MAOHMATIKO MNEPIOAIKO CRUX

1605. Proposed by M.S. Klambin and Andy Liv. University of Alberta,

A and AEC are 1sosceles right triangles, mneht aneled at £ and £ respectivelv,
described ontside AABC. F is the midpoint of BC

Prove that JFF 15 an 1=osceles
right angled triansle,

7. 1O89: 68| 24th Spanish Olympiad.
solve the following svstemn of equations in the set of complex numbers
|21 = |22 = || = 1.
71T 2w T I3 — |
anLy = l.
Solution by Seung-Jin Bang, Scoul. Repulilic of Korea,

Let Tdenote the complex conjugate of =0 We have =, = 1/, for 0 = 1. 2.5 It follows

that
_ | | | _
et ety = —+—+ — =T+ T+ =+ o+ oy =
] | 2
Consider the enbie polvnomial
0 ¥
— ) — ) r— )= — 2t — 1= (2 — 1) (2 4]

sinee o226 are the roots we have that oy, 2o, 2y are equal to 15 —¢ in some order,



11. The domain of function fis [0, 1], and for anv e # 0

|fle) = flas)| < |y — @l

Moveover, fl0) = 1) =0, Prove that for anv . 00 in [[]. 1].

|flzy) = flaw)] <

R

Solutions by Bob Priclipp. University of Wisconsin-Oshkosh. and by Michael Selby.
(versity of Windsor,

First [ flo) — fl0) < [# =0 tes [flo)] < 0 and the inequality is strict for o 2 (0.
Also [fler =il < le =1 e [fle)] < 1 =0 with striet inequality for = # 1. Therefore

[l < minle L — o),
and the inequality is strict nuless & = 0 or » = 1. Let ap.y € [0,1]. 1F [y — 0] < 1/2
then
|flar) = flas)] € oy — 20 € 1/2.
This gives [flaog ) — flosl| < 1/2 sinee © is strict unless o = 2y and this case is trivial.

So suppose oy —as| = 120 Without loss of generality suppose that o € (1/2. l] atel
vy € 0.1/2) Then

|flay) = flao)] < [fla)| + [ flae)| € 1=+ a0 =1 (11 —is) < 5

Theretore. in all cases | fla ) — flao ]| < 1/2 tor all w) # 5.



1. [1983: 108] 1987 British Mathematical Olympiad.
In the triangle A B0 with cirenmeentre (O, A6 = AC [0 15 the midpoint of AL,
anc £ 15 the centroid of trianele AC D, Prove that OF s perpendicular to C'0).

Solution by Jie Lou, student. Halifor West High School,
Jomn the lines OF . DO and A0, and let B be \
the ntersection of OF and AC &0 the mtersection of i
AO and D and f the intersection of AQ and 2. Sl
Fined the point £ oon BC souch that B = %Hf'. Since ! !
AALC 15 1sosceles and (2 1s the ciremmeentre, A 1s the { b
central line of BC. Since D is the midpoint of AB, G / \
15 the centroid of the triangle. and GCH = l;Jl” Thus 1 = Q..,r
GIAC. Therefore LHGI = LHAC = 2DAO. Since O AN \
15 the clrenmeentre and 2 1s the midpoint of A0, O0 / _ |
is perpendicular to AR Also. we have ZGHIT = 907 / i \
Then AGHT ~ AADO. From this we have GHJAD = Jfﬁ “\H “\H
HI/DO., Now, since DE = =DF = =CH = 2H 1 and / \ \
AG = 2GH. we have ’ i / N
AG DE b Hod a
AD T DO
Obvionslv, DE s perpendienlar to AH . so that JODF = 900 < ADE = JDAG From
this, AADG ~ ADOE. Since the angle hetween AL and D0 15 907, the angle hetween
DG and £0 mmst be 907, too, Thus OF 15 perpendicalar to OO0,

1639. Proposed by K.10S. Sastiy, Addis Ababa. Ethiopia.
ALCT 1= a convex evele guadrlateral, Prove that

AR+ CDV +(AD+ BCY > (AC + BD),



For the remaincder of this colimn, we tum to problems eiven i the June 1989
mimher of the Corner. We give solutions to all but numbers 3 and 6 of the Jrd Thero-
American Olympiad [19809: 163-161],

1. The ancles of a trianele are in arithmetical proeression. The altitudes of the
triangle are also in arithmetical progression. Show that the triangle s equilateral.

Solution by Bob Prielipp. University of Wisconsin—0Oshkosh.

Let A0 B C be the angles of the eiven trianele and let b, 0 6, be the corresponding
altitudes. Without loss of generality, we mav assmme 4 < B < ' hince the angles are
i arithmetic progression 4+ ¢ = 20, and since 4 + B+ O = 1807, L = 60", Now al=o
fro < T < By and a0 < 0 < cowhere a b, coarve the side leneths opposite AL B O respectivelv,

From the law of cosines b7 = a7 + 07 = 2ac cos 607 = o + o7 — ae. Now 2 = h, + 0,
ill]])lil'w that H"_;"l".l = f!r"_;"r! B _}!r,'r where Fis the area of T1'-12|1]_§_11|' ABC sn

2 | | o= ) Ziie
= —T — = or = .
i [} i i =i
o g i ] o P L ip . . s
Since b7 =" + 07 — e, date” = (o + o) Tla” + o0 — el From this we get
f I iy . oo
D=la+c|" o - —ac] —da e
p W i W oo
= [I_r: — 7 =+ lr:r'][j_r: — )"+ r:r'] — da~e”
i v = 12
= =] e i —
p eIy 2
= (-] [._r: — ol -Jr:r'].

aned soa = o This eives o = b = ¢ sinece a < O < ¢, and the eiven triangle 1s equilateral,



1818. [1993: 50] Proposed by Ed Barbeau, University of Toronto.
Prove that, for 0 < z <1 and a positive integer &,

(1+ z)*[z +-(1 — )] > .

L. Solution by Panos E. Tsaoussoglou, Athens, Greece.
The proof is by induction on k.
Let £ = 1; then

I+z)z+(1-2)]=(1+z)1-z+2) =1+2°>1,

and thus the inequality is true for & = 1. .
Assume that the inequality holds for some k =n > 1, i.e., (I+z)*z+(1—2)"*+1] > 1.
It is sufficient to prove that

(L+2) "z + (1 = 2)"?] = (1 + 2)"[z + (1 — )] > 0,
or equivalently that
2(1+2)™ + (142" (1 = 2)™ — 2(1 + 2)* + (1 + 2)°(1 — )" > 0.
However, the left hand side reduces to
z(1 -l-m)“(i +z—1)+(1+z)"(1 —z)"" (1 —-22-1)
=21 +z)" — 21 + z)*(1 — z)™* = 2%(1 + )1 —(1—z)"*1).
Thus we have to show that |
221+ z)"[1 - (1 —z)""'] > 0.

But this inequality is true since 1 > z > 0 and 1 > (1 — z)™*1. Therefore, the given
inequality is true for all k. :

II. Solution by Chris Wildhagen, Rotterdam, -The Netherlands.

We have

(L +2) e+ (1= 2)*] = 2(1 + 2)* + (1 — 2)(1 — 22)*
> [z(1+2)+ (1 - 2)(1 —2?)}F (1)
= (1 +-T3)k 21, |

where for (1) the convexity of the function ¢ ~ t* (k > 1) on the interval [0, 00) is used.
[Editor’s note: (1) uses Jensen’s inequality; we could also use the fact that the (weighted)
kth power mean for k£ > 1 is greater than the arithmetic mean.)

-



Now we turn to solutions to problems of the 22nd Austrian Mathematical Olympiad
2nd Round[1993: 101]. (Next month we will give the solutions received for the final round.)

1. Let a, b be rational numbers such that Va + Vb is a rational number ¢ #£ 0.
Show that ¢/a and V/b themselves are rational numbers.

Solutions by Seung-Jin Bang, Albany, California; by Joel Brenner, Palo Alto, Cal-
ifornia; by Geoffrey A. Kandall, Hamden, Connecticut; by Waldemar Pompe, student,
University of Warsaw, Poland; by Bob Prielipp, University of Wisconsin-Oshkosh; and
by Chris Wildhagen, Rotterdam, The Netherlands. We give Kandall’s solution which was
similar to several others.

We have ¢® = a+b+3¥a v/b(/a+ v/b), hence we have /a /b = (t—a-0)/3ce Q.
Let k£ = (¥/a)? + ¥/aV/b + (¥/b)?. Note that k = ¢* — Vavb e Q Wehavea — b =
(V@ — Vb)k. I k # 0 then ¥a— Vb= (a— b)/k € Q. If k =0 then @ = b. So, in either
case Va— Vb e Q.

Finally ¥/a = 3((/a+ V) + (a— Vb)) € Q,and Vb =c— {/a € Q.

2. Determine all real solutions of the equation

1 1 1 1 1 1 1 1

- - — - = 0.
:1:+:c+2 r+4 46 zx4+8 z+10+a:+12+:c+14

3. Find all natural numbers 1 which satisfy equalities
Sn)=82n)=53n) =--.=8n?)

if S(x) denotes the sum of digits of the number x (in decimal).

Solutions by Himadri Choudhury, student, Hunter High School, New York;
and by Bob Prielipp, University of Wisconsin-Oshkosh. We give Prielipp’s solu-
tion.

The natural numbers 7 which satisfy our equalities are 1 and 10™ — 1
for m = 1,2,.... To prove this assertion, we begin with some simple, but
useful, facts about digital sums. Let L(x) denote the number of large digits
(digits greater than or equal to 5) in the number x and let C(x @ ) denote
the number of carries when x and v are added using the normal algorithm
of addition. Then

S(2n) = 28(n) - 9L(n)
Sm+mn) = S(m) +S(n)-9C(men)
S((10™ -1)-n) = 9m - S(n).



