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1#'%8$0!%*%*6'$7$!+*;.!$#!'0$!&3/%(#!8#4$,(=$71!&$$!%*(*%'$!$3!46&3 
/%#.!/$1#'%8>.! %74%(#.%!A%! $31! ('%#!#1$('3D3$! +*;.! $$!&3/%($! *%,1-!
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∧
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%(1#%!(&#!8#%!6$&%!69$7/%!!)*!6!*0!8#%!!+)!6!!0% 
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∧
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∧
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∧
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∧
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∧
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%8$+.! $$7! %*%*6'$7! $;1! !,$!
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&$31!2%1&%!"-%%#2!(0&3!$$7!%*%*6'$7%!+-
1$(4%$#$!&$31!*,+$#&3!4!9,3&%/$*$%%($#%!

 
67#.$""( 

 
67#.$"()$ 



 )!-*EA*#F"+!<#"!)EF" 25 

3! 611$%#! $3.!8#4%$+$3$#.! $3.! %74%(#.! /%0!*,$.! $%.!-*%%,%.!#8$(1%.! $3.!

'6&/3.!:%#!1#!%846&%%!$3!&71%*(*%'3! %'%+$3$#!$;1!%74%%51!$3.!'6&/3.%!

A%!#7$>!$31!611$%#!3!*,+$#&3!9#,#8$3,(=%$#%!;.!61#.! 2*#,#:;:%8+.2!!

&7''$:%&/+.% 
 
 
/(3&#'0!*!&4)#!*' 

&1%!'5)!"'3"$"/!"$%#&!.13"!"/!$!)! $'&)!"($("')#!!#!"!)&!"'3"$"/!
"$%#&!(#"10060"/" 
 
*53+!$60 
.&$;!+$%!$%!%74%(%.!-,!8#%!+!!%(1#%!8-4%$%.!&$$!('%$!%*(*%'$$!/%!

!!8#%!,!$#!(913!$$7.%!0#!#*$'%%94%(!+$%!$%!'0$!%74%(%.!-,!8#%!+!!%(1#%!

*#,-''3'%.% 
*151$7/%! $#! &3/%(#! !!

8#%!,!$;1!'0$!%74%%51!8#%!(6-
,$7/%! $31! ,*! *-1;! &$$! %*(-
*%'$$!8-4%$3!&$3!!,!8#%!(&3!/%!

$31! +!%! **(&3.! (6,$7/%! $%.!

+*$!!!*!8#%!+,% 
**%%'>!3!+!!%(1#%!8-4%'

$3! &$$! %*(*%'$$! %(1#%! 8-4%$3!

8#%! &%! 8-4%! %74%(#! $$7! %*%*6'

'$7! *$7! *%,1-! #*+! $$! (91$.!

$3.%! 3,#! $%! :;1(%.!
∧

!$# ! 8#%!
∧

ΑΒΕ !%(1#%!$,46.% 

"/$(;.$! %*%%'>! !3!-,! %(1#%!8-4%$3!&$$! %*(*%'$$!$%!:;1(%.!
∧

ΓΔΒ  

8#%!
∧

ΓΔΕ !%(1#%!$,46.% 
**%%'>!!!,!!8$%1>!8#%!+!!6!,*$!$#!$,4$:51%#!$,(:;1#!!+!,!8#%!

!,*!%(1#%!(&#$!$*+$%!+,!6!!*% 
**(&3.!#($0!+,!6!!*$! !+!!6!,*! ! !8#%! !+*! !8$%1>$!$#!$,(:;1#! 

+,*!8#%!+!*!%(1#%!(&#% 

 .$&%!$%!:;1(%.!
∧

ΑΔΕ !8#%!
∧

ΑΒΕ !%(1#%! (&%.!8#%!#($0!3!$%'%7$#(#!

%(1#%!$,4>$!%(1#%!$,4>!8#%!3!
∧

ΑΔΕ %!3,#!3!!*,!!%(1#%!8-4%$3!&$31!,+!8#%!

/+*;.!:1;,(=$7/%!0!&$%.!,!!8#%!,-% 

 
67#.$""* 



 
 

26 *?@!*",)!,<#"")*"+- 

<71%*5.!$%!%74%(%.!,-$!,!!8#%!,+!%(1#%!$/$%*(*%'%.$!8#45.!8#%!3!

+!$!#($0!$$!$,(:;1$!+!,!$,(=%%!%*(*%'$%!.$&%$!$%!+!!8#%!-,!%(1#%!$/$'

%*(*%'%.!8#%!#($0!$%!:;1(%.!
∧

%#$ !8#%!
∧

ΑΒΔ !%(1#%!$,46.$!$%!'0$!%74%(%.!

%(1#%!*#,-''3'%.%! 
!."%'% 
 
 

/(3&#'0!+!&4)#!+' 
&1%! !'5)!"'3"$"/!"$%#&! !(#"10060"/!.#&!06%3)5%!(1%9!$"!.13"!
,&#!#(#!#'!*/!!'+#$#!$6,"$##!6!"'3"$#!()'!$'%'*"&! !!#!$6,"$#!
#'!1!."$!#&!$!)!$'&)!"($("')!,"!!&/!'5)!!(#"10060"/"! 
 
*53+!$60 
.&$;!*)1!3!%74%(#!*$7!$,(=%$#%!#*+!$#!'0$!$79#(#!&3/%(#!*!8#%!

1!$;1!*#,-''3';1!%74%%51!

+!!8#%!-,!#1$(&$$%9#%!0#!

#*$'%%94%(! +$%! $#! &3/%(#!

$3.!*1!&,(&8$1$#%!&$$!%*(-
*%'$! $;1! %74%%51! +!! 8#%!

-,% 
?*$46$$7/%!+$%!3!%7-

4%(#!*)1!'%!&,(&8%$#%!*-'

1;!&$$!%*(*%'$!$;1!+!!8#%!

-,% 
#+$%$!#1!(6,$7/%!%*(*%'$!*$7!*%,1-!#*+!$31!*)1$!#7$+!4#!$6/1%%!

$$!%*(*%'$!$;1!+!!8#%!-,!8#$-!%74%(#!:,#//>$!$31!*1% 
.$&%!$%!%74%(%.!*)1!8#%!*1!4#!$,(=$71!/(#!%*%(-1%%#$!*,-:/#!-'

$$*$%!/,0$!%74%(%.!/%!'0$!8$%1-!&3/%(#$!$#7$(=$1$#%0% 
3,#!3!%74%(#!*1!8%($#%!*-1;!&$$!%*(*%'$!$;1!+!!8#%!-,%!!
!."%'% 
 
  
<#"#!-"6$6%  
A%!$31!*,+$#&3!*!:(1%$#%!(#1%,+!+$%!$%!*#,-''3'%.!%74%(%.!&$$!

95,$!4%;,$01$#%!;.!$/$%*(*%'%.% 

 
67#.$""+ 



 )!-*EA*#F"+!<#"!)EF" 27 

/(3&#'0!,!&4)#!,' 
&1%!'5)!"'3"$"/!"$%#&!(#"10060"/!.#&!6!,&#!#(#!#'!*/!"$%#&!.1$
3"!6!(")/!*%#!"($("')#!!#!"!.#&!6!1006!3#!"$%#&!.13"!6!(")/!#'$
!#!!)!"($("')" 
 
*53+!$60 
.&$;!+$%!$%!%74%(%.!+!!8#%!-,$!*$7!%(1#%!*#,-''3'%.$!$6/1$71!$$!
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∧
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∧
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**%%'>!+!! 6!,*$!+,! 6!!*! 8#%!+*! 8$%1>! *'%7,-! &$#! $,(:;1#!

+,*!8#%!+!*$!#7$-!4#!%(1#%!(&#$!$*+$%!!
∧

ABE  = 
∧

ΑΔΕ . 

.$&%$!#($0!3!:;1(#!
∧

ABE !%(1#%!$,4>$!%(1#%!$,4>!8#%!3!
∧
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%*(*%'$!$;1!*#,-''3';1!%74%%51!+!!8#%!-,% 
.$&%$!3!-,!%(1#%!8-4%$3!&$31!,*% 
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<71%*5.$!3!-,!%(1#%!8-4%$3!8#%!&$31!!,!/+*;.!'%(9438%0$!8#45. 
8#%!&$31!,*$!'3'#'>!%(1#%!8-4%$3!&$$!%*(*%'$$!#($0!%(1#%!8-4%$3!&%!'0$!

%74%(%.!$$7!%*%*6'$7!*$7!*%,1$01!#*+!$$!(91$.!$3.%!!
!."%'% 
 
 

/(3&#'0!-!&4)#-' 
&'3"$"/!(#"10060"/!(")/! !6%! $'&#! "'3"$#!.#&!)&!)()$"/!'"!2"$$
$.)%!#&! $!)! $'&)!,"!#'!-%! "($("')#! "$%#&! !,"!#;5! !)'/!(#"10-
060"/" 
 
*53+!$60 
.&$;! +$%! $%! %74%(%.!+!!

8#%! -,! %(1#%! *#,-''3'%.! *,$.!

$31!*1!8#%!'%!&,(&8$1$#%!+'%.!

&$$!('%$!%*(*%'$%!0#!#*$'%%94%(!

+$%!$%!%74%(%.!+!!8#%!-,!%(1#%!

*#,-''3'%.% 
C-1;! &$$! %*(*%'$! $;1!

*#,#''>';1!*1!8#%!-,!(6,$7-
/%!$31!%74%(#!)@!8-4%$3!&$31!

*1!&%!$79#($!&3/%($!$3.!)% 
**(&3.$!*-1;!&$$! %*(*%'

'$!$;1!*#,#''>';1!+!!8#%!*1!(6,$7/%!$31!%74%(#!)0!8-4%$3!&$31!*1!

&$$!&3/%($!$3.!)% 
**%%'>!3!*1!%(1#%!8-4%$3!*,$.!$%.!'0$!%74%(%.!)0!8#%!)@$!4#!%('

1#%!8-4%$3!8#%!&$$!%*(*%'$!*$7!#7$6.!$,(=$71% 
.$&%$!#($0!3!*1!%(1#%!8-4%$3!&$$!%*(*%'$!$;1!)0!8#%!)@$!%15!3!

+!!%(1#%!*#,-''3'3!/%!$31!*1$!6*%$#%!/&0/(;1#!/%!$31!*,+$#&3!+0!+$%!

3!+!!%(1#%!8-4%$3!&$$!%*(*%'$!$;1!)0!8#%!)@% 
"/$(;.$!#($0!3!*1!%(1#%!8-4%$3!&$$!%*(*%'$!$;1!)0!8#%!)@$!%15!

3!-,!%(1#%!*#,-''3'3!/%!$31!*1$!6*%$#%!+$%!3!-,!%(1#%!8-4%$3!&$$!%*('

*%'$!$;1!)0!8#%!)@% 
3,#$!%(+&$1!$%!%74%(%.!+!!8#%!-,!%(1#%!8-4%$%.!&$$!%*(*%'$!$;1!

%74%%51! !)@! !8#%! !)0$!%(1#%!/&0/(;1#!/%!$31!*,+$#&3!50!/%$#20!$$7.!
*#,-''3'%.% 

!."%'% 
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/(3&#'0!!".!&4)#!".' 
&1%! '5)! !",%#,"%"/! "'3"$"/! "$%#&! #%!$$!)&+#! (#"10060"/! (")/!
'5)! !",%#,"%"/! "'3"$"/#! ()'! '"%! 2"$$.)%!#&! $!)! "($("'#! !)'/#!
!#!"!!#!'5)!7"586!!9%!!",%),*%9%!"'3"&=%!)"$7)'%!$$"/!89%$"/" 
 
*53+!$60 
.&$;!+$%!$%! $%/1+/%1%.! %74%(%.!!-!8#%!!+! %(1#%!#1$(&$$%9#!*#-

,-''3'%.!8#%!/3!&71%*(*%'%.! !/%!

$%.! $%/1+/%1%.! %74%(%.! *1! 8#%!

*,%! 
C#(,1$7/%! *-1;! &$#! '0$!

/3! &71%*(*%'#! =%0:3! $;1! $%-
/1+/%1;1! %74%%51! $#! (&#! $/>-
/#$#! !-! 6!!+! 6! *1! 6! *,! 8#%!

(6,$7/%! $%.! %74%(%.!!*$!+,! 8#%!

-1% 
0#!#*$'%%94%(!+$%! 

∧

ΓAB  = 
∧

ΔΕΖ . 
**%%'>!!-!(&3!!8#%!*#,-''

'3'3!/%!$31!*1$!6*%$#%!+$%!8#%!3!

-1! %(1#%! (&3! 8#%! *#,-''3'3! /%!

$31! !*%! "/$(;.$! #($0! !+! (&3!

8#%!*#,-''3'3!/%!$31!*,$!6*%$#%!

+$%!3!+,!%(1#%!(&3!8#%!*#,-''3'3!/%!$31!!*% 
.$&%$!#($0!$%!-1!8#%!+,!%(1#%!(&%.!8#%!*#,-''3'%.!/%!$31!!*!8#%!

'%!&,(&8$1$#%!&$$!('%$!%*(*%'$!/%!#7$>$!4#!%(1#%$!&0/(;1#!/%!$31!*,+'

$#&3!#$!/(&%.!8#%0!*#,-''3'%.!/%$#20!$$7.% 
##!(&#!8#%!*#,-''3'#!$/>/#$#!+,!8#%!-1!&71'6$1$#%!/%!$#!$/>'

/#$#!+-!8#%!,1$!$*+$%!8#%!#7$-!%(1#%!/%$#20!$$7.!*#,-''3'#!8#%!(&#%!!

**$/61;.$!$#!$,(:;1#!+!-!8#%!,*1!69$71! !+!!6!,*$! !!-!6!*1! ! !8#%!!

+-!6!,1%!3,#!%(1#%!(&#$!$*+$%!8#%!3!:;1(#!
∧

+!- !%(1#%!(&3!/%!$3!:;1(#!
∧

ΔΕΖ .  
!."%'% 
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!"#$%!!"#%(!,)&#-"$%(!!%!- 10  

A%!$%.!*#,#*-1;!*,$$-&%%.!%%&-:%$#%!3!611$%#!$3.!*#,#''3'(#.!

%74%%51!&$$!95,$$!'%#!/6&$7!$3.!>'3!4%/%'%;/613.!8#4%$+$3$#.!%74%(#.!

8#%!%*%*6'$7% 
)! *,+$#&3! 5! 4%;,%($#%! &#&%8>$! '%+$%! 8#$-! $31! #*$'%%8$%8>! $3.!

'%#'%8#&(#!%2#&(#'(=%$#%!+$%!'0$!8-4%$%.!%74%(%.!&%!%*(*%'$!%(1#%!*,5-
$%&$#!$/$%*(*%'%.!8#%!/%$-!*#,-''3'%.%!#$!:%:$1+.!#7$+!%1%&90%$#%!/%!

$31!*,+$#&3!*%!.$&%$!$$!+$%!'0$!*#,-''3'%.!%74%(%.!%(1#%!$/$%*(*%'%.$!

'(1%%! $3! '71#$+$3$#! 3! 8#4%$+$3$#! $3.! /%#.! &%! 61#! %*(*%'$! 1#! &71%-
*-:%$#%!8#%!$31!8#4%$+$3$#!$3.!-''3.!&%!#7$+!/*,+$#&3!+0%!A%!#7$+!$$1!

$,+*$!%%&-:%$#%!+9%!,3$-$!#''-!7*$1$$0/%1#!8#%!3!8#4%$+$3$#!'0$!%*%'

*6';1% 
)!*#,#''3'(#!'0$!%74%%51!&$$!95,$$!*$7!%(1#%!*#,-''3'%.!*,$.!

$,($3$!#*$'%%810%$#%!/%!$3!9,>&3!$$7!8-4%$$7!%*%*6'$7$!+*;.!8#%!3!*#'

,#''3'(#!'0$!%74%%51!*#,#''>';1!*,$.!$,($3!&$$!%*(*%'$!#*$'%%810%-
$#%!/%!$3!9,>&3!$3.!8-4%$3.!%74%(#.!/*,+$#&3!#0%! 

#6'$.$!3!*,+$#&3!&)!%1$-&&%$#%!&$31!%1+$3$#!$;1!*,$$-&%;1!*$7!

#1#(6,$1$#%! &$31! *#,#''3'(#! %74%%51! &$$! 95,$$! 8#%! *#,$7&%-=%%! $31!

%&+$3$#!'0$!:;1%51!/%!#1$(&$$%9#!*#,-''3'%.!*'%7,6.$!#''-!%%&-:%%!8#%!

$31!*#,#''3'(#!'0$!%*%*6';1!*$7!'%#*,#:/#$%0%$#%!3!*,+$#&3!&4% 
 
 

/(3&#'0!""!&4)#!""' 
+(#!')3*%!$6,"$)!()'!2"$$."!#&! ".!#/! "%#/! "(&(*')'! %#!#+3"$!
"'3"$#!8"#,,-!.13"!6!!(")/!!)!"($("')" 
 
*53+!$60 
26,$7/%!$79#(#!%74%(#!

!-! *-1;! &$$! '$461! %*(*%'$!

8#%! #*+! $$! '$461! &3/%($! +!

$31!8-4%$3!%74%(#!+,!%*(!$3.!

!-%! /#$! &3/%($!+! 8#%! 3! %7-
4%(#!!-!$,(=$71!%*(*%'$0% 

*-1!3!+,!%(1#%!8-4%$3!

&$$! '$461! %*(*%'$$! $+$%! 69%%!

#94%(! #*+! $$! &3/%($! +! 8--
4%$3!&$$!%*(*%'$% 
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*-1!3!+,!'%1!%(1#%!8-4%$3!&$$!'$461!%*(*%'$$!(6,$7/%!*-1;!&$$!

%*(*%'$!$31!%74%(#!*,!8-4%$3!&$3!!-!&$$!&3/%($!,%!**(&3.$!*-1;!&$$!

%*(*%'$! $;1! $%/1+/%1;1! %74%%51!,*! 8#%!,+!(6,$7/%! $31!+1! 8-4%$3!

&$31!,*%!#6'$.$!*-1;!&$$!'$461!%*(*%'$!(6,$7/%!$31!%74%(#!)10!*#'

,-''3'3!*,$.!$31!!-% 
**%%'>!3!!-!%(1#%!8-4%$3!8#%!&$%.!'0$!%74%(%.!,*!8#%!,+$!4#!%(1#%!

8-4%$3!8#%!*,$.!$$!%*(*%'+!$$7.!8#%!#($0!3!)0!%(1#%!*#,-''3'3!/%!$31!

!-$!4#!%(1#%!8#%!#7$>!/&0/(;1#!/%!$31!*,+$#&3!#0!8-4%$3!&$$!%*(*%'$!

$;1!,*!8#%!,+% 
)!!%74%(#!)0!;.!8-4%$3!&$$!%*(*%'$!$;1!,*!8#%!,+!%(1#%!8-4%$3!

&%! 8-4%! %74%(#!#7$$0! $$7! %*%*6'$7! *$7! '%6,9%$#%!#*+! $$! (91$.! $3.!1%!

.$&%!3!)0!%(1#%!8-4%$3!8#%!&$3!1+% 
<71%*5.$!3!1+!%(1#%!8-4%$3!$+&$!&$31! !*,! !+&$!8#%!&$31! !)0$!

$*+$%!%(1#%!8-4%$3!8#%!&$$!%*(*%'+!$$7.$!*$7!%(1#%!$$!'$461!%*(*%'$%! 
!."%*% 
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+(#!$6,"$)!!)!)()$)!2"$$."!#&!$"!*%#!"($("')#!%#!'?93"$!.13"$
!6!(")/!!)!"($("')" 
 
*53+!$60 
0%;,$0/%! 61#! $79#($!

&3/%($! !! %8$+.! $$7! '$461$$.!

%*%*6'$7. 
+*+! $$! !! (6,$7/%! $31!

8-4%$3! %74%(#!!-! *,$.! $$! '$'

461! %*(*%'$! /&0/(;1#! /%! $31!

*,+$#&3!&&0% 
<$$!%*(*%'$!$$7!&3/%($7!

+!8#%!$3.!%74%(#.!!-!(6,$7/%!

$31!%74%(#!+,!*#,-''3'3!*,$.!

$31!!-% 
**%%'>! 3! +,! %(1#%! *#-

,-''3'3!*,$.!$31!!-$!8#%!3!%7-
4%(#!!-!%(1#%!8-4%$3!&$$!'$461!%*(*%'$$!6*%$#%!+$%!8#%!3!+,!%(1#%!3!=3'

$$0/%13!8-4%$3!*,$.!$$!'$461!%*(*%'$!/*,+$#&3!+0%! 
!."%*% 
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/(3&#'0!"%!&4)#!"%' 
+(#! *%#! $6,"$)! "%#/! "(&(*')'! '"%! "$%#&! ''%#!#%! %#! '?93)5%!!
'5)!.13"!"/!(")/!!)!"($("')!#'!##!)&!)()$"/!%#!2"$$.)%!#&!(")/!
!)!$'&)!,*")/!!)'!"(&(*')'" 
 
*53+!$60 
.&$;!+$%!%(1#%!'71#$+1!

#*+!$$!&3/%($!+!$$7!'$461$$.!

%*%*6'$7! 1#! 7D5&$7/%! '0$!

8-4%$%.!+!!8#%!+-!*,$.!#7-
$+$! $%! $*$(%.! 1#! &,(&8$1$#%!

8#%! *,$.! $$! ('%$! /6,$.! $$7!

%*%*6'$7% 
#$!%*(*%'$!$;1!%74%%51!

+!!8#%!+-!4#!$6/1%%!$$!'$461!

%*(*%'$!8#$-!/(#!%74%(#$!6&$;!

$31!,+*% 
"%! %74%(%.!+!$!+-!8#%!

,+*!%(1#%!&71%*(*%'%.$!%15!3!

-+! 8#%! 3! !+! %(1#%! 8-4%$%.!

&$$!'$461!%*(*%'$%!.$&%!3!-+!8#%!3!!+!%(1#%!8-4%$%.!&%!8-4%!%74%(#!$$7!

'$461$$.!%*%*6'$7!*$7!'%6,9%$#%!#*+!$$!(91$.!$$7.!+$!8#%!&71%*5.!&$31!

,+*% 

3,#!3!:;1(#!
∧

!+* !%(1#%!$,4>$!+*;.!8#%!3!
∧

ΓΑΕ $!%15!&,(&8$1$#%!

*-1;!&$$! ('%$! %*(*%'$%!+7$+! %(1#%!#'01#$$$!8#%!&71%*5.!$%!'0$! %74%(%.!

+!!8#%!+-!&7/*(*$$71$!$*+$%!'%1!%(1#%!'71#$+1!1#!7D;4$01!'0$!8-4%$%.%!!
!."%'% 

!"#$%!!"#%(!,)&#-"$%(!""!*/")%!"& 

"%!$,%%.!*,$$-&%%.!8#'0*$$71!$3!'71#$+$3$#!8#$#&8%7>.!%74%(#.!

8-4%$3.!*,$.!61#!%*(*%'$!#*+!61#!&3/%($!%8$+.!%*%*6'$7!>!*-1;!&.!#7'

$+% 
)!*,+$#&3! &&!#*$$%'%(! $31!#74%1$%8>!/$,(>! $$7!:1;&$$0!4%;'

,>/#$$.!!"$%"",!8%"2$&'"$%!!!/&'6*%!)#!&$$!&9>/#!&"%&0$!$$!$*$($!&$%.!

&0:9,$1%.!*#,$7&%-&%%.!$3.!<$%,%$/%$,(#.!%/(#1(=%$#%!8#%!/%!$%.!/$,'

(6.!))%!8#%!)))# 
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@)"%-!/" 
{ ( ) ( ) ( )C1,C!,C   A ⊆Δ⊆Γ∉ $!1,!⊥!!-$!+,!⊥!!-7!⇒!+1!⊥/C0 
 
@)"%-!// 
{ ( ) ( )C!,C   A ⊆Γ∉ $!+1!⊥!/C0$!1,!⊥!!-7!!⇒!!!+,!!⊥ !!- 

 
@)"%-!!/// 
{ ( ) ( )C!,C   A ⊆Γ∉ , +1!⊥!/C0$!+,!⊥!!-7!!⇒!!!1,!⊥!!- 
 
 

/(3&#'0!"(!&4)#!"(' 
4#!"($("'#!"($!!9%!)()$9%!6! $'&#!"'3"$#!"$%#&!.13"!6!"$%#&!,"$
!#;5!!)'/!(#"10060#" 
 
*53+!$60 
.&$;! +$%! 3! %74%(#!+!! %(-

1#%! 8-4%$3! *,$.! '0$! '$&/61#!!

%*(*%'#%! 0#! #*$'%%94%(! +$%! $#!

%*(*%'#!#7$-!%(1#%!*#,-''3'#%! 
*-1! $#! %*(*%'#! '%1! %(1#%!

*#,-''3'#$!$+$%! /*,$%8$%%1+/%1#0!

4#!$6/1$1$#%!8#$-!%74%(#!:,#//>$!

6&$;!$31!)0% 
67#.$"""$' 
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C-1;!&$31!%74%(#!)0!*#(,1$7/%!$79#($!&3/%($!@!8#%!(6,$7/%!$%.!

%74%(%.!+@!8#%!!@!*$7!&,(&8$1$#%!#1$(&$$%9#!*-1;!&$#! '0$! '$461$#!

%*(*%'#% 
**%%'>!3!+!! %(1#%!8-4%$3!&$#!'0$! %*(*%'#$!4#! %(1#%!8-4%$3!8#%!

&$%.!%74%(%.!+@!8#%!!@!$;1!'0$!'$461$;1!%*%*6';1% 

.$&%!&$$!$,(:;1$!+!@!$%!:;1(%.!
∧

@+! !8#%!
∧

ΚΒΑ !%(1#%!$,46.$!*$7!

%(1#%!#'01#$$%!3,#!$#!%*(*%'#!'%1!$6/1$1$#%!8#%!&71%*5.!%(1#%!*#,-'-
'3'#%!!

!."%'% 
 
 

/(3&#'0!")!&4)#!")' 
&1%!'5)!!",%#,"%"/!"'3"$"/!"$%#&!#%!$$!)&+#!(#"10060"/!(")/!'5)!
!",%#,"%"/!"'3"$"/!.#&!'"!2"$$.)%!#&!(1%9!$!)!$'&)!,"!#'!*/!"($$
("')#!!#!"!!#!"($("'#!!9%!"'3"&=%!#'!=%!"$%#&!(#"10060#" 
 
*53+!$60 
.&$;! $%! $%/1+/%1%.! %74%(%.!

!+! 8#%! !-$! *$7! %(1#%! #1$(&$$%9#!

*#,-''3'%.! *,$.! $%.! $%/1+/%1%.!

%74%(%.! *,! 8#%! *1! 8#%! '%! &,(-
&8$1$#%!&$$! ('%$! %*(*%'$!/%!#7$6.%!

0#! #*$'%%94%(! +$%! $#! %*(*%'#! *$7!

$,(=$1$#%! #*+! $%.!!-$!!+! 8#%!*1$!

*, #1$(&$$%9#$!%(1#%!*#,-''3'#%! 
+*+!$$!&3/%($!!!(6,$7/%!$31!

8-4%$3! %74%(#! !)! *,$.! $$! %*(*%'$!

$;1!$%/1$/61;1!%74%%51!*1!8#%!*,% 
+*+!$$!)!(6,$7/%!&$$!%*(*%'$!$;1!!*1!!8#%!!*,!!$%.!%74%(%.!!)@!

8#%!)0$!*#,-''3'%.!*,$.!$%.!*1!8#%!*,!#1$(&$$%9#% 
**%%'>!3!!)!%(1#%!8-4%$3!&$$!%*(*%'$!$;1!%74%%51!*1!8#%!*,$!%('

1#%!8-4%$3!8#%!&$%.!%74%(%.!)@!8#%!)0!#7$$0!$$7!%*%*6'$7$!*$7!'%6,9$'

1$#%!#*+!$$!(91$.!$3.%!.$&%$!$%!:;1(%.!
∧

!)0 !8#%!
∧

ΒΗΚ !%(1#%!$,46.% 
+($0!+/;.!$%!%74%(%.!!+!8#%!!-!%(1#%!*#,-''3'%.!*,$.!$%.!)0!

8#%!)@!#1$(&$$%9#$!$+&$!$%!:;1(%.!
∧

!)0 !8#%!
∧

)!+ $!+&$!8#%!$%!:;1(%.!
∧

ΒΗΚ !8#%!
∧

ΗΒΓ !69$71!-4,$%&/#!'0$!$,46.% 
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.$&%!$%!:;1(%.!
∧

)!+ !8#%!
∧

ΗΒΓ !%(1#%!$,46.$!$*+$%!3!!)!%(1#%!8-'

4%$3!&$%.!'0$!$%/1+/%1%.!%74%(%.!!+!8#%!!-%!3,#!3!!)!%(1#%!8-4%$3!8#%!

&$$!%*(*%'$!$;1!$%/1+/%1;1!%74%%51!!+!8#%!!-% 
<71%*5.$!/&0/(;1#!/%!$31!*,+$#&3!&30$!#($0!$#!'0$!%*(*%'#!$;1!

$%/1+/%1;1!%74%%51!!+$!!-!8#%!*,$!*1!%(1#%!8-4%$#!&$31! ('%#!%74%(#!

!)$!$#!'0$!#7$-!%*(*%'#!%(1#%!*#,-''3'#%! 
!."%'% 
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&1%!'5)!(#"10060#!"($("'#!!*,%)%!#&!#(#!*%#!"($("')#!!#!"!)&!
.)&%*/!!),*/!!9%!"(&(*'9%!#'!=%!"$%#&!"'3"$"/!(#"10060"/" 
 
*53+!$60 
.&$;!+$%!$#!'0$!*#,-''3'#!%*(-

*%'#! $6/1$1$#%! #*+! $$! %*(*%'$!*10)!

8#$-! $%.! %74%(%.!*1! 8#%!)0%!0#! #*$'

'%%94%(! +$%! $%! *1! 8#%! )0! %(1#%! *#-
,-''3'%.%! 

*-1!$%!%74%(%.!*1!8#%!)0!'%1!%('

1#%! *#,-''3'%.$! $+$%! *,$%8$%%1+/%1%.!

%*(! $$7! %*%*6'$7! *10)! 4#! $6/1$1$#%!!

*,$.!$$!/6,$.!$;1!!1!!8#%!!0!!>!*,$.!$$!

/6,$.!$;1!*!8#%!)% 
.&$;! +$%! $6/1$1$#%! *,$.! $$!/6'

,$.!$;1!1!8#%!0$!&$$!&3/%($!@% 
**%%'>!$%!%74%(%.!*1@!8#%!)0@!

%(1#%! %74%(%.! *$7! #1>8$71! #1$(&$$%9#!

&$#!'0$!*#,-''3'#!%*(*%'#$!6*%$#%!+$%!

$#! '0$! %*(*%'#! 69$71!8$%1+!&3/%($! $$!

@%!+7$+!+/;.!%(1#%!-$$*$$!:%#$(!$#!'0$!%*(*%'#!%(1#%!*#,-''3'#% 
3,#!$%!&71%*(*%'%.!%74%(%.!*1!8#%!)0!'%1!$6/1$1$#%!8#%!&71%*5.!

%(1#%!*#,-''3'%.%! 
!."%'% 
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/(3&#'0!"+!&4)#!"+' 
&1%!'5)!"'3"$"/!!*,%)%!#&!#(#!(#"10060#!"($("'##!3#!!*,%)%!#&!
$"!,*"6!#%10)8#" 
 
*53+!$60 
.&$;!+$%!$%!%74%(%.!+!!8#%!-,!$6/1$1$#%!#*+!$#!*#,-''3'#!%*('

*%'#!!C$!F!!8#%!!<!!&$#!&3/%(#!!+$!*$!!!!8#%!!-$!1$!,!!#1$(&$$%9#%!0#!#*$'

'%%94%(!+$%!
ΖΔ
Γ

=
Z

*!

+* . 

26,$7/%!$%.!%74%(%.!+-$!!,!8#%!+,$!8#%!6&$;!+$%!3!+,!$6/1%%!$$!

%*(*%'$!!F!!&$$!&3/%($!G%!26,$7/%!6$&%!$%.!!G1!!8#%!!G*% 
**%%'>! $#! *#,-''3'#! %*(-

*%'#! !F! !8#%! !<! ! $6/1$1$#%!#*+! $$!

%*(*%'$!G*!,$!$%!$$/6.!G*!8#%!,!!

%(1#%!*#,-''3'%.% 
"/$(;.$! %*%%'>! $#! *#,-'-

'3'#! %*(*%'#! F! 8#%! C! $6/1$1$#%!

#*+!$$!%*(*%'$!G1-+$!$%!$$/6.!G1!

8#%!+-!%(1#%!*#,-''3'%.% 
<$$! $,(:;1$! +,!! 3! %74%(#!

G*! %(1#%! *#,-''3'3! /%! $31! ,!$!

$*+$%1!
ΞΔ

ΑΞ
=

*!

+* . 

**(&3.$! &$$! $,(:;1$!,+-! 3!

%74%(#!!1G!!%(1#%!*#,-''3'3!/%!$31!!-+$!!$*+$%1!
ΖΔ

ΓΖ
=

G,

+G . 

.$&%!69$7/%!
ΖΔ

ΓΖ
=

*!

+*
$!$*+$%!$%!'0$!%74%(%.!$6/1$1$#%!#*+!$#!

*#,-''3'#!%*(*%'#!&%!/6,3!#1-'$:#%!!
!."%'% 

 

!"#$%!!"#%(!,)&#-"$%(!"#-17 

"%!*,$$-&%%.!#7$6.!%&$%-=$1$#%!&$31!*#,#''3'(#!%*%*6';1%!C#,-!

$$! :%:$1+.! +$%! /*$,%(! 1#! #*$'%%94%(! 3! 0*#,23! 8#%! /$1#'%8+$3$#! %*%-
*6'$7!*#,-''3'$7!*,$.!'$461!%*(*%'$$!*$7!1#!'%6,9%$#%!#*+!&3/%($!%'

8$+.!#7$$0$!$$!#*$$6'%&/#!#7$+!'%!'%#$7*51%$#%!%746;.!;.!*,+$#&3%! 

67#.$"""$+ 
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+*+! $%.! *#,#*-1;! $6&&%,%.! *,$$-&%%.! $%! '0$! *,5$%.! 9,3&%-
/$*$%$01! &$31! #*+'%%2>! $$7.! $31! 8$%1>! 8-4%$$! '0$! *#,#''>';1! %*%-
*6';1$!%15!$%!'0$!%*+/%1%.!%*%8%1$,51$1$#%!&$31!*#,#''3'(#!$;1!$$-
/51!'0$!*#,#''>';1!%*%*6';1!#*+!61#!$,($$!%*(*%'$% 

 
 

/(3&#'0!!",!&4)#!",' 
&1%!"'3"$#!"$%#&!.13"!6!(")/!*%#!"($("')#!!#!"!#0#!!#!"($("'#!
!#!)()$#!'&*"+)%!#&!#(#!!6%!"'3"$#!#'!-!3#!"$%#&!"($$6/!.13"!#!
(")/!#'!#!!)!"($("')" 
 
*53+!$60 
.&$;!+$%!3! %74%(#!+!! %(-

1#%!8-4%$3!*,$.! 61#!'$461! %*(-
*%'$!8#%!'%6,9%$#%!#*+!#7$>! $$!

$79#($! %*(*%'$! C%! 0#! #*$'%%-
94%(! +$%! $$! %*(*%'$!C! %(1#%!8--
4%$$!*,$.!$$!'$461!%*(*%'$%! 

#$!C!$6/1%%!$$!'$461!%*('

*%'$!8#$-!$31!%74%(#!-!*% 
C-1;!&$31!-!*!*#(,1$7-

/%!61#!$79#($!&3/%($!1!8#%!(6'

,$7/%!*-1;!&$$! %*(*%'$!C! $31!

1)!8-4%$3!&$31!-*% 
**%%'>!3!+!!%(1#%!8-4%$3!&$$!'$461!%*(*%'$$!%(1#%!8-4%$3!8#%!&%!

8-4%! %74%(#! $$7! %*%*6'$7!*$7!'%6,9%$#%!#*+! $$! (91$.! $3.$!$*+$%!3!+!!

%(1#%!8-4%$3!&$3!-*% 

.$&%!3!:;1(#!
∧

+!1 !%(1#%!$,4>$!%15!%(1#%!$,4>!8#%!3!:;1(#!
∧

ΗΖΒ , 
$*+$%!$%!%74%(%.!+!!8#%!)1!$$7!%*%*6'$7!C!%(1#%!*#,-''3'%.% 

<71%*5.$!#($0!3!+!!%(1#%!8-4%$3!&$$!'$461!%*(*%'$$!4#!%(1#%!8-'

4%$3!&.!#7$+$!+*;.!8#%!3!*#,-''3'>!$3.!)1% 
**%%'>! '0$! %*(*%'#! %(1#%! 8-4%$#! +$#1! $%! 8-4%$%.! *$7! -:$1$#%$!

*,$.! $31!8$%1>! $$/>!8#%!*$7!#1>8$71!&$$!61#!#*+!#7$-!%(1#%!8-4%$%.!

8#%!&$$!-''$!/$,%&/+.!30$!6*%$#%!+$%!$$!%*(*%'$!C!%(1#%!8-4%$$!&$$!'$461!

%*(*%'$%!**%%'>!+/$%#!#*+'%%23!:(1%$#%!8#%!:%#!8-4%!-''$! /$79#($0!%*('

*%'$!*$7!'%6,9%$#%!#*+!$31!%74%(#!+!$!$$!=3$$0/%1$!#*$'%(9438%%!!
!."%'% 
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/(3&#'0!"-!&4)#!"-' 
&1%!'5)!!",%#,"%#!"($("'#!"$%#&!.13"!#!$"!*%#!"($("')#!!#!"!!6!
.)&%-!!),-!!)'/!3#!"$%#&!"($$6/!.13"!6!(")/!#'!#!!)!"($("')" 
 
*53+!$60 

 

67#.$"$- 

.&$;!+$%!$#!%*(*%'#!!+!8#%!!-!%(1#%!8-4%$#!*,$.!61#!'$461!%*('

*%'$!8#%!+$%!!,!%(1#%!3!8$%1>!$$/>!$$7.%!0#!#*$'%%94%(!+$%!3!!,!%(1#%!

8-4%$3!*,$.!$$!'$461!%*(*%'$% 
+1!3!!,!'%1!%(1#%!8-4%$3!&$$!'$461!%*(*%'$$!(6,$7/%!$3!,*!*-1;!

&$$!%*(*%'$!!+!8-4%$3!&$3!,+$!8#%!$31!,1!*-1;!&$$!%*(*%'$!!-!8-4%'

$3!&$3!,-$!$*+$%!3!,*!4#!%(1#%!'%#($,%$%8>!#*+!$3!,1% 
**%%'>!$$!%*(*%'$!!+!%(1#%!8-4%$$!&$$!'$461!8#%!(6,#/%!%74%(#!

,*!$$7!%*%*6'$7!!+!8-4%$3!&$31!$$/>!,+!$;1!'0$!%*%*6';1$!6*%$#%!+$%!

/$,%&/+.!30!3!,*!%(1#%!8-4%$3!&$$!'$461!%*(*%'$%! 
A%!+/$%$! $,+*$!*,$80*$%%!+$%!8#%!3!,1!%(1#%!8-4%$3!&$$!'$461!

%*(*%'$%! 
3,#!#*+!$$! ('%$!&3/%($!,!$$7!'$461$$.!%*%*6'$7!7D51$1$#%!'0$!

8-4%$%.!*,$.!#7$+$!$%!,*!8#%!,1%! 
+7$+! %(1#%! -$$*$! /*,+$#&3! &"0$! $*+$%! 3! /$1#'%8>! 8-4%$$.! *$7!

/*$,%(!1#!7D;4%(!#*+!$$!&3/%($!,!*,$.!$$!%*(*%'$!%(1#%!3!,!$!*$7!#*$'

$%'%(!$31!8$%1>!$$/>!$;1!'0$!$%/1+/%1;1!%*%*6';1$!$#!$*$(#!%(1#%!8-4%'

$#!&$$!'$461!%*(*%'$%!!!
!."%'% 



 )!-*EA*#F"+!<#"!)EF" 39 

!"#$%!!"#%(!,)&#-"$%(!!"'!- 19 

"%! '0$! *,$$-&%%.! #1#(6,$1$#%! &$31! 8#4%$+$3$#! %*%*6';1%!)! *,+-
$#&3!&+!*#,$7&%-=%%!$31!8-4%$3!%74%(#!*,$.!61#!%*(*%'$!;.!($,6#!/%#.!'%-
&/3.!8#46$;1!%*%*6';1!*,$.!#7$+$!%15!3!*,+$#&3!&#!#*$'%%810%%!+$%!8-4%!

=%0:$.!$%/1+/%1;1!%*%*6';1$!8#46$;1!&%!'$461!%*(*%'$$!$,(=%%!8#%!/(#!%7'

4%(#!8-4%$3!*,$.!$$!'$461!%*(*%'$$!*$7!%(1#%!3!$$/>!$$7.% 

7*-'#!1#&#8%'-9!&&8!5(%&"'!&8!!"!– 19 

+,9%8>!/%$-&#&3!&$$!95,$$!&9%$%86.!46&%%.!

%74%%51!8#%!%*%*6';1% 
%!5(%&"'!$9 

@#4%$+$3$#!%74%%51!!8#%!%*%*6';1 $!5(%&"'!$9! 
C#,#''3'(#!%74%%51!&$$!95,$% )!5(%&"'!$9 
@#4%$+$3$#!%74%(#.!&%!%*(*%'$!!!!!!!!!!!!!!!! 
#*+!&3/%($!%8$+.!>!%*(!$$7!%*%*6'$7% 

%!5(%&"'!$9 

C#,#''3'(#!%*%*6';1% (!5(%&"'!$9 
@#4%$+$3$#!%*%*6';1 $!5(%&"'!$9 

 
 
(#!:()!+(!9!'&!(!;9!,&8)!9!1#$!0!*(-'0!&%<9! 

'&08!1#&#'1!<-!5#(###0#!5$5;+&8! 
 

 <0/(;1#!/%!$%.!#*#%$>&%%.!$;1!$,%&/51!#!8#%!&)!$$7!&%&'($7!)"$!

$#!&$%,%-!&9>/#$#!8#4$,(=$1$#%!*'>,;.!#*+!$#!%*(*%'#!&9>/#$#!*$7!$#!

*%,%&-''$71%!.$&%!&%!/%#!$,(%',3!&$%,%-!:;1(#!$%!6',%.!4%;,$01$#%!$,(:;'

1#!/%!8$,7(6.!$31!8$,7(>!$3.!$,(%',3.!8#%!3!&-&3!$3.!$,(%',3.!%(1#%!$,('

:;1$!/%!*'%7,6.! $%.!&-&%%.! $;1! %',51! $3.! $,(%',3.%!**(!*'6$1$!$%!#8/6.!

1$$01$#%!;.!/*%*%,#&/61#0!%740:,#//#!$/>/#$#%!-%#!1#!&71'%4%(!'$%*+1!3!

$,69$7&#!*,#8$%8>!/%!#7$6.!$%.!#*#%$>&%%.$!*,6*%%!*-1;!&$%.!//3!&71%*(*%'

'%.0!&71$,69$7&%.!3/%%74%(%.!Ox, Oy, Oz!1#!'#/&-1$1$#%!&3/%(#!+$!!$!-!
5&$%! 1#! '3/%$7,:34%(!3! $,(%',3!"%+!-%!A%!#7$>! $31!$*$%8>$!3! $,(%',3!

%(1#%!$$!#1$(&$$%9$!$$7!$,%:51$7!&$$!95,$%!*(1#%!'$%*+1!%1$%'5.!(7&%8+$!1#!

#1#=3$34$01!&96&%%.!/%$#20!$;1!&$$%9%(;1!/%#.!$,(%',3.!8#%!1#!'%#$7*;'

4$01!8#$#&8%7#&$%8-!8,%$>,%#%!+7$+! :(1%$#%!&$%.!*,$$-&%%.! ("!/69,%! (5$!

+*$7! '%#$7*51$1$#%! $#!#*+'7$#!#*#,#($3$#!#*$$%'6&/#$#! :%#! $31!8#$#'

&8%7>!*#,#''3'%*%*6';1$!*$7!:(1%$#%!&$31!*,+$#&3!(+%!@-*$%%.!*,$%8$-'

&%%.!$;1!&7/*%,#&/-$;1$!+*;.!8#%!8-*$%%.!/%$6*%%$#!4%;,>&%%.$!*#,#$(4%'

1$#%!7*+!/$,(>!&9$'(;1. 
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!"#!"#$!"#!$%$%!"#& 
!!!"#"!#$%$%%!&'!("!)%$#*+%$"#!"),!$$%#-!%)()%&%-!&'!(%-"!$,$%!
.#!&/.!"),!"0$*-"!,)'-!1"#!!"!23'4./!"!*+.0!!%4$.##""!"%&"-
2/$%$.!$3-!$$($3-# 
 
%&#&''($! 
&'((!)!(*+)**)!'()*),!-(.++!/)!01*2,3!%$!412!4)*56,77)(+5!+48!

(59! )4+4)*)9! -(.+)9!
∧

!"# , $#"%
∧

 
∧

%"! %! -+! +41*)5:;)+! 8(5! (1! ,&

;*15'/+!((.!*<1!+48!+2(=9!)+.+5!

4,.(+! /)-+7<()*1! +48! ().! ).+-
41/=.12'+!(*+()%! 

'! 4*8(+')! 4*1,+.>9! 5&

':<)5! 8(+.! 15! (*)59!+2(=9! -(.+)9!

)+.+5!/)(+?<!(129!+')9%! 
&'((! 71548.! 8(5! *).! )+.+5!

87)9!/)(+?<!(129!+')9!0+5!)!-(.++!
∧

#"% )+.+5!)!451!/)-,7)!+48!+2&

(=9%!%8()$! +*0)+! .+! *)+?12/)! 8(5!
∧∧∧

+< #"!%"!#"% %!'(*+9! 67,6)! ()9!

-).508()(+9$!/41*1</)!.+!241;='12/)!8(5!
∧∧

> #"!#"% %!-)(*1</)!')&

/)+1! !#! ! ()9! !%x! !0+5! ).(89! ()9! -(.++9!
∧

#"% ')/)+1! !!$! ! (=(151!>'()!
∧∧

= !"##"! !0+5! !%!!(!%#%!%=719$!+48!(1!!!0+5!).(89!()9!-(.++9!
∧

#"%  
,-)(+5!)!)2;)++!!))*$!412!'2.+.(,!(59!)2;)+)9!%y!0+5!Az!'(+!')/)++!.!0+5!
/!+.(+'(15:+%! 

%+!(*+-(.+!!%#.!0+5!!%.!!)+.+5!!+'+$!!+,1<!=:12.!().!!%.!!015&

.3$!%#!(!%!!0+5!
∧∧

ΒΑΕ="#$ !)+48!0+(+'0)23*%!!41/=.(9!15!)6,')59*!

#.!!0+5!!.!!)+.+5!+')9$!*)7+*3!!#.!(!.!%! 
%48!().!(*5-(.503!+.5'8()(+!'(1!(*+-(.1!#./!=:12/)!#.!+!#/!,!

,!./%!0/(9$!+,1<!!./!(!.!!+!!/!!0+5!!.!!(!.#$!;+!5':<)5!8(5!!#/!,!!/% 
%0171<;(9$! (+! (*+-(.+!%#/!0+5!%!/! =:12.!%#! (!%!$! ().!%/!

015.3!0+5!#/!,!!/%!!41/=.(9!;+!5':<)5!)!':=')!
∧∧

ΕΑΓ>"#% . 

!"#$!!!"# 
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0/(9$!)!-(.++!
∧

ΔΑΒ +41*)+:;)0)!+')!4*19!()!-(.++!
∧

ΒΑΕ $!148()!
∧∧∧∧∧

ΒΑΓ=ΕΑΓ+ΒΑΕ>ΔΑΓ+ΔΑΒ $!*)7+*3!
∧∧∧

>+ #"%!"%!"# . 
A)!8/151! (*841!/41*1</)! .+!0,.12/)! ().!+48*)5?)!0+5! -5+! (59!

2487154)9!4)*54(>')59%! 
!."%*% 
 
 

!"#!"#$!"'!$%$%!"'& 
5%4%!#$%$%%!&'!("!)%$#*+%$"#!"),!%)()%&%-!&'!(%-"!$.!%4$.##""!
$'!!.).('!!%(!"#!"#1$,$%$.!"),!$*##%$#-!.$4*-# 
 
%&#&''($ 
&'((! 8(5! )! (*+)**)! '()*),!

-(.++! /)! 01*2,3! (1! %! 4)*5=:)(+5!

+48! (59! )4+4)*)9! -(.+)9! $
∧

ΒΑΓ   
∧

ΓΑΔ 0+5!
∧

ΔΑΒ $!8412!(+!')/)++!.$!

/!0+5!#!=:12.!7),;)+!)(2:+++*!4,.(!

'(59! +0/=9! 0+5! =:12.! +:;)+! 15! ./$!

/#!0+5!#.%!-+!+41*)+?12/)!8(5- 

&'"% <ΔΑΒ+ΓΑΔ+
∧∧∧

!1*;=9% 
$! '()*),! -(.++! /)! 01*2,3!

(1!.!4)*5=:)(+5!+48!(*)59!)4+4)*)9!

-(.+)9$!-5+!(59!141+)9!(1!,;*15'/+$!

*<1!1415(.*341()!+48!+2(=9!)+.+5!/)-+7<()*1!+48!().!(*+()%!!41/=.(9$!

;+! 5':<)5-!
∧∧∧

ΓΒΔ>ΑΒΔ+ΓΒΑ %! /5+! (1.! +*51! 78-1! ;+! =:12/)! 8(5!
∧∧∧

ΓΔΒ>ΑΔΒ+ΓΔΑ $!84(9!0+5!
∧∧∧

ΒΓΔ>ΑΓΔ+ΑΒ% %!-=(1.(+9!71548. 
∧∧∧∧∧∧∧

+++++= %#./#%%/#./%%.#/.%' $!=:12/)- 
∧∧∧∧

++> /#../#/.#' . 0/(9!15!-(.+)9 
∧∧∧

ΒΓΔΒΔΓ $$%$"  )(9!-(.+)9!

(12!(*5->.12!./#*!=:12.!,;*15'/+!*<1!1*;=9$!)41/=.(9 
∧

&  > 2 1*;=9. 
&/1+(9$!0,;)!=.+!+48!(+!(*+-(.+!%./$!%/#$!%#.!=:)5!,;*15'/+!

-(.5>.!*<1!1*;=9$!)41/=.(9!5':<)5- 

 
!"#$!!!"$ 
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=ΒΑΔ+ΔΒΑ+ΑΔΒ+ΓΑΔ+ΓΔΑ+ΑΓΔ+ΒΑΓ+ΑΓΒ+ΓΒΑ
∧∧∧∧∧∧∧∧∧

(!.!1*;=9$!*)7+*3!!
∧

&  + ($#% =ΒΑΔ+ΓΑΔ+
∧∧∧

1*;=9 

0/(9$!+,1<!=:12/) 
∧

&  ,!/!1*;=9$!;+!4*=4)5!.+!)+.+5- 

&$#% <ΒΑΔ+ΓΑΔ+
∧∧∧

1*;=9%! 
!."%*% 
  
6"$"$7$3#3 
A41*)+!)4+')9!.+!!+41*)5:;)+!8(5!(1!,;*15'/+!((.!)4+4)*(.!-(.5>.!

()9!01*2,39!(2:+++9!'()-
*),9! )0+5! 8:5! /8.1! (*+-
)**)9*! -(.++9! *).!/41*)+!

.+!24)*6++.)5!(59!(='')*59!

1*;=9%!%2(8! -+.)(+5! 7+/-
6,.1.(+9!248C)!(8'1!().!

+.5'1(503! ':=')! -5+! (59!

)4+4)*)9! -(.+)9! (*5=**12!

412! /8759! +41*)+:;)0)$!

8'1! 0+5! (1! +41(=7)'/+!

-5+!(1!,;*15'/+!((.!)'(-
()*50>.! -(.5>.! 02*(1<!

4172->.12%!%9!')/)5(;)+!8(5!+2(8!(1!-).508!+41(=7)'/+$!+.!0+5!*).!*5+&

(24>.)(+5!412;).,!'(+!0!"%&"#'!0$!:*)'5/1415)+(+5!'(1!6567+1!'"""!)67=4)!

$2/4=*+'/+!/)(,!().!4*8(+')!'"""%12*% 
 
%&#&''($  
D*,-/+(5$!-5+!()!'()*),!-(.++!&%!%./#$!8412!(+!')/)++!%$!.$!/$!

#$!%!%!%!)+.+5!'2.)4+4)*+$!')/)5>.12/)!! $!$)$) "#'
!

∧∧∧

!(59!))4+4)*)9*!-(.+&

)9!()9!01*2,39$! *$$+ ,-

∧∧

ΒΑ  *$$+ ,-

∧∧

ΓΒ !%!%!%!$!!!(59!-(.+)9!((.!(*5->.(.!&%.$!

&./$!%!%!%!!0+5!
∧∧∧

ΓΒ$$# , %!%!%!(59!-(.+)9!(12!)02*(1<*!4172->.12!%./#!%!%!%!!
)67=4)!':3/+!/1+*!0+5!;=(12/)- 

'!(!! ...+Ο+Ο+Ο γ

∧

β

∧

α

∧

 

!"#$!!"$! 
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$!(!
∧∧∧∧

Α++Δ+Γ+Β ...  =  (2v –!3*!1*;=9 
 

'6 = =Β+Α+
∧∧∧

216& /!1*;=9$!'- = =Γ+Β+
∧∧∧

,-#! /!1*;=9$!074% 
 
%48!(1!+.(+'(15:1!+41(=7)'/+!)4*8(+')!/1*!!-5+!(59!(*+)**)9!-(&

.+)9!.%%/&$!/%.#&$!%!%!%!!=:12/)!)4+')9!(59!+.5'1(50=9!':=')59- 

,-,- $$

∧∧∧∧∧∧

Γ+Γ<ΓΒ+Β< , . . .  

%)750,$!7+/6,.1.(+9!248C)!(+!451!4,.($!6*+'012/)!)/)!4*8';)&

')!0+(,!/=7)*- 

)/.!–!3*!1*;=9!(!$!4!)
∧∧

+ ,- "" ) + (
∧∧

+ ,- '' ) + … =  

 = (
∧∧

+ ,- '" ) + *%$+ ,-

∧∧

+ + … =  

!(!)/!1*;=9!– '

∧

Ο *!+!)/!1*;=9!–  #

∧

Ο ) + …!(!)/.*!1*;=9!–!'$!
148()!4*10<4()5!8(5!'!4!3!1*;=9% 

 
 

!"#!"#$!!""!$%$%!"") 
!!!&.4./!!$$%#-!%)()%&%-!&'!(%-"!&#"!$#-!.).(%-!$.!%4$.##""!&/.!!
.).#'!&7).$%!"),!"0$*-!%(!"#!"%&"2/$%$.!$3-!$$($3-!1"#!)%!'!
#$#-!)2%0$*-!$.0-!23'4./!! (#"!$"7""$""!$,$%!%(!"#!&0!"$,!!!"!
1"$"#1%0"#4%(!$$(&'!.!).0!!"!*+%#!'-!)2%0$*-!$#-!8%#%#-!$'!!
$$#9!!$##.#1%29!%!$$#&9!'!!$"!.).("!)$.1/)$.0!# 

 
%&#&''($ 
%9!;)(*3'12/)!(*)59!)4+4)*)9!-(.+)9!/)!01*2,=9!.$!!$!-$!0+5!+9!

0+(+'0)2,'12/)!(+!)5'1'0)73*!(*+-(.+!!%./$!#!1!0+5!$-"!!/)!47)2&

*=9!.%!(!./(!!!#!(!!1!(!-$!(!-"$!!-5+!(+!141++!5':<)5-! 
∧∧∧

ΗΘΚ>ΔΕΖ+#$% ,  
∧∧∧

ΑΒΓ>ΗΘΚ+ΔΕΖ ,  
∧∧∧

ΔΕΖ>ΑΒΓ+ΗΘΚ  . 



 44 !!"#!"#$!"!$%&"'!"%# 

 
!"#$!!!"" 

-+!+41*)5:;)+!8(5!(+!)2;<-*+//+!(/3/+(+!%/$!#1!0+5!$"!/41*)+!

.+!+41()7='12.!47)2*=9!(*5->.12$!8(5!*)7+*3!(1!,;*15'/+!*<1!)?!!+2&

(>.!)+.+5!/)-+7<()*1!(12!(*+(12% 

%.!15!-(.+)9!
∧∧∧

ΗΘΚΔΕΖ $$#$% !)+.+5!+')9$!(8()!)+.+5!,+.)*8!8(5!

0+5!(+!(/3/+(+!%/$!#1$!$"!)+.+5! +'+!0+5!+48!+2(,!0+(+'0)2,E)(+5!)5&

'847)2*1*!(*+-(.1% 

&'((! 8(5! 15! -(.+)9! *).! )+.+5!

87)9! +')9! /)(+?<! (129! 0+5! 8(5! 0+(+-

'0)2,E)(+5! )! -(.++!
∧

ΚΘΛ $! ),)?39!

()9!
∧

ΗΘΚ 0+5! +')! 4*19! ()! -(.++!
∧

ΑΒΓ %!%1!')/)+1!#!=:)5!7),;)+!=('5!

>'()!-"!(!-#%!2=*12/)!0+5!(59!)2&

;)+)9!"#$!$#%!%48!().! 5'8()(+!((.!

(*5->.(.! %./! 0+5! "-#! 4*10<4()5!

8(5!!%/!(!"#% 

%,1<!
∧∧∧

ΔΕΖ>ΗΘΚ+#$% !0+5! ,%./
∧∧

ΚΘΛ= ;+!)+.+5!0+5 
∧

()$ >
∧

ΔΕΖ !)67=4)!4+*+(3*)')!/)(,!(1!(=719!()9!+48*)5?)9*%!%+!(*+-(&

.+!71548.!$-#!0+5!#!1!=:12.!!-$!(!!#$!!-#!(!!1!!0+5!!
∧∧

ΔΕΖ>()$ . 
!41/=.(9!;+!)+.+5!0+5!!$#!,!#1%! 

0/(9$!'(1!(*+-(.1!$"#!)+.+5!!$"!+!"#!,!$#$!,*+!;+!)+.+5!0+5!

$"!+!"#!,!#1!%! 
0/(9$!+,1<!"#!(!%/$!;+!)+.+5!0+5!$"!+!%/!,!#1% 

 
!"#$!!!""! 
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&/1+(9!/41*)+!.+!+41*)5:;)+!8(5!=:12/)!#1!+!$"!,!%/$!84(9!0+5!

8(5!%/!+!#1!,!$"% 
!41/=.(9$!)+.+5!*2.+(8.!.+!0+(+'0)2+';)+!=.+!(*+-(.1!/)!47)2&

*=9!+')9!4*19!(59!%/$!#1!0+5!$"!% 
!."%*% 

 
!"#$!!""( 

 
6"$"$7$3#3 
A5+! 4+*8/15+! +48*)5?)! )45(2-:,.)(+5$! 241;=(1.(+9! 8(5! /5+! +48!

(59!-(.+)9$!4%:%!)!-(.++!
∧

#$% $!)+.+5!)!/=-5'()!)67=4)!':3/+!//6*% 

D*,-/+(5$!+,1<!
∧∧

ΗΘΚ≥ΑΒΓ 0+5!!
∧∧

ΔΕΖ≥ΒΓ" $!;+!=:12/)-! 
%/!≥!$"!0+5!%/!≥!#1%!%*0)+!71548.!.+!+41*)+?12/)!8(5!#1!+!$"!,!%/% 

$(1!)'(()*508!()9!-(.++9!
∧

ΑΒΓ !,=*)(+5!)!.#$!=('5!>'()!.+!5':<&

)5!
∧∧

ΑΒΛ=ΗΘΚ $!8412!=:)5!7),;)+!.#!(!%.!(!./!0+5!=:12.!+:;)+!15!

%#!0+5!/#% 
%48!().!5'8()(+!((.!(*5->.(.!$-"!0+5!%.#$!4*10<4()5!8(5! 

$"!(%#%!!4+')9$!/41*1</)!.+!4+*+()*3'12/)!8(5- 
∧∧∧∧∧∧

ΔΕΖ<ΗΘΚ−ΑΒΓ=ΑΒΛ−ΑΒΓ=ΛΒΓ $!148()!+48!(+!(*+-(.+!#!1!

0+5!#./!=:12/)!#/!4!#1% 
A)!:*3')!(*5-(.5039!+.5'8()(+9!'(1!(*+-(.1!%#/$!4*10<4()5!8(5- 

%/!4!%#!+!#/!(!$"!+!#/!4!$"!+!#1$! 
*)7+*3!8(5!A/!4!$"!+!#1$!148()!/41*)+!.+!0+(+'0)2+';)+!(*+-(.1!/)!

47)2*=9!%/$!$"$!#1% 
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!"#!"#$!"(!$%$%!"(& 
:"!1"$"#1%0"#4%(!#$%$%%! &'!("!"),! $$%#-! %)()%&%-! &'!(%-"! &#"!
$#-!.).(%-!$.!%4$.##""!&/.!%;!!"0$9!"!,)'-!1"#!!"!23'4./!"!%(!"#!
)%!$"!"%&"2/$%$.!"),!$3!!$$($3#! !("'-!)$*)%#!$.!%4$.##""!1"#!

$'!!$$#9!!&'!#9!!!"!%(!"#!"#1$,$%$.!$'!!$%##%$'!!.$49!. 
  
%&#&''($ 

&'((!8(5!15!*1;)+')9!-(.+)9!)+.+5!15!
∧∧∧

ΗΘΚΔΕΖ $$#$% !0+5!8(5!(1!

,;*15'/+! ((.! *<1! )?! +2(>.$! 84(9! 0+5! .+! 7),;1<.$! )+.+5! 4,.(1()! /)-+-

7<()*1!+48!().!(*+()$!0+5!)4547=1.!)+.+5! &"'% <ΗΘΚ+ΔΕΖ+
∧∧∧

1*;=9%!

D*=4)5! 71548.! +48! (*)59! -(.+)9! +')9! 4*19! (59!
∧∧∧

ΗΘΚΔΕΖ $$#$% ! .+!

0+(+'0)2+';)+!'()*),!-(.++% 

 
!"#$!!!"% 

 
&:1.(+9!3*)!7,6)5!(59!47)2*=9!%.$!./$!#!$!!1$!$-$!-"!+')9!0+5!

,=*1.(+9! (59!%/$! #1$!$"! )+.+5! ))41-
/=.(9*! *2.+(8.! .+! 0+(+'0)2+';)+!

(*+-(.1$!412!.+!=:)5!47)2*=9!+')9!4*19!

(59!%/$!#1$!$"!)4*8(+')!//*% 
&'((!#AF! (1! (*+-(.1!412!0+&

(+'0)2,E)(+5$! 1<((9! >'()!%/! (!#A$!

#1!(!AF!0+5!$"!(!F#%!-)(*1</)!(1!

0=.(*1!&!(12!4)*5-)-*+//=.12!0<0712!

'(1!(*+-(.1!#AF!0+5!(59!+0(+.)9!&#$!

&A$!&F% 
"':2*5E8/+'()!8(5!%.!,!&#%! 

!"#$!!!"%! 
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%.!*).! 5':<)5!+2(8$!(8()!;+!=4*)4)!.+!'2/6++.)5!)+()!%.!(!&#$!

)+()!%.!4!&#% 
&'((!8(5!5':<)5!(1!4*>(1$!)*)7+*3!8(5!%.!(!&#*%!%8()!(+!(*+-(.+!

%./!0+5!&#A!=:12.!.%!(!&#$!./!(!&A!!0+5!+')9!6,')59!#A!(!%/$!,*+!

;+!)+.+5!0+5!
∧∧

ΛΟΜ=#$% %!/5+!(1.!+*51!78-1!;+!)+.+5!
∧∧

ΜΟΝ=ΔΕΖ !0+5!
∧∧

ΝΟΛ=ΗΘΚ . 

%8()!8/(9!=:12/)- 

=ΗΘΚ+ΔΕΖ+
∧∧∧

#$%

∧∧

ΜΟΝ+ΛΟΜ
∧

ΝΟΛ+ !(!3!1*;=9% 
%2(8!)+.+5!,(141$!+,1<!+48!().!248;)')!5':<)5! 

&#$% <ΗΘΚ+ΔΕΖ+
∧∧∧

1*;=9% 

!41/=.(9$!15!.%!0+5!&#!*).!/41*)+!.+!)+.+5!+')9% 
&'((!%.!4!#&%!%8()!/41*1</)!.+!4,*12/)!!&$!(!%.$!!&%!(!./!!

0+5!.+!,=*12/)!().!!$%%!%,1<!!./!(!.%$!!;+!)+.+5!0+5!!&$!(!&%$!#$!(!

(!A%$!148()!)! !$%! !;+!)+.+5!4+*,77)7)!4*19!().!#A!0+5!'2.)4>9!!(1!

(*+-(.1! #A&! ;+! )+.+5! 5'1->.51! 4*19! (1! (*+-(.1! $%&%! &('5! 5':<)5!

ΣΤ

ΟΣ
=

#A

&#
$! +48! 8412! 7+/6,.)(+5!

ΣΤ

ΛΜ
=

&$

&#
)-5*58()(+! ).+77,?*%!

0/(9! !#&!,!&$$!148()!;+!=:12/)!#A!,!$%%!%,1<!8/(9!)+.+5!#A!(!

(%/$!;+!)+.+5!0+5!%/!,!$%%!$(+!(*+-(.+!%./!0+5!&$%!)+.+5!.%!(!&$$!

./!(!&%!0+5!$%!4!%/%!!3*+$!;+!)+.+5!0+5!
∧∧

ΣΟΤ>"'%  =
∧

$!% . 

A)! 8/151! (*841! +41*)50.<)(+5! 8(5! ;+! )+.+5!
∧∧

ΜΟΝ>"!* ! 0+5!
∧∧

ΝΟΛ>()& .  

!41/=.(9! &"'% =ΝΟΛ+ΜΟΝ+ΛΟΜ>ΗΘΚ+ΔΕΖ+
∧∧∧∧∧∧

1*;=9% 

%2(8!)+.+5!,(141$!+,1<! &"'% <ΗΘΚ+ΔΕΖ+
∧∧∧

1*;=9%!3*+$!*).!

/41*)+!.+!)+.+5!%.!4!&#%!0/(9$!=:)5!+41*)5:;)+!8(5!*).!/41*)+!.+!)+.+5!

1<()!0+5!!%.!(!&#%!!41/=.(9!;+!)+.+5!!%.!,!#&% 

!C>.)(+5!(>*+!(1!)2;<-*+//1!(/3/+!&B!0,;)(+!4*19!(1!)4+4)*1!

(12!0<0712$!'(1!')/)+1!&$!=('5!>'()!.+!5':<)5! 

&B2!(!%.2 –!#&2  



 48 !!"#!"#$!"!$%&"'!"%# 

0+5!,=*1.(+5!(+!!B#$!BA$!BF%! 
%,1<! )! &B! )+.+5! 0,;)()!

4*19! (1! )4+4)*1! (12! 0<0712$! ':)-
/+(+E)5! 1*;=9! -(.+)9! /)! 0,;)! /5+!

+48! (59! )2;)+)9! !#&$!A&$!F&%!%+!

1*;1->.5+! (*+-(.+! !#&B! $!A&B! $!

F&B! =:12.! (59! 0,;)()9! 47)2*=9!

(129! +')9! /5+! 4*19! /5+$! ,*+! )+.+5!

+'+$!148()!!B#!(!BA!(!BF% 
%0171<;(9$!+,1<!(1!(*+-(.1!

#&B!)+.+5!1*;1->.51$!=:12/)- 

#B2!(!&#2!+!&B2 =  
(!&#2!+!%.2 –!#&2!(!%.2.  

&/1+(9!(1!%.!)+.+5!+'1!/)!0,;)!=.+!+48!(+!./$!#!$!!1$!$-$!-"$!0+5!(1!

B#! +'1!4*19!0,;)!=.+!+48!(+!BA$!BF%!!41/=.(9!0+5!0,;)!=.+!+48!(+!

%.$!./$!#!$!!1$!$-$!-"!)+.+5!+'1!/)!0,;)!=.+!+48!(+!B#$!BA$!BF% 
$(+!(*+-(.+!#BA!0+5!%./!15!47)2*=9!#B$!BA!)+.+5!+.(+'(15:+!

+')9!4*19!(59!47)2*=9!%.$!./$!84(9!0+5!)!6,')!#A!)+.+5! +')!4*19!()!

6,')!%/%!!41/=.(9$!;+!)+.+5!
∧∧

ΑΒΓ=$'% %!/5+!(1.!+*51!78-1!;+!)+.+5!
∧∧

ΔΕΖ=%'( !0+5!
∧∧

= ()&$'. . 
3*+!0+(+'0)2,';)0)!'()*),!-(.++!/)!01*2,3!(1!B!412!4)*5=:)-

(+5!+48! (59! )4+4)*)9! -(.+)9!
∧∧∧

ΛΡΝ$%'($$'% $!15!141+)9! )+.+5!+.(+&

'(15:+!+')9!4*19!(59!)4+4)*)9!-(.+)9!
∧∧∧

ΗΘΚ$"!*$#$% .  
8%)%4% 
 

)*++" 
<.! %04/&$""".! $"7""! =>"!
").$%(!!"!23'4%(!*$##!9#$%!!"!
##+/%#& 

=>2
!'!!)2 –!?=2. 

 
%&#&''($ 
&:1.(+9!8(5!%.! ,!#&$!/)!*5,&

/)(*1! %.! -*,,)(+5! )/50<0751$! '(1!

141+1!/41*)+!.+!7),;)+!:1**3!%/!(!#&$!+,1<!)!#&!*).!)+.+5!/)-+7<()-

 
!"#$!!!"%( 

!"#$!!!"%&) 



 $!/!@A!%B"%!$%&!'@B& 49 

*)!()9!*5+/=(*12%!2=*12/)!0+5!().!!/.% 

$!-(.++!
∧

#%$ !)+.+5!)--)-*+//=.)!'(1!)/50<0751!%/.$!,*+!)+.+5!

1*;3!0+5!)41/=.(9!%.2!(!%/2!+!./2%!!3*+!;+!)+.+5!0+5!./2!(!%.2 –!%/2. 
%,1<!)+.+5!%/!(!#&$!;+!5':<)5!./2!(!%.2 –!#&2%!#+/6,.1.(+9!71548.!

&B!(!./$!=:12/)!&B2!(!%.2 –!#&2. 
 

6"$"$7$3#3# )$!+48*)5?)!()9!4*8(+')9!/5!')!)5*50=9!4)*54(>')59*% 
$"& $*! "%!+,*"-%!.! "%/!0#-&)#)-!$$,*%/!+1+2%/!(-'%+#"!&!03*4!

%#!$&!!!05! "&6!02#/-,6! "%/! "-&)7*%/!89:'!0&"&!%";*!02#/-3!

9:'!"5"#!+!&!032&!<!!&%"1#&!$&!(!8.& 

D*,-/+(5$!+9!241;='12/)!4*>(+!

8(5!/41*)+!.+!5':<)5!%.!(!#&%!%8()!;+!

=:12/)!AF! (! /#&%!%,1<! 8/(9! )+.+5!

AF(!#1!0+5!#&!(!%.!(!!#!(!!1$!'(1!

(*+-(.1!#!1!;+!5':<)5!!#1!(!#!!+!!1$!

412!)+.+5!+*<.+(1.%!#).!/41*)+!71548.!

.+!=:12/)!%.!(!#&% 
/5+! (129! +*5129! 78-129$!+.!'2/-

6++.)5!%.!4!#&$!;+!4*10<C)5!)!':=')!

#1!,!#!!+!!1$!412!)+.+5!0+5!4,75!+*<&

.+(1% 
3*+$!4,.(1()!=:12/)-!%.!,!#&$!

148()! 2C>.1.(+9! ().!&B! 0,;)()! '(1!

)4+4)*1!(12!0<0712!0+5!=('5!>'()!.+!5':<)5!&B2!(!%.2 –!&#2$!,(,.12/)!

'().!'<.;)')!(12!4*1673/+(19% 

$,& $*!"%!+,*"-%!.!"%/!0#-&)#)-!$$,*%/!+1+2%/!'#!(-'%+#"!&!%"%!#)

%4"#-&+5!"%/!"-&)7*%/!89:'!"5"#!+!&!032&!<!!&%"1#&!$&!(!8.& 

D*,-/+(5$!+9!241;='12/)!4*>(+!

8(5!/41*)+!.+!5':<)5!%.!(!#&%!%8()$!(+!

(*+-(.+!%./!0+5!#A&!)+.+5!+'+$!84(9!

0+5!(+!(*+-(.+!#!1!0+5!#F&% 
!41/=.(9!=:12/)-!

∧∧

ΜΟΛ=#$% 0+5!
∧∧

ΛΟΝ="!* $!+48!

(59!141+)9!4*10<4()5!8(5!
∧∧∧

ΜΟΝ=ΔΕΖ+#$% $!-(.++!)!141++!

 
!"#$!!!"%' 

 
!"#$!!!"%# 
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6=6+5+!)+.+5!+')!4*19!()!-(.++!
∧

()& %!&('5!,(,.12/)!'()!5'8()(+!
∧∧∧

ΗΘΚ=ΔΕΖ+#$% $!412!1*)-)+!')!!,(141%!!41/=.(9!*).!/41*)+!.+!

5':<)5!!%.!(!#&% 
%.!241;='12/)!8(5!5':<)5!!%.!4!#&$!(8()!/)!)45:)5*3/+(+!4+*8&

/15+!/)!+2(,!()9!02*+(9!+48*)5?)9!)*)7+*3!/)!:*3')!8/15(.!(*5->.(.*!

/41*1</)!.+!0+(+73?12/)!84(9!4*5.!')!,(141% 
 

!"#$%&!"'!"!#($)*""+%,%+&)" 
-$""+*#."!/!0"12-!"&3" 

A5+! )'2.(1/8()*)*! 0+(+'0)23! (*5=**12$! 412! 05.)+(+5! '(+! +*5+!

47++'5+!/)!+2(,!()9!4*8(+')9!/5$!/41*)+!.+!-+.)5!(9!)?39-! 
A)!*)*1/=.)9!(59!)4+4)*)9!-(.+)9!+$!6$!-$!!-5+!(59!141+)9!5':<12.!15!

':=')59-!+!+!6!+!-!4!3!1*;=9$!6!4!+!+!-!0+5!241;=(1.(+9!8(5!)!6!)+.+5!)!

/=-5'()$!0+(+'0)2,E12/)!(59!-(.+)9!4*>(+!*5+*1:50=9!/)!01*2,3!&!0+5!

/)!()!')5*,!+$!6$!-!0+5!0+(845.!)4+0).(*)9%!#8-(!()9!'2.;30)9!++6+-4 
43!1*;=9$!*).!)450+7<4()(+5!)!4)*5,=*)5+!)67=4)!':3/+!/5%1*%! 

 
!"#$!!!"%&$ 

 "+(+'0)2,E1.(+9!%1!0+5!#1!>'()!15!:1**=9!%%1!0+5!##1!.+!)+&

.+5!+.(+'(15:+!0,;)()9!'(59!+0(+.)9!&.!0+5!&/$!+&-"'.!/"!"&-&''01'. 
8(5!15!%%1!0+5!##1!(=/.1.(+5!')!=.+!')/)+1!"!).(89!(12!0<0712$!*)7+*3!

&"!4!&.% 
 !C>.1.(+9!0,;)()!"$!'(1!)4+4)*1$!=('5!>'()!"$2!(!&.2 –!&"2, 

4*10<4()5! )! (*+)**)! &%! $./$! 412! /41*)+! .+! +41*)5:;)+! 8(5! )+.+5! )! E)-
(1</).). 
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!"#!"#$!!!")!$%$%!")& 
!!! *!"! %;%%&$.!)%$#*+%$"#!"%$";/!)"$%2232'!!"!%!&/.! %)#)*(
&'!"!$,$%!.#!")*!"!$#!*&$%-!$.0!%(!"#!)"$"2232,&$""""!(#"# 
 
%&#&''($ 
%9!;)(*3'12/)!'()*)8! ))?,)**1*!412!4)*507)+)(+5!+48!(+!E)<-)!

4+*,77)7(.! )454=*(.! )B1! (!%./#$! B14! (!%4.4/4#4*$! )B2! (!%..4%4$! 
B24!(!/##4/4*!0+5!)B3!(!!.//4.4!$!!B34!(!%##4%4*%!-+!+41*)+?12/)!8(5!

15!+4=.+.(5!=**)9!(12!'()*)1<!)+.+5!4+*+77)78-*+//+$!/)(+?<!(129!+'+% 

 
!"#$!!!"* 

&5!(1/=9!((.!)454=*(.!B1$!B14!/)!(1!B2!;+!)+.+5!4+*,77)7)9!)4*8&

(+')1.*$!*)7+*3!%.!66!%4.4%!&/1+(9!!15!(1/=9!((.!!B3$!!B34!/)!(1!B2!;+!

)+.+5!4+*,77)7)9$!*)7+*3!%%466!..4%!!41/=.(9!(1!()(*,47)2*1!%..34!

)+.+5!4+*+77)78-*+//1% 
A)!(1.! +*51!+0*56>9!(*841!+41*)50.<)(+5!8(5!0+5!15!2487154)9!=&

**)9!(12!'()*)1<!)+.+5!4+*+77)78-*+//+% 

!?,7712! 15! -(.+)9!
∧∧

Δʹ′Αʹ′Βʹ′$$#" ! ! =:12.! 47)2*=9! 4+*,77)7)9$!

,*+!)+.+5!+')9!)4*8(+')!17*%!%+!(*+-(.+!71548.!%.#$!%4.4#4!)+.+5!+'+$!

+,1<! 5':<12.!15!':=')59!%.!(!%4.4! $!%#!(!%4#4! !0+5!
∧∧

Δʹ′Αʹ′Βʹ′=$#"  
)4*8(+')!"%!3*% 

0/(9! (1! 4+*+77)78-*+//1!%./#! )+.+5! *547,'51! (12! (*5->.12!

%.#! 0+5! (1! 4+*+77)78-*+//1! %4.4/4#4$! *547,'51! (12! (*5->.12!

%4.4#4%!3*+!0+5!(+!4+*+77)78-*+//+!%./#$!%4.4/4#4!!)+.+5!+'+. 
&/1+(9!+41*)50.<)(+5!8(5!0+5!15!2487154)9!=**)9!(12!'()*)1<!)+&

.+5!+')9%!! 
!."%*% 
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6"$"$7$3#3! 
$(+!!"%&"#'!!(12!!207)+*)!)!*5+(<4(')!()9!4*8(+')9!/3!+.+,=-

*)(+5!')!(2:++1!'()*)8!0+5!8:5!')!)?,)**1%!D*1,+.>9$!0,(5!(=(151!*).!

/41*)+!.+!5':<)5!:(*+9!*5)20*5.+')59$!4%:%!')!4*+'/+!/)!6,')59!0+.1.50,!

)?,-(.+% 
!?,7712$!84(9!=-5.)!,+.)*8!+48! ().!+48*)5?)!412!4*1)-3;)0)$!!

/)!(1.!8*1!&%5";"!!"4*!!0,*!*"&!#'-7*!)*>!)..11</)!8:5!/8.1!5')/6+*5-
0,!+77,!0+5!'2/4(>'5/+!':3/+(+% 

 
 

!"#!"#$!!"*!$%$%!"*& 
!!! *!"! )"$"2232%)()%&.! $"3(
4%(! "),! %)()%&.! )"$%2232.!
)$.-! &/.! ")*!"!$#! *&$%-! $.0"!
$,$%! $"! &/.! )"$"2232%)()%&"!
#$"!.).("!&#"#$%($"#!$.!"$+#1,!
%(!"#! "!%2.&"! $'!! 8%#%9!!
$.0-"! ).0! .$(@.!$"#! )%!'! #%!
1%).#"!%223!*&$"!$.0!"$+#1./# 
 
%&#&''($ 
-)(*1</)! /5+! (1/3! "#AF!

4+*,77)7)! '(59! 6,')59! %1.1/1#1, 
%41.41/41#41!).89!4+*+77)7)454=*12%! 

%9! '2/617+'12/)! /)! V, V4! (+!

4+*+77)7)4+4)*+!"#AF!–!%1.1/1#1, 
0+5!"#AF!–!%41.41/41#41!+.(+'(15:+%!
%8()!+*0)+!.+!*)+?12/)!8(5-! 

( )
( )ΝΔʹ′Αʹ′Κ

ΝΔΚΑ
=

ʹ′
--

--

/

/  

D,.( '(59 )/5)2;)+)9 "%, F# 
;)(*1</) (+ 7 '(1 473;19 +'+ /)(+?< 
(129 )2;<-*+//+ (/3/+(+ "%1, %1%2, 
%2%3, … , %7-1 %7  0+5 F#1, #1#2, 
#2#3 , . . . , #7-1#7 +.(+'(15:+ !4+')9, 
4,.( '(59 )/5)2;)+)9 "%4, F#4 (+ / +'+ (/3/+(+ "%4, %314, %14%24, ... , 
%4/-1 %4/ , 0+5 F#41, #41#42, #42 #43, . . . , #4/-1#4/  +.(+'(15:+. 

 
!"#$!!!"+ 



 $!/!@A!%B"%!$%&!'@B& 53 

%+! 4+*+77)7)4+4)*+! /)! 4+*,47)2*)9! +0/=9! (+! (/3/+(+!"%1, 
%1%2$!%2%3$!8!$!%7-1!%7!!0+5!6,')59!+')9!/)!().!"#AF!!)+.+5!+'+!/)!(1!

V$! ! ).>! (+! 4+*+77)7)4+4)*+! /)! 4+*,47)2*)9! +0/=9! "%14$! %41%42, 
%24%34$!%!%!%!!$!%4/-1%4/!0+5!6,')59!+')9!/)!().!"#AF!)+.+5!+'+!/)!(1!V4% 

D+*+()*1</)!+08/)!8(5!5':<12.!15!'2.)4+-(-=9- 
7!⋅!)"%1#1F*!,!/!)"%14#14F*!⇒ 
⇒!)"%7#7F*!,!)"%/4#/4F*!⇒  
⇒ "%7!,!"%/4!⇒!7!⋅ V!,!/!⋅ V4  )"*!!! 
&/1+(9! 
7!⋅!)"%1#1!F*!4!/!)"%14#14F*!⇒   
⇒ 7!⋅ V!4!/!⋅ V4    )""*!!! 
0+5! 
7!⋅!)"%1#1F*!(!/!)"%14#14F* ⇒   
⇒ 7!⋅ V!(!/!⋅ V4!!!!   )"""* 
&48()$!'</,(.+!/)!(1.!1*5'/8!5'8()(+9!78-(.!0+(,!(1.!!<*1?1!

(V%!1*5'/89!7*$!;+!=:12/)- 
( )
( )ΝΔʹ′ʹ′Κ

ΝΔΚΑ
=

ʹ′ 11

11

AV
V  

!."%*% 
 

6"$"$7$3#3 
&5!'2.)4+-(-=9! "$! ""$! """! ()9!4*8(+-

')9! /7! )'"%/7*! 4*10<4(12.! +.! 4,.(! '(59!

)/5)2;)+)9! "%7 ,! F#7! 4,*12/)! (/3/+(+!

"%44/(! "%4/! $! F#44/(! F#4/! ! +.(+'(15:+$!

148() 
)"%44/#44/F*!(!)"%/4#/4F*!!!!0%74% 

  
 
!"#!"#$!"+!$%$%!"+& 

6%!'!#%!&.#"*!3! %04%("!1"#!"%!*!"!#3"%(.!$3-!'-!1.$0'7!!"!
1"$"#1%0"#$%(!#$%$%%!&'!("! $$$(%&$3%"! (#3!"%!&.#"*!3!#$%$%%!
&'!("# 
 
%&#&''($ 
#+.1.(+5!)!)/5)2;)++!%x!0+5!)! (*+)**)!%1.x1y1z1%!-)(*1</)! (2&

:++1!')/)+1!#1!()9!%1z1!0+5!().!4*16173!!(12!#41!'(1!)4+4)*1!x1A1y1.  

 
!"#$!!!"+! 
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!"#$!!!"# 

"&'&(())*+,)-)!./01&!
∧

!"# !1(2!-)!'20!
∧

$$$ #"! (&3!4*0/!(',!)41-

4)*,!x%y!'2!./01&!
∧

!"% !1(2!-)!'20! ,#Ax 111

∧
ʹ′ !5'(3!6(')!,3!%y$!%t!0&!5%

7,)0!/8!49,8!'20!Ax!'20!1*3&!:5(2!4,)!57,)0!,3!%1y1, A1#1+!/8!49,8!'20!

%1x1!&49;'&(2!I'!()*'!<*0/!('20!2-3)):)1&!%t!:)/9,=-)!',!(2-)1,!,+$!
'5',3,!6(')!%#++!%1#+1!(&3!',!'->-&!#+#!+!#1+#1!!(*:)',!(',!)414)*,!

xAy!&49;'&(2!,(*'!-('/!%z!2!2-3)):)1&!-)!&97>!%!4,)!4)9357)3!',!#'!
.&!*)1?,)-)!;'3!2!(')9)*!./01&!%'xyz!)10&3!1(2!-)!'20!%1.x1y1z1. 

<*0/!('38!%x, A1x1!:)/9,=-)!'&!(2-)1&!/$!/1!&0'3(',17/8!5'(3!

6(')!%/!+!%1/1! '!<9,0&068!2! !#1#+1!)10&3!(*:)'2!('38! !#1+%1$!#1+/1  
(&3!2!!##+!(*:)'2!('38!!#+%$!#+/'! 

%&!'91./0&!%1/1#1+!(&3!%/#+!57,)0!%1/1! !+!%/$! !%1#1+!+!%#+!

(&3!
∧∧

Δʹ′ΒΑ=Δʹ′Α $$$! '!19&!)10&3!1(&!&49;'&(2!"'!-*$!,4;')! 

#1+/1!+!#+/'  (1) 

%&!,9:,.603&!'91./0&!@,34;0!#1#1+/1! $!##+/!57,)0!'38!(*:)')8!

4@))958!',)8! 1()8!-3&!49,8!-1&! !&/1#1++!/#+! $! !#1#1++!##+*'!19&!)10&3!

1(&$!,4;')! 
/1#1!+!/#  (2) 

&-,1/8! '&!,9:,.603&! '91./0&!%1#1#1+$!%##+! 57,)0! '38!(*:)')8!

4@))958!',)8! 1()8!-3&!49,8!-1&! &%1#1++!%#+! $!#1#1+!+!##+*'!19&!)10&3!

1(&$!,4;')! 
%1#1!+!%#  (3) 
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%4;!'38!(75()38!&,*$!&(*$!&)*!49,(=4')3!2!3(;'2'&!'/0!'93.60/0!%1/1#1  

(&3!%/#!&57,)0!'9)38!4@))958!1()8!-3&!49,8!-1&*'!19&!
∧∧

ΒΑΔ=ΔΑ $$$& .  
!0')@68! &0*@,.&$! &0! @*D,)-)! )4;E2! -&8! ;'3! (&3! ,3! ./01)8!

'#"" $$$

∧
ʹ′  

∧

ΑΔʹ′ # !)10&3!1()8!&/8!&:9,1(-&'&!>!*3&0,958!1(/0!./0360*!(&3!

:)/9>(,)-)!4*0/!('38!%y$!%1y1!!'&!(2-)1&!2$!21$!5'(3!6(')!%2!+!%121, 

-4,9,=-)!0&!*)1?,)-)!;'3.!
∧∧

ΓΑ=ΔΑ "# $$$ . 
&3!'91)*9)8!@,34;0!4)9357,0'&3!&4;!)414)*)8!./01)8!1()8!(&3!,-,1%

/8!!()1-)0)8$!,4;')!:&!)10&3!1()8'! 
!."'*' 
 
 

!"#!"#$!!"#!$%$%!"#& 
!!!""##$%&!$'#(!%$!'$%$#'!)$#%!*!+$,$--&-!+*+!""!.#"/"!'$/!

"#"*01!'!*#!%"!+,"1!""##$%"!+$,$--&-!+*+!""" 

%&#&''($ 
#1*,0'&3!',!'->-&!%/!(&3!',!4&9&@@2@)414)*, 

%1/121#1 –!%1+!/1+!21+!#1+' 
.5@,)-)! 0&! (&'&(())*(,)-)! 4&9&@@2@)414)*,!%/2#! –!%+/+2+#+!

;-,3,!(&3!,-,1/8!()1-)0,!49,8!',!*,(-50,' 

 
!"#$!!!"$ 

$=-0/0&!-)!'20!49;'&(2!(/$!-4,9,=-)!0&!(&'&(())*(,)-)!'91)%

*92!./01&!%'/xy!1(2!-)!'20!%1'/1%1+#1$!!'5',3&!6('). 

=
∧

!$!
∧

ʹ′
$$$ ""&  &&*!$! 

∧∧
ʹ′= $$$ "$"!"#   &D*$!! 

(&3!!!!
∧∧

Β=ΔΒ #"" $$$   &.*' 
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<*0/!('20!%x!,91+,)-)!',!(2-)1,!%+$!5'(3!6(')  

Αʹ′Α

ΑΒ
=

ʹ′ΑΑ

Β

11

11A   (1) 

&49,0&068!',!%%+!@&-D*0)'&3!/8!')'*9'2!&0*@,.,8!'/0!)):=.9&--/0!

'-2-*'/0!%1/1$!%1%1+$!%/*' 
$'2!()057)3&!4*0/!('20!%y!,91+,)-)!,-,1/8!',!(2-)1,!#$!5'(3!6(') 

ΑΔ

Αʹ′Α
=

ΔΑ

ʹ′

$$

$$$"   (2) 

%4;!'38!(75()38!&,*$!&(*!-)!)0&9-,.>!'28!3*3;'2'&8!0"%#!&$'(0!&49;-
'&(2! V'! ((*! >$! -)! (2-)930,=8! ;9,)8$! 4,@@&4@&(3*+,0'&8! (&'*! -5@2$!

49,(=4')3 

ΑΔ

ΑΒ
=

ΔΑ

Β

$$

$$"
   (3) 

.)/9,=-)!',!4&9&@@2@)414)*,!-)!'9)38!()0'957,)()8!&(-58!%/$!

%%+$!%#$! !5('/!',!%/2#!–!%+/+2+#+'!%4;!'38!(75()38! &&*$! &,*!49,(=%
4')3!2!,-,3;'2'&!'/0!4&9&@@2@,.9*--/0!%//1+$!%1/1/1+%1+'!&-,1/8!

&4;!'38!&D*! $!&(*!2!,-,3;'2'&!'/0!%##+%+! $!%1#1#1+%1+!(&3!&4;!'38!&.*$!

&)*!2!,-,3;'2'&!'/0!%/2#$!%1/121#1 . 
!4,-50/8!(&3!'&!+)=.2!'/0!1(/0!49,8!&)'58!&450&0'3!)*960!)10&3!

)41(28! ;-,3&! (&3! ,-,1/8! ()1-)0&! 4&9&@@2@;.9&--&'! %,! 4&9&@-
@2@)414)*,!@,34;0!%/2#!–!%+/+2+#+! ! !)10&3!;-,3,!(&3!,-,1/8!()1-)0,!
49,8!',!*,(-50,'!!

!."'*' 
 
 

'%!)*#+'"!&,-.!#!'/!!"0'&"'/!1.-0'/ 
 
5.1. 2"'!3"'"!'##!$!"/!!"'4&".-!1.-'5-. 

 
A8! !'91)*92!(')9)*!./01&!:)/9>(&-)!',!0(7>-&0!',)!769,)!4,)!

49,(=4')3!&4;!'9)38!-2!()0)414)*)8!2-3)):)1)8!&&x$!&y$!&z*!(,30>8!&9%
7>8!&'!"=93&!(',37)1&!'28!'91)*928!(')9)*8!./01&8!)10&3!,3!'9)38!)414)%

*)8! ./01)8! '28! ()*!'#*)'!*#+
∧∧∧

! (&3! ,3! '9)38! *1)*9)8! ./01)8! '28!!

).,D,&(
∧∧∧

. 
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 (x - &z - y) ⎟
⎠
⎞

⎜
⎝
⎛Β↔

∧∧∧
xOyD  

(y - &x - z) ⎟
⎠
⎞

⎜
⎝
⎛Γ↔

∧∧∧
yOz.  

(z - &y - x) ⎟
⎠
⎞

⎜
⎝
⎛Α↔

∧∧∧
xOz&  

 
$'38! '91)*9)8! (')9)58! ./01)8!

-4,9)1! 0&!&4,*)37:)1!;'3!,3! )414)*)8!

./01)8!57,)0!'20!1*3&!()39*!-).5:,)8!-)!'38!&450&0'3!*1)*9)8!./01)8!(&3!

&0'3('9;0/8'!-'(3$!'&!(=93&!(',37)1&!'28!'91)*928!(&:,91+,0'&3!(&3!*3&-
'*((,0'&3!0-)'93(*0!(',!769,!&0*!*=,' 

B)'&?=!'/0!(2-)1/0!(&3!'/0!)):)360!(',!)414)*,!)4*97)3!-3&!&%

0'3(',172(2! ! 4,)! (>-)9&! (&'&0,)1'&3!/8! *)F(;'2'&'!%0!()! (*:)! 49;-
'&(2!>!()!(*:)!(7>-&!)0&@@&.,=0!,3!@5?)38!%$)$%&'%!(&3!%%(*%&!%, %+%&&
&!%%!(&3!%"%,-"%&!%%, %&,$.'.&!%%!(&3!%$(.",'.&!% $%%!('@4'$!49,(=4')3!-3&!
05&!049;'&(20!>!50&!05,!0(7>-&0$!4,)!(&@)1'&3!"(/+#!>!"(/+0!',)!&973%

(,='!-'(3!4'7'!',!&?1/-&!%"1'!$)$%&!!$(.",'.&!%!$%!$%!!$'.!"%+#!%(*%&!% 
57)3!/8!*)F(;!',!0&?1/-&0!%"1'!%(*%&%2!&,$.'.&!%!$%!,.!!$'.!"%+0!$)$%&&

'%!!(&3!&0'3('9;0/8' 
<&9;-,3&!(&'*!'20!-)'*D&(2!(',!769,!(&3!4*@3!,3!@5?)38!%$)$%&&

'%, %+'-('#%, %%(*13-!$$'!&$#$!%, %45%(-6%!(&3!%%4&4%"'2!37.&!%,  &0'3-
(',37,=0!-)!%%(*%&!%, %!+$#%, %%4&4%"'2!37.&!%, %,"-!%!(&3!!%"&%"-'2!37-
.&!%!(@4' 

-'(3$!-)'&?=!'91)*928!(')9)*8!./01&8!(&3!'93.60,)$!-)!79>(2!(&3!

'28!*)F(;'2'&8!*2-3,)9.)1'&3!!-3&!)00,3,@,.3(>!()(75'3(2' 
 

 
67$(89:!%)( 
 

 
67$*+7,!(89$%!:%%)( 

 

4@))9*!%/ 
 

 

)414)*2!./01&  
∧

$!!  

)414)*2!./01&!
∧

%2/  
 
*1)*92!./01&!%!-!&2!-!/ 
 

!"#$!!!'() 



 58 !!"#!"#$!"$%&"'!"%# 

"&'1!&)';!',0!'9;4,!-1&!(75(2! 3(;'2'&8!*=,!'935*9/0!4,)!(&%

:,91+)'&3!&4;!'&!&@@2@,)?&9'6-)0&!(=93&!(',37)1&!'/0!*=,!'935*9/0$!

-4,9)1!0&!()(7)'3(:)1!)00,3,@,.3(*!(&3!0&!0&0&(&@)0:)10!&4;!'&!(93'>%

93&! 3(;'2'&8!*=,!'93.60/0$!&9()1!0&!?)(&:&93(')1!4;(&!(&3!4,3&!(',3%

7)1&!&9(,=0!.3&!',0!4@>92!(&:,93(-;!-3&8!'91)*928'! 
 

 
!"#$!!!'(" 

∗ 8!!"1'!&-&37.!!&'(!$"#$!&'2!'("!,"'(.!"1'!45%(-,2!$%!$,&-!!)"!+!%!)*!

$'.6"%2( 

∗ (&.!%!0$'%!+!!''1! 5,1
18
27

12
18

8
12

=== !'40&%!
∧∧∧∧

== ),*7 ϕ +!+!%!

∧∧
= +* !!556!'%!37.&%2!"%.!,"'(.!&).!&"%!!"%6&!9)!,"%.!%&.!%!&$%2!%$&!!

4-'2!$&!%( 
 

%(;-&$! 500,3)8! ;4/8! 4!-!45)-7$!&%+#! 37.&!! -4,9,=0! 0&! )4)%

('&:,=0!(',!769,$!,4;')!,3!)414)*)8!./01)8!-3&8!'91)*928!.10,0'&3!*1)%

*9)8!'28!4&9&4@29/-&'3(>8!'28'!%)@3(*$!&4;!'&!:)/9>-&'&!(&'&(())>8!

-3&8! '91)*928!&4;! '&!(',37)1&! '28$!49,(=4')3!;'3! )10&3!*)0&';0!-)! 5?2!

*,(-50&!(=93&!(',37)1&!2!'91)*92!4,)!(&'&(())*+)'&3!0&!-20!)10&3!-,%

0&*3(>'!%)';!*)0!4954)3!0&!0&0)1!4)91)9.,$!;'&0!&(;-&!(&3!2!(&'&(())>!

)0;8!'93.60,)!&4;!450')!*,(-50&!(',37)1&!-4,9)1!0&!-20!)10&3!-,0&*3%

(>$!&0!@20:,=0!)4;E2!&4&3'>()38!*3*'&?28!'/0!(',37)1/0!(&3!49,(&0&%

',@3(-,=!(',!)414)*,'!!!! 

23&! '20! &4;*)3?2! '28! -2! -,0&*3(>8! '91)*928! &4;! '&! 5?3! (=93&!

(',37)1&!.10)'&3!)41(@2(2!'28!(&'*!(,9)0>!'91)*928' 
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&3!*=,!(&'*!(,9)0>!'91)*9)8!57,)0.! 

'#*!!*#
∧∧
ʹ′ʹ′ʹ′=   ')*##*)

∧∧
ʹ′ʹ′=  

∧∧
ʹ′ʹ′= !*))*! !(&3! 

x -!&y - z = x+-!&y+- z+ 
y - &z - x = y+- &z+- x+ 
z - &x - y = z+- &x+- y+ 

;-/8!-4,9)1!0&!)10&3!1()8!>!()--)'93(58' 
&B4,9)1!0&!&4,*)37:)1!;'3!.10,0'&3!1()8!&.!()-4'6(3-)8*!;'&0!*=,!

)414)*)8!!./01)8!',)8!)10&3!1()8.!3(,(()@>8!'91)*92!./01&*' 
 

 
!"#$!!!'(- 

z - :x - y ≠  z - :y – x,   
∧∧

ʹ′ʹ′≠ yOxxOy  

z - :x - y = z - :y – x,   
∧∧
ʹ′ʹ′= yOxxOy  

 
%)@3(*$!'&!!(93'>93&!3(;'2'&8!*=,!'935*9/0!*3&-,9060,0'&3!/8!)?>8. 

• !*0!*=,!'91)*9)8!./01)8!57,)0!-1&!5*9&!1(2!(&3!'38!49,(()1-)%

0)8!(1!&)'>0!*1)*9)8!&0*!-1&!1()8$!';')!&)'58!)10&3!1()8!>!()--
-)'93(58 

 
• !*0!*=,!'91)*9)8!57,)0!*=,!)414)*)8!./01)8!!1()8!-1&!49,8!-1&!

(&3!'38!4)93)7;-)0)8!()!&)'58!*1)*9)8!&0'1(',37&!!1()8$!';')!&)%

'58!)10&3!1()8!>!()--)'93(58' 
 

• !*0!*=,! '91)*9)8! ./01)8! ! 57,)0! '38! )414)*)8! ./01)8! ',)8! 1()8!

-1&!49,8!-1&$!';')!&)'58!)10&3!1()8!>!()--)'93(58' 
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•  !*0!*=,!'91)*9)8!./01)8!57,)0!'38!*1)*9)8!./01)8!',)8!1()8!-1&!
49,8!-1&$!';')!&)'58!)10&3! 1()8!>!()--)'93(58! &.;-/8!'91./0&!

-)!)!./01)8!1()8!)10&3!1(&!>!;-,3&*' 
 
  %4;! '20! 4&9*:)(2! &4,')@)(-*'/0! 4,)! 49,2.>:2()!-4,9,=-)!

0&!&4,0&0:,=-)!;'3!*=,!'91)*9)8!(')9)58!./01)8!-)!'38!)414)*)8!./01)8!

',)8! 1()8! (&3! ,-,1/8! ()1-)0)8! )10&3! 1()8$! *2@&*>! #)#+%2#/#!1# ;4/8!
&(93D68!)43'*((,)0!,3!,93(-,1!2!(&3!,3!',)!D3D@1,)!'"' 

 
 

5.2  2"!,!;<"=-3-!!"0'&"'/!1.-0'/  
 
"&!$! 500,3&! '28! 3(;'2'&8!*=,! '935*9/0!()-414')3! 4*3&3(:2'3(*5!

-)!'20!&0:964302!*)0&';'2'&!'&='3(>8!',)8' 
34/8!49,(=4')3!&4;!'20!49;'&(2!(($!'9)38!*03()8!)414)*)8!./01)8!

4@29,=0!'38!49,G4,:5()38!(&'&(())>8!-3&8!'935*928!./01&8!;'&0. 
i) !!!(&:)-3*!)10&3!-3(9;')92!&4;!',!*:9,3(-&!'/0!*=,!*@@/0!(&3! 
ii*!!',!*:9,3(-*!',)8!)10&3!-3(9;')9,!&4;!-!,9:58' 
3'&0! (&'&(())*(,)-)! '91)*92! ./01&!&'%/2! &4;! '9)38! *,(-50)8!

5*9)8!&)414)*)8!./01)8*!&%/$!&/2!(&3!&%2$!(&3!49,)(')10,)-)!'38!&(-58!

'28$!D91((,)-)!(&3!'20!(&'*!(,9)0>0!'28!'91)*92!./01&!&'%+/+2+!&$7>-&!

6'-*'!$'&! 0!&'%"%&!0!;-/8!2! '91)*92!(&:,91+)'&3!&)('29*!&4;! '38! 5*9)8!

4,)! '20! 4)93D*@@,)0$! ,3! ,4,1)8! )10&3! '91./0&'!<9,2.,=0'&3! *2@&*>! 50%

0,3)8$!;4/8!+!&6!+'-('#., 4!-!45)-7$!&%+,2!('@4' 

 
!"#$!!!'(.  
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&3!*=,!'91)*9)8!@,34;0!4,)!49,5()E&0$!57,)0!1()8!5*9)8!(&3!1()8!

*1)*9)8$! &@@*! )10&3! *03()8$! -)! '20! 500,3&! ;'3! *)0! -4,9,=0! 0&! -)'&-
(302:,=0!-5(/!-3&8! 0(')9)*80!(102(28!(&3!0&!.10,)0!()-4'6(3-)8'!.&!

)437)392:)1! -3&! )4,4'3(>! *3)9)=02(2! ',)! '9;4,)! (102(28! (&3! '28! (=%

-4'/(28' 

>&!!4)3*>!,!4&9&'292'>8!D91(()'&3!(',!769,$!-4,9)1!0&!:)/9)1!

&(102'2!'20!'91)*92!&'%/2!(&3!0&!(30)1!'20!&'%+/+2+!.3&!0&!)@5.?)3!&0!

()-414')3!-)!'20!*,:)1(&!('&:)9>!'91)*92'!!4*97,)0!;-/8$!()!&0'1:)(2!

-)!'&!49,D@>-&'&!(',!)414)*,$!4,@@58!*)0&';'2')8!0&!.10)3!&)'>!2!(')%

9)*!(102(2!(',!769,'! 

 $'950,0'&8!4'7'!'2!./01&!
∧

ʹ′ʹ′/%& !(&'*!,73,$!6(')!0&!()-45()3!

-)!'20!
∧

ΟΑΒ $!2!&2+!4)90*!&4;!',0!2-3769,!4,)!D93((;'&0!/8!49,8!',!

)414)*,!%+/+&%/!(',0!2-3769,!4,)!D91(()'&3!2!&2!&$7'!6'-*' 
%,!&0!2!&2+!:&!()-45()3!>!;73!-)!'20!&2!)?&9'*'&3!&4;!',!&0!2!

7*9&?2!-3&8!2-3)):)1&8!&4;!',!&!4,)!0&!(72-&'1+)3!*,(-50)8!./01)8!-)!

'38!&%!(&3!&/!)10&3!-,0&*3(>!(',!769,' 
 3@)8! ,3! 2-3)):)1)8! 4,)!

(72-&'1+,)0!-)!'20!&%!./01&! 1(2!

-)! '20!
∧

%82 ! D91((,0'&3! 4*0/!

('20! )430*0)3&! )0;8! (60,)! -)! *-
?,0&!&%!&$7'!6'6*. 

&-,1/8$! ,3! 2-3)):)1)8! 4,)!

(72-&'1+,)0!-)! '20!&/! ./01&! 1(2!

-)!'2!
∧

/82 !D91((,0'&3!4*0/!('20!

)430*0)3&! )0;8! (60,)! -)! *?,0&!

&/' 
&3!*=,!(60,3!'5-0,0'&3!(&'*!

*=,!)):)1)8!!!&"1!!(&3!!&"2$!!&0,=! 
∧

$*#  +  
∧∧

> "*&&*# . 

-'(3$!&4;!'38!5*9)8!
∧

$*# !(&3!
∧

!*# ! (72-&'1+,0'&3! *=,! '91)*9)8$!

,3!&'%"1/!(&3!2!&'%"2/$!,4;')!2!

&(->! !&2+! !'28!(&'*!(,9)0>0! !'91)*928!*)0!()-414')3!-)!'20!&(->!&2!

'28!&973(>8' 

 
!"#$!!!5.5 
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3&#!*0#& 
%,!)414)*,!4,)!*3597)'&3!&4;!'20!%/!(&3!'5-0)3!',)8!*=,!(60,)8!

(&'*!)@@)1E)38$!792(3-,4,3>:2()!.3&!)4,4'3(,=8!@;.,)8'!$!4@>928!-)%

@5'2! ',)! 49,D@>-&',8! &4&3')1! '2! 79>(2! -)'&(72-&'3(-60! (',! 769,$!

(*'3! 4,)! 792(3-,4,12()!()('2-&'3(*! ,!Euler!('2!-)@5'2! '28! (102(28!
)0;8!(')9),=!(6-&',8' 

 
1&!!$'2!()057)3&!:&!)4,*)37:)1!-3&!*3&*3(&(1&!4,)!)4)(')10)3!(',!

769,!'2!*3&*3(&(1&!.3&!'20!(=-4'/(2!(',!)414)*,!*=,!'93.60/0!-)!1(&!

+)=.2! ,-;@,./0! 4@))960! (&3! 4,)! *3))(9301+)3! '2! *)0&';'2'&! (=--
4'/(28!*=,!(&'*!(,9)0>0!3(,(()@60!'935*9/0'! 

459,)-)!'2!*37,';-,!xy!'/0!(&'*!(,9)0>!)*960!&%/!(&3!&%+/+!
(&3!)414)*,!&<*!(*:)',!(',!)414)*,!'/0!)*960!&%/$!&%+/+$!4,)!0&!',!

'5-0)3!(&'*!'20!xy!&$7'!6'/*'!$!'91'2!&(->!&2!(&3!2!49,5('&(>!'28!D91-
((,0'&3!()!*=,!*3&0,9)'3(,=8!2-3769,)8!&<*!-!/!(&3!&<*!-!/+!&0'1(',37&!
&&0!2!&(->!2+&2!D93((;'&0!)41!',)!&<*$!2!'91)*92!:&!>'&0!3(,(()@>8*'! 

459,)-)!'20!)):)1&!z!(*:)'2!
(',! &<*! (',! (2-)1,! &'! %0! ('95-

E,)-)! '2! ./01&!
∧

ʹ′ʹ′BAO ! (&'*! ,73, 
(',! 769,! .=9/! &4;! ',0! *?,0&! +z, 
6(')!2!2-3)):)1&!&%+!0&!()-45()3!

-)! '20!&/! (&3! 2!&/+! -)! '20!&%$!

';')!2!('&:)9>!(&'*!:5(2!&(',!76%

9,*! &2+! :&! ?&0&D9):)1! (',0! 1*3,!

2-3769,!&<*!-!/+!4,)!>'&0!&973(*'!
-'(3$! 2!&21+! 4,)! &4,')@)1! '2! 05&!

:5(2! '28!&2$! *)! ()-414')3! -)! '20!

&2$! &0,=! D91((,0'&3! ()! *=,! *3&%

0,9)'3(,=8!2-3769,)8' 
.&! 4&9&'29>(,)-)! ;'3! -3&!

&0*@,.2! *3&*3(&(1&! (',! )414)*,!

,*2.)1!4*0'&!('20!'&='3(2!*=,!'93%

.60/0!4,)!57,)0!'38!'9)38!!4@))958!',)8!&0'1(',37&!1()8!&7/918!0&!@&-%

D*0,0'&3!)4;E2!&4&3'>()38!49,(&0&',@3(-,=*'!!*6!;-/8!79)3*+)'&3!0&!

D.,=-)!5?/!&4;!',!)414)*,!.3&!0&!&0&4')7:)1!2!'&='3(2!(',0!4)93D*@-
@,0'&!769,' 

!"#$!!!'(# 
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!"#!"!#$"$#%###&&$&$%'%"%()# 
*#'#!#'+()'*,)#%#'"-.!()# 

 
!!&()*+,&-!'./!(01()+)22./!&3-24'./!&'5!(676(*5!(/'4&&('),!

&'5!85),*9!&3:2)"!!"!#"#$!–!#$#%!#"#$!–!%$&$&!'" 
%(2+./)!2(!)0':!'-/!*8,24*.&-#!9')/!*(5!&3:2)')!*(/!(7/),!&0$

26';&,2)#!265+(7!/)!(7/),!925,)!*),!9')/!*(/!(2676'50/!&',<!)6),':&(,<!

'-<!525,9'-')<#!265+5(/!/)!&0)*+,15(/!.<!6+5<!'-/!(6,+4/(,)!650!6(+,$

*8(750/%!!!5+19'-')!)0':<!'-<!(6,85):<!*,*),;/('),!)69!)0'9!650!&:2($

+)!(7/),!)/.&'9!.<!'5 "!"!"##"$$#%!"&%!'#()*%%!"!+!#,-%$!.!!"&/!#0*0#$&!
&#(,#")*%", *),!650!)65*(731-*(!298,<!&'5!'=85<!'50!&'50!),;/)%! 

!! &3(',*:! 1(.+7)! 1(2(8,;/('),! *),! )/)6'(&&('),! (6,'03;<! &')!

>,>87)!$!*),!$$!'./!1"!"##*(/%!!!(6=*')&-!*),!)/46'0?-!'50!)/'7&'5,350!

&3:2)'5<!&'5!3;+5#!&026(+,8)2>4/5/')<!'-/!=//5,)!!()#*, 6)+50&,4@(, 
)/06=+>8-'(<!*0&*587(<%!,2.<#!)/!6(+,5+,&'5(2(!&(!6)+)88-8(676(*)#!

)/)6'(&&('),!2,)!,*)/565,-',*:!1(.+7)#!&(!68:+-!)/)85)7)!2(!'5!(676(-
*5%!%0'9!)*+,>;<!(7/),!*),!'5!)/',*(72(/5!'./!6+5'4&(./!()!2=3+,!*'%!

%(!)0'4!')!68)7&,)!-!,&9'-')!&'(+(;/#!9')/!*(/!(7/),!&(26'.&-#!(//5(7$

'),!.<!,&9'-')!9)*./#!*-8)*:!+,&5*0/)27)+%!-'&,!)65*(,*/(('),!9',!"2!

345!%! #"(/!456(/$!$.!!4,!"(/!0%)%33&3#0"07$(/!#*/%"!!!6.-!%!"!+!34%
5!+!!,!"4"&"%%"! !,6+9')&-!**-#!96.<!*),!9',!"1#!$.!!*!%!#&*!(/!456(/$!

0%)%33&3#0*0#$%!!"!-8!#"%!#*/%"!%/""!")4'(%!%/83!5#%!!"(/!+9$/"!,6+9$

')&-!*.-%! 
"(!&-2(+,/:!5+585)7)!&/!)0':!'-!*,)'(6.&-!(268=*5/'),!')!2()=1-!

",:6!%", "#,-%$4/", "456!%"'!650!&3('7@5/'),!2(!(01()+)22)!'2:2)')#!(67$
6(*)!*),!&'(+(4!&3:2)')!)/'7&'5,3)%!!#=85<#!6+=6(,!/)!&-2(,.1(7!-!)650-
&7)! &026(+)&24'./! 650! )65'(85(/! &:2(+)! +42(&-+! )/;&-! &(! 6+5&()-
)7&(,<!650!(6,*(/'+;/5/'),!&'-!2='+-&-#!96.<!6%3%!9',!&(!=/)!6)+)88-8($

676(*5!'5!),/92(/5!(2>)*5(!>4&-<!*),!(A50<!(7/),!&')1(+9% 
",)!/)!)7/(,!*)')/5-':!-!*,)6+))24'(0&-!'./!(//5,;/!&',<!6+5-

'4&(,<! 650! )*585015(/! 1)! 6+=6(,! /)! *4/502(! 2,)! &(/'52-! )/)*+52:!

&'5/!'+965!3(,+,&25(!'50!(2>)*5(!'./!(01()+)22./!(676(*./!&3-24-
'./%!&,!)6)+3=<!2,)<!&0/1(',*:<!)/46'0?-<! '-<!1(.+7)<! '50!#2>)*5(!

),)!')!(676(*)!&3:2)')!>+7&*5/'),!:*-!&'5!>,>875!$!'./!1"!"##*(/ (2('4!
'-/!6+9')&-!*0-%!#*(7!&0)*+7/5/'),!6)+)88-89)+)22)!2(!'-/!7*,)!>4&-!

*),!7&)!(A-!*),!)*58501(7'),!,2(!&()3+5/-!5+585)7)-!-!(?:<!*,)*,*)&7)#!

9650!(/'9<!6)+(/1=&(.<!&-2(,;/5/'),!')!3.+7)!'50!(6,6=*50!650!065$

*-8;/50/!')!)/'7&'5,3)!)+422)')% 
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   1#:,%!(!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!1#:,%!) 
 

%'-/!6+;'-!6(+76'.&-!,%3%%-! 
 
E1!3!,%/".-#!!E2!3!,%/#0- 
#!3!,%/#.-#!!!!#2!3!,0.%-!!!!!!!!! 
#1!3!,#"/- 
E1!3!#1!4!#!!!! 
E2!3!!#2!4!##! 

,2.<#!'+7)./5!,0.%-!3 
3!'+7)./5!,#"/-# 
 
569'(!#1!3!#2#!*),!='&,!!E1!3!E2 

%'-!*(('(+-!6(+76'.&-!,%3%!/- 
 
E1!3!,%/".-#!!!#!3!,#.&-#!! 
#1!3!,#"/-#!!!!!!#13!,%&/-! 
#2!3!,0.%-#!!!!!!!E2 = (%/#0- 
E1!4!#!3!#1!4!#1#!! 
E2!4!#!3!#2!4!#1! 

,2.<#!'+7)./5!,#"/-!3 
3!'+7)./5!,0.%-#! 
 
569'(!#1!3!#2#!*),!='&,!!E1!3!E2 

 
#)!6,5!64/.!065*(,*/(50/!9',!'5!(2>)*9/!265+5(2(!/)!'5!3(,+,-

&15(2(!.<!2=)(15<#!9650" 
,)-!!2&)!&3:2)')!=350/!7&)!(2>)*4%! 
,>-! !#5!(2>)*9/!(7/),!1(',*9!*),!6+5&1(',*9!2(!'-/!(?:<!=//5,)"!

,')/! =/)!&3:2)! *,)2(+,&'(7! 6%"8!%0!$#6"4! ")40!'! '5! (2>)*9/!

'50!&3:2)'5<!6+5*(6'(,!.<!'5!41+5,&2)!'./!(2>)*;/!'./!&3--
24'./!'-<!*,)2=+,&-<% 

!!)+3:!,>-!8(,'5(+)-&(!&'-/!6(+76'.&-!650!298,<!6)+50&,4&'-*(!

2(!*(5!'+9650<" 
 

 ,>1) *!!$"%#()*!",%!#()*%' ,>2) *!!!+,03&)$!",%!#()*%' 

9650!'5!@-'5(2(/5!(2>)*9/!6+5-
=*0A(! )69! 41+5,&2)! (2>)*;/!

7&./!&3-24'./!,%3%!%- 

9650!'5!@-'5(2(/5!(2>)*9/!6+5=-
*0A(! )+5(! '5! &3:2)! &0268-+;-
1-*(#!;&'(!/)!6+5*(A(,!41+5,&2)!

7&./!&3-24'./!,%3%!/- 
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&,!*,)*,*)&7(<!,)-!*),!,>-!265+5(/!2(!',<!)/))*)7(<!!6)+)*53=<!/)!

(6(*')15(/!&(!,*0+'4-!6580)./,*4!3.+7)#!569'(!5*-)5(/!&(!658()./)!

,&5*,)3.+7&,2)! *),!&(! 658()./)! ,&5&0268-+;&,2)%!'+-&,2565,;/')<!

'+,)./565,:&(,<! !*),!'-/!)+3:!'50!%+3,2:*--#0*9?50#!265+(7!/)!)69-
*(,31(7! 9',! ')! ,&5*,)3.+7&,2)! 3.+7)! (7/),! ,&5&0268-+;&,2)! *),! )/',$

&'+9+.<% 
!!2('4>)&-!&'-!2='+-&-!)6),'(7!'-/!*)')&*(0:!2,)<!!+/8)"&!&%!

#,-%$!.(!!!,*=)!),)!'-/!*)')&*(0:!'-<!>+7&*('),!&'5/!5+,&29!'50!(2>)$

*5(!6+;')!&')!'+7)./)!*),!*)'96,/!'-/!(6=*')&-!,6+5&1(',*4-!&')!6580$

)./,*4!3.+7)#!2=&.!'+,)./565,:&(./%!E+4)2)',#!)0'9!(6,'0)34/('),!6)$

+)'-+;/')<!9',!&(! =/)! '+7)./5! '5! ),/92(/5!2,)<!68(0+4<!*),! '50!)/'7$

&'5,350! &/! )0':/! (A50<! (7/),! )/(?4+'-'5! )69! '-! 1(.+5(2(/-! 68(0+4%!

#9'(!5+7@502(!'5!(2>)*9/!&')!'+7)./)!2=&.!'50!)/.&'5(!'(650" 

(2>)*9/!3!
2
1
,>4&--!⋅!,(A5<-% 

"65+5(2(!='&,!/)!06585)7&502(!'5!(2>)*9/!(/9<!6580);/50!.<!

'5!41+5,&2)!'./!(2>)*;/!'./!'+,);/./!2,)<!'+,)./5657-&-<#!)+5(!>=$

>),)!)65*(,31(7!9',!(7/),!)/(?4+'-'5!)69!'-/!'+,)./5657-&-% 
!! 1(.+7)! '50! (2>)*5(!&'5! (676(*5! 650!)/)6'(&&('),!2(!)0'9/!

'5/! '+965! (7/),!!"!"##"$$&%!2(! '-/!)*98501-! =//5,)"!.(5!6580)./,*4!

3.+7)!(7/),! ,&(2>)*,*4!)*+,>;<!'9'(#!)/!(7/),!,&5*,)3.+7&,2)!,4+)!*),!

,&5&0268-+;+,2)-%!%(!2,)!)68:#!(/'06.&,)*:!,)884!,&5*(/)2--!*,)'($

6.&-"!*!#,-%$"68!0!3+5(/"68!#()*%!##()*%!,#!"!!*$"!!#,-%$4/$!,0!)!./!

/%!$"%,#)"!'!./!!"!/!*$"!!%)"',4!*!(/!")"5$/(/( 
!!)/46'0?-!2,)<!)/'7&'5,3-<!1(.+7)<!2='+-&-<!&'5!3;+5!6)+50$

&,4@(,!*0&*587(<!*),!'(8,*4!)65*(731-*(!9',!*(/!265+(7!/)!064+?(,!&'5,$

3(,;*-<!1(.+7)!9)*50!&'5!3;+5%!",)!&(/5A-!'-<!98-<!*)'4&')&-<!=3(,!

.<!(?:<" 
,&-!%'5!&0/1(',*9!2=+5<!'-<!6+5&=)),&-<#!)/',*)1,&';/')<!')!'+7-

)./)! 2(! '('+4(*+)! )65*(731-*(! ,'5! &'.*! )69! '5/! Sylder-! 9',! ,&5&0$
268-+;&,2)!658((*+)!(7/),!*),!,&5*,)3.+7&,2)% 

,(-!,&5/!)+5+4!&'-/!*)')&*(0:!2,)<!&0/4+'-&-<!9)*50#!)0'9!($

6,'0)34/('),!5+7@5/')<!'5/!9)*5!&'5!'('+4(*+5!.<!'5!
3
1
!'50!),/52=/50!

'50!(2>)*5(!2,)<!=*+)<!*),!'50!)/'7&'5,350!&/!)0':/!(A50<%!C)'96,/#!

(6(*'(7/('),!&')!658((*+)!2(!3+:&-!*,)2(+7&(./!!&(!'('+4(*+)% 
,*-!%0':!-!*)')&*(0:!=3(,!.<!&0/=6(,)#!6)+)88-8(676(*)!,:!*),!

6+7&2)')-!2(! 7&50<!9)*50<!/)!(7/),! ,&5*,)3.+7&,2)! !,2.<#!96.<!)65-
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*(,*/(('),!2(!3+:&-!)65'(8(&24'./!'50!M. Dehn#!=/)!*)/5/,*9!'('+4-
(*+5!*(/!265+(7!/)!(7/),! ,&5*,)3.+7&,25!2(!=/)!*(>5!'50! 7*,50!9)*50%!

,/8=6(!*),!&398,5!2('4!'-/!6+9')&-!*'-% 
#652=/.<#!-!1(.+7)!2='+-&-<!&'5! 3;+5!650!)/)6'(&&('),!*)'/ 

)0'9! '5/! '+965! *(/! (7/),! &'5,3(,;*-<#! 6=+)/! './! 6+,&24'./%! ",)! 2,)!

&0&'-2)',*:!2(8='-!)6),'5(/'),!,7'!$!"!#;8/"3&!&%!:!3+:&-!'-<!%)#:%!

"!+!Cavallieri!,*-8)*:!)6(,+5&',*9<!85),&29<-% 
#5!)?,51)(2)&'5!=)*(,'),!&'5!)()5/9<!9',!'5!'$!>,>875!'./!1"!"-

##*(/!,650!*,)6+))2)'((('),!'-!&()*+,&-!'./!6+,&24'./-!&')2)'4!(*(7!

)*+,>;<!650!)6),'(7'),!-!)88)):!'./!2(19*./#!(/;!-!,7'!$!%!"&%!#;8%

/"3&!&%!(+)+29@('),!&'5!>,>875!'$$% 
 
 

/#0!#"$##$%#&1&"#$%' 

 ''!+$,$--"-%+.+%&#!#$"/%.!$+!!##!%+.+%&#!##!#+#.#!&%0,1%#$%!
$+!! #%*! &%$(2'%%*! &3#! $+0'$'#%! %&,2'! ##4#! #!#%! &%$%,%.#$%! "%!
&3#!."$!$%!%"#&3'$$$&!+,."$$#$" 
  
'%0%$'2$# 
3(.+5(2(! '5! 6)+)88--

8(676(*5! %/".! –! %1/1"1.1!

*),!',<!*,));/,(<!%"#!%1"1!*(5!

>4&(;/!'50%!#)!6+7&2)')!%/"!

–! %1/1"1! *),! %."! –! %1.1"1!
(7/),! 7&)#! )+5(! 5,! =*+(<! '50<!

(7/),!2,)!6+5<!2,)! 7&(<!*),!6)$

+488-8(<!:!')0',@92(/(<% 
 

 
5$,$#6,"""!! 
&!+985<!!'-<!6+9')&-<!()!(7/),!1(2(8,;*-<!&(!9#',!)*58501(7% 
,6.<!'5/7&1-*(!-!1(.+7)!'-<!&()*+,&-<!'./!6)+)88-8(6,6=*./!

*),! './!6+,&24'./!)/)6'(&&('),!&(!68:+-!)/',&'5,37)!2(! '-/!1(.+7)!

&()*+,&-<!6)+)88-85)+422./!*),!'+,);/./!)69!'5!6+;'5!>,>875#!2(!'5!

(6,68=5/!)()5/9<!'-<!&0&'-2)',*:<!3+:&-<!&3=&(./!525,9'-')<!*),!)$

/)85),;/!650!)0':!&0/(64)('),% 
%'-/!(,&)).),*:!6+9')&-!()#!=/)!6)+)88-8(676(*5!*,),+(7'),!&(!

*(5! '+,)./,*4! 6+7&2)')#! 96.<! =/)! 6)+)88-89)+)225! *,),+(7'),! ,)69!

27)!*,));/,5-!&(!*(5!,7&)-!'+7)./)%!,2.<#!')!6+7&2)')!650!6+5*(6'50/#!

 
1#:,%!!)* 
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9/')<!&022('+,*4#!$#/!,0!)#*!/%!#*/%"!!+,0"$!",%(!-'&,!'5!)65'=8(&2)!

650!6+5*(6'(,!5+(78(,!/)!(+2-/(01(7!&')!68)7&,)!650!1='(,!5!5+,&29<!&5!

*),! 2(! &-2(+,/5(<! 9+50<! /)! )65*51(7!(%! "!!$+/%,*%'! *-8)*:! "!4"&"%!

456(/(! 
&!'+965<!2(!'5/!56575!(+)+29@('),!'5!&026=+)&2)!(7/),!*)')80-

',*9<%!#6,'+=6(,!2,)!&0/1(',*:!6+5&=)),&-!'-<!1(.+7)<!'50!9)*50#!96.<!

=),/(!*),!2(!'5!(2>)*9/!*),!'(8,*4!'-/!)/',2(';6,&:!'50!.<!2()=150<% 
"(! '-/!6+9')&-! *.!585*8-+;/('),!-!1(.+7)!),)!')!6)+)88-8(-

676(*)#!)+5(!2(!3+:&-!'-<!265+(7!/)!)65*(,31(7!9',!&(!=/)!6)+)88-8(-
676(*5!'5!),/92(/5!'-<!>4&-<!*),!'50!(A50<!650!)/',&'5,3(7!&/!)0':!(7$

/),!&')1(+9% 
 
 

/#0!#"$#$(#&1&"#$(' 
''!&3#!+$,$--"-%+.+%&$!01#4'!$%$!&7""!)#%'6#!##!.&%#!38#*!)$%!
#%!$)$0*!+#4!&%0,1#'#$%!$+!!#%*!)#,4(0*!$4#6*!#"*!&7""*!)$-
#$-6(#4'!"#%*!.&%%*!%4/%.%*#!#!#%!%.'$%!."$!$%!%"#&3'$$$&" 
  
'%0%$'2$ 
3(.+5(2(!!!')!!!6)+)88--

8(676(*)!!%/".!-!%1/1"1.1!!*),!!
%/".! -!%11/11"11.11#! 650! ,*)$
/565,5(/! ',<! 6+5F651=&(,<! '50!

1(.+:2)'5<%! #9'(! )69! ')! 6)$

+)88-89)+)22)! %//1%1! *),!

%//11%11!=3502("! 
%1/1!3!%/!3!%11/11!,$%*.-#!569-
'(!%1%11!3!/1/11!*),!)+5(!%%13!

3!//1#!%%11!3!//11!')!'+7)./)!

%%411!#!//1/11!1)!(7/),!7&)!,=350/!'+(,<!68(0+=<!7&(<!27)!6+5<!27)-% 
&257.<!')!'+7)./)!..1.11#!""1"11!(7/),!7&)#!*)1;<!*),!')!6)+)8$

8-89)+)22)!%..11%11#!%""11/11% 
#=85<#! ')! '('+468(0+)!%1.1.11%11! *),!/1"1"11/11! (7/),! 7&)! ,=$

350/!',<!68(0+=<!7&(<!27)!6+5<!27)#!*)1;<!*),!',<!)./7(<!'50<-% 
#)! 6+7&2)')! 85,69/!%%411! -!..1.11! *),!//1/11! -!""1"11! (7/),!

7&)%!%/! 6+5&'(1(7! &/! )0'4! '5! &'(+(9! 650! 6(+,*8(7('),! )69! ',<! =*+(<!

%/".#!%1/11"11.1#!%..1%1#!/""11/11#!1)!6+5*(A(,!-! ,&9'-')! ,,&5*0$

/)27)-!'./!)+3,*;/!6)+)88-8(6,6=*./% 

 
1#:,%!!)+ 
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/#0!#"$#)*#&1&")*' 
''!&3#!+$,$--"-%+.+%&$!01#4'!)#%'6!&7""#!##! .&%#!38#*!)$%!#%!
$)$0*!+#4!&%0,1#'#$%!$+!!#%*!)#,4(0*!$4#6*!#"*!&7""*!&%'!)$-
#$-6(#4'!"#%*!.&%%*!%4/%.%*#!#!#%!%.'$%!."$!$%!%"#&3'$$$&" 
 
'%0%$'2$ 
3(.+5(2(! ')! 6)-

+)88-8(676(*)! ! ! %/".-  
-%1/1"1.1! ! *),! !%/".! -  
-%11/11"11.11#! 650! ,*)-
/565,5(/! ',<! 6+5F651=-
&(,<! '50! 1(.+:2)'5<%!

-&'.!"1!'5!&-2(75!'52:<!

'./! .11"11! *),! /1"1#! /1 
'5! &-2(75! '52:<! './!

%11/11!*),!/1"1!)/'7&'5,-
3)%! &+7@5/'),! ')! &-2(7)!

%1!*),!.1#!569'(!6+5*(6'(,!'5!&'(+(9!%/".!–!%1/1"1.1. 
%(2+./)!2(!'-/!6+9')&-!('!=3502(!,%/".!-!%1/1"1.1-!3! 

3!,%/".!-!%1/1"1.1-#!)+5(!5,!)*2=<!'50<!650!*,=+35/'),!)69!',<!*5+0$

+=<!'-<!>4&-<!%/".!*)')8:)50/!&',<!7*,(<!(01(7(<!%1.1#!/1"1!% 
#67&-<#! ,%/".! -!%11/11"11.11-! 3! ,%/".! -!%1/1"1.1-#! )+5(! 5,!

)*2=<!'50<!650!*,=+35/'),!)69!',<!*5+0+=<!'-<!>4&-<!%/".! !*)')8:$

)50/!&',<!7*,(<!(01(7(<!%11/11#!"11.11% 
4+)!,%/".!-!%1/1"1.1-!3!,%/".!-!%11/11"11.11-%! 
!."%*% 
 
 

/#0!#"$#)+#&1&"#)+' 
''!&3#!+$,$--"-%+.+%&$! !01#4'! ."%*!&7"%%*!)$%!#$!38"!+#4!$'
'#%"##%1#3'!"(!$4#0*!."$#!#!#%!$4#7!%.'$%!."$!$%%"#&3'$$$&" 
 
'%0%$'2$# 
3(.+5(2(! ')!6)+)88-8(676(*)!%/".! -!%1/1"1.1!*),!CD"G! - 

C1D1"1G1!2(!>4&(,<!%/".!3!CD"G!*),!')!(6/!)0';/!(A-!7&)%!3=850$

2(!/)!)65*(7?502(!9',!')!6)+)88-8(676(*)!)0'4!(7/),!,&5*(/)2)% 

#'#B651='502(!)+3,*4!9',!')!6)+)88-8(676(*)!(7/),!5+14#!*-8)*:!

%%1⊥!%/".!*),!CC1!⊥!CD"G!*),#!3.+7<!>84>-!'-<!)(/,*9'-')<#!9',! 

1#:,%!!!,- 
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%/!66!CD%!-&'.!/#%$!6)+)88-89)+)225!2(!'5!&-2(75!#!&'-/!6+5=*')-

&-!'-<!-2,(01(7)<!/%!'='5,5#!;&'(!
∧∧

ΚΝΜ=!!" !*),!!/#!3!CD% 

#9'(!')!6)+)88-89)+)22)!/#%$!*),!CD"G!(7/),!7&)!*),!925,)%!

3(.+5(2(!'5!6)+)88-8(676(*5#!/#%$-/1#1%1$1% 

%+5(!
∧∧
ʹ′=ʹ′ #$#!"! !,3!&!5+1:-!*),!//13!CC1!,.<!(A-!'./!)+$

3,*;/! 6)+)88-8(6,6=*./-#! ')! 5+15);/,)! 6)+)88-89)+)22)! /##1/1#!

CDD1C1!1)!(7/),!7&)!*),!925,)!,&026';&,2)-%! 
",)!'5/! 7*,5!89)5!')!

//1$1$! #! GG1C1C! ! (7/),!

7&)!*),!925,)%! 
#)! 6)+)88-8(676(*)!

85,69/! /$%#! -! /1$1%1#1!

*),!CD"G!-!C1D1"1G1!(7-
),!7&)!*),!925,)#!)+5(!98(<!

5,! =*+(<! '50<!(7/),! 7&(<!*),!

925,(<! *),! ')! (676(*)! '50<!

6)+488-8)! =/)! 6+5<! =/)!!
()+5(!%/!66!CD!*),! 
%%1!66!CC1-% 

-&'.!3!'5!&-2(75!'5-
2:<! './!/"#!$%!*),! '5!6)$

+)88-89)+)225!/#!3%!%/!

0!'5!&-2(75!'52:<!'-<!".!2(!

'-/!#!#!'9'(!')!6)+)88-8(-
676(*)! /3!#! -! /1351#1!

*),! /$%#! -! /1$1%1#1! (7/),!
7&)!,6+9')&-!('-!#!569'(!1)!

(7/),!*),! 
,/3!#!-!/13151#1-!3!,CD"G!-!C1D1"1G1- (i) 

%884!(7/),!,/$%#-!3!,/3!#-!,6+9')&-!7%*0-#!4+)!1)!=3502(!*),!

,/3!#-!3!,%/".-% 

,2.<!,&3((,!,6+9')&-!V.7)  ( )
( )

( )
( )ΒΓΖΤ

ΒΘΗΤ
=

ΒΓΖΤ

%/".   (1)   

#67&-<#!)+5(!'5!(676(*5!//1"1"!(7/),!6)+488-85!&',<!>4&(,<!'50!

6)+)88-8(676(*50!%%1.1.!-!##1010!#!&(2+./)!2(!'-/!6+9')&-!(0#!1)!
(7/)," 

 
1#:,%!!,. 
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( )
( )

=
ΒΓΖΤ

%/". ( )
( )Τʹ′Ζʹ′Γʹ′Βʹ′−ΒΓΖΤ

ʹ′ʹ′ʹ′ʹ′ ."/%-%/".  (2) 

#/'(8;<! 925,)#! )+5(! '5! (676(*5!//1#1#! ! (7/),! 6)+488-85!&',<!

>4&(,<!'50!6)+)88-8(676(*50!!3!!131-!"001"1#!1)!=3502("! 

( )
( )

=
ΒΓΖΤ

ΒΘΗΤ ( )
( )Τʹ′Ζʹ′Γʹ′Βʹ′−ΒΓΖΤ

Τʹ′Ηʹ′Θʹ′Βʹ′−ΒΘΗΤ    (3) 

%69!',<!&3=&(,<!,&-#!,(-#!,*-!6+5*(6'(,!9',! 
,%/".!-!%1/1"1.1-!3!,/3!#!-!/1351#1-#!(652=/.<!1)!=3502(!*), 
,%/".!-!%1/1"1.1-!3!,CD"G!-!C1D1"1G1-#!89).!'-<!,i). 

 

 
1#:,%!!,.!% 

 
3'!%/! ')! 6)+)88-8(676(*)! *(/! :')/! *),! ')! *(5! 5+14#! *-8)*:"!

%%1!*(/!(7/),!*41('-!&'5!%/".!!:!!CC1!!*(/!(7/),!*41('-!&'5!CD"G#!

'9'(! 6+5>4885/')<! 5+14! ',<! =*+(<!C1D1"1G1! *),!%1/1"1.1! ! (67! './!

CD"G#! %/".! )/'7&'5,3)#! *-2,50+)5(2(! ')! 5+14! 6)+)88-8(676(*)!

C1D1"1G1 -!C1D1"1G1!*),!%1/1"1.1 -!%1/1"1.1% 
,2.<#!,C1D1"1G1 -C1D1"1G1-!3!,CD"G!-!C1D1"1G1-!!*), 

,%1/1"1.1 -!%1/1"1.1-!3!,%/".!-!%1/1"1.1-!,6+9')&-!*5-!*), 
,C1D1"1G1 -!CD"G-!3!,%1/1"1.1 -!%/".-!!&(2+./)!2(!'-/!6+5-)5($
2(/-!6(+76'.&-!'./!5+1;/!6)+)88-8(6,6=*./% 

4+)!*),!648,!1)!=3502(! 

,%/".!-!%1/1"1.1-!3!,CD"G!-!C1D1"1G1-%!!
!."%*% 
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/#0!#"$#)$#&1&"#)$'# 
)3#! +$,$--"-%+.+%&$! $%! ."$! 38"! %.'$%! $'7-#($! #9'! &7"%2'!
##4*"! 
 
'%0%$'2$ 
3(.+5(2(! ')!6)+)88-8(676(*)!%/".! -!%1/1"1.1!*),!CD"G! - 

C1D1"1G1!2(!7&)!(A-!650!)/',&'5,35(/!&',<!>4&(,<!%/".#!CD"G%!3=$

8502(!/)!*(7?502(!9',!(7/),!)/485))!'./!>4&(./!'50<!%/".#!CD"G%! 
 

 
1#:,%!!,) 

3(.+5(2(!'5!6)+)88-89)+)225!"D%#!!7&5!2(!'5!%/".#!9650!'5!

%! )/:*(,! &'-/! 6+5=*')&-! '-<! -2,(01(7)<!DC! ,6+9')&-! $%.0-#! *),! &0$

268-+;/502(! '5! &3:2)!;&'(! /)! 6+5*(A(,! 6)+)88-8(676(*5!"D%#! - 
"1D1%1#1! 7&5! ,,&5*(/)25-! !2(! '5!%/".! -!%1/1"1.1#!&(2+./)!2(! '-/!
6+9')&-!*&!,=350/!,&5*(/)2(<!>4&(,<!*),!7&)!(A--% 

%+5(! '5! (676(*5!"DD1"1!(7/),!6)+488-85!&',<!>4&(,<! '50!6)$

+)88-8(6,6=*50!CGG1C1!-!%##1%1#!1)!=3502(" 

( )
( )Τʹ′Σʹ′Λʹ′Μʹ′−ΜΛΣΤ

ʹ′ʹ′ʹ′ʹ′ G"DC-CD"G  =  ( )
( )ΜΛΣΤ

ΚΛΜΝ
!!!,6+9')&-!(0-% 

%884!=3502(!,"D%#-!3!,%/".-!!*),! 

,"D%#!-!"1D1%1#1-!3!,%/".!-!%1/1"1.1-% 
 

4+)!1)!,&3((,!
( )
( )ΑΒΓΔ

ΚΛΜΝ
  =  ( )

( )Δʹ′Γʹ′Βʹ′Αʹ′−ΑΒΓΔ

ʹ′ʹ′ʹ′ʹ′ G"DC-CD"G   

!."%*% 
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/#0!#"$#))#&1&"#))' 
:!-!(#*!&3#!#$#.9'!+$,$--"-%+%+0&9'! %"#3#$%!$%!##!-!(#!#9'!
)3&9'!#9'!#$!-#(9'!$)$2'!##4*"! 
 
'%0%$'2$ 
3(.+5(2(!')!925,)!6)+)88-8(676(*)!V!3!%/".!-!%1/1"1.1!*),! 

V1 = A1B1"1.1 - A11/11"11.11#! 9650! ,%/#!%1/1-! #! ,%.#!%1.1-! #! ,%%1#!

%1%11-!!(7/),!')!@(()-!'./!52589)./!)*2;/!'50<% 

3=8502(!/)!*(7?502(!9',"!
( )

( )3

3

1 11V
V

ΒΑ

ΑΒ
=  

 

1#:,%!!,, 

E+5(*'(7/502(!',<!-2,(01(7(<!'./!)*2;/!/%#!/"#!//1!*)'4!!/C3!

3!%1/1! #!/D!3!%1.1#!/"!3!%1!%11#!569'(!*-2,50+)5(/'),!')!6)+)88-$

8(676(*)!/C$"!-!DC1$1"1!*),!%1/1"1.1 - A11/11"11.11#!')!5657)!(7/),!

7&)!*),!925,)!,&026';&,2)-#!&(2+./)!2(!'-/!6+9')&-!(.#!)+5(!')!@(()-!

,/CC1D#!A1/1"1.1-! #!,/D"1"! #!A1!%11.11.1-! !*),! !,/C$"#!%1/1/11%11-!!

')!5657)!*(7/'),!(67!(6,6=*./!650!(7/),!)/4!*(5!6)+488-8)#!)65'(85(/'),!

)69!7&)!6)+)88-89)+)22)%  
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CD!3!!CG!3!CC13!>#!(/; 
∧∧

ΛΚΝ=!"& , 
∧∧

Κʹ′ΛΚ=Αʹ′ΒΑ  

*),!
∧∧

Κʹ′ΝΚ=Αʹ′ΔΑ . 
%69! '-! &3=&-! ,&-! =350$

2("!
ΑΔ

ΚΝ
=

ΚΛ

ΑΒ
#!*-8)*:!')!(0$

1()+)22)!'2:2)')!%/#!%.!(7/),!)/',&'+9+.<!)/485))!'./!CD#!CG% 
%+5(! ')! 6)+)88-89)+)22)! %/".! #! CD"G! =350/! ',<! )./7(<!

∧∧

ΛΚΝΒΑΔ - ! 7&(<!*),!',<!68(0+=<!'50<!)/',&'+9+.<!)/485)(<#!1)!(7/),!

,&5*(/)2)!,,&(2>)*,*4-!!,6+9')&-!VI. 14). 
C),!&(2+./)!2(!'5!6+5-)5(2(/5!69+,&2)#!)+5(!')!'2:2)')!%%1#!

CC1!&3-2)'7@50/!7&(<!)./7(<!2(!',<!68(0+=<!'./!)./,;/! -
∧

ΒΑΔ
∧

ΛΚΝ  )$
/'7&'5,3)#!5,!)65&'4&(,<!%1%1!#!C1C1!'./!&-2(7./!%1#!C1!)69!')!(676(*)!

%/".!*),!CD"G!1)!(7/),!7&(<% 
#)!6)+)88-8(676(*)!85,69/!%"1!*),!C"1!!=350/!,&5*(/)2(<!>4-

&(,<!*),!7&)!(A-%!4+)!(7/),!,&5*(/)2)%! 
!."%*% 

 
1#:,%!!!,2 
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/#0!#"$#).#&1&"#).' 
''!#0""%,$!#$6$$#$!%.'$%!$'7-#($#!#!#%!)$%!#$!%+(!$4#2'!!$#%$!
)$%!#$#.9*!$'$(,$(!$%'$!+$,$--"-%+.+%&$!$&"-$&6!#$!+$,$-'
-"-%+.+%&$!+#4!01#4'!#$!#$6$$#$!$4#7!9*!#$!-#(%*!$)$0*&!%.'
'$%!$'7-#($" 
''!#$!%+.!#%""7,9'!#$"$7#9'!!$#%$!)$%!#$#.9*!$'$(,$(!$%'$!
+$,$--"-%+.+%&$! %.'$%!$'7-#($#! #!#%!)$%! #$! #0""%,$! #$6$$#$!
%.'$%!$'7-#($" 
 
'%0%$'2$ 
#'!-&'.! 9',! ')! '2:2)')!)#! >#! )#! *! (7/),!)/485))#! *-8)*:!&0/,$

&'5(/! '-/! )/)85)7)!
δ

γ
=

%

#
%! 3(.+5(2(! ')! 925,)! 6)+)88-8(676(*)!

V1,V2,V3 ,V4! !2(!52985)(<!)*2=<!',<!)#!>#!)#!*!)/'7&'5,3)%!3=8502(!/)!

*(7?502(!9',!
4

3

2

1

V
V

V
V

= . 

 
1#:,%!!,3 

E+4)2)',#!)+5(!')!V1, V2!(7/),!925,)#!1)!=3502(!

'

%

#

)

%

(

(
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= ,6+9$

')&-!**-%!#67&-<#!)+5(!')!V3 !*),!V4!!(7/),!925,)#!1)!=3502(!

'

$

+

(

(

/

' ⎟
⎠

⎞
⎜
⎝

⎛
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)
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⎠
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3'!-&'.!9',!,&3((,!
4

3

2

1

V
V

V
V

= %!#9'(!1)!)65*(7?502(!!9',!!
$

+

%

#
= . 

-3502(!*),!648,!',<!&3=&(,<

'

%

#

(

(

)

%

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
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' ⎟
⎠

⎞
⎜
⎝

⎛
= %!&69'(!! 

4

3

2

1

V
V

V
V

=  ⇒  
*

)

>

)

*

)

>

)
33

=⇒⎟
⎠

⎞
⎜
⎝

⎛
=⎟⎟

⎠

⎞
⎜⎜
⎝
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!."%*% 
 
 

/#0!#"$#)%#&1&"#)%' 
''!#%!+-%4,0*!&4#!$+0'$'#%!%&,2'!)3&#4!&%1###$"/#3'!)$%!$+!!
#%*!##$0*!&%0-/#4'! %+.+%&$#!#!#%!"!##$6!#9'! %+%+0&9'!)$%!$.$!
&%$(2'%#*!##4!)3&#4!&%1###$#3'#$%" 
 
'%0%$'2$ 
3(.+5(2(! ')! 2=&)! C#D#"#G!!

'./! 68(0+;/! '-<! =*+)<!%/".! (/9<!

*(>50! *),! ')! )/'7&'5,3)! 2=&)!

C1#D1#"1#G1! ! './!68(0+;/! '-<!)6=-
/)/',!=*+)<!'50!%1/1"1.1%!#)!(676(*)!

'./! 6)+)88-85)+422./! C""1C1!

*),!DGG1D1! '=2/5/'),!*)'4!'-/!(0-
1(7)!331%!%/!!&!!'5!&-2(75!'52:<!'-<!

331!2(!'-!*,));/,5!.1/!'50!*(>50#!

1)!*(7?502(!9',!!&3!3!&31!*),!&/!3!

3!&.1% 
#)! '+7)./)! 3.G#! 3/D! =$

350/! .G! 3! /D#! G3! 3! 3D! *),!
∧∧

ΘΛΒ=&(' #!.<!(/'9<!(/)884?!'./!6)+)88:8./!%.#!/"#!650!'=2/5-

/'),!)69!'-/!GD!,6+9')&-!$%('-%!4+)!(7/),!7&)! #!569'(!
∧∧

ΒΘΛ=('&  . 
#652=/.<" 

∧∧∧

ΝΘΒ+ΔΘΝ=&'!  =  
∧∧∧

=ΝΘΒ+ G3D/3D !3!(5+1=<# 
569'(!')!&-2(7)!.#!3#!/!(7/),!&0/(01(,)*4%! 

&257.<!')!&-2(7)!.1#!31#!/1!(7/),!&0/(01(,)*4% 

 
1#:,%!,* 
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%884!'5!%%1!(7/),! 7&5!*),!6)+488-85!6+5<!')!//1#!..1#! !569'(!

')!//1!*),!!..1!(7/),!7&)!*),!6)+488-8)!,6+9')&-!'-!*),!)69!)0'9!6+5$

*(6'(,!9',!')!./!!*),!.1/1!(7/),!7&)!*),!6)+488-8)!,6+9')&-!$%**-% 
#)! '+7)./)!85,69/!&/3!*),!&.131! =350/!/3! 3!.131! ,.<!2,&4!

7&./! '2-24'./-#!
∧∧

Θʹ′Δʹ′Ο=&/3 ! ,.<! (/'9<! (/)884?! './! 6)+)88:8./!

./#!.1/1!650!'=2/5/'),!)69!'-/!/.1-!*),!
∧∧

Δʹ′ΟΘʹ′=ΘΟΒ  ,.<!*)'4!*5$
+0+:/-#!,6+9')&-!$%&0-% 

4+)! (7/),! 7&)#! 569'(! =350/! *),! ',<! 488(<! 68(0+=<! '50<! 7&(<!2,)!

6+5<!27)!,6+9')&-!$%(:-#!*-8)*:!&3!3!&31!*),!&/!3!&.1%! 
!."%*% 
 
  

/#0!#"$#)(#&1&"#)(' 
''!"%!&3#!#,%(9'%)7!+,."$$#$! !$%$!+$,7+-%4,"!0&,$!##4!+,2'
##4!%.'$%!&%+-7"%$!$+!!#"!&7""!##4!&%3#%,#4#!)$%!"!$+!"#$""!
#"*!$+0'$'#%!$)$6*!$+!!$4#6!#"'!+$,7+-%4,"!0&,$!##4!+,2##4!
%.'$%! .""!$%!##!38#*!##4!&%3#%,#4#!#!#%!#$!+,."$$#$! %.'$%! ."$!
$%%"#&3'$$$&" 
 
'%0%$'2$ 
3(.+5(2(!')!'+,)./,*4!6+7&2)')!%/"!-!%1/1"1!*),!CD"!-!C1D1"1# 

'='5,)!;&'(!-! =*+)!/""1/1! '50!6+;'50!/)! (7/),!*,684&,)!)69! '-!>4&-!

CD"!'50!*(('(+50!*),!'5!(A5<! !CC1!'50!*(('(+50!/)!(7/),! 7&5!2(!'-/!

)69&')&-!%%1!'-<!)*2:<!%%1!)69!'-/!=*+)!/""1/1!'50!6+;'50%!3)!)$

65*(7?502(!9',!')!'+,)./,*4!6+7&2)')!(7/),!,&5*(/)2)% 

 
1#:,%!!39 
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%0268-+;/502(! ')! 6+7&2)')! )0'4! *-2,50+);/')<! ')! *,684&,4!

'50<!6)+)88-8(676(*)!%/"%!-!%1/1"1%1!*),!CD"#!-!C1D1"1#1!)/'7$

&'5,3)% 
%'5!*(('(+5!6)+)88-8(676(*5!-!>4&-!CD"#!(7/),!*,684&,)!)69!

'-!>4&-!CD"!'50!)/'7&'5,350!6+7&2)'5<#!4+)!7&-!2(!'-!>4&-!/""1/1!

'50!6+;'50!6)+)88-8(6,6=*50%!#)!6)+)88-8(676(*)!85,69/!=350/! ,&5$

*(/)2(<!>4&(,<!*),!7&)!(A-#!4+)!(7/),!,&5*(/)2)!,6+9')&-!*&-% 
#652=/.<!*),!')!)+3,*4!6+7&2)')!1)!(7/),!,&5*(/)2)!.<!2,&4!)0$

';/!'./!6)+)88-8(6,6=*./%!!
!."%*% 
 
5$,$#6,""" 
!!*,)'(6.&-!'-<!6+5-)5(2(/-<!6+9')&-<!,6+9')&-!*'-!&')!1"!"%

##*%!!)65*7*('),!.<!(?:<"!"(/!$.!!0)*!,%"%!#*/%"!"!!<9:!6%"!"!!7/%!7##"!

-8!&! 0%)%33&345)%,,!! #/$! "!! 833!! ")*5(/!'! 6%"! #*/%"! "!! 0%)%33&34%

5)%,,!!$"038!"!!%04!"!!")*5(/!'!"4"#!"%!0)*!,%"%!#*/%"!*!%"( 
,2.<! =/)! 6+7&2)! 2(! >4&-! 6)+)88-89)+)225! (7/),! 6)+)88-8(-

676(*5%!-'&,!+)7/('),!/)!,&30+,@92)&'(!'5!(?:<&!"(/!7/%!0%)%33&3#0*0#%

$!!,"!'5!6+;'5!6+7&2)-!7##"!-8!&!$"038!"%!%04!"&!-8!&!"!+!$#."#)!+!")"%

5(/"6!.!0)*!,%"!%!6%"!"%!$.!!0)*!,%"%!#*/%"!"!!<9:'!"4"#!'%!#*/%"!*!%"( 
#7/),!92.<!6+5+)/=<!9',!=/)!'='5,5!6)+)88-8(676(*5!(7/),!*,684&,5!)69!

'5!*(('(+5!'+,)./,*9!6+7&2)% 
",)! '-/! )65+0):! 2,)<! '='5,)<! 6)+)/9-&-<#! (6,8=31-*(! -! 6+5-$

)5(2(/-!*,)'(6.&-% 
 
 

."#450&'##"!$#-"!#$"$#!()#%#'"-.!() 
 
."+#67#"-$#"!7'5$',%$8"#!$8#9$(#:#8#!7;#0+*7; 

 
%',<! 6+5'4&(,<! ()! 2=3+,! *'! )/)+(+1:*)2(! &3(*9/! )65*8(,&',*4!

&(!&'(+(4!650!(7/),!6)+)88-8(676(*)!*),!-!&()*+,&-!)0';/!'./!&3-24$

'./!=),/(!3+-&,2565,;/')<!*,)*,*)&7(<!*,)2=+,&-<!:!&0268:+.&-<#!2(!

)65'=8(&2)!/)!265+5(2(!/)!2,842(!),)!,&5*(/)2)!&3:2)')% 
#)! ,&5*(/)2)! &3:2)')! ,68-/! './! 6)+)88-8(6,6=*./-! &'5! 3;+5!

265+(7! /)! 2-/! (7/),! 64/')! ,&5*,)3.+7&,2)%! '+-&,2565,;/')<! '-! 1(-
2(8,;*-! 6)+)':+-&-! '50! Cauchy#! 9',! *41(! *0+'9! 658((*+5! 265+(7! /)!
*,),+(1(7!&(!'('+4(*+)!')!5657)!=350/!2,)!*5+0+:!*5,/:!*),!5,!06985,6(<!
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*5+0+=<!(7/),!*5+0+=<!'50!)+3,*5(! !658((*+50#!*41(!658((*+5!*,)2(+7-
@('),! &(! '('+4(*+)%! #)! ,&5*(/)2)! 658((*+)! 265+5(/! 92.<! /)! *,)2(-
+,&15(/!&'5/!)0'9!)+,129! '('+)=*+./!650!265+5(/! /)!)/',&'5,3-15(/#!

;&'(!/)!*-2,50+)5(/'),!@(()-!'('+)=*+./!650!/)!=350/! ,&5*(/)2(<!>4-
&(,<!*),!7&)!(A-< 

%'5,3(,.*;<!265+(7! /)!)65*(,31(7!9',! ),)!*(5!658((*+)#!2(!*7($

*+(<!)./7(<!=)1#%! %! %#)n>#!=>1#! %! %! %! #!>n>!#!650!(7/),! ,&5&0268-+;&,2)! ,:!

,&5*,)3.+7&,2)-!064+350/!)*=+),5,!p1, . . . ,pn , q1, . . . ,qn,  p, p1!#!q, q1!!
'='5,5,#!;&'(!/)!,&3((,!-!&3=&-" 

p1)1 + . . .  + pn)n + (p + 2p1-!6!3!q1>1 + . . .  + qm!>m  + (q + 2q1-!6% 

%/! 85,69/! 064+350/! 658((*+)! ,&5*(/)2)! ,7&./! 9)*./-! ),)! ')!

5657)!)0':!-!&3=&-!*(/!,&3((,#!)0'4!*(/!265+(7!/)!(7/),!,&5*,)3.+7&,2)!

,:!,&5&0268-+;&,2)-%!#652=/.<#!-!1(.+7)!'50!9)*50!&'5!3;+5!6)((,!/)!

(7/),!&'5,3(,;*-<%!%0'9!)*+,>;<!)65*(,*/((,!'5!)*985015!1(;+-2)" 
 
 

($,#$-##(Dehn, 1902).  
*'$!)$'#'%)!!#%#,7%&,#!)$%!0'$*!%"#&3'$$#*!$."#4!!()#4&!+,#*!
$4#!!)3&#*!&%'!$+#,%.!'$!%.'$%!#3#%!%"#&%$19,."%$$!#3#%!%"#"4'
$+-",2"%$$" 
  
4<)!7-$#"*'#+#.)$"$#!$8#'%0%$'2$8.   
%/!1!(7/),!-!*7(*+-!)./7)!'50!'('+)=*+50#!)+5(!-!)./7)!'50!*($

>50!(7/),!7&-!2(!66(#!-!)/))*)7)!&0/1:*-!)+4+('),"! 

∑
=

=ʹ′++
0

%1

222,#3)$3-31
( )6q2q

2
6q

12

1 i
i∑

=

ʹ′++⎟
⎠

⎞
⎜
⎝

⎛  

%69!'-!&3=&-!)0':!!6+5*(6'(,!9',"!r1!3!s6!,9650!r,s!6+;'5,!2(')$

?(!'50<!)*=+),5,-%!,2.<#!&0/1!3!
3
1
!*),#!96.<!265+(7!/)!)65*(,31(7#!*(/!

064+350/!)*=+),5,!!?#!s!!'='5,5,!;&'(!!r!'5?&0/! ⎟
⎠

⎞
⎜
⎝

⎛
3
1  = s6% 
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."$##/###&&$&$%:%$%##*#'#*#!#"*$;#"!'*.#%#73&=-#!# 
 
!! 6+9')&-! **! )65'(8(7! ),)! '5!

3;+5! '-/!)/'7&'5,3-! '-<!6+9')&-<!VI. 
(*#! 9650! )65*(,*/(('),! 9',! ! +!! 345!%!

"(/! #,-%$$/! $.!! !,!*(/! 0%)%33&3!-
5)8,,(/!#*/%"!*!!%!,#!"!!"#")85(/!!"!+!

345!+!!,!"4"&"%%".  
1#'&,#!*)'4! '-!2('4>)&-!)69! '5!

(676(*5!&'5! 3;+5! *),!)69! '5! (2>)*9/!

&'5/!9)*5#!)/)>,>4@('),!-!*(/)2-!'50!

89)50!*)'4! =/)! ,)69! *(5!&(! '+7)-%!,$

2.<#! 96.<! '5/7&'-*(! *),! &'5! (,&)).-
),*9! &-2(7.2)#! -! 98-! *)'4&')&-! &'5!

3;+5!(7/),!6(+,&&9'(+5!&(/1('-%! 
",)!6(+76'.&-!650!&3('7@('),!2(!'-/!6+9')&-!*.!=3(,!.<!(?:<" 
%'5!>,>875!VI!*),!)2=&.<!2('4!'-/!6+9')&-!(*!'71('),!*),!8(/('),!

'5!(?:<!6+9>8-2)!,6+9')&-!VI. 25).  
"=%!6%"%!6#+%!'#*!#0*0#$!!#+'.5)%,,!!!#:,%!4,!"!!0)!%!680!"!!

$!'7/!6%"!"!#,-%$"64!0)!%!680!"!!833!". 
%'50<!E01))5+(750<! )65*7*('),! -! *,)67&'.&-! 9',#! )/! *51(7! =/)!

'('+4)./5!68(0+4<!)#!'9'(!(7/),!*0/)'9/!/)!*)')&*(0)&1(7!2(!*)/9/)!

*),!*,)>:'-!=/)!/=5! '('+4)./5!*,684&,50!(2>)*5(! ,&3%! @%()-%!D5),*4#!

(6(,*:!5,!E01))9+(,5,!)&3585(/')/!*),!2(!'-!2(8='-!&'(+(;/#!(7/),!6,$

1)/9! /)! =1(&)/! '5!)/485)5! 6+9>8-2)! *),! ),)! '5/!)3&#.#5! 6+9>8-2)!
)0'9!>=>),)!(7/),!(,*,*:!6(+76'.&-!'-<!)6)7'-&-<"! +=%!6%"%!6#+%!'#*!

!"#)#4! 0%)%33&3#0*0#$!! 4,!"!! 0)!%! 680!"!! $!'7/! 6%"! *!!+! 456!+! 0)!%!
680!"!!833!+#!650!1)!)65'(85(&(!*),!'-!+0&,585),*:!(6=*')&-!'-<!6+9$

')&-<!VI%!(0!&'5!3;+5% 
!!8(&-!)0'5(!'50!6+5>8:2)'5<!*(/!(7/),!42(&-#!96.<!'50!)/'7$

&'5,350!6+5>8:2)'5<!'-<!#6,6(*52('+7)<#!*),!5,!)88(6488-8(<!6+5&64$

1(,(<!*),!)65'037(<!5*:)-&)/!&'-!*-2,50+)7)!1+(8./!),)!'-/!),'7)!650!

*-2,5(+)-&(!)0'9!'5!6+9>8-2)!),)!'5/!*(>5% 
+D(&(,<+!),)!'5!*,68)&,)&29!'50!*(>50!*91-*)/!)69!65885(<!)(.$

2='+(<!'-<!)+3),9'-')<#!'50!"(&)7./)#!*),!'./!G=./!3+9/./%!C)'4!3+5$

/585),*:!&(,+4!)/)+=+5/'),!8(&(,<! "!'50! $665*+4'50<#!'50!%+3(')#!'50!

#0*9?50#!'50!"(/)73250#!'50!E84'./)#!'50!#+)'5&1=/50<#!'50!G,*52:$

*50<#! '50!%6588./750#! '50!.,5*8=50<#! '50!5+./5<#! '50!E46650#! ! '50 
Descartes#!'50!Longchamps!*),!488./% 

 
1#:,%!3()% 
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&!#0'9*,5<!!,:5<!2%'%!),;/)<-#!650!06:+?(!&358,)&':<!'./!=+)./!

'50!%+3,2:*-#!)/)+=+(,!)+*('=<!)69! ',<!8(&(,<! './!)+3)7./!#88:/./!

)(.2('+;/!),)!'5!6+9>8-2)!'50!*,68)&,)&25(!'50!*(>50%!%'-/!,&'5+,*:!

)0':! 6)+50&7)&-! './! 8(&(./#! 9')/! 5!#0'9*,5<!2,84! ),)! '-! 8(&-! '50!

#+)'5&1=/50<! ,(@:-&'0!6%'%-#!)/)+=+(,!9',!5!#+)'5&1=/-<!06=>)8(!'-!

8(&-! '50!&'5/!>)&,8,4! '-<!%,)(6'50!E'58(2)75! '5/! $$$! ,(.:!6%'%-#!2(!

(6,&'58:!&'-/!5657)!6)+50&7)&(!*),!',<!*,4+5+(<!(**53=<!'-<!)=//-&-<!

'50! 6+5>8:2)'5<%!C)'4! 27)! (**53:! 5!"7/.)<! (73(! *,)'4?(,! /)! *)')$

&*(0)&1(7!),)!'5!),5!'50! +"8)(*5+!'4+5<!&3:2)'5<!*(>50%!,')/!92.<!

'5/! (7*(#! =*+,/(!9',! +:"%/!0!3.!,"6)4%! 5"%! 7/%!-%!"3"8+!*),!*,=')?(! /)!

*,68)&,)&1(7%!C)'4!488-!(**53:!=/)<!3+-&29<!(6=>)8(!&'50<!*)'57*50<!
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%+5-%-#%!#4-!(.!.,.@.$!(.!.,.B.$!!./.+.,.!%-#('#$%6%$!%)$/!%-0!$/$!

&(-%%!('%' 
A%!'#&1&0!!,!-!@!!.%%!!.,.!-!@.!.!56$*-!#%2!'#&1&52!;4-(&2!#$*2!

('&2!.%%!+&1%56$-#%%!%+:!#$!($%$!+'8<$2!$3$(4-!+$'*;,-4-$!01%!<%!&(-%%!

:3$%%'!"+:#&$!'/3)4-%!3&!#9-!+1:#%'9!)"'!55$!<%!%'6/&% 
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! #$*! +1('3%#$2!

!/,'(@B!.%%!#$!+1('3%!!/,'(@B!&(-%%!#$!
2
1
!#$*!+%1%''9'&+%+5$$*!

!,'@!'!A&'%.0!'$%+:-!<%!56$*3&!*('!/,) = 
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!*!,'@!)$!8!!*!,'@!)!3!
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453$')#! 
'$%! -1%#$+! 5%'("/!#&4+! 5(."1*#$+! $*!"#! "!6'%"$+! %/!! &$;/!!
#$%!%1-'%"/!!"&1,!!%%(+$ 
+75%!$-(! 

 
+-:!%""3#$ 

(2!<&418'$*3&$!$/$!:3$%&2!+*1%3($&2!@'(!/,+!.%%!@.'(.!./.,.+.!

3&!&0'&%2!+&-#0;4-%' 
#*3&$'(=$*3&!3&!E1$!E2$!E3!#%2!+*1%3($&2!3&!&0'&%2! !&1!3!(!/$! 

&2! 3!(/,$! !&3!3!(,+!.%%!3&!E1.$!E2.$!E3.$! !&1.$&2.$!&3.! !#%!%-#('#$%6%!

'683%#%!+$*!%-%)51$-#%%!'#9-!+*1%3($%!@.'!(.!./.,.+.' 

#/3)4-%!3&!#9-!+1:#%'9! +!56$*3&! 3
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=
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435&#'(!.!%6**#!.& 
!!! #$%! %.#"/!#&4+! 5(."1*#$+! $*!"#! *&$+! ("#&%#$!"1$+)#! %-%$! %#!
;6&$#+! %%(+! $*!"#! "!%#&%.-+/+! "!6'%"$+! %/!! (=,!! &"#! "!%*-
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&%.%+"#! "!! %#! ;6&$#+! #$%! %.#"/!#&,!! 5(."1*#/!! $*!"#! "!%#-
&%.-+/+!"!6'%"$+!%/!!(=,!#!%-%$!%#!5(."1*#$+!$*!"#!*&$+!("#&%-
#$!"1$+)$ 
 
+75%!$-( 
(2!<&418'$*3&!#%2!+*1%3($&2!('!/,!.%%!(.'!./.,.!3&!/>9!*$!*.$!

&0'&%2!!/,$!!./.,.!.%%!#%!%'$G>8!+1$2!%*#52!+%1%''9'&+(+&$%!!,-@!!

.%%!!!.,.-@.!.!%-#%'#$(642!*&'5+&!'683%!'#9-!+1:#%'9!#)' 
 
%#&!!*'#4!:#%!$%!+*1%3($&2!*('!/,)!$!*(.'!./.,.)!!&(-%%!%'$$/-%(

3&2$! $9'%$8! %'6/&%! *('!/,)! 3! *(.'!./.,.)'! 0%! %+$$&(7$*3&! :#%!

( )
( ) *

*

,/!

!/, ʹ′
=

ʹ′ʹ′ʹ′
. 

()$/!*!,!-!@!)!3!4*('!/,)!.%%!*!.,.-!@.!.)!3!4*(.'!./.,.)$!#%!
+%1%''9'&+(+&$%! *!,-@!)! $! *!.,.-@.!.)! &(-%%! %'$$/-%3%$! $9'%$8! %(
'6/&%!*!,-@!)!3!*!.,.-@.!.)'!#/3)4-%!3&!#9-!+1:#%'9!)"'!5<$!;%%!#%2!
&0'&%2!#4-!+%1%''9'&+%+5$4-!%*#,-! *+$*!&(-%%!+%1%''9':;1%33%)!<%!

56$*3&!
( )

( ) +

+

!%$#

#$%! ʹ′
=

ʹ′ʹ′ʹ′ʹ′
$!$+:#&!

( )
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+

%$#!

#$%! ʹ′
=

ʹ′ʹ′ʹ′
!*+1:#%'9!"'!5<)'! 

A&'%.0!'$%+:-!%'6/&%!
( )

( ) *

*

,/!

!/, ʹ′
=

ʹ′ʹ′ʹ′
. 

%8&! !*'#4! #,1%!:#%!$%!&0'&%2! #4-!+*1%3($4-!&(-%%!%-#%'#1:)42!

%-0'$;&2! #4-! *>,-$!
( )

( ) +

+

%$#

#$% ʹ′
=

ʹ′ʹ′ʹ′
'!0%! %+$$&(7$*3&! :#%! $%! +*1%3($&2 

*('!/,)!$!*(.'!./.,.)!&(-%%!%'$$/-%3&2$!$9'%$8!*('!/,)!3!*(.'!./.,.)' 

()$/!!
( )

( ) +

+

%$#

#$% ʹ′
=

ʹ′ʹ′ʹ′
$!'/3)4-%!3&!#9-!+1:#%'9!"'!5<$!<%!56$*3&%! 

( )
( )

( )
( )

( )
( ) *

*

,/!

!/,

,/!2
!/,2

,+/!

!/+, ʹ′
=

ʹ′ʹ′ʹ′
=

ʹ′ʹ′ʹ′
=

ʹ′ʹ′ʹ′ʹ′
. 

++$35-42!*!,'-@!)!3!*!.,.-@.!.)!*+1:#%'9!XI'!5<)$!$9'%$8!!
4*('!/,)!3!4*(.'!!./.,.)$!$+:#&!*('!!/,)!3!*(.'!./.,.)' 

!."'$' 
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+#!1:5#$#!'&(!)*&3('(!7=3#)>%/.!'#$!73$')"&/. 
 
+#"#!?*&3('(!7=3#)>%#,!! 

 
B+$1$/3&!-%!%+$$&(7$*3&!%+=!&*<&(%2!:#%!$/$!+*1%3($&2!3&! ('%!

/>9!.%%!%'&3&%$%.52!&0'&%2!56$*-!('$*2!:;.$*2$!3&!35<$$$!+$*!+'9'%0(

=&%!+&1%'':#&1$!'#9!'/;61$-9!$%%$%.%'(%!$'$.'814'92' 
E10;3%#%$!<&41$/3&!#%2!+*1%3($&2!V!3!#!-!(!/$!V.!3!#.-!(.!./.!

3&!/>$2!!*!!.%%!&0'&%2!&3&%$$/!&!*&'5+&!'683%!4'")'!(1.&(!-%!$&(7$*3&!

:#%!%+$.'&($-#%%!$%!'65'&%2!V > V.!.%%!V < V.' 

 
+-:!%"1#$#$ 

)41(=$*3&!#9-!%.38!!#(!!'&!!@!!('%!#383%#%!3&!'93&(%!$%%(1&'92!

#%!'93&(%!(1$!(2,…$!(n-1!.%%!%+:!#%!'93&(%!%*#0!)51$*3&!#%!+%10''9'%!

'#9!&0'9!(!/!&+(+&$%'!"-$30=$*3&!!1!/1!$!!2!/2 ,…$!!n-1!/n-1!#%2!#$352!

#4-!&+%+5$4-!%*#,-!3&!#9-!5$1%!#!/!!.%%!!1.!/1.!$!!2.!/2.!$…$!!n-1.!/n-1.!

#%2!+%10''9'&2!+1$2!#9-!#(!+1$&$'52!#4-!!1!/1!$!!2!/2 ,…$!!n-1!/n-1!!&+(!
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#4-!&$1,-!(2!!2!/2$!(3!!3!/3 ,…$!(n-1 Bn-1!/n-1$!!(!/!%-#('#$%6%'! 
##9-!+*1%3($%!#-(!/$!<&41$/3&!#%!+1('3%#%!E1$!E2 ,…$!En!3&!

&0'&%2!!&1!3!(1!1/1$!!&2!3!(2!2/2 ,…$!!&n-1 = An-1Bn-1/n-1$!&!3!(!/!%-#((

'#$%6%$!+$*!#$!.%<5-%!#$*2!56&%!/>$2!
n
*
!!.%%!#%!%-#('#$%6%!%'$G>8!+1((

'3%#%!F1$!F2 , …$!Fn-1 !3&!&0'&%2!&1$!&2,…$!&n-1 . 
(-!<5'$*3&!Sn!3!E1!/!E2 + …!/!En!.%%!sn = P1 + P2 + … + Pn-1, 

#:#&!+1$)%-,2!%'6/&%%!sn < V < Sn. 
(.$'$*<,-#%2!#9-! ($%%!$%%$%.%'(%!'#9-!+*1%3($%!#.-(.!./.!.%%!!

619'%3$+$%,-#%2!%-#('#$%6$*2!'*3&$'%'3$/2$!<%!56$*3&!sn.!2!V.!2!Sn.$!

:+$*!Sn.!3!E1./!E2./!…!/!En.$!!sn.!3!P1.!/!F2.!/!…!!/!F.n-1. 
  
2342!Ei!3!Ei.$!;%%!.0<&!i ∈ {1, 2, …, nA!!.%%!Pi = Pi.!$!!;%%!.0<& 

i ∈ {1, 2, …, (n-")A$!%)$/!56$*-! ('%!/>9!.%%!&0'&%2! %'&3&%$%.52$!&):(

'$-!

2
i

n
i

&

&
⎟
⎠

⎞
⎜
⎝

⎛
= $!;%%!.0<&!!i ∈ {1, 2, …, (n-1)}. 

11%!Sn = Sn.!.%%!!sn = sn.$!$+:#&!sn < V.!2!Sn. 
  
*'#4!:#%!%'6/&%!!V > V.'!A:#&$!$-$30=$-#%2!W!#$!+1('3%!(!/!-!#A?!

3&! />$2! ! *! ! .%%! &3&%$:-! &0'92! ! &! ! .%%! '%3&0-$-#%2! *+:>9! #%2!'65'&%2   
Fi!3!Ei$!;%%!.0<&!i ∈ {1, 2, . . .(n-")A$!<%!56$*3&! 

V < Sn, - V.2!- sn ⇒ V - V.!2!Sn - sn =  

3!*E1!/!E2!/!'!'!'!/En) -!*F1!/!F2!/!'!'!'!/!Fn-1) =!En = 
n
W   (1).   

#/3)4-%!:342!3&!#$!%7(43%!+*$:7$*!–!(16%38$9$!*+016&%!!n∈D!!

#5#$%$$!,'#&!n (V – V.)!0W$!$+:#&!V – V.!0!
n
W

!.%%!':;4!#92!*")$! 

n
W  > V – V.!+$*!&(-%%!0#$+$'!++$35-42!$&-!3+$1&(!-%!%'6/&%!V>V.' 

 *'#4!#,1%!:#%!%'6/&%!!V < V.'!A:#&!$3$(42!<%!56$*3&! 

        V.- V < Sn - sn = En = 
n
W    (2),  

.%%!%)$/!V.– V!0!1$!'/3)4-%!3&!#$!%7(43%!+*$:7$*!–!(16%38$9$  
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<%!*+016&%!n∈D!#5#$%$$!,'#&!n(V.- V) > W'!"+:#&!V.– V > 
n
W

!.%%!':(

;4!#92!*&)$!!
n
W  > V.– V$!+$*!&(-%%!0#$+$'! 

++$35-42!$&-!3+$1&(!-%!%'6/&%!V < V.' 
A&'%.0!'$%+:-!<%!56$*3&!!V = V.' 
 
 
9"."%3.2&2" 
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.%%!<&41,-#%2!;-4'#:!:#%!;%%!#$-!:;.$!#$*!+1('3%#$2!W!3&!&0'9!&!.%%!

/>$2!*!56$*3&!W!3!&.*!*&'5+&!.%%!'6:'%$!+$*!%.$'$*<&()$!3+$1$/3&!-%!

*+$'$;('$*3&!%+=!&*<&(%2!#%!:1%%!#4-!%.$'$*<%,-!*Sn), (sn)!.%%!-%!$&((

7$*3&!:#%!&(-%%!('%!3&!!
3
W

!42!&782% 
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*6$*3&!'$%+:-! ! lim sn = 1 ⋅ 2 ⋅ 
0

6

0

+)

4

+)
=

⋅
=

⋅
'!A$!.$%-:!:1%$!

#4-!*Sn), (sn)!<&41$/3&!+'5$-!42!:;.$!#92!+*1%3($%2' 
 

+#'!!?*&3('(!73>')#&%,! 
 
(-!<&418'$*3&!#$-!./&$$!#$*!$+$($*!9!%.38!&(-%%!3$-0$%!35#19(

'92!38.$*2!42!3$-0$%!35#19'92!:;.$*$!$9'%$8!3&!:;.$!Vo! 3! "$! #:#&!

&/.$'%!3+$1$/3&!-%!$&(7$*3&!:#%!$!:;.$2!+%1%''9'&+%+5$$*!3&!&0'9!&!

.%%!/>$2!!*!!&(-%%!('$2!3&!!V!3!&!⋅!*' 
@%#0!#9-!%+:$&%79!<%!<&418'$*3&!$&$$35-$!:#%!#$!&3&%$:-!$1(

<$;4-($*!+%1%''9'$;1033$*!&(-%%! ('$!3&!#$!;%-:3&-$!#4-!$%%'#0'&,-!

#$*$! #$!$+$($!+1$./+#&%!3&!'*''$;%'3$/2!%-#('#$%6$*2!3&!%*#$/2!+$*!

%.$'$*<$/-!.%%!%+:!#9-!%-0+#*79!+$*!+1$9;8<9.&!'#$!&%&'($!""'! 
E10;3%#%$!5'#4!$!./&$2!V!3!(!/,!-!(.!./.,.!*&'5+&!'683%!4'&)' 

 
+-:!%"1#% 

B+$1$/3&! -%! .%#%'.&*0'$*3&! $1<$;,-%$! +%1%''9':;1%33$!

@!/,!%'&3&%$%.:!3&!#$!(!/,!.%%!'#9!'*-56&%%!$1<$;,-%$!+%1%''9'&(

+(+&$$!V1!3!@!/,!-!@1!1/1,1!!3&!#9-!5$1%!@1!1/1,1!&+(!#$*!&+%+5$$*!
P! 3! (.!./.,.'! A:#&$! '/3)4-%! 3&! #9-! +1:#%'9! )"'5&$! <%! 56$*3&%!

( )
( )

1
V
V

1
=

ΚΛΓΔ

ΑΒΓΔ
= $!$+:#&!V = V1 . 

05#$*3&!@!!3!x$!@,!3!y! !.%%!<&41$/3&!#$!$1<$;,-%$!+%1%''9(
'&+(+&$$!V.!!!3&!$%%'#0'&%2!!x, 1, 1. 
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#/3)4-%!+0'%!3&!#9-!+1:#%'9!)"'!5&!<%!56$*3&! +7
$$

+7

.

.$ ⋅=
⋅

⋅
=

ʹ′
,  

x
11
1x

V
V

0
=

⋅

⋅
=

ʹ′
'!11%! *yx

V
V

0

1 ⋅⋅= $!$+:#&! 

V = V1 = x y!*!. V0 = x y!*!3!*@!/,)!⋅!*!3!*(!/,)!*!3!&!⋅!*!' 

@0<&!#1%;4-%.:!+1('3%!3&!&0'9!!&!!3+$1&(!-%!<&419<&(!42!#$!3%(

':!+%1%''9'&+%+5$$*!3&!#$!($%$!/>$2!*!.%%!&0'9!&&'!++$35-42$!$!:;.$2!

#$*!%'$/#%%!3&!V = 
2
1
!&&!⋅!*!3!&!⋅!*!' 

A5'$2$!.0<&!+1('3%!3&!&0'9!!&!!.%%!/>$2!!*!!3+$1&(!-%!%-%'*<&(!

'&! #1%;4-%.0!+1('3%#%$!$+:#&!$!:;.$2! #$*!.%%!+0'%!<%!&1&<&(! ('$2!3&!! 
V!3!&!⋅!*' 

 
 

+#$!!)!+3:0!&%=!!#8##$*3$ 
 
-!'/;.1%'9! #4-! &3&%$,-! $/$! &+(+&$4-!'6930#4-!8! #4-!:;.4-!

$/$!'#&1&,-!'6930#4-!3&!('%!/>9!3+$1&(!-%!;(-&%!&/.$'%!3&!&0'9!#9-!

%-%+:$&%.#9!3&-!%''0!3&!&+%#*6(%!&)%13$=:3&-9!".03!%%(!7";"'#4.## 
'#9-!$+$(%!.%%!<%!%-%)&1<$/3&!+%1%.0#4'! 

 
+-:!%"1#.#$ 
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+!!!#$%!$5*5$#"!&031"%"! *')$! *'.)!%41!%!%"#!"5-!%#+!5".6''2-
'$+!$()$*$+!*&0)$!*&1)$!*&2)$!*&3)!$!'!'!'!$*&)!&"%6!%"!"!%*&%%#0"!>$$"2!$()$-
"."11/!!%1216%/!! !*(0!!0$!(0.!0.)$!!*(1!!1$!(1.!1.)$!!*(2!2$!(2.!2.)$!

*(3! !3$! (3.!3.)$! …$! ! *(!$! (.!.)! ! 4%&#! ,&%$"! ! *(0.!0.)! 3! '! *(0!0),  
*(1.!1.)! 3!'! *(1!1)$! ! *(2.!2.)! 3!'! *(2!!2)$! *(3 !3)! 3!'! *(3 !3), . . . , 
*(.!.)!3!'*(!)$!!%-%$!#&0$$#!!*'.)!3!'!⋅!*')B'! 

B$%0=&%!!5#'%!'%-!-%!<&41$/-#%%!#%!'683%#%!!*')$!*'.)!42!'/-$'%!

&*</;1%334-!#3930#4-$!$9'%$8!'6930#4-!3&!39$&-%.:!&3&%$:-' 

*#'%!'$%+:-!<%!56$*3&!!*')!3! ( )∑ ii!( !.%%! 

*'.) = ( )∑ ʹ′ʹ′ ii!(  = ( )∑ ii!( '  =  ( )∑λ ii!( !3!'!⋅!*')' 

@0#%! #5#$%$!&5&%%%! &3+&1%56&%! #$! ($%$!+%10$$7$!+$*!&3)%-(=&#%%!

'#%!+%10$$7%! #$*!38-4-%$!:+$*!3%%!.(-9'9!<&41&(#%%!42!5-%!'/-$'$!

%+:!%.%-9'(&2!8!5-%!&*</;1%33$!#383%!42!'/-$'$!'93&(4-$!$9'%$8!+$(

'$#8#4-!3&!39$&-%.:!38.$2' 
E%1:'9!#9-!+%1%$$7$'$;(%!#$*!)%%-$35-$*!9!%168!%*#8!$(-&%!$1(

<0!'*3+&10'3%#%$!.0#%!30'%'#%!#$!$+$($!$!Leibniz!&)013$'&!'&!+01%!
+$''52!+&1%+#,'&%2!%+$$&6:3&-$2!#9-!%168!641(2!.%3(%!%3)%'&8#9'9' 

E$'/!+1%-!%+:! #$-!@%&%'%51%$!$!(16%38$92!&(6&!619'%3$+$%8'&%!

+%1:3$%%!'*''$;%'#%.8!+1$.&%35-$*!-%!#&#1%;4-('&%!#$!+%1%&$'%.:!64-
1($$! <&41,-#%2! &.&(! #$! 641($!42! '/-$'$! &*</;1%334-! #3930#4-'!A$!

<&,19'&!$9'%$8!42!3(%!&+(+&$9!+'0.%!3&!'*;.&.1%35-$!&01$2$!9!$+$(%!

%+%1#(=&#%%!%+:! &*</;1%33%! #383%#%$!+$*! #$!.%<5-%! #$*2!56&%!&+('92!

5-%!'*;.&.1%35-$!&01$2'!2342$!'&!%-#(<&'9!3&!#$-!Leibniz$!$!(16%38-
$92!#$-(=&%!:#%!%*#8!&(-%%!%+',2!3%%!35<$$$2!;%%!-%!*+$>%%'#&(!#9!'65'9!

#$*!&3&%$$/!#$*!+%1%&$'%.$/!641($*!3&!#$!&3&%$:-!&-:2!#1%;,-$*!.%%!

$&-! %+$#&'&(! %+:$&%79'! /%%! -%! $,'&%! %*'#918! %+:$&%79! &;.',&%'&! #$!

&3&%$:-!#$*!+%1%&$'%.$/!641($*!3&#%7/!$/$!%<1$%'30#4-!+$*!%+$#&(

'$/-#%%!%+:!0+&%1%!#1(;4-%!#$!.%<5-%' 

 
+-:!%"1#.#% 



 120 +?@!+",-!,#A"")+"(- 

B(%!%+'8!&+%'8<&*'9!#92!%1682!#$*!@%&%'%51%!56$*3&!'#9-!+&1(-
+#4'9! #4-! $/$! #1%;,-4-! '#%! $+$(%! 641(=&#%%! 5-%! +%1%''9':;1%33$!

(!/,!%+:!#9!$%%;,-%:!#$*!!,'! 
E10;3%#%$! #%! #1(;4-%!(!,$!!/,$! #%!$+$(%! 56$*-! ('%!/>9!,,.$!

!!.$!3+$1&(!-%!<&419<$/-!42!%+$#&'$/3&-%!%+:! ('%!&*</;1%33%!#38(

3%#%!(i!i  .%%!!/i!,i!+%10''9'%!'#%2!&0'&%2!#$*2!(!$!/,!.%%!'&!('&2!%(

+$'#0'&%2!%+:!%*#52'! 
*#'%!'$%+:-$!%)$/!(iBi!3!/i,i$!<%!&(-%%!.%%!!#*(iBi) = #*/i!,i)$!$9(

'%$8!!*(!,)!3!*!/,)' 
(-!<&418'$*3&!&5&%%%!;-4'#8!#9-!5--$%%!#$*!$1%'35-$*!$'$.'9(

1,3%#$2$!#:#&!;%%!&3&%$0!'6930#4-!+$*!+&1%.'&($-#%%!3&#%7/!#4-!;1%)%(

.,-!+%1%'#0'&4-!$/$!'*-%1#8'&4-!%*#:!&(-%%!&/.$'%!%+$$&(7%3$' 
/%%! +%10$&%;3%$! %-! *'#$! '683%! 4'5'5)! <&418'$*3&! #%! &+(+&$%!

'683%#%!!!*'1)$!*'2)$!*'3)!+$*!$1(=$-#%%!%+:!#%!=&/;9!#4-!'*-%1#8'&4-% 

⎭
⎬
⎫

+=

=

1-xx-y
1-y

2    ,       
⎭
⎬
⎫

+=

=

x2xy
3xy

2    ,     
⎭
⎬
⎫

+=

+=

62xy
62xy

2 . 

.%%!&(-%%!#$+$<&#935-%!3&#%7/!#4-!+%1%''8'4-!&*<&%,-!!x!3!1!!.%%!!x = 1 
#:#&$!.0<&!&*<&(%!!x!3!1!!3&!!1!≤!1!≤!"!#53-&%!#%!'683%#%!'1$!'2$!'3!.%#0!#%!

#383%#%! ! (1! !1$!(2! !2$!(3! !3! ! .%%! %'6/&%! ! (2! !2! 3!(1! !1$!(3! !3 = 
!3!&(1 !1. 

  
+-:!%"1#.#. 
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+/.$'%!'$%+:-!$%%+%'#,-$*3&!:#%!*'2)!3!*'1)!.%%!*'3)!3!&*'1), %)$/! 

*'1) = ( ) ( )∫ ∫ ∫=+−=−−−+−
$

8

$

8

!

$

8

!! 9::&:9:::9:$$:: !!!.%%! 

*'2) = ( ) ( )∫ ∫∫ ==+
$

8

$

8

!

$

8

!! 9::&:9::&:9::!:&:0  ,  

*'3) =  ( ) 9:4:!&4:!

$

8

!∫ ++   = dx2x-x2 2
1

0
∫    =   

     = ( ) dxx-x2 dxx-x2 2
1

0

2
1

0
∫∫ =  

-!%-#('#$%69!%8-:"<%3%*,"8,!'#$!6,1$!3+$1&(!-%!&)%13$'#&(!'&!

'#&1&0!'683%#%!3&!('%!/>9!42!&782% 

+!!!#$%!&%$.$6 V, V.!%41!%!%"#!"5-!%"!5".6''2'"!$5*5$#"!*F0), 
*F1)$!*F2)$!*F3)$!'!'!'!$!*F)!&"%6!%"!"!%*&%%#0"!>$$"2!$5#54#/!!&0216%/!  

*'0$!'0.)$!*'1, '1.)$!!*'2$!'2.)$!*'3$!'3.)$!'!'!'*'$!'.)!!4%&#!,&%$"  
*'0.)!3!'!*'0)$!*'1.)!3!'!*'1)$!*'2.)!3!'!*'2)$!*'3.)!3!'!*'3)!$!'!'!'!$!*'.)!3!'!*')!

%-%$!#&0$$#" (V.)!3!'!⋅ (V) ". 

 
+-:!%""1#3.4 

 
@%%!+0'%!'$%+:-!)%(-&#%%!-%!<&41$/-#%%!#%!'683%#%!V, V.!42!'/(

-$'%!&+(+&$4-!'6930#4-$!$9'%$8!'6930#4-!3&!39$&-%.:!:;.$' 
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*#'%!'$%+:-!*&'5+&!'683%!4'5'<)!<%!56$*3&%!*V)!3!# ( )2) !.%%!! 

(V.)!3!#! ( )2)ʹ′  = ( )2)'∑ !3!'! ( )∑ 2) !3!!'!!*V). 

   

,#!12&'3$'(!'=#>.%3/.!'#$!';./.! 
 
435&#'(!!"/!%6**#"/& 

76)$!&,!%+!$*!"#!*&%+!("#&%#$!"1%+)!1$!%%!
3
1
!&('*!#.%(!%!%5%*,

%+!40$#!!%2!!*##"!;6&2!&"#!*&%!$=%+$ 
 
+75%!$-(! 
0&41$/3&! #$-!./'%-$1$! !V! !.%%! #$-!.,-$!V.! #$-! &;;&;1%335-$!

'#$-!./'%-$1$'!05'$*3&!-%!$&(7$*3&!:#%!V.3!!
3
1 V!$!$9'%$8!V = 3V.' 

 
+-:!%"$) 

#&!*'#4!:#%!V > 3V.$!$+:#&!<%!56$*3&!V−3V.!3!&!0!1'!(+$.:+#$(

-#%2!%+:!#9!&0'9!.%-$-%.0!+$'/;4-%!+-!$!-!3!<$!#$!"4$!'!'!'!&;;&;1%335-%!

'#$-!./.'$$!%)%%1$/3&!%+:!#9!&0'9!.0<&!)$10$!+$':#9#%!3&;%'/#&19!

%+:!#$!3%':!#$*!+1$9;$/3&-$*!*+$'$(+$*$!:+42!%+$$&(6<9.&!'#$!/&-%.:!

!833%'! 
(+$.:+#$-#%2!%.$'$/<42!%+:!#$-!./'%-$1$!#%!+1('3%#%! %'$G>8!

+1$2!%*#:-!.%%!3&!&0'&%2!#%!+$'/;4-%!+-!$!-!3!<$!#$!"4$!'!'!'$!!%)%%1$/3&!
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%+:! #$-! ./'%-$1$! .0<&! )$10$! +$':#9#%! 3&;%'/#&19! %+:! #$! 3%':! #$*!

+1$9;$/3&-$*!*+$'$(+$*' 
#/3)4-%!.%%!+0'%!3&!#$!/&-%.:!!833%$!<%!+1$./>$*-!.0+$%%!'#%;(

38!42!*+:'$%+$!3&1%.0!.*'%-$1%.0!#383%#%$!+$*!#$!0<1$%'30!#$*2!x!!&(-%%!
3%.1:#&1$!%+:!#$!!&!3!V – 3V.$!!$9'%$8!x < V - 3V.$!$+:#&!5V.!2!C!- x. 

2342!#:#&!#$!'#&1&:!y = V − x! !&(-%%!#$!&;;&;1%335-$!'#$-!./(
'%-$1$!+1('3%$!$+:#&!<%!56$*3&!5V.!2!!y. 

A$!+1('3%!:342!%*#:! 56&%!:;.$! #1%+'0'%$!%+:! #$-!:;.$!Vo! #92!

+*1%3($%2!3&!#9-!($%%!&0'9!.%%!('$!/>$2!!*+1:#%'9!+$!+:1%'3%)$!$9'%$8!
y = 3 Vo!$!$+:#&!5V.!2!5Vo$!01%!!V.2!Vo.  

2342! !Vo < V.$!%)$/!9!+*1%3($%!%*#8!&(-%%!&;;&;1%335-9!'#$-!

.,-$'!(*#:!:342!&(-%%!0#$+$$!&+$35-42!$&-!3+$1&(!-%!%'6/&%!V > 3V.' 

8&!!*'#4!#,1%!:#%!!V < 3 V.'!A:#&!V.!0!
3
1 V$!$+:#&!V.−

3
1 V!3!&!0!1' 

(+$.:+#$-#%2!%+:! #$-!.,-$! #%2! %'$G>&(2!+1$2!%*#:-!+*1%3($&2!

3&!&0'&%2!#%!.%-$-%.0!+$'/;4-%!+-$!-!3!<$!#$!"4!'!'!'$!%)%%1$/3&!%+:!#$-!

.,-$!.0<&!)$10!+$':#9#%!3&;%'/#&19!%+:!#$!3%':!#$*!+1$9;$/3&-$*!

*+$'$(+$*' 
#/3)4-%!3&! #$!/&-%.:!!833%$!<%!+1$./>$*-!.0+$%%!'#%;38!42!

*+:'$%+$! 3&1%.0! .4-%.0! #383%#%! 3&! 0<1$%'3%! x$! 3%.1:#&1$! %+:! #$! 

&!3!V.−
3
1 V$!!$9'%$8!x < V.!– 

3
1 V$!$+:#&!V.– x > 

3
1  V'!2342!V.– x =  

= Vo =  
3
1  y$!:+$*!#,1%!Vo!&(-%%!9!&;;&;1%335-9!'#$-!.,-$!+*1%3($%!

.%%!y!#$!&;;&;1%335-$!'#$-!./'%-$1$!+1('3%'!11%! !
3
1 y  > 

3
1 V$!$+:#&! 

y > V'!(''0!y < V!$!%)$/!#$!+1('3%!&(-%%!&;;&;1%335-$!'#$-!./'%-$1$'!

(*#:!:342!&(-%%!0#$+$$!$+:#&!$&-!3+$1&(!-%!%'6/&%!V < 3V.' 
11%!<%!%'6/&%!!V = 3V.'!!
!."'$' 
 
 

435&#'(!""!%6**#""& 
'$%!#&%<=$*+!&,!%#!3!&$'#!#.%#!$*!"#!"!6'%"%#!%/!!;6&$,!!%%(+$ 
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!!""##$% 
%(! )&*+,'-./&! (0-! 1'-23&4(! 567-.(! V1 , V2! /&! 89'&1(! )-.(!

505:-.(!"1$!"2%!*;:-./&!7+!(&4<-./&!=)1!
2

1

2

1

"

"

V
V

= . 

,')*!!
2

1

2

1

V
V

"

"
≠ %!%=)&!!

S
V

"

" 1

2

1 = !!/&!! 2VS ≠ . 

$!!,')*!=)1!1'>0&1!!S < V2!%!%=)&!)+!;>-./&!V2 - S!&!&!'!(% 

 
!"#$!!"" 

-?*(!(1+?1')6'+/&!')-!.&715=!#,//+$!+?-5=?)-7)+(!+?=!)@!89-
'@!"2! )+! &AA&A++//;7+! 5+7-7159! ?-:0A*7+! ! !7! $! 7! &! )$! *$! +,$! %! %! %$!

+/+1+-0/&!+?=! )-7!505:-!"2 59)&!/-+9!?-'=)@)+!/&A+:0)&+@!+?=! )-!

/1'=!)-.!?+-@A-0/&7-.!.?-:-4?-.% 
&/-4*($!+?-5=?)-7)+(!+?=!)-7!567-!V2!)1(!?.++/4(&(!/&!89'&1(!

!7! $!7!&!)$!*$!+,$! %! %! %$! !5+1! 4(1-!03-(!/&!)-7!567-$!+/+1+-0/&!+?=!)-7!

567-! V2! 59)&! /-+9! ?-'=)@)+! /&A+:0)&+@! +?=! )-! /1'=! )-.! ?+-@-
A-0/&7-.!.?-:-4?-.% 

$0//*7+! 5+1! ?9:1! /&! )-! .&715=! #,//+! )+! ?+-503-.7! 59?-1+!

')1A/,!*(!.?=:-1?-$!)/,/+)+!)-.!567-.!/&!9)+-1'/+!X$!/15+=)&+-!)-.!

)&)15-0!++1)/-0!&!&!V2 - S$!!(@:+(,!X < V2 - S$!-?=)&!S < V2 - X.  
$!(1+/-+9!=/*(!V2 - X!?++1')97&1!)@7!?.++/4(+!!B2!?-.!+?-/;7&1!

5+1!&47+1!&AA&A++//;7@!')-7!567-!V2!$!(@:+(,!!!B2 = V2 - X. 
%7! )&*+,'-./&! )@7! +7)4')-1>@! ?.++/4(+!B1$! )@7! &AA&A++//;7@!

')-7!567-!V1$!)=)&!-1!89'&1(!)*7!?.++/4(*7!B1$!B2!&47+1!+79:-A&(!?+-(!

)+!)&)+9A*7+!)*7!(1+/;)+*7!)*7!505:*7!"1$!"2!-?+=)+'@!+.!$!9++!5+1!
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+79:-A&(!)*7!505:*7!"1$!"2!-?+=)+'@!/.$!(@:+(,!! S
V

"

"

B

B 1

2

1

2

1 == .  

0++! 1
B

V
B

S
1

1

2
>= $!+/-0!V1! '!B1%!!?-/;7*(!)+! 1'>0&1!S! '!B2 =  

= V2
 – X$! ! &76! ;>-./&!S < V2 – X%!%.)=!=/*(! &47+1!9)-?-%!,)'1!(&7!

/?-+&4!7+!1'>0&1!S < V2. 

&!!,')*!)6++!=)1!1'>0&1!S > V2%!%=)&!
11

2

V
S

"

"
= .!,')*!

S
V

V
S 2

1 ʹ′
= , 

-?=)&!! 1
S

V
V
S 2

1
<=

ʹ′
$!+/-0!V2 < S$!9++!S1!0!V1!!-8:;?&!:,//+!/&)9!)@7!

?+=)+'@!/.%!!?-/;7*(!!
S
V

"

" 2

1

2

ʹ′
= !!!/&!!!S1!0!V1.    

!/++/=F-7)+(!)6++!')-7!567-!V1!)@!(1+(15+'4+!?-.!+5-:-.),'+/&!

')@7! ?&+4?)*'@! -+.! ')-7! 567-! V2$! /&! ?++=/-1-.(! '.::-A1'/-0(! 5+-
)+:,A-./&!'&!9)-?-$!-?=)&!(&7!/?-+-0/&!7+!;>-./&!S > V2. 

%7!:-1?=7!1'>0&1!
S
V

"

" 1

2

1 = !)=)&$!+?=!)+!-+.!5+1!-8.!?+-50?)&1!=)1!

S = V2$!(@:+(,!!
2

1

2

1

V
V

"

"
= .  

%7!)&*+,'-./&!)-.(!+7)4')-1>-.(!5.:47(+-.(!V11$!V21$!)=)&!-+?=!

)@7!?+=)+'@!+(.!5+1!?9:1!)+!;>-./&!
2

1

2

1

2

1

2

1

"

"

V
V

V3
V3

V
V

===
ʹ′

ʹ′
. 

!."%(% 
 

'("%$&%""#$"%)''&"#$! 
!!"! #$"%"%! &'("%! )! &!*%("+"%! #,($%! $(-*"."%! %/(! &!0/(! %/(!

"%$$1%+/(!%/(!0-&#'(!%"23" 
 
!!""##$%  
*&*+-0/&!(0-!=/-1-.(!567-.(!V, V1!!/&!5-+./;(!)+!'@/&4+!$$!$1!

5+1!)+!&AA&A++//;7+!')1(!89'&1(!)-.(!)&)+9A*7+!%2.#$!%121.1#1!/&!)1(!

+7)4')-1>&(! ?:&.+;(! )-.(! ?++9::@:&($! %2! 11! %121$…! %! *;:-./&! 7+!

(&4<-./&!=)12!
( )
( )3

3

#2

2#

V
V

ʹ′ʹ′
=

ʹ′
.  
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!"#$!!"# 

,')*!!
( )
( ) S

V
#2

2#
3

3

=
ʹ′ʹ′

!!/&!!!S ≠  V1%! 

 
$!!,')*!S < V1%!%=)&!V1- S!&!&!'!(% 

%?-5=?)-7)+(!+?=!)-7!505:-!-&1.$!?-.!&47+1!89'@!)-.!567-.!V1!

)+!&AA&A++//;7+!5+7-7159!?-:0A*7+!!!7!$!7!&!)$!*$!+,$!%!%!%!$!+/+1+-0/&!

-'0//*7+! /&! )-7!.&715=!#,//+.! +?=! )-7! 505:-! +.)=! 59)&!/-+9! ?--
'=)@)+!/&A+:0)&+@!+?=!)-!/1'=!)-.!?+-@A-0/&7-.!.?=:-1?-.% 

%?-5=?)-7)+(!+5-:-0)*(!+?=!)-7!567-!V1!)1(!?.++/4(&(!/&!89-
'&1(!)+!?-:0A*7+!!7$!7!&!)$!*$!+,$!%!%!%!!5+1!03-(!4(1-!/&!)-.!567-.$!+/+1-
+-0/&!+?=!)-7!567-!+.)=!59)&!/-+9!?-'=)@)+!/&A+:0)&+@!+?=!)-!/1'=!

)-.!?+-@A-0/&7-.!.?=:-1?-.% 
$0//*7+! 5+1! ?9:1! /&! )-! .&715=!#,//+$! )+! ?+-503-.7! 59?-1+!

')1A/,!*(!.?=:-1?-!)/,/+)+!)-.!567-.!/&!9)+-1'/+!'$!/15+=)&+-!)-.!

)&)15-0!++1)/-0!&!&!V1- S$!(@:+(,! 

X < V1– S, 
-?=)&   S < V1– X.                    (1) 

$!(1+/-+9!=/*(!V1– X!?++1')97&1!)@7!?.++/4(+!B1!?-.!+?-/;7&1!

5+1!@!-?-4+!&47+1!&AA&A++//;7@!')-7!567-!V1$!(@:+(,!B1 = V1– X. 
,')*!B!@!+7)4')-1>@!?.++/4(+!@!&AA&A++//;7@!')-7!567-!V. 
!?-);)-./&! ->*+4(! 8:98@! )@(! A&715=)@)+(.$! =)1! @! '>;'@! -+.!

?+-50?)&1!?%>%!A1+!7!&!*$!(@:+(,!=)+7!?9+-./&!)+!/;'+!"$!#$!C$!E!!)*7!
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)=<*7! ΑΒ ΒΓ ΓΔ ΔΑ
∩ ∩ ∩ ∩

! ! ! !!5+1!)+!+7)4')-1>+!/;'+!"1$!#1$!C1$!E1!!)*7!

)=<*7!! ʹ′ ʹ′ ʹ′ ʹ′ ʹ′ ʹ′ ʹ′ ʹ′
∩ ∩ ∩ ∩

Α Β Β Γ Γ Δ Δ Α! ! ! . 
*+!(&4<-./&!=)1!)+!)+4A*7+!?-.!?&+15:&4-.7!5+1!5+)-+4F-.7!+.);(!

)1(!?.++/4(&(!&47+1!+7)1')-4>*(!=/-1+!;7+!?+-(!;7+%!.1+!?++9(&1A/+$!)+!

(&4<-./&!=)1!)+!)+4A*7+!!$"2$!!$1"121!&47+1!=/-1+% 
3;+-./&!)1(!&"$!&1"1%!!?&1(,!-1!567-1!&47+1!=/-1-1$!+7!+!5+1!+1!

&47+1!-1!+5)47&(!)*7!89'&*7!)-.($!)+!;>-./&2 

"&

&"

2&

&2

+

+

+2
+2

#2

2#

$&

&$

ʹ′ʹ′
=

ʹ′ʹ′
=

ʹ′
=

ʹ′
=

ʹ′ʹ′
=

ʹ′ʹ′
. 

%/-0!
2&

&2

$&

&$

ʹ′ʹ′
=
ʹ′ʹ′

! !5+1! !
∧∧

Σʹ′Οʹ′Βʹ′=ΒΟΣ !-&!+!-+),.$!'0//*7+!/&!

)@7! ?+=)+'@! VI%! +,$! )+! ;>-./&! =)1! )+! )+4A*7+! ΒΟΣ $! 21&1$1! &47+1!

=/-1+$!!-?=)&2! 

+

+

2&

&2

2$

$2

ʹ′
=

ʹ′ʹ′
=

ʹ′ʹ′
  (2) 

!?4'@(!+/-0!!
"&

&"

$&

&$

ʹ′ʹ′
=
ʹ′ʹ′

!!5+1!!
∧∧

Σʹ′Οʹ′Κʹ′=ΚΟΣ !!-&!+!-+),.$!)+!)+4-

A*7+!"&$$!"1&1$1!!&47+1!=/-1+$!-?=)&2! 

+

+

"&

&"

"$

$"

ʹ′
=

ʹ′ʹ′
=

ʹ′ʹ′
   (3) 

%;:-($!+/-0!! ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
ʹ′

=
ʹ′ʹ′

=
ʹ′ʹ′ +

+

"&

&"

2&

&2
!5+1! 

∧∧
ʹ′Οʹ′ʹ′=Ο KBKB  ( 4

8
1
⋅= !-+);(.$!)+!)+4A*7+!2&"$!21&1"1!&47+1!

=/-1+$!-?=)&!!!!!!
+

+

2&

&2

2"

"2

ʹ′
=

ʹ′ʹ′
=
ʹ′ʹ′

  (4) 

%?=! )1(! '>;'&1(! -/.$! -3.$! -).! ?+-50?)&12!
2"

"2

"$

$"

2$

$2

ʹ′ʹ′
=

ʹ′ʹ′
=

ʹ′ʹ′
, 

-?=)&!)+!)+4A*7+!$"2$!$1"121!)+!&47+1!5+1! 1'-A671+! ! -?+=)+'@!VI.5), 
(@:+(,!=/-1+!-?+=)+'@!VI$!-+1'/=(!+.% 

!?-/;7*($!'0//*7+!/&!)-7!-+1'/=!'"%4$!-1!?.++/4(&(!$%&2"!5+1!



128 !!"#!"#$!"$%&"'!"%# 

$1%&121"1! &47+1!=/-1&($!+/-0!?&+1;>-7)+1!+?=!=/-1+!5+1! 4'-.!?:,)-.(!

?-:0A*7+%!0++!!
( )

( )
( )
( )

( )
( )3

3

3

3

#2

2#

2&

&2

"2&$

&2"$

ʹ′ʹ′
=

ʹ′ʹ′
=

ʹ′ʹ′ʹ′⋅ʹ′
⋅ . 

 
%-!4(1-!'./8+47&1!'&!=:&(!)1(!?.++/4(&(!/&!5-+./;(!$$!$1!5+1!89-

'&1(!)+!1'-'5&:,!)+4A*7+!?-.!;>-.7!5-+./;(!)+!5;7)++!)*7!505:*7!&$!

&1! 5+1! 89'&1(! )1(! ?:&.+;(! )*7! -5)+A67*7! )*7! &AA&A++//;7*7! ')-.(!

505:-.(% 
!?&1(,!=/*(!'&! 4'+!5:9'/+)+!-!:=A-(!&7=(!)*7!@A-./;7*7!?+-(!

;7+7!+?=!)-.(!&?=/&7-.(!1'-0)+1!/&!)-!:=A-!=:*7!)*7!@A-./;7*7!?+-(!

=:-.(!)-.(!&?=/&7-.(!-?+=)+'@!V%+/.$!?+-50?)&12 

( )
( )

( )
( )

( )
( )3

3

#2

2#

"2&$

&2"$

E#C.#2"%$

%"2#.C#E$

ʹ′ʹ′
=

ʹ′ʹ′ʹ′⋅ʹ′
⋅

=
ʹ′ʹ′ʹ′ʹ′ʹ′ʹ′ʹ′ʹ′⋅ʹ′

⋅  

%::9!
( )
( )3

3

#2

2#

S
V

ʹ′ʹ′
= $! -?=)&! !

B

B

S
V

ʹ′
= %! !0++! 1

B

V
B

S
>=

ʹ′
$!+/-0!@!

?.++/4(+!B!&47+1!&AA&A++//;7@!')-7!567-!V!5+1!1'>0&1!V!'!B% 
 
0++!S!'!B1!&!V1– X%!-/*($!:=A*!)@(!'>;'@(!-+.$!;>-./&!S < V1– X,  

)-!-?-4-!&47+1!9)-?-%!!?-/;7*(!(&7!/?-+&4!7+!1'>0&1!S < V1% 
 

&!!,')*!)6++!=)1!&47+1!S > V1%!!?-/;7*(!;>-./&!
( )
( )3

3

2#

#2

V
S ʹ′ʹ′

= !5+1!

+7! !
S
V

V
S

ʹ′

ʹ′
= $! !)=)&!-'0//*7+!/&!)-!?=+1'/+!)@(!?+=)+'@(!V%!5.$!)+!&47+1!

1
V
S

S
V

>
ʹ′

=
ʹ′

$!!+/-0!S > V1%!0++!V > S1!-:,//+!/&)9!)@7!?+=)+'@!XII. 2).  

!?-/;7*(!
( )
( ) S

V
2#

#2
3

3

ʹ′

ʹ′
=

ʹ′ʹ′
! !/&!S1!0!V!5+1!)-!-?-4-!/&!'.::-A1'/-0(!?++=-

/-1-.(!/&!+.)-0(!)@(!?&+4?)*'@(!-+.!-(@A&4!'&!9)-?-%!! 

%?-5:&4&)+1!:-1?=7!7+!1'>0&1!
( )
( )3

3

#2

2#

S
V

ʹ′ʹ′
= !/&!S ≠  V1%! 

!?-/;7*(!1'>0&1!!
( )
( )3

3

#2

2#

V
V

ʹ′ʹ′
=

ʹ′
.  
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%7!!V1, V11!&47+1!-1!+7)4')-1>-1!50:17(+-1$!)=)&!!)+!;>-./&2!!V1 = 3 V, 
V11!&!3!V1$!-?+=)+'@!XII%+(.$!-?=)&2 

( )
( )3

3

1

1

#2

2#

V
V

V3
3V

V
V

ʹ′ʹ′
=

ʹ′
=

ʹ′
=

ʹ′
.  

!."%(% 
 

4$+$%)+5&5# 
$)+!!"%&"#'! 5+)+:,A-./&!')@!(1+?4')*'@!=)1! )+! )+4A*7+!$"2$!

$1"121!&47+1!=/-1+!/&!/1+!?-:.?:-5=)&+@!(1+(15+'4+$!&/++/=F-7)+(!)@7!

&$&(")"!! $&$! '%%*! ! -?+=)+'@! V%! //.$! >+@'1/-?-167)+(! 8;8+1+! )+! 4(1+!

F&0A@!-/-4*7!)+1A67*7% 
$.A5&5+1/;7+$!+?=!)1(!-/-1=)@)&(!)*7!)+1A67*7!2&$$!21&1$1!5+1!

2&"$!!21&1"1!!?+-50?)-.7!-1!'>;'&1(2! 

2&

2$

&2

$2

ʹ′ʹ′

ʹ′ʹ′
=   -6.!!!!!!!!!5+1 

       
"2

2&

2"

&2

ʹ′ʹ′

ʹ′ʹ′
=          (6) 

+?=!)1(!-?-4&(!/&!&/++/-A,!)@(!&$&(")"!+!!$&$!'%%*!?+4+7-./&!! 

"2

2"

2&

&2,
2&

&2

2$

$2

ʹ′ʹ′
=

ʹ′ʹ′ʹ′ʹ′
=

ʹ′ʹ′
!%!!0++!!

"2

2"

2$

$2

ʹ′ʹ′
=

ʹ′ʹ′
$!-?=)& 

     
"2

2$

2"

$2

ʹ′ʹ′

ʹ′ʹ′
= !,!!

2$

"2

$2

2"

ʹ′ʹ′

ʹ′ʹ′
=        (7) 

$!'>;'@!-5.!)+!/?-+-0'&!7+!?+-503&1!9/&'+!/&!?-::+?:+'1+'/=!

)*7! -6.$! -,.! 5+)9! /;:@%! %;)-1+! 1(1=)@)+! =/*(! (&7! +7+/;+&)+1! ')+!

!"%&"#'!!)-.!!.5:&4(@%! 
 %?=! )1(! -/-1=)@)&(! )*7! )+1A67*7! $&"$! $1&1"1! 5+1! 2&"$!

21&1"1!!?+-50?)-.7!-1!'>;'&1(2!
"&

"$

&"

$"

ʹ′ʹ′

ʹ′ʹ′
= !!5+1!!

2"

"&

"2

&"

ʹ′ʹ′

ʹ′ʹ′
= !!+?=!)1(!

-?-4&(!/&!)-7!4(1-!=?*(!?+17!)+=?-!5+)+:,A-./&!')@!'>;'@! 

       
2"

"$

"2

$"

ʹ′ʹ′

ʹ′ʹ′
=        (8) 

 %?=!)1(!'>;'&1(!-5.$!-*.!-/-4*(!8+4'5-./&! 
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2$

"$

$2

$"

ʹ′ʹ′

ʹ′ʹ′
=   (9) 

-?*(!/+47&)+1!+?=!)1(!'>;'&1(!-*.!5+1!-4.!)+!)+4A*7+!!$"2$!$1"121!!

;>-.7!)1(!?:&.+;(!)-.(!+79:-A&($!9++!!&47+1!5+1!1'-A671+$!(@:+(,!=/-1+%! 
 
 

'("%$&%"#'"%)''&"#'! 

'(!&!*%("+"3!%$56#,!$#!#7,7#""!7$+-**5*"!&%%3!0-&#%3!%"2$!%#%#!

"%$%+#,%$%!&#!"!"!&2*,("+"23!7"2!#,($%!$(-*"."%!%/(!$8#(/(!%"23" 
 
!!""##$% 
*&*+-0/&!)-7!50:17(+-!/&!9<-7+!%2!5+1!+?=!'@/&4-!.!)-.!%2!

&?4?&(-!?++9::@:-!')1(!89'&1($!)-!-?-4-!(1+1+&4!)-7!++>15=!50:17(+-!'&!

(0-!5.:47(+-.(!V1 , V2!/&!9<-7&(!.%!&!+!$!.2!&!8%!!*;:-./&!7+!(&4<-./&!

=)1!
8

+

V
V

2

1 = .  

 
!"#$!!"% 

*&*+-0/&! &?4'@(! )-7! 50:17(+-!V11! /&! 9<-7+!.#! &! 5%+! 5+1! )-7!

50:17(+-!V21!/&!9<-7+!.!!&!:!⋅!8!=?-.!5$!:!/.'15-4!++1)/-4%!%=)&!V11!& 
&!!5⋅V1!!5+1!V21!&!:⋅V2 

%7!!5+!'!:8$!!)=)&!!!V11!'!!V21$!!(@:+(,!!!5V1!!'!!:V2   
%7!!5+!0!:8$!!)=)&!!!V11!0!V21$!!!(@:+(,!!!5V1!0!:!V2                
%7!!5+!&!:8$!!)=)&!!!V11!&!V21$!!!(@:+(,!!!5!V1!&!:!V2  
1%++$!'0//*7+!/&!)@!)&*+4+!?&+4! 1'=)@)+(!:=A*7!)-.!!0(-<-.$!

)+!?+;?&1!7+!1'>0&1!
8

+

V
V

2

1 = .  

!."%(% 
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4$+$%)+5&5! 
C&!/1+!9::@!(1+)0?*'@!@!+?=(&1<@!)+!/?-+-0'&!7+!A47&1!*(!&<,(2! 

*;:-./&! 7+! (&4<-./&! =)1!
8

+

V
V

2

1 = %!$0//*7+! /&! )@! )&*+4+! ?&+4!

1'=)@)+(!:=A*7!)-.!!.(=<-.$!++5&4!7+!(&4<-./&!=)1!(&7!.?9+>&1!+@)=(!

')-!@/1+7-15)=!(19')@/+!/&!95++!
8

+,
V
V

2

1 .   

%7!
2

1

V
V

:

5

8

+
<≤ $!)=)&!:+!!≤!!58!5+1!5V2!!0!!:V1. 

-/*(!:+!≤!!58!⇒!.#!≤!!.!!!⇒  V11!≤   V21!⇒!!:!V1 ≤!!5!V2!!-9)-?-. 

%7!
2

1

V
V

:

5

8

+
>≥ $!)=)&!!:+!≥!58!!5+1!!5V2!'!:!V1 . 

-/*(!!:+!≥!58!!⇒!.#!≥!.!!⇒ V11!≥  V21!⇒!!:!V1 ≥!5!V2!$!-9)-?-.% 

%79:-A+!&+A+F=/+')&!+7!
2

1

V
V

:

5

8

+
≤< !!,!!!

2

1

V
V

8

+
≥

λ

κ
> . 

 
'("%$&%"#("%)''&"#(! 

!!"!&!*%("+"%!)!&'("%!$#!,&#3!0-&#%3!#,($%!$(-*"."%!%/(!29'(!%"23"! 
 
!!""##$%" 
*&*+-0/&!)-.(!5.:47(+-.(!V1 , V2!/&!4'&(!89'&1(!(1+/;)+*7!%2$!

.#!5+1!03@!$*!&!+!$!"#!&!8%!!*;:-./&!7+!(&4<-./&!=)12!
8

+

V
V

2

1 = . 

 
!"#$!!"& 
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B+-&5)&47-./&!)@7!"#!5+)9!#E!&!+!!5+1!)&*+-0/&!)-7!50:17(+-!

V11!!/&!89'@!.#!03-(!#E% 
&1! 50:17(+-1! V1, V11! ;>-.7! 4'+! 03@$! -?=)&! &47+1! +79:-A-1! )*7!

89'&67!!)-.(!-?+=)+'@!++.%!%::9!-1!89'&1(!)*7!5.:47(+*7!+.)67!&47+1!

4'&($!-?=)&!V1 =  V11!% 
!?&1(,! -! 50:17(+-(! /&! 89'@! .1#1! ?-.! &47+1! 4'@! /&! )@7! .#! 5+1!

03-(!!"E!&!+!7!8!$!;>&1!)/@)&4!/&!&?4?&(-!?++9::@:-!')1(!89'&1(!)-.$!)+!

;>-./&2!
8

+

#"

#E

V
V

2

1 ==
ʹ′

! -?+=)+'@! +3.%!-/*(! ;>-./&! V1 = V11$! -?=)&!

1'>0&1!
8

+

V
V

2

1 = . 

 .1+!)-.(!+7)4')-1>-.(!567-.(!Q1, Q2!!/&!4'&(!89'&1(!(1+/;)+*7!

%2$!.#!5+1!03@!!$*!&!+$!!"#!&!8!!(&4<+/&!-?+=)+'@!+(.!=)1!!Q1 = 
3
1 V1, 

Q2 = 
3
1 V2. 

!?-/;7*(!)+!;>-./&!
8

+

V
V

V
3
1

V
3
1

Q
Q

2

1

2

1

2

1 === .!!
!."%(% 
 
 

'("%$&%"#)"%)''&"#)! 
 '(!"!"!&!*%("+"%!)!&'("%!#,($%!,&"%!%#%&""!($$"%&$!%#%#!"%!0-&#%3!

%"23!#,($%!$(%%&%+#(/3!$(-*".#3!%/(!29'(!%"23"! 
'(! "%! 0-&#%3! "!"! &2*,("+/(! )! &'(/(! #,($%! $(%%&%+#(/3! $(--
*".#3!%/(!29'(!%"23!%#%#!#,($%!,&"%!%#%&""!($$"%&" 

 
!!""##$% 
(i) *&*+-0/&!?+6)+!(0-!4'-.(!-1'-(07+/-.(.!5.:47(+-.(!V1 , V2 

/&!89'&1(!81$!82!5+1!03@!"1#1!$!"2#2%!!*;:-./&!7+!(&4<-./&!=)12 

2

1

8

8 =
11

22

ΛΚ

ΛΚ . 
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!"#$!!"# 

!!"!#)!!!1(1!"!!2(2#!(*()!*++,!V1 = V2!!-*.!
2

1

2

1

/

/

V
V

= !$01*(*,2!

%%&#!3*!!45+67)!!/1!"!/2!#!+0*()!
2

1

11

22

/

/

(!

(!
=  = 1. 

!!"!#)!!!1(1!'!!2(2!#!(*()!)08!(+6!!2(2!0*81)+67)!(797*!!!2(1-"!

"!!1(1!-*.!*0*!(+!,27)8+!(1-!+41+67)!)080).+!0*1:;;2;+!01+<!(.<!/:(

,).<!(+6!V2. ")+7:=+67)!V1-!!(+)!-,;.).1+!7)!/:,2!/2!-*.!,>+<!!2(1-) 
#++,!V1 = V2! (*()! ,,7+?)*! 7)! (2)! 01*(*,2!V)*#! 3*! .,5,).! 2!

,54,2! 

1

2

1

1

V
V

V
V

ʹ′
=
ʹ′

    (1) 

#;;:#!,,7+?)*!7)!(2)!01*(*,2!%%#!*++,!+.!-,;.).1+.!45+6)!8,*!

,>2!3*!.,5,).!2!,54,2!!! 

2

1

1

1

/

/

V
V

=
ʹ′

     (2) 

%@:;;+6#!,,7+?)*!7)!(2)!01*(*,2!%+#! 

   
11

22

12

22

1

2

(!

(!

(!

(!

V
V

=
ʹ′

=
ʹ′

  (3) 

#0*!(.<!,54,).<!$%&#!$,&!#!$+&!01+-,0().!*(.!!
11

22

2

1

(!

(!

/

/
= . 
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ii)!/,(?!(C1*!*(.!D.*!(+6<!-6;8).1+6<!V1!-*.!V2!7)!*)(8,(+.5)<!

/:,).<!/1!-*.!/2!!45+67)!
11

22

2

1

(!

(!

/

/
= )!&4;+67)!)*!.)8@+67)!*(.!!V1 = V2  

!!"!!#)!!!1(1!"!!2(2#!!(*()!/1!"!/2!#!+0*()!!V1 = V2 
 

!!"!#)!!1(1 '!!2(2#!(*()!3)?1C)(*<!(+)!-,;.).1+!V1-!$*0?<!*6(

(*<!-*(*,-)6:,(2-)!01+2D+674)?<!,(+!$i&!/&#!3*!45+67)/ 

12

22

2

1

(!

(!

/

/

ʹ′
=    (4) 

#;;:#!,,7+?)*!7)!(2)!01*(*,2!%%#!*++,!+.!-,;.).1+.!45+6)!8,*!

,>2!3*!.,5,).! 

1

1

2

1

V
V

/

/

ʹ′
=    (5) 

%@:;;+6#!,,7+?)*!7)!(2)!01*(*,2!%+# 

1

2

12

22

V
V

(!

(!

ʹ′
=

ʹ′
   (6) 

#0*!(.<!,54,).<!$0&#!$1&#!$2&!01+-,0().!*(.
1

2

1

1

V
V

V
V

ʹ′
=

ʹ′
#!+0*()!V1 = V2.  

 
!"#$!!"#$" 

$(+6<!-C)+6<!)+*17*=+)(*.!+.!8..+.!7)!(+6<!01+2D+,7))+6<!,6;-
;+D.,7+,<#!*0?<!+*8))(*.!-*.!,(+!,597*!%1)%#!+0*()!*0+.).-),)(*.!-*.!

(+!*)(8,(+.5+!*0+(4;),7*)!!! 
!.").) 
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#$%"#$%&'"(%"#!'&)*% 
 

+&,$!"(%&'%!-%%$%&'" 
!!!""#"$!!"$"!"%&'#!$(")!'$'*")"!!%!#++(%&#,!'$"!!%#+%*$$#("!

'$'*"! -"*$+.!"! )'&-*#/("! %#! 0($)"! -*1#"2! -*#/(3!! %4! #&%-
-$&%#!"!$"/!%)'(&$#("/!'$'*"/"!"4*%"1!$5$")"!3'$#!")!-*#/(52!

$"/!!%!#,!%)!#'$&2!$"/!%)'(&$#("/!'$'*"/# 
 
&.,'('/( 
#0*! (+! -4)(1+! "#! 3)?-

1+,7)! )63)8*!0+6! (47)).! (+!7)-
D*;,()1+! -,-;+! ,(*! ,27)8*! #!

-*.! 0! -*.! (+! 7.-1*()1+! ,(*! !!

-*.!')!$!-:3)(2!,(2)!#0!,(+!'#!

(47)).!(+!7)D*;,()1+!-,-;+!,(*!

,27)8*! %! -*.! 1! -*.! 01++*)C<!

)+:0()(*.! (+6! 7.-1*()1+6! -,(

-;+6) 
'.5+(+7+,7)!01C(*! (+! (*-

@+!
∩

ΑΒ #! -*.! (+! (*@+! 0+6! 01+-

-,0().!(+!,67/+;8=+67)!7)!
∩

ΑΒ
2
1 . 
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$!-:3)(+<!*0*!(+!,27)8+!!!,(2)!#0!(47)).!(2)!#0!,(+!,27)8+!$!
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∩∩
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∩∩
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;,()1+6!-,-;+6! 8,)<!7)!(2)!0!#!+.!+0+8)<!/18,-+)(*.!)-(*<!(+6!7.-1*-
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∩
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∩
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∩∩
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=
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1:;;2;)<!$01*(*,2!XI)!2&!-*.!*++,#!*0?<!.)8@*7)#!&&-"!$$-#!3*!45+67)!
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.,+!*6(C)!0*1*;;9;?)#!3*!)8)*.!,6))080).)<) 
%0+74)?<#!(+!()(1:0;)61+!!0&$!)8)*.!)080).+! $(1*04=.+&! $01*(

(*,2!B")!*&)!!.*!(+)! 8..+!;*D+!(*!()(1:0;)61*!$&E%#!%EFA!)8)*.!)08(

0).*#!*0?<!-*.!(+!(18D?)+!AF&!)8)*.!)080).+!,597*) 
#)!))C,+67)!(*!,27)8*!&#!$#!E#!%#!F#!A#!&!!7)!(+!"!3*!,527*(.(
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∩
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∧ ∧
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0+;6DC)+6!0!(##!)!)!)#!!7451.<!*(+6!0)(,5+67)!)*!.,5,).!"0-'!"$&) 
%8)*.!*7?<!2!"G!*0*,(*,2!(+6!-4)(1+6!!"!!(2<!,+*81*<!*0*!(2)!
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$!4.1*!*6(9!;+.0*)!/18,-)(*.!)-(*<!(2<!7.-1*()12<!,+*81*<) 
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,7*)! 
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)!·!!-!0!)-2. 0,&"! 
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!."#(# 
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!"#$%!!"#%&!'()#*"$%&!"!#!$!

"$! #%.%'! #,3%'8! #,(%6$'$8! #()! &#(('/9;01&.! #&,&#6.-! 1&$! ($!

(#(/'8!&*(,(4.!$%0!($&/,'$0!');4&,&''()!%'2'&%(8!$'!61,(!1&$!'%$(!

+*&("!'/.&$!5(0;0%$1%8!&$&!*$&!&1(+();(4.!1&$!1),/-8!$%0.!1&%&$1')2!

%()! 1&.(.$1(4! (-('1&%(,()! 1&$! %()! '$1($&%(,()#!##/$08"! &)%%8!'#(-
,(4.!$2'',&!.&!&#(('$9;(4.!1&$!&+&'5,$16"!*#-8!;&!&/.'$!*&.',*!#&(

,&16%-# 

1$%-!&"!6!');4&,&''&!%'2'&%&"!''! !6! !'$1,*%',(!%()! !&#!).!%(!

%'2'&!&!($&$,';'/!$'!61,(!1&$!'%$(!+*&("!%*%'!%(!6!'/.&$!%(!''&&+4%',(!

%'2'&!%08!($&/,'$08"!&.!1&$!'*.(.!&.!!$$94'$!0!$9%$01!62 0!&.&!– x),  $(
$((4.&'&!!62!3!&6!0!&2. 

).!+4$()''!&+&'5,$16!%0.!#&,&#6.-!'</$-$0!.&#(,,/#%(.%&8!%0.!

&,.0%$12!,/7&/"!5,/$1()''!!6!0!
( )

2
15& −
#!"$94().!'#/$08!($!$9%$'$81! 

&!– x = ( )
2

53& −
!!!!!1&$!!!!!

2
51

x&

x
x
& +

=
−

=  

 
&/!,!#,*%&$0!$!1&$!0!&.%/$%,(*2!%08!#,*%&$0!2!#,(14#%().!6''(

$&!&#*!%0.!$$(().&'/& 
2

2
&x ⎟
⎠

⎞
⎜
⎝

⎛
+ = 5  ⇔⎟

⎠

⎞
⎜
⎝

⎛
2

2
&  x2!3!&6!0!&2 

 
5/!,!#,*%&$0!%!#,(14#%'$!&#*!%0.!$$(().&'/& 
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2
x5

2
x

& ⎟
⎠

⎞
⎜
⎝

⎛
=⎟

⎠

⎞
⎜
⎝

⎛
− ⇔!!!&2 –!&6!0!62 

 
&/!,!#,*%&$0!)!#,(14#%'$!&#*!%0.!$$(().&'/&1 
 

&2!3!.&!– x)2 = 3x2  ⇔!!!&2 –!&6!0!62 

 
(/!,!#,*%&$0!*!#,(14#%'$!-8!'<281! 
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).! $$94'$!
x&

x
x
&

−
= "!%*%'!&#*!%0.! $($*%0%&!%-.!&.&+(&$3.!#,(-

14#%'$!6''$&!*%$!!
&

&x
x
& +

= . 

 
3)1%#$.!*!%6***#!*& 

!!"!'4$*1
!"#$",#!$(4$",!&"!!-')!-#+!(.&)!/0&)"!-#$."#!#30!$#!

$(*(#$#!$42!%+#,'"&42!","#+!"#$",#!!''4$)2"!4!/"&0(""4!#3)$)#
(*$ 
 
(41)!$5. 
1$%-!)!!,0%*!');4&,&''(!%'2'&"!%(!(#(/(!($&$,(4''!$%(!$0''/(!

-!$'!61,(!1&$!'%$(!+*&(!''!''&&+4%',(!%'2'&!%(!)-#!.&!&#(('$9;'/!*%$!

16;'!%.&!&#*!%&!%'2'&%&!)-"!-!!'/.&$!6,,0%("!0!+'&*''.0!#("!")*. 

 
!$*)#!# 

F,('1%'/.()''! %(! %'2'&!!)!1&%6! %'2'&!)+! 0!
2

AB . ##'$(2! %(!

%'2'&!)!! %9'$!($&$,';'/!$'!'%$(!1&$!61,(!+*&(!$%(!-!''!''&&+4%',(!

%'2'&!%(!)-!1&$!%(!%'2'&!)+!'/.&$!%(!'$$*!%()!)!"!%9()''1! 
+-2!0!*)+2 !.#,*%&$0!$/# 

0,&! %(!+-2!#,(8! %(!)+2 %9'$!+*&(!&,$;'*!#,(8!&,$;'*"!6,&! %(!
+-2!'/.&$!$4'''%,(!#,(8!%(!)+2!!.#,*%&$0!A#!+/ 

=(!)+2!'/.&$!,0%*"!($*%$!%(!%'2'&!)+!'/.&$!,0%*"!-8!%(!'$$*!%()!

,0%(4!%'2'&%(8!)!#!0,&!.$4'*-.&!''!%(.!(,$$'*!7!%()!5$5+/()!A/"!%(!

-+2!'/.&$!,0%*"! !6,&!,0%*!'/.&$!1&$!%(!-+#!:&$!'#'$(2!%(!-+2!#,(8!%(!

+)2!('.! %9'$!+*&(! %(.!(#(/(! %9'$! %'%,6&-.(8!&,$;'*8!#,(8! %'%,6&-.(!

&,$;'*"!%(!'21(8!-+!'/.&$!&$4'''%,(!#,(8!%(!'21(8!)+!.#,*%&$0!A#7/!

0,&!%(!)-!'/.&$!#("!")*!.#,*%&$0!A#&%/ 
##'$(2!%(!-!($&$,'/!%(!)!!$'!61,(!1&$!'%$(!+*&(!''!''&&+4%',(!

%'2'&!%(!)-"!%9()''! 

)-2!0!)!!⋅!-! 

                                                           
1  -$&!%0.!(,(+(&/&!#()!9,0$$'(#($'/%&$"!5+%#'!?9*+$(!#()!&1(+();'/# 
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:&$!'#'$(2!%(!%'2'&!)-!'/.&$!#("!")*!1&$!%(!)!!,0%*"!%(!%'2'&!

!-!'/.&$!#,3%0 #("!")*!.#,*%&$0!A#!7&/#! 
!."#(# 

!"#$%)!

?%0!($&%4#-$0!%08!#,*%&$08!+"!*#-8!1&$!$%$8!#,(%6$'$8!$$!1&$!$&!
#()! &1(+();(4."! 9,0$$'(#($'/%&$! (,(+(&/&! #()!&.&#%49;01'! 1&$!$9(-
+$6$%01'! '1%'.38! $%(!!$5+/(!A! #! ?).(G/7()''! $4.%('&! %&! &#(+4%-8!
&#&,&/%0%&!&$&!%0.!&.6&.-$0!&)%3.!%-.!($&%)#3$'-.# 

?4'*-.&!''!%()8!(,$$'(48!%()!!$5+/()!A"!&%(("$'#!("&.$4 +%-
&(.%&$!'1'/.&!&$&! %&!(#(/&!)#6,9'$!1($.*!'%%,(!1&$!#&%(("$'#!'1'/.&!
&$&!%&!(#(/&!('.!)#6,9'$!1($.*!'%%,(# 

#);'/'8! .1! 8');4&,&''&!%'2'&%&8/!%#"!("+!&%(("$')+!+%&(.%&$!($ 
');'/'8!%-.!(#(/-.!%&!%'%,6&-.&!'/.&$!$4'''%,&!1&$!%#"!("+!#&%(("$')+ 
&)%%8!%-.!(#(/-.!%&!%'%,6&-.&!'/.&$!&$4'''%,&#!)#(('$1.4'%&$!*%$"!&.!
((;'/!'1!%-.!#,(%%,-.!'/&!');'/&"!)#6,9().!-8!#,(8!&)%2.!6#'$,'8!');'/(
'8!$4'''%,($!1&$!&$4'''%,($!'/%'!-8!#,(8!%(!'21(8!'/%'!1&$!().6''$# 

,!');'/&!#()!;'-,'/%&$!'1!%-.!#,(%%,-.!1&+'/%&$!'4$*, ($!$4'''(
%,'8!#,(8!&)%2!'/%'!'21'$!'/%'!'*.(!().6''$!1&+(4.%&$!'4$.2!1&$!($!.()(
.6''$/!&$4'''%,'8!!''4$"2!.2!!/)&)+)#!=(!%'%,6&-.(!%08!;'-,(4''.08!
');'/&8!1&+'/%&$!'4$0!1&$!%&!$4'''%,&!#,(8!&)%*!9-,/&!'4$!"!'.3!%&!
&$4'''%,&!#,(8!&)%*!!/)&#. 

?%0.!#,*%&$0!A#&%! %()! $9()!1'*&+&/()!&#(('$1.4'%&$!*%$!&.!&#*!

,0%2!');'/&!&*&$,';'/!,0%2!');'/&!$4'''%,0!''!%0.!&,9$12!().6''$!'*.(."!

%*%'!0!)#*+($#0!'/.&$!6+(&(8!1&$!1&+'/%&$!#3)$)(*. +0+&(2"!&.!6"!:!,0%6!
%'2'&%&!''!6!5!:"!6"!:!&$4'''%,&!1&$!62, y2!$4'''%,&"!%*%'!%(!%'2'&!6!– y 
'/.&$!6+(&("!0!+'&*''.0!#3)$)(*#!.-$&!#&,6('$&'&!%(!%'2'&! 2 ,!–!,!"!*(
#()!,!,0%*!%'2'&!'/.&$!&#(%('2/#!=(!%'2'&!:!(.('67'%&$!3')&#'(07)#&#. 

).! %(! %'%,6&-.(! %08! *+08! )#',%9'$! %()! %'%,&&3.()! %08! #,(-
$&,'*7()$&8!1&%6!%(!%'%,6&-.(!#+'),68!$)''%%,()!#,(8!%0.!*+0"!%*%'!

0!&#(%('2!1&+'/%&$!3'6$4!#3)$)(*#!+0+&(2"!&.!!62 = y2 + z2!!1&$!!z, x  
$4'''%,&"!%*%'!0!&#(%('2!!6!–!:!!(.('67'%&$!3'6$4!#3)$)(*. 

).!%(!%'%,6&-.(!%08!*+08!)#',%9'$!%()!%'%,&&3.()!%08!#,($&,(
'*7()$&8!1&%6!%'%,6&-.(!#+'),68!().6''$!'*.(.!$)''%%,()!#,(8!%0.!
*+0"!%*%'!0!&#(%('2!1&+'/%&$!$"$!'$4!#3)$)(*. +0+&(2"!&.!!62 = y2 + z2 
1&$!!z, x!!&$4'''%,&"!%*%'!%(!6!-!:!(.('67'%&$!$"$!'$4!#3)$)(*. 
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?%0.! #,*%&$0!A#2$!&#(('$1.4'%&$! *%$! %(! (,;(&3.$(! #()! #',$%9'%&$!
''%&<4!,0%3.!().6''$!'*.(.!$4'''%,-.!');'$3.!'/.&$!6+(&("!1&+'/%&$!!(.&) 
1&$!0!#+'),6!%()!$$((4.&'()!%'%,&&3.()!'/.&$!6+(&(8!1&$!(.('67'%&$!(.&4. 

?%0.!#,*%&$0!A#&+!&#(('$1.4'%&$!*%$!&.!&#*!');'/&!&*&$,';'/!')-
;'/&"!0!(#(/&! '/.&$!#,(8! %0.!*+0!().6''$!&$4'''%,(8!1&$!$90'&%/7'$!''!
&)%2.!%(!''.!6;,($$'&!%-.!%'%,&&3.-.!%()8!,0%*!%(!('!(,;(&3.$(!'%$("!
%*%'!0!)#*+($#0!'/.&$!6+(&(8!1&$!(.('67'%&$!"/!&&1". 

8#'#$*'4&4 
).!%(!,0%*!');4&,&''(!%'2'&!&!($&$,';'/!$'!61,(!1&$!'%$(!+*&("!

%*%'!%(!''&&+4%',(!%'2'&!x!%08!($&/,'$08!$$(4%&$!'' 

x = &
2

15 −
"!!(0+&(2!!!x = &

2
1–&

2
5 , 

%(!(#(/(!$4'*-.&!''!%(!$9*+$(!#()!#,(0&2;01'!'/.&$!#("!")*. 
 
 

3. *$14#!8)%!%)-*+(%!'#$!'#(%($'1!4!(%"*+(%#! 
!"4%$!2!!"#)/%*02! 

  
?%$8!#,(%6$'$8! &!'%9,$! $2! '1%/;'.%&$!($!#+'),%8! %()! $$*#+'),()!

%,$&3.()!1&$!%-.!1&.(.$13.!#'.%&&3.()"!'<&&3.()!1&$!('1&&3.()!'&(

&'&,&''%.-.!$%(.!/($(!141+(!1&$!1&;(,/7(.%&$!$'!$9%$0!''!%0.!&1%/.&!

%()!141+()# 
 
 

3)1%#$.!+!%6***#!+& 
!!"!$'"+2!&1","2! +&03/"#')#!3""$#&6")#"!",$"!##$.2!","#+!%+#%)-

5+-.2!",$"!","#+!(4!%+#%)5+-.2"!","#+!,&"2"!$)!3""$!&1")!","#+!+&)&6"+)$! 
)#*('$<0 
1$%-! *%$! %,'$8! ($&((9$1%8! &-./'8!!

∧

A ,  
∧

Β ,  
∧

Γ "!!%()!$$*#+'),()!#'.%&&3.()!
)!-+#!'/.&$!/$'8#!.&!&#(('/<()''!*%$!%(!

#'.%6&-.(!'/.&$!$$(&3.$(#! 
3%,()''! %$8! )-"! !#! 1&$! %0! /+"!

*#()!/!%(!$0''/(!%('28!%-.!)-"!!##! 
##'$(2!($!#+'),%8!!-"!!)!'/.&$! /(

$'8! &.%/$%($9&! #,(8! %$8! !)"! )#! 1&$! 0!

&-./&!
∧

ΓΒΑ ! '/.&$! /$0! #,(8! %0! &-./&!!
!$*)#! 7 
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EAB
∧

"! %&! %,/&-.&!)!-"!)!#! '/.&$! /$&"!6,&!($!#+'),%8!)-"!!#! '/.&$!

/$'8"!0!&-./&! BA
∧

Γ !'/.&$! /$0!#,(8!%0!&-./&! ΒΕΑ
∧

!1&$!0!&-./&! EBA
∧

 

'/.&$!/$0!#,(8!%0!&-./&! ΓΑΒ
∧

#!##('%.-8!%(!%'2'&!)/!'/.&$!/$(!#,(8!%(!

!/!1&$!'#'$(2!&#(('/9%01'!*%$!%(!)-!'/.&$!/$(!#,(8!%(!!#"!%9()''!/-!0!

0!/##!! 
=&!%,/&-.&!/#+"!/-+!'/.&$! /$&"!

($*%$! %9().! 1($.2! %0.! #+'),6! /+! 1&$!

%$8! #+'),%8! /#"! #+! /$'8! #,(8! %$8! /-"!

-+!&.%/$%($9&#!0,&!0!&-./&! ΔΕΖ
∧

!'/-

.&$! /$0! #,(8! %0! &-./&! ΔΓΖ
∧

!)#(('/-

9;01'!*%$!0!&-./&! ΒΕΑ
∧

!'/.&$!/$0!#,(8!

%0!&-./& ΒΓΑ
∧

"!6,&!0!&-./&! ΔΕΑ
∧

!'/-

.&$! /$0!#,(8!%0!&-./&! ! ΔΓΒ
∧

#!"'(/-8!

&#(('$1.4'%&$!*%$!0! &-./&! ΕΔΓ
∧

! '/.&$!

/$0!#,(8!%$8!&-./'8!
∧

! ,  
∧

Β ,  
∧

Γ "! ! !6,&!
%(!#'.%6&-.(!'/.&$!$$(&3.$(# 

1$%-!%3,&!*%$!($!%,'$8!'0!($&((9$1%8!&-./'8!!
∧

A ,  
∧

Β , 
∧

Δ !!'/.&$!/(

$'8!.?9#!&&/#!!! 
3%,()''! %$8!!+"!!##!##'$(2!($!#+'),%8!!)"!)#!'/.&$! /$'8!#,(8!

%$8!!-"!-+!1&$!#',$%9().! /$'8!&-./'8"!%&!%,/&-.&!!)#"!!-+!'/.&$! /$&"!

6,&!0!#+'),6!!#!'/.&$!/$0!#,(8!%0.!#+'),6!!+!1&$!0!&-./&! ΒΕΑ
∧

!'/.&$!

/$0!#,(8!%0!&-./&!! ΓΔ
∧

B . 

=*%'!1&$!0!&-./&! ΒΕΔ
∧

!'/.&$!/$0!#,(8!%0!&-./&!! ΕΔΒ
∧

#!0,&!0!&-(

./&! ΔΕΑ
∧

!'/.&$!/$0!#,(8!%0!&-./&!! ΓΔΕ
∧

#!"'(/-8!&#(('$1.4()''!*%$!1&$!

0!&-./&! ΓΒΑ
∧

!'/.&$!/$0!#,(8!%$8!&-./'8!
∧

! , 
∧

Β , 
∧

Δ . 
0,&!%(!#'.%6&-.(!'/.&$!$$(&3.$(#! 
!."#(# 
94(",1&4 
?%&! '#*''.&! %.&! $$*#+'),(! 1&$! $$(&3.$(! #(+4&-.(! ;&! &.&*%-

,'%&$!1&$!-8!-#")"+-0!3)/%&1"). 

!$*)#!$# 
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3)1%#$.!,!%6***#!,& 
9"!-!$"!-#")"+-0!3""$!&1")!%%)!%+#%)5+-.2!%+#&6"+)+!$.(")"$#+!
&"!!-')!-#+!(.&)!/0&)!-#+!$#!("&#/%$"'#!$(*(#$#!$42!%+#,'"&42!
","#+!$)!-#$."#!,&)!("!$4"!3/"#'!!$)#!3""$#&6")#$ 
  
(41)!$5. 
1$%-!)!-+#! 1&.(.$1*! #'.%6&-.(! 1&$!.! %(! $0''/(! %('28! %-.!

($&&-./-.!)-! 1&$!!##!.&! &#(('$9;'/! *%$! 1&;''$6! &#*! &)%%8! %%'.'%&$!

$%(!.!$'!61,(!1&$!'%$(!+*&(!1&$! %(!''&&+4%',(! %'2'&! %08!($&/,'$08!

$$(4%&$! ''! %0.! #+'),6! %()! 1&.(.$-
1(4!#'.%&&3.()# 

F',$&,6*()''!141+(!$%(!1&.(-
.$1*!#'.%6&-.("!$4'*-.&!''!%0.!#,*(

%&$0! IV#$)#! ##'$(2! %&! %'2'&%&! #)"!

)!!'/.&$! /$&!#,(8!%&!)!"!!-!1&$!#'(

,$%9().! /$'8! &-./'8"! %&! %,/&-.&!)!#!

1&$!)!-!'/.&$!/$&"!6,&!!#!0!)-!1&$!($!

)#*+($#'8! &-./'8! '/.&$! /$'8#! 0,&! 0!

&-./&! Γ
∧

AB ! $$(4%&$! ''! %0! &-./&!!

ΕΒΑ
∧

"! 6,&!
∧∧

ΒΑΘ= 2).# ! .#,*%&-

$0!"#!%2/#!##'$(2!%(!%*<(! ΓΔΕ
∩

!'/.&$!

($#+6$$(! %()! %*<()!
∩

ΒΓ ! 1&$! 0! &-./&! ΓΑΕ
∧

! '/.&$! ($#+6$$&! %08! &-./&8!!

ΓΑΒ
∧

"!!6,&!0!&-./&!! ΕΑΘ
∧

!!'/.&$!/$0!#,(8!%0!&-./&!! ΕΘΑ
∧

#!0,&!%(!%'2-
'&!.#!'/.&$!/$(!#,(8!%(!%'2'&!#)"!(0+&(2!%(!)!#!:&$!'#'$(2!%(!%'2'&!!)!

'/.&$!/$(!#,(8!%(!#)"!1&$!0!&-./&!! ΕΒΑ
∧

!!;&!$$(4%&$!''!%0!&-./&!! ΑΕΒ
∧

. 

)++6!1&$!0!&-./&!! ΕΒΑ
∧

!!('/9;01'!/$0!#,(8!%0.!! .AB
∧

"!6,&!;&!

'/.&$!1&$!0!! ΑΕΒ
∧

!!/$0!#,(8!%0!! .AB
∧

#!,!&-./&!! ΕΒΑ
∧

!!'/.&$!1($.2!%-.!

%,$&3.-.!)!#!1&$!)!.# 
0,&!%&!%,/&-.&!)!#!1&$!).!!'/.&$!$$(&3.$&"!'#('%.-8! 

!.

!)

!)

#!
= !1&$!'#'$(2!!!)!0!#."!!%9()''!

.!

#.

#.

!#
= . 

)*(4!%(!%'2'&!!#!'/.&$!''&&+4%',(!&#*!%(!#."!;&!'/.&$!1&$!%(!

%'2'&!.#!''&&+4%',(!%()!.!#!0,&!%(!%'2'&!!#!%9'$!%'0;'/!$'!61,(!

1&$!'%$(!+*&(!$%(!$0''/(!.!1&$!%(!''&&+4%',(!%'2'&"!%(!.#"!'/.&$!/$(!
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#,(8! %0.! #+'),6! %()! #'.%&&3.()#!E'! *'($(! %,*#(!&#(('$1.4()''!*%$!

1&$! %(!)-! ! %9'$! %'0;'/!$%(!.!$'!61,(!1&$!'%$(!+*&(!1&$!*%$!%(!''&&-
+4%',(!%'2'&"!%(!-."!'/.&$!/$(!#,(8!%0.!#+'),6!%()!#'.%&&3.()#!!

!."#(# 
 
 

3)1%#$.!-!%6***#!-& 
!!"!)+!3/"#'.2!$)#!-#")"+-)%!":#&6")#!-#+!%"-#&6")#!3)#!"&#
&'!*)"$#+!&$)"!,%+)!-%-/)!&#"$"$)%"!&"!(+#!"#$",#"!$0$"!$)!0/)!
$(*(#!%+#+'",$#+!&"!!-')!-#+!(.&)!/0&)!-#+!$)!("&#/%$"')!$(*#
(#!$42!%+#,'"&42!","#+!4!3/"#'!!$)#!":#&6")#$ 
 
(41)!$5. 
1$%-! (! 141+(8!)!-! ($&'%%,()!

)!"! 0! #+'),6! !-! %()! 1&.(.$1(4! ('-
1&&3.()!1&$!0!#+'),6!-+!%()!1&.(.$-
1(4! '<&&3.()! #()! '&&,6*(.%&$! $%(.!

#&,&#6.-! 141+(#!1$%-! '#/$08! *%$! %&!

%'2'&%&! !-"! -+! 1'/.%&$! '#;! ');'/&8#!

.&! &#(('/<()''! *%$! %(! ');4&,&''(!

%'2'&!!+!%9'$!%'0;'/!&#*!%(!-!$0''/(!!

$'!61,(!1&$!'%$(!+*&("!''!''&&+4%',(!

%'2'&!%(!-+# 
1$%-! #! %(! 1%.%,(! %()! 141+()#!

3%,()''! %&! %'2'&%&!!#"! -#"! #+! 1&$!

#,('1%'/.()''!%0!!#!'%9,$!%(!)#!##'$(2!0!#+'),6!!-!'/.&$!#+'),6!1&(

.(.$1(4! ('1&&3.()"! %(! %*<(!
∩

ΓΒ! ! '/.&$! #'.%&#+6$$(! %()! %*<()!
∩

ΒΓ , 

6,&!%(!%*<(!!
∩

ΑΓ !!'/.&$!%'%,&#+6$$(!%()!%*<()!
∩

ΒΓ #!0,&!0!&-./&! ΓΕΑ
∧

 

'/.&$!%'%,&#+6$$&!%08!! ΒΕΓ
"

#!:&$!'#'$(2!0!&-./&!! ΓΒΕ
∧

!!'/.&$!/$0!#,(8!

%0.! ! ΒΓΕ
∧

,  %9()''!
∧∧

ΕΓΒ= 2)#- #! ##/$08! #-! 0! -+"! ($*%$! -+! '/.&$!

#+'),6!1&.(.$1(4!'<&&3.()!'&&'&,&''%.()!$%(.!141+(!)!-# 

##('%.-8!
∧∧

ΓΔΕ=-#+ "! 1&$! %%$$!
∧∧

ΕΔΓ=ΕΓΒ 2 #! )++6! &#(('/-

9;01'!*%$!
∧∧

ΕΓΒ=ΑΕΓ 2 "!6,&!
∧∧

ΔΓ=ΑΕΓ E4 #!0,&!
∧∧

ΒΕΓ=ΕΔΓ . 
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,!&-./&! ! ΔΒΕ
∧

! !'/.&$!1($.2!%-.!(4(!%,$&3.-."!%()!!#-!1&$!%()!

!#+#!0,&!1&$!0!&-./&! ! ΔΕΒ
∧

! !'/.&$! /$0!#,(8!%0.! ! ΒΓΕ
∧

#!0,&!%&!%,/-

&-.&!#!+"!#!-!'/.&$!$$(&3.$&#!##('%.-8!
ΒΓ

ΒΕ
=

!#

!+
!1&$!'#'$(2!!#!0!

0!-+! %#'%&$!*%$!
ΓΒ
ΔΓ

=
ΔΓ
ΒΔ

#!##/$08! '/.&$!!+! 5!+-!6,&!1&$!+-! 5!-!#! 

1%$$!0!');'/&!!+!%9'$!%'0;'/!$'!61,(!1&$!'%$(!+*&(!1&$!%(!''&&+4%',(!

%'2'&!&)%28!%08!($&/,'$08!'/.&$!%(!+-#!!
!."#(# 
 
8#'#$*'4&4!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
).!x!'/.&$!0!#+'),6!%()!1&.(.$1(4!('1&&3.()!1&$!r!0!&1%/.&!%()!

#',$&'&,&''%.()!141+()"!%*%'!0!#+'),6!%()!('1&&3.()!'#(,'/!.&!)#((

+(&$$%'/!&+&'5,$16!&#*!%0!$9%$0!1! 

(r + x) x = r2!"!!!(#*%'!;&!!%9()''1!!x = ( )15
2
r

−  

 
3)1%#$.!".!%6***#!".& 

!!"!"&&'#*",!&"!-%-/)!-#")"+-0!
3""$!&1")"! $0$"! $)! $"$'!&1")!!
$42!3/"#'!2!$)#!3""$#&6")#!",-
"#+! +&)%%"#()! 3')2! $)! !$')+-
&(#!$1"!$"$'#&6"1"!3)#!.5)#"!
12!3/"#'.2! $4"!3/"#'!! $)#!-#-
")"+-)%!":#&6")#!-#+!$4"!3/"#-
'!! $)#! -#")"+-)%! %"-#&6")#!
3)#! "&&'!*)"$#+! &$)"! ,%+)! -%#
-/)$ 
 
(41)!$5. 
1$%-!)!-+#!1&.(.$1*!#'.%6&-.(!'&&'&,&''%.(!$'!141+(#! 
1$%-!/!%(!1%.%,(!%()!141+()!1&$!),!($6''%,(8#!)#*!%(!/!6&()-

''!16;'%0!/.!#,(8!%0.!)!"!0!(#(/&!#,('1%'$.*''.0!%%'.'$!%(.!141+(!

$%(!$0''/(!:#!3%,()''!%$8!');'/'8!!:"!:)!1&$!&#*!%(!/!*%,()''!16;'-
%0!/!!#,(8!%0.!:)"!0!(#(/&!%%'.'$!%(.!141+(!$%(!E!1&$!%0.!)!!$%(!B# 
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##'$(2!%(!%*<(!!
∩

ΓΗ!# !!'/.&$!/$(!#,(8!%(!%*<(!
∩

ΑΕΔΗ !1&$!%(!%*(

<(!
∩

ΑΒΓ !'/.&$!/$(!#,(8!%(!%*<(!!
∩

ΑΕΔ "!%#'%&$!*%$!%(!%*<(!!
∩

ΓΗ !!'/.&$!/$(!

#,(8!%(!%*<(!!
∩

ΗΔ #!0,&!%(!-,!'/.&$!#+'),6!1&.(.$1(4!('1&&3.()#!##/(

$08!/)!0!/!!1&$!/.!16;'%0!$%0.!)!"!6,&!
∧∧

ΚΖΒ=)/: !.#,(%6$'$8!"#!*!

1&$!"#!2+/#!0,&!%(!%*<(!!
∩

ΑΚ !!'/.&$!/$(!#,(8!%(!%*<(!!
∩

ΚΒ "!1&%6!$).%#'$&!

%(! %*<(! !
∩

ΑΒ ! ! '/.&$!($#+6$$(! %()! %*<()! !
∩

ΒΚ ! !1&$! %(! %'2'&!):!'/.&$!

#+'),6!1&.(.$1(4!('1&&3.()#!-$&!%()8!/($()8!+*&()8!1&$!%(!%*<(!!
∩

ΑΚ   

'/.&$!($#+6$$(!%()!%*<()!
∩

ΚΜ #!:&$!'#'$(2!%(!%*<(!!
∩

ΑΒ !!'/.&$!($#+6$$(!

%()!%*<()!!
∩

ΒΚ !!1&$!%(!%*<(!!
∩

ΓΔ !!/$(!#,(8!%(!%*<(!!
∩

ΑΒ "!!'/.&$!1&$!%(!

%*<(!!
∩

ΓΔ !!($#+6$$(!%()!%*<()!!
∩

ΒΚ . ##/$08!%(!%*<(!%()!!
∩

ΓΔ !!;&!'/.&$!

($#+6$$(! %()! %*<()! !
∩

ΓΗ #!0,&! %(! %*<(! ! !
∩

ΓΗ ! ! '/.&$! /$(!#,(8! %(! %*<(!!
∩

ΒΚ #!)++6!%(!%*<(!!
∩

ΒΚ !!'/.&$!($#+6$$(!%()!
∩

ΚΜ "!!'#'$(2!'/.&$!($#+6$$(!

1&$!%()!!
∩

ΚΑ "!6,&!1&$!%(!!
∩

ΓΗ '/.&$!($#+6$$(!%()!
∩

ΚΜ #!)++6!1&$!%(!%*<(!!
∩

ΓΒ !!'/.&$!($#+6$$(!%()!%*<()!!
∩

ΒΚ "!($*%$!%(!%*<(!!
∩

ΓΒ !!'/.&$!/$(!#,(8!%(!!
∩

ΒΑ #!0,&!%(!%*<(!!
∩

ΗΒ !!'/.&$!($#+6$$(!%()
∩

ΒΜ "!6,&!1&$!0!&-./&!!
∧

ΗΖΒ   

'/.&$!($#+6$$&!%08!!
∧

ΒΖΜ . 

:&$!0!&-./&!!
∧

ΗΖΒ !'/.&$!($#+6$$&!%08!!
∧

ΖΑΒ "!($*%$!0!&-./&!!
∧

ΖΑΒ   

'/.&$!/$0!#,(8!%0!&-./&!!
∧

ΑΒΖ #!0,&!1&$!0!&-./&!!
∧

ΒΖΝ !!'/.&$!/$0!#,(8!

%0.! !
∧

ΖΑΒ #!,! &-./&! !
∧

ΑΒΖ ! ! '/.&$! 1($.2! %-.! (4(! %,$&3.-.!)!/! 1&$!

!/B#!0,&!%&!%,/&-.&!)!/!1&$!!/B!'/.&$!$$(&3.$&# 
"$94'$!'#('%.-81!! 

ΒΝ

ΖΒ
=

!/

)!
"!!6,&!!!/2!0!)!!·!!B 

##'$(2!)!! 0!!:"!!B! 1($.2! 16;'%0"! 6,&!:B! 0!)B"! '#('%.-8!
∧∧

ΛΑΝ=!:B . 
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)++6!
∧∧

ΚΒΝ=!)B "!6,&!
∧∧

ΚΒΝ=ΛΚΝ . 
:&$!0!&-./&!$%(!)!'/.&$!1($.2!%-.!(4(!%,$&3.-.!):!!1&$!):B#!

0,&!1&$!0!&-./&!
∧

ΚΒA '/.&$!/$0!#,(8!%0.!
∧

ΚΝΑ . 

##('%.-8"! $$94'$!0!&.&+(&/&!
ΑΝ

ΚΑ
=

ΑΚ

ΒΑ
"!6,&!!)·)B! 0!:)2, 

1&$!$).'#38!)!·!!B!3!!)·!)B!0!!/2!3!:)2.   
)#(('/9;01'!(0+&(2!*%$!!)2!0!!/2!3!):2, *#()!!0!!)!'/.&$!#+'),6!

%()!1&.(.$1(4!#'.%&&3.()"!0!!/!#+'),6!%()!1&.(.$1(4!'<&&3.()!1&$!0!):!

'/.&$!#+'),6!%()!1&.(.$1(4!('1&&3.()!'&&'&,&''%.0!$%(.!/($(!141+(#! 
!."#(# 
 
 

3)1%#$.!""!%6***# 11) 
!!"!&"!-%-/)!("!'4$*!%+!("$')!"&&'#*",!-#")"+-0!3""$!&1")"!4!
3/"#'!! $)#! 3""$#&6")#! ","#+! !/)&)2"! 4! )3),#! )")(!7"$#+! -#+!!
"/!&&1"$ 
 
(41)!$5. 
#&&,6*()''!1&.(.$1*!#'.%6&-.(!)!-+#!$'!141+(!''!,0%2!($6(

''%,(#!.&!&#(('$9;'/!*%$!0!#+'),6!%()!#'.%&&3.()!'/.&$!6,,0%(8"!0!+'(
&*''.0!"+,$$&'.  

F&/,.()''!/!%(!1%.%,(!%()!141+()"!*%,()''!%$8!($&'%%,()8!!."!
),"!%0!($&&3.$(!)-!1&$!$%(!%'2'&!/.!#&/,.()''!%'2'&!/:!/$(!''!%(!
%.&!%%%&,%(!%08!&1%/.&8# 

##'$(2!%(!%*<(!
∩

ΓHA !'/.&$!/$(!#,(8!%(!!
∩

ΑΔΗ !!1&$!%(!%*<(!!
∩

ΑΒΓ   

#,(8!%(!%*<(!!
∩

ΑΕΔ "!%#'%&$!*%$!%&!%*<&!!
∩

ΓΗ ,  
∩

ΗΔ !!'/.&$!/$&# 
#6.! *%,()''! %0.! )+"! ($! &-./'8! $%(! !! '/.&$! (,;%8! 1&$! -+! 0! 

0! 2-!#!-$&! %()8! /($()8!+*&()8!($! &-./'8!$%(!E! '/.&$!(,;%8!1&$!)-! 0! 

0!2-E#!=&!%,/&-.&!)E/"!)!-!'/.&$! $$(&3.$&"!($*%$!($!&-./'8!
∧

ΑΜΖ , 
∧

ΑΛΓ !'/.&$!/$'8!1&$!0!&-./&!!
∧

ΛΑΓ !'/.&$!1($.2#!0,&!1&$!($!&-./'8!!
∧

ΑΖΜ , 
∧

ΑΓΛ !'/.&$!/$'8# 
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$'%!
&!

(&

'!

)'
= !*%+!

&!

2(
'!

2) Ζ
=

Γ
"!#,(+)-!

2
&!

(&

&!

(&2
= #!!./012(!

2
&!

(&

'!

)'2
= #! 3'%!

4
&!

(&

2
'!

)'2
= #! )45%)-!

&"

(&

'(

*'
= "!"%+! )+%! +167.-

+(89!
"&

("

'(

'(*'
=

+
#!3'%!

( )
2

2

2

2

"&

("

'(

'(*'
=

+ . 

 
"%+! (,(+)-#! :,%6! ,247(;! ,0!

,2-2%!!'!+(! 3*'0! *%+!2.+0! 5:<0!

,0!2(<%5=,('0!,2-2%!(;6%+!4!,5(1$

'3!,01!,(6,%<>601#!)45%)-!,0!*'#!

%,':,%+4!&'!*%+!!,0!,(,'3<860!,01!

2(<%5=,('01! ,2-2%,09! %1?42.601!

*%,3!,0!2++:!,01!:501!(;6%+!,(6,%$

,53++0! ,01! ,(,'%<>601! ,01! 2++0=!

,01!:501!%,':,%+4!('#!++/=(+! 

%*'!)!'('2!*!+'(2 

$'%!("2!*!+"&2. 
!0!"&2!(;6%+!'4,:#!)+:,+!4!)+32(,'09!(;6%+!'4,-#!(,02.689!,0!("2 

(;6%+!'4,:!*%+!,0!("!(;6%+!'4,:" 
#,;+49!(;6%+!-&!*!,&"#!(,02.689!-"!*!+&"!*%+!-"2!*!-+!&"2 , 

3'%!7%!./012(!-"2!*!+!("2"!#,(+)-!,0!-"2!,'09!,0!("2!)(6!./(+!5:<0!

,06!0,0;0!./(+!,(,'3<8609!%'+72:9!,'09!,(,'3<860!%'+72:#!,0!-"!(;6%+!

%+=22(,'0!89!,'09!,0!2-*09!,'09!,0!(""!$'%! %+=2.86%!2(!,46!,':-
,%+4!@"./'!,0!,2-2%!(-!(;6%+!%,0,02-!*%+!,0!("!(;6%+!,'0+%'2:A01-
+%"!/%!)(;?012(!:,+!(;6%+!,.,%',4!%,0,02-"! 

0+,8!-"2 -!"(2! *!#2#! )45%)-! ,0! ,(,'3<860! ,01!-"! 1,('./(+!

%,:!,0!,(,'3<860!,01!"(!*%,3!#2"!#,(+)-!,0!"&!(;6%+!+=22(,'0!,'09!

,0!-&#!*%+!,0!"-!*!"&!)!&-!(;6%+!+=22(,'0!,'09!,0!-&"!!553!,0!-"!

(;6%+!+=22(,'0!,'09!,0!-/#!3'%!,0!-"!(;6%+!+=22(,'0!,'09!,0!-/" 

#,(+)-!
1
5

"(

-"
2

2

= #!)+0!%6,++,'0.-9!./012(!!
4
5

#

-"
2

2

= #!,0!0,0;0!

)(6!(;6%+!5:<09!,(,'3<8601!%'+720=!,'09!,(,'3<860!%'+72:#!3'%!,0!-"!

(;6%+!%+=22(,'0!*%,3!2-*09!,'09!,0!#"!$'%!,0!-"2!1,('./(+!,01!"(2 

!"#$!! 11 
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*%,3!,(,'3<860!,5(1'39!%+=22(,'49! %*%,3!2-*09'!,'09!,0!-"!*%+!,0!

-"!(;6%+!+=22(,'0!,'09!,0!'4,:!,2-2%!-/#!3'%!,0!(-!(;6%+!,(,3',4!

%,0,02-" 
2289! ,0!0'70<>6+0!,01!,('+./(,%+!%,:!'4,:! ,2-2%!*%+! ,.,%',4!

%,0,02-!(;6%+!350<0"!#,;+49#!4!,5(1'3!,01!++0)=6%201!2(!%1,:!,(,'%-
<>601!(;6%+!350<09#!*%+!06023A(,%+!!"%&##'(!%,':,%+4!X. 94) 

#,;+49! ++/=(+!/-! ⋅!-(!*!!-2#!)+:,+!,0!,';<860!!-(!(;6%+! ++0$

<>6+0!,'09!,0!,';<860!!-/!*%+!++/=(+!
ΒΜ

ΒΑ
=

ΒΑ

ΘΒ . 

$'%! %,0)(;/74*(! :,+! 4! ,5(1'3! ,01! ,(6,%<>601! )(6! (;6%+! '4,-#!

)45%)-!(;6%+!350<09!%3''4,09'#!,01!06023A(,%+!"%&##'(!%-5.,(!+/:5+0!

2(,3!,46!,':,%+4!3'"! 
!."")" 
 
 
!!"!"#"$#$!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!! 
!6!y! (;6%+!4!,5(1'3! ,01!*%606+*0=!,(6,%<>601!*%+!x!4!,5(1'3!

,01!*%606+*0=!)(*%<>601!(<<'%22.601!+(!*=*50!%*,;6%9! r#!,:,(#!+=2$
.86%!2(!:+%!%,0)(;/74*%6!+,46!,':,%+4!((#!!7%!++/=(+!4!+/.+44!! 
y2 = x2 + r2 . 2289!%,:!,46!,%'%,-'4+4!2(,3!,46!,':,%+4!5#!./012( 

x = )15(
2
r

− "!#,02.6894! 

y2 = ( ) 2
2

r526
4
r

+−   ⇔    y2 = ( )5210
4
r 2

− , 

$'%! ! <+%! ,46! ,5(1'3! 6 ,01! *%606+*0=! ,(6,%<>601! (<<(<'%22.601! +(!

*=*50!%*,;6%9!r!7%!./012(! !y = 5210
2
r

− "!!,0)(+*6=(,%+!:,+!,0! !y  

89!)+%.0'3!(17=<'%2286!,2423,86!<'3.(,%+! 

y  = 525
2
r525

2
r

−−+ #!,0!0,0;0!89!(17(;%!(;6%+!(53++86" 

 
 

!"#!"#$!"#!$%$$$%!"2) 
$%&! #%! '(')*! %++"!&%,! -#./)%0"*! "",+1&*"! "*! "%""%+1&*! "$2!

/)%0"%2!"*0!""-+3&*0!%,&!-!""-/)%#-*!"*0!"%""!+3&*0!"$2!!'",#

&!2!"*0!'(')*0$ 
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%&#&''($ 
#<<'3.012(! ++:,5(1'0! ,';<860!

!-'! +(! *=*50! 2(! *.6,'0!*"!C'0(*,(;-
6012(!,46!!*#!4!0,0;%!,.26(+!,06!*=*50!

+,0!#"!/%!%,0)(+/7(;!:,+!!-2!*!/*#2.  
#,(+)-!,0!,';<860!!-'!(;6%+!++:$

,5(1'0#!,0!,:?0!!
∩

ΓBE !!(;6%+!,0!.6%!,';-
,0! ,49! ,('+..'(+%9! ,01! *=*501#! 3'%! ,0!

,:?0!!
∩

ΒΕ !!(;6%+!,0!.6%!.*,0!,49!,('+..-
'(+%9!,01!*=*501!*%+!,0!,2-2%!-#!(;6%+!

;+0!2(!,46!%*,;6%!,01!*=*501! %,':,%+4!
IV"(+#! ,:'++2%'"! #,(+)-!!#! *! -*##! .$

/012(!!#2!*!,!*#2#!)45%)-!!#2!*!,!-#2. "+/=(+!!-2!*!!#2 –!-#2#!3'%!

!-2!*!/!-#2#!)45%)-!!-2!*!/!*#2.   
!."")" 
 
 
 

&%!)"*+*',#!!'!"-'&"+!-!)"!"#,'./ 
 

!"#!"#$!"'!$%$$$%"'( 
4!!'!"!#'%0!#5%,!/0"!6,'!! %&!'!&*&-'.!"%""%%'"*'"!&!!%++"!#

&%,!#%!'*#67&$!#&!,"!!'!-!&!!!/*'%-85%,!."-!"*!"%""%+1&*!"$2!

'-!67""*0! "$2! #&!,"!2! %,&!-! "!! "",!! '%("%"!! "*0! "%""!+3&*0!

"$2!/)%0"%2!"$2!/0"!6,'!2$ 
 
%&#&''($ 
0+,8! !-! 4! )+32(,'09! ,49!

+.%;'%9"! !.26012(! ,0! ,2-2%! !-!

+,0!+42(;0!'#!>+,(!,0!,2-2%!!'!6%!

(;6%+!)+,53++0!,01!'-!*%+!<'3.01-
2(! 42+*=*5+0! )+%2.,'01! !-"! %,0!

+42(;0!'!..'012(!*37(,4!+,0!,2--
2%!!-#!4!0,0;%!,.26(+!,0!42+*=*5+0!

+,0!+42(;0!*!*%+!..'012(!,0!,2-2%!

!*" 
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9!"!#'%0#!"*0!"%""!7'"*0$ 
/(8'0=2(! ,06! *=*50! 2(! *.6,'0!/!

*%+!%*,;6%!*'!*%+!(<<'3.012(! ++:,5(1'0!

,';<860! &#1"! %,0! +42(;0! /! 1D>6012(!

*37(,4!+,0!(,;,()0!,01!*=*501!*%+!,%;'-
6012(!,2-2%!/"!;+0!2(!!'!%%/"!(/%). 

1! (17(;%!/"! 89! *37(,4! +,0! (,;-
,()0!,01!*=*501#!(;6%+!*37(,4!+,+9!(17(;-
(9!/##!/&#!/1"! 

#,(+)-! ,0! ,2-2%!!'! (;6%+! ;+0! 2(!

,0!/"#!*%+!,0!'*! ;+0!,'09!,0!/#!*%+!($

,(+)-!,('+./016!0'7.9!<86;(9#!,0!!*!(;6%+! ;+0!2(!,0!"#!%,':,%+4!"",'"!

'+%!,06!;)+0!5:<0!*%7.6%!%,:!,%!,2-2%,%!"&#!"1!++0=,%+!2(!,0!*!"! 
$'%!"#!*!"&!*!"1" 
#,(+)-!,0!,2-2%!!'!(;6%+!)+,53++0!,01!'-#!,0!!-!(;6%+!,'+,53++0!

,01!-'" 
 #,;+49#!:,89!%,0)(+*6=(,%+!+,0!5-22%!,01!%*05017(;#!++/=(+!4!
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'*,6!%,!+((,!8=*,6!%8;8&!,G! ! 7(,!

8$! %5.!'($)*+! %,)!-&.,./-,0!'$-&%

12.,)$!

#'$/';!,E&!<#!$7.&/!7(&!%8;%

8&%&!-&/!-+?$%&!(%,!$'7'$',!%,)!-0%

-(,)&! ='$%&/! 3%/! $7.&/! 7(&! -&/! '&*+((5(&$!**&! %,!<E! /(,0%&/!8$! %5.!

'($)*+!%,)!-&.,./-,0!$9&12.,)$!

-."$/$+%0."123""!$0#4"4"567!(/.$""

<*+18&%/&! $'$/';! <E! $7.&/! '($)*+! -&.,./-,0! $9&12.,)&! EF!

'($)*+!-&.,./-,0!'$-&12.,)!-&/!5!14.7&!
!

"#, !$7.&/!,*?;&!='$%&/!3%/!

%,!%8;8&!<F!/(,0%&/!8$!%5.!'($)*+!%,)!-&.,./-,0!'$.%&12.,)!('*3%&%

!

!"#$!!!"#%!



!"#$! !!"#!"#$!%$%&"'!"%&!

&(!"'()!')(!)*+!,*)*!-./*!)*!)010(!

!2! )&*3)()!0+!)(+!4-+567!)*5!8(*

+*+)8*3! 4++)(/9+*5)! ,6(! )*! )6,*

/:+*! ;2!! +,+()! )&.4-+56*)! ')(!

)*+! ,*)*! -./*! 8(<=+(! (4.! )(! 54.*

-*)4(! )6,/:+(! 0+! >7&+)?! ;@+! @$+!

$%+!%!!8()!8*65-1!)*!2!!+,+()!+4,*

&(?!)&.4-+56*)!

&0*,:?+! )(! )6,/:+(! A#B+!

ABC+!ACD+!AD&+!A&#!!+,+()!8()!

(5)7!)&.4-+56()!!

!"#!$%""!!"()(&8+57&<(8(+!=)&)!*)!54.-*)4+?!*=8(!,"'(!=*6+?!)*5!

E()*30++*5!+)8*&(=*6*5)!,6(!8()(&8+57&)(8+!+)8*&7+*6*!4*5!4+6)8-+,+*

)()!(4.!+,8*&)!)&.4-+56(!)6,/:+()!!

!

!

!!""!"#!$#!#%&#$'#%(#!#))('&#'"%!$'*!%#+#,$"!$&",("!

#&&'$%(""!""%$$'$#!!

!4+)*1!.'!+,+()!4-+567!8(+*+)8*3!+F(/9+*5!8()!'2!4-+567!8(*

+*+)8*3!*+8(/9+*5+!)*!)010(!.2!=G+)!*)()6+<+,!&+!0=&*!8()!786*!-./*!

&)*!'!,46.)(&(!-(!8()!.'!+,+()!!)*!0+/(-3)+6*!)010(!)(?!*)(,6+&(?)!').!

(5).!)*!-./*! )&G3+)/!
'2

.'

.'

2.
! )! !!4,&(?! ! !.'!0!.!! !8()! !'2!0!.!+!!

76(!!
.!

.!

.!

2.
! )!

&)!/:+,+?! !
"

#$% +!
"

%$& !+,+()!*6<=?+!76(!(!/:+,(! !
"

&%# ! !+,+()!

*6<1+!-./:!)(?!*0*).)()(?!):+!)6)/9+:+!!!2.!+!!!.A!,46.)(&(!12)!3()!

')(!)*+!,*)*!-./*+!(-*3!

'2

.'

.'

2.
! +! ! ! !2.!0!A'!8()! !.'!0!';+! !=4+)()!.))!

'2

;'

';

A'
! +!

*4.)+!(!/:+,(! !
"

&'# ! !+,+()!*6<1! ,46.)(&(!12)! 3()!,6(!)*!(0)838-)*!

*)(0=)6*5!A2!*)=6G+)()!(4.!)*!&(0+,*!;)!!

!

"()!(+!)*!(0)838-)*!4+6)&)6(-+,!/36:!(4.!)*!2A!8()!+4(+=-<+)!

&)(+!,*)(!<=&(!(4.!)(+!*4*,(!F+8,+(&++!<(!*)=-<+)!(4.!)*!;!!8()!)(!54.*

-*)4(!&(0+,(!)*5!+)8*&(=*6*5)!

!

!"#$!!!"#"!
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(!#&!,"!!%,&!-!$!'*#67&$$! 
0+,8!!4!,0!2.+0!,01!,2-2%,09!3@"!!.0=!

,0!3G!./(+!)+%+'(7(;!+(!2.+0!*%+!3*'0!5:<0!+,0!

@! *%+! ! @G! (;6%+! ,0! 2+*':,('0! ,2-2%#! ./012(4!!

%G!4'2! *! +! %!4@'2 %,':,%+4! /'"!#,;+49! !GH! *! 
*!-!G!4!*%+!!3@!*!-!A4@#!!3'%!%GH'2!*!+!%3@'2 
*%+!%.0=!!!'!*!,!'-#!!.,(,%+!:,+!!AB!*!+!-'" 

"+/=(+!(,;+49!4!+/.+4! ! 2

2

-*

AB
-'

!-
= ! !%,'0-

,3+(+9!VI"!&!*%+!!!V"!5'"!!$'%  (AB)2 = 5 (B*)2. 
#,;+49#!!B*!*%+!3@!(;6%+!;+%!2(!,46!%*,;$

6%! ,01! *=*501!#&1/"#! 0,:,(!!-! *!HG"!$'%!

HG!(;6%+!)+32(,'09!,49!)0+2.649!+.%;'%9" 
 
 
(/1"!)+ (!/)%0"%!"*0!%-'*#%%'"*0!%,&!-!%""$"$$!! 
#,(+)-!4!)+32(,'09!,49!+.%;'%9!(;6%+!'4,-!*%+!,0!,(,'3<86:!,49!

(;6%+!++0)=6%20!,'09!,0!,(6,%,53++0!,(,'3<860!,49!%*,;6%9!,01!*=*501!

(;6%+!'4,-!*%+!4!%*,;6%!,01!*=*501"!!$*!!+!,!-!%,&$"&*./!&.0!+1+%.0!"2'

(!,!*-&#( 
#36!)(!+(!*=*50!2(!'4,-!)+32(,'0!(<<'%.(;!*%606+*:!,(6,3<860!

4!,5(1'3!,01!,(6,%<>601!(;6%+!350<09!%3''4,4'#!*%+!5.<(,%+!"%&##'(. 
1!,5(1'3! ,01!,(6,%<>601!#&1/"! (;6%+!4!,5(1'3! ,01! (+*0+%.$

)'01"!!
!."")" 
 
 
!!"!"#"$#$ 
!6! r!(;6%+!4!%*,;6%!,49!,('+<(<'%22.649!+.%;'%9#!,:,(!4!%*,;6%!

,01!*=*501!%,:! ,06!0,0;0! <;6(,%+!4!*%,%+*(1-! ,01! (+*0+%.)'01! (;6%+!

r
5

2p = . 

1!%*,;6%!,01!(<<(<'%22.601!,(6,%<>601!(;6%+4 

( )5510
5
r5210

5
r5210

2
p

−=−=−  

 
!"#$!!!"&" 
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-%!)"*+*',#!&5&',-'&"+!-!,"!"#,'./ 
 

!"#!"#$!",!$%$$$%!",( 
4!! '!"!#'%0!#5%,! '!&*&-'.! '1'%'%%'"*! '!-! &!! %++"!&%,! #%!

#&!,"!"!./12!7+-&%!'!-!6%!"!!/"*$+*(6%&!!#8#6!"!"!'!-!&!!!/*-
'%-85%,!."-!$!/)%0"%!"*0!'1'%'!7'"*0!%,&!-!%""$"$"!$!)%+.6%&$!

!/*"*6#$ 
 
(/1"!"+  
9!"!#'%0# 

 

          
!"#$!!!")    !"#$!!!")!  

/(8'0=2(!,06!*=E0!,01!*%,%+*(13+74*(!+,46!,':,%+4!(+"!C%;'-
6012(!)=0!(,;,()%!*37(,%!2(,%?=!,019#!,%!!-'*#!'-#&!*%+!,.26012(!

,+9!,5(1'.9!!-#!-'#!'*#!*!#!#&#!#-#!&'!+,%!2.+%!1#!/#!"#!)#!(#!##!F"!

0+,8!$!,0!+42(;0!,02-9!,86!#F#!(/!*%+!C!,0!+42(;0!,02-9!,86!/)#!

1""!*+%+'0=2(!*%7.6%!%,:!,%!,2-2%,%!#$#!$F#!/C!+(!3*'0!*%+!2.+0!

5:<0!+,%!+42(;%!&#!%#!!#!2(!2(<%5=,('%!,2-2%,%!,86!)+%+'.+(86!,%!&$#!

$%#!!C" 
%,%!+42(;%!&#!%#!!!1D>6012(!*37(,(9!+,%!(,;,()%!,01!*=E01!*%+!

(?8,('+*3!,01!*=E01!,%;'6012(!,2-2%,%!&B#!%3#!!@!!!;+%!2(!&$#!$%#!

!C!*%+!..'012(!,%!,2-2%,%!B-#!-@#!@'#!'3#!3B" 
 
(/1"!#+  
6+!&'*!-&7'."+!8(%)*!'9*"'!'##&7'."+.!'&9&'&+!,"'!'#+:;*'+% 
:*!/%&"%+1&*!%,&!-!-#./)%0"*$! 
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$<012(!,%!,2-2%,%!&-#!%-#!3-"! 
#,(+)-!,0!,2-2%!#$!)+%+'(;,%+! ! !+,0!+42(;0!&!+(!3*'0!*%+!2.+0!

5:<0!*%+!,0!2(<%5=,('0!,2-2%!(;6%+!,0!&$!++/=(+4 

$#2 )!#&2!*!/!$&2!!!!%,':,%+4!!,' 
#,;+49#!$#!*!#-!!*%+!$&!*!&B" 

$'%!-#2!)!#&2!*!/!&B2. 
#,+,5.06!-#2!)!#&2!*!-&2!!%!,':,%+4!""!,.' 

$'%!-&2 *!/&B2#!*%,3!+16.,(+%!!-&2!)!&B2!*!,!&B2!!!*%+!(,(+)- 
-&2!)!&B2!*!-B2#!!.,(,%+!:,+!!!-B2!*!,!&B2. 

$'%!-B!*!-!&B" 
#,;+49!3B!*!-&B#!)+:,+!%&!*!-$&#!)45%)-!!!%&!*!-!&B"! 
%16(,>9!-B!*!B3" 
$20;89!%,0)(+*6=(,%+!:,+!*37(!,2-2%!%,:!,%!-@#!@'#!'3!(;6%+!

;+0!,'09!,%!-B#!B3" 
 
:*!/%&"%+1&*!%,&!-!%/,/%'*.  
%,0!+42(;0!$!1D>6012(!*37(,4!+,0!(,;,()0!,01!*=E01!*%+!(?8$

,('+*3!,01!*=E01!,%;'6012(!,2-2%!$H!;+0!2(!&B" 
3.'012(!,%!,2-2%,%!!H/#!/@!*%+!7%!)(;?012(!:,+!4!H/@!(;6%+!(17(;%" 
#,(+)-!,0!,2-2%!/C!)+%+'(;,%+!+,0!!!+(!3*'0!*%+!2.+0!5:<0!*%+!

,0!2(<%5=,('0!,2-2%!(;6%+!,0!C!#!./012(!
!/

C!

C!

/C
= . #,;+49!/C!*!/$!

*%+!C!!*!!@!*!$H"!4!'%!!!
!/

@!

$H

/$
=  

1! (17(;%!/$! (;6%+!,%'355454!+,46!!@#! (,(+)-!*%+!0+!)=0! (;6%+!
*37(,(9!+,0!;)+0!(,;,()0!%,':,%+4!XI. 6). 

1!(17(;%!!/!(;6%+!,%'355454!,'09!,46!(17(;%!$H#!(,(+)-!*%+!0+!
)=0!(;6%+!*37(,(9!+,0!;)+0!(,;,()0"!"%+!%6!)=0!,';<86%#!:,89!,%!H$/#!
/!@!,%!0,0;%!./016!)=0!,5(1'.9!%6350<(9#!,0,07(,470=6!2%A;!+(!2+%!
<86;%!%./016!*0+6-!*0'1.-!,0!/'!*%+!0+!02:50<(9!,5(1'.9!(;6%+!,%'35$
545(9#!,:,(!0+!355(9!)=0!,5(1'.9!7%!E';+*06,%+!+,46!;)+%!(17(;%!!%,':$
,%+4!VI. 32). 

$'%!,%!,2-2%,%!H/#!/@!E';+*06,%+! !+,46!;)+%!(17(;%"!"37(!(1$
7(;%!E';+*(,%+!+(!.6%!(,;,()0!%,':,%+4!XI. 1). 

$'%!+(!.6%!(,;,()0!7%!E';+*(,%+!*%+!,0!,(6,3<860!B-@'3"! 
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!"!#!$"%&'$"!!($#)!)$"&*$)""  
!(&)'*! (+! (,*,)!-&! '))).&/())!*(+!*0,&/+!1!*&!,2*+!3))!43.+!

567+!,&!,&7)58(&.+!(,*,)!(+!1&$!(+!(,*,)!-$!'))).&/())!!*(+!&!*&!4%

3.+!3))!,2*+!567+!,&!,&7)58(&.+!(,*,)!(+!-&!&(.6()*0!'()! 
+.)!-$2!*!$&2!+!,!-&2!&(.6()*0!!-() 
!(/*09!-&!+!-,!!3))!&$!+!$-)!+.)!-$2!*!$-2!+!,!-,2$!&(+,2%

:;9!!-$
2
!*!$-

2
!*!-,

2
!+!-!-,

2. 
!(&)'*!$-

2
!*!-,

2
!+!$,

2
!!!&(.6()*0!I)!-.($!2(&())!6()!,$2!*!$-2 = 

+!-!-,2$!'05)'*!!!,-2!+!-!-,2. 
+.)!,-!+!/!,-)!!(/*09$!,.!+!/!,-$!4.)!,-!+!,.)! 
!(&)'*!,!!+!,'$!!-!+!.'!!3))!!,-!+!,.!()!(./7;:)!,!-$!,'.!

&/:))!/*)$!4.)!0!7;:/)!,!-!&/:))!/*0!,&!(0!7;:/)!,'.) 
&,+/;9! )(+'&)3:8+<,&! 6()! 0! 7;:/)!!-.! &/:))! /*0! ,&! (0! 7;:/)!

,'.)!+.)!+)!(.&)9!7;:/&9!,'.$!,!-$!!-.!&/:))!,&()=8!(+<9!/*&9)!!4:!

*&!)*6(5&<.+!(&:(47;:+!+)!(.&)9!7;:/&9!&/:))!/*&9!,&()=8!(+<9$!(+!(&:(4-
7;:+!&/:))!)*+7>:)+!&(.6()*0!.()!+.)!(+!(&:(47;:+!,!-.'!&/:))!)*+%

7>:)+)!!(+,2:;9!(+!(&:(47;:+!,!-.'!&/:))!3):+:)36!&3))!0(4:;0!)(6!

(0:!(5&<.4!,.!(+<!38?+<() 
!4:!,&!34@&!,))!)(6!()9!'>'&3)!(5&<.29!(+<!38?+<!3)()*3&<4-

*+<,&!,&!(+:!/')+!(.6(+!(&:(47;:)$!@)!3)()*3&<)*@&/!*(&.&6!*A*,)$!(+!

+(+/+!(&.)2A&())!*&!'>'&3)!3):+:)34!(&:(47;:)$!3))!(+!+(+/+!3)5&/())!

!!!""#"!$%. 
 
!!""!"#   
%&&+#&,!$!!$&#(+# 
B.+&3(&/:+<,&!(0:!&<@&/)!C&!3))!2*(;!D!(+!*0,&/+!(+,*9!,&!(0!

'))7>:)+!(+<!38?+<) 
%+!*0,&/+!D! &/:))! (+!32:(.+! (09!*/)/.)9!(+<!(&.)5),?4:&)! (+:!

38?+!3))!(+!(,*,)!D&!&/:))!(+!,)*6!(09!(5&<.49!(+<!38?+<)!!(&)'*!(+!

(,*,)!-$!'))).&/())!*(+!&!*&!43.+!3))!,2*+!567+!3))!,&7)58(&.+!(,*%

,)!&/:))!(+!-&$!2A+<,&1!-$
2
!*!$&

2
!+!,!-&

2
!!!&(.6()*0!-( 

!()(52+:!-$!+!CD$!-D!+!&D$!C&!+!&$!3))!&$!+!C!)! 

+.)!DC
2
!*!C!

2
!+!,!-&

2. 
!(&)'*!DC

2
!*!C!

2
!+!D!

2
!!!!&(.6()*0!I)!-.(!2(&())!!D

2
!+!,!-&

2. 
!(/*09$!(+!(&(.47;:+!(09!)3(/:)9!(09!*/)/.)9!(+<!(&.)5),?4:&)!

(+:!38?+$!&/:))!(.)(54*)+!)(6!(+!(&(.47;:+!(+<!,)*+8!(09!(5&<.49!(+<!

38?+<!!&(.6()*0!2'() 
"))!&(&)'*!(+!(,*,)!-&!&/:))!(+!,)*6!(09!(5&<.49!(+<!38?+<$!(+!
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(,*,)!!D! &/:))! /*+!,&! (0:!)3(/:)! (09!*/)/.)9! (+<! (&.)5),?4:&)! (+:!

38?+)!+.)!(+!*0,&/+!!!):*3&)!*(0:!&()/4:&))!(09!*/)/.)9) 
 
!!""!##  
'!#-!.+%!"".!('(!/#0(+".!!($#)!%++1"1#!#.",!#".!"$"2%3!"#)!/#)!

##"""2," 
!(&)'*!(+!(,*,)!-&!2A&)!'))).&@&/!*(+!*0,&/+!1!*&!43.+!3))!,2*+!

567+!,&!,&7)58(&.+!(,*,)!(+!1&!3))!&(&)'*!(+!(,*,)!&E!2A&)!'))).&@&/!

*&!43.+!3))!,2*+!567+!*(+!*0,&/+!$!,&!,&7)58(&.+!(,*,)!(+!&$$!):!(+!

(,*,)!-E!'))).&@&/!*&!43.+!3))!,2*+!567+$!(6(&!(+!(,*,)!1$!@)!&/:))!(+!

,&7)58(&.+) 

"*A8&)!
-1

&1

&1

-&
= $! ! 4.)!

2--

211
211
2--

= $! +(6(&!
$E1-

1$

1$

-E

+
=  

&'))/.&*0!(09!(5&<.49!(+<!38?+<!*&!43.+!3))!,2*+!567+!(.6()*0!V.15). 
!(+,2:;9!-E!3!1$$!!4.)!!1$!3!1-!*!$E) 

+.)!(+!(,*,)!-E!'))).&/())!*&!43.+!3))!,2*+!567+!,&!,&7)58(&%

.+!(,*,)!(+!!1$)!!(/*09!!1$!+!!-)!!(+,2:;9$!):!(+!(,*,)!!-E!!'))).&%

@&/!*&!43.+!3))!,2*+!567+$!(6(&!(+!,&7)58(&.+!(,*,)!(09!'))/.&*09!&/%

:))!(+!!-)!"))!&(&)'*!0!')4,&(.+9!(09!*/)/.)9!&/:))!.0(*!3))!(+!(&(.4%

7;:6!(09!&/:))!(.)(54*)+!)(6!(+!(&(.47;:+!(09!(5&<.49!(+<!38?+<$!2(&%

())!6()!3))!0!(5&<.4!(+<!38?+<!&/:))!.0(*) 
!4:!6,;9!2:)!.0(6!(,*,)!'))).&@&/!*&!43.+!3))!,2*+!567+$!(6(&!

3)@2:)!)(6!()!(,*,)()!!(09!'))/.&*09!&/:))!4..0(+!3))!527&())!#&%$%'(. 
+.)!0!(5&<.4!!-!(+<!';'&3)2'.+<!&/:))!4..0(+9!)(+(+,*)!!
!.")') 
 

$%&'#"" 
)"#$!1!#-!.+%!"".!/45".!()#)+!6!(!$!!%/+"!/#)!20$"!-7&"#!""!
2!&#-4"!+"! "2,2#! "18! ()#(+!$18! !($#)!1!#-!.+%! "".! ('(!/#0$
(+"." 
 
9#+#",+1$1 
%:!!!!!0!)3,*!(+<!38?+<!3))!!r!!0!)3(/:)!(09!*/)/.)9$!(6(&!0!(5&<-

.4!!)!!(+<!';'&3)2'.+<!(+<!3)()*3&<4*@03&!&/:))1!! 

)!+! !
2

15 −
!!4.)!!!)!!+!! ( ) ( )315

3
r5

3
r

−=− !  
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9. ()*+&'#,!$-.!/0%1&2.!$-.!+".#.'+2.!#$%&%2.$ 
!!!!(1"/3&"#"" 

 
$&%$"#,!%&!'4&&&$!%&) 

:#! !/"!6"4$! ")! #-!.+08! "'$!
#0$"!!$"!+!*$!$;12%"'$!#".!
/#"#$/!.%$61/#$! /#)! $#! $.$
&/+)6"4$!2!"#<4!"".8" 

 
'/%(%'5, 
0*(;!%,! 0! ')4,&(.+9! (09! '+-

*,2:09! */)/.)9! 3))!.$!#! *0,&/)! (09!

(2(+))$!>*(&!%.!+!.,!3))!%#!+!/#,) 
F&! ')4,&(.+!%,! 7.4/+<,&!0%

,)3835)+!3))!*()!*0,&/)!.$!#!/2.+<-
,&! 34@&(&9! *(0:! %,! +)! +(+/&9! (2%

,:+<:!(+!0,)3835)+!*()!*0,&/)!!$!1!):(/*(+)A)) 
!(&)'*!%#!+!/#,$!2A+<,&!%,!+!,#,)!+.)!')4!):()*(.+/*9$!,%!+! 

=
2
3
!%#)!!(/*09! 2

2

%#

,%

ΑΖ

ΒΑ
= $!')6()!(+!(./7;:+!%1,!&/:))!)*+7>:)+!(.+9!

(+!(./7;:+!%1#!&(.6()*0!VI. 8). 

+.)!!%,
2 = 

2
3
!%1

2
)!!2,;9$!(+!(&(.47;:+!(09!')),2(.+<!(09!*/)/%

.)9! &/:))! ()! (./)! '&8(&.)! (+<! (&(.)7>:+<! (09! (5&<.49! (09! (<.),/')9!

&(.6()*0!!2,($!4.)!(+!(,*,)!%1!)*+8())!,&!(0:!(5&<.4!(09!(<.),/')9)! 
!(/*09$!)(6!(0:!+,+)6(0()!(;:!(.)7>:;:!%,1$!,1#!2A+<,&1!!! 

2

2

,1

%,

,#

AB
= $!4.)!%,2!+!,,12. 
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%($%!!9"$"#+%13:!"%!8&!#,!'.701#,:!+"'!().;%#,:! 
 
B).)(0.+8,&!6()$!):!3))!*&!65&9!()9!(&.)((>*&)9!(09!3)()*3&<*9!

(;:!3):+:)3>:!*(&.&>:!0!3)()*3&<*!(+<!7/:&())!)*+'<:),&/!,&!&77.)/*!

(+<!*(&.&+8!*&!,))!'+*,2:0!*/)/.)$!+!!<35&/'09!'&:!3)()*3&<4G&)!)%

(&<@&/)9!(+!*(&.&6!,2*)!*(0!*/)/.)$!)554!3)()*3&<4G&)!2:)!*(&.&6!*(+!

+(+/+!(&.)7.4/&())!,/)!*/)/.)!/*0!,&!(0!'+*,2:0)! 
&!B4((+9!'))(.)7,)(&<6,&:+9!()!/'))!(.+?5*,)()!3)()*3&<4G&)!

()!):(/*(+)A)!*(&.&4!,&!(0!206"("!"18!#$%-.$18!3))!(09!$4$6!$18$!,&%
@6'+<9!()9!+(+/&9!&/A&!,&5&(**&)!3))!):)((8=&)! )'))/(&.))!&)!58*&)9!(+<!

().+<*)4G+<:!&:'))/2.+:$!):!3))!)())(+8:!34(+)&9! )')6(0(&9!(09!*/)/%

.)9$!+)!+(+/&9!'&!?./*3+:())!*()!)$%-*".#)!.))!567+<9!(50.6(0()9$!*(0!

*<:2A&))!().+<*)4G+:())!'8+!)(6!()9!3)()*3&<29!)<(29) 
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%($%$%!9"$"#+%1!!$#1!+)<#1!+"$7!$#.!$7//#  
 
+$%-.$1" 0*(;! 6()! (+!

(.6?50,)! 2A&)!5<@&/!3))!6()!+)!

3+.</29! (+<! 38?+<! &/:))! ()!

*0,&/)!%$!,$!.$!#$!!$!1$!$$!3!

&$A)! /7()! %)! &(/(&')! %,.#$!

!1$3!(2,:+<:!(0!*/)/.)!3)(4!

'8+! ().45505+<9! 3835+<9$! +)!

+(+/+)! &/:))! /*+)$! ')6()! ()! &7-
7&7.),,2:)! (&(.47;:)! %,.#!

3))! !13$! &/:))! /*))!-2.+<,&!

(+! (,*,)! !.$! (+! +(+/+! &/:))!

')4,&(.+9!(09!*/)/.)9) 
0A+<,&! !3

2
! +! /!$

2 = 

+!/3.
2
!3))!&(&)'*! ,90!3. ο

∧

=  
2A+<,&!!.

2
! +!!3

2
! *!3.

2
! 4.)!

!.2 = 
2
3
!3

2
)!%554!(+!!.

2
!&/:))!'+*,2:+$!4.)!3))!(+!!3

2
!&/:))!'+*,2:+$!

&(+,2:;9!3))!+)!3835+)!!13$$!%,.#$!3)@>9!3))!()!&77&7.),,2:)!(&%

(.47;:)!&/:))!'+*,2:)) 

@4$6!$1"!-2.+<,&!'8+!().45505&9!3<35)329!(+,29!,&!/*&9!')),2%

(.+<9!'1!2(*)!>*(&1 

'
2 = 

2
3
' 2

1
 , !6(+<!!'!!0!')4,&(.+9!(09!'+*,2:09!*/)/.)9)! 

 
$&! 2:):! )(6! (+<9! '8+! 3835+<9! &77.4/+<,&! 2:)! (&(.47;:+$! )9!

(+8,&!(+!%,.#) 
$(+:!455+!3835+!7.4/+<,&!A+.'*!13!/*0!3))!().455050!(.+9!(0!

,.!3))!*(0!*<:2A&))!&77.4/+<,&!(+!(&(.47;:+!!13$)!&)!+3(>!3+.</29!

(+<!G0(+8,&:+<!3835+<!2A+<:!+.)*@&/) 
 
 

%($%$)!!9"$"#+%1!!$#1!%'+##"3(&#1!+"$7!$#.!$7//# 
 
$!58*0!(+<!B4((+<!'))/2.&)!*0,):()34!)(6!)<(*:!(+<!!<35&/'0)!

!:>!+!!<35&/'09!A.0*),+(+)&/!'8+!3<35)329!(+,29!(09!*/)/.)9$!+!B4(-

 
)*('#!%& 
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(+9!?./*3&)!(2**&.)9!().45505&9!3<35)329!(+,29$!3)@&,/)!)(6!()9!+(+/&9!

')2.A&())! )(6! (.&)9! 3+.</29! (+<! &)3+*)2'.+<)!#8+! )(6! (+<9! 3835+<9!

&/:))!,)3.+/!3835+)$!(&.)7&7.),,2:+)!*&!'8+!):(/@&(&9!(.)7;:)329!2'.&9!

3))! +)! 455+)! '8+! 3835+)! ?./*3+:())! ,&()=8! )<(>:$! &/:))! ().45505+)!

(.+9!)<(+89!3))!/*+)!,&()=8!(+<9) 

 
)*('#!!%" 

 
+$%-.$1)!!(+@2(+<,&!6()!(+!(.6?50,)!2A&)!5<@&/!3))!%$!,$!.$!#$!

!$!-$!1$!$!"$!#$!F$!-!3+.</29! (+<! &)3+*)2'.+<! &$A)! /2()!!(&)'*! ()!

(,*,)()!,%$!,.$!,-$!,1$!,!!&/:))!&77&7.),,2:)!*(0!*/)/.)!3))! /*)!

,&()=8!(+<9$!()!*0,&/)!!%$!.$!-$!1$!!!&/:))!*<:&(/(&')) 
!(/*09!%.!+!.-!+!-1!+!1!!+!!%$!4.)!(+!(&:(47;:+!%.-1!!&/%

:))!3):+:)36)!&,+/;9!()!(&:(47;:)!"!,.#$!#$F1,!&/:))!3):+:)34) 
-2.+<,&!!-$!"$)!%6(&!!%.!<<!!-!&)(6!(+!(&:(47;:+!%.!1!(!3))!!

%.!<<!"F!&)(6!(+!(&:(47;:+!%"-$1($!4.)!!-!<<!"$)! 
!()(52+:$!"$!!<<!#F!&)(6!(+!(&:(47;:+!#"#$F() 
&,+/;9!,.$!!#$!1$$!#-!&/:))!().45505)!,&()=8!(+<9!3))!()!,%$!

-#$!1"$!F-!&/:))!().45505)!,&()=8!(+<9) 
%/+8!,.!+<<!#-!3))!,%!+<<!F-!+)!3835+)!%,.$!#F-!&/:))!/*+)!

3))!().45505+))!&,+/;9!+)!3835+)!#!-$!"1$!&/:))!/*+)!3))!().45505+))! 
$(+<9! /*+<9!3))!().45505+<9!3835+<9!#!-$!"1$!+)!A+.'29!!-$!

"$!&/:))!/*&9!3))!().45505&9)!+.)!-"!&/:))!')4,&(.+9!(09!*/)/.)9!3))!

0!7;:/)!-!"!&/:))!+.@*) 
$(+!(&:(47;:+!1!%.-$!):!0!!-!'))).&@&/!*&!43.+!3))!,2*+!567+$!
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(+!,&7)58(&.+!(,*,)!&/:))! /*+!,&!%1)!+.)!
10

6

%.

!-

λ

λ
= )!!(/*09!!-

2 + 

*%.
2
!+!!-

2
*!!"

2
!+!'

2
$!6(+<!'!0!')4,&(.+9!(09!*/)/.)9) 

0(*)!-"$!!-$!!.!&/:))!6(;9!+)!(5&<.29!3):+:)3+8!(&:()7>:+<$!

&=)7>:+<!3))!'&3)7>:+<!(+<!&77.4/+:())!*(+:!/')+!3835+) 
%554!0!')4,&(.+9!-"!(09!*/)/.)9!&/:))!'+*,2:0$!4.)!!-$!!.!&/%

:))!'+*,2:))!0(*)!+)!)3(/:&9!(;:!3835;:!!-#$!%.,!&/:))!'+*,2:&9!&):!

.$!.4!&/:))!)3(/:&9!(+<9$!(6(&! 22 !-
3
1

. = , 22 %1
3
1).( =ʹ′ ). 

!(+,2:;9!+)!3835+)!&/:))!'+*,2:+)!3))!(+!/')+!)*A8&)!3))!7))!(+<9!

3835+<9!"$1$!#F-$!+)!+(+/+)!&/:))!().45505+)!(.+9!)<(+89) 
 
@4$6!$1" %:!'!0!')4,&(.+9!(09!*/)/.)9$!/2.+<,&!()!(,*,)()!x, y 

(2(+))!>*(&!'$!x, y!:)!&/:))!):45+7)!(.+9!()9!(5&<.29!3):+:)3+8!(&:()%
7>:+<$!&=)7>:+<!3))!'&3)7>:+<!):(/*(+)A)!(+<!&77.4/+:())!*(+:! /')+!

3835+) 
-2.+<,&! 
&"( '8+!/*&9!3))!().45505&9!3<35)329!(+,29!*(0!*/)/.)!,&!)3(/%

:&9!.$!>*(&!.
2= 2x

3
1

$!()9!#!-$!"1$!3))! 

&""(!'8+! /*&9!3))!().45505&9!3<35)329!(+,29$!()9!%,.$!#F-$!,&!

)3(/:&9!.4!>*(&!! ( ) 22 y
3
1

. =ʹ′ . 

$(+<9! 3835+<9! &"(!/2.+<,&!!-$!"$!;9! (5&<.29! &77&7.),,2:;:!

)*6(5&<.;:!(.)7>:;:!().45505;:!,&()=8!(+<9!3))!*(+<9!3835+<9!&""() 
-2.+<,&!%.$!#F!;9!(5&<.29!&77&7.),,2:;:! )*6(5&<.;:!(.)7>%

:;:!().45505&9!(.+9!()9!!-$!"$)!$<,(50.>:+<,&!(+!*A*,))!$!+.@6(0%

()! (09! 3)()*3&<*9! )(+'&)3:8&())! 6(;9! *(0:! ):45<*0)! !(/*09! 2(&())!

&52&)!+!B4((+9(!6()!   

&')4,&(.+9!(09!*/)/.)9(2!+!,&(5&<.4!(&:()7>:+<!*(+:!3835+!#!-(2. 

#)6()!)(6!3)()*3&<*$!
6

5

5

5

-!

"-
= )!!(/*09!!)*A8&)!!

1
3

5

"-

6
= , 

4.)!!
1
3

5

"-

5
= )!!(+,2:;9!!!"-

2 = 3 2
55 . 
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%($)!$#0)%(&"*!+".#.'+7!#$%&%7!+"'!#1""%$&=" 
     

10.2.1 >'!%=."'!/#0)%(&#$  
 
$()!)$%-*".#$!*(0:!).A*!(+<!?)?5/+<!'"$!):)/2.+:())!+:+,)*()34!

,6:+!(2:(&!*(&.&4!*A*,)()!&(50:!(09!*/)/.)9$!(+<!3<5/:'.+<!3))!(+<!3>-
:+<()!.))!(0:!)3./?&))!'&!'/:&())!+8(&!+.)*,69!(+<!(+5<2'.+<)!.))!()9!)%

:473&9!(+<!3&),2:+<!(+<!)3+5+<@&/!@)!'+@&/!2:)9!(&.)7.)/)369!+.)*,69!

(+<!(+5<2'.+<!*&!*87A.+:0!'))(8(;*0!&Cromwell$!&255.($!*&5)!/75() 
 
9"-4!(+"! &/:))! 0! 2:;*0! (&(&.)*,2:+<! (5*@+<9! (+5<7>:;:! (2-

(+);:!>*(&1 
1. "4@&!G&87+9!(+5<7>:;:!*<:):()2())!,6:+!3)(4!,/)!(5&<.4!*!

3+.</*!) 
2. "4@&!(5&<.4!&:69!(+5<7>:+<! &)(+(&5&/!,))!)3,*!(+<!(+5<2-

'.+<(!3))!):*3&)!,6:+:!*&!2:)!)36,)!(+587;:+) 
3. !/:))!'<:)(6:!:)!,&()?+8,&!)(6!(+!&*;(&.)36!&:69!(+5<7>:+<!

*(+!&*;(&.)36!&:69!455+<!(+5<7>:+<$!().),2:+:()9!*(+!(+%

58&'.+) 
4. 0*(;!V!,))!3+.</*!3))!F1, F2 . . .  Fn!()!!n!!*(+!(5*@+9!(+58%

7;:)!(+<!*<:):(>:())!*(0!3+.</*!V)!%6(&$!&/:))!'<:)(6:!:)!

,&()?+8,&!)(6! 2:)!(+587;:+! !Fi! !*&! 2:)!455+! !Fj! !A;./9!:)!

(&.4*+<,&!)(6!(+!!V. 
 

10.2.2 >)/#:!$#1!EULER.  
 
F))!&:)55)3()3*!)(6'&)=0!(09!,+:)')36(0()9!(;:!(2:(&!3):+:)-

3>:!*(&.&>:!,(+.&/!:)!'+@&/!,&!(0!?+*@&))!(+<!(8(+<!(+<!Euler!7))!()!
(+58&'.)) 

)%2&,""!&(+<!Euler).  
@!!/%6!!/.+"7!#"-4!(+"#!""!#-,6"8!/!"'$!/"+.&*$!$.$!""!#-,$

6"8! !!"'$! !(+*$! )$"4"#)!2!!""!#-,6"8!#!"'$!#/2*$!#.<120$"!/#"%!
(4"#!(1-#(,!)$;4!)!"!"4#"8%!!/!(!!!)!#!(!*" 

'/#(%=5%':!*'"!$"!+".#.'+7!#$%&%7!"%!8&!#,!$#1!;%-&!""$#:!

Euler:  
0*(;! 6()! +)! 2'.&9! &:69! 3):+:)3+8! (+58&'.+<! &/:))! 3):+:)34! :-

7;:)!3))!*&!34@&!3+.</*!*<:(.2A+<:!!,!!)3,29. 
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%6(&!2A+<,&1 

:&!+!/)  (1) 

')6()!34@&!)3,*!):*3&)!*&!'8+!2'.&9!3)) 

!,3!+!/)! (2) 

')6()!34@&!)3,*!):*3&)!*&!'8+!*(&.&29!7;:/&9) 
&! (8(+9! 3! *! &! +! )! *! /! ! &(+<!Euler(! 567;! (;:! &2($! &/(! 7/:&())1!

2
2
:&

&
,

&:
+=+ $!)(6!6(+<!(.+38((&)!6() 

&!+!
µν−µ+ν

µ

22
4  

!()(52+:$!)*A8&)!!,!≥!,!!3))!!/:!*!/,!-!,:!3!7$!!4.)!!,!9!
2-:

:2  

%:!!:!+!,$!(6(&!,!9!6$!'05)'*!!,!+!,!!*!!,!+!-!!*!!,!+!'!!3))!):(/%

*(+)A)!!&!+!-!!*!!&!+!:!!*!!&!+!/7 
#05)'*$!,&!2'.&9! )*6(5&<.)!(./7;:)!,(+.&/!:)!*A0,)()*@&/!3)%

:+:)36!(&(.4&'.+!*!+3(4&'.+!*!&)3+*4&'.+ 
%:!!:!+!-!$!(6(&!!,!9!-$!'05)'*!!,!+!,!!3))!!&!+!6)!+.)!,&!2'.&9!(&-

(.47;:)!,(+.&/!:)!*A0,)()*@&/!&=4&'.+!&38?+9() 

%:!!:!+!'$!(6(&!!,!9!
3

10
$!'05)'*!!,!+!,!!3))!!&!+!2/)!+.)!,&!2'.&9!

3):+:)34!(&:(47;:)!,(+.&/!:)!*A0,)()*@&/!,6:+!';'&34&'.+) 

%:! !:!≥!6$!(6(&!
2-:

:2 - 3 = 0
2-:

:6
≤

−
!4.)! !,!9!,)!$<:&(>9!'&:!<-

(4.A&)!3):+:)36!(+58&'.+!,&!2'.&9!3):+:)36!:-7;:+!,&!!:!≥ 6. 
0(*)!5+)(6:!*()!3):+:)34!*(&.&4!2A+<,&!(0:!)365+<@0!3)():+,*!

7))!()9!3+.</29$!()9!)3,29!3))!()9!2'.&9) 
 

 9#&1+3: '+"3: ,(&%: 
%&(.4&'.+ 4 6 4 
"8?+9 8 12 6 
&3(4&'.+ 6 12 8 
#;'&34&'.+ 20 30 12 
!)3+*4&'.+ 12 30 20 
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B).)(0.+8,&! (.+/):>9! 34-
(+))!+,)'+(+/0*0$!)36,)!3))!*&!)<-
(6:!(+:!(&.)+.)*,2:+!3)(45+7+)!0(*)!

2A+<,&1! (&(.4&'.+$! 38?+9! –! +3(4-
&'.+$!&)3+*4&'.+!–!';'&34&'.+)! 

%<(6! (+<! <(+3.8((&())! &/:))!

2:)9!'<H*,69$!(+<!7&;,&(.)34!,(+.&/!

:)! &=070@&/!;9! &=*91!"4@&! 2:)! )(6!

()! *(&.&4! &:69! G&87+<9! (.+38((&)!

)(6! (+!455+!*(&.&6! (+<! G&87+<9$!):!

*(0:!(&.)7&7.),,2:0!*/)/.)!3))!*()!

*0,&/)! (;:! 3+.</>:! /2.+<,&! ()! &%

/)((6,&:)! &(/(&')! 3))! @&;.**+<,&!

(+!*(&.&6!(+<!(.+38((&)!)(6!()9!(+-
,29!)<(>:! (;:! &()(2';:)! &,52(&!*A)!

//$! 6(+<!().+<*)4G&())!+!38?+9!3))! (+!3):+:)36!+3(4&'.+()!F&!)<(*!

(0:!2::+))!(+!3):+:)36!(&(.4&'.+!&/:))!)<(+'<H36) 
 
 
 

10.2.3 -"'+".#.'+7!($%&%7$! 
 
$(+!(2,((+!?)?5/+!(09!/#01'#$-"(2!)3,#4!4(2!+!B4((+9!)(+'/-

'&)!(0:!):)345<I0!'&3)(.)>:!(+5<2'.;:!*(+:!%.A),*'0)!$(0!*<:2A&))!

(&.)7.4/&)! ()! '&3)(./)!*A*,)()$! ()! ()=):+,&/!):45+7)!,&! (+:!).)@,6!

(;:! &'.>:!3))!):)/2.&)! (+! &/'+9! (;:! &'.>:!34@&!*(&.&+8)!%)!*(&.&4!

)<(4!**,&.)!+:+,4G+:())!%.A),*'&))!*!0,)3):+:)34!*(&.&4)!&)! 2'.&9!

34@&!0,)3):+:)3+8!*(&.&+8!&/:))!3):+:)34!(+587;:)$!)554!6A)!(+<!)'/+<!

(8(+<$!):(/@&()!)(6!6$()!*<,?)/:&)!*()!3):+:)34!*(&.&4)!3)!().)(0.*%

*+<,&! &(/*09! 6()! 3))! ()! 0,)3):+:)34! *(&.&4! &77.4/+:())! *&! */)/.)$!!

6(;9!)3.)?>9! !*<,?)/:&)!,&!()!3):+:)34!*(&.&4)!"4(+))!*(+)A&/)!/)/%

:+:())!*(+:!().)34(;!(/:)3)$!6(+<!(&.)7.4/&())!+!(8(+9!3))!(+!(5*@+9!

(;:!&'.>:!(+<!34@&!*(&.&+8)!$!&.7)*/)!(+<!%.A),*'0!(+<!'))(.)7,)%

(&8&())!()!0,)3):+:)34!*(&.&4!/)/:&())!:)!2A&)$!'<*(<A>9$!A)@&/) 
 
 
 
 
 

 
)*('#!!%% 
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$0!;#:!

$-. 
.(&2. 

>&'*2.-. 
>%$&"+

*2.-. 
$%.$"+

*2.-. 
.5"*2- 
.-. 

?+$"+

*2.-. 
 

/%+"*2- 
.-. 

8 4   4   
14 8 6     
14  6  8   
14 8    6  
26 8 18     
26  12  8 6  
32 20  12    
32   12 20   
32 20     12 
38 32 6     
62 20 30 12    
62  30  20  12 
92 80  12    

 
 

 
!!!!!3+5+?6!(&(.4&'.+!!!!!!!!!38?+-+3(4&'.+!!!!!!!!!!!!!!!!3+5+?6!&=4&'.+ 

5$.#!#&6!$#!1'-"#,%,-"#!%$"$"#!'"!$-2!%1'"$-,72!%,%'#%."2!$%32' 

)*('#!%( 

 
 
10.2.4 -!(1""%$&="!#$,!*%-"%$&="$! 

 
$()9! *87A.+:&9! ().+<*)4*&)9! (09! .&;,&(./)9! ()! 3):+:)34! (+58-

7;:)!3))!(+58&'.)!()/G+<:!2:)!3&:(.)36!.65+!3))!A.0*),+(+)+8:())!;9!

<(+'&/7,)()!7))!(0:!&)*)7;7*!(;:!,&()*A0,)()*,>:!3))!(09!*<,,&(./)9)! 
 



 192 !!"#!"#$!"$%&"'!"%# 

D9!,&()*A0,)()*,+/!:++8:())!#'&-'%,%%('#,$"2!"#-!"&.!)(&)3+:/-
*&)9!(+<!)/*:+<:!2:)!*A*,)!):)55+/;(+!3))!(.+38((+<:!)(6!(&.)+.)%

*,+89!&*(+!*A*,)(!)<(+,+./)*,>:!(09!'+,*9!(+<!(&.)?455+:(+9!A>.+<)!

$!*<,,&(./)!(+<!*A*,)(+9!*A&(/G&())!,&!(+!*8:+5+!)<(>:!(;:!,&()*A0%

,)()*,>:$!(+<!2A+<:!'+,*!+,4')9)!!)')34!7))!(0:!.&;,&(./)!(+<!&()(2%

'+<!3))!(+<!A>.+<$!)(+'&)3:8&())!6()!0!?)*)3*!'+,*!(+<!(.2(&)!:)!)%

())(**+<,&!:)!'))(0.&/())!&/:))!0!)(6*()*0!'8+!*0,&/;:$!+(6(&!):)76%

,)*(&!*&!)*+,&(./&9)! 
,)*)369!7))!(0!.&;,&(./)!(+<!&()(2'+<!&/:))!+!,&()*A0,)()*,69!

(+<!(.+38((&)!;9!):435)*0!;9!(.+9!4=+:)! &'05)'*!0!&8.&*0!0*<,,&-
(.)3+80!&:69!*0,&/+<!;9!(.+9!,/)!&<@&/)($!)/+8!,(+.&/!:)!)(+'&)A@&/!6()!!

34@&! )*+,&(./)!*(+! &(/(&'+! &/:))!*8:@&*0! (.)>:! (+!(+58!):)354*&;:!

&&:!72:&)!;9!(.+9!'))/+.&()3+89!4=+:&9()!B).6,+))!'))(.)7,4(&<*0!*(+!

A>.+! 7/:&())! 7))! ()9! ):)354*&)9!;9! (.+9! &(/(&'+)!2,;9$! ?)*)36! .65+!

&'>!()/G+<:!+)!*(.+/29!;9!(.+9!4=+:)!*(+!A>.+)!!()527+:()9!,))!).A*!

*(+!A>.+!3))!&)*47+:()9!2:)!+.@+3):+:)36!*8*(0,)!*<:(&()7,2:;:$!0!

.&;,&(./)!(+<!&()(2'+<!&:(4**&())!*()!(5)/*))!(09!%:)5<()3*9!.&;,&%

(./)9!(+<!A>.+<)!0(*)$!?)*)36!.65+!*(0!,&52(0!(;:!*<,,&(.)>:!()/G&)!0!

+,4')!SO&,($!0!+(+/)!)(+(&5&/())!)(6!7.),,)329!)(&)3+:/*&)9!(+<!'))%
(0.+8:!()9!)(+*(4*&)9!3))!(+:!(.+*):)(+5)*,6) 

$4!)<(4!()!(5)/*))!@)!7/:&)!,))!*8:(+,0!().+<*/)*0!(;:!+,4';:!

*<,,&(.)>:!(;:!3):+:)3>:!(+5<7>:;:!3))!(+5<2'.;:) 
 
 

?"7("!#1""%$&'2.!+".#.'+#)!/#01*2.#1$ 
 
0*(;!!m ≥!,!!3))!!.m!!(+!3):+:)36!m-7;:+!,&!32:(.+!&!3))!3+.<%

/29!=v1, v2 . . . vm>)!F&!L!*<,?+5/G+<,&!(+!&<@87.),,+!(,*,)!(+<!=&3)%
:4!)(6!(0:!3+.</*!v1$!')2.A&())!)(6!(+!32:(.+!&!3))!=):)*<:):(4!(+!

.m.  
%+! .m! 2A&)! +.)*,2:&9! (.+/):&/9! *<,,&(./&9)!0*(;!%! 0! *(.+/*!

78.;!)(6!(+!&!3)(4!7;:/)!/(<m!3))!,!+!3)(+((.)*,69! &):435)*0(!;9!

(.+9!L)!%6(&$!):!,&!2!*<,?+5/*+<,&!(+:!()<(+()36!,&()*A0,)()*,6$!2%

A+<,&!%m!+!,2!+!2!3))!,%,-1+!%-1. 
0*(;!s!34(+))!*<,,&(./)!(+<!.m)!%6(&$!):!s(v1) = vi!3))!s(v2) = vj 

,(+.&/!:)!)(+'&)A@&/!6()!@)!(.2(&)!:)!)*A8&)!3))! !j ≡ (i ± 1) modulo m. 
%)!!i,  j$!5+)(6:!+./G+<:!(+!!s)!0(*)$!!s = Ai!!!,&!!!j ≡ (i ± 1)modulo m!!*!! 
s = Ai B!,&!!j ≡ (i – 1) modulo m.  
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F&! 455)! 567))$! 0! +,4')!*<,,&(.)>:! (+<!.m! '/:&())!,&!*A2*&)9!

7&::0(6.;:!;9!&=*91 

Dm :       Am = B2 = 1, BAB-1 = A-1  

%0:!Dm!+:+,4G+<,&!!')&'.)3*!+,4')!?)@,+8!m!3))!&/:))!(4=&;9!/m. 
 

 
)*('#!!%)#!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!)*('#!%)8 

F(+.+8,&!:)!@&;.**+<,&!(+!(+587;:+!.m!;9!<(+*8:+5+!(+<!R3 
(+<!(&.)2A&())!*(+!&(/(&'+!x&y!,&!(0:!).A*!(;:!)=6:;:!&!*(+!*0,&/+!

(0, 0, 0) .  
%6(&!(+!%!&/:))!*(.+/*!78.;!)(6!(+:!4=+:)!!z4z!!3))!(+!!,!!&/:))!

&)')3*!*(.+/*!78.;!)(6!(+!L)!0(*)!0!+,4')!Dm!)(+(&5&/())!)(6!7:**)&9!

&+./G+<*)9!2(!*(.+/29!3))!Dm ⊂  SO&,()!$0,&)>:+<,&!&(/*09!6()!2A+<,&!

3))!(0:!3<35)3*!+,4')!!1m = {A>$!(4=09!m$!<(++,4')!(09!SO(3). 
F(+.&/! :)! )(+'&)A@&/! 6()! 34@&! (&(&.)*,2:0! +,4')! )*+,&(.)>:!

*(+!&(/(&'+!&/:))!&/(&!3<35)3*!&/(&!')&'.)3*$!'05)'*!+,4')!*<,,&(.)>:!

&:69!3):+:)3+8!(+5<7>:+<) 
 
 

?"7(%:!#1""%$&'2.!$-.!+".#.'+2.!#$%&%2. 
 
F&!/4 *<,?+5/G+<,&!(+!3):+:)36!(&(.4&'.+$!3):+:)36!(+58&'.+!

,&! -!3+.</29$! 6!)3,29!3))! -!2'.&9$!+)!+(+/&9!&/:))! )*6(5&<.)!(./7;:))!

0*(;!=vi>!+)!3+.</29$!eij!0!)3,*!(+<!*<:'2&)!!()9!3+.</29!vi!!3))!!vj!,&! 
i < j)!F&!1!*<,?+5/G+<,&!(0!*(.+/*!3)(4!7;:/)!!(!!78.;!)(6!(0:!&<@&/)!

(+<!&:>:&)!()!,2*)!(;:!e12!3))!e34)!$!!1!&:)554**&)!()!v1 v2!3))!()!v3 , 
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v4)!F&!Q!*<,?+5/G+<,&!(0!*(.+/*!3)(4!7;:/)!(!78.;!)(6!(0:!&<@&/)!

(+<!*<:'2&)!()!,2*)!(;:!e13!3))!e24)!$!?!&:)554**&)!()!v1, v3!3))!()!v2, 
v4)!!()(52+:!@?!+!?@!3))!&/:))!0!*(.+/*!3)(4!7;:/)!(!78.;!)(6!(0:!!

&<@&/)!(+<!&:>:&)!()!,2*)!(;:!!e14!3))!!e23. 
0*(;!%!0!*(.+/*!3)(4!7;:/)!

/(<,!78.;!)(6!(0:!&<@&/)!(+<!&:>:&)!

(0:!3+.</*!v1!3))!(+!32:(.+!(09!)(2%

:):()!2'.)9)!$!%!'))(0.&/!(0:!v1!3))!

)(&)3+:/G&)!()!v2 , v3, v4! !*()!v3, v4, 
v2  ):(/*(+)A))!"4@&! *<,,&(./)! (+<!
/4 (.+2.A&())!)(6!*<:@2*&)9!(;:!%$!

1$!?)!0(*)!0!+,4')!*<,,&(.)>:! (+<!

/4 '/:&())!,&!*A2*&)9!7&::0(6.;:!;9!

&=*91!! 
 
%: %3 = P2 = Q2 = 1,    
PQ = Q P, 
APA-1 = Q,     
AQA-1 = PQ 
  
$! %! +:+,4G&())! $"$$#"!$-"(!

%'#!#$! 2A&)! (4=0! 2/! 3))! &/:))! <(+-
+,4')!(09!SO(3). 

  
F&!/8!*<,?+5/G+<,&! (+!3):+-

:)36!+3(4&'.+$!(+!+(+/+!2A&)!6!3+.<%

/29$! 2/!)3,29!3))! :!2'.&9$!(+<!&/:))!

)*6(5&<.)!(./7;:)) 
0*(;!'!0!*(.+/*!3)(4!7;:/)!

(</!78.;!)(6! (0:!&<@&/)!(+<!&:>:&)!

()9! v1, v6! 3))! 1! +! '
2! )! 0*(;! Q! 0!

*(.+/*! 3)(4! 7;:/)! (! 78.;!)(6! (0:!

&<@&/)!(+<!&:>:&)!()!v2!3))!v4)!!%6(&!

1?!+!?@!3))!&/:))!0!*(.+/*!3)(4!7;:/)!(!78.;!)(6!(0:!&<@&/)!(+<!&:>%

:&)!()!v3!!3))!v5!)!0*(;!%!0!*(.+/*!3)(4!7;:/)!/(<,!78.;!)(6!(0!&<@&/)!

(+<!&:>:&)!()!32:(.)!(;:!&'.>:!v1 v2 v3! !3))! ! !v4 v5 v6)!%6(&!%3 = 1, 
%1%-1!+!?! !3))!%?A-1 +!@?)!$!+,4')!*<,,&(.)3>:!(+<!/8!().47&())!

)(6!(+!*8:+5+!=P, Q, A, X>!3))!0!'!,(+.&/!:)!):()3)()*()@&/!)(6!2:):!
455+!7&::*(+.)!R$!>*(&!0!+,4')!*<,,&(./)9!:)!'/:&())!)(61 

 
)*('#!%* 

 
)*('#!%+ 
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⎪⎩

⎪
⎨
⎧

====

=====
1-1-1-1-1-

-1-1223

QRQR,QPRPR,PQAQA,QAPA
ARAR,QPPQ,1QPA

O  

H O!3)5&/())!%"$#"!$-"(!%'#!#,!2A&)!
(4=0!/-$!(&.)2A&)!(0:!%!+!=%$!1$!Q>!;9!3)%

:+:)3*!<(++,4')!,&!'&/3(0!/!3))!&/:))!<(+%

+,4')!(09!SO(3). 

F&!/20 *<,?+5/G+<,&!(+!3):+:)36!&)-
3+*4&'.+$! (+! +(+/+! 2A&)! 2/! 3+.</29$! ,7!

)3,29! 3))! /7! 2'.&9! (+<! &/:))! )*6(5&<.)!

(./7;:)) 
$!+,4')!*<,,&(./)9! (+<!/20 '/:&())!

)(6 
"!1!%3!+!,2 = C5 = ABC = 1 

$! "! +:+,4G&())! "-"%%#"!$-"(!%'#!#,  
2A&)!(4=0!67$!(&.)2A&)!(0:!%!3))!&/:))!<(++,4')!(09!SO(3). 

%(+,2:+<:! '8+! 3):+:)34! (+58&'.)! (+! &=4&'.+! &38?+9(!!6! 3))! (+!

';'&34&'.+! !2,;9!+!38?+9!!6!3))!(+!+3(4'&.+!/8!&/:))!'<H34!&):!(+!

2:)!&77.)/&/!*&!*/)/.)$!(6(&!(+!455+!*A0,)(/G&())!)(6!()!&/)((6,&:)!&(/%

(&')!(09!*/)/.)9!*()9!3+.</29!(+<($!3)(4!*<:2(&))!2A+<:!()9! /')&9!+,4'&9!

*<,,&(./)9)!&,+/;9!!  3))!#20!&/:))!'<H34!3))!(+!/4 &/:))!)<(+'<H36) 

 
)*('#!!%#!!!!!!!!!!!!!!!!!!!!!!!!!!!!!)*('#!%$! 

2(;9! ,(+.&/! :)! )(+'&)A@&/$! 34@&! (&(&.)*,2:0! <(++,4')! (+<!

SO&,(! &/:))!,))!3<35)3*$!')&'.)3*$! (&(.)&'.)3*!*!&)3+*)&'.)3*!+,4'))!
%:!'8+!(&(&.)*,2:&9!<(++,4'&9!(+< SO&,(!&/:))!)*6,+./&9$!(6(&!)<(29!
&/:))!*<G<7&/9!*(0:!SO(3). 

 
)*('#!!%- 
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(1.#/$'+%:!<'<0'#*&"+'+%:!#(,*%:! 
*'"!$,!($%&%#"%$&=" 

  
!3(69!)(6!(0!.&:)3*!,)?5)+7.)//)$!(+<!*<,(50.>:&)!(+!2.7+$!+<-

*))*()3*!*(0:!):47:;*0!(09!$(&.&+,&(./)9! !&/:))!0!,)?5)+7.)//)!(+<!

)3+5+<@&/)!$(0!*<:2A&))$!()!?)?5/)!(+<!A.0*),+(+)*@03):$!().+<*)4G+-
:())!*8:(+,)!3)(4!@&,)()329!&:6(0(&9!!3))!&)')36(&.+!&:'))/2.+:) 

"5)*)3*!().),2:&)!0!23'+*0!(;:!)$%-*".!,!)(6!(+:!BCDEC8F$! !(+<!

*()!!550:)34!2A&)!)(+'+@&/!)(6!(+:!!)!$(),4(0!&25'/()!$!)775)3*!23'+*0!

(;:!)$%-*".!,!)(6!(+:!GD8!HIJKLM!L)!BCLNI!!(&.)2A&)!(5+8*))!*A65))!)*(+-
.)3+8!3))!,)@0,)()3+8!&:'))/2.+:(+9!3))$!().4!()!6(+))!3&:4$!().),2:&)!

,2A.)!**,&.)!)=&(2.)*(0)!$(+)A&/)!)(6!(0:!)*(+./)!(;:!).A)/;:!,)@0,)%

()3>:!(&.)2A+:())!*(0!,+:+7.)//)!(+<!O)!P)!QLR!SC8!TLC8SCR!&25'-($!*'0!

,&()/.)*,2:0!*()!!550:)34!)(6!(+:!.)!'.)*()):/'0!&/777()! 
F&! (0!5+7)3*!))()+5670*0!*&!).A)/)!,)@0,)()34!3&/,&:)!)*A+-

5&/())!(+!?)?5/+!(+<!UCNV!&2555($!&:>!!0!5+7)3*!)5505+<A/)!(;:!(.+(4%

*&;:!*()!)$%-*".#!().+<*)4G&())!')&=+')34!*(+!WXeYYC8!&25:2()!"4(+)&9!

().+<*)4*&)9! @&,4(;:! ,&! *87A.+:&9! (.+&3(4*&)9! &()A&).+8:())! *()!

A8NKLRR!&2555(!3))!ARFYDR!LRS!PLKECZ!&255'() 
F))! (.;(6(<(0! 23@&*0! @&,4(;:!$(&.&+,&(./)9$! ,&! )*(+.)329! ):)-

'.+,29$! &:'))/2.+<*&9! @&;.0()329! '))(.)7,)(&8*&)9! &()3&:(.;,2:&9! *()!

(+58&'.)!3))!,&!2,/)*0!*()!3):+:)34!*(&.&4!&/:))!(+![8JK\CYY!&255.() 
$!,2(.0*0!*(0!.&;,&(./)!3))!0!,2(.0*0!(;:!*(&.&>:!&)')36(&.)$!

)(+(&5&/!(4:()!2:)!&(/3)).+!@2,))!&)!&.7)*/&9!!(+<!%.A),*'0!+)!*A&()%

329!,&!(0!,2(.0*0!(;:!*A0,4(;:!2A+<:!().+<*))*@&/!*&!,&(4/.)*0!3))!

*A+5))*,6!(+<! !GD8!HIJKLM!L)!BCLNI)!$!*<:@&()3*!@&;./)$!*(+!(:&8,)!

(;:! )$%-*".!,$! 7))! (+! &,?)'6:! 3))! (+:! 673+! (2@03&! )(6! (+:! BDYEC8N!

&257/(!3))!23(+(&!)(+(&5&/!):)(6*()*(+!(,*,)!(;:!*87A.+:;:!().+<%

*)4*&;:!(09!!<35&/'&))9!.&;,&(./)9$!6(;9!&/:))!7))!().4'&)7,)!()!]QCM!

&25./($!]^^DKJQ!&256:($!_J8SC8!&25/.($!3))!WJDMC!&256,()! 
$!'70%!%2!$12!"9#,$+1%12!,&!()9!)*(+.)329!(09!!./G&9!3))!(0!*A2*0!

(09! ! ,&! (0! ,2(.0*0! 3))! ()9! @&;./&9! +5+35*.;*09$! ().+<*)4G&())! *(0!
,+:+7.)//)!(+<!OJ`C8!&25-5(!3)@>9!3))!*(+!]S\L8SM!a8)!&25.5()!%.3&(4!
5&((+,&.29!*(0!().+<*/)*0!(09!&=25)=09!(;:!7&;,&(.)3>:!,&@6';:!&/%
:))!3))!(+![JJYDSFC!&25-7() 

$!,)@0,)()3*!'))(.)7,4(&<*0!(09!7&;,&(.)3*9!*<,,&(./)9!3))!0!
2:()=0!(;:!3):+:)3>:!*(&.&>:!*(+!(5)/*)+!)<(6!,(+.&/!:)!):)G0(0@&/ 
3))!*()!bLYC!&256:($!cCCM!&25:,($!TJY^!&256,(!!3))!455)) 
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