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KEQAAAIO 1
[NIGANOTHTEX

§ 1.1. Asvypotikog yopog - Evogydpeva,
A" OMAAAX

1. 'Eoto a, i, k to amoteAEGoTo 1) LTado va glvat dompn, podpr Kot KOKKL-
1 ovTiotoiymg. ‘Eyovpe:
)
In e€ayoyn 2n e&ayoyn Amotéheopa
o (0, o)
(o, 10)
(o, K)
(@)
(1)
(. %)
(. @)
(. 1)
(. )

Q=1{(a a), (& 1), (& x), (W o), (@ 1), (@ x), (& ), (& 1), x K
i) {(x @), (x, @), (1, %)}
iii) {(a @), (. ), %, 1)}

i

=
IR Q 3 ®T Q& 3T

i

2.1
) In e&oyoyn 21 e€ayoyn Amotéheopa
¢« ——— I (o, 1)
K (o, )
o (. o)
u < p (u, )
o (x, @)
s u (x, 10)

Q= {(a, p), (@, 1), (1, @), (W x), (k, @), (x, 1)}
i) {(x, a), (x, p),}
i) @.
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3. 1) Q= {(Kbdmpog, aepomrdvo), (Makedovia, awtokivito), (Makedovia, tpé-
vo), (Moxkedovio, agpomAdvo)}.

ii) A = {(Kbmpog, aepomrdvo), (Makedovia, agpomAdvo)}.

4. 1) Av ovpPoAiicovpe Kabepio amd TIG EMAOYES HE TO OPYLKO TNG YPOLLLLAL,
£YOVLE TO TOPAKATO SEVTPOILAYPOLLLLLOL:

Kbpio mato YVVOdELTIKO I'okd Amotéleoua
bis (, u, m)
(k1 7)
(1, Q)
(x, p, m)
(%, p, 7)
(x, p, O
(x, x, )
(& 2 7)
(. % O
(9. 1. m)
(9. 1. 7)
(9. 1. O
(. p. m)
(9. p. )
(9.p. 0
(9. x. ™)
(9. % 7)
(9. % 9O

A

M

A

I I I A T B AT B BANE

To ovvolo mov yel og ototyeia Tig 18 Tpiddeg g oAng “amotéiecpa”

OTOTELEL TO SELYUATIKO YDPO TOL TEIPAUATOS!

i) 4= {(x, . m), (x, p, m), (&, x, @), (¢, . @), (@, p. @), (9, x, W)}

i) B={(x, u, m), (&, 1, ), (x, w1, O), (x5, p. @), (x, p, @), (&5, p, O), (x, x. ™),

(k. 0, (1 % O

) ANB = {(x, u, m), (. p, 7), (5, x. )}

v) I'={(x, p. m), (x, p, 7), (5, p. O), (9. p. 1), (9, p. D (9. p, O}
(AnB)N= {(k, p, 1)}

5. 1) 2=1{(0, ), (0,5),(0,7),(0,0), (1, a), (1, §), (1,7), (1, 6);
i) 4= 1(0,7), (0, 9);
iii) B = {(0, @), (0, §), (1, @), (1, )}
) I'={(1, &), (1, £), (1, ), (1, 9);}.

6. i) A={3},B=1{2,4,6}, AnB =, Gpo ta A ko1 B givar acvufifacta.
i) Eme1dn vrapyovv kot EAAnveg kabolikoi, avtd onuaivel 6tt ANB # O,
dnrodn ta 4 kot B dev givar acvpuBifacto.
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iii) Engidn vdpyovv yovaikeg avo t@v 30, mov va givar 30 ypdvia movepe-
uéveg, avtd onuaivel 0t ANB # D.
iv) ANB = J, dpa 1o 4 ko1 B givan acvpfipaocto.

7.
1° moudi 2° moudi 3°moudi  Amotélecpa
o a0,
a <
K oK
o
o oK
K <
K KK
o Kao
o <
K K
K
o KKO.
K <
K KKK
Q = {aoo, aok, oko, oKk, KOO, KoK, KKO., KKK} .
B” OMAAAX
1. Lo moyvidt 20 moyvidt 30 moyvidt  Amotélecua

oo
[¢4

a< “ af
a Poo
p——__ s o

g BB
Q= {aa, afa, app, faa, fof, BB} .

2. To anoteléopoto g piymg dvo (apidv eaivovtol GToV TOPUKAT® TIVOKOL
dumAng e16d0vL.

2n piym
In piynm 1 2 3 4 5 6
1 (LD | (1,2 | (1,3) [ (1,4 ] (1,5 |(1,6)
2 2, 12,2 |2,3) 2,9 (2,5](2,6)
3 G, ]@G3,2)(3B,3)3B,4] (3,5](@3,6)
4 @1 | 424344 ]| 45|46
5 G, (5,2) | (5,3)65,4)] (55](5,6)
6 6,1) | (6,2) | (6,3) | (6,4) | (6,5)](6,6)
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Apa
A4=1(2,1),3,1), (3,2), (4,1), (4,2), (4.3), (5.1), (5,2), (5.3), (5:4), (6,1), (6,2),

(6,3), (6,4), (6,5)}.

B=1{(11),(1,3), (1,5), (2,2), (2,4), (2,6), (3,1), (3,3), (3,5), (4,2), (4,4), (4,6),

(5,1), (5,3), (5,5), (6,2), (6,4), (6,6)}.

I'={(1,1), (1,2), (1,3), (1,4), (2,1), (2,2), (3,1), (4,1)}.
AnB ={(3,1), (4,2), (5,1), (5,3), (6,2), (6,4)}.

A= {(2,1), (3,1), (4,1)}.

AnB)N"= {(3,1)}.

§ 1.2."Evvowa ¢ mlavotnTog
A" OMAAAX

1.

1) H tpdmovia €xet 4 mevidpia ko emopévog 1 {ntovpevn mbavotnta etvot
ion ue 41 .
52 13
ii) To gvdeyopevo givat 1o avtiBeto ToL EVOEYOUEVOD TOV TPOTYOVEVOL
epmtuatog. Apa 1 {ntodpevn mbovotra ivar ion pe 1 — 4812 .
52 52 13

Av I 10 amotédeospia “ypappore’” Kot K 10 amotélespo “keporn”, 0 detypo-
TIKOG Y®POG Tov mEpdpotog eivor Q = {K7, I'K, KK, I'T"} kot vmapyet pio

guvoikn wepintoon n I 1. Apo 1 {nrovpevn wibavotnta ivol i .
To kovti €xet cuvorucd 10 + 15+ 5 + 10 = 40 pndhec.

1) Ot padpeg pmdreg eivor 15. Apa 1 mbavotnto va givat n urdio podpn
15

40
ii) Yrdpyovv 10 dompeg ko 15 pordpes pmdires. Apan Lnrodpevn mbovo-
mta givat ion pe 10+15 _25
40 40

iii) To va pnv etvor | pedAa ovte KOKKV 00TE TPAGIV, OTLLALVEL OTL Uo-
pei va givar dompn 1 povpn. Apa n Entodpevn mibavotnta eivor ion pe
10+15 _25

40 40

H t4&n éyet covolkd 4 + 11+ 9 +3 + 2 + 1 =30 podntés. o va €xern
owoyéveln evog pabnt 3 moudid, mpémel o pabNTg aVToOg VoL £xEL SNAD-
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oetl 0Tt €yet 2 adéreto. Enedn 9 pobntég dniwoay 6tt xovv 2 adéroia, 1

, , , 9
{nrovpevn mbavotnto etvot 30

5. ‘Eyovpe Q= {10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20}, 4 = {12, 15, 18}

kot B = {12, 16, 20}. Emopévog

: 3 I 3, . 3 8
I)P(A):ﬁ' ii) ExouusP(B)=H, 4po P(B') = lfﬁ—ﬁ.

6. Av A, IT kot N givor ta evdeyopeva vo kepdicovy o Agutépng, o [aviog kot

30 20 40

Ni i ote P(A)=——» P(I)=—— P(N)= .
o Nikog avtiotoiymg, 10te P(A) 100 (1) 100 kot P(N) 100
Ene1dn ta evdeyopeva givar acvpfifacta £xovpe:
i) P(AuID) = P(4) + Py = 30 1 20 _ 50 §naa51 50%.

100 100 100

. 30 40 _ 30
ii) PAUN) =1—-P(AUN)=1-PA)—P(N)=1-———— =",

) P(AUN) (AUN) (4) — P(N) 100 100 100

SnAadn 30%.

7. "Eyxovpe dadoyikd P(A) + P(B) — P(ANB) = P(AUB)

1747 _punpy=2
30 15 3
Pims 1747 217,14 20 11

30 15 3 30 30 30 30

8. 'Eyovpue dadoyikd P(A) + P(B) — P(ANB) = P(AUB)

1 + P(B) —
2

o[~ !

1_
3
pBy=>+1_1-5,2 3_
6 2 6 6

NN

2
3

W | =

9. "Eyovpe dadoyikd P(A) + P(B) — P(ANB) = P(AUB)
2P(4)-0,2=0,6
2P(4)=0,8
P(A)=04.
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10. "Eyovpe dradoyikd P(AUB) = P(A) + P(B) — P(ANB)

11. 'Exovpe
P(AUB) < P(A) + P(B) < P(A) + P(B) — P(AnB) < P(4) + P(B)
< 0 < P(ANB) mov 1oy0et.

12. 'Ectw 4 10 gvdegydpevo va Exet kapta D kot B 1o evoeXOLeVo va. ExeL Kapto. V.
25 55 15
‘Eyovue PA)="-, P(B)= ", P(ANB)=—"—. Enouévag
100 100 100
P(AUB) = P(A) + P(B) — P(ANB)
25,55 15 _ 65

— ——, OnAadn 65%.
100 100 100 100

13. 'Eoctm 4 10 £vOgXOUEVO VOl EYEL VTEPTOON KO
B 10 €vdeyOEVO Vo, EYEL GTEPOVIAIN VOGO. A B
"Exovpe
P)="12 pB)=-0 xu PLUNB)= 2.
100 100 100 |@
7 \
a) ‘Exovpe A-B B-4

P(AUB) = P(4) + P(B) — P(AUB)

10, 6 2 _14
=+ 2 2 =0 Snhadh 14%.
100 100 100 100

B) To evdeydpevo va €xel to Gropo povo o acbéveto eivar to (4 — B)J(B — A).
Ta evdeyopeva (4 — B) xat (B — A4) givar acvuPifacta. Emopévag
P((A—B)U(B - A))=P(4—B)+P(B-A)

= P(A) — P(ANB) + P(B) — P(ANB)
= P(A) + P(B) + 2P(ANB)
10 6 4 _ 12

=t === Snadh 12%.
100 100 100 100
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1.2."Evvola g mbavotntag

14. 'Ecto A 1o evdgyduevo va pobaivet ayyAkd kot B 1o evogyoevo va po-
Baivetl YoAAKA.

‘Exovpe P(4) = 80 , P(B)= % kot P(ANB) = %

100

Apa  P((AUB))=1-P(AUB)

=1 - P(4) - P(B) + P(ANB)

=1 80 ,ﬂ &:ﬂ, onradn 10%.

100 100 100 100

B OMAAAX

1. i) P(AUB)=P(4)+ P(B)— P(ANB)=kKk + i —pu
ii) P(AUB))=1-PAUB)=1-Kk-A+p
iii) P((4 — B)U(B — A)) = P(A — B) + P(B - A)
= P(4) — P(ANB) + P(B) — P(ANB)
= P(A) + P(B) — 2P(ANB)
=Kx+21-2u.

2. Av A kot B 1o evdeyopeva va pnv et éva votkokupld miedpaon kot Bivieo

avtiotoiyms, Oa elvar P(4) = 15 kot P(B)= 40 Kot P(ANB) = 10 .
100 100 100

Emopévag n ntodpevn mbavotnta Oo eivort:
P((A4UB))=1-P(AUB) =1 — [P(4) + P(B) — P(ANB)]

_1(15+‘“)£—145—55,6nm5ﬁ55%.
100 100 100 100 100

PA) _3
PA) 4
PA) _3
1-P) 4
4P(4) =3 -3 P(4)
TP(4) =3,

PU=3,  Puy=1-Pu)=2.
7 7

3. "Exovpe dradoyikd
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4. AvP(A)=x,t61e P(A")=1—-x, 6mov 0 <x < 1.

1

1 1

'Exouusi+ —>4 o -+ -~ >4
P) PUA) x 1-x

5. <’Eyoupe

*'Eyoupe

<1 —x+x>4x(1 —x)
<:>1—x+x24x—4x2
Sa’—4x+12>0

S (2x - 1)2 >0 OV 1GYVEL.
ANB c A4

P(ANB) < P(4)

P(AnB)<0,6 €))

P(AUB) <1

P(A) + P(B) — P(ANB) < 1
0,6 +0,7 — P(ANB) < 1

0,6 +0,7 — 1 < P(ANB)
0,3 < P(ANB) )

amo TG (1) kot (2) TporvmTel OtL:

0,3 < P(AnB) < 0,6.

6. P(B)— P(4") < P(ANB) < P(B)— 1 + P(4) < P(ANB)

< P(B) + P(A)— P(ANB) <1
< P(AUB) <1 7oV 16y VEL.



KEQAAAIO 2
OI IPAI'MATIKOI APIOMOI

§ 2.1. Ov wpdcerg Kot o1 WOTNTES TOVG
A" OMAAAX

1. 'Eyxovpe

: (Xy3)4 yﬁ1 ' x4y12 X _6 X _.9 .9 9
A= 5 ~ s Y Ty (k)
(xy) Koy y

X
(i) T x = 2010 Ko y =1
2010

&yovpe X y =1 omote

'S > 7]2: 5 52 10
Xty (Xy) (xy)

2. 'Exyoopue A=

2
y X3 y7 y2

TNa x=0,4 kay =-2,5 elvan xy =—1 ondte A = (71)10 =1.

3. i) 10017 = 9997 = (1001 — 999) (1001 + 999) = 2 - 2000 = 4.000.
i) 99 - 101 = (100 — 1) (100 + 1) = 100” — 1 = 10000 — 1 = 9.999.
i) (723 — (4.23) _ (7.23+4,23)(7.23-4,23) _ 11,46 -3 _ ;
111 - - -
11,46 11,46 11,46

4. 1)'Exovpe
(a+B)’ = (a—P) =a’+20p + "~ (o’ ~2ap + B°)
= o’ +20B + B — o’ + 2aB — B* = 4P
i) Zopeomva pe to gpotnua (i):
( 999 1000 )2( 999 1000)2_4 999 1000 _,
1000 999 1000 999 1000 999
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5. 1)'Eyovpe
-@-D@+)=d—(@-=d—o’+1=1

ii) Av gpappocovpe to epdtpa (i) ywo o = 1,3265 1 Ty mov mpoxdmTel
v v mapdotaon giva 1.

6. Eoto v kot v + 1 600 dradoykoi pucikoi apiBpof:
Tote éyovpe
VH+H1)YP V=@ +1-v)(v+1+v)=(v+1)+v

7. lIoyder
2v+2v+1+2v+2:2v(1+2+22):2v.7

B" OMAAAX

1. Av mopoyovtomomcovpe aptiunt Kol TopOVOUOGTH
"Eyxovpe

o2’ +a _ a(o’ - 20+1) _ (a— 1)’ -]
(xz — o (l((l —1) o—1

)

i) a27a+2a72:a(a71)+2((x71) _(a-1D(a+2) _a+2
o> 1 @D+  (@-D@+D) o+l

2. 'Eyovpe

i) (a_l)z. o + o’ :((121)2_ o (a+1)
of @+1)y | @ (@+1)’

(@D @+ o

2

= (a—1)
o (o + 1)2

(x2+a+1.a2—1:(12+a+1. (a—1)(a+1)
atl o1 atl  (@-1)(@+a+l)

=1

i)
3. 'Eyxovpe

)
n@+w%1+l ~(x+y)?
X Yy

) 2
}’+x) _(X+y)2( Xy ) :(Xy)zzxzyz
Xy Xty
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1.1 (11)
ﬁ)X+y.X4—Y1:X+y, x y_xty \x y
x-y x?-y? x-y 1_1 x-y (1_1 1+1)
X y2 X YX ¥y
_xty 1 _x+y xy _ xy
X-y y+tx X-y Xty X-y
Xy
4. 'Eyovue
X3+y3.(x2__y):(ery)(xz—nyryz).xz—nyryz
xX—y) \x-y x-y)(x+y) X-y
:xz—xy-i-yz. X—y =1
X-y xzfxy+y2

5. 1) o’ tpdémoc: Me yevikevon g W0 tog 1iv) tov avaroyiov (BA. epap-
poyn 1, cei. 26) éyovue

vyootBty

_B_
y o Bryta

omote 0.= P =1.

B’ tpomoc: Oétovpe %= B_v_ k, omote éxovpe

Y «

a=kB, P=ky wxm y=ka (1)

Av, tdpa, mpochécovie katd péAN Tig 166t TEG (1), Ppiokovpe

at+B+y=k(a+p+y)
omote £xovpe k =1 (apod o+ B + vy # 0, duotL T0. @, B, ¥ lvar pnkn TAgw-
POV TPIYDOVOV).
"Etot, and t1g 166mteg (1) mpokdmtel 0TL 0 = B =y Ko 4po. T0 TPiymvo &i-
Vot 160TAEVPO.

v" tpémog: H ocvykekpipuévn doknon umopet vo amodeyel, petd tn dda-
okoMa g § 1.3, oc e&ng:

[HoAamhacialovpe kKatd péAN T1g 166t TEG (1), omdte Eyovpe

afy = ks(aBy) kat, enedn afy £ 0, Oa gival kK’ =1 kot apak=1.

‘Etot, and 11¢ 10otteg (1) mpokdmtet 6tt o= =1.

2yoMo0: O cuykekplévog Tpomog umopet va epappocbel kot 6tav ta o, B,
y elvon omoowdnmote mpaypatikol opBuoi, dapopetikoi tov Pndevoc,
EVMD Y10 TOVG VO TPAOTOVG TPOTOVG OTOLTEITOL GTIV TEPIMTMOGT OTY| VO
amodeytel 0tLa + B+ vy #0.



16

KED®AAAIO 2: OI TIPATMATIKOI APIOMOI

ii) o tpémog: ‘Exovpe o — =P —v (1) xar oo — p =y — a (2), onodte, av
npocBétovpe katd pEN tig todmreg (1) kot (2) Tpokvmtet 6Tt

20-2=B-a=30=3=a=f

‘Etot, and v 16omta (1) Bpiokovpe 6t kot B =1y. Apa o = =y onodte

70 Tply®Vo gival I6OTALLPO.
B’ tpomog: Oétovpe o — B =P —vy=17—a =k, ondte &govue

a-pB=k P-y=kxuy—-a=k 2)
Av thpa mpochBécovpe Katd péEAN Tig 166tnTES (2), Ppiokovpe o6t k = 0,
omoTE, AOY® TOV IGOTNTMV VTV, etvol o = f = Kot dpa To Tpiymvo &i-
vat 16dmAevpO.

Av x Ko y etvan ot deotdoelg Tov opboywviov, tdte Ba 1oyvEL
L=2x+2y «xm E=xy
omote, Moym g vtodeonc, Ba Eyovpe
2x+2y=40 o1 Xy=d
Ko apa
y=20-x (1) «xu xy=a (2)
Adyo g (1), n (2) ypdoetat 1codvvapia:
X(2(17X)=(12<:>2(1X*X2:(12@X272QX+O£2:0
ox-—0)'=0ex-a=0x=0a

"Etot amd v (1) €yovpe Ot kot y = o Kot dpo. 1o opHoydvio givar tetpd-

Y®VO.

®a gpyacHovpe pe ™ péBodo g amoywyng 6€ GTomo.

i) Agvmofécovpe 6Tt a+P=ye Q. Tote o eivarf=y—ae Q
(¢ dtopopd pnTdv), TOL Elval GTOTO.

ii) Ag vmoBécovpe 60tt  aff =y e Q. Tote Ba etvan B = la e @

(g TAiKo pNT®V), IOV gival GTOTO.

§ 2.2. AvdToén TPayROTIKOV aplOp®v

A

1.

OMAAAX

1) El’vmaz+926a<:>a2—6(x+920<:>(a—3)220 OV LoYVEL.
i) Etvar 2(o” + B%) = (0 + B)* < 20° + 2B° > o + p* + 2aP
200+ 2B — o’ =B —20p =0
o +B-208>0
S (a— [3)2 >0, mov 1oy veL.
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2. Eyovpe o’ + B —20+1>0& o — 20+ 1 +p*>0
& (-1 +p>0 mov wydeL
H woémta woydet yio o= 1 kot = 0.

3. Iogoet (x—2 +(y+1’=0=x-2=0 xa y+1=0
&x=2 kor y=-1.

ii)'Exouu8x2+y2—2x+4y+5=0<:>x2—2x+l+y2+4y+4=0
e x-1’+(y+27=0
&x-1=0 xuu y+2=0
ox=1 ku y=-2.

4. 1) [IpocOétovpe KOTA PEAN TIC OVIGOTNTEG
45<x<4,6 xou 53<y<54
0oTOTE £(OVUE
45+53<x+y<4,6+54
nradn 9,8 <x +y < 10.

i1) Amd ™ 0e0TEPT AVIGOTI T TPOKVILTEL
—54<-y<-53
Kot TpocBétovpie katd péAN pe v 4,5 <x <4,6
0OTOTE EYOVUE
45-54<x-y<4,6-53<-09<x-y<-0,7.

iii) Ioyvel 5,3 <y < 5,4 ondte
LIPS S SIS Y N
53 y 54 54 y 53

Kou apo. 4,5 .L<X.l<4,6 x40

5.4 y 53 54 y 53

iv) Eneldn ta pén tov avicot)tov sivar Betucol apiBpoi pmopovpe va
VYDOGOLILE GTO TETPAYMVO OTOTE EYOVILE
(4,5)° <x" < (4,6)" < 20,25 < x* < 21,16 kot
(53 <y’ <(5,4) < 28,09 <y’ <29,16
TpocOETovpe KaTd LEA OTOTE
20,25 +28,09 <X’ +y* <21,16 +29,16 < 48,34 <x* +y* < 50,32.
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6.

7.

B’

1.

X x+0,2

y y-0,1
I'a 1o X €govpe:
2+02<x+02<3+02<22<x+0,2<3,2, (1)
['a 1oy €ovpe:
3-0,1<y-0,1<5-0,1 29<y-0,1<49, (2)

(1) H mepipetpog tote yiveton
I=2x+02)+2(y-0,1)=2(x+y+0,1)
[pocBétovtag tig (1) kot (2) €xovpe 5,1 <x+y+0,1 <8§,1
omoTE
2:-51<2(x+y+0,1)<2-8,1 ©10,2<I1<16,2.

(i1) To eppaddv Tov opBoywviov yivetan
E=(x+0,2)(y-0,1)
HoAlamhactalovpe T1g (1) kot (2) Katd péAn omdte Exouvpe
22-29<(x+02)(y-0,1)<32- 49 < 638<E<15,68.

Emeon (1 + a)(1 + ) > 0 éyovpe

o B o B
1+a<1+B @l+a(1+a)(1+ﬁ)<l+ﬁ(l+a)(1+[3)

Sal+p) <P+
Sataf<pftof e a<p, movioydet

Ioyver 5 —x < 0 omdte KOTA TNV OTAOTOINGY| TOL 1| AVIGOTNTO AAAALEL PO-
pd. Eto1 10 cmotd givat
X5-x)>0+x)(5-x)=x<5+x<=0<5, nov wyveL

OMAAAX
i) Enedn ot a, B, v eivar Betikot, £yovpe

OFY SO o (a+y)B>af +7) < af + By > ap + ay
Pty B

Sshy>ayepraes %< 1, mov woyvet.
ii) Opoimg

M<g<:>(a+y)B<a(B+y)<:>(IB+BY<(XB+(W
p+y B
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o ,
SPy<ay o p<ae —>1, mov oydet

2. Ioyosta+P>1+afe=a+pf—-afp-1>0
Sol-p-(1-p>0

< (a—1)(1—=B)> 0, mov oydet, apov o> 1 kot f < 1.

3. "Eyxovpe 115 1oodvvapieg
@rptel
a B

246 @+ B) (LB 24 o @+ B2 40p

oo+ B+ 20 —4aB>0

oo+ -2ap>0 < (a—B)* >0, Tov 1oyvEL

4. )’ +of+p >0 20’ +20p + 27> 0
oo +20p+p+at+B 20
& (a+p)’ + o’ + B> 0, mov wydet.

i) o’ — B+ B> >0 & 2a° — 208 + 28> >0
S 20p P+’ +B>0
& (a—B) + o’ + B> >0, mov et

§ 2.3. AméivTn T TPOYROTIKOD 0pLtOpov
A" OMAAAX

1. i) |jn—3|=n-3, apod m> 3.
i) [t — 4| =4 — 7w, apod T < 4.
i) [3—n|+4-nl=n-3+4-n=1.

iv) W2 - V3] - [¥3 - V2[= (V3 - V2)- (V3 - v2)=0

2. Etvor [x —3|=x-3, 0pod x> 3 kot [x — 4| =4 — X, apovd x <4
omote [x — 3|+ |[x—4|=x-3+4-x=1.

3. 1) Avx <3, tote toyvet ko X < 4, omdte X — 3 <0 kan 4 —x > 0.
Apaeivar [x=3|-[4—x|=3-x)—-(4—-x)=3-x—-4+x=-1.

i) Av x > 4, tote givar ko x > 3, ondte x —4 > 0 kou x — 3 > 0.
Apa éyoope [x —3| -4 —-x|=x-3+ (4 —-x)=1.
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* Avx>0xoy>0, 10T A=2+Y=1+1=2
X ¥y
* Avx>0xkoy <0, tote A=X_Y=1-1=0
XYy
cAvx<Okary<0,tote A=>-Y=_1-1=2
XYy
cAvx<Okary>0,t0te A=>+Y=_1+1=0
Xy

i) Ioyber d(2,37, D) < 0,005 (1)
ii) Ioydet (1) & [2,37 — D| < 0,005 < 2,37 — 0,005 <D < 2,37 + 0,005

©2,365<D<2,375.

Améivtn Ty AmdcTaocn é\'m:ql(;;:;:il:p‘?itmv
|x—4<2 d(x,4)<2 [2. 6]
|x+3|<4 d(x,-3)<4 (-7,1)
|x—4|>2 d(x,4)>2 (o0, 2)U(6, +)
|x+3]24 d(x,-3) 24 (=0, =7]U[1, +0)

Andrvty Ty Ambotaon évm:q“;Tot: :(Ii'rmv
|x—5|<1 d(x,5)<1 (4.6)
[x+1]>2 d(x,~1)>2 (—o0, =3)U(l, +)
|x—5=1 d(x,5)=1 (—o0, 4]U[6, +0)
|x+1]<2 d(x,~1)<2 [-3.1]

Améivtn Tpn Ambéotaon i:vw:qm:;::“ors ;::Ii'rmv

x| <2 d(x,0)<2 (-2,2)
|x+2|<3 d(x,-2)<3 [-5.1]

x| =2 d(x,0)>2 (=0, =2]U[2, +)
|x+2|>3 d(x,-2)>3 (0, =5)U(1, +)
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B"” OMAAAX

1. Me m Bonfeto g TPLYy®VIKNG avVIGOTNTAG £YOVLLE
la=Bl=[(a—)+ =PI <lo—v[+]y—Pl

2. Ava>ptotea—p>0«kotdpalo—P|=o— P ondte Exovpe:

atBtjo—Pl _a+Pta—-f _2a

1) 5 5 220, Kot
i) @tBla—pl _atp-atp _2p_p
2 2 2

3. Emedn [x| > 0 xou Jy| > 0, €xovpe:
x|+ 1yl =0
Ioa va woyvel n wotnta tpénet |x| = 0 kot |y| = 0, dniadn x =0 ko y = 0.
Awpopetikd 1oyveL 1) ovicoOTnTo. Emopéveg:
Dx[+]yl=0=x=0 xat y=0.
i) x| +[y[>0=x#0 1 y#0.

4. i) A6 0 < a < B mpoxomrer 611 & < 1 xon B> 1. Eivon snhodn §< 1<B.
o o

- B

o

i) Apket va dei&ovpe OtL |1 — < 1, wodvvapa, ott 1 — %< B_ L.
B o

Enedn of > 0 n avicotnTa 00T YPAQETOL IGOSOVOLLOL
an%- aB<EanaB<:>aB—a2<BQ—aB
o
<:>0<B2+(12720L[3

S (a— B)2 > 0, Tov 1oyvEL aeov o # B.

5. Eivar[x-2|<0,l & 1,9<x<2,1 (1) «o
ly-4/<02<38<y<42 (2)

-
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1) H mepiperpog P, tov tprydvov eivar P, = x + 2y. An6 v avicotnta (2)

TPOKVTTEL OTL
7,6<2y<8,4 3)

[IpooBétovtag katd péAn tig (1) kot (3), Exovpe:
19+7,6<x+2y<2,1+84<9,5<P, <10,5.

ii) H mepipetpog P, tov oyfpotog etvar ion pe v nepipetrpo tov opboyw-
viov ABT'A, omdte givor P, = 4x + 2y. And v avicomra (1) mpokv-

TTEL OTL
7,6<4x<8,4 4)

[IpocBétovtag katd péEAN Tig (4) kat (3), Exovpe:
7,6 +7,6<4x+2y<84+84<152<P,<168.

i) H mepipetrpog L tov kdxhov givon L = 2x. And v (1) npokintet
2n-19<2nx<2n-2,1 & 3,8n <L <4.2x.

§ 2.4. Pilec mpaypoTik@v aplOpov
A’ OMAAAX

1. i) V100 =10, Y1000 =V 10* = 10,
10000 =Y 10* = 10, 1100000 =¥ 10° = 10.

iy Va=V22=2, Vs =V2'=2, Yie=V2*=2, V32=V25-2.

3
iii) V0.01 =,/ 1 =1 Yo00 :F:
100 10 1000

/0,0001 4/ V'0,00001 =

100000
2. ) V-4 =|n-4/=4-n

i) V(=20)" = |-20| = 20.

i) Vx—1)" =x - 1.

2
. X _ x|
WAy T

3. 'Exovpe
NE= V5P +VB-V5 =[2-V5|+[3-V5]=V5-2+3-V5=1.
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4. (\/x—S - Vx+3)(Vx—5 + \/x+3)=(\/x—5)2—(\/x+3)2
=(x-5)-(x+3)
=x-5-x-3=-38,

pe v mpobmdOeon 6Tt X — 5> 0 ko X + 3 > 0, dnhadn ywo x > 5.

5.0 (V8- Vi8)(V50 + V72 - V32)

(

(V2-4-v2-9)(V2-25+V2-36-V2-16)
(2v2-37v2)(5v2 +6V2 —4V2)

(-v2) (7V2)=-7 (V2) =14,

i) (V28 +V7 +V32) (V63 - V32)
(Va-7+v7+v2-16)(V7-9-v2-16)

(2V7 + V7 +4V2)(3V7 —4V2) = (3V7 +472) (377 - 4V2)
=(3V7)F-(4V2)=9-7-16 - 2=63-32=31.

6. ) V2-V2-v2 -V2+v2=v2-V2-V2)(2+V2)
=2 .42 (V2] =v2 V2 =2.

i) Y2.V3+45 . V3-v5=V2.Y3+75)(3_7V5)
Y2 A3 (VsP =2 Voos =V2 Va=V2.4=Vs =2

7. ) log tpémog:
VW2 V2 AWV AT =21
VW2¥2 /1227 =/ 12"
ARV = (229) 2= =Y

ii) 1log tpdmoc:

Vo2 V2 Va2 2 =V T2*
O UL PO YL P Py




24 KED®AAAIO 2: OI TIPATMATIKOI APIOMOI

ii) 206 TpoMOC:

V227 =127 = ()" = 271,

1 9 .4 13

8.1 437 Y330 3-30"1-30 5-30-3. 3u-373,
i) /5" A2’ =05 0= e m g wogwag g =22,
iii) /57 {545 =52 5. 50251 T 6m506 6m56 =52

/5 =5" {5=2515.

25-V12 _25-V4-3 _25-2V/3
V75 V253 5V3

9. i) = 10.

ii) Me avdivon tov 216 6e mpdtovg mapdyovts Ppickovpe 216 = 23
0OTOTE £YOVLLE

V216 -V75 _ V2.3’ - 4/25.3 _5V2°. 3¢

3 4
1/ 23—\t =03 =8,
2

10. Av moAlamloocidoovpe KaOe kKAGGHO e T cv{nyn TOPACTACT TOV 7o~
POVOLLOLGTT) TOV EXOVUE:

o4 Msea3)  _4ls+a3) As+a3)_10+213
5-93 (5-vV3)(5+v3) 25-3 22 1
r s 75

iy VT06 0T+ 06 (T4 ¥6) (7. ey

V7-v6 7-6

=7+6+2V42 =13 +2V42.
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11. 1) Av avolvcovpe toug 162 kot 98 og yvopeEVO TPDOTOV TAPUYOVI®V
Bpickovue 162 =2 - 3" kon 98 =2 - 7% omdte sivan

Vie2 +v98 _ V2-3'+12-70 _ V2 +7V2 _16V2 _,
V50— v32 WV2-25-V2-16 s5V2-4V2 V2

ii) Etvor 92 + 3% =92+ (3%)!°=9"2+ 9= 9! (9> + 1) =82 - 9.
k9" +27°=9"+(3-9)°=9""+3°.9°=9'" 4+ (3% . ¢

=9"+9°=9°9"+1)=82-9’
omaTE EYOVE

9'2 4 3% B 82 .90 B B
v 11 6 9 _W_S'
9" +27 82-9

B" OMAAAX
; i)3ﬁ_2ﬁ:(3@fzﬁ)(ﬁ+ﬁ):9+3\/€—2ﬁ—4:5+vg.
S 3-v2 (V3-42) (V3 +v2) 3-2
ii)aﬁ—ﬁ@:(aﬁfﬁ‘@(ﬁJrW):a“a@—ﬁ‘/ﬁ—ﬁz
Va- Vg (Ya-VB)(Va +Vp) a-p
—(0' B)(G+B)+v_((l B)_(XJ"BJ"F
o—p

2. 1) A&OTOIOVTOG YVOOTEG TOVTOTNTES EXOVLLE:
(3+2V7)f=9+4-7+12V7 =37+ 12V7 xa
(3-2V7V=9+4-7-12V7=37-12V7.

i1) Me 1 PonBeta tov epotiuartog (i) maipvovpe
V37+12V7 = 137-1277
~(3+2V7) V(3 -2V7)
=[3+2vV7]-[3-2V7/=3+2V7-(2V7 -3)=6.

. 1) Elvan
Vil
2

TSR

S2,3,,.4,9,12.25
3 2 6 6 6 ©6
7oV givat pnTdg aptOpog.
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i) Etvan
(ﬁJr 1_)Z=(\/E)Z+ L)Z+2\/E-1—
o o o
2 2
—g+lip-c +1+20 _(at1)
o o o

7oV givat pntdg aptOpog.

4. 1) Metatpémovtag Tovg ToPOVOUAGTEG GE PNTOVG EYOVLE
V3, Vs _V3(Vs+93), Vs(Vs5-3)
V5-vV3 V5+43 5-3 5-3

V3Vs+3+5-V5V3 _8_,
2 2

i) Etvon
c(2-V3f=4-4V3+3=7-4V3 xm
c(2+V3f=4+4V3 +3=7+4V3 onbte
"Eyovue

1 11
(—vV3F (+v3} 7-4V3 7+4V3

_THAV3 743 g s g ay3 =803
4948 4948

5. 1) Ano to muBaydpeto Bedpnpa £xovpe
BI” = AB*+ AT = a + B, onote B[ = Vo + B.

i) ZOpeova pe v Tpryovikny avicotta woyvet BI' < AB + AT’

OV onpaivel 6Tt \/(xTB< Va + \/E
iil) YY®VOLE GTO TETPAYMVO Kol £XOVUE
Va+rB<va+Vp
o (arpf= (Vo + VBF
oatp<a+p+2Va Vpe 0<2Vap , mov wydet.

To “="woyvet av ko pévo av =01 f=0.



KEDAAAIO 3
EZIXQXEIX

§ 3.1. E€womoeic 1ov fabpod
A" OMAAAX

1. )4x-32x-1)=Tx-42=4x—-6x+3=Tx—-42
S4x-0x-Tx=42-3-I9x=-45x=5.
Apa, 1 e€lomon €yetl povadikn Avon, v x = 5.

l-4x x+1 _x-4.5

ii)

5 4 20 4
20178 X Tl _5x-4 953
5 4 20 4

S4(1-4x)-5x+1)=x—-4+254-16x-5x-5=x+21
& 21x—-x=21+1-22x=22 < x=-1.
Apa, 1 eElomon €yet povadikn Adom, v x =—1.

iif) X X_X_ X 4 L60.X_60.X260.X_60-X_60.%

2 3 4 5 60 2 3 4 5 60

& 30x—20x=15x— 12x — 49 & 30x — 20x — 15x + 12x =— 49
o x=4)sx=-7.
Apa, 1 e&icmon €yetl povadikn oo, v x = —7.

iv) 12x+1)-25+1,5x=86 < 12(x + 1) - 25+ 15x = 86
S 12x+12-25+15x=86 ©27x =99 < x = %:%

Apa, 1 eElomon €yetl povadikn Adomn, Ty X = %

2. D2B3x-1)-32x-1)=46x-2-6x+3=4<0x=3.
Apa, 1 e&icmon eivat advvar.

STX_ S TX 3953 0=X £)+3~7X

3 3 3 3 3

S 6x-5+x=-5+7x< 0x=0.

ii) 2x — =3.

Apa, 1 elomon givatl tavTdOTNTO.
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3. i)cAvA—1#0 < A# 1, 1018 M €€icwon €xetl povadikn Aven v
x=r=l_y,
rA—1

* Av A =1, t0te 1 e&iowon yivetar 0x = 0 kot givat TavtdTNTO.

i) * AvA—2#0 & L #2, 1018 1 e&iowon £xel Lovadikn Ao v
_ A
X=———"
A2

* Av A =2, tote 1 e&icmon yiveton 0x = 2 kou givor addvar.

i) ML —x=2r-1
cAvAMA—1)#0 < A#0 ko A # 1, T0TE 1 €€lowon €xel povadikn Av-
on mv
A-1 _1
AMA—=1) A
* Av L =0n e&lomon yivetar 0x = —1 kot givar advvorn.
* Av L =11 e&lomon yivetor 0x = 0 kot givat TowtdTNTO.

V)AL= Dx=2"+h <A - Dx =K+ 1).
cAVAMA—1)#0 < A #0 kot A # 1, 101 1 elomon €xetl povadikn Ad-
on mv
(= MAED) A+l
MA-1) A-1
* Av A =0, tote ) e&icmon yivetar 0x = 0 kot givot TovtdTTO.
* Av L =1, tote N e&icmon yivetan 0x = 2 ko givon addvar.

4. 'Eoto AM =X, 10te AM =5 — X, omo1e

E1:73(5_X) Ko E2:X7~5.
2 2

1) Hisomto E,| + E, = E; etvar 16080voun pe mv ic6mra

_(ABI'A)
2

Ei+E2 amd v omoia Tpoxdmtel N ekicmon

3(5-%)  5X _(5+3)5 4 15-3x 4 Sx_, 40
2 2 4 2 2 4

&30 - 6x + 10x = 40 < 4x210<:>x2§:2,5.

Emopévag n 8éon tov M mpocdiopiletar and to pkog AM = 2,5, givon
dAadn to péso tov AA.
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ii) H io6mta E, = E, ivon icod0paun pe my eéicmon

MZS—XC>1573X:5X<:>15:8X<:>X:E.
2 2 8

Emopévag n 8éon tov M mtpocdopiletat amd 1o pikog AM = 15 .
8

5. Av 10 1060 TV X VPG KOTOTEONKE TPOG 5%, TOTE TO VILOAOTO TOGO TOV
(4000 — x) evpd katatédnke Tpog 3%.

— To mo66 TV X gVpd £dmGE ETHG10 TOKO %X VPO
—To 066 tev (4000 — X) eVpd £3WGE ETNGLO TOKO “3)—0 (4000 —x) gvp.

H e&icwon mov avtictotyel 1o mpoPAnpa sivor
O x+ 3 (4000 —x) = 175 & 5x + 3(4000 — x) = 100 - 175
100 100

< 5x+12.000 — 3x = 17.500 < 2x = 17.500 — 12.000 &

< 2x=5.500 & x=2.750 evp®d.

Emopéveg ta 2.750 gvpd tokionkoy mpog 5% wot to vrorora 1.250 gv-
p» Tokictnkay mpog 3%.

V=YV

6. hv=v,toatesa=v-v, & t= , 0o a # 0.

Amd v tehevtaia 1edtnTo TpokdnTel 6TL R, — R # 0, apo? t0 RL #0.
Eroué . R,R 1
nopéveg Eyoope Ry =———.
pévas £xovpe Ry R-R
7.0 X(x-4)+2x(x-4)+(x-4)=0
S x-4) (X +2x+1)=0
S x-4) x+ 1)2=0<:>x—4=0 nx+1=0x=4 1 x=-1.
Emopévag o1 Woeig g e&icmong sivor ot apBpot 4 o —1.

i) (x-2Y-Q2-x)@4+x)=0x-2 +(x-2)(x+4)=0
SE-D)[E-D+E+H]=0=x-2)2x+2)=0
©x-2=01 2x+2=0x=2 1 x=-1.

Emopévmg o1 Moelg g e&iocwong givar ot aptBpoi 2 kot —1.
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10.

) xx-1)-x+x=0
@XX—X—/+ xX'=0
ox(x—-1)=0=x=0 1 x=1.
Emopévag ot Moeig g e€lomong eivat ot apBpot 0 ko 1.

i) x+1 +x-1=0
<:>x2+2x+/1/+x2—/1/=0
o2+ 2x=02x(x+ ) o x=-19x=0.

Emopévag ot Moeig g e&icmong givat ot aptBpoi —1 kot 0.

) x(x—2Y=x"—4x+4

o x(x-2Y(x-2"=0

o (x-2(x-1)=0

©x-2=01M x-1=0x=2 1 x=1.

Emopévag ot Moeig g e€lomong eivat ot apBpol 2 ko 1.

i) X-4Hx-1H=x-1)(x-2)
SE-2)x+)EE-DH-Ex-D)E+1H)Ex-2)=0
SE-DE-2[E+2)-x+1)]=0
SE-1D)E-2)=0=x=1 1 x=2

Emopévac o1 Moeig g e&iomong eivat ot apBpoi 1 ko 2.

) xX-2x"-x+2=0

o x(x-2)-(x=2)=0

& x-2)-1)=0

eSx-2)x-DExE+1)=0

©x-2=0 1 x-1=0 1 x+1=0

ox=2 1 x=1 1 x=-1.

Emopévamg o1 Moelg g e&icwong eivar ot aptBpoi 2, 1 ko —1.

i) xX-2x"—(2x-1)(x-2)=0
o xXx-2)-2x-1)(x-2)=0
S Ex-2)E -2x+1)=0
& x-2)(x-11=0
©&x-2=0 1 x-1=0
&x=2 1 x=1.
Emopévag ot Moeig g e&icmong givat ot apBpol 1 ko 2.
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mop >l o X !

x-1 x-—x x—l_x(x—l)

H e&lowon avt) opileton yia kébe x # 1 kot x # 0. Me avtovg Toug
TEPLOPIGHOVS EYOVLE:

x -1 eXx-D)=x-1oxX=1

x—1 x(x-1)

& x=—1 (apod x # 1).
Emopévac n e&iocmon €xet povadikn Adon vy x =—1.
x+1 2 —0 o x+1 L2 -0.
X—-1 xX-2x+1 x-DE+1D) -1y

H e&icmon avtn opiletar yia kébe x # 1 kot x # —1. Me avtovg tovg
TEPLOPLGHOVG EYOVLLE:

ii)

x+l) . 2 g L2

x-DE+1D) x-1)7 x-1 (x-1)°
ox-1+2=0x+1=0
S x=-1,

OV OMOPPINTETOL AOY® TOV TEPLOPIGUDV.
Emopévac kot n apykn| e€icmon givat adovorn.

12. i) H e&lomon avt) opiletor yio kabe x # 1 ko x # —1. Me avtovg tov
TEPLOPLGLOVS EXOVLE:
P .1 _ 2
x-1 x+1 xX-1

Sx-DE+D) -t x-Dx+1) = x-1)x+1)
1 x+1

2
X — 2

x —1
Sx+l+x-1=2
& 2x =2 & x =1, mov anoppinteror, 0ol X # 1.
Emopévac n e&iocwon givat addvarn.
i) H e&lomon avt opiletot yra k4B X # 0 kKot X # —2. Me avtods Tovg
TMEPLOPIGUOVS EXOVLLE:
3 2_x-4
Xx+2 X X¥+2x

x—4
x(x +2)

& x(x+2)

Cx(x+2) 2=x(x+2)
X + X

S3x-2x-4=x-4<0x=0.
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H te)levtaia e&icwon givar tavtotnta. Av AGBovpe vedoyn tovg me-
PLOPIGHOVG aVTO onuaivel 0Tt 1 apykn e&icmon €xel wg Abon kabe
TPOYUATIKO EKTOC 0tO TOVG ap1Bpong 0 kot —2.

iii) H e&lomon avt opileton yio kabe x # 2 kot X # —2. Me ovtovg Toug
TEPLOPLGHOVS EXOVLLE:
I _ x o 1 _ X

X+2_x274 x+2_(x+2)(x—2)

S x—2=x & 0x =2, mov givat advvar.

iv) H e&lomon avt opiletot yio kdbe x # —1 kot X # 1. Me tovg meplopt-
GLOVG VTOVG EXOVLLE:

2
X —X
:X@XM_X

Y—-1 x+1 (x+Dx~-1 x+1

<:>x:x’
x+1 x+1

oL aANBgvEL Yo KGO TpayHaTIKO apOud X, pe X # *1.

13. 'Ecto x — 1, x, X + 1 1peig dradoyikol aképatot. Zntovpe aképalo X Té-
TOLOV OGTE VO IoYVEL
x-D+x+Ex+D)=x-1)x(x+1)
e 3x=xx-1)
sx3-x+1)=0
x4 - x2) =0
©x=0 71 xX'=4
&x=0 1 x=2 1 x=-2.
Emopévag vdpyouvv Tpeig Tptideg TETolmv dtadoytkmv aptduav, ot e&ng:
(-1,0,1), (1,2,3) wou (-3,-2,-1).

14. ) 2x-3|=5=2x-3=5 1 2x-3=-5
©2x=8 | 2x=-2ox=4 1 x=-1.
Emopévag ot AMoeig g e&icmong eivat ot aptBpol 4 ko —1.

i 2x—4|=x-1|o2x-4=x-12x-4=—=x+1

=x=313x=5x=31 X=§.

iii) Emedn 1o mpdto pérog g e&icmong |x — 2| = 2x — 1 givar pn apvn-
TIKO, Y10 va. £yl AVom 1 eElomon avTh, TPETEL KOt TO deVTEPO LEAOG
va gtvat un apvntikd. Anlodn, tpénet
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2x-1>0 Q)
Me 0V TEPLOPIGUO OVTO EYOVLE:
x-2|=2x-1ex-2=2x-1 1 x-2=1-2x
ox=-1 1 x=1.
Ao T1¢ Topandvm Acelg dekt givar poévo 1 X = 1 Tov wavorotel
tov meploptopd (1).
iv) Opoimg, yio v g&icwon |2x — 1| = x — 2, mpénet
x—2>0 2)
Me 1oV mEPLOPIGHO OVTO EYOVLUE:
Rx-1|=x-2&2x-1=x-2 1| 2x-1=2-x
ox=-1 1 x=1.
And 116 Tapambve AOGELg Kapio dev tvar dekTh, 0poD Koptio dev ema-
AnBevet tov meplopopd (2). Apa, n eicmon eivar advvarn.

15. 1) 'Eyovpe:
x[+4 |x|+4
3 5

X|+4_15.|x|+4
3 5
< 5x|+20-3|x|-12=10
S2x =2 x=1ox=+I1.

:_,{:)15.| =15 -

2 2
3 3

Emopévac ot Moeig g e&icmong givat ot apBpoi —1 kot 1.

2x[+1 x[-1_1

3 2 2
6.2|X|+1_6.|X|_1:6.l
3 2 2

S 4x|+2-3x|+3 =3 & x| =-2, mov eivar addvar.

if)

=4

16. i) H e&iocwon 3-x
3+

=4 opileton yuo x # 3.

X
Me ovtdv ToV TEPLOPIGUO EXOVLLE:
3-x
3+x

=4 & 3-x/=4-|3+x]

S3-x=4x+3)N3-x=-4(x+3)
S3-x=4x+1273 —x=-4x—-12

S Sx=-913x=-15=x= —% nx=-5.

Emopévag o1 AMoelg g e&icwong givat ot aptBpol —5 Kot f% .
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i) x-1x=2=x-1eox-1/(x-2[-1)=0
sSx-1=0 17 x-2|=1
ox=1 1 x-2=1 1 x-2=-1
ox=1 M x=3 1 x=1.
Emopévag ot Aoeig g e&icmong sivar ot aptBpot 1 xon 3.

B" OMAAAX

1. i) (x+o)’—(x-B)=2ua+p)
c>x2+2ax+a2—(x2—2[3x+B2):2a2+2a[3
<:>x2+2ax+a27x2+2[3x7[32=2a2+2a[3
& 20+ P)x = o +20ap + B
@2(&+B)x:(a+ﬁ)2.

(a+B) _a+p

Aa+B) 2

* Av o+ B = 0 n e&iowon maipvet T popen 0x = 0 Ko etvot TOVTOTNTOL.

* Av a + B # 0 n e&iowon €yel povadiky Adon v X =

i) T o # 0 xau B # 0 €yovpe:

x—o_x—f

p

<:>a(x—a):[3(x—[3)<:>ocx—a2:BX—B2

Sox—px=0o"—p < (- P)x = (a—P)o+p).
* Av a— B # 0, to1e 1 elomon €yet povadikn Avon v
(=@ B@tB) g
oa-p
*Ava—B=0< a=, 10te 1 e&lomwon maipvel T popen 0x = 0, ond-
e givon TovtodHTNTO.

2. )T a0 ko P #0 éovpe:

X _X_p o Bx-ax — o)X = af.
o B = B S B-w)x=op

* AvB—a# 0 < B #a, 10te 1 e€lowon £yet Lovadikn Aon Ty X = B .

* Av B —0=0 < B =a1ote n e&icmon maipvel T popen 0x = o kon givan
advvarn yati o # 0.

Enopévag n e&iomon €xet Aoon povo av a £ 0, B # 0 kot o £ B.
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3. 1) Xta 200 ml dddvpo mepiéyovror 30 ml kabapd owvodmvevpa. Av mpo-
oBécovpe x ml kabapd owonmvevpa TOTE TO dtdAVA TOV OO TPOKVYEL
Ba etvan (200 + x) ml ko O epiéyet (30 + x) ml kabapd owodTVEL LA
omdte mpokvmTel N e€lcmon
30X _ 32, 100(30 + x) = 32(200 + x) -
200+x 100

< 3000 + 100x = 6400 + 32x < 68x = 3400

C}X:@@XZSO.
68

Emopévag o gapuakomoldg npénel va mpocshécet 50 ml kabapd owvod-
TIVELLOL.

4. 'Eotm 0TL X ®PEG PETE TNV TPOCTEPACT] TO. OV0 avToKiviTa B0l améyovy pe-
ta&d tovg 1 km. To didotnpo wov dtovdel To A otig X dpeg eivarl 100X evd
t0 avtictoryo didotnua yio o B givar 120x. "Etot £xovpe v e&icmwon
120k - 100x =1 < 20x=1 = x= 2LO MPEG, OTOTE X = %) 60 = 3 AemtdL.
Omnote ta avtokivnta Ba améyovv 1km tpio Aemtd PETE TV TPOCTEPAOT).

5. H e&lomon avtn ivol opiopévn yio X # o kot X # —0o.. Me avutoig Toug me-
PLOPIGLOVG EYOVLLE:

2 2
+ +
xta_ X x+ao _ X
Xx—0 x-ao x-a E+a)x-o)

SEtay=x"ex+ta=x §| xta=-x
< 0x=0 17 2x=-0.

* Av a =0, tote 1 e&lowon £xel mg Aon Kabe apOuod x # 0.

* Av a # 0, 10te M e&icmon &yetl povaodikn Avon Tov apud X = 77(1

6. H e&icoon avtr eivar opiopévn yia X # 2. Me avtd Tov mEPLOPICHO EXOVLLE:

X378:X2+4<:>)(f,/g/:)(§72x2+4x78/

X—2
&2 —4x=02x(x-2)=0
ox=0 71 x=2.

A7 T1g TIpég avTég dektn givat povonx =0
Enopévog n e&lowon €xetl povadikn Adon, tov aptBpd x = 0.
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7. 2x|-1=32x-1=3 1 2x|-1=-3
S2x=4 1 2x]=-2.
H devtepn elvar advvatn ondte £xovpe
hx|=4de=x=2ex=-2 1 x=2.
Emopévag ot AMoeig g e&iowong sivat ot apiBpol —2 ko 2.

8. VxX¥—2x+1=3x-5 o V(x—1)F=3x-5
S x—1=13x-5]
ox—1=3x-5 11 x-1=-3x+5

S2x=4 N dx=65x=2 N x= %
§ 3.2. H ekicoon x' = a
A’ OMAAAX

1. )X -125=0=x =5 ox=5.
ix -243=x=3"=x=3.

ii)x —1=0ex =1ox=1.

2. NX+125=0=x =(-5) @ x=-5.
i) xX’+243=0x"=(-3) o x=-3.

ii)x +1=0x" =(1) @x=-1.
3. )X -64=0x =8 ox=-8 i x=8.
ii)x'~81=0e=x=V81 7 x=-V81 &@x=3 4 x=-3.
ii)x’~64=0x"=64x=Y64 1 x=-Y64 ©x=2 9 x=-2.
4. )X -8 =0=x(xX -8)=0x=0 | X=8ox=0 7 x=2.
Apa Moeig eivot ot aptBuoi 0 kot 2.

ix'+x=0oxx’+1)=0=x=0 § X=-1cx=0 § x=-1.
Apa Moelg givat ot apiBpoi 0 ko —1.
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i)x’ +16x=0x(x'+16)=0=x=0  x'

aeov M x'=-16 givan advvar.

=-l6 x=0
Apa 1 e&iomwon €yt povadikn Ao, mv x = 0.
INa o x éyovpe v e€lcmon

X x-3x=8l,uex>0=3x =8l @x =27 < x=3.
Apa, o1 S100TAGELG TOV TAPUAANAETITEOOL givatl 3m, 3m Kot Im.

D) =6dex+t1=4x=3.

i)1+125x° =0 < (5x)’ =-1 & 5x =1 <:>x=—%,

i) (x-1)'-27x-1)=0&x-D[(x-1’-27]=0
ex-1=0 79 x-1Y=27
ox=1 1 x-1=3
ox=1 11 x=4.

§ 3.3. E&womoeis 20v fabdpov
A" OMAAAX

1.

HA=(-5)-4-2-3= 1, omote M e€lomon €yt 000 mparypatikég pilec
_5+1_6_3 _5-1_4_
= =—== kol X=——=—=1
22 4 2 2-2 4

1

i) A= (-6)°—4-9=36-36=0, onote n e&iocwon &yet pua St pila mv
6
X =—=3.

2

i) A = 4-4-3-2=16-24=-8<0, onote n e&iocmon dev €xel Tpay-
potikég pides.

D)X -1,69=0x=1,9=x=13 § x=-1,3

ii)O,szfx:Ocn((O,Sxf1):0<:>x:0 N 05x=1ox=0 1 x=2.

iii) 3> +27=0 & 3(X2 +9)=0& x> =-9, mov givan adovorn.

i) Exovpe A =4 +4Mh—2) =4+ 40> —8h =4 - 2L+ 1) =4(L—1)’>0
v kéBe A € R* mov onpaivel 0t 1 e&icwon €xet mpaypotikésg piles.
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i) Exovpte A = (ot B)* — 4o = o + B> + 20 — 4aB = (o — B)* > 0 yio OAar
ta o, B e R pe a# 0, mov onuaivel 6t 1 e&lomon €yetl Tpaypaticés pi-
Ces.

Enedn
A=4-4l=0p’=1 ©p=1qp=-1,

oL TIéG Tov W Yo Tig omoieg N eiomon €xet dumAn piCa eivor ot apiBpoi 1
wot—1.

. ‘Eyovpe A =4(a + B)* — 4 - 2(a® + B*) = 40’ + 4p* + Sop — 8a” — 8B’

=40’ — 4B* + 8op = —4(o” + B* — 20P)

=-4(a— B)2 < 0 kou n e&iomon sivar advvorn oto R.
Ymv mepintoon mov givar a = B # 0, woydet A = 0 ko ) e&lowon €xet -
) pila.
Av gtvar o = B = 0, 161€ 1 e€lomon maipvel T popen 2 = 0 ko etvar ad-
vorn.

. i)S:2+3:5Ka1P:2'3:6,onéten5E§{ccocnaivatnx275x+6:0.

ii) S=1+1=3upP=1 .l:L’ ondte 1 e&icwon eivar 1
2 2 2 2
X 3x+l-0e2¢ 3x+1=0.
2 2

i) S=(5-276)+(5+2V6)=10 xa

P:(5—2\/€)-(5+2\/€):25—4 - 6=1 ondte n e&icmwon elvou n:
X’ = 10x+1=0.

i) Eivar S = 2 kot P = —15. Ot {nrovpevor apibpoi givar ot pieg g €&i-
cmONG X' —2x-15=0, N omoia €xet A = 4 — 4(—15) = 64. Enopévamg ot
{nrovpevotl aptBpoi eivat

=2;8 =5 Kot x2=—278=73.

S|

ii) Etvor S = 9 ko P = 10. Ot {nrovpevor apBpot elvar ot pileg g e&icw-
ong X’ —9x + 10 =0, n omoia éyet A =81 — 4 - 10 = 41. Emopéveg ot
{nrovpevor apBpot eivar

_9-v4l

2

X5

1
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8.

9.

10.

loc tpdémoc:

1) o va Adoovpe v e&iocwon apkel va Bpodue dbo apBuovg mov va
&yovv dbpoicua V5443 kot YOUEVO V15 =V5-V3. O apBpol
ool eivon pogavég ot V5 kar V3 mov eivan ko ot {ntodpeveg pileg
g e&lomong.

20¢ 1pémoc:

Eivor A= (ﬁ+ \/?)274m:(\/§)2+(ﬁ)2+2\/§ V3 -4V5 .93

=(V5)+(V3)-2V5 V3 =(V5-V3)>0.

Emopévac 1 e&lomon €xet 0o pileg, Tovg aptBoig

R ER VRN E) R R R e

X, 5
2 2
XZEHE_ (\E—ﬁ)zzﬁﬂﬁfﬁﬂﬁzﬁ
’ 2 2 '

i) Eivar A= (ﬁ, 1)2 +4y2 = (ﬁJr 1 )2 > 0. Enopévag n e&icwon yxet
dvo pilec, Tovg apBpovg

X]:MZI Kol XZZM:_E.
2 2
log Tpdmoc:

Xt =p -2ox X +2ix+od’ - =0 x+a)-—p =0
SExtatpf)Ex+ta—P)=0x=—0-p 1 x=pF-0.

H e&icoon ypapeton X + 2ax + o — B> = 0.

Eivat A = 4o’ — 4(ot2 - ]32) = 4[32, omote 1 e&iowon €xet pileg Tovg aptdpovg
X, :M:—(a—k B) Ko XZZM:B—(L

2

‘Ecto x kot 'y ot mhevpéc tov opboymviov. Tote Eyovpe
2x+2y=68=x+ty=34ey=34-x (1) N
Amd 1o mubayopeto Bedpnua TpokdITEL OTL 26m

x>+ y2 =26°, onbte MOy g (1) épovpe
X+ (34-x)=26" = x"+ 34"~ 68x + x° =26
& 2x"—68x +34°-26"=0
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11.

12.

13.

& 2x — 68x + (34— 26)(34 +26) =0 &
&2 —68x+8-60=0x —34x +4 - 60=0.
Etvat A =34—4-4- 60 = 196. Enmopévag 1 e&icwon £xet 0o pilec Tig
_34+14 34-14 _
2
O1 pileg awtéc Moym kot g (1) givar ot intodueveg mievpég Tov opboym-
viov.

=24 xou X,= 10.

1

1) H e&lowon yphopetor |x|2 —7[x| + 12 = 0. ®érovpe [x| = ® omodTE M €EL-
’, 2 _ I3 , _ _ 7
cwon yivetor o — 7o + 12 = 0 ko £yer pileg o, = 3 kot 0, = 4 mov &i-
vat deKTEG Kat ot dVo, ondte yovpe [X| = 3 N [x| = 4, mov onuaivel 6Tt
x =31 x=-31x=41x=-4. Enopévag n e&icwon &yt AGELG TOVG
apBpovg 3, -3, 4 ka1 4.

i) ®¢tovpe [x| = o, omdte Erovpe
X +2x|—35=0 = 0" +20-35=0.
Elvan A = 144.
H e&lowon éyet pieg 5 kot —7. And avtég dextn givor pdvo 1 Oetikn,
apov ® = [x| > 0. Eropévag [x| = 5, mov onuaivet x =51 x =-5.

iii) ®étovpe [x| = o, omdte Erovue - x|+ 12=0& o —8w+12=0,
QoY X' = |x\2. H e&icwon avtn €xet pilec tovg aptBpotg 6 kot 2, Tov
elvar dektég kat ot dvo. Emopévag [x| = 6 1 [x| = 2 mov onpaivel 6Tt
X=6Mx=—0Mx=21x=-2.

®étovpe [x — 1| = o, ondte Erovpue

(x—1 +4x-1]-5=0= 0" +40-5=0, apov (x— 1) =[x — 1.

H &&icoon avtn éxet pileg tovg aptBuovg —5 kot 1. Aekt givar povo

Oeticn © = 1 apod ® = [x — 1| > 0. Enopévac,
x-ll=lex-1l=11x-1=-1x=2 171 x=0.

Apa, 1 e&iowon £yet dvo pileg, Tovg aptBpovg 0 kot 2.

H sE_,isz(sn opiCetar yuo x # 0. @étovpe x +17: ® omote M e&icwon ypd-
eetol ©” — So + 6 = 0. H e&icwon avtn €yet pileg Tov aptBpovg 2 kot 3,
0omOTE £(OVLLE

x+i=2 4 x+Ll=3

X X
H nport e&lomon ypdoeton
x+l=2 exX+1=2xe(x-1}=0
X
Kot €yl to 1 o pila.
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H devtepn ypapetan

x+l:3 oxX+1l=3xe xX-3x+1=0
X
Kot éyel ¢ pileg tov apduovg
3-V5 xon S /s .
2 2
Emopévag 1 apyikn eEicmon éxet og pilec toug aptBuong
3-45 L, 305
2 2

1,

14. 1) H e&icwon opiletor yio X #—1 ko X # 0. Me avtohg T0Ug TEPIOPIGHOVG

€yovue:
x . x+t1_13
x+1 X 6
o oxx+ )X texx+ )X cexx+ 1) 13
x+1 6

& 6x°+6(x +1)° = 13x(x + 1)

& 6"+ 65+ 12x + 6= 13x" + 13x
SxX+x-6=0

N omoia &xet pileg Tovg aptBpovg 2 Kot —3.

ii) H e&lowon opiletan yio X # 0 ko X # 2. Me avto0g ToVg TEPLOPIGHOVE
€yovpe:
2
2 " 2x -3 " 2-x
x x-2 x(x-2)

2
o x(x-2)2+xx-2) =3 1 xx-2) 2=X 9
X x—2 xX(x—2)

S2X-4+2x - 3x+2-x"=0
<:>x2—x—2:0.

H tehevtaia e&icwon £xet pileg Ttovg apBpodc 2 kot —1, ondte Adyw
TOV TEPLOPICUAOV OeKT etvar povo n x = —1.

15. 1) Av Bécovpe X' = y 1 e&iocwon yivetat y2 + 6y — 40 = 0. Avtn éyet pileg
Tgy, =4 xouy, =—10. Enedn y = x>0, dext etvar povo 'y, = 4,
OTOTE EYOVLE X=4cx=2 N x = —2. Emopévemg ot pileg g apyikng

eElomong eivar ot apBpoi —2 ko 2.
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ii) Av Bécovpe X' = y 1 e&lowon yivetan 4y2 + 11y — 3 =0. Avt €yet pi-

ecticy, =3 xary, :Al‘—. Encidn y = x>0 dekt eivar podvo ny, =

Al‘—, 0mOTE EYOVLLE X' = ‘1‘— S Xx= ;— nx= —é—. Emopévag ot pilec g
apykng e&icwong givat ot apiBpoi —;— Ko ;—

i) Av Bécovpe X' = y 1 e&lomon yivetot 2y2 + 7y + 3 = 0. Avt éyet pi-
Cegtigy, =3 xoy, = —;—. Eneidny = x>0 Kopio omo ovTéG dev ei-
vat dgktr). Emopéveg n apykn e&icwon glvat advvarn.

XyoMo: Eivor mpopavég 611 n e€lomon givat addvarn, apod
2+ +3 >0 yio kabe x € R.

B OMAAAX

1. ) A=(20") -4’ (a' — 1) = 40° — 40° + 40” = 40’

ii) Ot pileg g e&iomong eivar
=200 +20_2a(a’+1) _o’+1

| 5 5 Ko
20 20 o
2020 200"~ 1) _o’~1
5 .
20 20 o
2. 1) Eivan

A=(5-V2) —al6-3V2)=25-10V2 +(V2) —24+12V2 =
=(V2f+2v2+1=(V2+1).
ii) Ot pileg g e&icmong givar
52+ (2+1) _s-V2+92+1
2 2

_5-V2-vV2-1 _4-2V2 _, 5
2 2

=3 Kot

S|

X

3. 1) H &iowon &xet dumAn pila v kot povo av A = 0.
Etvat A= (00— 9)’ —4 - 2(o” + 30+ 4) = o’ — 180 + 81 — 8a* — 240 — 32
= T0%— 420+ 49, ondte
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A=0T+420-49=0 o’ +6a-7=0=a=-7 § a=1.
Emopévagyiwwa=-7 11 a= 11 e&icmon et dumhn pilo.

4. Av 10 p givan pifa g e&icmong, ToTE 1oyYvEL apz +Pp+y=0.

ol

7oL onpoivel 0Tt To ) etvan piCa g e€lomong yx2 +Bx+a=0.

Eivat p # 0, agov y # 0, ondte Egovpe

ap +Bpty=0=0a+p -~ +yi—0 =3

p p’

+oa=0.

5. 1) log tpomoc:
H g&iowon eivar opiopévn yia x # 0. Me avtdv tov meploptopd Exovte
1 1 1 1

Xt—=at+t-=x—oa+t-——-=0
o X o X
ox—at %0 o x-o|1+1]=0
ox ax
+
PRSP Lo.Suat
ox

oSx—0=0 1 xx+t1=0Sx=a 1 X=——

20¢ 1pémoc:
H e&icwon givar optopévn yo X # 0. Me avtdv oV TEPLOPIGHO £XOVLLE

2
x+1=a+1<:x1+1a=0<:x21+(1a )x=0

a X X o
2 2 2 2
Sox —at+t(l-a)x=0s0x — (0" - x—a=0.
Eivat A= (o’ — 1)’ —do(-0) =o' — 20> + 1 + 4o’ = o* + 2 + 1 = (a’ + 1)°
omote 1 e&lowon £xet 6o pilec Tig

I S _o’-l-o’-1_ 1
X = =0 Kol X,= =——.
20 20 o
i1) 1log tpomoc:
H e&icwon givar opiopévn yuo x # 0 Me autov 1oV TEPLOPIGUO £XOVLLE

§+B:E+E Xﬁ““@ (x—P)= a(l l)
axBaaana B x
1
a

x—p
L p= a(B )@(x B)(a ﬁx) 0
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44
’ 2

Emopévag n e&iocwon €xet pileg tovg apBpovg B kot L

20¢ 1pémoc:
H g&icwon givat opiopévn yio x £ 0. Me autdv Tov TEpLoptopd EXOVLE
X+ 9:&+E<:> aﬁx§+a[3x g:()LBX g-ﬂleE
a x B a o X B o
= Bx2+a2[3=a2x+B2x<:>ﬁx2—[32x+(x2[3—(x2x=0
S Pxx P+’ (B-x) =0 (x—P) (Bx—a)=0
2
o

ox=p | px=d’ox=B | x= 5
2

Emopévag n e&iocwon €xet pileg tovg apBpovg B kot L.

30g tpomoc:
H e&iowon eivar opiopévn yio X # 0. Me avtdv Tov TePLopIGHo £(OVLLE
i}

X+g:g+E@an§+ang:ang+an
o X B o

o x B a
S Pt aPp=a’x +px o px—(o* +BHx+oaB=0

A= (a2 + Bz)z B 4(12[32 —ot B4 + 2(12[32 _ 4(12[32

Eivat
_ (14 + B4 _ 2U.ZB2 _ ((XZ _ B2)2
* Av a # +p 1 e&iocwon &yetl 6vo pileg Tig
2 2 2 2 2 2
x, =% P o -f 200 0t g
2B 2B
2 2 2 2 2
XZ:a +p —o +P :£:B.
2B 2B
* Av a =1 a=—P tote n e&icwon €xet doumAn pila, ™V
_ot 207 _o’ _(#B] =B
28 2B B B

6. 1) 'Eyovpe

A=4\ -4 (-8)= 42 +32>0 v k6e L e R. Avtd onpaivet 6t &i-
oo £xet pileg mpoypatiKég Yo Kabe A e R.
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ii) 'Eoto x|, X, ot pileg g e&lowong pe x, = xlz. Amd tovg TOTOLS Vieta
£yovpe
X, TXx,=2A & X +x122727\ KoL
°X, X, =8 & X|3 =8 & X, =2, 0mo0tE X, = (—2)2 =4.
Tote €qovpe
2+4=2020="2r=-1.

7. Eoto x — 1, X, x + 1 tpeig dwdoykoi aképatot. O apiBuoi avtoi anote-
AoVV TAgVPEG opBoywviov TpLydvoL av Kot LOVo oV IoYvEL
x+1)Y=xX+x-1Yox+2x+1=x+x-2x+1

<:>x2—4x:O<:>x(x—4):0

S x =4, 0poV X # 0 ©g TAEVPA TPLYOVOVL.
H Mon x = 4 g e&lomong sivar povadikr. Eropévag vedpyet pio povo
TPAO0 SLOSOYIKMDY OKEPAI®Y TTOL glval PNKN TAELPOV opHoy@viov Tpryd-
vov. Ot axépaiot avtoi etvor ot 3, 4 ko S.

8. To epuPadov E, tov otavpod mpokinTel 4 E N r
and to afpotopa TV RPaddv TV dVo d
AEVKOV Aopid®v ¢ onuoiag and to
onolo OUMG TPEMEL VO APALPEGOVE TO n d 0 M A
epadov Tov kowvov tetpaydvov (OMIZ) iz I
mAevpdg d. Eivar dniadn E o K
E,=3-d+4-d-d’=7d-d

4 H o B

‘Eoto E, 10 eufaddv tov vmorowmov pié-

povg g onuaiog. Oa woydel E; = E, av

Ko povo av o E; eivar 6o pe 1o ied tov epPadod oAdKANpng g onpoi-

oc. Emopévac €xovpe
El:E2@7d7d2=¥@d277d+6=0@d=1 B d=6.

Onwmg yuo to d éyovpe tov mepropiopd 0 <d <3, ondte d = 1.

9. Av 1o unydvnuo A xpetdletol X MPES Yo Vo TELEIMGEL TO £pY0, OTaV EPYA-
Ceton povo tov, 10te 10 B O ypetdletar x + 12 dpeg yia To 010 €pyo. Ze

pio dpa to A ektelel TOTE TO ~ Hépog Tov épyov evd T0 B exterel TO

> HEPOG TOL €pyov. Av o dVo pnyoviroTo epyactovy poli yuo 8

X

Mpeg, 10te T0 A extelel T0 8 % = % HEPOG TOL £pYOV, evd To B extedel to

8- 1 __8 HEPOG TOL £pyov. Av TpocBécovple Ta SV0 aLTA LEPN
x+12 x+12
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oV £pyov Ba €yovpe oAdKANPo To Epyo dnAadn o 1 épyo. 'Etot épovpe
mv e&iocwon Tov TPOPANIATOC

8, 8
x x+12

=1 ©8(x+12)+8x=x(x+12)

S 8x+96+8x=x+12x & X —4x — 96 =0.
Eivar A =16 — 4(-96) = 400, ondte
x=4120_pp 5 x=4-20_ ¢
2 2

Eivor onAadn x = 12, agod x > 0. Eropévmg to unydvnua A xpetaletor 12
MPEC YO VO TEAELDGEL TO £PYO LOVO TOV, EVD TO B ypetdletar 24 dpec.

10. O opbuog 1 givar piCo av kot povo av emaindevet my e€icmon dnAaodm

OV KOl LOVO OV 1oYVEL
1~10- *+0=0=0=9.

o a =9 1 e&icwon yivetot

x'-10x* +9=0.
Av Bécovpe X = y n e&icwon yiveton

v =10y +9=0.
Avt éxet pileg Tovg aptBpovg 9 kot 1 ondte xovpe
X’=9 f X’=1lox=3 4 x=-3 § x=1 7 x=-1.
Emopévac n apykn e&icmon éyxet pileg tovg apBpovg 3, -3, 1, —1.



KEQAAAIO 4
ANIZQYEIX

§ 4.1. Avicooegig 1ov fadpov
A" OMAAAX

1. i) %+¥ < 2@ 6(x — 1) +3(2x + 3) < 2x

SOX—-6+6X+9<2Xx < 6x+6x—-2x<6-9

<:>10x<—3c>x<—i.

10
iy X120 X 30 o o(x - 12) + 2x+ 3> 4x
2 S 2x—24+2x +3>4x
S 2x+2x —4x > 24 -3 < 0x > 21 advvar.
i) X222 X 2 sy 1042 -dx<x-4
2 5 10 5

SS5x—4x—-x<10-2-4

< 0x <4 ov aAnBevet yuo kéOe x € R.

2. ¢3Xx-1<x+53x—x<1+t52x<65x<3.

-2—%Sx+l?(:>4—x52x+l4:»—3x§—3(:)x21.

A

1

d 3 5
x! I 3 X
Apo 1 <x<3.
3o x— L Xl ook Is>xt202x—x>1+2 x> 3.
2 2
ex— X ok 1<x-3@3x-x<1-3&2x< 2 x<1.
373
I s S i
X" s 3 X

Apa dev VITAPYOLV TILES TOV X Y10 TIG OTOiEG GLVOANBEVOLY O1 AVIGHGELS.
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4.+ 22— o o 16x—x+ 1> 8x e 16x—x—8x > 1
8
@7x>71<:>x>71—.
7

x+1

e Xx—4+ <0 2x-8+x+1<0

(:)2x+x<8—1<:>3x<7<:>x<z.
3

X

:- ?ff'h g

=~ O

=YY

O1 avic®oelg cuvainfevovy yia X e (—17, %) Ot axépoteg TIES TOV X
670 dtdotnpo avto givar ol 0, 1, 2.

5. ) |x|<3 e -3<x<3.Apaxe (-3,3).

ix—1<4e 4<x-1<4=1-4<x<1+4
& -3<x<5. Apaxe [-3,5].

i) [2x + 1| <5 -5<2x+1<5&-5-1<2x<5-1
©-6<2x<4e-3<x<2. Apaxe (-3,2).
6. )X>3&x<-3 1§ x>3. Apaxe (—oo,—3]U[3, +oo).

ix-—1>4dex-1<4 | x-1>4x<-3 7 x>5.
Apa X e (o0, =3) U (5, +o0).

fi)2x + 1|>5©2x +1<-5 § 2x+1>5&2x<-6 1 2x>4
SXx<-3 N x>2.Apaxe (—o,~3]U[2, +oo).

7. 1) Amo tov opiopod g amdAVTNG TIUNAG EYovpe |af = o < a > 0.
Emopévag 2x —6/=2x-6<=2x—6>0<=2x>6 < x> 3.

ii)Bx—l\:1—3x<:>3x—1§0<:>3x§1<:>x§1?.

+

) : e3(x-1]-4)+10<2x-1] =

8. 1) |X71|74 §<|X;1|

S3x-1-12+10<2x-1|ex-1|<2
& 2<x-1<2-1<x<3.Apaxe (-1,3).
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iy LD 2 D= 500 4 1) — x> 201 - (x)
2 3 S 3|+ 3 —4x|>2 - 2[x]
< 3x|—4x|+2[x|>2-3
< |x| > —1 mov aAnBevet yia kKGbe x € R.

9. VX’ —6x+9<5 V(x-3)° <5< x-3|<5
& -5<x-3<53-5<x<5+3-2<x<8.
Apaxe [2,8].

10. To kévtpo tov daotiuatog (— 7, 3) givar to 7;3=72.
Eyxovpexe (-7,3) & -7<x<3&-7-(2)<x-(2)<3-(=2)
S -T+2<x+2<3+2
S -5<x+2<5s|x+2|<5.

11. 41s%c+32550@41—325%0550—32

@95%C§18@5§C§10.

B OMAAAX

1. )3<4x-1<6=3<4x—1«kmdx — 1 <6. Zntape eENOUEVOS TIG TULES
TOL X Y10, TIG 0moieg cuvaAnBgdovy ot avicmoelg 3 <4x — 1 kar4x — 1 <6.
e 3<4x -1 4<4x 4 >4 x>1.

°4x—1§6<:>4x§7<:>x§%.

A

‘
1

Ne |

=YYy

Apaxe[l, %].

i) 4<2-3x<2&-4<2-3x ko 2-3x<-2.
e 4<2-3x3x<6x<2.

'273x572<:>73x54<:>x24?.
i { ) <
x' 4/3 2 X
Apox e [L, 2]



50 KEPAAAIO 4: ANIZQXEIX

2. )2<[X|<42<[xl xa [x|]<4.
2<ixlex=22ex<-2 11 x=2.

(x|<4 e -4<x<4.

= —  — -
x' -4 -2 2 4 X

Apax e [-4,-2] U2, 4]

)2<|x-5|<4=2<[x-5 xu [x-5/<4.
2<x-5lex-522ex-55-2 N x-522&x<3 | x>T

x—5|<44<x-5545-4<x<5+4 < 1<x<0.

[

— -
! 1 3 7 9

“YyYy

Apaxe [1,3]U[7,9]

3. 1) O ap1Budc mov aviiotoyei oto péco M tov AB givat o:
_3+5 _
2

i) Av P givot 1o onpeio tov XX ov avTiototyel og AVGT TG avicmong, TOTe:
Ix—5|<|x+ 3] & d(x,5) <d(x,-3) & PA <PB.

1

X

- d - .
X Ar-3) M1 B(5) Pix)
dx,5)

“yY

dix-3)

Avtd onpaivel 6t to onpeio P PBpioketar wpog ta de&1d tov pécov M
tov AB. Emopévag, ot Avoelg g avicmong ivat to X e [1, +eo).

iii) 'Exovpe:
Xx—5|<|x+3| e x—5 <|x+3} o x*—10x+25<x*+6x+9
S-lox<-16 x> 1.

4. 1) O apBuog mov avtictoyet oto péso M tov AB etvat o:
+
Xo = 1+7 _4
2
ii) Av P &ivor to onpelo tov x'x mov avtiotoryel ot Adon x g e&ico-
ong, TOTE £YOLLE

Ix—1|+x—7/=6c d(x, 1)+ d(x,7) =6 < PA + PB = AB.
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i, \

x' A',_f}j 15{.\:} 5{7,-

=y

di, 1) dx.7)

Avt6 onpaiver 6t to onueio P etvon onpeio tov tunpatog AB. Emopé-
Vg, o1 MWaoelg g e&icwong eivotta x € [1, 7].

iii) Zympoatifovpe Tov mivaka TPOGNHOL TV TAPACTACE®Y X — | Kot X — 7.

x —o0 1 7 +00

x-—1 - O + +
x—"17 — = 0 an

Alaxpivovpe Tdpa T aKOAOLOES TEPMTAOCELS:

e AvX e (—oo, 1), TOTE:
x-1+x-7=6 (1 -x)+(7-x)=6 < x =1, mov anoppinteTon
S0t 1 ¢ (—oo, 1).

*Avxe [l,7), tote:
x-1+x-7 =6 x-1)+(7-%x) =6 < 0x =0, mov wydet yu
kéOex e [1, 7).

e AvX e [7, +o0), T0TE!
x-1|+x-7=6=x-1)+(x-7)=6 < x=7, mov eival d¢-
KT 010TL 7 € [7, +eoo). Emopévac, n e&icwon ainbevstyuo x e [1, 7].

§ 4.2. Avicoozig 20v fabpod
A’ OMAAAX

1. 1) Ot pileg tov TpL@VLLLOL x> —3x + 2 eivat ot pileg g &icwong
X' —3x+2=0.

3+1
'Exouua:x2—3x+2=0<:>x= N ex=1 1 x=2.

Apax2—3x+2=(x—1)(x—2).

H+

5

ii)'Exoups:sz—Sx—2:0<:>x: C}X:—% n x=2.

-b ‘

Emopévac
2x" —3x—2=2(x +17) (x—-2)=(2x+1)(x-2).

X —3x+2 _x-1)(-2) _ x-1
2xP—3x—2 (x+1)(x-2) 2x+1

2. i) Eivau , X#E2,X# 717
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i) Eyovpe: 2x° +8x —42 =0 < x” +4x - 21 =0
Encidff A=4"—4 (=21) =100, 8a eivon

_44+10 3
X127 > ~_7

Emopévag 2x° +8x—42 = 2(x + 7)(x - 3).
X842 _2(x+7)(x—3) _2(x—3)

Apa X #+7.
X" —49 x+7(x-7  x-7
iii) * ' v e&lowon 4x* ~12x+9=0, £yovpe
A=12"-4-4-9=144-144=0, X1,2=%=%(6m7uﬁ).
. 2 _ 32_ 2
Emopévog 4x” — 12x + 9 =4(x — 3) =(2x-3)".
5+1 l

2 _ _ _ _
*Tmy 25 - 5x+3=0, A=25-24=1x,,= = \)%

Emopévog 2x*—5x+3 = 2(x — %)(x -D=02x-3)x-1).

2 2
Apu4x712x+9: (2x—3) :2x73’X¢1’X¢i
2x*—5x+3  (2x-3)(x-1) x-1 2
3. )x*—2x-15=0, A=64 _ 28 a3
L)X -2x-— , N ;N3
X —o0 -3 5) +o0
x*—2x-15 + 0 = 0 +
i) 4x” —4x + 1= (2x - 1)’
5% —o0 j Iy +a0
4x° —4x +1 + 0 +

fii)x’—4x+13=0, A=16-4-13=16-52<0, a=1>0.

X —00 +00

X —4x+13 +

4. 1) To tpudvopo X’ +4x -3 éxet a =—1 ko pileg 1 pileg g e&icwong

2 2 442 3
X 4+4x -3 = _4x+3 = ==~
X +4x-3=0x"—-4x+3 0<:>X1,2 5 S
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0 —o0 1 3 +00
—x* +4x-3 ~ 0 + 0 -

i) Eyovpe —9x” + 6x — 1 = —(9x" — 6x + 1) =—(3x — 1)°. Enopévac

52 —0 118 +o0
—9x? +6x—1 - 0 -

iii) To tptdvLpO x> +2x-2 Exelt A = P 4(-1)(-2)=4-8=-4 <0«
=-1<0.

X —00 +o0

—x?+2x-2 =

5. i) Eivau 5x° <20x < 5x° —20x < 0 < 5x(x — 4) < 0.

To Tpudvopo 5x° - 20x éera=>5> 0o piecx, =0, x,=4.

% —0 0 4 +00
S5x%<00x + 0 = 0 +

Apax e [0,4].

i) Eiva: x> +3x <4 & x> +3x -4 <0.
To tpidvopo x> +3x—4 érera=1>0«a pilecx, = 1,x,=—4.

X —o0 —4 1 +00
x> +3x—4 + 0 - 0 &
Apaxe [4,1].

6. 1) To tpidvopo X —x-2 éyera=1>0 ko piCecx, =2, x, =—1.

X —o0 -1 2 +00

r¥—-x-2 + 0 - 0 +

Apa x e (w0, —1) U (2, o).

i) To Tpudvvp0 2x°—3x-5 gxero=2>0 ko pilec x, = >

7, X2=—1.
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27 —o0 =]

o || wn

2x2-3x-5 + 0 =

Apaxe (-1, 3).
i) Eivau XH4>4xoxX —4x+4>0 (x— 2)2 > () mov aAnBevet yio kGOg
xe Ruex#2.

i) Bivor: x> +9<6x & x> —6x +9<0 < (x—3)°<0 < x=3.

i) To tpidvopo X +3x+5 gxeta=1>0kam A=-11<0. Apa etvon Bett-
K0 vy kéfe x € R xor ) avicoon x> +3x+5<0 givan advvarn.

ii) To tpidvopo 2x° — 3x + 20 &xet a=2> 0 ko A =—151 < 0. Apa 1 avi-
ol 2x°—3x+20>0 oAnBevet yio kébe x € R.

'Exovus—%(x2—4x+3)>O<:>x2—4x+3<O.

To Tpudvopo X —4x+3 éyera=1>0wxo pilecx, =1,x,=3.

x —00 1 3 +a0
X —4x+3 + 0 = 0 i
Apaxe (1,3).

10. Byovpe2x—1<x’—4<12&2x—1<xX’—4xux —4<12.

«Eivar 2x—1<x’ -4 < x> —2x-3>0.
To tprdvopo x> —2x -3 éxera=1>0xon piCec x, =3, x, =—1.

G —0 -1 3 +00

x> =2x-3 + 0 - 0 +

Emopévag X- —2x —3 >0 & X € (o0, —1) U (3 +o0).

*Eivau X’ —4< 12 & x ~ 16 <0.
To Tpudvopo X =16 éxera=1>0 ko pilec x, =4, x, = 4.

X —0 —4 4 +a0

% =16 + 0 — 0 +

Enopévoc x° — 16 <0 < x € (-4, 4).
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- :(f )_\ {J[ \L
X 4 -l 3 4

=y

O1 800 avicdoelg cuvoindevovv Yo x e (—4,—1) u (3, 4).

11. "Eyovpe X’ —6x+5<0 < x e (1, 5) ko

X —5x+6>0 x e (—o,2) U (3, +oo).

= =) F=—7x
I 2 3 5

“YY

Apaxe (1,2)u(3,5).

B OMAAAX

1. i) H mopdotoon o + afy — 2[52 =+ Bra— 2[32 glvat évo TPLOVONO pE pe-
tafAnt 1o o. To tpidvopo avtd Exetl dlakpivovoa B
_ a2 2% _ op? . _ BE3p A~
A=p"—4"1(-2p)=9p" =0k pileg a, , = ) S0
Emopévag o + af — 2B = (a + 2B)(a — B).
* Opoimg ) mapdotacn o — af — 6[32 =o’ - Bra-— 6[32 glvat éva TpldvL-
po pe petaPinm to o. To tpidvupo avtd Exetl dakpivovca

3
A=B’—4- 1(-6p>) = 25p° kot piles 0 , = Bizsﬁ Q—SB

Emopévag o’ — af — 6B° = (o + 2B)(a — 3p).

i o +af—2B° _ (a+2B)o—P) _ a-B
o —ap—Bp° (at2B)(a-3P) o-3p

> o £ 3B, a#-2p.

2. 2xX°+ (2B —o)x — af =0.
A=(2B-a) —4-2(—aP) = 4B — 4aB + o’ + 8o
= 4B’ + 4aB + o’ = (2B + 0)’ > 0.

_ p-wx(QBra) Ty
4 >

Ot pieg g edicwong eivar x, ,
Apa 2x” + (2B — 0)x — af = 2(x — %)(x +B)=(2x - a)(x +P).

3. <’Eyovue x> —ox + Bx —apf =x(x—a) + Px—a)=(x—a)x+p).
* To tprdvLp0 x> = 3ax + 20’ el pileg x, = o Ko X, = 20
omote X — 3ax + 20° = (x —a)(x — 20). Emopéveg
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xz—(xx-i-[ix—(x[i:(x—(x)(x-i-[}) _ x+p
x>~ 3ax+ 20> (x-—o)(x—-20) x-2a

, LE X # 0, X # 20

4. H dwxkpivovca g e&icwong eivat
A=90—4- L (h+5)=90 — 41> — 201 = 5, — 20A.
H diakpivovsa gival éva tpidvopo pe petafAnty A, a =5 > 0 kot piCeg
A =0xoid,=4.

A —o0 0 4 +00
5.2 -202 - 0 - 0 +

Emopévac n dobsica eEicmon

1) éyet pileg loeg, av A =4, 0161t A # 0.

ii) éyet pileg avicegav A =2 ue A< 0N A > 4.
iii) givat advvoatn av 0 <A < 4.

5. To tpudvopo X2+ 30X + A geta=1>0km A= O\ — 4.
T va givar X + 3Ax + 4> 0 v ké0e x € R, mpénet A < 0.

Exovpe A <0 < 907~ 4h <0 & AO% —4) <0 < Le (0, %).

6. )A=(20) =430 (A+2)=41"— 120> — 24k =—8)\" — 240
A<0e -8 20<0 o 8 +240>0 < A +30>0
SAMA+3)>0A<-3 § A>0.

ii) H avicwon (A + 2)x2 —2Ax + 30 <0, A #-2 aknbedet yio kabe x € R, av
Kot povo av A <O koA +2<0 & A<-3A>0Kkot A <-2.

= b= {
X -3 -2 0 X
Apad<-3.
7. Av X givol 1 mAevpd Tov A z r 4 r
evOg TETPOYDVOV, TOTE M
TAeVPA TOoV dALoL Oa glvart M,
3 —x kot dpa o abpotcpo
TV guPfaddv TV 600 Te- H M (0] M,
Tpaydvev o givat ico pe 1 1
x2+(3—x)2:2xz—6x+9. 4« E B 4 Ny N, B

Emopévag, yua va givar to d0potopa tov epfaddv Tov GKIICUEVOV TETPO-
YOVOV KkpoTePO amd 5 Ba mpémet va 1oyveL:
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26X+ 9<5 o2 —x+4<0 X 3x+2<0s 1<x<2.

Apa 10 M Qo mpémet va Bpioketar avapeso ota onpeio M, kot M,, to
omoia ympifovv ™ daydvio Al og tpia ico pépn.

8. 1) H mapdotoon o — af + [32 =o' - Bra+ B2 glvat tprdvupo o¢ pog a. To
TPIOVLLLO 0VTO el Stakpivovoa A = (—[3)2 -4-1- B2 = —3[32 <0. O ov-
VTEAEGTNG TOV o’ gtvar 1> 0. Apa

az—B-ochBZZO,ywcékawa,Be R.

2 2
i) "Eyovpe A=%4B g2 w. Enopévag
p «a op

* Av a, B opdonpot, tote A > 0.
* Av a, B etepdonpot, tote A <0.

§ 4.3. AVIGOOELS TIVOIEVO KU1 OVIGMGELS T ATKO
A" OMAAAX

1. "Exovpe: 5
-273x20<:>223x<:3x§2<:x§?.

X —x-2>0 (x+1)(x-2)>0x<-1 § x>2.

X’-x+1>0oxeR (apod A=1-4=-3<0).
2
x —a0 -1 = 2 +00
3
2-3x + + 0 - -
xP—x=2 - 0 = - 0 &
X —x+1 + + +
P(x) + 0 - 0 + 0 =
2. 'Exovpe:

e X420 X —4<0e (x+2)(x-2)<0o-2<x<2.
X -3x+2>0 (x—-1)(x-2)>0x<1 | x>2.

X+x+1>0xe R (apov A =-3 <0).
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x —0 -2 2 +00
-’ +4 - 0 + + =
x'=3x+2 + + - +
X +x+1 *T + + +
P(x) = 0 i — 0 _
3. ‘Boto P(x) = (x — 1)(x> +2) (x* — 9). Eyovpe:
x-1>0ex>1.
xX*+2>0xe R
X -9>0e (x+3)(x-3)>0x<-3 | x>3.
x —0 —3 3 +00
x—1 - %
x> +2 + +
-9 + 0 0 +
P(x) = 0 0 5

Apo (x— DX +2)(X*—9)>0 & x e (-3, 1) U (3, +oo).

4. 'Eoto P(x) = (3 — x)(2x” + 6x) (X" + 3). Eyovpe:

*3-x>0x<3.

X +H6x>0 X +3x>0 e x(x+3) 20 x<-3 | x>0.

xX’+3>0=xeR

x -3 3 +o0
3—x + + -
2x* +6x + 0 + +
¥ +3 + i +
P(x) + 0 + 0 -

Apa (3 - x)(2x + 6x)(x* +3) <0 = x e [-3, 0] U [3, +oo).
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. 'Eoto P(x):(2fxfx2) (x2+2x+ 1). 'Exovpe:
2-x-X>20ex+x-2<0 x+2)x-1)<0e-2<x<1.
X +2x+120o (x+1)2>0,

omote (x + 1) >0, i x # 1 won (x + 1> =0y x = —1.

X —o0 =2 =l 1 +o0
2—x—x - 0 + + 0 _
X +2x+1 + + 0 + -
P(x) - 0 4 0 + 0 =

Apa 2 -x—xX)X+2x+ 1) S0 x e (—o0, 2] U {~1} U[1, +oo).

. "Boto P(x) = (x - 3)(2x" + x — 3)(x — 1 — 2x%) > 0. "Eyovpe:
*x-3>0<=x>3.

°2x2+x7320<:>2(x+%)(x71)20<:>x§f% Wox> 1.
-x7172x220<:72x2+x7120,nous{vmaéil')varn,a(poﬁA=f7<O,
o=-2<0.

X —o0 —% 1 3 +o0
x-3 — — — 0 +
237 +x-3 + 0 - 0 + +
*—1-2%* — — - —
P(x) + 00 - 0 ¢+ 0 -~

Apa (x —3)2x° +x—-3)(x—1-2x") >0 & X e (oo, 7%) u (1, 3).

: i)x’?>0 S+ )x-)>0ox<-1 f x>2.
X+

i 220 o 2x+ 1)(x-3)<0, pex#3
Xx-3
1
@*7§X<3.

2
L XX o (Fox -2 Fx-2) S0, pex Fx-2#0.
X +x-2

"Boto P(x) = (X — x — 2)(x” + x — 2). "Exovpe:
X —x-2>0=x+1)(x-2)>0ex<-1 1 x>2.
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X +x-220 (x+2)x-1)>0x<27x>1.

x —c0 -2 -1 | 2 +00
X —x-2 + F 0 - -0 +
X +x-2 + 0 — - 0 +
P(x) + 0 - 0 + B =
X —x-2
Apa 2750 oxe (-2,-11u(1,2].
X +x-2
B° OMAAAX
1. i) 2XH3 4 2XF3 g X FI-dxtd g L 2XHT
x—1 x—1 x—1 x—1
2T 0o x-T)x-1)<0e 1<x<L.
x—1 2
i) x—2 <4 X—2 _450<:>X—2—12X—20 SO@—llX—22 <0
3x+5 3x+5 3x+5 3x+5
S IXF22 S 1 1(x+2)(B3x+5)20, pex#—>
3x+5 3
&S x<-2 T']x>—%.
Apo X € (oo, —2]u(—%, o).
2 2 2
2. x—3x—10+2§0@x—3x—10+2x—2 §0<:>X_X_12 <0
x—1 x—1 x—1
oK -x-12)(x~-1) <0, pex#1.
‘Eoto P(x) = (X" — x — 12)(x — 1). "Exovpe:
-xzfxf1220<:>(x+3)(x74)20<:>x573 n x>4.
x—1>20e=x>1.
X —0 -3 1 4 +00
X =x=12 + 0 = 0 — 0 +
x—1 = = 0 +
P(x) - 0 + o0 - 0 ¢

Apax e (—e,-3]u (1, 4].
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3. ) X . 2 - X 2 S0<:>x(x71)72(3x75) <0

3-5 x-1 3x-5 x-1 Bx—-5)(x—1)

2 2
c}xfxf6x+10 <0 o X —7x+10 <0
Bx-5x-1) Bx-5x-1)

o Bx-5)x- 1) -Tx+10)<0, pex # 1, x#%.
"Eoto P(x) =(3x—5)(x — 1)(x2 —7x + 10). Exovpe:
-3x—520<:>x2%.

x—1>0=x>1.
X -Tx+ 1020 (x-2)(x-5)>0&x<2 § x>5.

X —0 1 % 2 5 +00
3x-5 - - 0 + + +
x—1 - 0 + + + -
X' =7x+10 + + + 0 - 0 +
P(x) + 0 - 0 + 0 - 0 +
, X 2 2
Apa < SBx-5)E-HE -T7x+10)<0,
3x-5 x-1

x#l,x#%@Xe(l,%)u[ZS].

2
i) X > 3 PGS S 3 20<:>X +2x—-6x+3 >0
2x—-1 x+2 2x—-1 x+2 2x—1)(x+2)
X’ —4x+3 >0
x-DExE+2)

<:>(x2—4x+3)(2x—1)(x+2)20,H8X¢—2,X¢%'

‘Eoto P(x) = (x2 —4x+3)2x - 1) (x +2).

x —0 -2 2 1 3 40
x*—4x+3 + + + 0 - 0 +
2x-1 - - 0 + + +
X2 = 0 + + + +
P(x) + 0 - 0 + 0 - o0 +

Apa X € (<00, —2) U (%, 11U [3, +oo).
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+
. 'Eyxovpe: x+l

"Eyovpe:

x+1 _ 5 - x+1
X X

>0 & >2,x#0.

X

ﬂ<—2 @ﬂ+2<0 @ﬂ<0

X X X

<:>(3x+1)x<0<:>—1?<x<0.

.ﬂ>2<:>ﬂ_2>0<:> (IR=}
X X X X

Sxx-1)<0e0<x<1.

Apaxe (7%, 0)u (0, 1).

fx+1> x—1

<0

Ta va €xel n etopela képdog mpénet va £50da va givar TeptocdTepo omd
TO KOGTOG:

E>K&5x-xX>7-x&5x-xX ~7+x>0
X +6x-7>0&x —6x+7<0.
O piCeg Tov Tprwvidpov eivon X, =3 — V2 xot X,=3+ V2. Enopévag
X —6x+7<0&3-12 <x<3+V2.
M, TpoceyyloTiKd, 1,59 <x <4,41.

2
20t 40 20t 4o 20t—40—16
t*+4 t+4 £+4
2 2
o AMF200-16 o 40200416 _
' +4 t'+4
S AT -5t+a)E+4) <0 1<t<4.

0.




KE®AAAIO 5

ITPOOAOI
§ 5.1. AkohovOigg
A" OMAAAX
1. 1) 3,5 7,9, 11 i) 2, 4, 8 16, 32
i) 2, 6, 12, 20, 30 iv) 0, 1, 2, 3, 4
1, -0,1, 0,01, —0,001, 0,0001 p 2,2,2, 133
V) s T Usdy U,UL, U, s Vs Vl) 2’4 8 16 32
2 2 2
vi)4, 3, 2, 1, 0 viii) —, 1, —, 0, —£
2 2 2
iX) 2, 1, §s 1, 2 X) la 7L9173 7l9l
9 25 2 3 45
xi) 1, -1, 1, -1, L.
. 1 1
2.1) 2, —» 2, —» 2 i) 0, 1, 2, 5, 26
2 2
iii) 3, 4, 6, 10, 18.
3. i)’Eyovpe o, =6karo,, ,—a,=(vV+1)+5-v-5=1,
, {a1=6
EMOUEVOG
av+1:1+av'
v+1
ii) 'Exovpe o, = 2 ko Be1 2 =2,
o 2
, {a1—2
EMOUEVAG
o, =20,

iii) Exovpe o, = 1 kan e, , =2 ' =1=2.2"-1=2.(1+a) -1,

, { o, =1
ETOUEVMG
a, =20, +1.

v
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iv) Eyovpe o, =8 ko a, , —o, =5(v+1)+3-5v-3=5,

. { a,=8
EMOUEVMG
av+ 1 =5+ av

i) 'Exovpe a, =1 IIpocBétovpe T1g 160TNTEG OWTEG

a,=o, +2 Katd péAN kot Bpickovye:

oy =a,+2

a,=a,  +2 a,=1+v-1)2 7 ao,=2v-1.
ii) o, = IMoAomAactalovLE TIG IGOTNTEG AVTEG

a, = Sa, Katé pEAN Kot Ppickovyle:

o, = 5a, a,=3-5"

a,= S0, _,

§ 5.2. ApOuntikn 7p60dog

A’

1.

OMAAAX

Do, =7+v-1)-3 ii)a,=11+v-1)2 iii) o, =5+ (v—1)(-3)
=3v+4 =2v+9 =-3v+8

iV)aV:2+(v—1)-;— V) a, =6+ (v—1)(-3)

:lv+§ =-3v-3.
2 2

Doyg=—2+(15-1)-5 i) ayy=11+Q20—1)-7 iii) azy =4+ 30— 1)- 11
=68 =144 =323

V) o= 17+(35-1).8 v)a50=1+(50—1)% Vi)a47=§+(47—1)-%

_ 1o
3

=289 =35.

i) 'Eyovpe a, = o, + 50, emopévog o, + 5o = 12 kot o,, = o, + 90, enopévag
a, + 9w = 16.

o, +50 =12

a, +9%0 =16

Bpickovpe o =1 kot a, =7.

Avvovtag 10 cHoTN N {
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. L, { o, +4o =14
i1) Opoimg éyovpe
o, + 11w =42
Kot 07to T AVOT| TOL GLGTIHHATOG OVTOV TPOKVTTEL OTL
o=4 ko o, =-2.
{ a, ¥ 20 =20
o, + 60 =32
Kot 07to T AVoT TOL GLGTIHLATOG AVTOV TPOKVTTEL OTL
o=3 xou a, =14

iii) Opoimg &yovpe

o , o, +4m=-5
4. 1)’Eyovpe to oot
o, + 140 =-2

omd T AVoT TOV GLGTHOTOG BPIcKOVE OTL

3
o=-—=03 ko o, =-6,2
10
Apa oy, =0, +490 =-6,2+49 - 0,3 =8,5.
+6m=1>55
ii) Opoiwng éxovpe { H o
a, +2lo =145

ondteE ® = 6 ko o, = 19
Apoog=o,+170=19+17 -6 =121.

5. i) Ioydera, = a, + (v - 1)o, ondte
97=2+wv-1)5 & 2+(v-1)5=97
& 5v=100 & v=20.

Enopévag o {ntoduevog dpog eivat o a,,, dniadh o 200g.
ii) Ioyvet o, = o, + (v — 1)o, ondte

97=80+(Wv-1)(-3) & 80+(v—-1)(3)=-97

& 3Bv=-180 & v=60

Apa 0 {ntoduevog 6pog eivat o o,

10-40 _-30 _
2 2
ii)(5><+1)+11

6. i) -15

=3x-25x+12=6x-4 < —x=-16 = x=16.

7. Av etvor X 0 HeyoldTepog optBdg Koty 0 LIKPATEPOG TOTE LoYVEL:
{X—y=10 {X—yZIO
N o
XTY —9s5 X+y=50
2
Amd ™) Ao Tov GVoTHTog avTod TpokiTTel 6Tt X = 30 Ko y = 20.
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10.

i) 'Eyxovpeo, =7, 0=9—-7=2«kuv =40, ondte

4
$=40 2.7+ @0-1).2]=20.92 = 1840

ii) ‘Exovpe o, =0, 0 =2 kot v = 40, ondte

4
$=40 2.0+ @0-1).2]=20.78 = 1560

iii) ' Exovpe o, = 6, ® =4 ko v = 40, ondte

$=40 2.6+ 40-1).41=20 168 = 3360

iv) 'Exovpe o, = -7, @ =5 xarv =40, ondte

$=4 h. (7)1 @0-1).51=20 181 = 3620.

i) 'Eyovpe o, =2, ® =-3 xouv = 80, ondte

S= % 22+ (80 — 1)(=3)] = 40 - (-233) = -9320

2

ii) ‘Exovpe o, = ——, o= = xou v = 80, ondte

W | =
w

1

| r@o-1)- —]—40 52 =2080.

KaBéva amd to abpoicpata givar 40poiopo d1odoyikdv Opmv aptOpnTIKig
TPoddov.

i) Eyovpe a, = 1, a,= 197 kon o = 4.

Ioyoera, =0, + (v—1)o ondte 197 =1+ (v-1) - 4 v=50.

Enopévag

s=§ (@, +a)= % (1+197) = 4950.

ii) ' Exovpe a, =9, o = 3, a, = 90. An6 tov tomo o, = o, + (v — 1) Exovpie
90=9+((v-1)-31v=28.
Enopévag

Sye =§ (9+90) = 14 - 99 = 1386,

iii) Exovpe o, = -7, ® = -3, xar o, = ~109. And oV tom0 0, = 0, + (v — 1)
éyovpe =109 = -7 + (v - 1)(— 3) fv=35.
Emopévamg

Sss =_(77109)—? (~116) = —2030.



5.2. AptOuntikn Tpdodog 67

11. i)’Exovpe o, =4, @ =4k S, = 180.

Eneon S, = % [2a, + (v - 1Dw], &xovpe

1802%[2~4+(v—1)-4] 180:5(4%4)

4v* + 4v =360
V4+v-90=0

-1+19 9
o v= 5 —<_10

Ene1dn ve N*, éneton 01 v = 9. Apa mpémel va TApovpEe TOus 9 TpdTOVG

0povg.

ii) 'Exovpe o, =5, @ = 5 xau S, = 180. Epyalopevol 6mwg mponyovuévng
Bpiokovpe 6TLV =8.

gg ¢

12. 'Eyovpe a, =53, 0 =-2 ko1 v = 15.
Enopévog o, =53 + (15 -1)(-2) =53 -28 =25
1

15 5
S5=~ (25+53)= - 78 =585,

B OMAAAX

1. 'Exovpea, ,—o,=12-4(v+1)-12+4v
=12-4v-4-12+4v=-4
Enopévag o, , | = o, — 4 mov onuoaiver 611 n akolovbia eivar apt@untikn
np60odog e Sropopd —4 koo, =12 -4 - 1=8.

2. 1) Ovmepurroi apiBpoi eivor ot 1, 3, 5, 7 ... ko amotelovv aptduntikh Tpdo-
dopea, =1kaw=2.
‘Exovpe 0,,, = 1 + (200 - 1) - 2 =399, ondte
200
Ss00 — S (1+399) =100 - 400 = 40000.
i) Ot gptiot apBpoi eivar ot 2, 4, 6, 8 ... Kot amoTteAovV aplOunTikn Tpododo
pe o, =2 koo = 2.
‘Exovpe 04y, =2 + (300 — 1)2 = 600, onodte

300

S E3 (2+600) =150 - 602 =90300.

300
iii) To {nrovpevo dBpotcpa etvor to 17 + 19 + ... + 379 kaw ot mpocHetéor

TOV, L€ TN GEPA oL gival ypappévot, givat dtadoytcol dpot apBunrti-
KNG mpooddov pe o, = 17, o = 2 xou o, = 379.
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Ioyvet o, = a, + (v — Do, ondte 379 = 17 + (v— 1)2 v = 182.
Emopévamg
182
S~ 7 (17+379)=91 - 396 = 36036.

i) To {ntodpevo dOpoopa givar to 5+ 10 + 15 + ... + 195 ko ot Tpocbe-
€01 TOV &fvon dadoykol dpor apdpunTikng Tpoddov pe o, = 5, ® = 5
Kot o, = 195.

Am6 10 tOmo a, = a, + (v - 1) &govpe 195=5+(v-1)-5 & v=239.

Emopévag

39
Syp= 7 (5+195)=39 - 100 = 39000.

ii) To {ntovpuevo aBpotopa givar to 12 + 15 + ... + 198 kot ot TpocHetéot
Tov givor Sradoytcoi dpor aplOunTikhg Tpoddov pe o, = 12, o = 3 ko
a, = 198.

Am6 10 tOmo a, = a, + (v — 1) £govpe 198 =12+ (v—-1) - 3 v=063.

Emopévag

63 63
Se3 = by (12+198) = 7-210=63 - 105 = 6615.
i) Eyovpea,,, —o,=5(v+1)-4-5v+4=5M0,, =0, +5.

Emopévamg n axolovbio eivon opdpntiky tpéodog pea, =5-1-4=1,0=5
Kol 0y = 5 - 30 — 4 = 146, ondte

30
Sy = o (1+146) =15 - 147 =2205.
i) Bxooue g, ~6,=-S(v+ 1) 3+ 5v+3fa,, =05
Enopévmg 1 axorovdia efvor apOuntikn npéodog pe o, =—5 -1 -3 = -8,

® = -5 kot o, = -5 - 40 - 3 =-203, onote

S4= ? (-8 —203) =20 - (-201) = —4220.

[pémet amd T0 dBpotopa 1 +2 + 3 + ... + 200 va apapécovie To GOpotsia
4+ 8+ 12+ ... +200 tov moAlomAaciov Tov 4 Kot To dbpoicua

9+ 18+ 27 + ... + 198 tov noAomhaciov Tov 9.

Ouwg 610 TOAOTAGGLO TOL 4 KoL TOL 9 TEPIEXOVTUL KOl TO TOAAATAAGLO
7oL 36 7oL, pE aVTOHV TOV TPOTO, aPULPoVVTAL dVO PopEs. [Tpémet Aowdy va
nmpochécovpe po eopd to ToAAOTAGGIe TOL 36 Yo va fpovLE TO TPoyLLo-
TIK6 GOpotopa. Emopévag
S=(1+2+3+..+200)4+8+12+...+200)—(9+18+27+..+ 198 +
+ 36+ 72+ ...+ 180).
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Kotd ta yvootd &govpe:

1+2+3+...+200=22ﬂ(1+200)=100-201=20100

4+8+12+...+200:%(4+200):25~204:5100

22
9+ 18+...+198:7(9+ 198)=11-207=2277

5 5
36+72+...+180=5(36+180)=5-216=5~108=54O

Apa S =20100—-5100 — 2277 + 540 = 13263.

6. To dBpotopa v dpmv g akorovbiog eivot

S,= S0 +(v-Do] § S,= J2-1+v-1)-2]

-V
VT2
TpéneL S, > 400 & %[2-1+(\/71)~2]>400

& v > 400
& v >20.

7. T v 1In ypoppn tov mivaka £(OvLE:
a,=o, +(v-1Do=120+ (12 -1)(-10)=120-110 =10.

12
S, = f(al +o)= " (120+10)=6-130 =780,

TMa v 21 ypoppn €ovpe:
a,=o,+(v-Do | 109=5+27-1)o 1 o=4

27 27
s - X(al +o)="(5+109)= " - 114 =1539.
2 2 2
[Mocty 3n ypoppn éxovpe:
12
SV:%[Z(xﬁ(vfl)(o] 1 210="7[2, +11-3] 1 e, =1.
=0, +(v-Do 4 a=1+11-3 4 a,=34.

TMa v 41 ypoppn €ovpe:
a,=a,+v-Do M -8=0,+15-2 | a,=-38.

16
SV=%(0£1+0LV) i 8, = (38-8)=8 - (-46)= -368.
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Tig TpidTeg 12 dpeg to TANH0C TV KTOTOV givat
12
1+2+3+...+12= 7(1 +12)=6- 13 =78, dpa. GLVOAIKE OKOVYOVTOL

2 - 78 = 156 kromipozo.

To mibo¢ tov Bécewv kKabe oepdg Kabiopdtov oynuatilel aptOuntikn
npdodo pe o, = 800 kot a,, = 4160. Emopévag, Aoyom g a, = o, + (v — Do,
elvar 4160 =800+ (33— 1) - ® 1 @ = 105. To 614510 €€l GLVOAKGL:
33 33
S;; = 7(800 +4160) = B 4960 = 33 - 2480 = 81840 H<ceic.
H pecaia oepd, dnradn n 17m cepd €xet
o, =800+ (17—1) - 105 =800+ 16 - 105 = 2480 Ooeic.

10. Ot 6pot g axorovdiog drodoyikd Oo eivort

11.

12.

3, Xy5 Xy5 o0y X4, 80
GLVOALKA 12 6pot.
Ioyvera, =a, + (v-1)o N 80 =3+ llo 1 o = 7, ondte o1 {nrovpevor
apdpot glvar
10, 17, 24, 31, 38, 45, 52, 59, 66, 73.

"Exovpe
lJrv—l +v—2+v—3+m+17:v+(v—1)+(v—2)+...+1:
2% v v v v
viv+1)
_ _v+l1
Y 2

To 1° pétpo Oa kooticel 20€.

To 2° pétpo Oa kooticel 25€.

To 3° pétpo Oa kooticel 30€. K.T.A.

Av howmdv n yemtpnon el v pétpa fabog, tdte T0 cLVOAKO KOGTOG,

g = 20, + (v=1Dw)v
' 2

Sv=2X [2-20+ (v—1)5].

GOLLO®VA LLE TOV TOTTO , Ba etvon oo pe:

IIpéner emopévmg
21[2 220+ (v—=1)5]1<4.700 < 20v+2,5v(v—1)<4.700

< 8v+u(v—1)<1880
&V +Tv-1880<0
S (v-40)(v+47)<0
o —47<v<40

Apa n yedtpnon pmopet va whet 40m Badog.
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§ 5.3. I'eopeTpki] Tp6odog

A" OMAAAX
2
1. i)a,=3-2"", ii)av=§-3“‘=2-3“*2, i), =9-3"""=3",
el e e 2
1V) U'V_4 : 2 2v+1 ’ V) (XV— : 2 2v—1 2\/—5 ’

i)a, =18 (1)V1=2-32~ L2 ii)o, =1-(04) "=04""
V1) @, 3 31 g > vil) o, 5 s >

viii) @, = (-2) - (-2)" ' = (-2)", ix) o, = (-3) - (:3) "' = (-3)".

1) _1
2. i)a9=1.28:64, ii) o, =2 - 3° = 1458, iii)a8=729.(3)=3,

4
8 3 8 5 5
V) a,=1-(2) =512, v)%:g-(i) —2-3—3—(3).
27 \2) 3 28 27 2
32 5 _1
3 1)?:a1~2 n o= 25_§’
27 _ -33 33:01 : apa o, =
11)@ vy 2*7 10> apa oy = —
4. i) (12=q ¥
}\45
5 a%:% 7“3:8,6![)(17\,=2
a, k12
96=a, A’
ii) §:a1~k
d (’v(xl7\‘4:(2)3 T’] 7\‘3:(2)3 d (X;“=£
RN 3] P 3
64 _ s
81!
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‘Exovpe topa a,, = 1000 - (*

1
Moo= % épovpe 125 =, - 27 N o, =125 -2 =1000.

1)‘3 _ 1000

2] 8192

To A= —;— epyalopacte opoimg.

i) (V2 =q,-2"
0‘1732 :321/5 W 20—

5
o 2 qa=+12.
ar? V2

3202 =a, - A7

V2
Ftak=ﬁéxovusﬁ =a1~26 no,="_;-

26

2
"Exovpe tépa o, = 12 2"=2"V2=16V2.

26

Noai=-V2 epyaloHaoTE OHOIMG.

"Eoto 0, 0 6pog mov 16ovtan pe 768. Tote 768 =3 - 2 1 271 =256 1

2" '=2% ombtev—1=8, Gpav=9.

i) O vog 6pog tng Tpoddov v o, =4 - 2" "

Av4-2""">2000, tote 2° 7' >2000. Exovpe 2' = 1024 ka1 2'" =2048.
Apampémetv+1>10 7 v>9.

Emopévag o mpmdtog 6pog mov vrepPaivet to 2000 givar o 100g 6poc.

1 v—1
ii) O vog 6pog ™G Tpooddov givar av = 128 - (2) .

1 , v—1 128 , v—1
2V7|<0,25,ror<°,2 >70,25 n 2" >512.

Av 128 -

‘Eyovpe 2° =256 ka1 2° = 512.

Apampénetv—1>9 1 v>10.
Emopévag o mpmdtog 6pog mov givar pkpdtepog tov 512 eivat o 11og.

) V5-20=1100=10, 4/ L. V3 =vV1-=1.
V3

ii) loyvet

x+1Y=x-4)(x-19) & x*+2x+1=x"-23x+76
& 25x=175
& x=3.
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10
9. i)S,=1-2—L =1023.
2-1
10
i)S,,=3- 33 ‘11 —3. 9048 _3 29504 - 88572,
10
iii)SlO:—4.(_22)7_11=—4~%=4~341=1364.

10. i) Ao tov tomo o, = o, .’ ' éxoope 8192 =2-4""" 9 4" =4096 =4,
gpav—1=6 1 v="T7.

7
Enoptve 57:2.‘:‘11 =2 10383 5 sa61= 10022,
1 v—1
.o ’ , , _ }\lv—l , =4 .= T’]
ii) Opoimg amd tov Tono a, = o, EYoVLE o (2)
v—1 11
1 1 _[1
| == .apav-1=11 {4 v=12.
(2) 2048 (2) P "
Enopévag
(L)lzl 1, 4095
S, — 4.2 4 4096 4 4096 _, 2-4095 _ 4095 _ ¢
1, 1 1 4096 512
2 2 2

iii) Opoing omd Tov TOmO 0, = alkvfl grovpe 256 =1-(-2)" " 1
(-2°=(2""" apav-1=8 % v=09.

Enopévag
9
S,=1. 2 =13 _yqy
-2-1 -3
11. 'Eyovpe a, =3 ko,

oe 1 opa a,=3-2

o€ 2 dpeg 0c3=3~22

oe 3 dpeg a,=3- 2° kTh. ka,

oe 12 dpeg o,;=3- 2'2=12288 Baktnpidia.

12. 'Eyovpe a, = 60 ko,

petd v 1n avamydnon o, = 60 -

W | =

petd Ty 21 avamndnon o, = 60 -

—
W | =
b/.\)
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3
petd v 3n avamionon o, = 60 - (%)

4
1 60 _ 20
€té TV 41 avomndnon a. =60 - [~ =—==—=0,74m.
Iz nv an nomnonm o (3) ]l 27
B” OMAAAX
2v+l
v+2 v+1 v+1
L Egoope 2= =2 3 2 g g —q,

2v 2V.3V+2 3

v+ 1

w

Emopévmg n axorovbdia givar yewpetpikn tpdodog pe A= § Kot o, :g .

2. Tlpémet

F1ovray =vv=5 -Vv+2 o {1vr4=V(v-5v+2)
S (v=5)(v+2)=10v+4
&V -13v-14=0
_ 1349225 _ 13415 _ 14
2 2 <—1
Me doxiun Bpickovpe 6Tt povo n Ty v = 14 gtvor dextn.

=%

3. 1)'Eoto wa yeouerpikn mpoodog pe TpmTo 0po o, kor Adyo A. Tote ot 6pot
™G mpoddov giva:

2 3 v
o, oh oA, o), .., i,
KO TOL TETPAYOVE TV OPp®V 0VTOV glvar:
2 2,2 2,4 24 6 2,2
ap, X, oA, oA, .. oA

i I
TMopoatnpovpe 61t 1 akolovbio avTn gival yeopeTpiky Tpoodog pe 1o 6po
(xlz Kot AOYyo 2%

ii) AV VW®OGOVLE TOVG OPOVS TNG TPOOIOV GTNV K €xouyLe:

K Ky k ky 2k kq 3k ky vk
o, oA, oA, oA, L o)

[apatnpodpe 6t 1 okorovbio vt givar yeopetptkn tpdodog e 1o 6po
af kar Aoyo 1K,

N
-1

4. i)Eyovpe o, +a,A=3+V3 (1) xou a- 43+ 13) (2.

Ot (1) ko (2) oynuatifovv to cHoTNUA
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b+ 1)=3+173

(N +A+ 1) =43+ V3).

Me dwipeon katd péAN TV ££1I6MGEMV TOL GLGTNHLATOG TPOKVITEL
VAN -34-3=0 & VA+1)-30+1)=0

& A+ DHRP=3)=0

& A=-1 1 A=V3 4 A=-V3.
Avtikafiotovpe TI¢ TIHEG avTég Tov A oty (1) Kot Eyovpe
Toai=-1, a,-0=3+ V3 (adbvoro)
ror=v3, (V3 +1)=3+V3 4 o =173
Nai=-V3, o-v3)=3+V3 3 o,=-3+27V3).

5. 'Eyovpe oA+ alks =34 o (xlk(k4 +1)=34 )
kot oM +or’ =68 & o (A +1)=68 ()
Me daipgon katd pén tov (1) kat (2) €yovpe A = 2, ondTe [E AVTIKOTA-
otaon oty (1) Ppickovpe o, = 1.

291

Apa Sip=1- 5 =1024 -1=1023.

6. Av o, etvon 0 TAnOLGUOG TG XDPag VoTEPA ATO V XPOVIO. ATO CTUEPT, TOTE
TOV ENOUEVO YPOVO, dNAadT VoTEPL amd v + 1 xpdvia amd onpepa, Ha etvot
(og exatoppvpla).

()Lv+l=otv-i-i ~a,= 1,020,
100

Apa 0 avadpopkds TOToG TG akoAovdiag givat
a,,,=102-a,
Emedn o, =90 - 1,02 ko o, ; = 1,02 - o, n akokovBio eivar yemperpikn
1p60d0og pe 10 6po o, =90 - 1,02 ko Adyo A = 1,02, emopévamg
0,=90-1,02-1,02""" 4 a,=90-1,02".
Yotepa and 10 xpovio o TAvBuGHOG TG xDpog Ba ivat
a,=90-1,02"=90- 1,22 1 109800000 kétoucor.

7. Av 1, eivorn évtoon tov eoTog apov d1EA0el péoa and v eiktpa, TOTE M
£vtaor] Tov aeov S1éADeL kol péca amd To ENOUEVO GIATPO, ONANST] 0pOD
Sd1éABeL cuvolikd pésa and v + 1 eidtpa Ba eivor

L. -1 - 197 oo,
100
Apa 0 avadpopkds TOTog TG akoAovdiag givat
I,,,=09- 1.



76 KEPAAAIO 5: TIPOOAOI

Ernewdn I, =1;,-0,9 kw1, , =09 -1 n akokovBio eivou yeoperpixn mpoo-

dog pe 1o 6po I, - 0,9 kan Adyo L =0,9, dpa I =1;-0,9 - 09" 1
I,=1,-09"

T v =10 égovpe I,,=1,- 0,9~ 0,35 - I,

8. 1) Ot 11 evdidpecot tdvot pe Tovg 6o axpaiovg C” kot C” Ba oynpotilovv
YEOUETPIKT] TPOOSO pE a, = 261 xon o, = 522.

Eredf o, =a, - A éyovpe 522 =261 - A kat EMOMEVG A= lZ\/E .

ii) H cuyvomta tov Sov t6vov Oa eivon as = o, - 2 =261 - 12\/? .

9. 1) Av D, etvar n mocotto 10V vEPOL 6T Youyeio, apov epopudcovue T
Sdkacio v popég, TOTE N TOGOTNTA TOV VEPOV GTO YVYEID, OV EPAPUO-
covpe N dladikacio po akodpo opd, dniadn v + 1 cuvorikd gopég Ba
elvan

D,.,=D, - % -4=D,-0,1-D,=(1-0,1)D,=09D,.
Emopévag D, , = 0,9D, kar D; = 36 660 10 vep6 mOL péver v 1n gopd.
BAémovpe 611 1 axorovbia D, eivor yeopetpuch mpoodog pe D, = 36 kau
A6y0 L =0,9, Gpa D, =36 - 0,9 .

ii) D, =36 - 0,9° =~ 19,13, onote 1N TOGATNTO TOL OVTUTVKTIKOV givorl me-
pimov 40 — 19,13 = 20,87¢€.

10. A@ov duthaciblovpe kéOe popd Tov puOud TV KOKK®V ToL pLiIov Eyov-
pEQ, =20,
Eneion oto 1o tetpayovixt Balovpe 1 kdkko pvlt &xovpe a, = 1.
Enopévog n axorovbia av, efvon yeopetpuch mpdodog e o, = 1 kot Adyo
A= 2’ (,Xp (l v-1 v—1
a,=1-2 noo=2"".
2UVOMKG G€ OAOL TOL TETPOYVAKLOL TTPETEL VOL LTTOVV

2% -1 64 . ;
= 1" 51 =2""— 1 koxkot pult.
To polt avto givar Tepimov o€ KIAG
2% -1 _1,8447 - 10"

20000  2-10°

S

=0,9223 - 10°=9,223 - 10" xiha = 9,223 - 10" t6voL.

11. i)’Exoope S,=3
S,=3-4=12
S;=12-4=48
Hoapampodue 611 10 TR0 TV TASVPOV KAOE TYNUATOG TPOKOTTEL ALTTO
70 TAN00G TOV TAEVPAOV TOL TPONYOVLEVOL GYNUATOG LE TOALUTANGLO-

oué ent 4. Emouévarg S, =4 - S, onote



5.4. Avartokiopds - Toeg katabéoeig

S, =3 oA amhactélovpe
S,=48, TIG 1I6OTNTEG QVTES KATA UEAT|
S; =4S, Ko yovpe
................. S,=3-4""
S,=4S, ,
ii) Exoope U, =3-1=3
U,-3.4.1-3.% 4
3 3
U3:3.4.4.l:4. 4 _16
9 3 3
4
Uv+1 = Uv. 5 :

v—1
Epyoaléuevor 6mmg mponyovuéveg Bpickovpe 6t U =3 - (3 ) :

§ 5.4. Avatokiopdg - Togg katabéoelg

1. a,=5.000(1 + ﬁf =5.000 - (1,05)° = 5.000 - 1,27628 = 6381 4€.
> 100

2. oy =a(l+0)'° s 50.000 = a(l + 1%)”

& a-1,03'°=50.000
& a-1,34391 = 50.000
50
* 7 134391

o =37.204,87€.

12.762 = 10.000(1 + 7)°
12.762
(1+0=
10.000

3. as=(1+7° &
L=
s (1+17°=1,2762
=
=

1+7=1,05
7=0,05=5%.

C(1+(3/100))° -1

4. Y =5.000(1+ 5 )

100 3/100
5
=5.000- 1,03 - 103 -1
3 /100
159274
=5.000- 1,03 - 0.159274 27.342,05€.

0,03






KEDAAAIO 6
BAXIKEXZ ENNOIEXZ TOQN 2XYNAPTHXEQN

§ 6.1. H évvowa g ouvaptnong
A" OMAAAX

1. 1) Ipénet x — 1 # 0, dnhadn x # 1. Apa to medio 0pIGHOD TG GLVAPTNONG
gtvor to: R — {1} = (oo, 1) U (1, +o0).

ii)Hpén8lx2—4x¢0<:>x(x—4)¢0<:>x;£01<mx;t4.
Apa, T0 medio 0pioLov TG GVVAPTNONG gival TO:
R—{0,4} = (=, 0) L (0,4) U (4, ).

ii1) [pénet x>+ 1 # 0 mov oyveL TavToTe. Apa, To TESI0 OPIGHOV TNG GL-
vaptnong givat 6A0 10 R.

iv) [pénel x| +x#0 = x| #—x = x> 0.
Apa, 10 medio 0pilo oD TG GLVAPTNONG gival TOo GOVOAO (0, +oo).

2. )Ipénerx—-1>0k2-x>0= 1 <x<2.
Apa, 10 medio opioov g cuVEpPTNOoNG gival To chvoro [1, 2].

i) péner X’ —4>0x<-2 4 x>2
a@o¥ ot pilec Tov TPLOVOLOV x> — 4 givan ot apdpoi —2 kot 2.
Apa, T0 TEGIO OPIGHOV TNG GLVAPTNGNG EIVOL TO GUVOAO (—e0, —2] U [2, +o0).

iii) Opoiwg, To medio opiopov g GuvApTNoNG givat To cuvoro [1, 3] apov
ot pileg Tov TprwvvpoL Kot ot apBuoi 1 kot 3.

iv) [pénet Vx-14£0 \/;¢1C>XZOK(IIX75 1.
Apa, 10 TEWio 0pIGHOD TG GVVAPTNOTG Eival TO GOVOAO
[07 +°°) - {l} = [07 1) v (15 +°°)'

3. Eivau
f(-5) = (-5)’ = —125.
f0)=2-0+3=3.
f(6)=2-6+3=15.

4. i)'Eoto x 0 (ntovpevog puoikog apbude. Tote, o TOTOG TG GUVEAPTNONG
Ba Tporvyel wg e&Nc:
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+1 -4 + X2
X—>x+1 —>x+1)-4—> x+1)4+x"
Emopévac, 0o evar fix) = (x + 1)4 + x* = x" + 4x + 4 = (x + 2)°
dnhodn f(x) = (x +2)%, x e N. (1)
"Eto10a éyovpe f(0) =27 =4, f(1)=3"=9, f{2) =4° = 16 ko1 f(3) = 5° = 25.

i) Emedn x > 0, éyovpe:
Vix)=36o(x+2) =6 o@x+2=6ox=4
Vix)=49 = (x+2) =7 o x=5.

v f(x) =100 & (x +2)* =10 < x = 8.
v f(x)= 144 & (x +2) = 12° & x = 10.

5. )T x £ 1 éovpe:

=T -4 +5=70 4 =

x—1 x—1

S2x-)=4ox-1=2c x=3.

i) o x # 0, 4 éyovpe:
2
o) =2X 10 L x-HEFA _, L x+4_,
X' —4x x(x—4) X

S x+4=2x & x=4, addvar.
iii) o x € R égovpe:

1 1 _1 2 2 ,
hx)=—- & Fooextl=5ex=4esx=21x=-2
®) 5 +1 5 "

§ 6.2. I'pagikn mapdotacn cuvapTiong

A" OMAAAX
1. Ta onpeia givar amotvr@péve 6To SmAavo A
oxfuo. ' {2
4
(o T

2. Tpéner2 <x <S5k l1<y<6.
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3. To ovppetpod tov A(—1, 3), yA
1) mg mpog Tov a&ova X X givar o B(—1, —3) A | 4 =
i) og mpog Tov a&ova y'y eivat to A(1, 3) ' '

iii) ®g TPog TN d1Y0TOWO TG YoOviag X Oy

givar to E(3, 1) s R
V) ©¢ TPog TV apyn TV aEovov etvol /| 5 E
to I'(1, -3). Bi' ....ir

4. Mg Bdon tov tomo (AB) = V(xz —x)) +(p—y) NG 0mOGTOOTG TOV O)-
pelov A(x,, y,) xar B(x,, y,), éxovue

i) (0A)= V4 +(2)> =V20 =275.

i) (AB)=V(G+ 1)’ +(@4-1)* =14 +3 =25 =5
iii) (AB)=V(1+3)>+0° = 4.

iv) (AB)=V0?+ (@4 + 1) =5.

5. 1) Eivon
AB)=V(@d-1)°+(2-2)=V3+4 =5

AN =V(3 -1y +(5-2)>=V4#+3 =5,

BN =V(3-47+(5+2>=V2-7+ =712,
A
Apa, (AB) = (A), omdte 10 Tpiywvo ABI eivat 1000KeAES e Kopuen to A.

i) Etvan
(AB)=V(-1-1)>+(1+ 1) =V2 - 2 =2V2, ondte (AB) = 8.

(AD=V@-17+@2+1)> =123 =372, ondte (AT’ = 18.

BN =V@+17+@2-1)* =126, onéte (BT) = 26.

A
[Mopatnpodpe 6t (Bl“)2 = (AB)2 + (AF)Z. Apa 1o tpiyovo ABI givar
opBoydvio, pe opbn yovia v A.

6. Eivou

(AB)=V(5-2)+(1-5)> =5.
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(BIN = V(2—5)2+(—3 _1)2 =5, yA

IA(.?_.:T)
TA) =V (=12 +(1+3)> =5. -

A=V 2+ 1) +(5-1)>=5.

Apa o teTpdmhevpo ABTA £yt AL/ | K\ BGI)
OAEG TIG TAEVPEG TOV 1GEG, OTOTE
glva poppog.

Xy6Mo: Apeca TpoKOTTEL OTL
10 ABI'A givar poppog, apov T3
01 Sl YDVIEG TOV TEUVOVTOL
KéOeta Kot dtyoTopovVTaL.

[Ipémer
)f2)=6=2"+k=6ck=2.

i) g(-2)=8 = k(-2 =8 = k=-1.
iii)h3)=8 =kV4=8 k=4

i) To medio opiopov g f eivar 6o o R.
* Ty = 0 épovpe x = 4, ondte n y = f(x) téuvel tov XX 010 oNpeio
A4, 0).
* o x = 0 égovpe y = -4, ondte n y = f(x) tépvet tov y'y 610 onueio
B(0, —4).

Opoimg

ii) H g éxet medio opiopovd 640 10 R kot tépvet
* Tov d&ova X 'x oto onueio A (2, 0) kot A,(3, 0) ko
* tov 4Eova y'y ota onueia B(0, 6).

iii) H h €ye1 medio opiopod 6A0 T0 R kot
* &yet e Tov a&ova X X koo onpeio 1o A(1, 0).
* tépvel tov G&ova y'y oto onueio to B(0, 1).

iv) H q éyet1 nedio opiopov 6io to R kot
* dgv el ko onueio pe Tov aEova X X.
 téuver tov dEova y'y oto onpeio B(0, 1).

v) H ¢ €ye1 medio opiopod 1o cvuvodro [1, +eo), omoTe
* &yel pe Tov d&ova X X €va povo kowvd onpeio o A(1, 0) ko
* 0ev €xel Kowva onpeio pe tov a&ova y'y.

vi) H v €xet medio opiopod 10 6hHvoro (—eo, —2] U [2, +oo), omdte
* éxe1 pe Tov G&ova XX 800 kowvd onpeia, to A (=2, 0) kar A,(2, 0).
* dev el kowd onuela pe Tov aova y'y.
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9.

i) ' x = 0 éxovpe f(0) = —1. Apan C, téuver tov yy oto onpeio A(0, —1).
Fluy=0éxovp8x27 I1=0=x=-1 1 x=1.
Apon C;téuver tov X'x ota onpeia B (=1, 0) kar By(1, 0).
Nfx)>0exX-1>0ax+)x-1)>0sx<-1 7 x>1.

10.1) f(x) = g(x) & X’ —5x +4=2x — 6 < x* ~Tx +10=0

X:7i@:7i3
2 2

Apax=51 x=2.

lMox=2,g2)=4-6=-2.

lNax=5, g5 =4.

Apo to kowvd onpeia tov C; kot Cg etvar ta A(2, —2) ko B(5, 4).

i) fx)<gx) & x —5x+4<2x-6=x —Tx+10<0
Sx-2)(x-5<0e=2<x<5.

§ 6.3. H cuvaptnon f(x) =ax + p
A" OMAAAX

1.

Onwg givatl yvwoto, yio to cuviereatn dievbvvong g evbeiogy = ax +
WYOEL o = EQP®, OTOVL ® &ival 1 Yovia Tov oynpatifetny = ax + f pe tov
a&ova x'x. Emouévag, Oo éxovue

1) eom = 1, omdte © = 45°.

i) epo = V3, omotE © = 60°.

iil) epo = —1, ondte ® = 135°.

iv) epo = -V 3 , ondte ® = 120°.

Av Oéoovpe AX =X, — X, Kor Ay =y, —y,, E(OVUE:

Ha=dy-3-2_,
Ax 2-1
ioa=ty-1=2_,
Ax 2-1
111)(1—A—y:71_1—0
Ax -1-2
1V)0t*Ay*1_3 _2272
Ax 2-1 1

e O)eg Ti¢ TepuTTOoElg 1) e€lomon g gvbeiag eivar TG popeng y = ax + B.
1) Eneidn a = -1 kot B = 2, 1 e€iowon g evbeiag sivar: y = —x + 2.
i) Enedn o = €9 45° =1 xau B = 1, n e€lowon g evbeiag eivor: y=x + 1.
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4.

iii) Emedn n evbeio eivor mapdAinin pe mv y = 2x -3 Ba €yet idio kAion
pe avti, omote Ba givat o = 2. Apa 1 {nrovpevn e&lomon giva g pop-
oNG: y = 2x + B kot eneldn 1 evbeio diépyetot omd to onueio A(l, 1)
Oo oyvert 1 =2 - 1 + B ondte Oa éxovpe B =—1. Enopévamg, n e€lomon
g gvbsiog eivory =2x — 1.

Onwg gidape oty doknon 2, oe OAES TIG TEPTTOOCELS 1| evbeio Exel Gv-

vtereotn d1evbuvong, ondte Exet eElcmon g HopPngy = ax + f.

i) Exedn a = 1, n {nrovpevn e&iocwon sivatl g popeng y = x + B ko
eneldn N evbeio diépyetar omd 1o onueio A(l, 2) B oyver 2 =1+ B
onote O givar = 1. Enopévag n e&icmwon g gvbeiog eivory = x + 1.

ii) Enedn a = —1, 1 {ntodpevn e&icwon givar g popeng y = —x + P ko
eneldn 1 evbeia Siépyetar amd to onpeio A(l, 2) o woyder 2 =—-1+ B
omote Oa eivan B = 3. Enopévag 1 e&icmon g evbeiog sivar y =—x + 3.

i) Enedn a = 0, n e&lomon g evbeiag eivor g pLopeng y = P Ko emeidn
1 gvbeia dépyeton amd To onpeio A(2, 1), n {nrodpevn eicmon etvary = 1.

iv) Eredn o = -2, 1 e&iowon g evbeiag eivar g popeng y = —2x + B kot
emedn diépyetat amd to onpeio A(1, 3) Ba 1oyvet 3 =-2 + B ondte O &i-
vau B = 5. Eropévac n eicwon g gubeiag eivar: y =-2x + 5.

H {nrovuevn e&icmon givar g popeng C = o - F + B eneidn] to vepod ma-
yovel otovg 0°C 1 otovg 32°F, Ba 1oydet 0 =a. - 32 + . )
Emedn, emmiéov, 1o vepod Bpalet otovg 100°C 1 otovg 212°F, Ba 1oyvet
100=0"212+p. (2)

Av apapéoovpe katd péAn tic (1) ko (2) Bpickovpe 100 = o - 180, omdte
o= % Kot emopévag P=-— % 32 . Apa, n {nrovuevn e€icmon givot

C=2F-2.32 & C=2(F-32).
9 9 9

Av vrdpyet Beppokpacio mov vo ekppaleTot Kot oTig 000 KAILUKES e TOV
apBuo T, tote Ba 1oyvet

T=§ (T-32)=9T=5T-5-32=4T=-5-32 & T =-40.

Apa o1 —40°F avtictoyodv otoug —40°C.

H ypooum mapdotacn g f amoteieitat:

v Amd 1o tpfuo g evbeiag y = —x + 2
TOV 0moioL TaL oNUElR £YOVV TETUNUET
xe (—eo, 0].

v And 1o Turue. g evleiag y = 2 Tov omoiov
ta onpeia Eyovv tetpunpévn xe [0, 1] ko

S
~ S
Y
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v A6 1o Tufjua g evbeiog y = x + 1 tov omoiov Ta onueia xovv teTun-
pévn xe [1, 4oo).

7. 1) O pilec e&lowong f(x) = 1 givon ot teTunpéveg Kooy onpeiov gy = f(x)
Kot g evbelag y = 1, dniadn ot apBpoi —1 ko 1.
O pileg g e&iowon f(X) = X elvat TETUNUEVES TOV KOWVMV oNUElDY TG
y = f(x) ka1 g gvbeiog y = x, dnhadn ot apBpoi —2, 0 ko 1.

i) Ot Moeig g avicmong f(x) < 1 givat ot teTpunpuéveg TV onueiov g
y = f(x) 1o omola Bpiokovrat kGt and v gubeic y = 1, dniadn ot
apbpol xe (—oo, 1) — {—1}.

Ot Moetg g avicwong f(x) > x elvat ot TeTuNpéveg TV oNpEi®V TG
y = {(x) 10 omoia Ppickovtar méve and v evbela y = x 1 oty gvbeia
avtn, dAadn ta onpeia xe [-2, 0] U [1, +eo).

8. 1) Ovypaguég mopactioelg tov f(x) = || VA
kot g(x) = 1 divovtar oto dumhavo
oMM

v O1 Mogig g avicwong x| < 1 givar
0L TETUNUEVEG TV OTUEl®V TG Y = |X| .
7ov Bpickovtol KaTm omd v gvbeia !
y =11 omv gubeio avtn, dniadn to
xe [-1, 1].

v O1\Moeig avicwong |x| > 1 eivan ot tetpmuéveg tov onusiov mgy = x| ov
Bpiokovton éve amd vy evbeion y = 1, dnAadn o xe (—oo, —1) U (1, +o0).

~

S

L1 I,
]

i1) And Bewpio yvopilovpe 6Tt yio p > 0 1oyvet
X|<pe-—p<x<p.
X|>pex<—p | x>p.
Enopévac
X|<le-1<x<1.
X|>lox<-1 7 x>1.

B"” OMAAAX

1. i) Etvan 1 1
f(-6)=1, f(-5) = 5 f(-4)=0, f(-3) = 5 f(-2)=-1,f(-1)=0.

f0)=1,f(1)=1,f(2) = 1, f3) = 0, f(4) = —1, f(5) = 2.

ii) O pileg g e&iowong f(x) = o eivar o TeTpmpéveg Tov onpeiov g C,
oL £xovv tetaypévn o. Emopévag
v O piCeg e f(x) = 0 givon ot apBpoi —4, —1 wou 3.
v O piCeg g f(x) = —1 givon ot apBpoi —2 ko 4.
v O piCeg e f(x) = 1 givar o apBpudg —6 kot 6rot ot apBpoi Tov KAgL-
otov dactuatog [0, 2].
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i) H gvbeia BA eivan e&icoon g popeng y = ax + B kot eneldn Siépye-
tat omd ta onueio B(=2, —1) kot A(2, 1) Ba woyver —1 = a(=2) + B kot

l=a-2+.

Ondte, pe mpdoheon TV eElMGEMV AVTOV Katd pEAN, Ppickovpe 0Tt
B =0 kot emopévag Ba Eyovpe a=0,5.

Apa n e&iowon g gvbeiag BA Oa givaun y = 0,5x.

YA

y=0,5x

A r
NI
<
B

V

=y

Emouévag, ot Acelg g avicwong f(x) < 0,5x givar ot teTpunpéveg
TOV onueiov ¢ Ypaeikng mapdotacng ¢ f mov Bpiokovtal kdtm
and v evbeia y = 0,5x, 1 wdvo o’ ovtf. Eival onladn oia ta

xe [2,5]u {-2}.

2. H avdxhaon yivetor oto onueio
A(1, 0) kon 1 ovokAopévn givat Gup-
petpikn g nuevbeiog AB (oy.) mg
npog GEova v gvbeio x = 1.
Emopévac, n avakiouevn Oa sival
N Nuevdeio mov diépyetal amd To
onpeia A(1, 0) kau B'(2, 1), 6mov
A m apyn me.

Avy=ox+f, x> 1 givaun e&iocwon

yA
y=I-x x=1
B(0.1) B'(2,1)
o ALY  +

™G avVaKA®UEVNG aKTivag, ToTte avth Oa emaivdevetat amd to (ebyn (1, 0)
kat (2, 1). AnAadn Ba woyvovv 0= o+ B kot 1 =20 + B, and t1g onoieg Ppi-
okovpe o = 1 kot B =—1. Emopévag n e&icwon g avakAduevng aKtivog

elvaty=x—-1,x>1.

3. i) a) Av B(t) elvau | mocdtto o€ Atpa g Peviivng oto Putiopdpo Kotd
™ ypovikn otryun t, tote Ba woyvel B(t) = 2000 — 100t kot emeldn

npénel B(t) > 0 Oa 1oydel 2000 — 100t > 0 < t < 20.
Emopévac, Ba éyovpe B(t) = 2000 — 100t, 0 <t < 20.

B) Av A(t) givar n TocdtTa og Altpa g Peviivng ot de&apevi Kotd
™ XPOVIKN oTryun t, Tote Oa 1oydel A(t) = 600 + 100t, 0 < t < 20.
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i1) Ot ypo@iKég TaPAGTAGELS TG TOPATAVEO GLVAPTNONG &ival To gVOV-
YPOLLLOL TULLOTOL TOV TTOPOKAT® oxfrotog. H ypovikh| oty Kotd v
omoia o1 dHo mocdTNTEG Elvat iogg givor 1 Adom g e&icmaong B(t) = A(t),
N omoia ypdeeton 2000 — 100t = 600 + 100t < 200t = 1400 < t=7.
Apa n {ntodpevn ypovikn otrypn eivor n t = 7min.

Woe i) A
2600

2000
1300

600

0 t(ae min)

4. T vo Bpodue o gufadov tov tptydvov MI'A apoipodie omd to epufo-
d6v tov tpaneliov ABI'A 10 dbpotopa tov epfaddv tmv opboydviwv
A A

pryovov AMA kot BMI'. 'Etot éyovpe EA
EMFA = EABFA - EAMA - EBMF P(0,8)
2 2 2
=12-2x-(4-x)=—x+38. X(4,4)

Emopévac, n cuvaptnon f €xet tomo
fix)=—x+8,pe 0 <x <4, >

Apa, 1 YPOQIK TG Tapdotact gival to gvb. g

Tunpo pe axpo to onpeio P(0, 8) kot (4, 4).

5. 1) To evb. unpa k, £yer e&icmon g popeng h = at + B kot enedn Siépye-
tat and to onpeio A(3, 0) kot I'(0, 20) o 1oyvet 0 =3a+ kot 20 =,

onote Ba givon o = —? ko B =20. Emopévac, o g0b. Tpmpo k, €xet eicmon

h:—?t+20,0§t§3.

Apa 1 avticToryn cuvapTon Tov VYoLg Tov Keplov K| etvarn
) =-20t+20,0<t<3. 1)
3

Opoimg, Bpiokovpe 0TL 1 AvTIGTOYYN GLVAPTNON TOV VYOVS TOL KEPLOV
K, etvarn
hy(t) =-5t+20,0<t<4, (2)
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ii) To kepl k, elye dimhdoio Hyog and to kepl k; ™ ypovikh oty Kot
v omoia toyver hy(t) = 2h (t). Exovpe Lowmov:

hz(t)=2h1(t)<:>—26t+%=2(—2/36t+2/6<:>—‘1‘t+ 1 —2(—;t+l

4
@7lt+1=73t+2@73t+12=—8t+24
4 3

SS5t=12<t=24.
Apo, 10 k, giye T0 StmAdc1o Vyog amd 1o k| ™ ypovikh otiyun t = 2,4h.
iii) Av gpyactovue Onmg oto gpdTNia 1) Ba fpodpe 4Tt

h(®)=-"t+v,0<t<3,
3

h(t)=-"t+v,0<t<4.
4

omote, hy(t) = 2h,(H) & —%t+u =2 (—13)'[“"1))

o —1t+1=2(—1t+1)<:> t=24.
3

4
[apompodpe dniadn ot 1o k, Ba Exel Simhdcto Dyog amd to k; ) xpovi-
k| oty t = 2,4h, ave&dpmmra tov apytcod Dyovg v Tav Keptdv k; ko k,.

§ 6.4. Kataxopoen - Oprloviio pETOTOTION KAUTOANG
A" OMAAAX

1. Onog cidape oy §4.3, n ypoaeikn mapdotacn e ¢(x) = x|, amoteieiton

oo I dyotoHoVG TV Yovidv X Oy kot x” O'y. H ypoaeikn mapdotacn g
f(x) = [x| + 2 TpokLATEL O O KOTOKOPVPT LETOTOTION TG Y = |X|, KOt
2 povadeg mpog ta TAVM, VD M YPoeIKn mapdotacn g f(x) = [x| — 2
TPOKVTTEL OO L0 KOTOKOPVQT LETOTOTION TG Y = |X|, Katd 2 povadeg
TPOG TOL KAT® (GYNLLOL).
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2. H ypagwn mapdotacn g h(x) = [x + 2| mpokvmtet amd o opldvtio pe-
tatdémon Mg y = [x|, katd 2 povadeg Tpog o aploTEPE, EVA 1) YPOPIKT
napdotacn s q(x) = [x — 2| mpokdmtel and po oplovTIo HETOTOTION
™My = x|, katd 2 povédeg mpog ta de&id (oyfua).

YA

3. Apywd yopdocovpe v y = |x + 2|, Tov, 6nwg eldape oty Tponyovevn
AoKNON, TPOKVLATEL OO it 0plioVTIO PEeTATOmIoN TG Y = |X| Katd 2 po-
VAdEG TPOG T APIOTEPH. XTI GLVEXELN Yopdocovpe MV y = [Xx + 2| + 1,
oV, OMWS YVOPILovE, TPOKVTTEL OO UK KOTOKOPLON UETATOTION TNG
YPaQIKNG Tapdotacns ™Gy = |x + 2| katd 1 povade mpog to tave. Emo-
pévag, 1 ypagtkn mapdotacn g F(x) = |x + 2| + 1. mpokdntel amd dvo
dradoytkés petatomioelg gy = [x|, pog opldvtiog katd 2 HovAdES TPog
TOL OPLOTEPA KO LLOG KOTAKOPVONG KaTd 1 Hovadag mpog to mive (oymuo).

I‘ /CF

G

7

NS

Opoiwg, N ypagkn Tapdotacn g G(x) = [x — 2| — 1, wpokvntet amd d0o
Sradoytkés petatomioelg gy = [X|, pog opldvtiog katd 2 LovAdES TPog
Ta 8e€1d Kot pog KatakOpueng Kotd 1 povado mtpog To KAT® (oynua).

Ce

-y

4. i)

=Y
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ii)
3 X
iii)
yJ\
Cr
C
! /_\K
o 1 4 X
}.'J\
K
o I\ 4 x
Ce

5. )f(x)=2(x—2)"—1+1=2(x—-2)"
i) f(x) =2(x —3)° =1 -2 =2(x - 3)* = 3.
i) f(x) =2(x +2)° = 1 + 1 =2(x + 2)*.
iv) f(x)=2(x +3)’ —1-2=2(x+3) - 3.

§ 6.5. Movotovia - AKpoTaTO - ZOPRETPIES GUVAPTNONG
A" OMAAAX

1. « H feivar yvnoing editvovca oto (—ee, 1] kot yvmoimg avovoa oto [1, +oo).
* H g eivan yvmoimg av&ovsa oto (—ee, 0], yvnoing ebivovsa oto [0, 2] kot
yvneing avcovsa 61o [2, +oo).
* H h etvon yymoimg @bivovsa oto (—eeo, —1], yvnoing avcovsa oto [—1, 0],
yvneing edtvovca oto [0, 1] kot yvnoing avcovsa 610 [1, +eo).
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2. < H fropovoialet oAkd erdyioto yio x = 1, to f(1) = —1 kot dev mapovoid-
(et oAko péyioro.
* H g dev mapovctalet ovte oMKo péyioto o0Te oMK AGYIGTO.
* H h mapovoidlel ohkd erdytoto yio x =—1 kot yuo x = 1 10
h(-=1) =h(1) = -2, evéd dev mapovctilel OMKO PEYIETO.

3. 1) Apkei va dgi&ovpe ta f(x) > f(3). 'Eyovue
fx) > f3) & x*—6x+10>3"-6-3 +10 < (x — 3)* >0, mov oyveL
i) Apxkel va dei&ovpe 6t1 g(x) < g(1). 'Exovpe

2 2-1
g <gl)e <
x +1 17+1

©2x<x’+1e0< (x— 1), mov wyveL

4. 1) Hf &ye1medio opiopod to R kot yia kdbe x € R 1oyvet
fi(=x) = 3(—x)2 + 5(—x)4 =3x"+ 5x%, Gpan £, elvar dptia.
ii) H £, éye1 nedio opiopod to R wou yio kébe X € R 1oydeL
£(—x) =3}x| + 1 =3Jx| + 1, dpan f, eivar Gptio.
iii) H f; &ye1 medio opiopod 1o R kot y1o ke x € R 1oydet
f5(x) = [=x + 1|, on6te dev ivon ovte dpTia, 00TE MEPLTTN, 0POD
f,(—1) # =£5(1).
iv) H f, éxe1 nedio opiopod 1o R xon yio kde X € R 1oyvet
f,(—x) = (—x)3 - 3(—)()5 = —(x3 - 3x5) =—f,(—x), apa n f, meprrm.

v) H £, éye1 medio opiopod 1o (—eo, 1) U (1, +eo) oV dev €yl KéEvipo cup-
petpiag to 0. Apa, 1 f; dev efvan ovte dptia, ovte mepiTT.

2 2
fi(—x) = )7 x , Gpa. oVTE ApTiO, OVTE TEPLTTN.
Il-x 1-x
vi) H f; €ye1 medio opiopov to R xat yio kébe x € R 1oy0eL
-2 -2 2
f(—x) = ZX = X - 5 X - —f,(x), apa f; elvan meprr).
(=) +1 x"+1 X" +1

5. i) H f] éxe1 medio opiopod 1o R* = {x € R | x # 0} kot yio ke x € R*
GYvEL . .
fi(x)=—=—=fi(x).
x| x|

Apan £ gtvon dptio.

ii) H £, el nedio opiopov 1o [2, +e0) mov dev €xet kKEVTpo cuupeTpiog T0
0. Apa dev givat 00T ApTia, 0VTE TEPLTTY.
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iii) H f; éye1 medio opiopod 1o R kot yio ke x € R 1oydet
i) =|x-1-|x+1|=x+1]-x- 1] =1£(x).
Apan f; etvar meprr.

iv) H f, éyg1 medio opiopov to R* xan eivon meprry, 6161t 1oydet

x2+1
1
)= F—="
x+1 X

Téhoc, av epyactovpe dnwg otV 1), Ba arodei&ovpe Ot

v) H f; &ye1 nedio opiopod to R ko eivon dptia, S0t fi(—x) = fi(x), yo
KéOe x € R.

vi) H £ éye1 medlo opionod to [—1, 1] ko ivon dptia, 6101 f(—x) = f(x),
vy kéOe x € [-1, 1].

6. 1) H C, éxe1 kévipo ovpperpiag to O(0, 0). Apan f elvar mepirm.
ii) H Cg éxet 6Eova ovppetpiog Tovy'y. Apan g lvor dptio.
iii) H C, dgv £ye1 ovte d&ova cvupetpiog tov y’y, 00te kévipo copuetpiog
70 O(0, 0). Apa n h dev elvar ovte Gptia 00TE TEPLTTY.
7. Opoimg
i) H f eivan éptia.
ii) H g elvou mepurm).

iii) H h dgv givat obte dptio, obte meprry.

8. o) Iaipvovue tig ovpperpikég v C,, C, ko C; og mpog tov dova y'y.

y=h(x

o

2y

o

B) aipvovue g ovpperpikég tov C,, C, kor C,; og mpog v apyn Tov
aEovav.

yA yA yA

J.-=ﬂ") }'=h(-\'
y=8(x)

i

=)
/,,,
i~

=y

Sl

"y



KEDAAAIO 7
MEAETH BAXZIKQN XYNAPTHXEQN

§ 7.1. Megrétng g ovvaptnong f(x) = ox’
A" OMAAAX

1. H xopmoin eivar po wapaforn pe kopven to O(0, 0) kot dEova coppe-
tpiog Tov a&ova y'y. Enopévag, Ba éxel e€icmon g Lopengy = ox’ Kka,
enedn diépyetan amd to onpeio A(1, 2), o1 cuvtetaypéveg Tov onpeiov A
0o emainBevovv v e&icmon .

Apa Bo oyvet2 =a - e a=2.
Omnodte, n (ntodpevn e&icwon eivarny = 2%,

2. 1) H ypaow| mapdotoacn e o(x) = 0,5x°
glval o mopofoln oavowyty mpog Ta
TAVO e KOPLON TNV apyn TOV 0EGVOV
Kot dEova coppeTpiog tov y'y (oy.).

H ypopum nopdotaon Tev cuvopticemy
f(x) = 0,5x" + 2 ko g(x) = 0,5x" — 3
TPOKVITOLV OO KOTOKOPLPN UETATO-
o G TopaPforng y = 0,5x, ™mg pev
TPOTNG KOTA 2 LOVASES TPOG T TAVE®,
g O devTEPNC KOTA 3 LOVADEG TPOG TOL KAT®.

®Y

i) H ypopi) mapdotaon g w(x) = 0,5 YA

givar puo TopafoAn ovotyt Tpog Ta. Ka- P
TO UE KOPLOT TV apyn TV aEOVOV Kot C
a&ova cuppetpiog tov aEova y'y (oy.). 1
OLYpoPIKEG TUPAGTUGELS TMV GLVOPTACE- 0 N
ov h(x) =—0,5%" -2 ko1 g(x) =—0,5x" +3 e
TPOKVTTOVV OO KATOKOPVPES LETATO-
nioelc e mopaPoric y = —0,5x%, e c
HEV TPAOTNG KOTA 2 povadeg mpog ta [ 7
Ko, g 0e debTepng Katd 3 povadeg
TPOG TOL TAV.
Hapatipnon: Enedn ot cuvapmoelg v, h kot q glvon avtifeteg tov
GuVOpPTHoE®V ¢, f Kot g avTioTtoiymg, Yo va opaEovue TG YPOOIKEG
TOPOGTAGEIS TOVG OPKEL VO TOIPVOUE TIG CUUUETPIKEG TOV YPAPIKAOV
TapacTdoe®V TOV ¢, f Kot g g mpog tov dova X 'X.

=Y
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3. 1) XapAdoGove T YPAPIKN o~ VA

4. 1) H ypaown mopdotoon tov Y/

i) XopAdGoovE T YPOQIKY To- YA

paotoon ™me e(X) = 0,5, Ommg ;
omv doknon 2. i). Ot ypagpr- & AN 9
K€G TOPAGTOGELS TOV GLVOP- ‘\\ s
moeov f(x) =0,5(x — 2)2 Ko
g(x)=0,5(x+ 2)2 TPOKVTTOLV “‘..‘ P k
ond opildvtieg peTatomioelg o 1
™¢ mTopoforng y = 0,5x%, ™mg

HEeV TpOTG KoTd 2 povade mpog ta 6e&1d, g de devTEPNG Katd 2 Ho-
VAdEG TTPOG TOL APIOTEPUL.

=y

paotoon g y(x) = —0,5x°,
oG otV doknon 2. ii). Ot 1
YPOPIKES TUPUCTAGELS TV GL- 1
voptioeav h(x) =-0,5(x — 2)2 0
Kkat q(x) = —0,5(x + 2)* wpo- 7 =
KOmToUY amd opllOVTIES Le- /Cq WG Cp
taTomicelg ™G mapofoAng / KN \
=-0,5x", ¢ mpdNG KOtd PN \
2 povadeg mpog ta 5e&id, TG
dg 0e0TEPNG KATA 0VO LLOVAJEG TTPOG TOL APIOTEPUL.

\
f(x) = X’ givan N mapofoin y=v?
y= X’ 0V STAaVoD GYNLLOTOG,
EVA 1 YPOPIKN TOPEGTOCT TNG
g(x) =1 givar n evbelay = 1
ToV {510V GYNUATOG.

O YpopIKég TOPUCTACELS TE-
pvovtot ota onpeia A(1, 1) kot B(—1, 1) mov eivar cuppetpikd g mpog
Tov dEova y'y.

Emeidn

B(-1,1 1 A(1,1)

| | =1

] O 1

=Y

X<lof(x)<gkx) ka x*>1 e f(x)>gXx)
N avicwon X <1 ainOeder yio exeiva Ta X yio to onola C, Ppiokeron
Kkato ano mv C, N £xe1 o 1810 VYog pe LT, EVH N x> 1 aAnBevet Yo
ekeiva o X yo ta omoia 1 C; Ppioketan méve ond mv C,. Emopévo,
Ba éyovpe
x> 1.

X<lo-1<x<1 km x>lex<-1 il

ii) Eyovpe

X<lex-1<0oxe [-1,1]
X>lox-1>0&xe (—oo,—1) U (1, +oo)
S10TL TO TPLOVLLLO X —1 e plleg g x, = — 1 ko x, = 1.
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B"” OMAAAX

1. Eivan 5 YA

. {—XZ,X<0
(x) = X2,XZO

Emopévag, n ypaeikn mapdotacn g
f anoteAeitonl and To TUNHO TNG TOPO-
BoMgy = —x” 10V omoiov ol onueio
£YOLV OPVNTIKY] TETUNWEVT] KOt atd TO
TUNLLOL TG TOPOPOAG Y = X’ 1oV omoi- \y=x?
oV ta onpeia £xovv TETUNUEVN BTk \

N undév. \

—~
=Y

2. H ypagixn mapdotoong g "‘ YA
—x,x<0

p=x?
2 1
xX,x>0

fix) = {

QmOTEAEITOL 0O TO TUN 0L TNG EVOEiDG ' 7
y = —X tov omoiov T onpeia Eyovv \
OPVNTIKN TETUNUEVT] KO OTO TO TUN- N
Ho TG Topaforng y = x* 1oV omofov ol p
Ta onueio £yovv TeTUNUEVT OETIKN 1 N
undév. =X
AT ™ ypookh Topdotoaon g f wpo- )
oKOmTEL OTL
v Hf eivar yvnoing ebivovca oto

(oo, 0] kot yynoing avgovoa 6to [0, +oo).
v H f mapovcidlet ehdyioto yia x = 0, to f(0) = 0.

=Y

3. 1) Amo 1o oo aVTO TPOKLITEL OTL
o) Xto dtdotnpa (0, 1) and dAeg TIG YPAPIKES TOPACTAGELS XAUNAOTEPOL
Bploketony = X, émettol ny= X%, énenta Ny =XKoutéhogn y= Vx.
Enopévac, av xe(0, 1) 1ote X <x <x< Vx.
B) 1o dudotpa (1, +e0) cupPaivet to avtibero. Enopévag av xe (1, +oo),
32
oteE X’ > X > x> x.

ii) * 'Eotm 0 <x< 1. Tote
vxX<xo xz(x —1) <0, mov wydet, d1011 0 <x < 1.
v X <x & x(x— 1) <0, mov wyde, St 0 <x < 1.
v x< Vx & x> <x, mov 16y0eL and TPLV.
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4.

; 3_2
Apox” <x <x< Vx.

, , . . 32
* 'Eoto x > 1. Av gpyactovpe avoldyms, fpiokovpe 6L X > X > x> Vx.

Av x > 0 givon ) TeTunpévn tov onpeiov A, tdte 1 tetaypuévn tov Ba gi-
voiny = X Apa 1o A B £yel cuvteTaypéveg (X, x%), omdTE TO onpeio B,
oV &tvol GUUHETPIKO TOL A G TTPOg Tov G&ova vy, Ba Exel cuvTeTOypLE-
veg (=X, x)). Emopévac, Ba éyovps
(AB)=2x ki (OA)=(0B)= Vx*+x%’ = Vx’ +x".

A
Emopévac, 1o tpiyovo OAB &ivat i6omhevpo, av Kot Lovo av
(OA)=(AB) & 2x= IX +x' o @2x)’=x>+x*
<:>x4:3x2<:>x2:3,

S Xx= \/?,81(’)11X>0.

§ 7.2. Megrétn g svvaptneng f(x) = %

A

1.

OMAAAX

H vrepPol) £xet e&icwon g popeng y= & xan, emedn iépyetan amd To
X

onpeio A(2, 1), ot cvvtetaypéveg Tov onpeiov A Ba emaAndevovy v e&i-
cmoN TG,

Emopévac 0o oydst 1 =% < a=2.
2

Apa, n {nrovpevn eElcmon etvoun y= 2

X

i) H ypagpwm moapdotaon
|
™me o(x) = — glvort pa
X

vrepPfon pe KAadovg 6To
1° ka1 3° TeTopTnUOpLO
KO LLE KEVIPO GUUUETPIOG
70 O (oy.).

Ot ypogiKés mapucTtd-
GELG TV GLVOPTICEDY

f(x) = L) Kot
X

1
g(x)=—— 3 mpoxvmrovy
X

amd KOTOKOPLPN UETO-
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oMo ¢ VIEpPOIg Y= 1 NG HEV TPATNG KOTG 2 HOVASES TPOG TOL
X
Tavm, TG O deVTEPNG KOTA 3 HOVADES TPOG TO, KATE®.
i1) H ypagwn mopdotacn Wy
mey(x)=— L gtvat o
X

vrepPfoin pe kAadovg
o10 2° ko 4° TeTopTpo-
PLO KOL [LE KEVTPO G-
petpiog o O (oy.).

H ypoaogwéc napactd-
GELG TOV GLVOPTNGEDV

h(x) = -+ -2 xat
X

ax) = —L1+3 zpowo-
X

TTOVV OO KOTOKOPLPESG
HeTatomicelg ™G vePPOAIG Yy = — I , TNG HEV TPMTNG KoTd 2 povadeg
X

TPOG TOL KAT®, TNG d€ dvTEPNG KTé 3 LOVADES TPOG TOL TAV®.
Hapatipnon: Enedn ot cuvaptoelg v, h kot q elvon avrtifeteg tov
GUVOPTACE®V ¢, T Kol g avTIoTOlY®MS, Yo VoL YOPAEOVLE TG YPAPLKEG
MOPUCTAGES TOVG OPKEL VO TAPOVUE TIC CLUUETPIKES TOV YPAPIKMV
TapAcTAcE®V TV @, f Kot g og Tpog Tov dEova X 'X.

3. i) Xapdbocovpe ™ ypaot- ! y
KN TopdoTacn g :

| | i
o(x) = ;, OIS TNV \C C iC

doxnon 2. i). Ot ypaot-
K€G TOPACTACELS TWV GL-

VOPTNGE®V
f(x) = Ko

(x)= ! TPOKVITTOVV
& x+3’ po

and oplovTieg HeETOTO-
mioelg TG vePPOANG
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y= 1—, NG HEV TPMTNG KaTtd 2 povadeg mpog ta 0e&id, e 68 devTEPNG
X
Katd 3 pHovadeg TPOg T aPIGTEPQ.

i) XopGooovpe ™ ypoot-
KN TopdoTaoT TG

1, !
y(x)=~—, dnwg oV C,i
X :

doknon 2. ii). Ot ypo-
PIKEG TOPAGTACELS TV J
GLVOPTNCEDV O ] R D i SO o

h(x)=— 5 Ko
=3 =
) ="""7

TPOKVOTTOLY Omd 0p1Lo-
VTIEG LETATOTIGELS TNG
vrepPoAng

y=- L , TNG HEV TPMTNG KOTA 2 Hovades Tpog o, 6eELd, TG de devTepng
X

Kot 3 povadeg Tpog o apleTEPC.

4. 1) H ypaowm mopdotaon pA
(25

1 r
e f(x) = — eivorn

X
Uns’:p[}okrn C;tov 5l7t?\.(l- A(L) ¢,
voU GYNUOTOG, EVD M .
YPOUPIKT| TOPAGTOOT TNG &
g(x) = 1 glvau n gvbeia 0 1 x

C, tov dtov oynpaTog.
O C; xan C, tépvovon
oto onpeio A(1, 1).
Enopévoc:

<lefx)<gx)eox<0 i x>1

>lefx)>gx)=0<x<1

L]
ol R B
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i) Eyxovpe
1 1 1-x x(1-x)<0 ,
—<le-150s— <0 &x<0 7 x>1.
X X X x#0

1 I -
Ssle 13 0e - s0ex(1-x)>0e0<x<l.
X X X

5. i) H ypagwn mopdotacn \
me f(x) = 17 glvor m
vrepPorry C; tov di- \
TAOVOVO GYNILOTOS, EVAD | \
YPOPIH TOPEGTACT TG \
g(x) = x~ elvou m mopa-
BoAn C, ov 6100 oyn-
patog. Ov C; xan Cg é-
¥ouV €va LOVO Koo o1-
peio, to A(1, 1). Emedn

1
S f(x) < g(x) ko
X

1
—>x’ o f(x) > g(x)
X
, 1 2 , , , ,
N avicwon — <X~ aAndevel Yo exeiva ta X Yo Ta omoia ) C, Ppioketon
X

1

I r , ; , , . 2 ,

Kkétw a6 mv C, M £xeL 1o 1810 Dyog pe avth, evd 1 — > X" aknbedet yo
X

ekeiva Ta X yio ta omoia 1 C; Ppicketar mave amd my C,.
Emopévac, Ba £yovpe

1
c—<xX’ox<0 n x>1.
X

L5
e —>X & 0<x<I.

X
i) ‘Eyxovpe
1, 1, 1-x
e <X & —Xx<0& <0
X X X
x -1 3
= >0=x(x—1)>20 wou x#0

X
Sx(x-DE+x+1)>0 kou x#0
Sx(x—-1)>20 wxor x#0
&x<0 1 x>1.
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Enopévac

L5
e —>x & 0<x<I1.
X

6. Xg éva cVOTNUO GLVIETAYUEVOV TTOp- yh
vovpe AB = OA =x > 0 kau A" = OI'
=1y > 0. Tote 1o guPadd E tov tpryd-

vou gtvat E = );l, 0OTOTE £YOVLLE r
y
Xy _4 { .
- =2oxy=4Y=—, (1). — >
) y X (1) O=A B >

4
H ypagum mopdotoon g (1) eivor vrepPfoin e e&icoon Y= — kot oi-
VETOL GTO GYNLLOL. x

§ 7.3. MeAiétn ™6 ovvaptnong f(x) = ax’ + Px+vy
A" OMAAAX

1. 1)’Exovpe
fx)=2(x"—2x)+5=2(x"—2-x+ 1) =2 +5=2(x - 1)* + 3.
Apa, N ypapiky Tapdotoon g f mpokdnTel amd dV0 SO0y IKEG HETO-
TOTIGELS TNG YPAPIKNG TapdoTacng g g(X) = 2x7, pog optldvTiog Kotd
1 povada mpog ta 0e€1d Ko oG KoTakopuens Kot 3 LovAades mTpog Ta.
Tavo.

ii) Eyxovpe
f(x)=—2(x"—4x) - 9=-2(x"—2-2x +2) +8 -9 =-2(x - 2)° — 1.
Apa, 1 ypaeikn topdotoot g f mpokdntel and dvo dradoyikég peto-
TOTIGELG TNG YPAPIKNG TOPAGTACGNG TG g(X) = -2x%, pog optlovtiog Kotd
2 povadec mpog ta He&1d Kot oG KoToKopueng katd 1 povada mpog ta
KOTO.

2. o) I'ie ) ovvapton f(x) = 2x* = 6x + 3 givon . = 2 > 0, ondtE T oL~
povctalel EAAYIGTO Yo

2
X_B_6_3,mf(z = é) 634323
20 4 2 2 2 2 2

B) ' T cvvéptnon g(x) = —3x" — 5x + 2 givon o = =3 < 0, on6TE oot
Tapovolalel HEYIoTo Yo
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20 6 6 6 12
3. o) I'a ™ ovvdpmon f(x) = 2x% + 4x + 1 YA
glvar o =2 > 0, owdTE OWTNH
v Tlapovc1dlel ehdyioto yio y=2x?+4xtl

x=—P =1, 10 f(-1)=-1.
20 y=2x?

v Eivar yvnoing @Oivovsa 610 (—oo, —1]
Kol yvnoiong avéovoa 610 [—1, +eo).

Axoun n ypaeikn mapdctoon g f -I,v 0 >
glvat Tapafoin Kot VAR
v &yel kopuen| o onueto K(-1, —1) kat K(-1-1)

a&ova coppetpiog v evbeio x =—1,
v téuvel tov GEova XX ota onueio

A(—2+ﬁ 0) xett B(ﬂ o)
2 2

. , . . , 2
oL TETUNUEVEG TV 0ToiV, givar ot piles Tov TpLVOpoL 2X™ + 4x + 1,
evo tov G&ova y'y oto onpeio I'(0, 1).

B) I'a ) ovvaptnon g(x) = 2% + YA

8x — 9 gtvan . =-2 <0, omdTE VTN

v Tlapovsialet péyioto yio
x=—P =2 10g2)=-1 o2 >

2 [\ L K(2-1) a

v Elvar yvnoing avéovca 610
(=0, 2] kot yvnoing edivovca
670 [2, +eo). AKOUN M YPOQIKY
¢ mopdoToon eivon mopaPoiy y=-2%7 y=-2x1+8x-9
Ko

v’ &ye1 xopoen 1o onueio K(2, —1) kot dEova cvupetpiog v gvbdeia
X=2,

v téuver tov Géova y'y oto onueio A(0, —9) evd, dev téuvet Tov dEova
XX, ywati To TprdvLpo dev Exet piles.

4. Tvopilovpe 6Tt

N\ 7 r , 2 ’ ,

1) Otav a > 0, 10te M Topaforn y = ax” + Bx + v elvor avoryth mpog ta
navm, eved otav o < 0, T0te N Topafoin Elval avoryty TPOg TO KOTM.
Enopévag, Oeticd a £xovv ta tprdvona ), £ kot £, evd apvnid a
&yovv ta tprdvopa £, £, £ o £,
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ii) To y etvon 1 Tetaypévn Tov onpeiov Topng ™S mapaBorns y = ox” + px +vy
e tov déova yy. Emopévag, Oeticd y £xovv ta tprdvopo £ ko s, apvn-
K6 y éxovv ta tprwvopa £, £, £ kon £, evad vy icov ne undév éyer o f,.

iii) H tetaypévn mg kopooeng K mg napafoingy = ox” + Bx + v diveton
amd TOV TOTO Xy = ﬁ, omote 1oyveL B = —2a - X, Emopévag
20

vy v £, mov éxet a < 0 ko x, > 0, Exovpe p> 0,
vy v £ mov €xet o> 0 ko x> 0, éxovpe B <0,
vy v £, mov €xet o < 0 ko x> 0, éxovpe >0,

v yia v £, mov éxet a < 0 ko x; > 0, xovpe p> 0,
vy v f, mov éxet a > 0 ko x, < 0, Exovpe B> 0, Kot
vy my f; mov éxet a < 0 kot x, < 0, éxovpe P < 0.
"Etot éyovpe Tov mopakdTm Tivoko

Tpwovopo | /1 | f | /i Lo | | fo | S
a + - + - - + -
B 0 + - + + + -
Y + - - 0 + - -
A - 0 + + + -
B’ OMAAAX

1. 1) H mtopapoin epdmtetor tov x'x povo av givar A = 0.
Anhadi (k+1)° -4k =0 k> +2k+1-4k=0
ok2k+1=0s (k-1 =0k=1.

i) H mopaforn €xet tov y'y d&ova coppetpiag povo av 1 kopven g Ppi-

OKETOL 6TOV GEOVAL Yy, SNACON OV KOt LLoVO oV ;—ﬁ = 0. Enopévag mpénet
o

(k+1D
2

=0 ok=-1

iii) H kopvon g mapafoing eivatl to onpeio

20

K(— B ,f (— £)) dnhadn to onpeio K(— k1 ,f
20 2 2

k+1)
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+
Toueovo pe v vobeon mpénet f] (— 1%) =—4, ov Srdoycd ypdpeTat

k+1 k+1

+tk=-4o (k+1)Y7-2k+ 1) +4k=-16
&—(k+1)Y7+4k+16=0
&K -2k-1+4k+16=0
&K +2k-1+16=0
&K -2k-15=0.

H televtaia e&icmon éyxet piCeg k, =—3 ko k, = 5.

* T'a k = -3 1 teTpunpévn g kopveng lvaun x = 1, evd

* T'a k = 5 n tetunpévn g kopvoeng eivor n x = —3.

2(k+])(

2. 1) Emeldn n mapaforn givar avoryty mpog to Katm, Ho givar o < 0.

it) Emedn n mopoafoin tépvet tov d&ova tov x ota onueio A(l, 0) kot
B(5, 0), to Tprodvvupo €xet 0o pileg dviceg tig p, = 1 ko p, = 5.
Apa gtvar A > 0.

— -6
iii) Emedn p, + p, = B kot B =6, 0o £yovpe 1 +5 = —, omdte Ha eivan
a o
a=-1.

Téhog, enedny p, - p, = g, Oa yovpe 1 - 5= ll , omote Ba gfvan y =—5.

Apa P(x) =—x"+6x — 5.

Aldg. Enedn) to tpidvopio €xet pileg toug aptbpodg p, =1 kon p, =5, Oo
’ , 2

gtvo mg popeng p(X) = a(x — p (X —p,) = a(x — 1)(x = 5) = ox” — 6ax + Sa.

Enopévag Ba eivar B = —6a kot enetdn B = 6, Ba Eyovpe o =—1.

Apa P(x) = X"+ 6x 5.

3. 1) H mepipetpog L tov opboywviov diveton amd tov tomo L = 2(x +y) Ko enet-
on divetan 6t L =20, o ioyvel 2(x +y) =20 & x+y=10=y=10—x.
Emopévag, to epfadov tov opboymviov Oa eivat ico e

E=xy=x(10—x)=—x2 + 10x.
Apa f(x) =—x"+10x, 0 < x < 10.

i) To epPadov peyioronoteiton dtav peytoromoteitatl To Tptdvupo f(x). Av-
16 ovpPaivel dtav X :;—B = %: 5, hadn otav to ophoymdvio yivel

a p—

TETPAY®OVO, apoD Yo X = 5 givar kot y = 5. H péytom tun tov guPfadon

glvar ion pe

f(5)=-5"+10-5=25.
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4. Av Béocovpe (AM) = x, 101€ O eivar (MB) = 6 — x (oynua). And to opbo-
yovio Tpiyovo KI'M maipvovpe.
2 2 2
> 2 x| _ .2 x _3x .
V=X — S| =X === ondte v, =
(2) 4 4

X

3
2
Opoimg and to tpiywvo AAB maipvovpe v, = m .
2

To édOpoicpo Tov epPaddv tov 600 Tprydvav gival tote

E=E, +E,= %(AM)(KF) - % (MB)(AA)

ﬁ—&- 1—(6—){)@
2 2 2

1
—X
2
3,

B(6 -X)

ApaE=§(x26x+18), pe 0 <x<o. (1)

And v (1) ovpmepaivovpe 6Tt To gpPadov E givar eEAdyioto yio my T
TOV X, Yo TNV omoia 1 cvvdptnon f(x) = x> —6x + 18 mapovotalet eEndyt-
o10. Eneidn o = 1 > 0, n ocvuvaptmon mapovotdlel EAdyioto yio
X= B_6_ 3.
200 2
Emopévac to gppadov yiverat erdyicto 6tav 10 M givat o péco tov AB.

5. Amd 10 oynua PAEmovpe OTL Y10 TIG SIUOTAGELG X KOl Y 1o)VEL

2x+2x+3y=240<:>4x+3y=240<:>y=24037_4)(. (1
To eppaddv tav dvo yopwv gival
E = 2xy = 2x (M)——§x2+ 160x. ()

T'a m ocvvépmon E(x) = —% X"+ 160x eivan o= _8 0, omodte avT
3

mapovoldlet LEYIGTO Yo X = B _-160 _ 30.
20 -16
3
Tote amd v (1) maipvoope y= w = 40.

Apa, ot dtaotdoelg mov divouy to HEYIoTo guPadov ival x = 30m kot
y =40m.
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1. i)'Eyxovpe
epreenra-o

(0" —2ap+ B+ B 2By + v +7° —2ya +o’)

(2(12 +2B7+2y" —20B — 2By — 2y(x)

= N

:%~2(a2+ﬁz+vz—aﬁ —By—ya)

=o’ +§ +7° —ap - By —yo.

i) ‘Exovpe
By =0y tye e ol + By —aBp— Py —ya =0

< %[(Oﬁ B +B-y)+(y— aﬂ >0 mov oyEL

To “=" woyvet av Ko povo av
a—PB=0 kot p—y=0 kot y—a=0a=pf=1.

2. i) Exovpe (kB)’ + (ky)’ = ’B* + 17y’ = (B* + 7)) = o = (k).

i) Exovpe (1 — v’ + 2uv)’ = p'= 2p°v: +v* + 4p’v?
2V v = (V)

3 4 5
8 6 10
5 12 13
21 20 29
16 30 34

15 8 17
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2 2 2
3. A)'Exovpe GBS(%) . B 208 s 4op <ol + B+ 20P
4

<:>0§(12+[32+2a[3—4a[5<:>0§a2+ﬁ2—2a[5
& 0< (0— B)’, mov 1oydeL
To “=" woyvet dtav a = .
Amd Vv avicoTTa QLTN TPOKVTTEL OTL TO ERPAdOV EVOG opHoymviov pe
dotdoelg o ko f dev vepPaivel To EPPAOV TOL TETPAYDVOL LE TAELPA

+p

TO Madpois o arpb
2

B) Av a kot B etvar ot dtaotdoeilg evog t€tolov opBoymviov, TotE TO gpfa-
d06v tov glvat E = aff kot n) mepipetpdg tov P =2(a + B).

2

1) 'Etot n mponyoduevn avicotnta ypdeetot E < (4 .

H oot ta 1oydet, av Kot povo av o= = P , OnAadn 6tav to opbo-
y®vio yivel tetpdymvo. 4

2
ii) Adyo m (i) éxovps E < (%) o VE < %@ P>4VE.

H 16610 1oyvet av kot poévo av o = P.
(To mapomdve amotédespa NToV YVOGTO TPV TV €m0y ToL Evicheidn).

4. )3x+1)—ox=4o3x+3-ox=4o (3 -ax=1.

* Av o # 3, 101¢ 1 e€lowon €xetl povadikn Avon Ty x =

3-a
* Av a =3, t61e 1 e€icmon yivetor 0x = 1 kot eivor advvar.
. 1-3+
ii) Mo o # 3 mpénet >l o L 150 @ﬂ>0
—a 3-a 3-a
=250 o (@-2)(3-a)>0
3-a

S(a-2)(0-3)<0e2<a<3.
5. 1)’Eyovpe
Mx-D+3=x+2 &x-A+3h=x+2 SAx—x=1"-31+2
MW -Dx=3-31+2
&S0+ D —1Dx=0A—-DH(h-2).
i) * Av A £ £1, 161 1 e€icwon €xel povadikn Avon v

(=D (=2) _r-2
A+ (A-1) r+1
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e ['a A =—1, n e&iowon yiverar 0x = 6 Kot givat advvor.
e Ta A= 1, n e&lomon yivetor 0x = 0 kot glvot TovtdTTO.

iii) H e&iowon €xet piCo tov apBud x :AIT , 0V Kot LOVO 0V 1oY0EL
A—D+ 1)%: A-Dr-2)A-DA+1D)=40-1D(A-2)
SA-DBL-9)=0=r=191=3.
6. A)1i)Eyovpe
180 = 60t —% L1108 & 18 = 6t —% Pe36=12tf o
£~ 12t+36 =0 (t—6)’ =0 < t = 6sec.
i) Eyxovpe

100=60t—% : 10t2<:>10=6t—§ £e20=12t—£

£~ 12t+20=0.
A=(-12—4-1-20=144—80 =64
Enopévag t = 12£8 ¢ =2sec N t=10sec.

Xy mepintwon 1) To Vyog tmv 180 pétpav etvon 1o PEYIGTO DYog Tov POGvEL

1
TO COLLEL, 0POV 1) GLVAPTNGT| TOL VYOLG eivar h(t) = — 5 10 - £ + 60, dnAodn|
2 o —60 .
h(t) =-5t" + 60t ko £yl péytoto Yo t = ﬂ = 6sec, 10 h(6) = 180 pérpa.
21n devTEPT TEPiIMTOON 01 dVO AvoeLg TG e&lcwong eivat ot xpovikég
oTypég mov To ompa Ba Ppedei og Hyog 100 pétpwv, o oty dvodo 6tav
t = 2sec kot pa oty kéBodo dtav t = 10sec.

B) I'a vo. pmopet 1o copo va @0doer oe Dyog hy, 0o tpénet to h, va eivo pi-
1
KpOTEPO 1 TO TTOAY 160 e TO PéYIoTo TG cuvaptong h(t) = —— gt2 ot

2
To péyioto g cuvapTNONG AVTHG Etvan 160 pe

2
h Vo _h(%)_lg(%)+1)01)()
2(_1) gl 27 \g g
~|g

2

1o v oy v v

2 g g 28 2 2g

2
Apa yo vo propet o copa av podoer og Hyog hy mpénet hy < Zi .
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7.

H ypopikf mapdotacn g YA
f(x)=[x| -2

TPOKVITEL OO LU0, KOTAKOPLON

petatdmion Mgy = [x|, kord 2

HOVAOEG TTPOG T KAT®, EVD 1| y=/v)
YPOAPIKY| TOAPAGTOCT TNG

g(x) =2~ |x|

elvot GUUPETPIKY TNG YPOPIKNG
nopdotoons g f og mpog tov y=g(x)

a&ova XX, 010TL 1 g givat ovti-

Ogtn g (o). 4
Ol ypapiég anTég mopacTAGEL

téuvovton oto onpeio A(2, 0),

B(0, 2), I'(-2, 0) kot A0, -2).

To gpPaddv tov tetpanievpov ABTA, glvat ico e 10 TETpOTAGG1IO TOV

3

A
eppadov tov tpryddvov OAB, dniaodn| elvar ico pe

EABM=4-EOAB=4-(;-2-2)=8w.

Inpeioon: To tetpdmievpo ABTA givar tetpdymvo, diott £xet OAeg ToV
T1¢ yovieg 0pbES Ko OAEC TOV TIG TAEVPES foeC, pe pfkoc 2V 2. Emopévog
70 eUPaddv Tov gival ico pe

Eapra= (2@)2 = 8ty

H ypagpin mapdotoon g

fix)=|x-1]
TPOKVTTTEL 0 oL op1iovTIOL pe-
Tatoémon gy = |x|, kotd 1 po-
véda mpog to de€ld, evad M Ypo-
PN TOpAoTOoT) TG

g(x) =x - 3|
TPOKVTTTEL O L op1iovTIOL pe-
tatdémion ey = |x|, katd 3 povadec mpog ta 6e1d (oy.). Ot ypagikés av-
TG TOpaoTAoELS TEUVOVTAL 6To onpeio A(2, 1).
Ot Moet g avicoong [x — 1] < |x — 3| etvon eketva to X € R v ta omoio
ny =[x — 1| Bploketor kbt and v y = [x — 3|. Avtd cupPaivet, Onwg Pai-
VETOL GTO GYNUa, OTav X < 2.
To mapondve copnépacuo emPePormvetarl akyefpikd og eENG
x—1|<x-3|ex-1<x-3 e x-1 <Ex-3)

X -2x+1<xX - 6x+9 = 4x<8&x<2.
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9. A)H ypagiki| mopdotacn g g TPOKOTTEL AO TN YPAPIKT TOPACTACN
™ f pe KoTokdpven peTatonion 3 Hovadeg Tpog Ta KATo.
H ypoagwr mopdotacn g h mpokvntel amd ) ypopikn mapdotacn
™mg g, av mapoatnprioovpe 6t h(x) = g(x), yio x <31 x> 3 kot
h(x) = —g(x) yio -3 <x <3.

YA
y=fx)
3 y=h(x)
RN 0 3 x
e
37

B) To aAf00¢ TmV AMGE®Y TOL GLGTAUOTOS { y=|x| - 3|, ae R
y=a
TaploTaveTal oo o TAN00¢ TV onpeiov Topng g opldvTiog evbeiog
y = 0l KOl TG YPAPIKNG TOPAGTOoNG THG cuviptnong h. Exopévag,
* Av a <0, T0 ovoTpO deV €)el MGELG, OnAadn ivatl advvarto.
* Av a =0, T0 ovoTnpO EYEL 6V0 ADGELC.
* Av 0 < a <3, 10 oOoTpO EYEL TEGGEPIG ADGELC.
* Av a = 3, 10 oVGTN O EYEL TPELG ADGELS.
* Av a > 3, 170 oot EYEl 600 AVGELC.
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10.1) ‘Eyovpe y2 -xX'=0 o Y-x)(y+x)=0=y=x 1 y=-X, mov etvat
01 eEL0MGELG TV SLYOTOUOV TOV YOVIOV TOV 0EOVOV.

ii) H amoctaon tov onpeiov K(a, 0) kot M(X, y) sival ion pe

d=Vx-0)’+y-0)=V(x—a)’+y.
‘Eva onueio M(x, y) aviket otov kKOKkAo pe ké€vipo K(a, 0) kot axtiva

p=1,avka pdvo av (KM) =1 < m=1 <:>(X*0t)2+y2:1-

iii) To TAn00¢ TV AVGE®Y TOV GLGTHUATOG EIVOL OGO Kot TO TANB0G TV
KOw@®V onueiov Tov kKHKAoL pe Tig evbelec y = X Koty = —X.

=Y

Emedn, yuo a > 0, n andotaot tov kévrpov K tov khkiov amnd Tig ev-

o
Oeieg avtég givat ion pe d = KA =KB = —, éyovpe:

V2
a , . .
cAvd>p e F >1 e a> V2, 0 koKhog kot ot evbeieg Sev £xovv
2
Kavéva Koo omnpeio, ondte To cvota givat adHvaTto.
«Avd=p e a= V2, o kbkhog epdntetar TV £vPeIbY, 0dTE TO GV-
otnua £yl 3o ADCELS.

cAvd<p e 0<a< V2, o0kdKhog Téuver Kat Tic dVo gvbeie, omdTe TO
GLOTNA €)EL TEGTEPLG ADGELS, e e&ailpeon Ty Tepintwon o = 1 Katd
v omoia 0 KOKAOG €xel [E TG gubeieg Tpla drakekpévo Ko on-
peto, omoTE TO GLOTNUA EXEL TPELG ADOELC.

Abdyo cvppetpiog, avtiotoryo cvpmepdopota £xovpe Kot 6tav o < 0.
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A
11. Ene1dn 1o tpiymvo MI'A givar opBo-

yov10, Ba 1oyvet MI? = A" - MA® =
¥ _x'=9- x2, omdte Oa sivar MA =
2MI=219-x" «xmt eneldn to Tpi-

A
yovo MKA givai opboydvio Ba toydet

KA =MK>+MA2 = 62= (3 -x) + (2 Vo— %)
©36=x"—6x+9+49-x)
oxX+2x-3=0x=1 9 x=-3

Apax =1, apod x > 0.

12.1) And tov opiopd ™G amdoToong dvo onueimv tov dEova TpokdmTeL OTL
(MA) =[x + 1] kot (MB) = [x — 1].
Enopévac, &xovpe
f(x) = (MA) + (MB) = [x + 1| + [x — 1.
g(x) = [lx + 1] =[x = 1|.

et |

2y

X' M)  A(-D) B(I)

L. —

-1

i) ['a va amhomomcovpie Tov TOTO TG cuvaptnong f kot g, Bpickovpe To
TpooNo Tev X + 1 kot X — 1 yia T1¢ S1épopeg TYES TOL X TOL PAiVOVTOL
GTOV TAPOUKAT® TIVOKOL.

x —0 -1 1 +a0

x+1 - 0 +
x—1 = = 0

"Etot éyovpue
LOPH 2, avx <-1

-2x, av-1<x<l1
2x, av0<x<1
2, avx>1
0TOTE 01 YPUPIKEG TapACTAGELS TMV T Kkat g givat o1 akdAlovOeg:

VA }’=ﬂx) VA
e

-2x, avx<-1
f(x)=1{ 2, av—1<x<l «xm gx)=
2x, avx>1

P2 N2 /)
10 1 x 10 1 x
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ii1) Amd TG TPONYOVUEVEG YPUPIKES TOPUCTAGELS GUUTEPOUIVOVLE OTL
* H ouvaptmon f
v givar yvnoing pdivovoa 610 (—eo, —1], otabepn tov [-1, 1] kat yvn-
cilmg avéovoa 610 [ 1, +eo) Kot
v mapovctalet eEldyioTo, ioo pe 2, yia kdbe x € [-1, 1].
* H ouvéptnon g
v givar otafepn 610 (=0, —1], yvnoimng edivovca oto [-1, 0], yvn-
ciwg av&ovoa o1o [0, 1] Kot otabepr| 610 [1, +oo),
v mapovotdlet eldyioTo, ico pe 0, yia x = 0 kot
v’ mapovctdlel uéyioto, 6o pe 2, yio kae X € (—oo, =17 U [1, +eo).

13.1) * H f éye1 oo péyioro yia x = 0, 1o f(0) = 2.
* H g éyet ohko péyioro yio x = 1, 10 g(1) = 2 ko oAko6 eldiyioto yioo x =—1,
T0 g(—1)=-2.
* H h éye1 ohkd péyioto yuo x = —1 ko x = 1, 1o h(-1) = h(1) = 2 ko
oAKo eldyioto Yo x = 0, to h(0) = 0.

ii) * T v f aprel va dei&ovpe 6T Yo kbBe x € R oyvet

f(x)<2 §2<:>15x2+1<:>x2201t01)16x1')81.

2
X+
* ['a v g mpénet va dei&ovpe 0Tt yio kGOe X € R woydovv ot avicd -

Teg g(x) <2 ko g(x) > 2.

4x

‘Exovpe g(x) <2 & <2e2x<xX’+1e(x-1)7>0m00 woyveL

X+

ko gx)> -2 & 272<:>2x27x271<:>(x+1)220n01)10x681.

X+

e o v h wpénet va deiEovpe 0TL Yo KGO x € R oyvet h(x) > 0 kot
h(x) <2.

2

‘Exovpe h(x) > 0 < ot > 0 mov elvar pavepd O6TL 1oy dEL KO
2

h(x)<2 & 44X <223 <xt+1
X +1

ox' -2X+1>0ex - 1)220,7101)10)@')81
14. A) i) [Ipérner x > 0. Apa A = [0, +oo).

ii) Apov to M(a, B) avikel ot ypagikn tapdotacn ¢ f Exovpe
B=Va op = (1)
INa va aviket 1o M'(B, o) ot ypagikn Tapdotacn g g, Tpé-
nergB)=a & [32 = 0L TOV LOYVEL.

iii) Emedn ta onpeio M(a, B) kot M'(B, o) eivol GOUUETPIKG MG TPOG
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™ Sryotépo g 1™ kan 3™ yoviag Tov afdvev counepoivovue ot

N YPOQIKN Topdactactn g f(x) = Vx eivan 1 GUUUETPIKN TNG YPO-
PuKNG ¢ g(x) = X ®¢ pog TV gvbeia y = x yuo x > 0.

A
y =x?
}J =.‘j
M'(f,a) )’=J§
M(a,p)
Y74
o 1 v

Amd ) ypapikn mapdotacn g f tpokvdmtet 6t f(x) = Vx givon yvnoing
avEovca 610 A = [0, +oo) Kait £xet 0AKO Adyioto Yo X = 0 1o f(0) = 0.

B) To medio opiopod g h elvat 6A0 10 R.
"Exovue h(—x) = V|=x| = m = h(x).

Apa n h eivar dptio Kot 1 ypopikn g mopdoTaoT omoteLeital omd ™
YPOQIKN Topdotact) g f kot T GLUIETPIKY TG OG TPOG ToV GEova y'y.

YA
y=ylx|
0 x
A
I') Zto toyaio tpiyovo NM'N” éyoope (NN ) =f(v+ 1)=Vv+1 ko

M) = VONMY + (MM)? = V(v + 1-v)> + (V)
=VI+v=(N).
A

Apa 1o tpiyovo NM'N” elvat 1600KeEAEG.
15. 210 kaTOKOPLEO EMITESO TNG YEQLPAG OE@POVLLE VO GOGTN L0, GLUVTETAY-

LEV@V, GTO 0T010 TaipVOLE ®C GEova TV X TN YopdN TOL TAPABOAIKOD
T6EOV KOl MG AEOVO TMV Y TN HecokdBeTo aLTNS (GYNLaL).
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210 GVOTNUO OVTO TO TTOL- ¥ A
paforticd TOE0 £yl eficm- '
o1 TNG LOPPNS K(0, 5,6)
y=ox’ +v,pey >0

T y=-0,35x°+5,6
KOl T KOPLON TOV givat TO
onueto K(0, 5, 6). Zuvenwmc,
1 &&iowon tov Tapaforucon

. . , A y=2 A
T0&0V TaipveL TN HopoeT| / \
y=ax’+5,6,pey>0 (1) ! ;
Eme1dn to mhdrtog tng yé- | :
ovpog eivar 8m, to mopa- ] __1.;“3 1) 3:3 4 ‘f

BoAwd t6&o Ba TépVeL TOV
a&ova x'x ota onpeia B(4, 0) kot B'(—4, 0), tov onolov ot cuvtetaypéveg
Ba emainBevovv v e&icwon (1). Emopévmg Ba woydet
0=a4"+5,6 < a=-035.

Apa, 10 mapaforikd t6Eo €xet e&icwon

y=-0,35x"+5,6 pe —4<x <4 )
Emeidn to vyog g kapdtoag givor 2m tépvel to mapafoiikd t6Eo oto on-
peia A kot A’ yio vo tepaoet To yempykd punydvnpo o tpénet AA” > 6m,
7oL €ivat To TAATOG ToL PopTNYoV. o var fpodpe To AA” apkel av Bpovpe
TG ovvteTaypéves Tav A, A’. Av Bécovpe oty e&icwon (2) y = 2 Bpickovpe
0358 +56=2x~10,6 ©x~32.
Apa A(3,2, 0) xou A'(=3,2, 0), ondte AA” = 6,4m > 6m. Emopévmg to yewp-
Y pnydvnpo popet va mepdoet.

16. 1) Awokpivovpie TPELG TEPIMTMOGELG
* Otav 10 onueio M dwrypdpet to gub. Tppa AB, oniaon otav 0 <x <20,
161E T0 EUPOdOV TOL TKLOGHEVOL Ywpiov OAM Oa givat ico e
p-OA-AM _ 10-x:5X
2 2

omote Oa eivan f(x) = 5x.

* Otav 10 onpeio M dwaypagpet o gvb. tpnua BIY, dniadn otav 20 <x <40,
T67E TO EUPOGV TOL GKlAGUEVOL Ywpiov Oa ivar ico pe

_OA+BM ,p_10+(x-20)
2

E AB =10(x — 10)

omote Oa eivan f(x) = 10x — 100.
* Otav 1o onpeio M dwrypdpet to evb. tpnpa I'A, dniadn 6ty 40 <x < 60,
161 10 EUPOdOV TOL GKLOGUEVOL Ympiov Ba glvat ico pe

10 - (60— x) _
2

E =E yra— Eoay =20 - 20 — 5x + 100

omdte O etvon f(x) = 5x + 100.
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Enopévac, eivat 5x,0<x<20
f(x)={ 10x — 100, 20 <x <40
Sx + 100, 40 <x <60.

ii) H ypaoum mapdotacn g f eivat 1 moAvy@vikn YpopL Tov mopakd-
TO GYNUOTOC.

r B I M

YA

400

300

200

y=120
100 -

=Y

0

iii) Ao TV TOPUTAVE YPAUPIKN TOPACTOCT TpokvmTel 0t 1 f maipvel tnv
Tiun 120, étav x petagy 20 kot 40.

Enopévag
f(x) =120 & 10x — 100 = 120 & x = 22.
17.1) Etvon
g -AB-MP_AB-AP_2.x_ ca
e 2 2
2
EMZFA:ME +TA g _x+2 -(2—X)=4_X — 05x2+2
2 2
Enopéveg

fx)=x, 0<x<2 ka gx)=-05x"+2, 0<x<2
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i) Eivon

f(x):g(X)@x=—0,5x2+2@x2+2x_4=0@X:M PN

sx=V5-1, s6rx>0.

iii) H ypawn mopdotacn g f eivar to tpipo O g gubeiog y = x, evd 1
YPOPIKN TOPAoTOoT TG g £ivar To TOE0 AB g mapafoingy = —0,5%" +2.
Emopévamg, 1 Abomn g e&icmong f(x) = g(x) eivol n teTunpévn tov on-
pelov Topng Tov C, kot Cg kot glvon mepimov 1,2, 6co givar pe mpo-

céyyion dekdtov 1 pila x =V5 — 1 g eicwong mov Pprikaue 6To
epOTNUA ii).

VA

B(0,2) 12

y=0,5x7+2
A A
18.1) Exovpe AMN = AOB, apob MN//OB B
¢ kGOetec otv OA. Emopévag T N
(NM) _(MA) _ (NM) _4-x
(BO) (0A) 3 4 3
omoTE l
3(4 — 0O x M A
MN)=3¢=%) : p g

1
To gpPfaddv tov Tpryd@vov BMN etvor ico pe 5 (MN)(OM), (apov 1 OM
glvat n amdotoon tov tapariniov MN kot OB).

Emopévamg, E(x) = ;— @ X

. 3. 2,3
Apa E(X) =—=x"+=x.
8 2
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i) To epPadov E(x) peyiotomoteiton 6tav x = =2,

onoTe

EQ2) = fg 2° +% -2= f% + 3 = 1,5 teTpaymvikég Lovaded.

19.1) Eoto y = ax + B 1 e&icmon g gvbeiog AB. H e&icmon avt) enoin-
Bevetar amd ta {evyn (0, 4) ko (2, 2).
Emopévag { 4=a-0+p { B=4 { a=-1
2=2a+p 2=20+4 B=4.
Apa 1 e&icoon e AB givary =—x + 4.
INo y =0 éyovpe x = 4. Apa 1 gvbeia AB tépvet Tov x'x ato ['(4, 0).

i) T x <4, aAld kot yuo x > 4, €yovpe:
E = Eup (AMI') — Eug (MBI) = ;— (MI) (OA) - % (M) (KB)
Onwmg

(MIN)=|x—4|, (0A)=4 xu (KB)=2
Emopévag

E=lix—aga-lx_a 2=ox—gj—x—4/=1x—4.
2 2

Xy mepintwon mov elvar x = 4, éyovpe E = 0.
Apa, og KGbg mepintwon, 1oyveL:

_ _[—=x+4,x<4
Ex)=|x—-4|= { x_4, x>4
YA
A(0,49),
B(2,2)
M(x0 O K T@4n

Kat 1 ypaeikn mapdotacn e E(x) eaivetal 6to oynpo.
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VA

“y

o 4

20.1) H xivnon and 10 A oto B kot avtiotpopwc omd to B 610 A, emavaiot-

Bavetar n 1010 axpiPdg kaOe dVvo MdPeS.

Emopévag to didypappa tov Dyoug h, tov yloviod oto A, Bo eravorop-
Bavetat kabe 600 dpeg, akPPMG T0 1010 G TPOG TN LOPPT|. ¢ TPOG T
0éom O gival omAdG pHETATOTIGHEVO KOTA 2 Hovadeg KAOE @opd, TPog
ta 5e&16 Tov dEova t't Tov xpovov.

It (6 cm)

0| 2 4 6 t (oe J’l’)

Bpiokovpe Aouwwdv to TR0 TOV SLoyPALLOTOS, TOV AVTICTOLYEL OTIG 2
TPADTES DPES.

Aivetat 6Tt 0 puOpog avEnong tov Hyovg givat oTabepos, 0mOTE TO VYOG
h(t) kot 0 ypovog t eivar mood avaioya. Avtd onpaivet ot otav t e [0, 2],
Tote VILApYEL o € Ry 10 omoio oydeL

h(t) = at (1)
Eme1dn ywo t = 1h to dyog eivar h = lem, 1o {edyog (1, 1) Ba emainBevet
mv (1), omote | =a - 1 ko dpa o= 1.

H (1) tote yiveton h(t) =t kot 1 ypoeikn g topdotacng eivat to evhv-
ypoppo Tuqpa OM g diyotdpov g 1™ yoviag Tov atovov (oy,).
Téhog Topatnpodue 6Tt 6t t = 2h, Tov Vyog h Tov Yrovioy givat undév,
Yo avTo 10 dkpo M Tov OM dev avikel oto daypappe. Exavolapfa-
VOVTOG TO TOPOTAVE Yo To Slactipata [2, 4], [4, 6],... £xovue 10 TAN-

peg ddypappa (). ).

i1) Mée GUAAOYIGHOUG 0VAAOYOVG LLE TOVG TIOPOTAVE KOTOAYOVLLE Y10 TO VYOG

TOV Y1oVioY 610 M, GTO S1AypOpLLe. TOV TOPOUKAT® GYILLOTOG.

A it (62 cm)

55 ¢ (o& IJ
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21.’Eyovpe P(Q)=1
P0)+P(1)+P2)+ ...+ P(100) =1
1,1 1 _
P(0)+5+2—2+...+2W—1
_ 1,1 1
P0)=1- 2+22+...+2100).
100
11 11 (%) -1y 172'% 1
Opog —+—+ ..+ —=—- =— =1-—1.
n gz 22 2100 2 1771 2 L 2100
2 2
, B 1 _ 1
Apa P(O)—171+2W ZW

22.Enedn P(47) < 0,28 éyovpe 1 — P(4) < 0,28, ondte P(4) > 0,72 won emedn
P(B")<0,71, éxovpe 1 — P(B") < 0,71, onote P(B) > 0,29.
1) Eyxovpe dadoyikd P(ANB)>1,01 — P (AUB)
P(ANB)>1,01 — P(A) — P(B) + P (ANB)
P(4) + P (B) > 1,01 mov woydet.
i) Av ntav ANB = &, 1o1¢ Oa. glyopie
P(AUB) = P(A) + P(B)>0,72 + 0,29 = 1,01 mwov &ivat dromo,
apov yvopilovue ot P(AUB) < 1.
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