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ENAEIKTIKEX AYXEIX

B’ TYMNAXIOY

O®EMA 1°
-3

Av a=4- 2; Kat b=5+ 5 _g , V0L VTOAOYIGETE TNV T TEPAGTOONG:

A:a:bzoog—b—i.

Sa

Adon.
Eivan

a=4-22 =2 20 I 0 o5 22053 205 85 4,

51 5 5 5 5 2 2 2 2 2

omote N Tapactacn A yivetol:

A=aip —pot Do L2 L2 176 31

Sa 5_2 5 9 5 9 45 45
5

®EMA 2°

"Ectm a 0etikdg axEPALOg TOV 0010 SLULPOVLLE e 4.

(i) Tloweg eivan 01 duVATEG HOPPES TOV TTOPpOTEVE BETIKOD aKEPAIOD o]

(i) IToeg eivan o1 dvvatég TEG Tov pmopel va, Tapel 0 apluog a , av eivon meplttog
peyaAltepog amo 39 kot pkpotepos and 50, kat dwupodpevog e to 4 divet

vorowmo 1.
Aveon
(i) Ot dvvatég pop@eég Tov aképatov aptBuov o sivar ot e€Ng:

o = 4p, omov p BeTikoc aképatog, Mo =4p+ 1 qa=4p+2nNa=4p+3
OTOV P UN APVNTIKOS AKEPULOC.
(ii) Zoppwva pe Ty vrdbeon eivan o = 4p + 1, omdTE £OVNE:
39<4p+1<50<=38<4p<49<=9,5<p<12,25
Enopévemg, agob 0 p elval pn apvnTikog aképatog, Enetal 6tt p =10 7
p=11Mp=12 kwa =411 a =451 oa=49.



OEMA 3°

Atvetan éva tpiyovo ABIT tov omoiov o1 yovieg B xa I éyovv GBpotopo 140° kan

glvon avaioyeg pe Tovg apduovg 1 kot 6, avtictotya.

@) Na Bpebodv ot yovieg Tov Tprydvou.

B) No vroroyicete tn yovio mov oynuatilovv 1o Dyog Kot 1 S10TOHOG TOVL TPLYHVOL
ABI' mov avtuctoyoldv oty mievpd tov BT .

Aveon
o) Kot apyn &govpe: A =180° —(I§+ f) =180"—140° = 40",
r
6

»—AlW)

Zoppova e TG VToECELS EYoVLLE: kot B+ =140", onote Oa £YOLLLE:

?:%:l:é:i,f":& Ko A+64=140" = 1 =20".

Apa etvar: B=20° ko ['=120" .

ypa 1

B) Eotm AA 1o vyog kot AE 1 diyotdpog g yoviag A tov tprydvov ABI'. Tote 10
onueio I' Ppioketar petald tov onueiov B kot A, agov dapopetikd to tpiyovo ATA
O iye dOpotspo yovidy peyadvtepo twv 180° . Etot éoupe:
. . - .\ A
AAE:AAF+FAE=(90°—AFA)+? (1)
Eneidn sivor A =40°, ATA =180°—120° = 60°, amd ™ oyéon (1) happavovpe
AAE =50".

®EMA 4°

1
Amo tovg pabntég evog Npvaaciov, to 2 acyoAeitan pe to otifo, 10 ;— acyoAsiTal e

10 UTACKET, TO 3 aoyoAeitar pe to POAET kot mepiooevovy Kot 80 pabntég mov dev

acyolovvtol pe Kovéva amd avtd to afAnuoata. Asdopévov OTL ot pabntég  tov
IMpvasiov ot acyolodpevol pe tov abdAntiopd, acyorodvrar pe éva povo GOAnua,
eKTOG omd 12 pobntéc mov aoyoA0VVTUL Kot Pe TO UTACKET Kot e To POAET, va Ppeite:
a) ITowog etvar 0 apBpos Twv podntav tov Npvaciov;



B) [Técot eivan ot pabntég tov MNupvaciov mov aoyolodvial Lovo e TO UTAGKET;

Avon (1% Tpoémog)

a) Exovpue l+l+l—§ Ouwg ota 23 TV podntov tov IN'ipvaciov £yovv
XM45840-H€ 20 patm K X

voAoYIoTEL dV0 POopEG ot 12 nabntég mov acyorovvial e undoket Kot fOAEL. Apa ot

. 40 2 1
80 -12=68 pabntéc eivar Ta 40_23 = 7 TV padntov tov MNpvaciov. 'Etol 6Ao 1o
40 40 40
oyoieio £xet
17 40
68:— =68-—=4-40=160 podntéc.
40 17 HOPITEES

B) Movo pe 1o prdoket acyorodvrar 160 -;—12 =32-12=20 podntéc.

2% tpomog
o) Av x elvarl 0 aplOuog tov padntomv Tov Zyoieiov, TOTE , COUEOVE LE TO. SeSOUEVIL
10V TpofAnpatog, £xovpe v eElcmon:
Xt i80-12= X,
4 5 8
1 omoia elvon 16odHvaun pe v e&icmon
10x+8x+5x+3200-480=40x < 17x=2720 < x=160.
1
B) g— 12 = ? —12 =20 podntég acyorovvtal LOVO LE TO UTACKET.

I'" TYMNAZXIOY

OEMA 1°
Av v glvat Oetikdc aképatog, va vodoyicete TV aptdunTikn T e nopdotaons:

A=4-(<1) +2- (_1;2”] D

5
Avon
32 3 _ 1
A:4-(—1)"+2-( ) —7-( D =4-(—1)“+2-( 1)—7-[( )]
5 5 5 5
7-(-1)" ; 13-(-1)" -2
=4.(_1)1=_%_(_)=(4_1J.(_1) _Z:(—),
5 5 5 5 5
0TOTE SLOKPIVOVLLE TIC TEPIMTMOCELS:
. . 13-2 11
e Av v GpTioc, TOTE A:T:?'

e Av v megputtog, tote A=-3.
®EMA 2°

O Betikdg axépoog a eivon mepirtdg Ko Otav dupebel pe to 5 diver vmorowmo 2. Na
Bpeite 10 tehevtaio yneio Tov aptbpov « .

Avon



A@ol 0 @ Spovpevog pe o 5 apnvel vroéiowo 2, Ba elvar g popeng a =54+2,
omov A pn apvntcos aképatog. Opme, av o 4 Nrav dptiog, 1ot 0 a emiong Oa ftav
dptioc, mov avrtikeiton otnv vmoébeon. Apa o A elval meprtdg, OmAaor eivan
A=2K+1,0m0V K [N APVITIKOG CKEPULOG.
Emopévmg, £xovue

a=5-(2x+1)+2=10x+7,
oyéon mov delyvel 6Tt 0 Betikdg axképatog @ dupodpevoc pe to 10 agpnvel vedrouto 7,
onAadn pe dAAo Adywr, To TEAEvTaio ynmeio tov a elvar 7. Awgopetikd Ba
UTOPOVGOLE VO TOVUE OTL O @ €YEl K dekades Ko 7 HOVASES, 0mOTE TO TEAELTAIO TOL
ymeio sivat 7.

OEMA 3°

Atvovton 6vo evleieg ¢,,&, ol omoieg Téuvovtatl oto onpeio A. H gvbeia & oEpyetal
amo v apyn Tov afovev Kot el kKiion 4 , eved 1 evbeia &, eival TapdAAnin mpog v
evbeia (17):y =2x ko diépyetar amod to onpeio 1'(0,6).

a) Na Bpeite 11¢ e€lodoelc v mapandve svletdv kabdg Kot 1o Koo Toug onueio A.
B) Na Ppeite to epufaddév tov tpryovov OAB, omov O eivor 1 apy] CLCTNHOTOS
opboywvinv aovov Oxy, A 10 Kowo onueio Twv gubewdv ko B 1o onueio émov 1

evbeia &, téuvel tov GEova x'x .

AY

) :Insvﬂeia g &el sklowon y=4x, evo n evbeio &, &gl ediowon y =2x+ B, apov
elvar mwapdAinin pe v (). Opwmg diépxetan and to onpeio B(0,6), ondte Bo 1oydet
6=2-0+p< f=6. Apa n elicwon g evbsiag &, eivar y=2x+6. Advovtag 10
GUOTNUO TOV El0cemV TV d00 vBelmv Bpickoupe 6Tt T0 KO oNEL0 TOVS Eival TO
A(3,12).

o
><

Typa 2

B) H evleio &, téuver tov aéova twv x oto onueio B(—3,0) , OmOTE 1 TN PAon tov

TPLYOVOV £XEL UNKOG 3, VD TO VYo tov ico pe 12. Apa £yovpe:



E(OAB) = ;-3-12=18w.

OEMA 4°
Tpeig koKkAot £xovv To 1510 Kévipo O kat axtives 7,7, .1 pe 0<rn<r <r,.'Eocto A, o

KUKAIKOG dakTOAL0G oL opiletat amd toug KOKAOLG KEVvIpov O kal aKTives £, Kot A,

0 KUKALKOG dakTOAL0C oV opiletat amd Tovg KUKAOVG KEVTpOL O Kat akTiveg ry, 7, . Av

. o _ , , E(Al) .

givon r,—r=rn-r ka r =35, va Ppeite t0 AOYO , omov E(A) xm
E(A;)

E(A, ) eivan ta epfudd tov Saxtvriov A, kat A,, avtictoye.

Avon

‘Exovpe

E(AI)_JZ(}‘Q'—;'IZ) (rz_’? )(’”2+’"|)=r2+r]
E(Az) 7;(;32_;32) (1”3 _rz)(]’}"'rz) rn

(1)

;oor . : ; : , . h+n .
aQov SveTon OTL 7, — 1 =1, — 7, . ATO TV 1100 GYEoN TPOKVTTEL OTL 7, = 5 omdte,

Moy® ™ oyéong r, =31, Aappdavovpe r, = i +23r, =2r,.'Eto1n oyéon (1) yiveron

E(A) n+r_ 3n 3 3

E(Az)_r3+r2 _3r]+2r] _5r] 5

, . , , , 1+ 35
Awgpopetikd, Oo pmopovcape vo Bpodpe TpOTA TN GYECT F, = ——— = 2F; KOl GTN

GUVEYELN VO EPYOGTOVLLE LE TO AOYO
B(a) _7(2-r) @) 7] 3 s
B(8) w(=r) [ Gr)-(a) | 55




A" AYKEIOY
O®EMA 1°
To tetpdymvo evog Betikod apBpo eivar peyaivtepo and 1o dekamldolo Tov aptdon
Kot 75. Na Bpebei o apBpoc.

Aveo
Av ):I etva o {ntovpevog apBpog, tote amd ta dedopéva tov TpofAanuatog Ba
wavomotel v eSlowon

¥ -10x=75 " -10x-75=0=x=15qx=-5.
Emedn o {nrodpevog apBpog etvar Betikog, 1 povadikn Aden tov tpofAnuatog ival o
apBuog 15.

OEMA 2°
Av orapiBpol g ko v elvan Betikol axépaiot Kot 1oyveL 0Tt

4y—2 +4u+2 < 2y+v+l ,
vo amodeiete 0TL 0 aképaog A =27 +2Y glval mToAAUTAGG10 TOV 34,

Avon.
H dedopévn oyxéon ypaeetol 6T Hope|

(227 +(22)" —2 2 <0 (2¢2) +(277) 2247 <0 (27 -277) <0
Omd TNV omolo TPOKVLATEL OTL
207 -2 =02 =le u—v-4=0.
Emopévmg &yovpe
A=2"42"=2"" 42" =2 -(24 +l)=17-2” =34.2"",

oV elval moAAOTAAG10 TOL 34, ool 0 v siva BeTikdg aképaiog.

O®EMA 3°

Atveton tpiyovo ABI kat éotm AA vyog tov.

(a) Av vmapyovv onueia E ko Z tov mievpov AB kot AT, avtictouya, TéTo10 OGTE Vo
wybovy AE=AZ «xo AAE=AAZ, va amodeiete 0Tt 10 Tplymvo ABIT givan
IGOOKEAEC.

(B) Av vrapyovv onpeio E kot Z otig mpoektdoelg tov mievpodv AB kat AT mpog 1o
Lépog tov A, aviictoya, tétowr wote va wybovy AE =AZ xm AAE = AAZ , va
amodeiete 0T To Tplywvo ABI elvat i1cookelc.

Avon
(@) Ta tpiyova AAE kot AAZ €yovv dvo mhevpésg tovg foeg pio mpog pia
(AA=AAAE=AZ) xu mg mepeyOpeveg yovieg tov ioowv mAsvpoOv  1oed,
AAE = AAZ . Apa to. Tpiyova givon ico, omdte Ba Exouv ko AAE = AAZ , Snhadh 1
AA glvar d10TONOG NG YOViNg A tov Tprywvov ABT.

21 ovvéyela cuykpivoope ta tpiyova AAB kot AAT, ta omoia elvar opBoydvia pe

AAB = AAT =90°  kat govov v mAsvpd AA Kkowrn kot Tc oeleg ywvieg



AAB ko1 AAT ioeg. Apa ta tpiyova AAB xor AAT givon ica , ondte Ba £xouvv kot
AB = A", dnhadn 1o tpiyovo ABI sival 1cookeAEg

A
E Z
B P
LMo 4
Z E
B A T
Tympa 5

(B) Opoiwng 6mmwg oto gpotpa (o) o piyova AAE kot AAZ givan ica, omote Oa
£youv
AAE = AAZ.

Emedon ot yovieg TAE kot BAZ givau {oec Mg KaTd Kopuen, Emetal OTL:

AAE-TAE = AAZ-BAZ = AAT = AAB,
0mOTE KO 0TV TEPINTOON VT TPOoKHITEL OTL 1] AA £ivo dtyoTOHOG TNG YOving A tov
pryovov ABT . X1 cuvéyelo Tpoympaple OTmG 6TO ep@TM (o).
Evoiioktikd, Bo umopoldcaile vo mpoywpnoovie og eENg:



Ao v 6ot Ta TV Tpryovev AAE kot AAZ TpokOTTEL KOt 1) 160TNTO AZA = AEA ,
omdte VKoM TpokLITEL OTL Ta. Tpiywva BAE kou AI'Z elvon ioa, ondte Bo etvan

AB = A", 1 evbeia AA eivan pecokdOetn g mievpdg BI. Apa eivar AB = AT

Kot 611g 600 Teprtdoelg LTopolLE Vo, YPTGILOTOMGOVLE TO YVOGTd Bedpno g
lewpetpiag, Pdoet tov omolov, av ce £va TpiymVo £va VYOS TOL £ival Kt STY0TOLOG,
TOTE TO TPLYWVO EIVOL IGOGKEAEC,

OEMA 4°

Mia Bpoon A yepiler (Aertovpymvtag novn mce) pio dse&opevn o Tpelg  wpeg. Mia
devtepn Ppvon B yepiler (Aettovpydvog povn me) v O delopevn og TEGGEPIS
wpes. Mia tpitn 1éhog Ppoon I' adeidler (Aettovpydviag povn tg) v idwa dedopev
(6tov BEPona etvon yepdtn) oe €51 Mpeg. 'Evag ouTOHATOS P avioOg avolyeL pe Tuyoio
cEPa Kot TIS TPl Ppoeg e tov £ENG TpOmo: avoiyel pio Ppoon, LeTd amd 00 MPES
ovoiyet pio GAAN Kot TEAOG PETA amd i @po avoiyet kol v GAAN Bpoon. Evag dilog
UNYovicuog LeTpd To ypovo mov ypeldletal va yepiost n oeopevn kou EEKva
Agttovpyio Tov POALS TEGEL vepd péoa ot oeCopevn. Tlowr eivor ekeivn n oepd pe v
omoio av avoi&el Tig fpOceg 0 UNYOVIGHOG, 0 aplBlog Tov wpmv Tov Ba ypelactodv (Yo
va yepioer n deapevn]) va givon aképoog opbpog; Towog eivon oe kabe mepinmtwon
oTOS 0 OKEPOLOG aptOpdc;

Avon

‘Eoto x, o apBuog tov opav mov ypetdlovior yo va yepioet n degopevn. Tote ot
duvatol TpoOTOoL e ToVG omoiovg pumopel va. avoi&et Tig fpiceg o unyoavicpog (padi e Tig
avtiotoyeg eE16MGELS TOL OMpOVPYOVVTAL) EIVOL:

(1) A-B-T §+x_2—x_3=1 e Sx=1246-6 < x="12

4 6
QBAT X2 X v is-6 o=t
4 3 6 5
(3) AT-B ?—x62+—3—]<:>5x=12+9—4<:>x—%

x x—2 x-3

(4) B-T'-A —— +——=] &5x=12+412-4 > x=4
4 6 3
X X X 16
(5) T-B-A —+ ——=] @ix=12+4d o> x=—
4 6 5
(6)T-A-B %+x_]—§=1 o Sx=12+3ox=3
"Evag tpomog avoiypotog sivor B-I'-A pe avtiotoym owdpkelo x =4 mpeg (mepintwon
).
‘Evog devtepog tpoémog avoiyupatog eivor I'-A-B pe avtictoym owdpkeo x =3 @peg
(mepintwon (6)).

21 nepintoon (4) (mov avoilyel mpwta n Ppoon B), o ypdvog apyiler va petpdet pe to
dvorypa g Ppoong B.



Av Aoumdv vmoBécovpe OTL 0 AmOLTOVEVOS YPOVOC Yo Vo YeRioeL 1 de&apevn elval x
mpeg, T0TE M Ppoon B Ba £xel yepicetl ta % ™G 0eapevns. X GuvEXEl avolyet M

x—2

Bpoon T' n omoia B Aettovpyrcer x — 2 mpeg ko Bo adeidoet To ™G deloplevnc.

Téhog Ba avoiel n Ppdon A 1 omoia Bu Asttovpynoel x —3 peg kot Oa yepioel ta

X3 g deCapevng. Me avtd tov tpdmo mpoxvmtel 1 e&icwon (4).

X mepintwon (6) (mov avoiyel mpmta 1 Bpdon I'), o yxpovog apyilel va peTpdet pe to
dvorypa g Ppoong A (81011 0 pnyovicpog ypovopetpnong apyilel poag mécel vepo

ot ds&opevn).
Av Aourdv vmoBécovpe OTL 0 AmOLTOVEVOS YPOVOC Yio Vo YEpioeL 1 de&apevn elval x

wpeg, t01E 1 Ppvon A Bu Exel yepicel Ta ? ™G de€upevng. X1 GUVEXELN avolyeL 1)

x—1

Bpoon B n omoia Ba Aettovpynoel x — 1 @peg kot o yepicet to g de€opeviic.

Téhog 1 Ppvon I' Ba Aettovpynoel x @peg, kot Bo adeldoel o g ¢ deapevne. Me

aLTO TOV TpOTO TpoKkVuTTEL 1] eicmaon (6).
Avaroya eEnyoldvTal Kot o1 VTOAOITES TEPUTTOGELS.

B AYKEIOY
OEMA 1° (
Av a, f eivon Betikol mpaypatikoi opibpoi, va amodeiEete ot

%ﬁﬁ<[l+l)a+ﬁ_

a+p \a p) 2
Avom
‘Exovpe
Jap <L, (1)

2
TOV GYVEL YTl £lval Ioodvvaun we tnv aAndn avicotnta 0 < (\/E - \/E ) .

Emmiéov &povpe

4 1 1
arfa B’ @

N omoio IGYVEL YOt YPAPETOL WG

4 1 1 4 _atp

a+pf a B a+p aff

Me moAlomloclocpd Kotd péEAN tov ovo avicottov (1) kol (2) AapPdavovpe

{nroduevn ovicoTTO
Nap (L 1) a+h
a+p \a f 2

<:>4aﬁ£(a+ﬂ)2 <::>0S(o:—/5’)2.



OEMA 2°.
Alvetar o&uyovio tpiymvo ABT, eyyveypappévo oe kokko C(O,R). Av A,,B,,T", givan

Ta peéca tov mievpov tov BIL, AL AB avtictoya ko A,,B,.I", eivat ta péoa tov
OA,OB,OrI' avtictoya, va amodeiéete 0Tt to e&dyovo A, B I, A B,I7, €xet 11 mhevpég

TOV 10€g Kot 0TL oL drydviEg Tov A A, , BB, kot I'|I7, mepvave amd to id1o onpeio.

Avon
Egdoov O givor 1o kévipo Tov Tepyeypappévou oto tpiyovo kOkAov, Oo 1oydet
OA=0B=0I'=R.

Zynuo 6

To guBiypappo tpipe A,B, cuvdiel ta péoa tov mAsvpmv Tov tpryovov OAT, dpa:

or R
AB =—=— 1).
Bi=—r=7 (1
To gvBiypappo turo A,B, cuvdiel ta péca tov mAsvpdv Tov tprywvov OBIT, dpa:
or Rr
AB, = - =3 (2).

Me 6poto 1pdmo amodetkviovpe OTL OAEG O1 TAEVPES TOV TOAVYMVOL etvon 1GeC e 5

Xpnowomowwvtag Tic oyéoelg (1) kot (2) cvpmepaivovpe OTL TO TETPATAELPO
ABA,B, elvar mapaAinAoypoppo, omote or Syoviég tov o S1oTopoUVIOL GTO

onueio K .



Mg oOpowo tpoémo  ovumepaivoope  OtL  To  TeTpdmievpo A LA, etvan
TOPOAANAOY PO, OTTOTE KOl GE QUTT TN TEPITTMOT 01 dlaydvieg Ba dryoTopovVTaL GTO
onueio K.

OEMA 3°.
AV 10 TOVG TPOyUaTIKOVG aptBpovg x, v pe x = 2009 ko y = -2009 1oyvel ot

JX=2009 +.fy+2009 = -

+1,

va Bpebet 1 Ty g Tapdotacng
_x—y+2

2

A

gt)oéll:)pntsg nopactacels opilovrot ywti divetar 0t x = 2009 xa y = -2009.

Av 0écovpe Vx—2009 =a kat 4/ y+2009 = b, tote AapPdavovpe x =a” +2009 kot
y=b>—-2009, and TIg omoiec TpoxvmTel 1| eélowon x+y=a’ +b".

Tote n dedopévn 106 T YivETOL:

a® +b?

a+b= +tled*+b*-2a-2b+2=0

o(a-1)Y+(b-1)=0=a-1=b-1=0=a=b=],
omote Ba etvar x =2010, y =-2008 ko A =2010.

OEMA 4°
Na Avbel o cvotua:

(x+y) =z-2x-y
(y+z) =x-2y-z (2)
(z+x) =y-2z—x

GTO GUVOAO T®V TPAYUATIKOV oplOpmv.

Avdon
Oétovpe X+ y=a,y+z=f ko z+ X = ¥, on0TE T0 SOGUEVO GVOTNUO YIVETUL:

a’ +2a=p afa’ +2)=p

B r2p=y S{pp+2)=y
Y +2y=a "Wy +2)=«a
Amo 1 teEdevTain £KQPUCT TOL GUGTIHOTOS CUUTEPUIVOVLE OTL £YEL TN TPOPOVE] AVGCT:
a=F=y=0.
Oa anodeiEovpe 0TL TO GHOTM deV £xEL AAAN AVo).
Av afy # 0 tote nolomhacidlovtog Tig oYECELS £JOVE:
afy(a’ +2)(°+2)(y" +2)=afy < (a’ +2)(f"+2)(y +2)=1.
H tehevtoin 160TnTo dev eivon Suvato va 1IGYDEL , OTOTE KATAANYOVLE GE GTOTO.
Av vroBécovpe 6tL a =0 to1e B woyder =y =0.
Av vmobécoupe 0Tt =0 tote Ba woyder o =y =10.
Av vrobBécovpe 6t ¥ =0 to1e B woyver @ = F=0.



Amodeiape Louov 011 to choTua dev £yl GAN Aon exktoécand v @ = B =y =0.
Apa 1o apykd choT yiveTol:

x+y=0

y+z=0r s x=y=z=0.

z+x=0

I'" AYKEIOY
OEMA 1°
No anodei&ete 0TL dev vdpyovv Oetikol aképatol x, y mov va enoinbgdovy v
eElowon
2x2+3x(x=—2)+11x—10ynz2015.

Avon
H dedopévn e€icwon givon icodvvaun pe v

x(x+1)-2y=403 . (1)
Emeon] v 0hovg toug Betikong aképatovg x, y ot apipol x(x+ 1) Kot 2y elvon dptiot
Oeticol axépatot kot 1 dapopd Toug x (x + 1) —2y Ba elvar dptiog Betikde aképatog,

omdte dev glvar duvatov va oot pe 403.

OEMA 2°
Mo m ovvapmmon f: R — R woyde ot

Sx=f )= (=7 (x)=21 (1 (x)= 1 (»)) , noxide x,y R
Na amoodeite ott f(x— f(x)) =0 ,yuukabe xeR.

Avon
O<toupe 611 SOGLEVT GLVAPTINGLOKT GYECT OOV ¥ TO X KO TOipVOUE:
fle=f )= fle = f(x)) = 2/ (£ (x)- £ (%),
ontote Oagivan f(0)=0.
Oétouvpe 611 S0GpEVT GLVOPTNGLOKT GYEon Omov X 10 () Kot maipvoupe:
SO-1 )= 1= r0)=27(10)-1(»)
KoL gpnoponolmvag v wotte. f(0) =0, kotainyovpue:
SEON-s0)=2/C 1) e fEri)=-s0).
Oftovpe (ot Teevtain 160TNTA) OOV ¥ TO X KOt EYOVUE TN GYEON:
S (=1 (%)== (x). )
Oftovpe 611 S0GPEVT GLVOPTNGLOKT GYECT 0oL ¥ To () KO TAipVOLLE:
Sa=10)- 0= f(x)=2/(f(x)- f(0))
Kat ypnoyorowwvtog Ty wot e f(0) =0, xatorqyovpes:

F ()= (=1 (x)=27(f (). )



And g oyéoeig (1) ko (2) éxovpe: f(f(x)) = f(x), Yo kGbe x e R,
Oétovpe TEA0G 6T SOGUEVH CUVEPTNGLOKT 6XEon 0mov ¥ T0 f(X) Ko
YPTCYLOTOUDVTOG TN TPOTYOVUEVT] 160TNTO. EovpE [ (x - f (x)) =0,ywxibe xeR.

®EMA 3°.

Atvovtan tpelg Betikol axépartor apiBpoi g popeng a000---000 , 6mov a civan
2v—ympia

BeTiKOC pHovVOYNQ10¢ OKEPOLOG KO LETAED TOL TPMOTOL KOl TOV TEAELTAIOV ymeiov TOV

appod a 00---00 « , pecorofoidv 2v 1o mAnBog undevika. Nao amodeilete 0TU “N £vog

amo avtovg Oa daapeitat pe to 33 1 1o dfpoicpa kamowwv and avtovg Oa dwapeital pe
10 337,

Avon
[Mpota Bo anodeilovpe Ot KGO apBuog g popeng a 000---000a dpeiton pe T0
2v—ympio
11. Ipayuatt, kabe apBuog mg tapomdve Lopeng YpapeTal,
a00--00a=a-10"+0-10" +---+0-10" +a- 107" =

=a+a-10" =

=a(l+10°" )=

=a(1+10)(10 =10 +...x 1)=1la «.

K

‘Ecto topa o;,a,,a; tpeg onowwdnnote Oetikol oképorot apldpol. g popeng

aO(f -y-ﬁ;zg()o: . Oa arodeiCovpe 0TU “N Evag and ovtovg Ba dwpeiton pe o 3 1 TO
dOpotopa kKdnowv amd avtovg Ba dwupeiton pe to 37, (1)

Av kdmoog amo tovg aplOpovg a;,a,,a; dpeital He To 3, TOTE TPoPavds Do toyveL
n npdtao.

‘Eotm 0tL 10 3 dev Swpel kavéva and toug aplipodc o, a,,a;.

Tote vIApPYOVY Ol TEPUKATHO SVVATEC TEPIMTOCELS:

1) Av 6hot or apBpoi etvan tng popeng 3k + 1, tote npopoaveg o, + o, +a; = 3m

2) Av 6lot o1 apBpot givan g popeng 3k + 2, tOte Tpopaveg o, + &, +a; =3n

Xe OAeg TG GAAEG TEPUTTMOGELS £VOS TOVAGIGTOV aplBpog Ba elvar g popeng 3k + 1
Kol £vag TOLAAYIGTOV TNG Hopeng 3k + 2, omote To dBpolouo autmv TV 600 aplfpmny
Ba eivon Tpopovmg TOALATAAG10 TOV Tpid.

Emeion kabévog amd tovg aplbpoic a;,a,,a; mg popeng a00---00a dpeital pe to

11, émeton 6T kou To ABpoIGHe 06WVONTOTE amd ovtovg Bo drtoupeiton pe to 7117.
Aappdvoviog vrdyv T TPoNyoUHEVES TPOTAGELS, KATUANYOUHE 6TO {NTOVHEVO.

OEMA 4°.
Atvetan tpiyovo ABT, eyyeypappévo o kixkho C(O,R) xot éotw A,,B,, T, ta péca

R
twv Thevpav tov BIL, A, AB avtictoya. @swpodpe toug kokrovg C (A, E) ,

G, (B, %) kaw Cy(I7, g). Amooeilte 0t1 01 kUKAoL C), C,,C; mepvave amd 1o 1610



onpeto (€otm N) Kot 6Tt o devTEPQ KOWA onela Tovg elvan ta péoa A,,B,, I, tav
OA,OB,OrI' avrtictoya. Xt cvvéyelan va amodeifte 6ttot A /A, ,B,B,,I'' ", kat ON
mepvave and to 1010 onueio.

Avon
To tpiyovo A BT, eivan 6pow pe 1o tpiywvo ABI'. O Aoyog opowdtmrog tmwv 800

Tpryovev givar A = >’ omOTE O MEPLYEYPULUEVOS KVUKAOG TOL Tprydvov A B I, Oa &yxet

. R
aKTiVOL — .
2

(Cy)

Zypo 7
Ot KOKAOL TOPE TOV £X0VV KEVIPQ TIS KOPLYES TOL Tprydvoy A BT kot aktiva > Oa
nepvave and 1o mepikevipo N tov tprywvov A BT . (To onueio N eivan 10 kévipo
T0L KOKAOL Tov Euler tov tprydvov ABI)

Av A,,B,,T, sivau 1o péoa tov OA,OB,OI" avtictoyya, T0tE:

R
Ale = Alrz = BlAz = Blrz =ﬂA2 = rle :3-

(To mopoméve tpuqpeta A B,,AT,,BA,,BI,,I'A,,I\B, eivar didpecor mpog v
vroteivovco Twv opboywviov tpryovev OA B, OAT,OBA, OBI', O[[A xm
OI'B.)

Apa to 6e0TEpU KOWVA oNUEin TOV KUKAWV C1(A|>§) R CZ(B,,I;) Kot Cs(l",,I;) etvan

ta onpeia A,,B,,T.



R
Ta tetpdnievpa I'NBA, kov OB,A L, eivar poppor pe mhevpéc pkovg ) Kol ot
TAEVPEG TOL €VOG TETPAMAEDPOL, &€lval TOPAAANAEC e TIC WAEVPEG TOL GAAOL
(A,B,=//B,A,, A, =//AT,,....).
ATO TO TOPATAVED TPOKOTTEL OTL:
To terpdmievpo A,0A N eivor mopolinAoypaupo omote ot Swyovies tov Ba

dyyotopodvral. Andadn n A A, mepvd and to péco K tov ON mov eivat péco kot tov
AA,.

To terpdmievpo TA,ILA, eivor mopolindoypaupo omote ot Swyovies tov o
dyyotopodvral. Aniadn n I, mepvd and 1o péco K tov A/A, mov eivan péco Kot tov
Ir,.

Téhog 1o tetpdnievpo B, I, B, I, eivan mopaiinloypappo ondte ot dydviég tov Ha
dyyotopodvral. Aniadn n BB, kar mepvd and 1o péoo K tov II, mov sivan péoo

kot tov BB, .
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