0TO1oVONTOTE 0pO TNE. MTOPOVLE OUMG VO VTTOAOYICOVE
Kateveiov 1o ve Opo o [Lag YEOUETPIKAG TPOOSOV G GUVAPTNON TOV O, A
Kol vV ¢ €ENG:

AT OV 0plopd TG YEOUETPIKNG TPOASOL EXOVLE:

a, = a,
a,= alk
a, = azk
av—l = av—27\'
o =0a A
v v—1

[MoAamdaoidlovtag Katd LEAN TIC V aVTEG 160TNTES Kot epapprolovtag TNy 1ot-
oo g Sorypagnis, Ppickovpe o, = o A
Emopévaoc

O v 6pog Hog YEOUETPIKNG TPOOSOV HE TPMTO Opo 0 Ko Adyo A glvan
o =0, A

‘Etol m.y. ot yeopetpicy tpoodo 3, =6, 12, —24,... n onoia £ye o = 3 Ko
A= _T6 =—2,0v= 6pog g etvor o, = 3 « (=2)"". Enopévag o 5% 6pog tng ivar

o, = 3(=2)* = 48, 0 dékatog 6pog TG eivan o = 3+ (=2)° = — 1536 k1A
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T'souetpixog uécog

Av épovpe TpeLg 01000y 1K0VS OPOLS 0, B, ¥ OGS YEOUETPIKNG TPOOSOL LE AOYO
A, TOTE 10YVEL:

Y

G=M xa B=k, EMOUEVOC g=g n P=ay
AMG Ko avTIoTpOP®G, av yia Tpelg aptbpovs a, B, v # 0 woydel B> = ay,

T0TE E£YOoVLLE g = % , TOV onpaivel 0tL ot a, B, y €ivar dradoyikol dpot pog

YEOUETPIKNG TP0odOov. O BeTIKOC aplOog Yoy AEYETOL YEOUETPIKOG PEGOG
TOV o KoL Y.

Amodeifape Aomdv ot

Tpeig un unodevikoi apBpoi a, B, y etvor Sadoy kol OpoL YEMUETPIKNG TPOOSOL,
av Kot Lovo av oyvet B2 = ay

AbOpoicua v 01000)1K@V 0PV YEWUETPIKNS TPOOIOD

Ag Bewpnoovue ™ yeopeTpikh Tpoodo 1, 3, 9, 27,... oty omoia eivar o, =1
Ko A = 3, kot ag Bpovpe to dfpotspa S, twv 7 TpdTmv Opov .
"Exovpe

S, = 1+3+9+27+81+243+729 (1)

Avti va mpocBécovpe Tovg aptBpong avtovg pe Tov cuvion TpomTo, HUropov-
pe va Bpodpe cvvtopdtepa o dfpotopa toug og e&ng: TloAlamiacialovpe To
péAN g (1) pe o Adyo A=3 ko £yovpe

3S, = 3+9+27+81+243+729+2187 (2)

A@arpovpe amd to péAN g (2) ta péAN g (1) ko Eyovpe:

35,-S =2187-1
25, =2186
S, =1093
Epoppolovtog tov mapoamdvm TpOmo GE Lo OTOLONTOTE YEMUETPIKT] TPOOJO,
Ba amodeifovpe OTL:

To GOpotopa TV TPOTY v OpOV oG YEMUETPIKNG Tpoodov (o) pe Adyo A # 1 eivan
A =1
A1

Sv=a,
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AIIOAEIEH
‘Ecto S,=a,tai+ar +eeetol?+al (1)
[MoAlomAacialovpe Ta péAn g (1) pe to Adyo A Kot Exovpe

AS =oi+tal+odl +eeetal +ad ()
Apapovpe omd to EAN G (2) ta péAn g (1) kot Eyovpe:

AS -S = o A-a,
1 A-DS,=a, (A1)
Enopévmg, apod A # 1, Exovpue:
szal(kk_ : 1)

Hapaziipyon: XV TEPITTOOT TOL 0 AOYOG TN TPOOdoL givor A=1, tdTE TO
GOpotopa Tov Opwv TG elvar S = v - a, apov GAot 01 6pot TG TPoddoL givar
oot pe .

HTAPAAEITMATA

I' Na BpeBei 0 VE 0pog pog YEMUETPIKNS TPOOHIOV TNG 0TToing 0 4% 6pog

ivan 3 %6 o ——3
givan 3 K01 0 9% 6pog TG givan 8

AYZH
‘Eotw o, 0 TpdT0g 0pog TG YEWUETPIKNG TPoddov kot A 0 Adyog . Tote
Exoupe:

a X! =o' = % Koo A =a bt = _%8
Emopévamg
(117\48 _(_ i ; 1 b = _L
ow‘( pgla N K

omd TNV 0Toio TPOKVTTEL OTL

AVTIKOOIGTOVE TV TIUY QVTH TOV A 61Ny LA’ = % Ko £YOVE
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3 4
R
Apa 0 VE 0pOG TNG YEMHETPIKNG TPOOSOV, CUUPMVEL e TOV TOTO o, = O, A",
elvan o, = (- 6)(— %)H

2 No. vrohoyrotei 10 GOporopa 1+1 +1 -+t o1

2 4
AYXH
[Tpoxerton yio 10 ABpoIGUA SLOSOYIKOV OPOV HI0G YEOUETPIKNG TPOOOOV LUE
o, =1kuh= %

INa va epappdcovpe tov tHmo S, = o, %, npénel vo EEpovpe To TAN00G v
TV Op®V.

Am6 tov TOmo Opms Tov v 6pov o, = o A Exovpe:

Lo g (L) 1y _ (1) g 1=8 R v=

756 = 1 (2) n (2) (2) Kol emopévocv—1=8 1 v=9.

Apa 1o nTovpevo abpoioua stvar:

S—1..\2 _ 512
1_ L
2 2
S0
_ 512 _ 1022 _ 511
1 512 256
2
AXKHXELY
A'OMAAAY
1. Noa Bpeite 10 V2 0p0 TOV YEOUETPIKOV TPOOIWV:
0)3,6, 12, ... ii) % 2,6,... iii) 9, 27, 81, ...
a1l 11 ) :
iv) 116 v) 16', 8,4, ... vi) 18,6, 2, ...
vii) 1, 0,4, 0,16, ... vii)—2,4,-8, .... ix) —3,9, 27, ...
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2. Na Bpeite 10 {nrodpevo 6po ce kabeptd omd TIC YEOUETPIKEG TPOO-
dovg:
1) Tov a, g % % L, ... ii) Tov a, mg 2,6, 18, ...
iii) Tov a, g 729,243, ...  iv) Tova, me 1-2,4, ..
8 4 2
v) Tov a, g 275 Q> 30
3. 1) No Bpeite tov 12 6po oG Ye®UETPIKNG TPOOOOV, TG 0TToi0g 0 5
Opo¢ givat 33—2 Ko 0 Adyog 2.
i1) Opoiwg, av 0 4% 6pog eivar % Kot 0 AOyog %

4. 1) Na Bpeite 10 Adyo pog yempetpikig tpoddov g omoiag o 3= 6pog
glvan 12 ko 0 62 dpog etvon 96.

i) Opoimg, av 0 2Z dpog eivar % Kot 0 5Z 6pog eivon gélt
5. Noa Bpeite:
1) TOV 0, KOG YEOUETPIKNG TPoddoL pe o, = 125 kar o, 16245

ii) TOV @, plag YEmPETPIKNG TPOOSOL e o, = ¥2 Kot o, = 3242

6. ‘Eoto n yeopetpkn npododog 3, 6, 12,.... Na Bpeite to mAnbog tav
OpWV NG HEYPL KOL TOV OPO TOV 160VTON [LE 768.

7. 1) No Bpeite Tov TpdTo OpO TNG YEOUETPIKNG TTPodd0V 4, 8, 16,... TOV
vrepPaiverl o 2000.
i1) Na Bpeite Tov Tpd10o 0p0 TG YEOUETPIKNG TpoOdov 128, 64, 32,...,
7oV glvat pikpotepog tov 0,25.

8. 1) Na Bpeite 10 yeopetpikd péco tov aptipmv 5 kot 20, kabmg Kot

tov —L ka3

V3

i1) Na Bpeite Tov X dote ot apBuoi x—4, x+1, x—19 va anotedovv
YEOUETPIKN TPOODO.
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9. Na Bpeite to dBpoicpa tov tpdtov 10 6pmvV TOV YEOUETPIKOV
TPOOI®V
)1,2,4,.. ii) 3,9, 27,... iii) —4, 8, —16,...

10. Noa vroloyicete ta abpoicpato:
i) 2+8+32 + ... + 8192 ii) 4+2+1 + +ﬁ
iii) 1++(=2)+4 + ... + 256.

11. Mo xowvwvia Baknpdiov dumhacialetor g aplBuo kdbe pia dpa.
Av apyikd vapyovv 3 Baktnpidia, moca Paktnpidia Oa vdpyovv
votepa amd 12 dpeg;

12. Mo prdro téetel omd Hyog 60 pHETpmV Kol ovomndd o€ £d0pog POA-
1

vovtog kéfe popd 6To 3 TOV VYOLG TNG TPONYOVLEVNG AVATNONGNG.

Na Bpeite oe 1L Oyoc Oa eOdcel oty 41 avamnonon.

B' OMAAAY
1

1. O v 6pog pag axorovdiog etvor a, = 2"+ - Noa deiEete 0T M axo-

AovBio avth eivor YeOpETPIK TPOOBGOG KoL VO, YPOWETE TOVG 0O, KOl A.

P "o oo, Ty Tov v ot apBpoi 4V — 5, ¥10v+4, ¥V +2 givar Sodo-
YKOT OPOL YEMUETPIKNG TPOASOV;

3. Na deiete otU:
1) T0 TETPAY®VO TOV OPOV LUIOG YEOUETPIKNG TPOOSOVL Gynuatilovv
EMIONG YEOUETPIKT TPOOOO
i1) Av vymcovpe kKaBe Opo HOG YEOUETPIKNG Tpoddov oty k, tdte
TPOKVIITEL TTOAL YEOUETPIKT TPOOSOC.

4. Na Bpelte ™ yeopetpikn tpdodo, TG omoing 10 Afpoisue Tmv dvo
TPOTOV Opwv G eivar 3+4/3 Kot 10 GOPOIGHA TOV TEGGAPOV TPD-
TV 6pov G etvar 4(3+43).
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5. Na Bpeite o dBpoicua TOV TPOTOV OEKO OPOV TNG YEMUETPIKNG
Tpoddov, oy omoia etvar a, + o, = 34 Kar o, + o, = 68.

6. O mnbvoudg pog xopog etvar 90 ekatoppvplo Kot Topovotdlet
gnoto avénon 2%. Av o, givar 0 TAnBucpdg TG YOPAG VOTEPQ ATTO
v xpévia, va Ppeite Evav avadpoptkod Tumo, Kabmg Kot To YeEVIKO 0po
™¢ akorovbiog (a ).
- IMowog Ba elvar 0 TANBVGUOS TG ywpag Votepa and 10 ypdvia;
[Xpnoononote LVTOAOYIGTN TGENNG].

7. H évtaon tov po1og petdveton kotd 10%, otov avtd diépyeton amod
éva @iktpo. Av I eivar n évracn Tov ewtog, 0apod 61EA0eL 1080 1Kd
péca amod v tétoto iltpa, va Ppeite Evav avadpoptkod TOmo, Kabmg
Ka 10 YEVIKO 0po NG akorovbiog (I ).

- [Towx Ba givor m évtaon Tov PTdc, av 61EAel pésa amd 10 téroln
¢iktpa kou M apykn éviaon givan I ; [Xpnoponomote vroroyiot
ToEMNC].

8. Xe éva, Opyoavo Hovotkng o tovog C' éxel cuyvomta 261 Hz kot n
oktapa tov C” éyel dumhdoia cvyvotra. Avapeoa otovg C' kat C”
vrdpyovv 11 emmAéov TdGVOL, TV OTOI®Y 01 GLYVOTNTEG oYNUaTiloVV
pe tig ovyvotreg Tov C' kot C” 13 d1ad0y1kohg Opovg YEMUETPIKNG
TPo0dov. No vtoLoyiceTe:

1) T0 AOY0 NG TPOOIOV,

i1) TN GLVYVOTNTO TOV TEUTTOV TOVOU.

9. To yvuyeio evog poptnyod mepiéyet 40 1t vepo. Adsidlovue 4 It vepd
KOl TO ovTIKOOIGTOVE PE avTITUKTIKO. "Yotepa adetalovpe 4 It tov
petypotog kot 1o avtikafiotodpue pe avTimuktikd K.o.x. Av D etvol
1N TOGATNTO TOVL VEPOL GTO Yuyeio, apov epappochei n dadikacio v
Qopéc, va Bpeite:

1) 'Evav avadpopixo tomo g axorovdiag (D).
i1) Tnv mocdTNTE TOL AVTITLKTIKOL GTO YuYeEio, apod EQOPLOGOHET 1
dladasio 7 gopéc. [ Xpnoonolote VTOAOYIOTN TOEMNC].
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10.  Aéyeton 6TL 0 EQELPETNG TOV GKOKION TOPAKANONKE amd Evav [vdo
Bactud va {nthoet 6mota apoPn H0ere ya T omovdaia WEa Tov. O
epevpétng {nmoe va mapet to pOoQ mov Ba palevotav wg eENG: Xto
lo teTpaymvakt Tov okaklov va Epale Kamolog Evav KOKko pullov,
GTO 20 TETPOY®VAKL 2 KOKKOVG, GTO 30 TETPAYWOVAKL 4 KOKKOVS, GTO
50 TeTpay®VAKL 8 KOKKOVG KTA.

Na Bpeite méco1 TOVoL Ha frav n TocoTNTA 0V T TOL PLiloY, ov 1 Kg
pu{ov £xel 20000 KoOKKOLC.

11.  Kd&be mhevpd evdg 1c6mhevpov Tprydvou ympileton og tpia ioa TUn-
pata. To pecaio tunpa kabe mievpdg avikadiototor amd TG dvo
TAEVPEG 1IGOTAELPOV TPLYMVOL. XTO GO ua LOPQY| QGTEPLOV TTOL

TPOKVTTEL avTIKOOIGTOOE TAAL TO HEGAiO L wa0e TAELPAG pE VO

3
TAELPEG IGOTAEVPOL TPLYDVOL. Me avaloyo tpdmo cuveyilovpe yio

KGOe oYM TTOL TPOKLITEL OO T JLUAIKAGTO OVTY].

AATREIEIE

1) Na Bpeite évav avadpopukd TOTO Kot To YEVIKO OpO TG akoAovDi-

0g (S,) mov exepalet To mANbog Twv ThevpdV KabE oyfipatoc.

i1) Na Bpeite Evav avadpopkd TOTO Kot TO YEVIKO OpPO TNG OKOAOL-
Oiac (U)) mov ekppdler Tnv mepiperpo kabe oxnuatog, av 1o apyikd
16OTAELPO TPiymVOo £yl TAELPA lom pe 1.




5.4 ANATOKIZMOY - IXEY KATAOEXELY

Me ) Bonbeio TV YEOUETPIKOV TPOOO®V UTOPOVLLE Vo, ADGOVLE TPOPANaT
OLKOVOUIKNG PVGEMC, TOL GLYVA TAPOVGIALOVTOL GTIG GUVOAANYES LLE TIOTMOTL-
KOUC OPYOVIGHOVC.

Avartokiouog

IIPOBAHMA. Kota@étoope otny Tpamelo évo KEQALOLO0 0. VPO PE ETNGLO
emToK10 £%. Mg TN ovpumApmon) £veg ypovov ot TOKoL TPpooTidevTtal 6TO
KEPAAULO KOL TO TOGO TOV TPOKVTITEL EIVOL TO VEO KEPAANLO TTOV TOKILETON
[LE TO 1010 EMITOKLO Y10, TOV EMOUEVO YPOVO. AV 1] SL0OIKOGIO VT ETAVOAT-
00l Yo v ypoévwa, va Bpedei moca ypipata 0a ewerpaovpe 610 TELOG TOV
vZ xpoévov.

(To mpofinua avté gival yvwoTo wg mpofinua avatokicuov).

AYZH

Y10 té€hog Tov 1% xpdvov 10 KEPAAULO 0 B ddTEL TOKO ﬁ -0 kot polt pe
Tov TOK0 Oa yivet

alza+ﬁwa=a(l+ﬁ)

210 Téhog TV 22 ¥pdvov To KeParato o, Ho ddoel TOKo ﬁ -0, ko pali pe
Tov 10K0 Ba yivel

O S e
o, = a, + 755% = (1 + 74

210 T€A0G TOL 3 ¥POVOL TO KEPAANLO 0, pall pe Tovg ToKovg Ba yivel

o, = ocz(l + ﬁ)mk,

KOLL YEVIKG 6TO TEAOC TOV VZ ypOVOL TO KeQAAato Oa yivel

— _€
o= o1+ 465
[Mapatnpodpe 6Tt Ta O, O, Oy,..., OV ElVOL SL060) K0T OPOL HI0G YEMUETPIKNG

TPoddov pE a, =OL(1 +18W) kot A=1 +1—(8)0.

Apa, GOLPAOVA [LE TOV TOTO TOV V2 OPOV YEWUETPIKNG TPOOHOOL, GTO TELOG TOL
v ypOvov 10 Kepdioto o poll pe toug toxovg Ba yivet
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ocv:oc(l +ﬁ) (IWLL)V’1
7 ocv=oc(l +ﬁ)

Av Béoovpe % =1, TOL €lvol 0 TOKOG TOVL €VOG EVPW GE £Vl YPOVO, EYOVLE

TOV TUTO

o, =a(l+1)

OV €lval YVOGTOG MG TUTOS TOV AVATOKIGHOV.

IHAPAAEITMA

KotaBétovpe pe avarokiopd kepairoro 10000 gvpd pe g1joo emtokilo
2%. Na Bpebsi 11 006 B0 srompaovpe voTepa oo 10 ypovia.

AYXH
Zoppwva pe tov tomo o, = o 1+1)", votepa and 10 xpovia ba elompdéovpe T0co
o, = 10000 « (1 +0,02)" = 10000 « (1,02)"
=10000 + 1,218994
=12189,94 gvpo.
Hapatipyon. Tn dOvaun (1,02)'° tmv vroroyilovpe pe ™ fondeia mvakov 1
HE EVOV VTTOAOYIOTI TGETNG.

Toeg katabsoeig

ITPOBAHMA. Kato0étovpe oe mo tpanelo otnv apyn kabe ypovov o
VPO pE avaToKIopo Ko emtokio €%. Tv w066 Ba mapovpe votepa amd v
1POVIQ;

(To mpofinua avto eival yywoto wgs mpofinua Twv icwv Katabicewy)

AYZH

H 1" xatdBeon Bo avotokioTel yio v ¥povie, Kol ETOUEVOC, GOUPMOVO, LE TOV
TUTO TOL AVOTOKIGHOV, Ba yiver a(1+1)Y, Omov T = ﬁ
H 2? katdbeomn Oa avatokiotel vo v—1 ypdvia kot emopévac Oa yiver o 1+t)v!

KTA. Ko 1 v! KotdBeon Oa tokiotel yuo 1 ypdvo kot Oa yiver o 1+1). Zovendg
VoTEPO. OO V XPOVID, B0 TAPOLLLE TO TOGO
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T = o 1+1)+a(1+1)"" + - + a(1+7)

= o 1+1)to(l+1)* + - + a(1+1)

= a1+ 1+ H(1+D)? + - + (1+1)]
(1+1)-1
(1+7)-1

=a(l+t)e

Emopévag

(1+1)*-1

L= ogfl+t)-—x

O 1Omog avtdHg Eival YvmoToC MG TOTOS TOV 6V KOTHOEGEMY.

ITAPAAEIT'MA

Yy apyn kaOe ypovov kotabétovpe oty Tpdrelo mooo 10000 gvpd pe
avoToKiond Ko pg emtoko 2%. Tr moc6 0a mwapovpe Yotepa amd 10 xpo-
i

AYZH
, . (1+7)' -1, ) . .
Zopeova pe tov 1Hmo T = o 1+1)———=——, Yotepa amd 10 ypdvia Ho wépov-
HEe Tocd
£ = 10000 - (1 +0,02) . LF G021

= . ( , ) . T

_ (1,02)° -1

=10000 - 1,02 - 002

_ 1,218994 — 1

=10000 - 1,02 - 002

=10000 - 11,168694 = 111686 ,94 cvpo.
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AXKHXELY

Ta ™y emiloon TV AGKHGEWY va YpReIHOTOINOET VT0AOYIGTIC TCENG

A" OMAAAY
1. Aaveilet kdmorog 5000 gvpd pe 0vATOKIGUO Kot ETHGL0 EMTOKLO 5%.

[Toca yprpnata B Tapel GLVOAIKE VoTEPQ OO S YPOVIX,;

P [Toca yprpota Tpémel vo ToKIoEL KATO10G LLE OVOTOKIGHO KOl ETHGL0
emtokio 3% ywo va mapel votepa and 10 xpovia cvvorkd 50.000
EVPO;

3. [Toto eivon To emtdkio pe To omoio, kepdaiato 10.000 evpd, avaToKi-
Copevo ava £€toc, yiveton votepa amod S ypdvia 12.762 evupm;

4. Xmv apyn kéOe ypovov Kot yia 5 cuveyn ypdévia katabétovpe 5.000
EVPA LLE AVOTOKIGUO ava £T0G Kot pe €TNo10 emtokio 3%. Tt mocd Ha
TOPOVUE GTO TELOG TOV 5% £TOVG;




BAXZIKE2Y ENNOIEXY
TON XYNAPTHXEQN

6.1 H ENNOIA THX XYNAPTHXHY

Ewocaywyn

Xe moALG kaBnueptva eawvopeva epeovifovtor dvo pueyédn, ta omoio peto-
BadArovtal €tol, dGTE M T TOV €vOG va KaBopilel tmv T tov aAiov. H
dadtkacia pe v omoia kaBe T Tov evog peyéBovug avtiotoyiletal og pio
aKpP®C TIUN Tov AALOL pEYEBOVG, TOAAEC QOPEG TEPLYPAPETUL ATTO EVOL L0~
OnuoTIKO TOTO, OTMG PUIVETOL OTO TOPUKATM TOPAdELYLATA.

[u—

O 16K0¢ T o€g gvpd mov amwodidel kepdioto 5000 gvpd oe €va €toc e
€TNo10 emtoOKI0 €%, diveTal Katd Ta Yvwotd and tov tomo 7 =5000——.

O 1O10g avTdg TEPLYPAPEL Lo dtadikocia, Le TNV omoia KAOE Tiun Tov €
avtiotoyiletol og po akpifaog Ty tov 7. To mapddetypa, av e=3,
t6te T =150, evo ov €=5, tote T =250 T\,

N

To didotnua S o km mov davoOnke and TodNAATN GE YPOVIKO d1AGTN-
po 24, pe péon tayvtnta v o km/h, divetar and tov tomo S =2v. O 10-
TOG AVTOC TEPLYPAPEL pia dadikacio, pe TNV omoio kdbe Tiun tov v a-
viiotoyiletar oe o akpidc tiun tov S. o wopaderypa, av v =60,
tote S=120, evo av v =70, 1618 S =140, KTA.

3. To guPadd E evoc kokhov aktivac p divetatl and tov tomo E =mp°. O-
HoimG Kol 0 TOTOG AVTOC TEPLYPAPEL Ui0, SLAOIKOGIO, LE TNV OTolo KAOE
T Tov p avriotoryiletal og po akpipmg T tov E. [Na mapdaderypa
avp=1,101e E=7,evd avp=2,10te E=41 KT\

Yrapyovv OUm¢ Kol TEPUTTMGELS OTOV 1) O1001KAGI0 OVTIGTOLYIONG UVAUESH

oTIC TIUEG OV0 peyebmv dev meprypdoetol | €01 dgv yvopilovue ov mept-

YPApeTal 0o Kdmolo tomo. [Na mapddetypa:

v Ot dpeg ¢ nuépag kot ot avtiotoryes Depuokpacieg Tovg.
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v Ot pépeg T0v £T0oVG KO 0L TIHEG £vOG EEvov vopiopatog (.. tov dola-
piov).

[Hopatnpodpue 0T1 6e OAQ Ta TAPATAVO TOPAdELyLOTA DTAPYEL KATOLH d10d1-
kaocio, ue v omoia kdbe ctoryeio evog cvvorov A avtioTolyiletol og éva
akplpdc oToryeio kdmolov dAlov cvvorov B. Mia tétola dtadikacio Aéyetal
ouvaptnon and 10 A oto B. Anhadn:

OPIZMOX

Yovaptnon and £va cOvoro A coe éva oOvoro B Aéyston pa dradikacio
(kavovag) pe tnv omoio kK&Be otolyeio Tov cuVOAOL A avticTolyileTot
o€ éva axpifmc oToryeio Tov cuvorov B.

To oVvvolo A Aéyetol tedio opiopov 1 6OVOAO opiopov e /-

Ot ovvaptioelg Tapiotdvovtol cuvibmg pe To pikpd ypaupata f, g, 7 KTA.
Tov AoTvikoy ahpapntov.
Av pe pa cvvaptnon f oo to A oto B, t0 x € A avtictoyyiletal 6to ye B,
TOTE YPAPOVUE:

y=1(x)
kot drafalovpe «y ioov fTov x». To f(x) Aéyeton 16te TIp] TG f 610 x. To

YPOUUO X, TOVL TAPICTAVEL OTOLOONTOTE GTOLYXEl0 TOV MEdiovL OPIoUOV NG f,
ovopdletar aveEaptnTn peTafinti, EVO TO ), TOL TAPICTAVEL TNV T TNG
oLVVAPTNONG 6To X, ovopdletal eEapTnuévn petafinty.

To oOvoAo, mov €xel yia otoryeia Tov 1§ TInég f(x) Yo Ol ta x € A, Aéye-
TOl GOVOLO TIP®V NG f Kot To ovpPoirilovpue pe f(A) .
H mopondve covaptnon copporiletor wg e€nc:
f:A—>B
x— f(x)

‘Etol m.x. m ovvaptnon f, pe v omoia kébe un apvntikdg aptBudg aviiotol-
yiCetor otV TETPOy®VIKY TOL pila, copPoriletar mg e&ng:

f:[0,40) >R

x—x

T'o KeAVTEPT KATOVONON TOL TOPUTAVE® OPIGHOV G SOVLE TA TOPASELYLOTO
oL aKOoAOLBOVV:

1° MAPAAEITMA
‘Ecto f'n ovvaptnon pe v omoia kabe nuépa ptag opiouévng efdopddog
evog uva avtiototyiletatl otnv vynidtepn Bepprokpacio ™g.
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Mo ™ ovvaptnon avty, To Tedio opiopov ival To GHVoLo
A={1,2,3,4,56,7},
EVM TO GUVOAO TIL®V TO GLVOLO
f(A)={9"11°,12°,13°,15°| = B
Me agopun 10 Tapdderypa avtd tovifovue to akOAovOL YOPAKTINPLOTIKA
uog cvvaptnong f:A —B.
o Kdabe otoryeio Tov A avtiototyiletatl oe éva akpifag ototyeio tov B.
e Mepikd otoryeio tov B pmopei va unv omotehovv tipnéc e f (m.y. 18°).

o Av0 M meplocdTEP GTOLYKEIDL TOV A pmopel va avticTtolyilovial 6to 1610
ototyeio tov B (w.y. ta 3 kot 7 avtiotoryilovral oto 13°).

2° MAPAAEITMA

Bewpovpe ta oOvora A={a, B, v} ka1 B={1, 2, 3, 4, 5}, kaBng eriong Kot ta
mopakdto oynuata (Perodaypdupota). [Hapoatnpodue ot

v To oyfuo (o) maplotdvel cuvaptnon, aeod Kabe otolyeio tov A avti-
otoyiletal oe éva akplpm¢ ototyeio Tov B.

v To oyfuo (B) dev mapiotdvel cuvaptnon, agod 10 a e A avtiotoryileTot
og 6vo otolyeia Tov B.

v To oyfjua (y) dev mapiotdvel covaptnon, aeod 10 y€ A dev avTioTolyi-
Cetal og kavéva otoryeio Tov B.

v To oyfua (8) dev mapiotdvel cvvaptnon. [pdtov di6tTt 0 ye A dev
avtiotoyiletol og Kavéva otolyeio tov B kot dgvtepov d10TL T0 o€ A
avtiototyiletol o dvo oToryeia Tov B.
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2vvrouoypagpio covaptyong

Eidape mapandve oti, yia vo opiotel po covaptnon f, npénel vo dodovv
Tpia otoyeia:

e To medio opiopov g A

e To ovvolo B kot

e To f(x)ywkabe xeA

Ot ovvaptioelc, e tig onoieg Ba aoyoAnBovpe oto Pifrio avtd, elvar g
popong f:A—>B, 6mov AcRxauuBc R, givar oniadn, dnmg Aéue, mTpay-
ROTIKEG CUVAPTNOELS HLOS TPAYUATIKNG RETAPANTIG.

[MoAAég popég avapepdpaote o€ plo cuvaptnon f divoviag pé6vov tov THmTo
e TOV omoio ekepaletal to f(x). Aéue m.y. oiveton «m cvvdptnon f, ue

f(x)=+1-4x» 1, mo cvvropa, «n cvvapmon f(x)=+v1-4x» 1, akdpa,
«n ovvaptnon y=~1-4x».
e wa tétola nepintoon Ha Bewpodue svppatikd oTL:

e To medio opiopod A ¢ f eival To «gvpOTEPO» ATO TO LIWOGHVOAOL TOV
R ota omofa to f(x) éxet vonua.

e To ovvolro B givar oAdKAnpo 1o ocvvoro R 1oV mpaypatikdv aplfpov.

‘Etot yia ) ovvépnon f(x)=+v1-4x 1o medio opiopod eivar 1o cvoro

1
A= (_OO’Z} , @0V pénel 1-4x >0, evd To oOvoro B gival 6o 1o R.
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ZHMEIQXH
[MoArég Qopéc o GUVAPTNOT TEPLYPAPETAL PE EVAV TOTO TOV £XEL KAASOVG,
OT®G Y10 TAPASELYLLO | CUVAPTNON:

1=
Mo va vroloyicovpe T1¢ TpéG TG f ota onueia —1, 0 kot 1 epyaldpacte

g egNg:
v Tw x=-1<0, an6 tov kA4S0 f(x)=x>+1, éxovpe:

f(=D)=(-1)+1=1+1=2.

v Twx=0, and tov kKA4d0 f(x) =x—1, &ovpe:

X +1, avx<0

x=1, avx=>0

£(0)=0-1=-1.
v’ Téhog, yia x=120, an6 tov kKAGdo f(x)=x—1, &xovpe:
£(1)=1-1=0.

2X0410
Av Kal, YeEVIKA, YpNOLLOTOL00UE TO Ypaupa fyio To GUUPOAIOUO HiKG GVUVAp-
TNONG KO TO YPAUUO X Y10l TO cVUPBOAIGUO TOVL TLYIOV GTOlYEIOV TOL TTEDIOV
OpPIOUOV TNG, M®GTOGO UTOPOVUE VO YPTCLULOTOU|COVUE Kol GAAN YPAULATA.
'Etot yio mapdderypo ot

f(x)=x2—4x+7, g(t)=t2—4t+7 Ko h(s)=s2—4s+7
opifovv v id1a cuvapnon.
Emopévmg to x otov tomo piog cvvaptnong Ba mailel To poro (oG «adetog
0éong». Me avTd TO GKENTIKO, 1| TAPATAV®O cVuvapTNon Oo uropovce va, Exel

™ popei
SO)=() =40 )+7.
O6mov o1 TapevhEécelg Exovv mapetl ™ BEon evog YPAUNATOC.
‘Etol ywo va vworoyicovpe 10 f (—2) amAd Tomobetovue o —2 oTic Béoelg,
7ov opifovv o1 mapevhécelc:
f(-2)=(-2) ~4(-2)+7
=4+8+7=19
Ouoiwg, éxovpe
f(3x)=(3x)" —4(3x)+7
=0x> —12x+7

Yrdpyet OU®G KOl Ho TOPATEPU ATAOTOINON TOV EKQOPACEDY LLOG TOV GYETI-
fovtar pe ovvaptioels. IloArég @opéc avii va Aéue «n ovvdptnon
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s(t)z%gt2 », 0o Aépe «n cvvaptnon s=%gt2 », dnhadn ypapovue s vIo-

voVvTog TO s(7). Avtf N amlomoinon yivetor cuyvotata e S10QPOPEC EMGTN-
LLEG, TTOV YPNGLULOTOLOVV TN LABNUOTIKY YADOGO Kol To podnuatikd epyaiei-
o, OT®G 1M ELOIKY, 1 yMueio KTA. ZvvN0w¢ OTIg TEPUTTMGELS AVTEG VTAPYEL
Kamolo meipapa, 6mTov To ¢ gival 1 T evOg PeyEBOVE, TOL VTEIGEPYETAL GTO
mwelpapa, KoL To S(2) 1 avTicToyn TIUN Kamolov dAiov peyébovc.

E®PAPMOI'H

Noa Bpebei To medio opiopod TG GVVAPTNGNG

f(x)=ﬁ+m

AYXH
H ocvvéptnon f opileton yia ekelva povo ta x yio to omoia toydet
x=2#0 xar x—-120

1M, 1003VVaLO, Y10
x#2 xou x2>1

Apa to medio opiopov g f eival 1o chvoro A = [1,2)U(2,+oo) (Zympo)

i\

=Y Y

X' i) -1 0 i 2 3 4 5
AXKHXEIY
A OMAAAY
1.  Na Bpeite 1o medio opiopod TOV TAPAKAT® GUVIPTICEDV:
. 4 x’—16
1 x)=——+5 ii X)=
) f( ) x—1 ) f( ) x* —4x
iii)  f(x)= ! iv)  f(x) ot
x’+1 |x| +x
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28 Opoimg TV cuvapTNoEMV:

) f(x)=Vx-1+42-x i) f(x)=vx’-4

iii) f(x)=V-x’ +4x-3 iv) f(x):\fll
-

3. Aivetor n cvvdptnon

f(x)={x3’ avx<0

2x+3, ovx >0

No Bpeite tig Tég f(=5), f(0) xar f(6).

4. Mo cuvéptnon f opiletar og e&ng:

“Xréwov évav puoiko oplBud, mpocbeoe o’ avtov 1o 1, mollamlaociaoe o

5

dabpoiouo ue 4 koi oto yivouevo mpoobeoe 1o teTPdywvo tov apiBuod”.
i) Na Bpeite Tov TOM0 ™G f KOl 6T cLvEYELD TG TIEG ™G Yo x =0,

x=1, x=2 ka1 x =3 . Tvmaparnpeire;

ii) Na Bpeite Tovg PLGIKOVE APBOVS X Yo TOVG OTOIOVS LoYVEL
f(x)=36, f(x)=49, f(x)=100 Kor f(x)=144.

5. Aivovtol 01 GLUVAPTNOELS:
4 x*—16 1
i xX)=——+5, ii x)= ko iii) A(x)= .
) f( ) x—1 ) g( ) x* —4x ) ( ) x*+1
Na Bpeite TIg TIHEG TOL X Y1 TIG OTOIEG LOYVEL:

0

i f)=7 i) g(x)=2 Kow i) () =
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Kapreoiavés covretayuéveg

H napdotaon evog onueiov tov emmédov pe éva dlatetaypévo (g0yog mpay-
HOTIK®OV aplOpodv, Bondnce otnv emilvon YEOUETPIKOV TPOPANUAT®OV UE aA-
vePpikég pebddovs. H mapdotaon avt, émmg pdbape oe mponyodueveg td-
Eelg, yivetan g e€ne:

[Maveo oe éva eminedo oyedialovue ovo kabetovg d&oveg x'x koL y'y uUE
Kown apyn €va onpeio 0. Ao avtovg o optlovtiog x'x Aéyetatl G&ovag T®V
TeTUREVOV 1 AEovag TOV X, EVD 0 KOTOKOPLEOG V'y Aovag TOV TETAY-
pévev 1 aéovag TOV .

Onwg eivar yvootd, oe kabe onueio M tov emmédov TV aEOvov pumopodue
Vo avTioTolyicovpe éva dratetaypévo (evyog (a,f) TPaypatikdv aplfpov
Kol avTlotpopmg, o kdbe dwatetaypévo (evyog (a,f) mPOyHATIKOV apif-

U®V, UTOPOVUE VO, AVTIOTOLYICOVUE €Vva HOVAdIKO onpeio M tov emumédov,
OT®G POIVETAL GTO GYNLLOL:

y A
e _,M (¢.f)
B-2) | ALD
ol 1 a %
A(3,-1)

T(-3,-2)

Ot apBpoi a, f Aéyovtor ovvretaypéveg tov M. Ewdwotepa o a Aéyetal Te-
Tunpévn kot o f teraypévn tov onueiov M. To onpeio M mov €xel ovvte-
taypéveg a kot f oopPoriletor pue M(a, f) 1, anrd, pue (a,f).

Enedon n 18éa ¢ ypnowonoinong Levydv yio TV TopAcTacn CNUEIOV TOV
emmédov avhkel otov Kaptéoio, 1o napandve {edyog tov afdvov to Aéue
KOPTEGLOVO GUOTNLO GUVTETOYREVOV 6TO ETIMEDO Kol To cvpPorilovue
Oxy, ev®d 10 €mMinedo G610 0MOi0 OPIGTNKE TO GVGTNUO OVTO TO AEE KOPTE-

olwvo EMimedo. Av emmAéov o1 Hovadec TV a&Ovmv Exovv To 1010 UAKOG, TO
cvotnuo Oxy Aéyetal opOokavoviko.

HMEIQXH:
210 eMOUEVO, EKTOG OV OVAQEPETAL OLOPOPETIKA, OTAV AEUE KAPTEGLOVO GV-
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OTNUO CUVTETAYUEVOV, Ba evvoovue 0pBoKAVOVIKO KOPTEGLAVO GUGTNLLA GV-
VIETAYUEVOV.

Ag Bewpnoovpe Tpa £va cvotnua Oxy cvvietaypévav oto eninedo. Tote:

e Toa onueia Tov afova x'x Kol pOvo avtd £xovv TeETAYUEVT {oM LE TO pUn-
dév, evd ta onueia tov agova y'y Kol HOVo avTd £xovv TETUNUEVT 1o

LE TO UNOEV

e O a&oveg ywpilovv to eminedo ce TécOEPQ YA
TETAPTNUOPLA, TOV Eival TO EC0OTEPIKE TV
yoviov xOy, yOx',x'Oy' xar y'Ox xoi o- x<0,y>0 | x>0, y=0

vopaletar 1°, 2°, 3° kot 4°, teTopINUOPLO, O- .
viotoiyws. Ta mpdonua TV cuVTETUYUEV®Y
tov onuelov Tovg ¢@aivoviar oto SmAavod x<0,3<0

GXﬁl”la" o f

e Av A(ap) eivar éva onpeio Tov kapresia-

vou emmédov, pue 1N Pfonbeta g cvppeTpiag o Tpog aEova Kol oG TPOg

KEVTPO, OLOMIGTOVOVLE OTL:

V' To ovupetpikd tov ®g tpog tov dEova x'x eivat to onueio A(a,—ﬁ),
mov €xel 101a TeTunpévn kot avtifetn tetaypévn (Xyx. o).

v' To ovupetpikd tov ®¢ Tpog Tov dEova y'y eivar to onueio B(—oc,ﬂ),
oL £xel 101a TeTayuévn kot avtifetn teTunuévn (Zy. o).

v' To GUUUETPIKO TOL ®C TTPOG TNV apyn TOV a&dvov gival to onueio
I'(—a,—p), mov &xel avtibetes ovvietaypéveg (Zy. a).

v' To ovupetpikd tov ®g npog ™ dyotépo g 1" kot 3™ yoviag tov
a&ovov eival to onpeio A'(ﬁ,a) OV £YEL TETUNUEVT] TNV TETAYUEVT

T0V A Ko TETOYHEVT TNV TETUNUEVT Tov 4 (Zy. B).

\] ]f}\
B(-wf) A(ap) __ABg
B
i ’ \“\\ - . i o 1;
i o 3 > /\: A(a,p)
- A(a,-) o« X
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Anooracny onuciov

‘Ecto Oxy évo o0GTNUO CGUVIETAYUEVOV OTO EMIMESO Kl A(xl, yl) Kol

B(x,,y,) 800 onueio avtod. Oa dei&ovpe 611 o1 andoTact Tovg divetar omd

TOV TUTO:
\/ 2 2
(4B)=y(x,—x) +(»,-»)
AIIOAEIZH:
Ano 10 opbBoyodvio Tpiymvo K}‘BTOD YA
mAavov ozxnuarogzsxoupazz v B(xy, 1)
(4B)" =(KA)" +(KB)
2 2
=|x2—x1| +|y2_y1|
2 2 1"‘1’ |K 1 ¥V
:(xz_xl) +(y2_y1) J i G2 1) N
omdTe: 0| x Xy x

(4B)=\(x, %) +(3-n) -

O mapamdve TOTOG WoYVEL KAl GTNV TEPITTOOT Tov | AB gival TapdAinin pe
Tov dEova x'x (Zynua y’) | TapdAinin pe tov dEova y'y (Zynua o).

YA VA
] B(x;, )
A(xp, y1) B : ‘
Vi=y: F__'TLT (x;;, J’_?) 1‘1 ______________ A(—’C_r,}‘j)
|
| | !
0| x; X, x o X=X x
Zytuay’ Zyhuo o’

Mo mapaderypa, av A(3,1), B(3,5) xat I'(-1,1) eivor ot KopveEG EVOG TPLYD-
vov ABI, tote Oa eivou:

(AB) =337 +(5-1) =/4* =4
(AD) =(-1:3) +(1-1)* =/4* =4
(B =\J(-1-3) +(1-5) =4 + 4> =42

AoV, howmov, givar (AB)=(AIl"), to tpiyovo ABI gival 160GKEAEG KAl EMEL-

M emmhéov 1oyvet (AB) + (A =32 =(BI')*, 10 tpiyovo ABI sival kat op-
Boydvio.
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E®PAPMOI'H

"Eot® C o xVkhog pe kévipo v apyi O Tov a&évov YA
Kot oktive p. No oamodewytei o611 £ve onueio

p L n c Mi(x,y)
M (x, y) oviKel 6ToV KVKAO C, av Kal poévo av woyvsel

x2+y2=p2 p

0(0,0) x
AIIOAEIZH

Eivar mpogavég o6t éva onpeio M (x,y) avikel otov

kokho C, av kot povo av wyvel (OM)=p. Opog

(OM)=x*+y , ombte &qovpe:

(0M)zp<:> Xy =peoxXt+y=p
Enopévag to onpeio M (x,y) aviket oto kbkho C(O,p), av Kat povo av oL cuvTE-
TOYHEVEG TOV IKAVOTOLOVV TNV e&icmon

x'+yt=p’ (1)

H e&iowon (1), mov kavomoleiton amd TG CLVIETAYUEVEG TOV ONUEI®V TOV KOKAOL
C(O,p) Kot povo amd avtég, Aéyetot eEicmon Tov KokAov pg kévrpo O Kol akTi-
vap .
o mapéderypa, n e&icowon tov KOKAOL pe kévipo O kot aktiva  p=1 glvor n
x> +y* =1. 0 xokhoc avtdg Aéyetan Kot povadiaiog kKokAog.
I'pogikn mopdotacy covapTyong
‘Eoto f o cvvaptnon pe medio optopod A kot Oxy €va GOGTNUO GLVTE-
Tayuévov oto eninedo. To oOvoro tev onueiov M (x,y) yio To omoia oyvEL
y=f(x), onAadn to cbvoro TV onueiov M(x, f(x)), xe A, Aéyetal ypa-
o1 wapdotaon g f kot cvpforiCetar cuvibog pe C,. H e&icoon, Aot-
nov, y = f(x) enodnBedetar and ta onueio g C, ko povo and avtd. Emo-
pévog, n y = f(x) eivor n e€icoon g ypaeikne tapdctacng g f. I'a 1o
Loyo avtd,  ypagkn napdotacn C, g f 1 cvpporilovpe, TorréG popéc,
amhd pe v eiocwon g, Onhadn pe y = f(x).

Ene1dn kébe x € 4 avtiotoryiletor og £éva povo y € R, dev vépyovv onueia
™G YPOUQIKNG Tapdotacns e f He v 0t teTunpuévn. Avtd onpaivel 0Tt
Ka0e Kataxdpven gvbeio €xel pe N ypoaeikn mopdotacn g f 10 moAL éva
Kowd onueio (Xy. a’). 'Etot, 0 KOKAOG eV amOTEAEL YPOPIKN TOPACTACT GV-
vaptnong (Xy. p).
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}‘ A

1-\

o

=y

N,

Otav divetal n YpaeiKy TapacTacT Hlog cuvaptnong f Umopovue, emiong,
Vo oSG0V E KAl T YPOPIKT TOPAGTOCT TNG

ouvaptnong —f, MOIPVOVTIOG TN OCULUUETPIKN Y
NG YPOUPIKNG TAPEoTAoNS TG f G TPOG TOV
d&ova x'x kal toHTo S10TL N YPOPIKY TAPAGTO-
ong ™m¢g —f amotekeitar amd TOo onueia
M'(x,—f(x)) mov &ival CLUPETPIKA TOV ON-
ueiov M (x, f(x)) ™C YPOQIKNG TOPACTOONG

™m¢ f ©¢ mpog tov dEovo x'x .

M(x, fx))

)

T~

E®APMOIH

210 uTAOVO oyNpo 0ivovTal Ol YPOQIKEG Ta-
POOTACGELS 0V0 OLVUPTHOEMV [ KoL g, OV
gival opiopéveg 6 6ho to R.

i) Na pBpeite Tig Tipéc ™S f oTO onpeia:

-3,-2,-1, 0, 1 xor 2
ii) Na AVoete 116 e€lo@oeig:
f()=0, f(x)=2 & f(x)=g(x).
iii) Na AVcete TIG OVicDoEIG:
f(xX)>0 ko f(x)>g(x).

AYEXH

i)  Eivou

F(=3)=2, f(-2)=0, f(-1)=-1, £(0)=—-1, £(1)=0 xon £(2)=2.

M'(x, -f{x))

hy

/%)

‘Hk

4y

i) Ot pileg g e&lomwong f(x) =0 elvat o1 TeTuNUéVEG TOV KOWVOV GNUEIOV TNG

YpaeiKig mopdotacng g f Kot tov dova x'x, dniadn or apBuol x, =-2

Kot x, =1.
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iif)

O1 piec ¢ e&lowong f(x) =2 gival ol TeTunuéveg TV oNUEIOV TNG YPAPIKNG
napdotaong e f mov €xovv teTaypévn 2, dnAadn ot apiBuol x, =-3 Kot
X, =2.

Ot pileg g e&lowong f(x):g(x) elval o1 TeTUNUEVEG TOV KOOV onpeiov
TOV YPAQIKOV TOPUCTACE®V TOV CVVOPTACEOV [ Kal g, oniadn ot apiBuoi
x=-1, x,=0xot x;, =2.

Ot Moelg g avicwong f(x) >0 eival o1 TETUNUEVES TOV CNUEIOV TNG YPOPL-
Kf¢ Tapdotaonc g f mov Bpickovial wdve and tov dEova x'x, dniadh ola
0 x € (—o0,-2)U(l, +0).

Ot Moeg ¢ aviocwong f(x)>g(x) elvar ot teTunpéveg TV onpeiov g
YPOPIKNG Tapdotacng g f mov Ppiokoviol mave and T YpaelKy mopdoTa-

on Mg g, diadn oia ta x € (—wo,—1)U(0,2).

AXKHYEIY

A

"OMAAAY
1.

Na onueunoete g éva Kapteolovd eninedo to onpeia:
A(—1,2), B(3,4), O(0,0), F(3,0), A(O,—S) Kot E(—2,—3).

"Eva onpeio M(x,y) Kwveitol péoa 6to opfoymvio

ABI'A 1tov duthavod oyfuatog. ITolol mweplopiopoi
LoYVOLV Y10 TA X, V5

No Bpeite 0 cvppetpikd tov onpeiov 4(-1,3), M(x;y)
i) g mpog tov dEova x'x H—
ii) ®g mpog tov dEova y'y A B

iii) ¢ mpog N diyotodNO NG YOViag x6y

iv) oc¢ mpog v apy O tov a&dvov.

Na Bpeite 11 an0oTAcELG TOV ONUEI®V:
i) 0(0,0) xu 4(4,-2), i)  A(-11) ko B(3,4),

iii) 4(-3,-1) ko B(1,-1), iv)  A(1,-1) xar B(1,4).
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5. Na amodei&ete OtL
i) To onpela 4(1,2), B(4,-2) xar I'(-3,5) eivar kopupég 1600keR0DG

TPLY®VOV.
ii) To onpeia A(1,-1), B(-11) xon I'(4,2) eivon kopvpég opBoywviov
TPLYDVOV.
6. Na oyediboete 10 TOAVY®VO pe KOPLOES T onpeio:
A(2,5), B(5.1), I'(2,-3), 4(-L1)
KoL 6TN GVVEYELD Vo, amodEi&eTe OTL avTO givor poppoc.

7. Zg kafepd amd TG TOPOUKATO TEPMTOCELG Vo Bpeite v TR Tov £ Yo
™V omoia To onpueio M avinKeL 6T YPOAPIKY TOPAGTOCT THG GLVAPTNOTNG.
i) f(x)=x"+k, M (2,6)

i) g(x)=k’, M(-2,8)
iii) h(x) =kNx+1, M(3,8).

8. Z& kobepid amd TG MAPAKAT® TEPMTMOELS, VO PPeite TIC CLVTETAYUEVEG
TOV KOW®OV onueiov TG Ypaelkng TopAcTacnS TNG GLVAPTNONG LE TOVG
a&ovec.

i) f(x)=x-4 i)  g(x)=(x-2)(x-3)
iii) h(x):(x—l)2 iv) q(x)=x2+x+1
V) q)(x)zx\/x—l vi) l//(x)=X\/x2—4.
9. Aivetan n oovaptnon f(x)=x’—1. Na Bpeite:
i) To onueio topfig g C, pe tovg agoveg.
ii) T tetpnuéves tov onueiov mg €, mov Ppickoviarl Tdve amd tov G-
Eova x'x.
10. Aivetot ot cuvapInoelg f(x) =x" —5x+4 ko1 g(x) =2x—6. Na Bpeite:

i) To kowd onueio tov C, ka1 C,.

ii) Tig tetunuéveg tov onpeiov mg C, mov Bpickovtol kétw and my C, .




6.3 HXYNAPTHEH: f(x)=ax+p

2vvreleatijg o1evBovvong svbeiag
‘Eotow Oxy £éva cOOTNUO GUVIETAYUEVOV OTO €mimedo Kot ¢ o gvbeio mov

téuvel tov aova x'x 610 onueio 4.

Ay,

~4 0 * 0 A\x

Tn yovia o mov draypdeel n nuievbeio Ax, 6tav otpagel yopw and 10 A
kotd ™ Getinh popd™ péxpr va mécel mavo oty vbsia & T Aéue yovia
mov cynuarilel § & pue tov alova x'x. Av m gubeia ¢ givar mapdAinin mpog
Tov agova x'x M ovumintel pe avtdv, TOTE Aépe 6TL M gvbeia & oynuotilel pe
Tov d&ova x'x yovia o =0". Xe ka0e nepintmon yo T yovia @ 1oydeL
0" <w<180°".

Q¢ ovvrereotn] 01EV0VVONG 1| ©¢ KAion pog gvbeioc ¢ opilovpe v gpa-
TTOUEVY NG YOViag w mov oynuatifel n & pe tov a&ova xx. O ocvvteleotng
drevbuvong piag gvbeiog & cvpPoiriletar cvvibog pe A M ankd pe A. Eivau
eavepd 0TL 0 cvvtereatng devBuvong g evbeiag & eivar Betcdg, av 1 yo-
vio @ givar o&gia, apvnTikog, av 1 yovio @ gival aupfieio kot undév, av n
yovia @ gival undév. Ztnv nepintwon mov n yovio o eival ion pe 90°, dnia-
dn 6tav n egvbeio ¢ givor kGBetn otov GEova x'x, dev opilovue GVVIELEGTNH
d1evbovvong ya v €.

I'pogixy wopaoctacny tys covaptyons f(x)=oax+ f

Ag Bswpnoovpe tn ovvdptnon f(x)=0,5x+1. Onwg tpokTikd SemoTdo-
pe oto INvpvacio, n ypaeikn napdotaon g f eival gvbeia ypopuur pe e&icw-
on ¥y=0,5x+1 (Zyua).

D Qc BeTikh) Popd TEPIGTPOPNG EVVOODLE TN POPE KOTE TV OTOT0L TPEMEL VL TEPLOTPAPEL
o nud&ovag Ox ywo va cupmécet pe tov nudEova Oy, apov TPoNyouHEVOS dlorypayet
yovia 90°.



160 6. BAYIKEY ENNOIEX TQN YYNAPTHXEQN

B(0.1)

w®

~A(-2,0) 0(0,0)

“y

H gvbeio avtn:

v' Téuvel tov G€ova x'x oto onueio A(-2,0), apod yuo y=0 Bpickovue
x=-2, xattov dEova y'y oto onueio B(0,1), apov yia x=0 Bpickov-
pe y=1 kot

v' "Eygt xhion:

OB) 1

ITapatnpodpe, dnAadn, 0Tt n kAion 4 tng evbeiac y=0,5x+1 eivor ion pe 1o

b

GLVTEAEGTY| TOV X.
levikd, 6nwg Ba anodeiEovpe otnv B Avkeiov, 1 ypaikn napdotacn g
ocvvaptnong f(x)=ox+ f eivor pia gvbeia, pe eEicoon y=ax+ f, n onoia
téuvel Tov aova tov y oto onueio B(0,B) kot €xel khion A=a. Eivar pave-
po Ot

e ava>0,1t6te 0 <w<90°

e ova<0,tote 90° <w <180°

o ova=0,1tote ©=0".
Yy mepintwon mov givor a =0, n cuvaptnon maipvel v popen f(x)=p
Kot Aéyetor otafepn ocvvapTnomn, S10TL 1 TIUN ™G eivar 1 0o Yo kabe
xeR.
Acg Oswpricovpe Tdpa 600 tuyaio onueia A(x,,y,) kat B(x,,y,) g evbeiag
y=o0x+p.

y/

=)
“y
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Tote Ba woyvet:
y=ax+p ko y,=ax,+p,
omdte Ba Eyovpe:
¥y =y =(ox, + B)—(ax, + f) =a(x, —x,) .
Enopévag Oa eivat:

a=22"N

X =X

o mapdderypa, n evbeia mov diépyetor and to onueia 4(—1,3) ko B(3,6)
-3
3-(-1

GEova x'x yovia o pe epw=0,75, ondte Oa eivar  =36,87°.

é€xel KMon a=

=0,75. Enopévmg, n gvbeio avtn oynuatiler pe tov

H ovvaptyen f(x)=ax
Av p=0, tote n f maipvel ™ popon f(x)=ax, omdOTE N YPAPIKT TNG TOPA-
otaon givar n gvbeia y =ax Kal mepvael and v apyr tov a&dévov. Eidiko-
TEPAL:

v Tw a=1 &ovue v gvbeio y=x. lNa
™ yovio o, mov oynuotifer n gvbeia
avt] pe 1ov  d&ova xx, 1oyvel
epw=0=1, dnradn o =45". Etopévemg

n evbein y=x eivar n diyotdpog TOV

yoviov xOy kot x' 0Oy’ 1ov a&dvav .

v Tw a=-1 éyovpe v egvbeia y=—x.
Mo ™ yovio @, mov oynuotifel n evbeio avtn ue tov déova x x, 16YVEL
epw =a=—1, hadn w=135". Enopéveg n evbeia y=—x &ivar n o1-

YOTOUOG TV Yoviov yOx~ kol y'Ox tov a&ovov.

2yetinég Oéoeis ovo evbeiwv

Ag Beswmpnoovpe oVo egvbeiec ¢, ko ¢, pe eflomdoelg y=ax+f, Kot
y=o,x+f, avtictoiymg kot ag vrobécovpe OtL o1 gvbeieg avtég oynuati-
Covv pe tov agova x x yovieg m; Kol ®, OvVTIGTOlY®G.

e Av a =a,, 10t€ gpw, =gpw, , 0on0TE ®, =, Kol apa ot evbeieg &; Ko &;

elvan mapdiinieg | ovumintovv. Edikotepa :



162 6. BAXIKEY ENNOIEX TQN XYNAPTHXEQN

v Av o, =a,kat f, # f,, tOte o1 gubeieg givar Tapdrinieg (Zy. o),
EVD
v Av a,=a, xar B, =f,, tOte o1 gubeieg tavtilovTart.

o Av a #a,, 10Te £pw, #£pw, , OTOTE O # W, KAl Gpo ol eV0eieg &; Kkal &;

téuvovrtot. (Zy. B)

}’J\ 81 yl\
&7

b1
/ 2
w7 O w; [2F] O

/ [ - /Az
2ynuo o’ Zynua B’

SOUQOVO [LE TO TOPATAVED GCUUTEPACLATA:

=y

\
\

o O gvbeieg g popoeng y=ax+1, pe A
o eR, 0mwg eival Yo Topddetypo ot "'
gvbeieg: y=x+1, y=—-x+1,
y=2x+1 KtA., d1€pyovtal OAeC amd

70 1010 onpeio, to onueio 1 tov déo- , '.\
va y'y o\ X

levikd, o1 evbeleg g popoNg
y=ox+f, omov [ otabepd kol a
petafintd oiépyoviar Oieg amd 1O

onueio ftov déova y'y.

o O evBeieg g popong y=2x+p,
L eR, dnwg eival yio Topdderyua ot
gvbeleq: y=2x, y=2x-1,
y=2x+3 «TA., givar mopdAinieg

LeTa&D TOVG, aPov £xovv dAeg KAiom 0/ / x

==

o=2

levikd, ot evbeleg t™g popoONg
y=ax+f, 6mov a otabepd ko f
ueTaPAnTo, eivar OAeg mapAAANAES
peTAED TOVC.
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H cvvaptnon f(x)=|x|

ZOUQOVA LE TOV OPLGUO TNG OTOAVTNG TIUNG EXOVLUE:

f( ) | | -x, av x<0
X)=|XxX|l=
x, ovx>0 y/

Emopévog n ypaowr] mopdotoacn g
cuvépmong f(x)=|x| amotereitar and

, L y=-x, x<0 y=x, x>0
T1g 600 Nuevbeiec:
v y=-x, pe x<0 kot x' 0 x
v y=x, pex=0
OV OLYOTOUOVV TIS YOVIES x'éy Kol
xéy OVTIGTOIY®C.
EDPAPMOIH
X710 dumhavé oynpe divetar n ypoaeikl wa- yA
pactocn puog ouvvdptnong f mov givan
opiopévn o€ 6A0 T0 R.
i Na Bpeite v eficowon g gvbeia
) Bp, n & n™me S r Y=

mov dépyeTon and To onueic A ko B

Kol 6T1] ovvéxela vo Oei&ere 6TL N €V- B

Ocia avti oépyeTon kol amd TO OM-

uﬁio T. 0 IVA ;—
ii) No Mocete 7ypag@ikd Tnv avicoon

f(x)>-0,5-x+1.

AYXH

i) H evbeia AB éyet e&icmon g popong
y=ox+f ko eneldn diépyetal and ta

=f). 5+

onueia A(2,0) xar B(0,1) Ba woyvet: st orsied
O=a-2+p xoar l=a-0+4, L

omtdte Oa Exovpe:

a=-0,5 xau f=1
Apa n e&icowon g AB eivau: -2
y=-0,5-x+1.

Mo va dei&ovpe t@pa 61t 10 onueio I
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avinkel oy gvbeio AB, apkei va dei§ovpe 6TL T0 Levyog (—2,2) TOV CLVTE-
Toypévov tov emainfevel v e&lomon avtng, dnAadn apkel va deiovpe 011
2=-0,5-(-2)+1, mov wyver.

O1 Moeglg g avicwong f(x)>—0,5-x+1 glvar ov tetunpéveg TV onueiov
™G YPOQIKNG Topdotacng g f mov Ppickovial Tave and tnv gubeia pe e&i-
coon y=-0,5-x+1, onhadn tadve and tv gvbeio AB. Enopévag, n avicmoon

avth adnbedet yua x € (—2,0)U(2,+).

AXKHXELY

1.

A OMAAAY

Na Bpeite ) yovia mov oynuatilel pe tov d&ova x'xn gvbeia:
i) y=x+2 i) y=+Br-1

iii) y=-x+1 iv) y=—3x+2.

Na Bpeite tnv kMon ng gvbeiag mov diépyeTatl and Ta onpeia:
i)  A(1,2) xar B(2,3) ii) 4(1,2) xor B(2,1)

iii) A(2,1) ko B(-1,1) iv) A(1,3) ko B(2,1).

Na Bpeite v e&icwon g evbeiog n omoia:

i) 'Eyxet kMon a=-1 kot tépver tov aova y'y oto onueio B(0,2).

i) Zynpatifer pe tov d&ova x'x yovia o =45° kol Téuvel Tov aova

y'y oto onueio B(0,1).

iii) Eivot mapdAAnin pe v gvbeia y =2x-3 kot diépyetal and 1o on-

peio A(L1).
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4. Na Bpeite v e€icwon e evbeiag mov diépyetal amd ta onueio:
i) A4(1,2) xou B(2,3) ii) 4(1,2) ko B(2,1)
iii) A4(2,1) xaw B(-1,1) iv) A(1,3) ka1 B(2,1).

5. No anodeifete 611 1 e€icwon g evbeiog mov mTapioTdvel T oyéon peta&d
¢ OBeppokpaciog C oe fabuovg Celsius kat g Oeppokpaciog F oe fabd-
povg Fahrenheit eivoin

5
C==(F-32
o )

I'vopilovue 011 t0 vepd maydvel oe 0°C 7§ 32°F kot Bpaler og 100°C 7,
212°F.

Yrdpyet Oeppoxpoacio mov vo ekepaletal Kat 6Tig 600 KAipaKeg pe tov id1o
aptopo;

6. No TapacTioeTe YpaQikd T cuvapTnon:
—x+2, avx<0
f(x)=42, av 0<x <1
x—+1, av1<x

7. Xto dumAavd oynuo divovior m ypaQiki
mopdotacn Hog ocvvaptnong f mov gival
oplopévn oe 6ho to R kot m egvbeia
y=x.

Na Adoete Ypagika:
i) Tice&iomoelc:

f(x)=1 xuu f(x)=x.
ii) Tic avichoelg:

f(x) <1l ko f(x)>x.

8. i) 210 1010 oVOTNUA CUVTIETAYUEVOV VO YOPAEETE TIS YPAPLKES TAPACTA-
GELG TV CLVAPTNOEMV

f(x)= |x| kot g(x)=1
Kat pe ™ Pondeta avtdv va AOGETE TIC AVICOOELS:

|x|£1 Ko |x|>1.

ii) No emPePaivcete alyefpikd Tig amaviNoel; cOg GTO TPONYOOUEVO
EPOTN L.
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B OMAAAY

1. H molvywviky ypapun ABTAE 10ov mopoakdte oyfuotog eival n ypoeikn
TOPAOTACT HLOG GVVAPTNONG [ OV €ivol OPIGUEVT] GTO OLAGTN O [—6,5] .

A

A I A

I~ TN

-6 \8/01 \s";

i) Noa Bpeite v T g ocvvapnong f o€ kabe axképato x € [-6,5].

ii) No Moete T1g e€lomoelc:
J()=0, f(x)=-1 ko f(x)=1
iii) No Bpeite v e€icoon g evbeiog BA kot oty cvvéyelo vo Avoete
YPOOIKE TNV ovicwon
f(x)<0,5-x.

2. Muw potevy aktiva Kiveital Kotd pfikog g gvbeiag y =1—x Kot ovokAd-

tal otov agova x'x . Na ypayete v eEicmon ¢ evbeiog katd puiKog g
OTO10G KIVEITOL 1] AVOKADULEVT] OKTIVAL.

3. Xe o de€apevi vdpyovv 600 Aitpa Beviivng. 'Eva Butiopdpo mov mepié-
xet 2000 Aitpa Beviivng apyilet va yepiler ™ de&apevn. Av n mapoyn tov
Boutoedpov givar 100 Aitpa to Aemtd ka1 de&apevn yopdel OAN 1N Pevii-
v tov Putiopdpov:

i) Noa Bpeite T1c cLvapTROELG TOL EKEPALOVY, GVVAPTAGEL TOV YPOVOV £,
Vv mocotnto g Peviivng:
a) 610 BuTIoEOpO Kot B) otn de&apevn.

ii) No mopactioete YpaEIKd TIC TOPATAVO cLVAPTNCELG Kal va Ppeite
YPOVIKY oTIyUn Katd tnv omoio 1o PButioedpo kot 1 de&apevn €xovv
v 610 rocoTTa Beviivng.

4. 10 Simhavo oynua to onueio M Saypdeet To 4
gvBoypappo tuipa AB and to A mpog 10 B.
YopPorifoope pe x 10 PNKog G StadPOUNg r
AM 10V onueiov M kat pe f(x) t0 guPfadov * ‘2
TOV tpwo'ovovMIA“A. Na Bpeite to medio opt- Ax M B
olOV KOl TOV TOTO TNng ovvéptnong E=f(x) 4

KOl GT1 GLVEYXELL VO TNV TAPACTIGETE YPAPLKAL.
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5. Avo kepid K, xar K, , dyovg 20cm to kabéva, dpyloav va Kaiyovtatl thv
1010 ¥pOVIKN GTIYUN KOl TO TPAOTO KePl KANKe o€ 3 dpeg, evd 10 deHTEPO
kénke og 4 opec. Ta vyn tov kepiov K, kot K, , cuvaptiocet tov ypovov
¢, KAt 10 YPOovikKd dtdotnua mov Kabéva amd avtd korydtav, TopleTAvVo-
vtot pe ta evfvypappa tupoTe & Kot k£, TOL TOPAKAT® GYNHLATOG.

AMi(os cm)

o (e (v}paf)

i) No Bpeite 1ig ovvaptioeis i =h () ko h=h,(¢f) Tov exepaovv, cv-
VOPTNGEL TOV ¥pOVOV ¢, Ta VyM TV kepov K, kar K, avtictoiymc.
ii) No Bpeite mote 10 kepi K, eiye durhdoio vVyog amd 1o kepi K, .

iii) Na Moete 10 810 TPOPANUO KAl 6T YEVIKN TEPITTOON TOV TO OPYLKO
VYoc TV KepLdV NTav ico pe . Tt mapatnpeite;




6.4 KATAKOPY®H - OPIZONTIA METATOIIIXH
KAMIIYAHY

Karaxopvon ueraromon lca,umﬁng
a) Ag Bewpnoovpe T GuvApPTNON f |x| +1. Emeon

1)

N YPOQIKN TapAGTOCT TNG GL- YA
vapmong f(x)=[x|+1, Ba a-

—x+1, av x<0

x+1, avx>0’

, =|x [+
moteAgital amod TIg ugveieg \ |‘| 1

v y=-x+1, pe x<0 kot
v y=x+1, pex>0, ! 1
mov €yovv opyn to onueio 1
tov G&ova y'y kot gival mo-

y=je

péAAnieg pe TIg S1Y0TOHOVG

TOV YOVIOV x’éy Kol xéy

om(') TG omoieg, OMMG ival YvOGOTO, ATOTEAEITAL N YPOUPIKN TAPAGTOCT TNG
(x)=|x Exina).

Enousvoog, OV LETOTOMIGOVUE TN YPOQIKN TAPAGTUCT TNG go |x| KOTOKO-

poea? kat Tpog Ta Tave Kot 1 povada, ToTe VT Ba CLUTEGEL [E TN YPOi-
Q1K TapdoTAoT TNG f |x|+l AvT0, AAA®OTE, NTAV AVALEVOLEVO, O.YOV

oY LEL
f(x)=¢(x)+l , Ywkéfe xeR,

ov onuaivel 6t yio ke xeR 10 f (x) elvar xatd 1 povada peyarvtepo
oV ¢(x).

Tevika:

H ypooikn mopdotacn tng covaptnong f, Ue:
f(x):¢(x)+c, omov ¢ >0,

TPOKVTTEL OO L0 KATAKOPLOT| LETOTOTIOT TNG YPOUPIKNG TAPAGTACNG
™G @ KATA ¢ LOVAOEG TPOS TO TAVO (Zynua o)

D Anhodi TapdAAnia pe Tov GEova y'y .
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y=o(x)te

c

(o}
H\B

r=ox)
2ynuo o’

B) Ag Bempncovpe T cuvapTnoN f |x| 1. Eme1dn

1)

N YPOQIKN TaPACTOCT TNG
f(x)=]x|-1, 6o omoteheitar y=i |

—x-1, av x<0

x—1, avx>0’
y4

and Tig nuievdeieg 1 1
v y=-x-1, pg x<0 ka1
v y=x-1, pex=0,
oV £yovv apyn to onueio —1 y=x |_N71
tov agova y'y Kai glvol ma- 1

pAAANAES pE TIC OLYOTOMOVG

=Y

TOV YOVIOV x'Oy Ko xéy
and TIG omoiec amoTeAElTAL 1] YPOUPIKN TAPACTACT TNG go |x| (Zympa).
Enopévmg, av petatomicovpe ) ypoeiki Tapactacn g go |x| KOTOKO-

pLOO Kol TPOG To KAT® Kotd 1 povdada, tote avt Bo copunécet pe ) ypaet-
KN mapaotacn mg f(x |x| 1. Avtd, dAlwote, NTOV AVOULEVOUEVO, POV

LoYVEL :
f(x)=p(x)-1, ywkabe xeR,
mov onuaivel 6TL yo kdbe xeR 10 f(x) givarl xotd 1 povada pkpoTePO

o0 ¢(x).
Ievika:

H ypagikn mopdctacn tg cuvaptmong f , Ue:
f(x)zgo(x)—c, omov ¢ >0,

TPOKVTTEL OO L0 KATAKOPLPN UETOATOTION TNG YPOPIKNG TOPACTUCTG
G @ KATA ¢ LOVAdES PO TO KATO (Zynuo )
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y=9(x)

Opiovtia ueraronion lca/m'élng
a) Ac Bswpnoovpe TN cLVEPTNON f |x 1| Emneon

f(x)={

N YPOPIKY TOPACTACT TNG Ay
, 0o amoteAeiton

—x+1, av x<1

b
x—1, avx=>1

and Tig nuevdeieg y=‘x‘
v y=-x+1, pe x<1 kot 1 1 _v=‘x-1 ‘
v y=x-1, pex>1,

mov &xovv apyn 1o omnueio 1

=Y

oV G&ova x'x xot elvar mo-

pAAANAES e TG OLYOTOULOVG
TOV YOVIOV x'éy Ko xéy

omo6 Tig omoieg amotedeitar  ypaikn mapdotacn Mg ¢(x)=|x| (ZxHua).

Emopévag, av petotomicovpe T ypagikn mapdotacn g ¢(x |x| op1go-

(2)

v Katl Tpog Ta 68&1(1 katd 1 povada, 1ot vt Bo cupTECEL [LE TN YPOAPL-

KN moploTact Tng f |x 1| Avtd, GAAwote, NTav avapevorevo, agol

1oyvEL
f(x)=p(x-1), yxabe xeR,

7oV cnuaivgl ottn tipn g f(x)= ot 0éon x eivon i1 pe TV TIPY

™me (p |x| ot Béonx—1.

Tevika:

@ Anhodf TapGAAnAa pe Tov GEova x'x .
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H ypoagikn mopdotacn g cuvaptnong [ Ue:

f(x)zgo(x—c), omov ¢>0,
TPOKVMTEL A o 0p1LOVTIO LETATOMIOT TNG YPOPIKNG TAPAOTACNG TNG
@ KOTA ¢ povadeg mpog Ta de&ra (Zynpa v°).

Mpéypatr enedy f(x)=¢(x—c), n uf mg [ om Oéon x eivar S pe
™V TN ™G @ o1n Béon x—c, mov Pploketol ¢ LovAdES aploTEPOTEPA TG
0éomng x. Apa, 1 ypaeikn Tapdotacn e f Ba Ppioketal ¢ povadeg deiote-
poL TNG YPAPIKNG TapaoTaonS g ¢ (ExfAna 7).

=Y

B) Ag Bewpricovpe T cuvApTNON f(x) = |x + 1| . Eme1on

—x-1, av x<-1
x+1, avx>-1~

(%)=

N YPOPIKN TOPACTOCON TNG

A
f(x)=|x+l|, fo amoteAeitan .

amd T1g uevdeieg 7 y=‘x ‘
v y=—x-1, pg x<-1 kat
v y=x+1, pex>-1, -"=‘~"+I‘ 1
Tov €xovv apyn to onueio —1

0V GEova x'x kat givar mo- -1 0 1

=Y

plAANAeg pe TG OLYOTOLOLG

TOV YOVIOV x'éy Kol xéy
amd Tig omoisg anotelsital n Ypoikn TapdoTacn e ¢(x)= |x| (ZymMua).
Emopévog, av petatonicovpe ™ ypooikn mapdoTocn TG go(x):|x| op1Lo-

VIO KOl TPOG T aplotepd katd 1 povada, tote avtn Ba cupmécel pe  ypo-
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QKN TapdoTooT TNG f |x+1| Av1d, GAA®OTE, NTAV AVOLEVOLEVO, 0LPOV
1oy0et
f(x)=¢(x+1) yio k6Oe xeR
mov onpatver 6Tt n T Mg f(x |x+1| otn 0éon x eivar 3w pe TV TN
™me go |x| otn Béonx+1.
Tevikd:
H ypagwn moapdotaon g covaptnong f , Le:
f(x)=p(x+c), omov ¢>0,

TPOKVTTEL ad e optiovVTIO LETATOTION TNG YPUPLKNG TOPACTACTG TG
@ Katd ¢ Lovadeg TPog To. apLtoTEPE (Zynua o).

Hpéypat enedn f(x)=¢(x+c), n twq mg f om Béon x eivan 3o pe
v T g @ ot 0éon x+c, mov Ppioketal ¢ povadeg de&lotepa g BE-
ong x. Apa, n ypaeikn tapdotoacn s f Oa Pploketoat ¢ povddeg apltotepo-
TEPOL TNG YPUPIKNG TapaoTacng g ¢ (Zxnua &).

=y

E®PAPMOI'H

No napactadei ypagika 1 covaptnon f(x)= |x + 3| +2.

AYZH
Apywd yopdocovue v y =

, TOL OT®G elda e TPOKVTTEL AT L0 OPL-
Covtio petatoéOTIoN NG y=|x| Kot 3 pHovAdec mPog To aPloTEPH. TN CULVE-

YEW YOpAoGOoVUE TNV y=|x+3|+2,nou omw¢ eldape TPOKOLTTEL OO UL KO-
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TOKOPLON LETATOMION TNG YPAPIKNG TAPACTAONG TG V = |x+3| Kotd 2 pova-
deg mPOG TO TAV®.

Emopévog, n ypoekn mapd-

oTAOTN TNG
f(x)=|x+3|+2
npokORTEL amd VO JladoY1L- y=‘.\:+3 ‘.,.2

KEG LETATOTMIGELS TNG GLVAP-

mong y =|x|, pog optovTiog

Kotd 3 povdadeg mpog T opt-

oTEPA KOl HOG KOTOKOPLONG 2
KOTé 2 HOVAdES TPOG TOL TAVM
(o).

y=i|

3 0 1 x

2HMEIQXH:
Me avéroyo Tpomo, SOVAEVOVE Y10 VO TAPAGTI|COVUE YPAPIKE TIG GLVAPTH -
OELG TNG HOPPNG:

fX)=p(xtc)td, ue ¢,d >0
AnAadn, a&lomotovue t660 TNV 0ptlovVTIO 0G0 KOl TNV KATAKOPLON UETATO-
oY KOUTOANG.

AXKHYEILY
A OMAAAY
1. Zt0 1310 GVOTNUE CVVIETAYUEVAOV VO TOPOCTICETE YPAPIKA TIG GLUVAPTN-
CEIC:

o(x)=|x[, f(x)=|x+2 xm g(x)=|+-2.

2.  Opoimg Yo TIG GLVAPTNOELS:
o(x)=|x], h(x)=|x+2] xo q(x)=|x-2|.

3.  Opoimg yuo T1¢ CLVOPTNGELG:
o(x)=|, F(x)=|x+2[+1 a1 G(x)=|x—2]-1.
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210 TOPOKATO oYfUe SiveETOL 1 YPAQEIKY] TAPAGTOCN KOG CUVAPTNONG @
OV ATOTEAEITOL OO TNV O10TOMO NG O0eVTEPNG YOVviag Tov advov Kot
amd 1o NUIKOKALO TOv avikel 6to 1° TeTapTnuoplo Kot €xel SIGUETPO TOL
opifovv ta onueia O(0,0) xor A4(2,0).

y;l\

&

210 1010 oOOTNUE GUVIETAYUEVOV VO TOPAGTNGETE YPOPLKA TIG GUVAPTH-
GEIC:

i) f()=0p(x)+2 xou gx)=gp(x)—-2

ii) 2(x)=op(x+3) xar g(x)=p(x—3)

iii) F(x)=¢p(x+3)+2 ka1t G(x)=p(x—3)—2.

Aivetar n ovvéptnon ¢(x) =2x" —1. Na Bpeite Tov tOm0 TG GLVAPTNONG
f ¢ omoiog M YpAQIKN TOPAGTOCT TPOKVTTEL OO VO OLOOOYIKEG HETA-
TOTICELS TNG YPOUPLKNG TOPACGTACNG TNG @:

i) xotd 2 povadeg mpog ta de€ld kot katd 1 povade Tpog ta Tave.

i) xotd 3 povadeg mpog ta de€1d Kot Katd 2 povadeg TPog Ta KATW.

iii) xatd 2 povadeg mpog o aploTEPd KoL KOTA 1 HOVAdEg TPOG TA TAV®.
iv) xotd 3 povadeg mpog ta aploTEPE KOl KOTA 2 HOVASEG TPOC T KATM.




6.5 MONOTONIA-AKPOTATA-XYMMETPIEXY
2YNAPTHXHY

Movortovia ocvvaptyong

210 TOpOKAT® OYNUO OiveTOl 1M YPOPIKN TOPACTACT TNG GLVAPTNONG
Tzf(t) ov ek@palel 1 Bepuokpacia 7' €vdg TOMOV GLUVAPTHGEL TOL YPO-

VOU t KATA TO YPOVIKO SLUGTNIO OO TA, LEGAVUYTO HAC NUEPUS (t = 0) pé-
APLTA HEGAVLYTO TNG EMOpEVNG pépag (1=24).

A T(OC)
11

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
e

.
>

0 4 16 24 t(h)

o) [Mopotnpodue 6Tl 670 ddoTnUL [4,16] N YPOQIKN Tapactact e Oepuo-

Kpooiog avépyeTal.

J\T( oC)
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Av16 onuaivel 6Tt 0To ST AVTO, e TNV TAPOdO TOV ¥pOVOV, 1 Beppo-
kpaoio avEaverar, dnhadn yio onowdnmote 1, t, €[4,16] e ¢, <1, woydet:

f(6)<f(%)
IMo to Adyo avtd Aéue 6t 1 cvvaptnon T = f(t) givatl yvnoiog avéovoa oto

draotnua [4,16]. Tevikd:

OPIZMOX

M cuvaptnon fAéyetor yvnoimg avEovoa og éva didotnua A Tov mediov
0pLGOY NG, OTAV Y10 OTOLOONTOTE X, X, EA HE X, <X, 1OYVEL:

f(x)<f(x)

Mo va dnidcovpe 6tTL 1 cvvaptnon f eival yvnoiong avéovoa 6to ddoTnua
A ypd(pouusfﬁA .
Io mapadetypo, 1 ovvaptnon f(x)=2x-3 eivar yvnoiog avgovoa oto R.
IIpéypatt éotm x,,x, e R, pue x, <x,. Tote €xovpe:
X, <X, = 2x, <2x,
=2x, -3<2x,-3
:f(x])<f(x2)

Ievika:

H cvvéaptnon f(x) =ax+ f, pe a>0 givar yvnoiog av&ovoa oto R.

B) Zto 810 oyApa, Tapatnpodue emmAiov 1L oTo drdotnua [16,24] 1 ypa-

01KN Tapdotacn g Beppokpaciog KaTépyeTal.

A T(OC)

f(t.)
f(tz)

0 4 15 1 24 1(h)
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Avtd onuaivel 611 610 AT OVTO, UE TNV TAPOSO TOV XpOVOL, 1 Beppio-
kpaoio perdverar, dNhadn yio onowdnmote 1, t, €[16,24] pe f, <t,10ydeu:

f(t)>r(t)

Mo to Adyo avtd Aépe 6TL | cVuvApTNON T=f(t) gtvarl yvnoiog ¢bivovca
ot0 Sidompa [16,24]. Tevikd:
OPIZMOX
Mua cvvdptnon f Aéyetal yvnoiog @Oivovea ce éva dtdotnuo A Tov mE-
diov oplopov NG, OTAV Y10 OTOLAdNTOTE X, X, € A pE X, < X, LOYVEL:

S(x)>f(x)
Mo va dnAdcovpe 6TL 1 svvaptnon f eivar yvnoiog edivovca 6to didotnua
A ypboovpe fo

Mo mapdadetypa, n cvvdptnon f(x)=—2x+5 glvar yvnoing @bivovco oto

R . Mpdaypotr éoto x,,x, € R, pe x, <x,. Tote érovpe:

X, <x, = -2x, >-2x,
= -2x, +5>-2x,+5
= f(x)>f(x,)
levucd:
H ovvapten f(x)=ax+f, pe a<0 givar yvoiog gbivovea oo R.

M cvvaptnon mwov gival gite yvnoiong avéovoa gite yvnoing ebdivovca ce
éva d1dotnuo A Aéyetol yviieimg povotovn 6to A,

Eidyioto kat uéyieto covaptiong
Ag Bewpnoovpe Kal TAAL TN YPAQLIKT TOPAGTOCT] TNG cvvaptnong 7 = f(t).

A T(°C)
11

0 4 16 24 ()
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[Mopatnpodpue OTL:
a) Tn yxpovikn otiypn ¢ =4 n Oeppokpoacio Tov TOTOV TOipVEL TNV EAGYIOTN

TIUN NG, TOL Elval N f(4) =3 Babuoi Keioiov. Aniadn ioyvet:
f(1)=f£(4)=3, 1w kabe t€[0,24]

o to Adyo avtd Aépe 6tL 1 GVVEPTNON Tzf(t) nopovctdlel oto t=4 ¢-

Aayoto, to f(4)=3. Fevikd:

OPIZMOX

Mo cuvaptnon f, pe medio opiopol Eva cuvoro A, Aéue 6TL Tapovcldlel
610 X, €A (0lk0) ehdYL6TO OTOV:

f(x)=1(x), ywkabe xeA

To x,€A Aéyeton OEon ehayioTov, evd 10 f(x,)) oMK ELGYIGTO 1] ATADS

gh@yroTo TG svvaptnong f kot to cvpforifovpe pe min f (x)
o Topadetypa, ag Bempfoovpe T cvvapon f(x)=3x"+1. Eneidn

x*>0, yoKkébe xeR,
Ba etvon
3x* >0, ywwkdfe xeR,
omdte Ba Eyovpe
3x* +1>1, yaké0e xeR.
Emnopévag:
f(x)=7(0), yaxabe xeR

Apa, 1 f Tapovcidlel erdyioto 6to x, =0, 10 f(0)=1

B) Tn xpovikn oty ¢, =16 1 Beppokpacio tov TOTOL TaipvEL TN HEYIOTN

TIUN ™G, TOL Elval N T(16) =11 PBaBpoi Keloiov. Aniadn oydet:
f(5)<f(16)=11, yaxade 1e[0,24]

I'o 10 A6y0 avtd Aépe 6t n ovvaptnon T = f(¢) mapovoidlel oto =16

pnéyioto, 1o f(16)=11. Tevika:

OPIZMOX

M cvvaptnon f, pe medio opiopov éva cbvoro A, Aéue 0Tl Tapovcildlel
610 X, €A (0Ak0) péyreTo 6TOV

f(x)sf(xo), Yo kGOe x € A
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To x, € A Aéyeton 0£om peyioTov, evid 10 f(x,) 0hikéd péyreto N anhdg pé-
Yieto TG f Kot 1o cvpuPfoiilovpe pe maxf(x) .
o mopadetypa, ag Oempioovpe T cvvapmon f(x)=-3x" +1. Eneidn

x*>0, yoKkale xeR,
Ba etvon
-3x*<0, ywwkdle xeR,
omdte Ba €yovpe
3x*+1<1, yuakdfe xeR.
Emopévag:
f(@)<f(0), ywokabe xeR

Apa, 1 f Tapovcidlet péyioto oto x, =0, 10 £(0)=1.

To (oMkd) péyioto kal To (0AMKO) EAAYIGTO UG CVVAPTNONG AEYoVTal OMKE
OKPOTATA QVTHG.

2X0A4110:

M cuvaptnomn evoéyetal va €xel Kol HEYIoTO Kal gAdyloto (Xy. a) 1 povo
eldytoto (Xy. ) N névo péyloto (Zy. v) N va unv €xet ovte PEYIOTO 0VTE
eldytoto (Xyx. d).

y A ¥ A
v==ﬂ*€J¢
1 Ekad \ | 1 /
0 - -
1 ¥ ol 1 <
2ynuo o 2xnuo B
y A YA
/{ _\y=_f(x) Y1)
o 1 X o\ 1 x
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Aptia covaptyon
0) X710 dumAovd oynua divetal 1 YpaQEIKY Topd- y
otaon C, pwg ocvvéptnong f mov &xel medio

opopod 6ro 1o R. Tapatmpodue 611 C, £xet

a&ova ovppetpiog tov aova y'y, aeov TO

ovppetpikd kabe onueiov g C, ©g mpog Tov
agova y'y aviketomy C, .

Eneidn, opog, to cuppetpikd tov toyaiov onueiov M(x,y) mg C, og mpog
Tov GEova y'y eival to onueio M '(—x,y) kot emedn ta onueia M(x,y) Kai

M'(-x,y) aviikoov omv C,, Ba oxder y=f(x) ko y=f(-x), onote Oa

€yovpue:

f(=x)=1(x)
H cvvaptnon f ue tyv mopondve 1d16trto Aéue Aéyeton dptia. [evikd:
OPIZMOZX:

Mua cuvapneon f, pue medio opiopuov Eva cvvoro A, Ba Aéystal aptia, 6tov
yio KOs x € A 1oyvet:

—xeA ko f(-x)=f(x)

H ypagikn napdotaon pog aptiag cuvaptnong xet dEove coppetpiag tov
a&ova y'y
Io mapdderypa, n ovvapmon f(x)=2x" —x* +1 eivar dptio svvaptnon,
aov &xetl medio opiopod 6o to R ot yuo kdbe x € R 1oyvet:

f(—x)= 2(—)6)4 —(—x)2 +1=2x"—x* +1= f(x)

YUVETMC, 1 YPAQIKT TNG mTopdotacn £xel dEova cvppuetpiog Tov déova y'y .

IleprrTy cvvaptnon y C

B) Zto durhavo oynua divetal n YpaeiKy mTopd- [T S—-
otaon C, pwag ovvaptnong f mov £yel nedio '

oplopov 6io to R. X
Mapatnpovpe 6tin C, éxet kévipo cvuuetpiog 1)

mv apyn Tov aEOVoVv, agod T0 GUUUETPIKO Kd- Y
e onpeiov g C, ©¢ mpog v apyf TV a&o-

vov aviket oty C, .
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Emedn, opog, to ooppetpikd tov toyxaiov onueiov M(x,y) g C, g mpog
mv apyn tov afovov eivar to onueio M'(—x,—y) Kol €newdn To onueia
M(x,y) wou M'(-x,—y) avikowv omv C,, 6a wyder y=f(x) xot
—y = f(—x), onote Ba £xovpe:

f(=x)==1()
H cuvvédptnon f pe v mopoandve 1610trto Aéyetal weprrty. [evikd:

OPIZMOZ:

Mo cvuvaptnon f, e medio opiopov éva cvvoro A, Ba Aéystal meprTT,
otav Yo kabe x € A toyveL:

—xeA xo f(-x)=—f(x)

H ypagwn mopdotoon piog mePLtTi)g ovuvapTnong £xel KEVIPO cLPNETPiag
™mv apyn Tov afovov.
Mo Tapaderypa, n cuvapinon f(x) =2x" —x sival meprty cvvapToN, S10-

Tt £yet medio opiopov 6Ao o R kot yio kdbe x € R 1oydet:

f(—x)= 2(—x)3 - (—x) =-2x +x= -f(x)
YOVEMMC, M YPOQIKN TNG TOPASTACT £XEL KEVIPO CUUUETPIAC TNV apyn TOV
a&ovov.

2HMEIQXH:

O 6po¢ “apTia” TPOEKLYE OPYLKE OO TO YEYOVOS OTL OL GLUVAPTACELS y =X,
y=x", y=x" kth., mov £xovv Gptio £kBETN, £xovv GEOVO GLUUETPIOG TOV
a&ova, y'y, eivor onAadn APTIEG GLVAPTNOELS, EVAD 0 OpOC “TeEPLTT” MPOEP-
YETOL GO TO YEYOVOS OTL Ol GUVOPTAGEI, V=X, y=X, Y=X KTA., TOV &-

YOLV TEPITTO €KOETN, £x0VV KEVTPO GLUUETPiAG TNV apyn TV a&dvov, gival
OMAad TEPLTTEC GLUVAPTNGELG.

E®PAPMOI'H

2T0 TOPUKATO oyfNuo divovtal oplopéva TUNROTE TNG YPOUPLKNS TOpPa-
OTOONG MLOG APTLHC 6VVApTNONS f 7oL £xeL TEDI0 opiopoy TO ST
[_6a 6] .

Na yopayBovv Kol T VTOLOUTO TUNROATA TG YPOUPLKIS TUPAGTAONS TG
ocvvaptnong f kot pe tn fondsra avtng:
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o) Na ppebdovv ta dwactiipoTo 6To ooia 1 cvvaptinen f:
i) eivar yvnoing avéovea,
ii) eival yvnoiog Bivovoa
iii) eivar oTaBepn.
B) Na BpeOei n péyrotn ko n ghdyrotn Ty g f, KaOag emiong ov 0£-
GELS TOV UKPOTATOV GLTAV.

y A

®Yy

AYXH

Emedn n ocuvaptnon f eival dptia, n ypaeikn tng topdctoacn Oa £xel a&ova
ovppetpiog tov dEova y'y. Emopévmg, av mdpovpe 10 GUUUETPIKA O TPOG
Tov aova y'y TtV 800EvTOV TUNUATOV TNG YPAPIKNG Topdotaong e f,
Oa £yovpe OAOKANPN TN YPOPIKY TOPACTACT TNG [, TOL £VOL 1] TOAVYOVIKNY
ypouun A'B'T'OT'BA (Zynua).

A
A . 4
| 4 |
| |
| |
| |
| |
I I
- \&5' I r B[ |
| |
|| | ! L
6 -5 ) 17) 2 5 6 x

And TV TOPATAVEO YPOEIKY TapAcTAcT TPOKVTTEL OTL:
o) H cvvaptnon f:
1) elvor yvnoing avéovca og kabéva and ta dtuotipate [0,2] kot [5,6],
i) eivar yvnoimg eBivovoca oe kabBéva and ta dwootniuata [—2,0] kot
[—6,—5], ta omoia gival coppeTpikd o¢ wpog t0 O TOV JSCTNUATOV
[0,2] xou [5,6] avtictoiymg ota omoio m f elval yvnoimg advéovaoa.
iii) elvon otabepn oe kabéva and ta dwuotipata [—5,—2] kot [2,5] To

omoia eivol coppeTpikd peta&d Toug g mpog to O.
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B) H péyiotn i) g f elval ion pe 4 kot mopovstdletal 6tTav 1o X mApeL
TG TIHEC —6 Kal 6. AnAadn| toyveL:
max f(x) = f(=6)= f(6) =4
H elayiotn i g f eivat ion pe 0 kot Tapoveidletor 6tav to x mapet
v T 0. Andadn woydvet:
min f(x)= f(0)=0.

AXKHYEILY
A OMAAAY
1) Na Bpeite ta Swacthuate oto omoia KoOsuld amd TIG TAPAKAT® GLVOPTH-
oglg gtvat:
a) yvnoing avéovoa Ko B) yvnoiong ebivovca.
J!l\ y4 ¥ h
VA
=15 y=8(x) y=h(x)
ON 1| X : X - 1 X
1] | TARY
21 =N

2) Na mpocdiopicete 10, OMKE aKpITATH TOV GLVOPTHGEDY TG TPOTYOVUEVNG
aoknong, Kabmg kot Tig 0E0EIC TOV 0KPOTATOV QVTOV.

3) Noa dsi&ete 01U
i) H ovvapmon f(x)=x" —6x+10 mapovoidlet eAdyioto yloo x =3 .

ii) H ocvvaptnon g(x) = xl nopovotdletl péytoto yuoo x =1.

X2+

4) No Bpeite moleg amd TI¢ TAPUKATO GLVAPTHGELS EIvVaL GAPTIEG KAl TOLEG lvat

TEPLTTES:
i) f,(x)=3x"+5x" i) £, (x)=3|x|+1 i) f,(x)=|x+1]
iv) fi(x)=x" =32 v f(x)=1 vi)f6(x)=x22j1-




184 6. BAXIKEY ENNOIEX TQN XYNAPTHXEQN

5) Opoing yio tig cVVapPTHOELG:

i) f@):ﬁ i) f,(x)=~x-2 iii) j;(x)=|x—1|—|x+1|
1
X+—
iv) fi(*) == V) £ (x) =1 vi) fo(x)=~1—x.

6) No Bpeite moleg amd TIg TOPAKAT® YPAUUES EIvVOL YPOUPIKEG TAPACTAGELS
APTLOG KOL TOLEG TEPLTTNG GLVAPTNONG.

).'J\ Vv
V=ftx) y=g(x)

Qz‘i
%
&

7) Opoing yo Tig Tapakdt® ypapués

y ¥

\/O \/ x (0] x

8) No cvunknpmdoete 115 TOPOKATO YPAUUEG DOTE VO TOPLOTAVOLV YPOOIKEG

TOPOUCTACELS
a) Aptiag covéptnong kot P) [eprrtig cvvdptnone.
VA ];Jl [ I 'y.i\
I 2 I O =
x 0 X

0 \;‘ 0
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EPQTHXEIY KATANOHXHY 6 KEDPAAAIOY

I) ZXe& kaBepd amd TG TAPOKATO TEPITTAGELS VO, KUKADGETE TO Ypappa A,
av 0 WeYVpPLopos eivar ain0ig ko to ypappa ¥, av o woyvpiopog sival

Yevonc.

1. Ymdpyet ovvdptnon ng omoiog M YPOOIK) TOPAoTAOM
Sigpyetar ano ta onpeia A(1,2) o B(1,3).

2.  Ouvevleieg y=0o’x—2 kot y=—-x+1 téuvovrol.

3. Av pia ovvaptnon f eivar yvnolog avéovoa, tote n —f
gtvar yvnoiog ebivovoa.

Mia yvnoiog povétovn cuvaptnomn £xel to ToAL pio pila.
Ymapyet yvnoiog Hovotovn GLVAPTNON Tov JEPYETOL OO
ta onpeia 4(1,2), B(2,1) xar I°(3,3).

6. Av pa ovvéptnon f givar yvnoiog ebivovoa kot et pila
tov apipd 1, 1ote Oa oyver (0)<O0.

7. Av pa covaptnon f eival yvnoiog povotovn kot 1 ypo-
@n g mapdotaon diépyetar and ta onpeia 4(1,2) ko
B(2,5), t0ten f eivon yvnoing avéovoa.

8.  Avn péyiomn tpn pog ovvaptnong f eivar ton pe 1, tote
n e&lowon f(x)=2 elvor advvarn.

9. Hovuvapmon f:[-1,2] >R pe f(x)=3x" eivor apria.

10. Av pw ocvvdptnon eivar aptia 1 meprrtn ko £xet piCa tov
apOpo p, 1ote Ba Exet pila kot Tov apBud —p.

11. Av pia cvvéaptnon f eivor aptio, tote n f dev eivar yvn-
cimg povotovn.

12. Av pio cvvéptnon f eivat dptia, tote 1 —f eivor Tepiet.

A

A

II) No emAié€ete TN 6OGTH OTAVTINOY Y10 TV TAPUKATO GVVAPTNGY f-
H ovvéptnon f, tng omoiag 1 ypa@ikn mopdcotacn TpokdnTEL amd 600 d1ed0-

YIKEG WETATOTIOES TNG YPOUPIKNG TAPAOTACNG TNG GLVAPTNONG gz)(x)=3x4 R

pog optlovTiag katd 1 povada mpog Ta 0ploTEPE Kol LG KOTAKOPLONG KO-
TG 2 HOVAdES TTPOG T TAV®, EYEL TVTO:

A) f(x)=3(x-D*+2

D) f(x)=30(x+1)*+2

B) f(x)=3(x-1"-2,

A) f(x)=3(x+1)* -2
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IXTOPIKO *HMEIQMA

H wéa g yxpnowonoinong dratetaypuévov Levydv yia to onueio evog emt-
TEHOL KOl TNG TEPLYPOUPNS KaUTOAOV e e§lodoelg, avikel otov Rene Des-
cartes (1596-1650) ka1 otov Pierre de Fermat (1601-1665).

O Descartes (Kaptéoiog) yevviOnke ot La Haye (onpepwvi Ntepkart) g
Touraine kat wé0ave ot ZtokyoAun. e niwkia 10 ypovov eyypdenke oto
Baocwukd Korréylo tng La Fleche, 6mov 6idackav Incoviteg. Amd ekeivn
™ otiyun apyilel kat To gvolapéPov Tov yio To pabnuotikd. Xt {on tov
vanpEe PILOG0(POG, 0ALE Eva peydAo HéEPOG Tov ¥povov Tov To d1EbeTe Yia
TO LOONUATIKA.

Ta amoteléopata kat ot péBodoi Tov, mov dnuocievoe to 1637 oto Pifrio
tov Le Geometrie, dnpiovpyncav Eva vEo KAAS0 TV LOONUATIKOV TOV ap-
votEpa ovopdotnke Avaivtikn I'eopetpia.

O Kaptéoiog d1eide tn dOvaun e AlyePpag yia T AVON YEDUETPLKAOV
TPOPANUATOV KOl I 6KEYN TOL AVTITPOSHONELE Uid PLlikn amdKAlon and
mv péyxpt 161e emkpatovoa dmoyn yia ) Feoperpia. O 6pog «Kapreoia-
VEC GLVTETAYUEVESY, 0QEIAETUL GTO OVOUE TOV.

O Fermat, mov é{noe otnv Toulouse g votiag [Naddiag, av kot Tav voul-
KOG 0TO emayyeApa, vanpEe £vag amd Tovg HLEYOADTEPOLG LOONIATIKODG TOV
170v awdvo.

Tig 16éeg ToV Yo cvvteTaypéveg otn [eopetpia, TVTOTOINOCE GTIC APYES TOV
1629 kat T1g KuKAOEOpPTOE pe aAAnroypapia, dAAG 6EV ONUOGIEVTNKAY TPLV
and 10 1679. O Fermat cuvédese 10 Gvoud TOV UE TOV IGYLPLOUOD:

«la kdBe v>2eivar advvato va fpodue Betikovg arxépaiovg a, B, y mwov
Vo 1IKovoTo1o0v v ayéon a’ =B +y" »
oV glval YVOoTOg ©¢ To «Televtaio edpnua tov Fermaty». Tov ioyvpiopnod
ToV oVTOV £ypaye o Fermat oto mepiBopilo evog Pifiiov Tov mpochétovtag
Ko to €&ng:

«Exw Pper uia mpoypatixe Qavpdoio omxddeiln v omoia to mepifmpio
ovTO eival TOAD OTEVO Y10 VO Y WPECELY.
O woyvpiopds avtdg tov Fermat anodeiytnxe aindng 1o 1994 and tov Ay-

yAo pabnuatiko A. Wiles, a@od vanpée yia 350 xpoévia éva amd Ta dloon-
puotepa dlvta TpofAnuata e Osmpiog ApOudv.



MEAETH BAYXIKQN
2YNAPTHXEQN

Ewoaymyn

210 KeE@AAao avtd Ba dovpe TG, pe ™ Pondela TOV TANPOPOPLOY TOV O-
TOKTNOOUE LEXPL TOPA, UTOPOVUE VO YOUPAEOVUE HE OGO TO dLVATOV UEYO-
AOTEPN aKkpifela TN YPOEIKN TOPACTOCT] TOV GLVAPTNCEDV

fi=ad,  fi(x)=ax, f3<x)=§ Kau  fy(x) =ax’ + B+,

H mopeia tqv omoia akoiovBolpe Aéyetal peAéTn ocvVAPTNONG KOl TEPL-
AapBdvet o akoiovBa Prpata:

1. Bpiokovpe 10 medio opiopod ™G GVVAPTNOTNC.

2. llpocdiopifovpe o SLOGTHUATO LOVOTOVIOG KOl TOL OAIKA OKPOTATA TNG
GLVAPTNONG.

3.  Meketodpe 11 “ocuUmEPLPOPA” TNG GLVAPTNGONG OTO AKPO TOV OACTY-
pétov Tov mediov opiopod e (“oprakég TIHEG” KTA.).

4. Xvvtacoovpe €vav mivako TILOV TNG ovvaptnong kot, ue 1 Pondeia

oVTOV KOl TOV TPONYOVUEVOV GCUUTEPACULATOV, YOUPECGOVE TN YPUPL-
KN TNG TOPAGTACT.

2XoAI0

Onwg elvatl yvootd, av e cvuvdptnon f pe medio opiopod €va civoro A
elval dptia, TOTE 1 YPAPIKN NG TapdoTact £xel dEova cvppetpiog Tov d&o-
vo y'y, evéd av givon mepirri, £xel kKEvIpo cvppeTpiag v apyn TOV a&ovov.
Emopévog, yioo T pehétn pog t€tolag ouvaptnong apkel vo mePLopioTovpE
oto x€A, pe x>0 Kar va yopagovpe Tn YpOEKNn TG TOPAGTAGT GTO GL-
VOAO aVTO. LT cLVEXELN Ba TAPOVIE TO GUUUETPIKO TNG KAUTVOANG TOV YO~
pa&ape o¢ Tpog Tov GEova Y’y av 1 cuvaptnon gival ApTio Kol ¢ TPOG TNV
apyn Tov aEOvov av n cuvaptnon eivatl tepttth kot Ba fydlovpe to oyeTL-
K6 cvpmepacuata. I'” avtd, cvvnbwg, mpwv apoywpnocovue ota Pruata 2
€wg 4, eléyyooue amd TNV apyn av 1 cuvapTnoN eival ApTia 1 TEPLTTY.



7.1 MEAETH THX YYNAPTHXHY: f(x) = ax*

2

H ovvaptnon g(x) =X
Ag Bsopnoovpe ™ cLVAPTINON g(x)zxz. IMapatnpovpe 611 M cLVApPTNON

avtn, €xel medio opiopov 6iko 1o R kat givar dptia, S0t Yo kGbe x e R
oyVEL :
2
g(=x)=(=x) =x"=g(x)
Enopévmg, n ypoeikn mapdotaon g g £xel dova cvupeTpiag tov agova
y'y. Apa, cOUP®VE LE OGO OVOPEPAUE TPONYOLUEVOGS, apylkd Bo peletn-

GOVLE Kol B0 TOPASTCOVUE YPAPIKE TNV € GTO JLAGTN LA [O, +oo) .

‘Eyovpe Aowmov:

e Movorovia: 'Ecto toyaio x,x, € [O, +oo) pe x, <x,. Tote Ba elvar
x; <x;, omdte Oa &xovpe g(x1)<g(x2). Apa M ovvaptnon g(x)zx2
gtvat yvnoilog avéovoa 6to [0, +oo) .

o Axpérara: T kGbe x €[0,+00) 1oydeu:

g(x)zx2 20=g(0).
Apa n cuvaptnon g mapovctdlel 6to x, =0 ehdyioto, To g(0)=0.

o Youmepipopd s g yia “ueydlec” tiuéc tov x: Ag Bswpnoovue tov

TOPOKATO TIVOKA TILAV TNG g Y10 “TOAD PEYAAEC” TIUEC TOV X!

X 1010 1020 1050 10100 101000 . —> 400
g(x) — x2 1020 1040 10100 10200 102000 . — 400
[Hopatnpodpe 611, KaBdG 10 X avEdveron oA
aneploplota, N OMg Aépe “reiver oto '
+0”, 10 x> oLEAVETAL KOL QVTO AmEPLOPL-
ota Kol pdota ypnyopodtepa Kat dpa “rei-
1= -2 -
VEL 6T0 +0”, Autd onpaivel 6TL 1 Ypapikn y=x?,x20
TopAcTACT TNG g TpoeKTeiveTol ameplopt- or 7 >
. , , x
oT0 TPOG T TV, KOOGS T0 X amopakpy-

VETOL TPOG TO +0 .
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Aaupavovtag vToyn Ta TepATdve Kol Taipvoviag Eva TivaKa TILOV TG g
Yo U1 OPVNTIKEG TILEG TOV X, UTOPOVUE VA XOPAEOVE TN YPOAPIKN TNG To-
paotaon oto ddotpa [0,+w).

Av TOpa TAPOVLE TO GUUUETPIKO TNG
TOPATAV® KOUTOANG ©C TPOC TOV
a&ova y'y, tote B éxovue ™ ypo-

¥y A

Pk mapdotacn e g(x)=x" os

, . . . y=x?

or0 R, and v omoia cuumepaivov-

pe ott:

H cvvéptnon g(x) =x’: o 1 -4

e Eivai yvnoing obBivovca oto
(—oo,O] Kot yvnoiog avéovca 610 [0,+oo)
e [lapovocidlet erdyioto yie x=0, to g(0)=0.

o 'Eyxel ypagikn mopdotocn mTov mpoeKTEIVETOL OTEPLOPIGTO TPOG TA TAVO,
KoBm¢ To x Teivel elte 6T0 —0, €iT€ GTO +00.

2

H ovvaptnon h(x) =-X

Ag Bewpnoovpe tTOPA TN GLVAPTNON AY
h(x) =—x". Hapatnpovpe 6Tt Yo KGO
x e R woyvet g()FEx?

h(x)=-g(x)
Apa, 6mwg uabape otnv §4.2, n ypa-
01K TapdoTaon ™G h()c)z—x2 elvan 0 1
GUUUETPIKT TNG YPOPIKNG TAPAOTAGNS
me g(x)=x" @g mpog Tov GEova x'x.

3

R(x)=x?

Enopévog n covaptnon h(x)=—x":

e Eivaiu yvnolog abdfovca o10
(—oo,O] Kot yvnoiong edivovcsa oto [0, +oo) .
e Topovoialet péyoto yio x=0, 1o h(0)=0

o 'Eyxel ypa@ikn mapdoTooT TOV TPOEKTEIVETAL ATEPLOPLOTA TPOG TA KATO,
KaBmg t0 x Telvel gite 6T0 —© glte 6TO +00.

2

H ovvaptnon f(x) = ox

Alaxpivoope 300 TEPITTMOOELS:

e Av a>0, 16t gpyalduacte OM®G EPYAUOSTNKOLE YLl TN OCLVAPTNON
g(x)=x" xa xarariyovpe ota o copmepdopata. Ta cvurepdcpata

avTd cvvoyilovtol 6TOV ToPUKAT® Tivoka:
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X —00 0 400
oo +aoo
S = o’ \ /
a>0 0
min

210 oyNuo mov akoAovdel divovtal ol YpagiKég mapacTAGELS TNG GLVAPTN-

ong f(x)=ax’ yuo a=0,5, a=1 ko a=2.
YA

=y

0 1

e Av a<0, t6te gpyaldpacte OT®G EPYOOTNKOLE YO TN GLVAPTNON
h(x)=-x" ko1 katoAfyovpe ota {1 cupmepdopata. Ta copmepdopata

VT cvvoyilovtal 6ToV TOPAKATO TivaKa:

X —00 0 +00

max
O

f()=ax’
<0 / \

-0 -

210 oyNUo TOL aKoAoLOEl divovTol Ol YPaPIKéG TAPAGTAGELS TNG CLVAPTI-
ong f(x)zax2 vy a=-0,5, a=-1, a=-2.

YA
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H ypogwn mapdotacn g cuvaptnong f(x) =ax’, pe a# 0, sivor pia Ka-

umHAN mov Aéyetal mapafolri] pe Kopven TV apyn TV afovov kot aSova
ocvppeTpiag tov aEova y'y.

210 TOPATAVE CYULOTO TOPATNPOVUE OTL:
Otov 10 a €l TIKO, TOTEN T N €l ™M’ T o TV,
v Otav 10 a givol 0gT1kd, T0TE apaPoln ivatl “avoiktn” TPo¢ Ta TAVE®
EVD 0TAV TO o glvol apvnTikod, TOTE 1 TApafoAn gival “avolkth” Tpog Ta
KATO.
, u hVEL T T C VIVETAL & . o, Sn-
v Kabd EYOADVEL apofoAn yivetar 6L0 Kot wo “kAgloTy”, O

Aadn “mAncialer” tov a&ova y'y.

E®PAPMOIH
No peretn0ei kot va mapacstadel ypo@ika n covaptnon h(x) =ax’.

AYEXH
H ouvvapmnon h(x)=ax’, pe a =0, sivar
TEPLTTN, OLOTL:

h(=x) = (=x)’ = =x" = —h(x)
Enopévemg, apkel vo ) pehetnoovpe kot
VO TNV TOPAGTNGOVUE YPOPIKE 6TO O16-
GTNUO [0, +oo) Kot 6t cvvéyela va Pya-
AOVLLE TO GYETIKG CUUTEPAGLATO Y10 OAO
0 R.
Av gpyaotovpe pe tpdémo avaroyo e
ekelvo pe Tov omoio epyacTNKALE Yo TN
HEAETN TNG GLVAPTNONG f(x):axz, ov-

unepaivoope OTL: Moo

H ovvapmon h(x)=ox’, pe a #0: L

e Ava>0, : \
v' Eival yvnoiog avéovoa oto R.
v' 'Eygl ypagikhy TopdoTtact mov Siépyetal omd v apyf] Tov aEOveov Kol &-
ktelvetal aneploplota TPog ta v, 6Tav T0 x TEIVEL 0TO +00 KO ATEPLO-
ploTa TPOG Ta KAT® OTav T0 X TElVEL 6TO —00 .
e Av a<0,
v' Eivol yvnoing ebivovco oto R
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V' Eyxel ypa@ikn mopdotacn mov diépyetal and v apyn Tov afovev Kl &-
Kteivetal anepldplota TPog to KAT®, OTOV TO X TEIVEL GTO +00 KOl ATEPLO-
PLOTA TTPOG TO TAV® OTOV TO X TEIVEL 6GTO —0 .

AXKHYEILY
A OMAAAY
1. Na Bpeite v e&icwon ¢ TapaPorng tov diwha- y
vol GYNULATOG.
A(1,2,
0 %

2. X170 1610 GVOTNUE CUVIETAYUEVOV VO TOPACTHOETE YPAPIKE TIG CLUVOPTH-

GELG:
i) go(x):0,5x2, f(x)zO,Sx2 +2 At g(x):0,5x2 -3
i) y(x)=-0,5x%, h(x)=-0,5x" -2 ko q(x)=-0,5x"+3.

3. Opoing 115 GLVAPTHOELS:
i)  o(x)=05x, f(x)=0,5(x—2)2 Ko g()c)=0,5(x+2)2
ii) w(x):—O,sz , h(x):—O,S(x—Z)2 Ko q(x):—O,S(x—i-Z)z.

4. i) Zt0 610 cVOTNUO GLVIETOYUEVOV VO XopaEete TIG YPAPIKEG TAPUOTA-
GEIG TV GLVOPTHOEMV

f()=x" xu g(x)=1
Kot pe t Ppondeta avtdv vo AOGETE TIC AVICMOELS:
X<l okt x°>1.

ii) No emPBePardoete alyePpikd To TPOoNYOOUEVE GVUTEPAGLATO.

B OMAAAY

1. No xapd&ete ™ Ypoa@iKy TOPEAGTAGT TG CLVAPTNONG:
S (x)=xlx.
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Noa yopd&ete T ypoeiKn TapdcoTacT TG GUVAPTNONG:

2.
1) -x, x<0
X)=
X2, x>0
kal pe ) Pondeio avthig va PydArete To CUUTEPAGHATE TO GYETIKA HE TN
LOVOTOVia KOl To AKPOTATO TNG CLVAPTNONG f-
3. Zto Suthavod oyfuo divovior ot YA '
YPOOIKES TAPACTAGELS TOV GLVAP- y= g
ToEWV: ;;' y=x?
[ y=x

fx)=x, glx)=x*,
A0 =% ke p(x)=x !

ot0 dompa [0,+x), Tig omoieg y y=4/x
yopa&ape pe m Bonbewo H/Y. 1 4 :A(L 1)
i) No dwtdéete and ) pikpdTePN {,” i
GTN UEYOADTEPT TIG TIUEG A -
0 1 x

x, ¥, X xu Jx
TOV cvvaptnoeny f, g, h xoig:
o)y 0<x<1l kot B)ywa x>1.
ii) Na emBeforbdoecte alyepfpikd ta cvpnepdopate ota onoia kKotaAn&ote

TPOTYOVUEVOC.

A
4. X10 dumhavd oyxfuo 1o tpiyovo OAB
givar woomievpo. Na Bpebei n teTun-
pévn tov onpeiov 4.

=y
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H ovvaptyon g(x) = 1
x

Ag Bsmpficovpue TN cvvéptnon g(x)z

. lHopatnpovpe 011, M cvvaptnon

s =

avth éyel medio optopod 6o to R =(—0,0) U (0,40) Kot givor mepirtn,

31011 yia kébe x € R 1oyder :

g(-x)=—=-g(x)

Emopévaog, n ypaeikn g napdotoot £xel KEVIPO CUUUETPING TNV apyn TOV
alovov. T' avtd apykd Bo tn peietioovpe kot Bo TNV TOPAGTNGOVUE
Ypopiké 670 Sthotnpua (0,+0).

"Exovpe howmov:

Movotovia: Ecto toyxaia x,x, €(0,+0)pue x, <x,. Tote Ba 1oxdet
11 1
—>—, ondte Ba éxovpe g(x)>g(x,). Apa n cvvapnon g(x)=—
X X, x

givatl yvnoiog edivovea cto (0,+0) .

Ipoonuo twv tuov tng g: INa kabe x e (0,+o) 1oyvet g(x)=l>0.
x
Enopévocg, oto dtdotnua (0,+0) 1 ypagiky mopdotacn g g Oa Bpi-

OKETAL TAV® amd ToV A&ova TV X.

2oureprpopd TS g y1a “uikpéc” Tiuéc Tov x: Ac Bempnoovpe Tov mo-
POKAT® TIVOKO TILOV TNG g Yo “TOAD [UKPES” TILEG TOV X :

X 10° 102 [ 10 | 107 | 10100 [ ... —0

10° | 10*° | 10° | 10 | 10™ | ....... — +00

elx)=1

[Mopatnpodpue 611, KAODG TO X UELDVETAL ATEPLOPLOTO KO TAIPVEL TIUES
ocodnmote kKovtd oto 0 M, Omwg Aéue, “reiver oto 0”7, 0 — avavetal
X

amEPLOPLOTA KOL TEIVEL 6TO +00. AVTO onuaivel 0T, KoBdg 10 X “TAN-
o1élel” 10 0 and ta 0e&ld, 1 YPAPIKY TOPASTAON TNG g TEIVEL Vo OL-
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Aappavovtag vrdéyn To TAPATAVEO KOl TAiPVOVTOG
éva mivako TIH®OV TG g Yo BeTikég TIHéEG Tov X,

UTOPOVUE VA XOPAEOVUE TN YPOPIKN TNE TOPAGTOCT
oto dtactnua (0,+0) .

Av TOpa TAPOVUE TO CUUUETPIKO TNG Ta-
PATAV® KAUTOANG ®G TPOG TNV apyf] TOV
a&ovov, ToTe Do EYOVUE TN YPAPIKN TOPA-

1 , * 3 s
otaon g g(x)=— og 6ko 0 R", amd v ar

X -
omoila cvuumepaivoope OTL:

H ovvéptnon g(x)= l:
X

umécel pe tov nuidéova Oy . I' avtd o aovag y'y AEYETOl KOTUKO-

PLON GCVUATOTN TNG YPOPIKNG TAPAGTACNG TNG € TPOG TO TAV.

2ounepipopd Tng g yia “ueydliec” Twéc tov x: Ag Bewpnoovpe Tov mo-

POKAT® TIVOKO TILOV TNG g Y10 “TOAD PEYOAES” TIUEG TOV X:

x 1 010

1020

1050

1 0100

101000

—> +00

10—10

10—20

10750

107100

107|000

—0

glx)=—

[Mopoatnpodue 611, KaBDOG T0 x CVEAVETUL ATEPLOPIOTO KUl TEIVEL 6TO
1 , . , . L

+00, T0 — HEUDVETOL OmEPLOPLOTA Kot TEiveL 6To 0. Avtd onuaivel 0T,
X

KaBdg T0 X “OMOHAKPVUVETAL” TPOG TO +00, 1 YPOPIKN TAPAGTACT] TNG
g 1elvel va ovumécet pe tov nuidéova Ox . 't avtd o dEovag x'x Aé-
vYeTal 0PLLOvVTIO. ACOUTTOTN TNG YPUPIKN G TAPAGTAONS TS & TPOS Ta
oe&id.

y=x

Eivat yvnoing eBivovoca oe kabéva and
to dSrootiuoto (—o,0) kot (0,40) .

"Exet ypagikn mopdotaon n omoia:

v amotekeitan amd dvo khadove, vav oto 1° kat évav oto 3° TeTOpTN-
pHopto,

v €xel kEvTpo cvpueTpiog TV apyf TOV aEOvov,

v éyel aEoveg ovupetpiog T gvbeieg y=x Kkat y=-x, mov diyoTo-

pobv T1g Yovieg Tov aEOVmV Kal TEAOG
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v éyel oplloviio achumTtOT) ToV GEOVO X'x KOl KOTAKOpLEN aoV-
unTOTn TOV dEova y'y.

, 1
H ovvaptnon h(x) =——
X
Ag Bswpnoovpe TOPO TN GLVAPTNOM
h(x)z—l. [Mopatnpodpe o611 Yoo kabe
X

xR 1oyvet

h(x) = —g(x) .

Emopévog, n ypooikn mopdotaon g

1, ,
h(x)=-— eivor coppetpikn Mg ypougt-
x

1
KNG TAPAGTAGNC TNG g(x)z; G TPOG

. . . 1
Tov dEova x'x, omOTE, N CLVAPTNON h(x) =——:
X
e Eivat yvnoiog avéovca ce kabéva amd ta dwaocthuoto (—0,0) ot
(0,+00) .
e 'Eyel ypoown mapdotocm n owola:
v anoteheitarl amd dvo kAAdovg, Evav oto 2° kot évav oto 4° teTapTn-
nopo,
v éyel kévipo cvppetpiag v apyf tov a&ovov,

v éyel aEoveg ovpuetpiog Tig gvbeieg y=x ka1t y=-x, mOL d1}0TO-

LoV TIC YOVieG TV aEOVMV Kol TELOG

v éxel oplloviio achumTOT) ToV GEOVO X'x KOl KOTAKOpLEN aoV-
UnTOTN TOV dEova y'y .

H ovvaptnon f(x) -
X

Awakpivoope 300 TEPMTMOOELS:
e Av a>0, t6te epyaldpacte OMMG £PYOOTNKOUE YO TN GLVAPTNON

1
g(x)=— ko katariyovpe ota (e copmepdopata.
X

, ;oar . ; 0.
Y10 oyfua o dlvovion Ol YpOQIKES MOPUCTAGELS TNG f(x)z— Yo
X

0a=0,5, a=1 k1 aa=2.
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2ynuo o’

2ynua B’

o Av a<0, t6te gpyaldpacte OMMC EPYOOTNKOUE YlO TN GLVAPTNON

1
h(x)=—— xat katalyovpe ota 310 copTEPLOHATA.
x

210 oyfua B’ divovial ol YPOOIKEG TOPUCTAGELS TNG f(x):g yo
X

oa=-0,5, a=-1 xou a=-2.

H ypagwr mapdotacn tg cvvaptnong f(x)zg, pe a =0, Aéyetar 160-
X

oKeM|g vEPPor Le KEVTPO TNV 0py) TOV 0EOVOV KOl GCVUTTMOTES TOVG

a&oveg x'x kot y'y.

E®PAPMOI'H

Y10 duwhavo oyxfpa to enpeio M Kiveitor oto 1° teTop-
TNUOPLO TOV GUOGTHHATOS GUVTETAYREVAV, £TGL DGTE TO
gupadév tov opBoyoviov OAMB vo mapapéver otabepod
Kol ioo pe 21.n. No anoderytei 6TL 10 onpeio M dwaypd-
PEL TOV £VAV KALAO0 PG L60GKELOVS VTEPPOrC.

AYXH

Av pe x ovpporicovpe T0 UKOG KOL LE ¥ TO TANTOG TOV
opBoywviov, enedn to guPfadodv tov eival ico pe 2T, Ba
toyvel xy =2 kot x,y >0, ondte Oa £yovpe:

2
y=—, pex>0
X

Apa 1o onpeio M Ba dtaypdeet Tov kKAEd0 ™G vIepPoing

2
y =— mov Bpioketat oto 1° teTOpTnuoplo.
x
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AXKHXETY

A OMAAAY
1.

Na Bpeite v e&icoon ™ vrepPoing
TOL SAAVOD GYNUATOG.

210 1010 CVUCTNUO GUVTETAYUEVOV VO TOPACTHOETE YPAPIKA TIG GLVOAPTN-
OElG:

i) go(x):—, f(x):—+2 Ko g(x):——3

if) ‘//(x):_%’ h(x)=——-2 Kot g(x)=——+3.

. 1 1 1
i) go(x):;, f(x):x_2 Ko g(x):x+3

1 1 1
ii) y/(x):—;, h(x):—x_2 Kot q(x):—x+3.

i) X710 1010 GVOTNUO CUVIETAYUEVOV VO XOPAEETE TIG YPAPIKEG TOPOCTA-
1

oglg TV cvvaptnosmv f(x)=— kot g(x) =1 kot pe ™ Ponbeta avtdv
X

va MOGETE YPAPLKA TIG OVICDGELG:
1 1
—<1 xar —>1
X X

ii) No emiBefaidoete kot adyefpikd Ta TOPATAVE® CUUTEPAGLATA.

1
Opoing yio 11 cuvapTHGEl] f(X) =— Kt g(x) =X’ KOl TG 0VIGHOGELC:
X

—<x* xou —>x

x X
O1 kd60Beteg mhevpég AB kot AL evdg opBoydviov tpry®@vov ABT peta-
BaAlovial €tol, ®ote TO gUPadOV TOL Vo mopapével otabepd Kat ico pe 2
TETPAYOVIKES Lovades. Na ekppdoete to unkog y ¢ Al cuvaptioet Tov
pnkovg x NG AB Kot o1r cuvEyElo VO TOPACTNOETE YPAPLKA TN GLVAP-
oM aVTY.
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Oa peretoovpe apyikd ™ cvvaptnon g(x)=2x>+12x+20 mov eivol edi-

KN mepintoon me f(x)=ax’+ fx+y pe a=0.

T perén g ovvaptnong g petacynuatifovpe Tov Tomo ¢ ¢ €ENG:
g(x)=2x" +12x+20=2(x" +6x+10)

=2[x*+2-x-3+3 =3 +10]
=2 (x+3)" +1]

2(x+3) +2

"‘Etot éyovpe

g(x)= 2(x+3)2 +2
Enopéveoc, yio va mopacTticovpe Ypoekd v g, YoploGovie TpaTo TNV
y= 2(x+3>)2 7OV TPOKVMTEL 0O pi optiOVTIa HETATOTION TG Y =2x° KOTA
3 uovadeg mPOg TO OPLOTEPE, KOl OTN GCULVEXEWD YOPAGOOLHE TNV

y= 2(x + 3)2 +2 oV TPOKVATEL A [d KATAKOPLPN UETOTOTIOT TNG YPOPL-
, . 2 . . .
KNG TOPACTACNG TNG V¥ = 2(x+ 3) KOTA 2 LOVAdEC TPOG TA TAV®.

Apa, n ypaelkn mopdotacn TG
g(x)=2(x+ 3)2 +2  mpoxdmTEl
amd 00 O10d0YIKEG UETATOTIGELG
m™me mopaforic y=2x", pag opi-
CovTiog katd 3 povadec mpog To
0pLoTEPA KOl HI0G KOTOKOPLONG
KOt 2 HOVAOEC TPOG TO TAV®.
Eivotr dnAadn pio mapafoin ovot-
KT 7POS Ta Ave UE KOPLOTN TO
onueio K(-3,2) xar d&ova ovp-

petpiag tnv gvbeio x =-3.

Oa HEAETNCOVUE TOPA TN CLVAP-
mon f(x)=ox’+fx+y, pe a#0. Onog eidape oty §3.2 (LOPPLG TPLOVD-

pov), n f(x)maipver tn popen:
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f(x)za(xwL%j —%

Emopévmg n ypaikn g mapactact TpoKONTEL amd V0 S1ad0YIKEG UETATO-
nicelg e mapaforing ¥ =ox’, pag optlOvIIaS Kol oG KAToKOPLONG, ETG1

, , . . B A .
®OoTE M KOPVEN NG Vo cvumécset pe 1o onpeio K i Yuvenmg givor
a 4o
, , . , , A
Kol avtn o wopafoin, mov £xel kopven to onueio K "2’ 14 Ko
a a

agova ocvppetpiog v gvbeio x = —zﬁ.
a

y
=‘y=ax3+ X+y
i'z—fi]
20 ‘sl\_a >
\ X
“ X ].:ax_l
N 0 x
=P
i 2a
Apa, n ovvapmon f(x)=ax’+fx+y:
e Ava>0,
v Eivar yvnoiog @bivovsa oto didotnuo (—oo,—zﬁ} KOl YyVNoing av-
a
E&ovoa 0TO SLAGTNO l:—ﬁ,-i-ooj.
20
v Tlapovotalel L 1oTO Y00 X = —ﬁ, w0 f A = —A.
2a 2a 4a

Ta cvpnepdopato avtd cvvoyilovtol GTOV TAPUKAT® TIVAKA.

£

X —0 +00

20
+eoo +<o
f@)=ax +fr+y \ /
da

o>0

1min
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e Av a<0,novvapmon f(x)=ox’+px+y:
B

v' Eival yvnoiong adéovoa 610 didotnua (—oo,—z—} , Yvnoimng ebivovca
a

070 d1doTNUA {—ﬁ, +ooj
20

A
v' Tlopovotdlel péyloto yuo x = A ,TO f(—ﬁj =——,
2a 2a 4a
Ta counepdopata avtd cuvoyilovtal 6Tov Tivaka.
X —00 i —+00
2a
-A
f(xX)=ox’ + px+y Ao
0 <0 - max

Téhoc n ypagikn mopdotacn g f €ival po tapafoin mov tépvel Tov dEo-
va y'y oto onueio F(O,y), oot f(O)zy , EVO Yo TaL onpeio TOUNG TG He

Tov dEova x'x mopatnpovpe otL:

e Av A>0, 10 Tp1OVLHO ax’ + fx+7 éxet dVo pileg x, KAl X, KOl ETOUE-
vo¢ 1 Tapafolsy y =ax’ + fx+7 téuvel tov dEova x'x g dvo onusia, To
A(x,,0) ko B(x,,0) (Zx. o).

B

e Av A=0, to Tptdvopo &xel dumin pila tnv g 2NV TEPItT®OoN VTN
a

B

Aéue 0T M mopaPorn epdamteTal Tov afova x'x oTO onueio A(—z—,OJ
a
(Zx- B)-

e Av A<O0, 10 TpudVVpO dev éxel Tpaypatikéc pileg. Emopévaog n mapapo-
AN dev éxel kowva onpeia pe tov aova x'x (Zy. ).

H ypaoum mapdotaocn g f e&aptdrtor and 10 Tpdonpo Tov o kot A Kot

QaiveTOl KOTA TEPITTOON OTO TOPUKATO GYNUATO:
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y Ay
a=>0 a>0
A=0 A<0

0 0 A2 X 0 X
2ynuo B’ Zynuo y’
Ay Ay Ay
/\ B 2a %
o/xj X, };C 0 x o X
a<0 a<() a<0
A>0 | =0 4<0
2ynuo o’ Zynuo B’ 2ynuoy’

Ta ocounepacpoto g §3.2 yia To TPOGNLUO TOV TPLOVOLOL TPOKVTTOVV GpLE-
oo Kot pe ™ fonbeto TOV TOPATAVEO YPOPIKOV TAPACTACEDV.

EPAPMOI'H

Na peietn0ei ko va tapactabei ypogikd n covaptnon
f(x)=xz —4x+3

AYXH
o ovvapton f(x)=x" —4x+3 sivan

_ F_ AP 0=
a=1>0, "y 2 ko o f(Zaj f(2) 1,

Enopévag €yovpe tov mivaka petoforov:

X —© 2 +00

+eo -+
f(x)=x"—4x+3 \ 1/

min

==1
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AnAadn n cvovaptnon £,
v' Eival yvnoiog pbivovsa oto (—00,2] katl yvnoimng avovoa 610 [2, +oo) ,

v Tapovoidlet yia x =2 ghdyioto, 10 f(2)=-1.

Emumdéov, n ypagkn mwapdotacn g f elvat pio mapaBoin n oroia:

v' "Exel G&ovo cvppetpiog v evbeiox =2 xat

v Téupvet tov déova x'x oto onueio pe tetpunuéveg 1 kot 3 avtiotoiymg, mov &i-
vatr ot pileg tov Tprovipov x° —4x+3, kat tov GEova y'y oto onueio pe te-

Taypévn 3.

AXKHXEIY

A OMAAAY

1. i) Na ypayete 1 ovvéptnon f(x)=2x"—4x+5 ot popof
f(x)=a(x—p)’ +g ko1 6t cvvéyelo va Ppeite pe mola oplovTia Kat
MO0 KOTOKOPLON UETOTOTION M YPAQPIKN TOPAGTOCT TNG CLVAPTNONG
2(x) =2x" B cLUTEGEL e TN YPAPIKY TAPACTAON TG f-
ii) No kavete To 1810 kot ywo T ovvapon f(x)=-2x"+8x—-9, Bswpd-

viag o¢ g v g(x) =-2x7.

2. No Bpeite tn péytotn 1 EAGYLOTN TN TOV GOVAPTHCEDV:

a) f(x)=2x"-6x+3  km B) g(x)=-3x"-5x+2.
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3. Na peletioete Kol Vo TOPUCTHCETE YPUPIKE TIC GLVAPTHOELS
o) f(x)=2x"+4x+1 ko B) g(x)=-2x"+8x-9.

4. Zta mopokdTo oynpata divoviol ol Ypagikéc TapacTdoelg EnTd TPLOVOL®V,
MAadN cuvaptioeav g pHopenic ¥ =ax’ + fx+y. Na couninpdoete Tig

OTNAEG TOV Tivako oL aKoAoLOEl e TO TPOONIO TOV GLVIEAECTOV KOl TNG
dlokpivovsos Tov avticToy®V TPLOVIL®V.

VA /

/

ff 1

&

Tpovopo | fi | o | s | o | s | 6 | F
a +
B 0
Y +
A =
B' OMAAAY

1. Aivetar n mapafors] y =x" +(k+1)x+k . Na xoBopicete t1¢ Tipég o0 £, yia
TIG oToieg M TAPAPOAN:
i) Eoedanteton tov d&ova x'x.
ii) 'Exettov y'y d&ova coppetpiog.
iii) 'Exetl yio kopoon éva onpeio pe tetaypévn —4. Iowa eivar n tetunpévn
™mg KOpLONG; "
2. Zto dumhovo oynpa Sivetal n YpaQikn TopaoTocon VOg
tprovopov P(x)=oax’ + fx+y. No Bpeite:
i) To mpoéonpo tov a.
ii) To mpoonpo g dtakpivovcag A Kat
iii) Tovg cvvteleotég Tov TpLOVOUODL, av diveTor 6T O

B=6.

=)

oy
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3. O dwotdoelc x,y €vog opboyoviov petafarioviol, £T161 OOTE 1 WEPipE-
TpOG ToL va mopapével gtobepn Kat ion pe 20 p.
i) Na exepdoete 10 y GLVOPTAGEL TOL X KOl GTH GLVEXELD Vo Bpeite Tov
tonmo E = f(x) mov divel to epuPfaddv E 1ov opboymviov cuvaptiost Tov
X.
ii) No amodeitete Ot1 10 epPadov peylotonoteitar yiao x =5 kat va Bpeite
™ HEYLOTN T TOVL.
4
4. "Evo onpeio M xweital mdveo oto gubdypappo
Tunpa AB = 6cm . Me mhevpéc ta MA ko MB
Kotackevalovpe 1oomievpa tpiyova. o mola
0éon tov M 1o ABpoiopo TV gupfoadav TOV
dvo Tprydvev eival gLdyloto;

5. 'Evag ktnvotpoeog éxel cvppa 200m
Kal 0€Ael va TepLppdéEet dV0 cuveyOLLE- / 4
voug opBoydviovg vraifplovg ydpovg [ 4
pE Ol0CTACEIS X KOl ¥, 0TS QoiveTal
oto0 durhavd oynua. o moleg Tipég 4
TOV X KOt ¥ T0 euPadov kot Tov d0o E
YOPOV peYIGTOTOLEITAL; <X

EPQTHXEIY KATANOHXHY

I. X& koOgpia amd TIC TUPUKATO TEPTTAOGELS VU KUKADGETE TO Ypappo A,
av 0 weyuptopdéc givar aindnc kot 1o ypappe ¥, av o woyvpiopog givor

YEevone.

1. Av n mopapory y=oax’, a#0 Siépystar omd 10 onusio A g
A(1,2) , tote Bpioketar oto 3° kar 4° teTapTnuopto.

2. Av 10 tprovopo f(x)=ax’ + fx+y, a =0 éyxet pileg Tovg
apBpovg x, =—1 ko x, =3, t01€ €x€1 AEOVA cLUpETPOG TNV A Y
evbeio x=1.

3. Tw onoovsdimote a, f € R* 1 mopafory y =ax® woi m v-

A ¥

mepPoln y :é €Youv €va Kot Lovadtkod Koo onpeio.

1
4. HvumepPfolny y =— koum evbeior y =—x téUvOVTOL A ¥
X
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II. No copnrinpAoETE TO KEVE 6TIC TOPUKAT® 0V0 TEPTTMOGELS UE TA GVUPoA
NG 166TNTAS 1] TS AVICOTNTAG.
1. Av o tpuidvopo f(x)=2x"+ fx+y éxer pileg ovg apBpovg x, =—1 ko
x, =3, 161¢ Ba woyveL:

750, F)0, 750, 7.0 poa

2. Av 1o pidvopo f(x)=—x+ fx+y éxer piCes Tovg apibpods x, = -3 ko

x, =1, Ba woyvet:

F(=5)..0,  f£(=2)..0,  £(5)...0, o0, .2

III. Aiveton T0 Tpr@vopo f (x) =ax’+fx+y, a#0. Na emhréers ™) cwoti

andvtnon o€ KeOENLE aTé TIC TUPUKATO TEPIMTTOCELS:

1. Av a=2 ko110 Tptdvopo f €xel KOPLEH TO SNUED K(l,—3),t()r£
A) f(x)=2(x-1)"+3 B) f(x)=2(x~1)"-3
) f(x)=2(x+1)" +3 A) f(x)=2(x+1)"-3.

2. Av f(1)<0, f(3)>0 ko f(5)<0, 1018
A) A=0xora>0 B)A>0kata>0 T)A>0xma<0.

3.  Av 10 Tptdvupo £xeL KOPLPT| TO oNuEio K(1,2) kot a >0, tote:
A)A>0 B) A=0 I A<O A) y<0.

4. Av 1o Tp1dVOpO §xEL KOPLPN TO oNpEio K(I,O) , T0TE
A) =0 B) A<0 N A>0 A) A=0.

IV. Ot topokdto koumoreg C;, Cy, Cs kar Cy ivol oL Ypapikég ToPAGTAGELG TOV G-
vaptioeov f(x)=x" —4dx+y, fo,(x)=2x"-8x+yp,, fi(x)=—x"—4dx+y, Ko
f,(x)=-2x" —8x+7y,, 6y 6uwg pe v idia oepd. Na aviiotoyicete kadepd
omd TIG TOPOTAV® CUVOPTHGELS LE T YPAPIKT TNG TOPEOTACT).

fi L A fa




AXKHXYEIY I'TA EITANAAHYH

i) Noa anodei&ete TV TOLTOTNTO
1 2 2 2
@+ By —op=fy=ya=_[(a=B) +(B=1) +(r=a)'].
ii) Noa amodei&ete 6T Y 6AovG TOVG a, f,y € R 10yveL

o>+ P +y*zaf+ By +ya .
[16te 1oyvel 100TNTO,

Aépe 6t pua tprddo BeTikdV akepaiov ( ﬁ,y,a) elvar robaydpeta tprada

2

otav B +y° =a’, Aadn 6tav ot B, y, a sivan mhevpéc opBoywviov Tpi-

YOVOV.

i) Av (,b’,y,a) etvar o moBayopela tprada kot x eivor €vog BeTikdg
aKéPOLOG, Vo amodei&ete OTL Kal 1 TpLada (Kﬁ,xy, ica) glvan emiong mo-
Bayodpeta TpLada.

i) Av u ko v Betcol aképatot pe u>v, va dei&ete
6tTL M TP18da (/12—\/2, 2uv, /12+v2) givol moa-

yopelo TpLada. XTN CLUVEYXELD VO CUUTANPDOETE
Tov Tivoko UE TG TuOayOpELES TPLASEG TOV OVTL-
GTOLYOVV OTIG TILES TOV i KOL V TOV HIVOVTaL OTLG
V0 TPAOTEG GTNAEG:

u % w—v: 2uv W+
2 1
3 1
3 2
5 2
5 3
4 1

2
+
A) Na amodei&ete 611 aﬂs(a zﬁj . Tt onuaivel n avicotTTO QLT YO

éva opboymvio pe dactdoelg axar f; [1ote woyvel n 10610,

B) Mg 1 Bonbeta g mapandve avicdtntag (| Kat pe GAio tpodmo), va
amodeifete OTL:
i) Amd6 6la ta opBoydvia pe otabepn| mepipeTpo P t0 TETPAY®VO €XEL
T0 peyarvTEPO EUPadO.
ii) A6 oha ta opBoydvia pe otabepd euPfadd E to TETPAy®VO €)YEL
™V eAdYLoTN TEPILETPO.
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4. Aivetonn e&iowon 3(x+1)-ax=4, aeR.
i) No Avcete v e&icwon yia Ti¢ dtapopeg Tipég tova € R .
ii) T moteg Tinég Tov a € R 1 e&lomon €xel Abon peyalvtepn tovl;

5. Aivetun e&iooon £ (x—-1)+31=x+2, ieR.
i) No amodeitete 60T1 1 e&lomwon avt YpapeTal 16odOvapa:
(2=1)(A+1)x = (2-1)(2-2).
ii) Na Avcete v e&icmon yia Tig dtdpopeg Tipég tov AeR.
iii) No Bpeite 11g Tipég 1ouv 1 € R yua t1g omoieg n e&icwon €xet pila tov

1
oplopd —.
PM4

6. And 1 @uoikn yvopilovpe 611 otV Kotakdpuen BoAn evOg cOUATOC UE
APYIKT TOAYXOTNTA V,, TO VYOG /i TOL CAOUATOG CLVAPTHCEL TOV YPOVOL ¢

1
g kiviong tov Sivetar amd Tov Tomo h(t)= vot—Egt2 , 6MOV g 1 EmTh-
xovon g BapvtnTog.
A) Av v, =60m/sec kar g =10m/sec’ :
i) No Bpeite note T0 cdpo Ba pBdcel o€ Vyog & =180 pétpa.

ii) Na Bpeite mote T0 copa Ba Ppedel oe Vyog A =100 pérpa.
[Mowa eival n epunveio TV TPONYOVUEVOV OTAVINCEDV;

1
B) T yevikf mepintwon omov A(r)= vot—Egt2 , L€ 1o v, ko1 g otadepd,

vo, Bpeite ™ cvvONKN TOV TPETEL VO, 1OYVEL, DGTE TO CAOUA VO EOACEL OF
dedopévo vyog f .

7. X170 {010 OVOTNUO GUVIETAYUEVOV VO TOPAGTHOETE YPOPIKA TIG GLVOPTN-
OELC

F(x)=|x-2 v g(x)=2-|+]
KOl GTT GUVEYELD VAL VTTOAOYIGETE TO EUPAOOV TOV Y@piov TOL TEPLKAEie-
TOL OO TIG YPOUPIKES TAPOUCTAGELS TOV GLUVAPTNOE®VY f KOl g.

8. A) Z10 1810 choTNUO CLUVTETOYUEVOVY VO YAPAEETE TIC YPAPIKES TOPACTA-
OELG TOV GLUVAPTINCEDV

f(x)=|x=1] xon g(x)=|x-3]
Kot pe ) Ppondeia avtdv va Bpeite Tig AMboelg ™G avicwoong

|x—1|<|x—3|.

B) Zt ovvéyela va emPefoidoete aAyePpiKd ta TPONyOOLUEVE GLUTE-
paopota.
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9. A) Ze¢ éva koptectlavd eminedo vo oxedIloeTe TIC YPAPIKES TOPAGTAGELS
TOV GLVOPTHCEDV:

S(x)= |

B) Mg ) Ponfeta T@vV Tapandve YpoplK@dV TapacTAcE®V Vo TPpocdiopi-
6€T€ T0 TANB0C TOV ADGEMV TOV GLUGTNLOTOG

y=+-3
y=a

Yo T1G dtdpopes TinéG Tov ae R .

, g(x)=|x-3 xa h(x):||x|—3|.

10. Xe¢ évo eninedo oyedidlovpe €va KAPTEGLOVO GUGTNUO GUVIETAYUEVOV
Oxy .
i) Na deifete 6T | eéicoon y° —x* =0 moPIGTAVEL TIC S1XOTOUOVE I,
K0l J; TOV YOVIOV TOV 0EOVOV TIG 0TOoieg Kol Vo OYESLACETE.
ii) Ilowa eivon n andotaon evog onueiov M(x,y) TOV emMTESOL Amd TO

onueio K (a,0)tov déova x'x ; Na deifete 611 n e€icwon
2
(x—a) +y'=1, aeR
naplotdvel oto eninedo kvxro C pe kévrpo K xon axtiva 1.
Zyed1dote TOV KOKAO YO (i TN TOV a.

iii) Me ™ Ponfeio TOV TOPATAVD YPAPIKOV TOPOCTACEDY VO TPOGH10-
picete 10 TANOOGC TOV AVGEMV TOV GLGTNULOTOG

yz R —
(x—a)’ +y* =1
v TiG dtdpopes Tipég tov aeR .

11. Zto dumhavd oynua o C; Kot
C, elvor nuwokMo pe kévipa
K xou 4 xou axktiveg R; = 6¢cm
kot R, = 3cm avtiotoliymg, evd
10 M eivon éva onpeio g dta-
kévipov KA xouw m MA elvan _ J
ka0etn otnv KA. Na Bpeite 10
unkoc x tov Tufuatog AM, ov [ xm | |
yvopiloope 611 10 onpeio I gi- '
vor pé€co tov MA.

12. Ocopodue évav dEova x'x kal maipvovpe TAve 6 avtdv 0 6TOOEPE
onpeia 4(-1), B(1) ko éva petaPinté onueio M (x). @étovpe

f(x)=(MA)+(MB) xor g(x)=|(MA)—(MB)|.
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i) No amodeitete 011 :
f(x)=|x—|—l|—|—|x—l| Kot g(x):||x+1|f|x71||.
ii) No mopaotioeTe YpaQikd Tig cLVAPTNOELS f Kal g.
iii) No Bpeite pe ) Ponbeta ToV TOPUTAV® YPUPIKOV TAPAGTAGEDV TNV
gldylotn Katl T péylatn Tiun (EQOGOV VIAPYOVV) TOV GLVAPTNGEDYV |
Kot g, kabohg kot T1g 0€oelg oTIc omoieg mapovotalovTat.

13. Zto napokdto oypuate divoviatl ot Ypoueikég TapUcTACELS TOV GUVOPTH-

CEWV:
2 4x 457
xX)=——, x) = & h(x) =
S(x) 2 g(x) 71 (%) o
" e 4
20/
of NG NG
-1 x | -
-1 0] 1 x
s

i) Amd tig ypaoikés mapactdoelg va Bpeite Ta oMKE akpdTOTA TOV GL-
vaptnoenv £, g, h, kabdg Kot 11 0€0E1g TOV OKPOTATOV QVLTOV.
ii) No emBefaidoete adyePpikd Ta mponyodueva COUTEPAGLATA.

14. A) Aivetou n ovvéptnon f(x)= Jx.

i) Na Bpeite to medio opiopod g cvvapnong f.

ii) Na amodeiere 61 av to onueio M(a, ) aviKel 6N YpAELKY o~
pactacmn g f, To onueio M '(f,a) avikel oI YpoQIKY TapdcTa-
on g ovvaptnong g(x)=x".

iii) 1o 1010 choua a&OVeV va oYESACETE TPMTU T1 YPOPIKN TOPU-
GTOON TNG CLVAPTNONG g KOl OTN GLVEYELR, pe T Ponbela Tov
TPONYOVLEVOD EPMTAUATOC, VO OYEOIACETE TN YPOPIKN TOPAOTAOT
™ ovvaptnong f. Ilowo givar to €id0¢ T¢ povoTtoviag Kot Tolo To
0KPOTUTO TNG GLVAPTNGNG [ ;

B) Noa d¢i&ete 6tL | cuvaptnon h(x) = \/H glval apTio Kot 6T cLVEXELD
va xapdEete ™ ypaeikn g napdoTacn.

I') 10 mopakdto oyfua divetot n ypagikn napdotacn g f(x) = Jx.
¥ =

o A B 3 My Not)
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Av A B, I'', ..., M',N' gival ta onpeia ¢ ypaeiKng Tapactacns e

fue tetunuéveg 1, 2, 3,..., v, v+1 avtiotoiymg, vo amodsiete 0Tl Tl TPi-
A A A

yova BA'B', I'B'I"", ..., NM'N' glval icookeln.

15. Mia yépupa éxel éva mapaporiikd tOE0 ToL
omoiov 10 mAGTOG gival 8m Kal Vyog gival
5,6m. Kdato and ™ 7vépvpa BOéAler va
TEPAGEL YEOPYIKO UNYAVNUE TOV OO0V 1
Kapotoa €xel mAGTtog 6m KAl VYOG 2m.
Mmropel To pnydvnpa vo tepdoet;

16. Aiveton éva tetpaywvo ABI'A pe mievpd 20cm kol to pécov O g A4.
‘Eva kivnto onpeio M Eexwvd and 10 4 Kat, daypaeovtag TV TOAVY®OVI-
KN ypauun ABI'4, katainyet oto 4.

r B T .l{ x B I B
M »
X Y
\
4 o 4 4 0 4 4 o 4

Av pe x ovppolricovpe To PUNKoG TG dLadpopUng mov €kave to Kivntd M
Kot pe f(x) to epPfaddv Tov GKIACUEVOD Y®PIoV,

i) Noa Bpeite 10 medio opiopov Kol TOV TOTO TNG GLVAPTNONG f .
ii) No mopactioete ypapkd mv f .
iii) No Bpeite v Tipf} Tov x Yo Ty omoia woydet £(x) =120 cm’.
17. Zto dumhavd oynua to ABIA gival tetpdynvo 4 2 e

TAEVPAG 2 U. koaw o M givon éva onpeio tng dt-
ayovioo A’ pe (AP)=x. ZvpPorilovpe pe

L

f(x) 0 gupfaddv tov TpLrydvov MAB KoL pe

g(x) 1o epPadov tov tpomelion MIAL .

i) No amodei&ete 611
f(x):x, 0<x<2 ko g(x):—0,5x2+2, 0<x<2.
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ii) Na Bpeite Tig TIpéG TOL X Y1 T1G omoieg To 6Vo guPadd eival ica.

iii) Noa mopaoctioete Ypaeikd 6to 1310 CLOGTNUA GLVTETAYUEV®V TIS GL-
vaptioelg f katr g Kot va PBpeite, pe ) fondeia tov ypapiKodv mo-
POGTAGEWV, L€ TPOGEYYIOT TNV TIUN TOV X Ylo. TNV omoio To dVO Ep-
Bada etvar ioa.

18. Zto duthovo oynua 1o tpiyovo OAB sivat
opBoydvio, 10 M eivar toyaio onueio g
0OA xav MN//OB. Av (OA)=4, (OB)=3 xat
(OM)=x, ka1 E(x) elvot 10 gufadodov tov tpt-

yovov BMN, X
i) Na amodeitete ot1: \.4
(MN) = b)) kar E(x)= —Ex2 +§x.
4 8 2

ii) No Bpeite ™ 0€om tov M yia v omoia T0 euPfadov E(x) peyiotonot-
eitan. [Towa efvar n péyromn Tiun tov E(x).

19. ¢ éva kopreoiavd eninedo Hewpobdpue ta
onueia A4(0,4) kot B(2,2), kabd¢ Kot o
onueio M(x,0) mov Kiveital Katd URKOG

Tov agova x'x.

i) Noa Bpeite 11 cvvteTaypéveg Tov on-
petov I oo omoio téuvel | gvbeia AB
Tov a&ova x'x.

ii) No ekppdoete to gufaddv Tov Tprydvov MAB cuVOPTHGEL TNG TE-
Tunpévng x tov onpeiov M kot vo TOPOGTHGETE YPOPIKA TN GLVEP-
™om aVTh.

20. Ze éva tufpo AB=10km piog Aeo@dpov mEETEL cuvedS YLOVL Kol TO
Vyog tov yloviov avéavetonr lem v dpa. Otav apyilel  ylovomtmon
éva exylovioTikd pnydvnpa apyifet and to dxpo A va kabapiletl to y1ovL
KWVOOUEVO KATA UAKOG TOL dpopov pe toxvnta 10km/h . Mokg @tdoet
oto Byvpiletr kat kabapiler 1o dpopo avtiotpdewg and to B mpog 10 A
Kot ovveyiletl pe Tov id1o tpodmoO.

i) Noa oyedidoete éva ddypappo yio. To VYOG Tov Yloviov 6To A, mopa-
BAémovtag to xpdvo oTpoPng ota A kat B.

ii) Na kdévete 10 1510 Y10 TO VYOG TOL YLOVIOD 6TO0 PHéGo M toL AB.
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21.

22.

‘Eotm o derypatikog yopog 2 = {0, 1, 2, 3,..., 100}. Aivovton kot ot

mOovotnteg Plx) = ZL k=1, 2,.., 100. Na vroAloyicete Tnv mibo-

votta P(0).

‘Eoto Q évag derypotikdg ydpog pe memepacuévo tAnbog otoryei-

oV kot A, B vmocbvora tov Q. YnoBétovpe 611 P(4")<0,28 Ko
P(B"<0,71. Na amodeitete 011 1) P(ANB)>1,01— P(AUB) xout ii)

ANB#D.

YIIOAEIZEILY — AITANTHXEIY AXKHXEQN

1° KEDPAAAIO

§ 1.1

A’ Opéadag

1-5. No. xpnGUOTOGETE dEVIPOIIOYPALLLLO-
0.

6.1) AcvuBifacta ii) Aev givar acvpupifacta
iil) Aev etvan aovpBifacta iv) Acvppifacta.
7. {aoo, aox, ok, axk, koo, KoK, KKO, KKK} .

B' Opadag
1. Q = {aao, apa, ofp, faa, Bap, BB}.

2. Na Bpeite T0 derylatikd ydpo Kot 1o, EVOe-
xoueva pe ™ PonBeta mivaka SmAng e166d0v.

§ 1.2
A’ Opadag

1. i)% ii) %

2. %.

3. i)% ii)% iii) %

9
4. 30°

5.1) 13—1 ii) 1%

6.1) 50% ii) 30%.

11
7. 30"

2
8.3

9.0,4.
3

10. T

11. P(AUB) < P(4) + P(B) &
P(A4) + P(B)- P(ANB) < P(4) + P(B) xT\.

12. 65%.

13. 0) 14% P) 12%.

14. 10%.

B' Opadag

Li)k+tA—p i)l —x—-A+u

iil) © + 4 —2u.
2. 55%.

34
3.3,4,

4. Av P(4) = x, 161 P(4") =1 — x KTA.

5. No Aafete voym 6114 N B < 4 Kot
PAUB)<I.

6. No Aafete voym ot P(A4') = 1 — P(4) ko
P(AUB)<1.
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2° KE®PAAAIO 5.1)9,5 ¢wg 10,5 ii) 15,2 é0¢ 16,8

§ 2.1 iii) 3,87 éwg 4,27 .

A’ Opdodoag § 2.4

1.ii) 1 2.1 3.1i) 4000 ii) 9.999 A’ Opadoag

iii) 3 4.i) 4 5.i)1 7. 72,

B’ Opadog
o+2
o+1

1.i) a—1 ii) 2.i) (a—1)* ii) 1.

3.0) 27 i) 22 4.1,

xX=y
§2.2
A’ Opédooag
1. 1) [Tapte t dropopd ii) [Tapte T
dapopd. 2. AGpolopa TETPOYDVAOV.

3.0) 2,-1 ii) 1,-2.
4.1) 9,8 wor 10 i) —0,9 kat 0,7

iii) 45 Kot 46 iv) 48,34 kot 50,32.
54 53

9]

.1) 10,2 kot 16,2 ii) 6,38 kar 15,68 .
. AnaAowpn Tapovopactdv. 7. S—x<0.

(=)

" Opadag

. 1) ATaAOLQT| TOPOVOLAGTMV,
i) OTAAOLPN TAPOVOLAGTOV.

. [apte ™ dapopd.

3. Extéheon mpaeomv.

4. i) [ToAlamhacibdote pe 10 2

il) ToAAOTAOGLAGTE UE TO 2.

il >~}

[ ]

i) z—3 i) 4—-x iii) 1 iv) O
3.)-1 i)l
5.2 00 -2
. i) d(2,37,D)<0,005
ii) 2,365 ka1 2,375.
B’ Opadog
1. XpnolHomomote TPLY®VIKN avicoTnTa,
3.1)) x=y=0 i) x20ny=0.

4.1) £<1<£ .
a
ii) Apkei va deybet 1_ﬂ<£_ .
f «a

1
1Li)10 i) 2 iii) — .
) ) ) To

2.i)4-m ii)20 iii) [x—1 iv)%

10. 1) % i) 4(ﬁ+ﬁ)

iii) 13+2/42 .
B’ Opéodacg
2. ii) Xpnowomnoteiote 10 epdTNUA (1).

1 2
3.0 2 iy ()
6 a

3° KEDPAAAIO
§ 3.1
A" Opédoag
1.i) 5 i) -1 iii) -7 iv) 1—31

2. 1) Adbvatn i1) TavtdéTNTO.
3.i) Avi#1, tote x=1,
av 1=1, tavtéotnTa.

i) AvA#2, tot¢ x=L,
A=2
av =2, addvarn.
iii) Av A#0 xou 1#1, 1618 x=%,

av 2=0, addvatn,
av =1, tavtéotta.
iv) Av 1#0 ko 1#1, 1018 x:ﬂ,
A-1
av A=0, tovtdtnTa,
av A=1, addvar.

4.1) x=2,5 ii) xz%s 5.2.750 ko 1.250 .

6.0) =YY i) g =Rk
o R,-R

7.1)4 ko —1 il) 2 ka1 —1.

8.1) O kol ii) —lxou 0.
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9.1) 2 kol i) 1 ko 2.
10.1) 2,1k —1 i) 2 kol
11.1) -1 i) advvarn,
12. 1) advvamn ii) xeR pe x#0 xar
x#-2 ii1) advvorn
iv) xeR pe x#1 xor x#-1.
13. (-1,0,1), (1,2,3) Ko (—3,—2,—1).

14.1) 4 k-1 i) 3 Kalg
iii) 1 iv) advvarn.

15.1) —1xo 1 i1) advvatn.

16.1) =5 Km—% i) 1xon 3.

B’ Opadog

2. 020, a#0, %0, 3. 50ml

4. 3 Aemtd,

5.Av a#0, t6t1¢ x:—%,

ov a=0,7101e xR pe x#0.
6. x=0, 7. -2 ko 2, 8.2 kot %

§ 3.2

A’ Opadog

1.1) 5 ii) 3 iii) 1.

2.1) =5 i) -3 i) 1.

3.1) 8k —8 i) 3 wou —3 iii) 2xon—2.
4.1) Oxon2 il) Okou—1 1iii) 0.
5.3,3kon9. 6.1)3 1ii) f% i) lkon 4.
§ 3.3

A" Opddag

1.1) %K(Ml i) 3 iii) advvar.

.1) 1,3k —1,3 ii) Okon2 iii) advvatn.

) A=4(2-1)" i) A=(a-p).

. lxon—1, 5. A:—4(a—ﬂ)2.

Li) X2 =5x+6=0 i) 2x*=3x+1=0
iii) x* —10x+1=0.

L 9+4l 941
i1) 3 Kot >

8.1) \/571«11 \/g i) 1 Km—x/z.

9. —(a+p)xo (B—a). 10. 24 kar 10.

A A W N

7.1) Skon—3

11.

13. ot .
2 2
14.1) 2 xou—3 i) —-1.
15.1) 2xar—2 ii) —%KUJ% ii1) advvorn.
B’ Opadag
3. -7Txorl. 4. @étovue 6mov x 10 l
p
2
5.1')ocl<0u—l ii)ﬂKma—.
a
6.1) A=41+32 i) -2 koud, 1=-1.
7. 3,4xo5. 8. 1. 9.12 opeg, 24 dpes.
10. a=9 , pileg eivar ot : 3, -3, Ikor —1.
4° KEDPAAAIO
A’ Opéddag
1.1) x< —% ii) addvatn iii) xeR.

2.

i) 3,-3, 4 ku—4. il) 5kon—5
i) 6,—-6, 2xou—2, 12. Oxon 2.

| 3-5 . 3+45

i) 1<x<3, 3.0y, 4.0,1 xar 2.

5.1) xe (—3,3) i) xe [—3,5]

1) xe(—o0,—

iii) xe(-3,2).
JU[3,+2)
ii) x € (—00,—3) U(5,+x)

iii) x e (-0, -3]U[2,40), 7.i) x>3

ii) xﬁé, 8.1) xe(—l,S) i) xeR.

. xe[-2,8] 10. [x+2|[<5 11.[510]

" Opddoag

. 1) xe[l,%} ii) xe[g,Z]

i) xe[-4,-2]u[2.4]

i) xe[1,3]U[7,9]

3.0) 1 iii) x>1.

4.1) 4 iil) 1<x<7.

§ 4.2

A" Opéddag

1. 1) (x—l)(x—Z) ii) (2x+1)(x—2).
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ox=1 . 2(x=3) .. 2x-3 2.
2.1) il ii) 7 iii) 1 x o -2 ] 5 P
3.i) ¥*—2x-15>0, P(x) -0+0-0 -
na xe(-e,3) U (5,4) 3 e () oG
if) 4’ —dx+1= (22 -1) 4. xe[-3,0]U[3,40).
iii) X’ —4x+3>0 ywxeR. 5. xe (-0, 2]u{-1} U[l,+x).
4.i) —x*+4x-3>0 yoxe(l,3
(2 ) 6. xe(—oo,—éju(lﬁ).
ii) —9x* +6x—1=—(3x-1) 2
iii) —x*+2x-2<0 yoxeR. 7.1) xe(=o0,~1)U(2,+0) ii)xe[%,s)

5.0) xe[0,4] i) xe[-41]. 8. xe(-2.-1]u(12]

. .. 5
6. 1) xe(—o0,—-1)U(2,+®) ii) xe(—l,E) B’ Opdsac
7.1) xeR, x#2 i) x=3. 1. 1) xe(l,z] ii)xe(_w,_z]u[_é,ﬂo}
8.1) Adtvarn i) xeR. 9. xe(L3). 2 3

10. xe(-4-1)U(3,4). 2. xe(~0,-3]u(L.4].

5
11. xe(l,Z)u(3,5). 3.1) xe( 3)u[2 5]
B .Ouaﬁag ii) xe(—oo,—2)u[l,l}u[3,+oo).
1.1) (afﬁ)(a+2,8), (a+2,5)(a73ﬂ) 2
- 1
iy 22 0238 won ax-25. 4. xe[—f,oju(o,l).
a-3p 3
2. (2x—a)(x+p). 5.1,59<x<4,41. 6. 1<1<4.
0
3. x+ﬁ,x¢a Kol x # 20 3° KE@AAAIO
x—2a § 5.1
4.1) 4 ii) <0 A>4 —
iif) 0</1<4. A’ Opddog
4 1.1)3,5,7,9, 11 ii)2,4,8,16,32
5. 0<i<§- iii) 2,6, 12,20,30 iv)0,1,2,3,4

v)1,-0,1, 0,01,-0,001, 0,0001

N A QP A
6.1) A=-81-244, 1<-3 1 A>0 Vi)iégﬁﬁ vii) 4, 3,2, 1,0

i) A<-3. 2}8 1~6F32 ”
7. To M Bpicketor avipeca 6ta onpueio viii) 5 1750, =5 ix)2, 1, g, 1, %g
oL TpLryoTopovy Vv Al 1 1
X 1,***,**,7 xi) 1, — -1,1
8.1i) A>0 pe a,f opdonpovg, ) 34 )
A<0 pe a,f erepdonuovg. 1)2,2, ,2,2 i) 0,1, 2,5, 26
iii) 3, 4, 6, 10, 18
§ 4.3 3.)a, =6kua, =1+a
? Opadag ii) o, =2kua, =20
] X i) o, =l ko, =20 +1

-0 -1

w N

iv)a, =8«xaa, =5+a

P(x) +0 -0+ 0 - 4.)a =2v-1 ii)a =3-5""
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§5.2 _ i} o
A’ Opédag 2.1) 0, =64 ii)a, = 1458 . :11) o =3
Li)a,=3v+4 ii)a =2v+9 iii)a =-3v+8 V) o, =512 va.=(3]
iV)av:%v+% v)o,=3v-3 3.i)a1:% i) a, =1
. . T
2.i)a, =68 ii)a, =144 iii) o, =323 4Dr=2 i)r=3

iv) 0, =289 v)a, =190 viya, =35 ) oy, 1000 i) o~ 1642

8192
Ao =Teo=1 i)e=2,0=4 ii)a, =14,0=3
o =85 i) =121

5
6.9 opot
7.1) O 10% 6pog  ii) O 11Z 6pog
.1) O 20Z 6pog i) 0 60% 6pog 3
9

3
4

S ) 10,1 di)x=3
6.1)-15 ii)x=16

7

8

9

L) 1023 i) 8572 iii) 1364

- 1) 20 ko 30 10.1) 10922 ii)=8 iii) 171

.1) 1840 i) 1560 iii) 3360 iv) 3620

11. 12288
.1)-9320 i) 2080 12. ~ 0.74m
10. 1) 4950 ii) 1386 iii) —2030
S04 o B’ Opédag
11. 1) 9 6povg i) 8 dpovg i )
) 1. I&pte to Adyo %t
12. 1) 53,585 v
2.v=14
B’ Opadag 3. 1) Zymuotifouv yempetpikn mpdodo e
1. Iépre m Swpopd. o, — 0, o =8 =—4 12 6po a2 ko Adyo A?
2.1) 40000 i) 90300 1iii) 36036 i1) Zynupotiouv yempetpikn Tpdodo e
3.1)3900 i) 6615 12 6po o} con Adyo A*
4.1) 2205 i) 4220 dooy=43,0=¥3 f o, =—(3+243),h=-43
5. S = (142+...4200)—(4+8+...+200)—(9+18+...+198) 5.1023
+(36+72+...+180) = 13263 6.0, =102-a, =109,8 ekatopuiopo:
6. Amoutodvtat TovAdyiotov 20 TpdTot 6pot. 7.1,=09-1, =035I,
7.1 n: 10, 780 .
N YPOAHHN 8.1) A=V2, ii) 261+ 2
2n ypopun: 4, 1539 ] .
3 ypo: 1, 34 9.)D_,=09D, ii)=20,87 It
4n ypappn: —38 ~368 10. 9,223-10" tovvol
8. 78 10 12/wpo kot dpa 156 10 24/mpo 11.i) S, =3-4"" i) U, = 3~(%)H
9. 81840, 2480
10. 10, 17, 24, 31, 38, 45, 52, 59, 66, 73 S 5.4
11."J2rl A’ Opéadag
12. 40m Béfoc 1. 6381,4 evpd

2.37.204,87 gupd
§5.3 3.5%
4.27342,05 gvpd

A’ Opadag
Li)a=3-2"" ii)a=2-3"2 iii) o =3"
iv) avz% V) avz% vi) ocv=%

vii) o, = (04)~"  viii) o, = (2)"  ix) o, =(-3)
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6° KE®PAAAIO B’ Opaddog

§ 6.1 1) f(-6)=1, f(*5)=%, f(-4)=0,

A" Opddoag |

1.i) R={1} i) R-{0,4} iii)) R f(—3)=75, f(=2)=-1, f(-1)=0,
iv) (0,+20) . £0)=1, f)=1,  £(2)=1,

2.1) [1.2] £(3)=0, f(4)=-1, f(5)=-2
ii) (=0, 2] L[2,+00) i) £(x)=0:4,-1,3 f(x)=-1:-2,4

iii) [13] iv) [0,1)U(L,+e0).

3. -125,3,15.

4.0) f(x)=(x+2)",xeN i) 4,58,10.

5.1)x=3 ii) addvato iil)x=2MHx=-2

§ 6.2

A’ Opddoag

2. 2<x<5xm 1l<y<6.

3.0)(-1,-3) i) (L3) iD) (3,-1)
iv) (1,-3).

4.9)245 i) 5 i) 4 iv) 5.

5.i) AB=AT ii) (BI') =(AB) +(AT)".

6. (AB)=(BI')=(I'A)=(AA)=5.

7.0)2 Qi) -1 iii) 4.

8.1) (4,0), (0,-4) i) (2,0), (3,0),

(0,6) iii) (1,0), (0,1)
v) (1,0) vi) (-2,0), (2,0).
9.1) (0,-1),(-1,0),(1,0) ii) x<-Ifx>1

iv) (0,1)

10.9) (2,-2), (54)  i)2<x<5.

§ 6.3

A’ Opéodoag

1.1) 45 ii) 60° iii) 135 iv) 120°.
2.1) 1 i) -1 i) 0 iv) 2.

3.1) y=—x+21ii) y=x+11ii)) y=2x-1.
4.1) y=x+1 ii) y=—x+3 iii) y=1.

iv) y=-2x+5. 5.-40" C. 6. Amorte-

Aelton amd v nuevleio y=—x+2,

x<0, 70 evl. tuApa y=2, 0<x<1

Kat v nuievbeio y=x+1, x>1.
7.1) -1, 1 kv =2, 0, 1.

ii) x € (—o0,1) = {~1}, xe[-2,0]U[l,+x)
8.1) xe[-L1], xe(—o,~1)U(l,+0).

f(x)=1: x
i) y=0,5-x, xe[2,5]u

€[0,2]u{-6}

=2

2. y=x-1, x=>1.
3.1) B(¢)=2000-1007 , 0<£<20,
A(t)=600+1007, 0<7<20,
i) =Tmin 4. f(x):7x+8, 0<x<4.

5.1) h,(t):—?wrzo,oszg

hy(t)=-5t+20, 0<r<4

ii) 2,4h
A" Opadag
5.1) 2(x-2)

iii) 2,4h.

i) 2(x-3)" -3

i) 2(x+2)" iv). 2(x+3)" -3

§ 6.5
A" Opdoag

1V (=01], £ A[1,40) 5 g R(=0,0],
g V[0,2], g A[2,40), ¥ (=o0,-1],
nR[=10], n V0], AR [L0).

2. f(1)=-1 olho ehdyioTO,
N g dev éyel OAKG aKpOTATO,
h(-1)==2, h(1)=-2 olo6 erdyioTO.

3.1) Apkel f(x)= f(3)
ii) Apkei g(x)<g(1)

4. 1) Aptwa
iv) meprty
5.1) Aptia
iv) meprty
6. 1) Ileprrm
7.1) Aptia

i) meplrn

ii) aptio iii) tinota
v) titota. Vi) mepiTT
ii) timota.  iii) mepirTy
V) aptia vi) GpTia
ii) dptio iii) tinota,

ii1) tinota.
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7° KEDPAAAIO

§ 7.1

ﬁpdﬁug

1. y=2x". 4. ¥<le-1<x<1,
¥>leox<-Ifx>1.

B’ Opadog

2. /¥ (=0,0], £ R[0,40),
£(0)=0, gréyroro.

3.i)a) X <x?<x<x

B) x3>x2>x>\/)_c. 4.\/5.
§ 7.2

A’ Opddog

1. yzz. 4. l£1<::>x<01‘|le,
X X

l>1<30<x<1,
X

5. lsz<:>x<0f]x21

X
LN PoTE 6.y=ﬂ.
X X
573
A" Opadag

1.i) y=2-(x-1)"+3.
i) y=-2-(x—2)"-1.

2. a) f(%j = —% eAAy10T0.

5\ 49
— == 1070.
B) g[ 6j [ HévoTo

B’ Opadog
1.i) 1 i) -1 iii) -3, 5.

2.1) a<0 i) A>0 iii) a=-1, y=-5.

3.0) f(x)=—x+10x ii) f(5)=25.

3

4. 1) E=7(x2—6x+18) ii) MA=MB

5. 30, 40.

AXKHXEIY I'lA EITANAAHYH
2. ii)

3 4 5
8 6 10
5 12 | 13
21 | 20 | 29
16 | 30 | 34
15 8 17

Lii) 2<a<3. 5. i) A=374=1.
A ) t=6 i) t,=2, t,=10.
. E=8t.p.. 8. x<2.

. B) Av a<0, adbvato, av a=0, 500

o 9 N A

Moeig, av 0<a <3 1éocepig Aboelg,
av a=3 tpelg Ao, av a >3 dvo
Adoelc.

10. iii) Av a= +2 800 Mooetg, av
0<a<~2 Ll —\/5<0(<0,‘Cé6(58p1g
Mboetg, av a==x1 tpelg Aaoelg, av
a<—/2 na> V2 advvaro.

11. x=1.
12. iii) f: elayoto 2, g : ehdyioto O,
puéyloto 2, 15. vat.

5x,0<x<20
16. 1) f(x)=410x-100, 20 < x <40
5x+100, 40 < x <60
iii) x=22. 17.ii) x=~/5-1.
18.11) x=2, E=1L5t.un.
19.1) 4,0 i) E(x)=|x—4|
21. No AdPete vmoym Ot
P(0) + P(1) +...+ P(100) = 1
22.1) P(4") =1 — P(4) xT\.
i) Na ypnowomomoete ) puébodo mg
£1G GTOTTOV OTAYOYNG.



