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H I’ewperpt’.a TEVLX

1.1 Xopog, Lyfua, MeTaoy NUaTLoUOg

Anb my yevixatatn oxontd, o (Cewuetpixdc) Xdpog eivan éva un xevd obdvoro X. To X
unopel va elvon tenepacuévo, dmetpo, auveyés 1 Staxpitdé. Ta otoyeior Tou Aéyovton 3m-
pelo xou ta utocUVord Touv Byuate. Metaoynuatiowd tou X Adue wd 1-1 xon eni
anexdvion Touv X otov eawto tou ¢ 1 X — X. My lewuetplo ot yetaoynuatiouol yenot-
uomnolobvTaL YLd vo petatonilovpe, Ue xdmota évvola, oyfuata otov ywpeo. Ot yodnuortixot,
avti va e€etdlouy Uetaoynuatiouols tou meptopilovton ot onueta evog oyfuatog BCX
xol Lovov, xatéAAnZoy var Yempoly UETAoYNUATIONOUS 0AOXATEoL Tou X GTOV EAUTO TOU, OL
omolot cuuTapacipoLy Xt To ¥ e €va dhho oyfua X

1.2 T'eopetpla

O olyypovog tpémog avtikndne tne yewuetpiag mou Qaivetor var €yet emxpathioet, Yewpel ot
ula Tewpetplo xadopileton and éva Baoxd ohvoho X (tov ywpo) xat éva shvoho I, ueto-
oynuattouny tou X. Avtixeiyevo tne I'ewpetpiag etvon o oploude xan 1 UEAETN IBLOTHTOY TwV
oynudtwy X tou X, ot omoleg Tapauévouy AVAANOLWTESG WS TPOS TOUG UETAOY NULATIOUO0G
¢ € I'. ToOto ue v €vvola 6Tl €dy 10 oyfua X €yel v Wdmta A xou ¢ € T, t6te o
0 oyfiua X' = ¢(X) éxer v Wibtnra A. Tlopdderyuo tétotac widtntog elvar A.y. to whxoc
d evduypduuou tufuatog ¥ oto Euxkeldelo eninedo X. Edv petatonicovue 1o ¥ oe dAAn
Véon o610 opo, dnh. Yewphoovue 1o L/ = ¢(X), 6nov ¢ 1 X — X, évac yetaoynuatiouds
uetapopdc (Yo tov Sodue nopaxdtw), ToTE 10 Uxoc Tou X elvar ndht d.

1.3 Xuvietixr nédodog

H cuvidetixd uédodoc Atay wotopxd n tpwtn wédodoc avdntuing tne Fewuetploc (Euxheidng
300 n.X.). Kotd v uétdodo auth dtatundvovtor xdnota a&Lmdatal, o onolo TEprypdpouy
amholoTateES LOTNTEC TOou YWpou X xot 0pLoUévmy UTocUYONwY Tou (euvleleg). Tpbodeta
aLouata xotopllovy 10 6OVolo Twv UeTaoynuatioumy I

Kotd vy uédodo oty to ndvta avdryovton Aoyixd otny akfiela twv oadiwudtoy. H ver
Tou ouvorou X mapauével adtevxpiviotn. To X unopel va elvor onolodhnote cuYXEXPLUEVO
obvoho, apxel autd vo txavorotel To alwuata tov Tédnxay oty apyr. To aiwuata elvor
anodextd ywpls anddetln m.y. 6tL yid 80o Staopetixd onueior A, B, undpyet evdeia € mou ta
TEPLEYEL.



2 KE®AAAIO 1. HTEQMETPIA I'ENIKA

M’ autév tov tpdémo 1 I'ewuetpia maipvel Ty wop@n evdg mawyvidiol, cav 1o oxdxt. Ta
a€Louota efvon oL amopdBatol xavoves Tou oy Vidlod, ol 8¢ TEOoXVTTOUCES TPOTACELS, L3LOTY-
TEC, VEWPNUATA, UTOPEL VOl TEL XAVELS, OTL AVTLETOLY 00V 0TI SLAPOPES BUVATES GUYXEXPLUEVES
TopTideg oxaxtol Tou UTopEoLY Vo TEoxHYouY.

1.4  Avohutixy pedodog

H avolutig uédodoc avantiydnxe nohd apydtepa and v ouvietxr| (Koptéolog 1596-
1650). ¥* awthv o yopoc X meptypdpeton ue oagphvelo xor tautileton e évar GUVONO Uo-
Inuotix®dy aviietuévoy. Iy, 10 Euxkeldeio Eninedo toutileton ye o olvoro RZ. Ta
ddpopar oxNuata, 6TKS h.y. ot eudeleg, TEPLYpAPOVINL WS GOVORA TOU LXAVOTOLOLY Uardnuo-
Txég oyEaelg xau oL Uetaoynuatiouot, didovtal and cuyxexptuévoug tonoug. Ot oplouol xat
oL IOTNTES TOVY OYNUATOY avdyovTow oe aptunTixés oyéoels xou EToUEVKS 1) ahfield Toug
avayeTal oTny AAHIEL TRV GTOLYELWIOY LBOTATWY TwV TparyUaTix®y aptiumy. Edo to tdvta
elvar mpotdoelg. Ta aiwuata gaivovtar v’ arnovotdlovy. Tolto elvor udvo gavouevixd. Ta
aELduata xpoBoviot, 6’ authY TNV Tepintwon, oto pwoviého. ILy. yix 10 R? 1o aviiotolya
arduata etvon autd tou R, tor omoiar ouvendyovton tor oyt Tou Evxhedeiov emnédou.

1.5 Xyohia

H yevixototn avtidndn e yeouetplag, tou nepleypdgpeton oto 1.2, avagépeton wg Erlan-
ger Programm xou ogeihetoar otov  Felix Klein (1849-1925). Kot awtdv, t0 olvolo twv
uetaoynuatioumy I' elvor utd vroowdda e owddoag Aut(X), dAwv TV duvatdy ue-
taoynuatiousy tou X. Etor wid INeopetpla towtileton ue éva Ledyoc (X,I'). To Lebyoc
autéd unopel vo optovel 1 Bdoet aliwudtwy (cuvdetinh uédodoc) B we Lebyog padnuotixdy
avTixetévoy (avolutier uédodog, Lovtého).

Ané ta npotephuata Tng ouvieTixic UeVOSoU Elvan 1) YEVIXOTNTA XoU 1) AponpeTixr) Shvoun
TV ouAhoylou®y. H uekétn emxevipdvetar oTic oyéoelc xou adloopel yid Ty LYY TV
aviixeluévey. Kdlde npdtacy mou amodetxvieton yiveton epyaheio yid v’ anoderydolv véeg
npotdoels, oxdun o ovvietes. H SOvaurn tne avolutixrc wedodou etvon 1 Suvatdtnta mou
€yEL Vo SlaTUTWVEL TaL TEOPAAUATOL OE UL eviaial YADOGH oL VO TPOGHEPEL TUTOTOLNUEVES
dradixaoieg enthvorc toug. Lty npdlrn xotapedyoue o guvduaoud v d0o uedodwy. Av
unopolue vo hocoue to So¥év mpdinua cuvietind, To TpoTUdUE, d1OTL Talpvoue xahiTERT
alodnon e Véong tou otny Vewplo. Av dev umopolue va 10 Aboovue cuvleTixd, TOHTE
xATopedYOUE GE UTOAOYLOUOUS X XaTOTY TpooTotolUe Vo UETappdcoue Ty topeia Aoong
Xl 0NV GUVUETIXT TNS LOPYY.

Ye tehevtaio avdhuor xar ot dvo uédodol etvon ouvietixéc. Anhodg otny avohutixh Eextvd-
ue and mo kdtw dnh. and md Vepeht®delg évvoleg an’ 6Tt oty cuvletixr]. Nto Madnuortixd
(xaw byt ubvo) to Tdvta e€opTdvtan and to mou Eexwvdec. Mid uxpr| akhayr ota adtduUATo
odnyel o tekeiwe StapopeTioic dpduoug 1 adtéZoda.

To oyfuo natlet Wiaitepo pdho oty Fewuetpia. 'Oyt udvov we avtideto tou d-oynuov.
T onueldoelg autés Tpootdinoa vo eunhoutiow Ue 660 To BuVATOV TEPLOGHTERA Oy UATAL.
‘Oha ta oy uota xataoxeudotnxay Ue o tpoypouua Isoptikon | to onolo avantdydnxe oto
Modnuotixd Tunfuo touv Havemotnuiov Kedtne xou Statietar ehedhdepa oto Stadixtuo, otny
dietduvorn:  http://www.math.uoc.gr/~pamfilos/isoptik2.zip. Ilapotpive tov avayvoHo
VoL TTHPEL X0l VOL YPNOLUOTOLOEL To Tpdypauua xat vor Yeudel tny diadtepn alodnomn xow yopd
mou 3(8et 1 evTplENON GTNV APUOVIO TWV YEWUETPLXMY OYNUATOV.
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Hpocyp.oc‘cv.xov'. ocptﬂptov'.

2.1  Ou npaypartixol apriuol

Ot mparyupatixol apriuol unopoty va Yewpniody anotéheoua SLadoytxmy XATATHEVWY CUCTY-
Uty ohoéva b cuviétev aprdumy. Kot apyfv etvar ot puotxol apriuol N = {1,2,3, ...}
Katémy ot axépanor Z = {0, £1, £2,£3, ...}. (O apyaiot éNnvec ayvooloay to 0 xot toug
apynuxolc). Metd oo emtol apuol Q = {(p/q) : p,q € Z,q > 0}. Téhoc ou mpory-
poatixol apuol R | mou mpoxdntouy we dptar axorouthwy pntev apuny. To dpta awtd
urodnhdvovton %81 and toug Broug Toug enTols apriuole, av Toug Yeddouue ot dexadixt
wopph. m.y. 1/13 = 0.076923076923.... Qc yvwotdy, otoug pnrolc, and éva onueio xou Té-
oo enpaviletar mepodikdTnTa v Ynpiny e dexadxfic Toug avdntuEng (670 TPONYOVUEVO
n meplodoc etvon 076923). Mrixoc tng meptddou Méue 1o mAfloc tov Ynplwy tne neptbédou.
Y10 mapdderyua A.y. To unxog meptddou etvon 6. O dppmror apriuol, ot onolor uall ue
TOUS PNTOUE CUVATOTEAODY TOUG TpayUaTiXols, yapaxtnetlovtat and TNV  un-replodikitnta
oto dexadixd Toug avdmTuyud. T.y. o0 V2 eivon dppntoc ue 100 mpwrtor dexadixd Yneplo
1.41421356237309504880168872420969807856967187537694807317667973799073247846210
7038850387534327641573... . ‘Oco xi” av ouveyiooue to avdntuyuo dev Yo SlanioTwoo-
ue moté meplodixdTnTaL.

Apxetéc and tic aduvauieg tou addlwuatinod cuoThuatog Tou mpotelvel o Euxheldng, o-
pethovion 0To YEYOVOS OTL oL apyalol EAATVES YvopeLlay UEY Toug mparyuotixols aprduoic,
dev elyav duwe mhipn avtiindyn tng dounc toug. To aliduata g euxAeldelas yewueTpi-
oG, OTWS VT cLUTANEWINXAY OYETXY TpdoPuTa, eCaoparilovy anhobotates avTioToLyieg
v onuelwv udg evdeiag ue o R Ot Pacwxés Biétnteg otic onoleg oplduaote 6Tay
XEMNOULOTO0UE Toug TparyUatixole aprduole elvon autés tne alyePpixic Soung tou, SnA.
0V Tpdlewy (tpdoleot), ToAhariaotacudc), we Tpog Tic onoles 10 R elvon éva Bedpar, tng
dtdtang, mou 1o xahotd TARPwS dLaTETAYLEVO chU Xat TS TAneotnTas. H teheutaia
WLoTnTa onuaivel 6Tt xde QparyUEvT axohoudior TporyUATiX®Y aptduny €yl €va oploxd onuel-
o. Emt nhéov ouvendyetar to heyduevo ApyLundeto (287-212 n.X.) aglowpa: Ve > 0, xou
Va>0,3n € N:n-e > a. Ac dobue 0o mpotdoele, mou eacpailouvy pntéc npooeyyloels
evog apprTou Ué 6o axplBelo VéNoue.

Ipétaon 2.1.1 INd kdde dppnro o > 0, kar kde puoikd n € N vrdpyer pntds p/q, ¢ <n
pe Ty adidTnra: o — 1—;| < niq.

H npétoaon anodetxvietar ue v apyrj tov tepotepdva: ‘Av tonodetroels (n+1) avuxelueva
o€ n xouTLd, Yo TEEnEL TOLAAYLOTOV 6~ Vol XoUTE VoL BAAELS TEPLOGOTEPA Al EVAL AVTLXE(UEVAL.

3



4 KE®AAAIO 2. IIPAT'MATIKOI APIOMOI

To avuxelyeva eivar ot aprduol {a}, {2a}, {3a}, ... {(n+1)a}t. H ayyOhn {z} nopotd to
dexadixd uépoc tou aprduold = mou eivar évac apdude [{z}| < 1. Ta n to mhfdoc ‘xouttd’
elvon 1o Srothuorta [0,1/n], [1/n,2/n], [2/n,3/n],...,[(n — 1)/n,1]. Oa undpyouy loindy
Touldytotov dVo apriuol h.y. {ija}, {iza}, ot onolot Ya néptouv oto dro xouti, (ywpelc va
OLUTITTOUY UE TO dxpo *EmOoLoU x0UTIOY xo6TL 0 o elvor dppntoc) dpa Yo anéyouv andotoon
H{ina} — {isa}] < 1/n = |(i1 —i2)a —p| < 1/n, Y& xdnowov axépato p, tou diver to
{ntoduevo ue ¢ =41 — iz < n.

IIpétaon 2.1.2 Dirichlet (1805-1859) Id kdile dppnto a vrdpyouvr dreipor pntol p/q, je
up didTna o — £ < q%.

Xpnowomnowlue v mponyoluevn mpdtacy. Zextvaue U éva avdalpeto ny xou euploxoue
p1/q1 mou wavorotel tny tpdtaon 2.1.1. Katd to Apywuhdeto alioua, Yo undpyet ng € N

2 2, P1 7 2 7 ’
1010 OOTE Ny |a— q—1| > 1. Egapuélovtog téhe vy 2.1.1, evpioxoue pa/gs mou ixavorotel
_Dp2 1 <« L

qz q2n2  — N2
évong Tétolo WoTE n3 - o — 22| > 1 %o

. . p1 . ‘
™V npbTaon: o — < |a = 2. EnavohoufBdvoue tnv Sradixooio ue

ITPOBAHMATA 2.1

MpéBAnua 2.1.1 Acie 6t 0 /2 efvar dppnros. Acibe yevikdtepa 6t o \/n efvar dppnrog,

yid kdle mpdto akxépaio n.

MpéBAnua 2.1.2 Acie 6t 0 apduds V'3 + V5 etvar dppnros.

IMpoBAnua 2.1.3 Aeiée dn av yid tov dppnto a, vrdpyovr dvo aképaiot Detikol i1 > ig,
étor dote va wyvea: |{ia} — {isa}| < 1/n, tdte vrdpya kar évag axépaiog Jetikds
p térotos dote |(i1 —iz)o —p| < 1/n.

IpbBAnua 2.1.4 Aoydprace tny mepiodo twv pntdv 1/n, yd n =2, ...,19.

IpbBAnua 2.1.5 Aciée dtr to urjkog teprédov evés (avaydyov) pntod m/n, elvar pukpdrepo
ToU n.

IpbBANua 2.1.6 Bpeg dlovg toug pntols p/q twv omolwy 1 meplodos elvar povopripa.
IpbBAnua 2.1.7 (Epyacia) Bpeg yid mowols guotkols n to punjkos mepiédov tov 1/n elvar

n—1 (r.y. térowa elvar ta 17, 19, 23). E&érace av npérmer o n va elvar kat’ avdykny npdtog
(6pws o 1/13 éxer mepiodo pjkovs 6).
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To R? xawL To Ecwtspbx(’) I‘wépsvo

3.1 To EuxAeideto eninedo

To Evxhetdeto Eninedo toutileton ue to R? xou n yeouetplo npoxintet amhd and Ty Sou Tou
R?, tou onolov ot WiéthTeS oTnpilovton oty Sopur tou R. Ta anholotepa oyfuata 61w A.y.
ot evdeleg xan ot xxhot, opilovion and e€lowaoetc. Ot ISLOTNTES TWV oYNUATY AVAYOVTOL GE
WBLoTNTES TV EEI6OOELY XU ETOUEVKRS O BLOTNTES (LOUAT) TWY TEAYUATIXOV opLiumy.

3.2 To R?

H Baoweh Sour tou xapteotoavol ywouévou R2 = {(z,y) : z,y € R} elvor auth tou Ara-
VUOUATLXOD YWEOoL, UE npdlec Ty mpdoleoy (Stavuoudtnv) xot Tov ToAamhaclaous
(Bravbouatog) ue mpayuatixd oprdud:

u = (x,y),@: (xlayl)a u+v= (:E,y)—l—(x',y') = (:E—I—:El,y—i-y,), (3-1)
(3.2)

ut+v

-1 | 1 2
Eyfua 3.1: Ipbdodeon dravuoudtomy, TOMATAACIAOUOS UE TporyUaTixd optiud

3.3 To ecwtepLxd YLVoOUEVO

Anb v alyeBpuch Sour tou R, 10 R? sxhnpovouet xou play dAhny évvola, 10 EcwTEPLXS
YLVOULEVO

<ﬂv 6> = <(£E, y)v (xlv y,)> = za' + yylv (3-3)
TOU OVAYEL TO LETPO SLAVOOUATOS , T0 ETPO Ywviag ot 10 eUPadov mopaAAnio-
Yedrou oe évay xowd napovouastr. To eowtepind yivouevo €yl Tig BLOTNTES:

Yopuetpla = (w,0) = (v,1) , (3.4)

5



6 KE®AANAIO 3. TO R? KAI TO EXQTEPIKO I'NOMENO

: ~|

Arypopuxdtnroe : (X-u+p-u/, o) = X (@, 0) + p- (U, 7) (3.5)
(AT + p v_>:>\ (@, o) +p- (@, 0"y,
Octxd opopévoy (T, a) =2* +y* > 0. (3.6)

Téhog, éyovue uid onuavtixy aviobdtnta yid o Réteo || || tou @

1@ = V(@a) = Va? + 42 (3.7)

Mpétaom 3.3.1 (Anoétnra Cauchy-Schwartz) Vu, Vo € R? wyve

[(@oy | <llw]-l7], (3.8)
émov ) wéTnta 1wy el ToTe kai uévov, étav Ta G, v €lvar ypapuikd ekaptnuéva, onA. vrdpyovy
A, 1, dxt kat ta 6vo 0, étor kdote \u + pv = 0.

H aviodtnro ot amodetxvieton auéons avontiooovtas 10 (T + AT, T+ A - T) w< npog
A A2 (,0) — 22X\ (W, D) + (W, u) > 0. Tid vou toyler autd yid x3de h, Yo npémet 1 Stoxpivouoa
TOL TPLWYVUOU, WS TEOg A, var elvar un-Oetixr, mou tooduvauel ue to {ntoduevo. Av éva ex
v u, w undevileton t61e 1) LlodTNTaL Loy el oty wopr| 0=0. Av xavéva toug dev undevileton

xaw oyler N wotnta, tote Va éyoue (4,0) = x || @ || - || T ||, and v onola mpoxintet
6t W+ AT, u+ A1) = (|| £\||v ||)2 Avth, nabpvoviac A = F || @ || / || T || Siver
(@+X-7,u+ X -7) =0 nov onualvel 611 T = —AD.

Mpétaom 3.3.2 Vu, Vo € R? wylea n anodrnra
le+ol<lul+[v]. (3.9)
H wétnta wyver tote akpiPog otav ta w, U elvar ypapkd ekaptnuéva.

Auth) arodetxvietar auéons, LPHVOVTIS 6TO TETPAYWYVO TNV || T+ T || xar yenotuonotdvTog
Vv nponyoluevy. To Yéua e todtntac avdyetor x1” auTtod 6TO AVTIOTOLYO TNE TEONYOLUEVNS
TpdTAONS, LPWVOVTAS AL OTO TETPAYWVO.

Mpétaom 3.3.3 Vu, Vo € R? wylea n anodrnra

el =Mvll <lw-2]. (3.10)
H wdtnta wyvel tote akpifog otav ta w, U elvar to éva Jetiké mtoAdanddoio tov dAdov.
Xpnowwonotdvtag Ty tponyoluevn xat yedgovias || T ||=|z -7+ 0 ||[<||z -7 | + || 7|,

7 — — — — 7 ’ ’ — ’ — —
éyoue [T || — |7 ||<||T@—7 | . Avdhoya, Eexvdvtac and 1o T nadpvoue my || T || — || @ ||
<||w—7 | . Luvdudlovtac Tic Yo maipvouue to {nrobuevo.

3.4 Twvieg
Ané v 3.8 éneton 6t Y& w #£ 0,0 # 0, woyler

(@, )

HRE

1< A=



3.5. OPOOI'2NIOI IIINAKEY, 7

"Apo undpyet pla axptBoc ywvia ¥ € [0, 7] : ouv(d) = A. Tnv ¢ ovoudlouvue pétpo ywviog
(oUvtoua, Yovio) UETHE) TV dlavuoudtwy @, T xou Ypdpouue ¥ = Z(w,T). Anb tov 8o tov
optoud hotndy, €yovue 6Tt
_ (u, v) _ o _

ouvv(£(u,v)) = (EAREA & (wo)y=|ul|-||v]-ov(L(w,v)). (3.11)
Abo ywviee Z(w,v), Z(@',7"), do 1ic Yewpolue toeg tdte xou wdvov €dv éyouy loar cuvnui-
Tova (BéBata, olUPOVEL UE TOUS OploUOUS LS ETLTPETOVUE UOVO YWVIEC TOU TO UETPO TOUG
neptéyetan oto ddotnua [0,1]. Apydtepa Yo Stevphvovue tov apytxd awtdy optouo.). Eni-
ong Yo Tig YewpolUE TUEATANEWATLXES, edv £youy avtileta cuvnuitova, Wwodlvaua: To
&potoud toug elvor . To U Méyetor povaldiato étav || T ||= 22 + y? = 1. Téhog, o
Stavhoparta Yo AMéyoviar x&deta, dtav 1 ywvia Toug elvon 7/2, ue dhho Aoyta, dtav oy et

(w,v) = 0. (3.12)

3.5 Opdoywviol nivaxeg

Me 10 eowtepnd yivouevo eivon otevd cuvdedeuévol ot opdoywviol nivaxes. Koat’ apynv
7 7 4 a b 4 /4 z
Yo ypnowonoobue to B0 cvuPoro A = o ) Y vo mopaoTicoupe Tov mivoncd xou

TAVTOY POV TOV UETACYNUATIOUS oL opileL:

!/
AR S, w=au (%)= (% 0) (%)= (@),
y c d Y cr +dy

Me I = é (1) ovuPBohiovue tov uwovadiaio mivaxa. Oo yenowwonoolue eniong Tov
, 0 _]_ , ]. 0 ’ 7 4 I
nivoxor J = _— xS xat Tov R = 0 -1/ O mp®TO¢ TUPLETE TNV GTEOPY XATA

1/2 mepl ™y apyfv oV a€bvey xo o dedTepog TNV AvaxAaoY wc tpog Tov z-dova. Me

a c
AT =

b d
optfovod tou. Auéong Brénoue dTL Loylel:

ouuPorilovue Tov avdotpopo tou nivaxo A xa ue det(A) = ad — be Ty

(Au,v) = (u, ATv) ,vu, VoeR? (3.13)
‘Evoc nivaxac héyetar oploydviog dtay toylet
AAT = ATA=1T. (3.14)

Exteh@vtac toug mohhanhaotacuoic Ue ta otolyeiar Tou nivaxa A, BAénoue 6t 1 mponYoU-
4 /7
uevn elvar 10odOvoun ue Ty

a b ac_a2+b2 ac+bd\ (1 O
c d b d) \Nac+bd 2+d*) \0 1)°

Tobto woduvauel ue 1o OtL ol ypouuéc tou mivaxa elvor Staviouoto wovadtata xot TauTo-
xeova xdieto uetadh toug. Ot ddtnteg autés Uog entteénouy va teptypd)ovue TAHpwS Toug
opYoymvioug mivaxes. HMpdyuatt, ac Yewpriooue to dtdvuoua tne np®dtne Yeauuic @ = (a, b).
Auté Ya opiler éva onueio tou uwovadiaiov xOxhou (a,b) = (cuv(¢),nu(e)), ¢ € [0,2x).
Efvor mpogavéc 61t yid to Stdvuoua tng debtepng Yeouung dev uévouy mapd 800 Suvatdtnteg
(e,d) = £(—nu(e), ouv(d)) = £Ju. Svunepaivoue Aotndy:
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Ju=np(@) )

i u=(auv(9) , nu(®))

-Ju=(nu(e) , —ouv(9))

Eyfua 3.2: O ypouuée oploydviou mivoxa

Ipétaon 3.5.1 Id kdde opfoydvo nivaxa A, vrdpyer yovia ¢ € [0,27), éror dote 0 A
va éyer TNy popen

_(owd) ) o g (o) mu(é)
A_<_7]H(¢) 0UV(¢)> e popery A <Y]p(¢) —ouv(gb))'

Yy npdTn nepintwon det(A) = 1 evd) otnr devrepn det(A) = —1.

IIpétaon 3.5.2 O opBoydrior tivakes dratnpoly to eowtepikd yvduevo (Au, Av) = (, D) .
Yurvends owatnpoly ta unkn dwavvoudtwy kar Ty petall tovg ywria.

Hpdryuart, xatd v 3.13 (Au, Av) = <ﬂ, ATAE> = (u,v). To vndlotna elvor cLUVETELD TWV
OpLOUMV.

3.6 Xtpogeg
Au= (L ouv(e) + vNu(®), = KNU(®) + v ouv(e)

u=(y,v)

T T T T T

1 2 3

Eyfuo 3.3: tpogn, det(A) =1
O uetaoynuatiouds Tou Taplotd évag optoywviog mivaxag A, Spa ue SapopeTind Tpod-
1o mévw ota dtaviouata, avdroyo ue v det(A) = £1. Edv det(A) = 1, tétc 0 A =
( ouv($)  mu(4)
—nu(¢)  ovv(4)

LOTIOLOVTOS AMAES TOLYWVOUETPIXES TAUTOTNTEC:

u =r(ouvv(f),nu(d)), & Au=r(cuv(d— ¢),nu(@— ¢)). (3.15)

) X0l YPAPOVTAS TO TUY OV SLdvuoud 6E TOAXT UopgT| , BAémoue, yenot-

Tolto onuatvel 61t 0 A otpéget To Tuydy Sdvuoua T mept To 0 xatd v Ywvio -¢, yoplc va
uetaBdhhet 1o Uétpo tou. I'id T00T0, opdoydvioug nivaxes ue opillovoa 1, Toug ovoudlovue
OTPOYES.
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3.7 AvoaxldaoceLg

w=JJu

u=(ouv(9/2) , nu(e/2))

Av

Eyfuo 3.4: Avdxhaon (1 xatontploude), det(A) = —1

ow(d)  Mu(9)
nu(¢) —GUV(¢)> o dormt-

OTOVOUE EUXONA (Y ENOULOTOLDYTOS TEAL ATAES TELYWVOUETPLXES TAVTOTNTES), OTL TO dLdvuoua
Ty = (ouv(/2),nu(¢/2)), mapouéver otodepd: ATy = Uy Kat” avdyxny, eneidr o A Swatn-
pel 10 ecwTEPIXd YIVOUEVO, dpa xal T YwVieg, To oploydvio 6° autd uovadialo Siévuoud:
w = (—nu(e/2),0uv(¢/2)), Va wxavonoel AW = —w. (Aoxnon: Tl oy Aw = w;)
Youvenwe o A, ¢’ authy TV Tep(nTwon oTéAvel To TuYOV BLdvVuoUd T = TUy + YW, 0TO
AT = TUgy — YW, katomTpiks ToL T we Teog Ty eudela Tou opilet To didvuoua us. 'd TodTo,
opYoyovioug mivaxeg ue opilovoa -1, Toug 0voudlovUE AVAXAACELG N XATOTTELOULOVG.

Edv det(A) = —1, téte o nivaxog €yet ty woppR A = (

3.8 Ilpofohx

V=(X,y)

Eyfua 3.5: Ilpofoly| dtaviouatog oe eudeia

Extoc an” autoldc Toug UETaoy NUATIon00S, TO ECOTEPLXO YLVOUEVO ELGAYEL XOL TNV TEO-
BoA¥ oe wid evdeia tou opiletonr and évo uovadiaio didvuouoa W = (a,b). Mpdyuatt, and to
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aa ba

ab bb) ToL E€YEL TNV WLOTNHTAL

dtdvuoua autd opiletar o mivaxag A = <

U= (z,y) = Av= (w,v)w =|| 7| ouv(¢)w.

‘Omov ¢ 1 yovia v 7,w. Puowxd to opdoydvio Jw = (—b,a) Tov W, tpofdiieton oto 0.
Av 10 didvuoua U # 0, té1e opileton 10 movadiato &, = u/ || @ ||. Tié éva tuydy dhho
didvuoua v, to
Ty = (U, 8y) € =|| 7 || ouv(£L(@,))ey, (3.16)

Aéyeton mpoPBOAn Tou U 610 U xou efvon Eval ToAATAdGo Tov U. And TOV 0ploUb TO, EYOUE
auéowe 6tL 1 Stapopd d = U — T, Yo txavorotet:

=", +d= (d,u) =0= (0,0) = (Uy, V) + (d,d) . (3.17)
poxintel auéows 6T
(9,d) = (d,d) = (5,7) — (0w, Tu) = (7,7) nu*(¥), (3.18)

6mov ¥ = Z(, ). To B> = d ovoudloue opYoyHYLA GUILGTMOGA TOU T WS TPOS T.

3.9 Epﬁaﬁév

Ju

Eyfua 3.6: Topakinhdypouuo d0o Slavuoudtewy, o Uetaoynuatiouds J
Av P(u,v) 1o ropodlnhéypouuo v @ = (z,y), v = (2',y'), téte opilovue 10 euPadov
e(P(w,v)) tou TopalAnAoypduuou:

det <$ x:) ‘ (3.19)

Yuyvd v tehevtala optlovea suuBoriloue ue det(w, D).

Ipétaon 3.9.1 INd kdle npaypatixd apriué t € R ka1 9 = £(w,v), wyle:
e(P(w,v + tu) = e(P(4,7)) = e(P(@,5,)) = @ [[[| 7 || nu(9). (3.20)

ToUto onuatver 6t 6Aa ta tapaddnddypaupa tov opilovar yid Tis Sidgopeg TiéS tou t éyovr

o 1010 €ufaddv, oo pe to eufaddv tov opoywviov tapaddnloypdupov (dtav § = 1/2) e
Ty (61a Pdon e To apy1ko.
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O
v+tut+u

Eyfua 3.7 EuPoadov maparnioypduuon, tapalknhoypauua (owv euBadoy
[Mpdryuatt, Baowad Wiotnta e optlovoag eivon 6Tl UTopolUE Vo TPocEGOUE GTNY TEWTN
othAn éva todAhamAdoto tne dedtepng oThANS ywplc vo uetoAndel 1 tun tne: det(T+10,7) =
det(w,v). Ta vndroina ouvdyovion Ue anhéc TpdEeLC.

H optlovoa xat 10 €0wTERIXd YIVOUEVO GUVBEOVTAL UE TOV UETACYNUATIOUO

J R =R J(z,y) = (—y,z).
Etvon npogavée 6t

z-y —a -y =det(u,v) = (Ju,v), Kaddec xou 6t (w, Ju) = 0. (3.21)

ITPOBAHMATA 3.9
IMpbPBAnua 3.9.1 Aeibe tpru =0 < u ||=0.

IMpoPAnua 3.9.2 Yuvumdnipwoe g Aentopépeles oxetikd pe tnr 1w0otnta, oTny mpoTacn
3.3.3.

IMpbBAnua 3.9.3 Acile enaywyind én || @ + ... + 3, || < || @1 || +...4 || @ || -
IMpbPBAnue 3.9.4 Aeibe tpru =0 < w ||=0.

IIpboBAnua 3.9.5 Aeiée on évag nivakag mov ikavoroiel Ty oyéon 3.14, éyear avtduata
/7 Z, Z Z Z /7 4 Z. 4 4 Z.
optlovoa £1. Aeite axdun 6t to ywipevo opoywriowr mvdkwy elvar tdAr opoydriog tivarxag

Kkat 6t To ywduevo otpopr A(p), Alg’) elvar otpogri A(p+¢’). Me A(p) evvoolue €bd) Tov

nue  ouve

V4 /. 7
avdxdaongs eivar avdkiaon.

nivaka A(p) = (ouvqﬁ —npqﬁ) . Aetée avdloya 6n to ywipevo nds otpoens kar ds

I3 7 7 — —\ _ 1 — — 2 — — 2 ’ 7
IMpbBAnue 3.9.6 Acite ty raveémnea (@,0) = 7([| w40 ||” = || w -7 ||7). Zuurépave 6u
évag mivaxag mov datnpel o pétpo davvoudtwr, datnpel Kar To €0WTEPLKG VIVOUEVO Kal
etvar opPoydviog.

MpéBAnpa 3.9.7 Bpeg dlous toug oploydnous tivakes A mov ikavorowoty det(A) = 1 ka1 A? =
I. Acte 6nt kdde opoydwios nivarxas avdxkdaons (det(A) = —1), wkavororel A2 = I. Tlepi-
Ypae To YEWUETPIKG TEPIEYOUEVO TV TPONYOUHEVWY TXETEWY.
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IIpb6BAnua 3.9.8 IpdBAnua 3.9.9 Ae€ile ént av to 0idvvoua U elvar kddeto oto T Kkai
éxetl o 1010 pétpo, tote v = £Ju.

IMpbBAnua 3.9.10 Aciée v || @ ||=|| Ju || . Evurépave: |det(w,v)| <||w || - || v | . IIdre

wyve n wotnta;

IMpboBAnua 3.9.11 Aeiée ont edv ta daviopata w, v, elvar kddeta, téte T0 €pfadov tov
rapaAAndoypdupov touvs (opfoydivio) 10odtar pe to ywiduevo twv uétpov ||w ||| v || .



Kscpdt)\ou.o 4

MeTpLxeg EvvoLeg

4.1 Andctaom, wixog, Ywvia
Anébotaon d(w,v) 8o onueiny u, T Myeton o aprdude

d(u,v)=||lu—7v] . (4.1)
R? wyvowr n anodrnreg
)- (4.2)
). (4.3)

Mpdryuatt ot WdTnTeg autés UeTapdlovTal 6TIC avTioToLES AVIGHTNTES TOU TEOTYOUUEVOL
xepohatou:

gl
m

Ipétaon 4.1.1 (Tpywriki avicétnta) Va, VT,

\4
dw,v) < d(u,w) + d(w,

<

S

d(w,v) > |d(w,w) — d(w,

le-vl<luv—-wl|+[w-7|

pqed
le—v > |lle-w|-[lw-o]]

xa dev elva GAAEC amd TG YVWOTES WBLOTNTES TWV UNXMV TGV TAEURKY TELYWMVOU UE XOPLYES
oW, v, w : Kdde mhevpd tprywdvou elvon uixpdtepn and to dipoloua twyv 800 dhAwy xot
ueyohlTERN amd TNV SLaopd Toug.

Ocwpolue 6Tt éva Tplywvo opileton and Ti¢ x0pLYES Tou, dnhadt| tpla onueia: o, v, w.
Mprxog utdc nhevpde, m.y. e uv optlovue ty andotaon d(w,v) =|| T —7 ||. Luyvd yio to
ufxoc Yo ypnoluonotodue xou 1o oOuporo |uv| = d(w,v). Tewvia o ud xopuet, .. v
optlovue v ¥ = L(u — U, W — ).

Ipétaon 4.1.2 (Ivfaydpeo Ocipnua) Aodévtwr tpdv onueiwr a, b, mov aynuacilovr
tpiywro oployirio 0to b, to TeTpdywro Tov unkovs Tng LTOTELYOVOMG ONA. TAeUpds évavt
s opng yowviag, 1woltar pe to dipowoua twv TETpaydvwr twy uUnkdv twv 6vo dAAwy
TA€UPQY.
TTpdryuortt, oUWV UE TOUC 0ptouole uac, 0pd ywvia oto b onuaiver 6t (@ — b, ¢ — by =
0. Auty, obugova ue T (3.4-3.6), cuvendyeton auéons:
(@-c,a-¢)=(a—b+b—c,a—b+b—cy=(a—b,a—by+(b—¢,b—¢c) ,
nou onuaiver axpiBés to {nroduevo |a—¢||> = a—b ||2 +||b—¢ ||2

13
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Eyfua 4.1: Telywvo tpidv onuelwy, Oedpnuo Iuvdaydpa
IMpétaon 4.1.3 (Ocdpnua cvrnurévov) Aodévror tpidr onuetor @,b, e wyler:
— 112 — 72 _ T - T
la—e|” = lla=bl"+le-bl"-2-(@a-b,c-b)
— T2 -2 I -
= lla=b[ +lle=b| —2-ow(@)-|a—bl-|c-bl,
érov ¥ = /(@ — b, ¢ — b).

H npdtaot, nou eivar yevixeuorn tou dewpriuatog tou Hudaydpa, anodetxvicton auéons yen-
’ I3 ’, 7 ’, — — 112

OLUOTOLOVTAS TIC LBLOTNTES TOU ECWTEPXOU YWVOUEVOU xat avantiooovtac to ||a—¢ || =

(@a—c,a—c)y=(a—b+b—¢,a—b+b—7).

4.2 'Ouora tplywva

IIpotaom 4.2.1 Avo tplywra éyovta T mAeypég tovg (oes piav mpog piav éxovv kai Tig
ywvies tous (oes piav mpog piav.

HMpdryuatt, av o, B, Y ovuBoiilouv Tic Ywvies xat a,b, ¢ ta unixn Twv anévavtt TAEUpGOY Tou
TplyGdVOL avtioTtolya, téTE xotd Ty (4.1.3), V& éyoue ouv(a) = (b2 + ¢ — a?)/(2bc) =
(b2 + % —a'?) /(20 ') = ouv(). Ko avdhoya yid tic dhheg ywvieg.

b+c-a

a b
Syfuo 4.2: TTopadAnhoypouuo, Gpoloud YwVLOY TELY VO
Tevixdtepa, 800évtwy 1€00dpwy onueiwy @, b, d, ¢, Mue 6Tt autd elvar x0puYEC TaEOAAN-
Aoyedgrpou (1) optlovy Tapahhnhdéypouo), 6tav 1 Blaupopd 300 €€ autwy woldton (extds
TpOCHUOL) UE TNV Slapopd Twv 8%0 dAwV Ty. 6t0 @ —b=d —¢. Avtéuata tétE éyouue
avdhoyn oyéon xot Yid T IAAeS Sapopéc: @ —d = b—¢. H enduevr npdrtaon eivar cuvénela
WY OPLIEUOV.

ITpotaom 4.2.2 Ye kde tapadAnddypapiio, 600 61a00x1kéS ywvies elval TapartAnpwpatikés
kar 6vo arévavtl ywvie elvar loes. Emiong, ta 6Uo tpiywra mouv oxnuatilovtar ané pia

draydrio maparAnloypdupov éxovr 0e€s TAUPES Kkat (oe§ ywvieg.

IMpotaom 4.2.3 Ye kdle tptywro ABI, to dUpoioua twv ywvidr tou elvar 2 oplUés.
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Mpdyuatt, v oL xopueéc Tou TELYVoL elivor @, b, ¢, t61e 10 d = b+ € — @ cuunhnEdVEL T0
Tplywvo ot éval TopahANAGY Pl xa xaTd TNV TponyoLuevn npétacn o+ (=p)+y = 2r.

Ipéraon 4.2.4 (Ocdpnua napaddnroypdupov ) To dipowna twv tetpaydvomy twy TAeupdy
rapaldnloypdupov wovtar pe to dipoioua Twy TETPaydvwy twy diaywvior tou.

Mpdyuatt, av oL xopupéc tou mapolnhoypduuou opilovior and to onuela @,b, ¢, d, 1éte
Aoy moapaddnhiog Yo oybetb—a =¢—d , ¢ — b= d —a. Egopudloue howndv 1o Yedpnua
ouyNULTOVOL 0TS 800 Slarywvioug ot TPOCUETOVUE TIC LOOTNTES XUTA UEAT,

_ — _ 72 - _ 2 _ o _ T
le—al=lle=b|"+lb-a| —2-(c—b,a—b),

a3 =ld-e|+e-F|" -2 (d-2,b-7).
Ta eowtepixd yivoueva €youy avtideto tpdonua xat thANAoavorpolvTal XaTd Ty Tpdciea,
€€’ ou xou 1o {nroduevoy. Ltny enduevn mapdypapo Yo delfouvue xat To avtioTpoo.
To euPadov tou tapalinioypduuou P(a,b,d,e),to opilouue va eivon ico pe e(P(b —
a,¢—a)). Ipogavae n npdtaon 3.9.1 wydet xan Yid& To YEVIXDTEP AUTE TONDYWVAL.

MMpétaon 4.2.5 (Ocipnua nuwéver ) Xe kdde tpiywvo jie kopupés @, b, ¢, e yovies otg
Kopuég avtiotowa a, B, y, wyvle
lz=b) _la-z) _lb-al _, w
N (@) nu(h) ()
Apydtepa Da dolpe 6t to A 1woltar pe tny dudpetpo 2R tou mepryeypappuévov klkdov tov
TPLYOVOU.

ate-b b+c-a

atb-c

Eyfua 4.3: Oedpnuo NULITOVOY TpLYOVOU
Mpdryuartt, Yewpolue ta dtaviouatad = b+¢—a, e = c+a—b, f = a+b—¢, o onota , pali
UE TIC XOPLYES TOU TPLYWVOL, GLUTANEWVOLY Teia Topahhnhdypauue. To tapahknhoypouua
auTd €youv, avd 3o, xowt| Bdorn xou epapudleton 1 tpdTaoy 3.9.1 ¢

lo—allle=bllnuB) =llc-bllla—zclnu() =lla—zlllb-all nu(a)

H andderln npoxdntel Stonpdvtag xotd U xdie ulor and Tic TpelC auTéS LoOTNTES.

‘Aueon ovvénela ebvan 1 €€t A unodéooue ot 80o tplywva ABI xar ABT” ue udxn
TAEVPOY T, Y, z xou 'y, 2" avtioTtoya, éyouy loec yovies a=d, B=f" xor Y=Y, té1e and TNV
nponyouuévn npdTaoT, oL avtioTotyeg mhevpéc Toug Vo elvon avdhoyeg: o7 = 5 == %
Avtiotpoga, av €youv avdhoyes mhevpés, t6te epapudlovtag v (4.1.3) PAénoue 6T éyouy
foec yovieg avtioToryo anévaytt TV aVahOY®Y TAELEMY.
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Ilpotaom 4.2.6 Avo tplywra pe ywvie loes plav mpog piav, éyovr avtiotoyes TA€UpES
avdloyes. Avtiotpopa, av 6o tplywra éxovr avtiotoyeS TAcUpéS avdloyes, tote anévavt
avaloywy mA€upar kelvtal loe§ ywrieS. XTS TEPITTHOOES avté§ Aépe ot ta tplywrva elval
ouoLa.

IMpotaom 4.2.7 Ye kdle tpiywvo anévavt peyalitepns mAevpds keltal peyadvtepn ywvia
kal avtiotpoga, atévavtt peyalitepns yoviag keltar e yadvtepn mAevpd.

[Mpdryuartt, ac unodéooue ott 1o tpiywvo ABT éyel unxn mhevp®v z,y, 2 xon anévavtt ywvieg
avtiotoya a, B, v. Edv z > y, 161€ 10 ouunépacua cuvdyetal and Ty nu?a) = nu?éﬁ)' (4.2.5)
Avdhoya oxeptouacte Y& yovies o > . ‘Aucon Aoy cUVERELXL TNS TPOTYOUUEVNS Elval

xan:

ITpotaom 4.2.8 Eva tplywro elvar 1000keAéS ToTe kar pévov tote, otav ot faoikés ywvie§
0V €lval o€g.

ITPOBAHMATA 4.2

IMpoPAnua 4.2.1 Aeiée 6nt o evlvypaupo tunua petald 6vo onuelwy elvar ouvrTopudTepo
arné kdte tellaopérn petald twv 16iwr onuelwr. 26 unkos tng tekaouévng ewpolue to
dOpowopa twv unkdv twv evlvypdupwy tunudtwy Tov TNy aroteloly.

IIpoBAnua 4.2.2 Egapudélovtag to Jecdpnua ovvnutérov o€ ud ané tig kddeteg mAeypég
€vos optoywriov tprydvou, detée 6Tt to ovvnuitovo mds ywviag opfoywviov tprydvou, Owa-
popeTikng ard tny opdh), woltar pe tov A6yo ToU UNKOUS TNS TPOTKeEIévng TAEUpdS Tng
ywviag npog tny vrotelvovoav. Xuvunépave ott o1 un-opUés ywvies tov tprywrov elvar ofeles
kat éyovv nuitovo (00 L€ Tov AdYo TS amévavtl TAeupdS mpog THY UnoTelvovoay.

IIpboBAnua 4.2.3 Aeiée to avtiotpopo tov Jewprjpatog tov ITvdaydpa. Aniadn, edv oto

tpiywro abe wyvde |a—¢||* =] a—b H2 +||b—¢c ||2, tdte n yovia ato b efvar opdhj.

IMpbPAnua 4.2.4 Acite 6n av ta davdopata @, U éyovr to (o0 puétpo || @ ||=[| v ||= h,
téte Ta Hravvopata U+, w — U elvar kddeta.

IMpbBAnua 4.2.5 Acite, ypnoponoidvas povadiaia draviopata kar tny (3.9.9), éu av 6o
yovies éyovr kdlete§ TAeUpéS, ToTe elvar loeg 1) TapamAnpouatikés.

Mp6BAnua 4.2.6 A1é o tpiywro i€ Kopupés @, b, €, kataokevd{ojie to Tptywvo jue Kopupés
d=b+c—a,e=c+a—b, f=a+b—zc,. Actte 6u o tptywro je kopupés ta d,e, f,
éxel TS 101€¢ YwVieS e To apyx1ko kal TAeupés dimdaoiov unkovs. Aeiée eniong ot ta téooepa
plywra Tov oxynuatilovtal ané TS KOPUPES TOU Kal TI§ KOPUPES ToU apyLkol TpLydvou éyovy
l0€C ywvies kal l0€§ TAEUPES.

IpoBAnua 4.2.7 Aeiée 6t o€ kdle tptywvo ABI, n ekwtepikn ywvia wodtarl pe to dipor-
opa twv 6Vo dAwr yovidy. Yuvunépave on n e€wtepikn ywria elvar peyalitepn ekdotng
TV €VTOS KAl anévavtl avtnis Ywvidy.

IMpboBAnua 4.2.8 Eva mapaAAnddypaupo Aéyetar poPog dtav dAes o1 mAeupés tov elvai
ioeg. Ae€ibe ot o€ kdUe pouPo o1 drayaiviol elvar kdletor.
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IIpboBAnua 4.2.9 Aeile on1 av 6¥o tpiywra éxovy dU0 mAeupés avtiotoya ioe€S kar Ti§ me-
PlEXOUEVES YwrieS avTioTotya (€S, TOTE Exouy (0€C ywrieS kal (o€ TA€UPES avTioTorya.

IMpoPAnua 4.2.10 Aeiée 6nr av 600 tptywra éxovv dVo ywries avtiotoya (e kal TS Te-
PLEXOLEVES TAEUPES avTioTolya (oeg, TOTe xovy l0eS ywries kat loeS TAUpES avTioTola.

Enuetdvovue 6t n npdtaon (4.2.1) xou ot aoxfoeic (4.2.9), (4.2.10) vrnoBdrouy tny évvola
™ wdHTNTC 300 TPLYOVODY. ATO TNV LOOTNTA TELWY GTOLYEDY TOU TPLYMVOU GUUTERAUVOUE
TNV 16OTNTA TWV YOVIOV X0l TV TAEUPKOY Tou aviioTtolyo. 01600 YId L6OTNTA TPLYOVEWY
Ao YEVIXDTEPAL VLA LGOTNTA OYNUATWY Vo ULAACOLUE JpYOTERX, UETA TNV UEAETH 0pLOUEVWY
uetaoynuatioudy tou R2. Toapbuotar tpdtaot 4.2.6 utofBdher Ty évvola Tng ouotétnTac 300
TplYOVLY Ue {oeg Ywviee. Kot vt authy ume o WARoouUE UET Tal TEp! UETATY NUATIOUMY.
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Kscpdt)\ou.o 5%

Euvdela

5.1 E&lowor sudelog

Yo R? 1 evdela oplletanr we 10 alvoro 1oV onuelov T = (z,y) mov Thnpoly uid ekicwon
™S Lopgrc:

ar + By +v=0, o + 2 #0. (5.1)
Hpogavac, 1 tpdda apriuny (of, B,4") opilel v (o ue tny mponyoluevn eudelo, téTE xou
uovov, 6T

(alaﬁlafyl) =A- (CY,B,’)’), A 7é 0. (52)

5.2 Ybotnua 800 evdeltv

Aodfone ulac axdun evdelac o'z + 'y ++' = 0, ta xowd onueio twv dvo evdedy Yo
IXOVOTOLOUY Xol TIS 30 eELOOELS TaLTOYpOVWS. Oa elvat hottdy MIGES TOU CUGTAATOG:

ar + By +v =0,
dz+py++" =0. (5:3)

And v otoryelwdn Yewplo YpauUIX®Y cLOTNUATLY, YVoeilovue 6Tl 10 cloTnua auTd EYEL
ula axpBoe Ao (ot eudeleg téuvovtan), téte xou ubvov, dtav 1 opilovoa

det <2‘, g,) £ 0. (5.4)

Eve avtideta, dev éyet xauulio Ao dtayv ot evdeieg eivon Stapopetinéc xou 1 opilovoa urn-
deviletan, mou onuaiver 61t o = e, B/ = AB, A # 0. Téte Sronpdvtac v debtepn Ue 10 A,
Brémovue 6T Loy LeL:

Ipétaon 5.2.1 Ao dapopetikés evdeleg € kar € elvar napdAANAeg (dev Tépuvovtar) tote
axpiPas étav pmopolv va ypagolv
az + By +v =0, (5.5)
ar+ Py +v' =0, v #v". '
Youunepaivoue auUéows ToL ETOUEVAL:

IMpotaom 5.2.2 Avo dagopetiés evdeleg € kat €
tapdAAnAes (dev téuvovrar).

s / 4 4 g 4 /.
1 éxovr éva akpifag ko anpieio 1 elvar

19
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Ilpétaon 5.2.3 (Aéiwpa mapaddijdlewv) Aodhjons evlelag € ka1 onueiov A(xo,yo) €Kktog
avtns, vrdpyel pia akpipas tapdAAndog € tng €, oid tov A.

Hpdryuart, ac Yewprooue b1t ot € xan € Eyouv v wopey (5.5) ue dedouéva ta o, B, v xou
dyvewoto 1o ¥, mou xadopilet axpiBng ™y nopdhinio. Euploxoue v ula xor uovadixh tium
T0U Y/, avTixohoTdVTaC TiC cUVTETAYUEVES Tou A oty elowon: 7 = —azy — SYo.

Ilpétaom 5.2.4 Edv eviela n tépver evieia € oe éva akpipis onueio A, téte Ja téurvea kar

kdUe mapdAinlo € tng €.

n=(a, p)

Syfua 5.1: Topddinies evdeiee, onuacio twv o, B

5.3 Kddetn xatedduvor

Katd my (5.5), ot evdeiec ax + By +v =0 (y #0), az+ By = 0, elvon napdhhnhec. H
devtepn eZlowomn duwe Qavepdver TNy onuacio twv cuvteleotdv a, B: To onuela @ = (z,y)
authc e eudelac opilouv Stavdouata xddeta oto otaepd ddvuoua 1 = (a, ). Metald
oty ebtvar xou to J7 (3.21), 1o onolo unopet va Yewpniet 61t optlet Ty xoLvA xatedduvon
TV napolhihwy evdelmy. To Stdvuoua i eivon éva xddeto npog TNy xatediuvor Twy evdelwy
. Tolto yevixebeton agarpdvioag xatd uékn T e&lomaoetg Yid 8o onueia g Slog eudelog:
az+Py+v=0, az’' + By +v = 0. Bhénovue auéowe 61t t0 didvucua e dtapopdc Toug
IXOVOTIOLEL:

t—u=@z-2,y-y), n=(xp), (W—-u,n)=0. (5.6)

‘Aueon ouvénela auTAC elval 1) THEUUAETELXN TopdoTaoy g cudeiog mou delyvel xar Tnv
oTEVY) OYEOT TN UE TOUS TPy UATIXoUS aptduoic.

Ipétaon 5.3.1 Aotjong evieias €: ax + Py +v = 0, kar onueiov ty = (29, yo) avtis, to
onueio @ = (x,y) mepiéyetar otnr evlela av ka1 pévov av (ty — u,n) = 0, érov 7 = (o, B).
Tovto onuaiver du ta onueia ng evielag € ovunintovr pe o ovvodo {ug +t-Jn:t € R}.

Ané v npéract auth BAérovue 6Tt yid dbo onueia Ty = (Zo,Yo) , U1 = (£1,y1), T0 6UVOLO
TV onueiwy
g(t):ﬂo—’—t'(ﬂl—ﬂg):(1—t)'ﬂo+t'ﬂ1, teR, (57)

ovuninter e 0 oOvoho TV onueinv e evdeloc ar + Py +v = 0, émov @ = (o, B) =
J(@ —wp) xou vy = —axg — Pyo. Hpogavde de 1 eudela avth neptéyet 1 Ty = §(0) xon
u; =g(1). Autd amodewxviel Ty OmoeEr e evdeiog mou Siépyeton and dbo onueio xou N
(5.2.2) oLUTANEGYEL TO UOVOGHUOVTO GTNY EXOUEVY TpdTaoT], ToL XU’ ouTh anotehel o&iwuo
oty ouvietxy uédodo:
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IIpbtaom 5.3.2 Aolévtwr dlo dapopetikdv onuelwr A(z',y') kar B(z",y"), vrdpye pla
axpiPas evlela mov ta mepiéyel.

"Evoc dhhog tpdroc va dobue v ouyypauuxdtnta elvor o €€c: Ta dodévta onuela (2, 1),
(2", y") xodde xan 1o tpéyov onuelov (z,y) ent e {ntovuévne evdeloc (dyvwota ta o, B,
¥) Yo txavonotoly Tawtdypova Tic EELHOOELS:

ar + By +v =0,
az’ + By +v =0, (5.8)
az + By" +~v = 0.

Tobto elvon opoyevég chotnua ue Tpelc ayvootoug a, B, . Apada éyel Moo, toTe axplBoe
6tav 1 optlouoa Tou cuothuatog undevileton:

r y 1
det| 2 o 1] =0 ez —y")+yla" —2)+ 2"y —y2")=0. (5.9)
x// y// 1

Trv Onapin e evdelac eZaogaiilovue madpvoviag a = ¢ — ", = 2" — 2, v =

z'y" — y'z" . H nponyoluevy oyéor eivar avoyxaio xou txavd yia vo elvon tplor onueio
(z,y), (z',y), (2", y") cuvevderaxd dnh. va meptéyovion oty B evdelo.  Avadiotdo-
COVTUC TOUS 6p0oLE BAETOVUE OTL UTY YRAPETAUL GTNY UOPPT:

"

(2'y" —y'a") + (2"y — y"z) + (zy —ya') = 0. (5.10)

5.4 Adyocg

Yty nopouetewx tapdotaon tne eudelag G(t) = (1—t)a+tb, yidt = 0,¢ = 1 éyovue o dxpa
Tou evduypduuoy TuRuatos, Y& t = 1/2 éyouvue 10 pEoov, Y& t = 2 éyovue o dimhdoto
t0u @b, xT\.. H ouvdptnon g(t) tomodetel to Ovoho R téve 610 60VOho Twv onueiny TNng €u-
Velog mov oplletan and ta @, b, étor Hote o didotnua [0,1] va amerxovileton oo eudhlypouuo
tufua @b. Tevixdtepa, n ametxdvion eivar téTole, GoTe 10 TuYdY Sdotnua (o] mporyua-
Ty apriuody va anewxovioviar oto evddypoppro TR G(a)g(8) = g(la, f]) C e.
M¥xog tou euduypdupou Tufuatoc @b, Mue v anbotoon d(a@,b) =|| b —a || . ITpoca-
VaToALoEVO Abyo Tou onueiou € = G(t) # b e evdeiog we mpog T @, b, héue Tov hdyo
({@—c,b—c)y/(b—¢b—¢)=t/(t—1),t #1.

Ipétaon 5.4.1 I'd kdle apiiud k # 1, vrdpyer éva axpifos onueio © = g(t) s evleiag
d1a twy onuelwr a@,b tov omolov o Tpooavatohoévog Adyos ws Tpog ta @, b, elvar k.

Mpdryuatt, To uévo onueio oy eudeio ue Ty 1détnta awth efvor 1o g(t) = (1 —t)a+ tb, ue
t=Fk/(k—1).

IMpotaon 5.4.2 IlapdAAnies petalt napaAdndwy arotéuvovr ioa eviUypappa tunuata.
Hpdryuatt, BAémovue edxoha 6Tt Tor onueia TouRg anoTEAOOV XOPLYES TAPUANNAOYRAUUOU.

Tovia 800 evdetdv azx + py+v =0, o'z + 'y +v' = 0 hue v wxpdtepn tou 1/2 yovia
800 xadétwy toug, btwc ot T = (o, B) xou n' = (o, ). Kdédetec Mue tic evdelec drav



22 KE®PAAAIO 5. ETOEIA

<ﬁ, W> = 0. An6 v nponyoduevy oulhtnon yid tig nopdAinies evdeieg, avtixahotwvtag

0 1 ue 1o Jn, PAénoye 6T yid otadepd o, P xor uetaBAntd v, 1 e€lowon
—Bzx+ay+vy=0,

TUELOTA OLXOYEVELX TUPUAAAALY xoWETwY TPog Ty tponyoluevn az + By + v = 0. Lvune-
patvoue Tic e€Xg TpoTdoELS:

4
Lo =(o, B

—

Eyfua 5.2: T'wvio 8o evdeiwy

IIpotaom 5.4.3 Id otalepd a, B, 6Aeg o1 evlleleg Tng orkoyéveiag napaldniwy ax+Ly+y =
0 (pnetaPAntd y) elvar kdbeteg o€ dleg g evieles tng owkoyéveias —fz + ay + v = 0
(1eTapAnTd y).

IIpotaom 5.4.4 Avo dagopetiés evleles, kdletes o€ pud tpitn elvar peta&d tovg mapdA-
AnAeg.

IIpotaom 5.4.5 Aoong evleiag € kar onueiov A, vrdpyer pia axpipag evieia €, kddetog
¢ € did Tou A.

T T T T T I \ \ \ \
-3 -2 \Yl 1 2 3 4 5

Yyfua 5.3: Andotoor onueiov A and evdela €

5.5 Oewpnua oy

Ané v mponyoluevn npdtacy, e€acparilovue éva onueio Touric B twv € xou ¢”. H andotaoy
d(A, B) elvar n wxp6tepn duvath (IMudaydpeo dedpnuo) LeTold Ohwy WY ATOOTAGEWY
d(A,B'), énou 1o B’ Swatpéyet v € . To B Aéyeton mpoBolf B mddog tng xodétou
ané 10 A oty e. Egopudloviac ty tprywvixh avisétnta oto tpiywvo AB'B” xou tig
Tponyovueves 0o mpotdoels, BAénoue OtL loybouy ol endueves dbo:
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IIpétaon 5.5.1 Eotw B o tédag tng kadérov and to onuelo A(tuy), eni tny evieiav €. Voov
reproootepo anéyel to onueiov B’ tng € and tov néda B, téoo pueyalvtépa elvar n anéotacis
d(A, B).

IIpétaom 5.5.2 Eotwoar €, € dvo napdAAndor evleles. Kaldg to onuelo A kwnjtar enl
NS €, N anéoTact) tov ané tny € dev petaPdAretar aAdd rapapéver oradepd ion pe A. To A
ovopdletal andoTooN TwY 000 TapaAAnAwy.

Eyfuo 5.4: Oewpnua Tou Ouly

Ipétaon 5.5.3 Ocdpnua Oarij (600 n.X.) Eotwoar a, B, y tpels napdAAnies evieles ka
€ tuyovoa téuvovoa avtdr. O Adyog Twy TUNUATWY TNS € TOU amoTéuvovy ol TapdAAnAes
elvar aveEdptnrog tng €.

Fotw 61 @b ,¢" elvon 1o onuela Toufic Tne € ue Tic Teelc eudefec. Ac Vewpfiooue wid
gudela 3, xdeto xou otic tpelc (5.4.3) xon TEUvVoUsH AUTEC OTA G, b,c avtetolyws. Ano 10 @
ag Q€poue TapdAAnlo Tpog TNV €, TéUvouoa TS o, B, Y avtloTtorya ota onueia @, (_)l, . Ané 1o
rapadhnhéyeanya éyovpe || @ || /|8 2" ||=l @b | / | B~ [|=|a-b | /| b-2] .
H tehevtada, Moy tne lodTnTag Tov YOOV Ty Tptyedvey (4.2.6). O teleutaioc Adyoc duwc
elvar avedpTtnTog TNg €.

Trdpyet xou éva eidog avtiotpdpou tou otneiletar oty (5.4.1):

a b

/e f b

c d
€ o

Eyfua 5.5: Avtiotpogo Yewpruatog Tou Oult

)taom 5.5.4 Eotwoar a jo mapd €¢ evlleleg Kkai b, € TUYOUTES TEUVOUOES QUTWDY
Ilp6toon 5.5.4 E , Yy 0U AANA€g vt 0, € TuyoU U vTaY,
ota onueta a,b, ¢, ka1 d avtiotorya. Edv ta onuela e, f elvar enl wwv 6, € avtiotorya kat

, Z —7 =7 ’ 7 z , — 7 7 7
xoptlovr ta tunuata ab, cd, o€ puépn avdloya, tote n evdeia B, d1a twv e, f elvar tapdAAnAog
mpog TS a, Y.

Hpdryuartt, ov Sev ouvsﬁouvs o, TOTE (pépvovTog and To € Tapdhhnho Teog TNV o, Vo TEUvoUE
™V € o€ onuelo T, étou dote 10 8, [ va TEUVOLY Ta TUUaTaL ab,ed oe uspn avdhoyo. Tote
Vo elyoue d0o onueia f, f, mou dtapovv 1o ed otov (3o Aéyo, mou eivar dromo.
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Ilpétaon 5.5.5 (Oedpnua tov Meveddov 100 p.X.) Avaykaia kar ikavi) ovvdhikn yd va
etvar tpia onueta A', B', C', enf wwv mevpdv (i npoextdoewv) BC, CA, AB, avtiotoa,
wov tptycvov ABC' elvar n:
A'B B'C C'A
AC B'A C'B

—1. (5.11)

Eyfua 5.6: Yedpnuo tou Meveldou

Hpdyuartt, éotwoay A", B", C", avtiotowya, ot npoforéc twv A, B, C, enl e evdelag,
2 4 4 B 4 4 7 7 /. 4
e’ g vnodétovue xat” apyfyv ta onuelor A, B, C. Ou dect€ovue o1t woydel 1 avagpepifoa
oyéon. Ilpoc to0to ouyxpivouue to buota opoydvia Tplywva tou dnutovpyolvton (deg

AB _ BB'" B'C _ cCc' C'A _ AA" ‘
npbtoon 4.2.6): Ve = Gory BA = aams o3 = e H oyéon mpoxVTTEL AUEowS
nohhamhaotdlovtog TIC TEES LloOTNTES xatd UEAN xou amhonowwvtas. To aviiotpogo, elvar
L Aoy ouvéneta tou eviéwe. Tpdyuatt, ag unodéoouvue dtL Tplor onuEla Lxavonoloby Tig
ouviixeg g mpdtaone. Acelyvouue 6Tt neptéyovion oe evdeia. Ilpog 100TO Vewpolue v
eudelo Twv dVo npdtwy A'B’ xou delyvouue dtL xan 1o Tpito nsptéxsroa otnv evdeia auTy.
Hpdyuartt, av i evdela auth téuver v AB oto D', téte , xatd 10 TpdTo pspoq NS TEOTIOTS,
A'B B'C D'A A'B B'C C'A
ot Loy et Fe i g =1 ‘Ouwc €&’ unom‘)soswg Loy Vel xat 1) oéon T Ba g = L

Apat, €€L10GOVOVTAC XU ATAOTOLOVTOC: B,g = g,g. ITou onuaiver 61t to D' tawtileton ue to

'

B .~
-

\p~

S
l ’

- A h

Eyua 5.7: Yedpnua tou Ceva

Ilpétaon 5.5.6 (Ocdpnua tov Ceva 1683-1734) Avayxaia kar wkaviy ovvdikn yd tpla
onueta A', B', C', el wov mAevpdv (1 tpoextdocwr) BC, C' A, AB, avtiotoiya, tov tptydvou
ABC , étor dote o evieleg AA', BB', CC', va 6iépyovrar ané kowd onuelo P, elvar n:

A'B B'C C'A
AC B'A CB

~1. (5.12)

Ac Yewprioouue mpdta 61t ot tpeic evdeiec AA', BB, CC', diépyovton and xowd onueio P
xan o detouue v oyéor. Péovovue and ta B, C' napdiinieg npog tnv AP xat opilovue to

’ / 4 4 ’ /’ U "
onueta C", B" (oyfue 5.7). Ané 1o buota tplywve PBC", PCB" éyovue 48 = — 87
4 4 " 4 4 ’ 7 /’
avihoya %ﬁ = 6;31?4 %ol % = —é';c‘f‘,, . Hohhamhaotdlovtag tig oyéoeic xatd Uéln

xal amhonoldvtag makpvouue v {ntovuévn oyéon. To avtiotpogo amodetxvietar mdAL ue
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v Pordeta tou evdéwe. Ilpoc tolto o vnodéowue 6t o tpior onueta A', B, C7, enl
TWY OVTIOTOLY WV TAELEWY TOU TPLYMVOU LXOVOTOLOUY THY OYECT Xl o LTOVECWUE OTL OL
d0o evdelec AA', BB', téuvovta oo P. 'Eotw D' 10 onueio toufic tng PC ue v tpity
mhevpd.  Aelyvouue 6t too D' xaw C' towtilovrton. Ilpdrypart, €€’ unodéoewe Yo 1oy leL
A'B  B'C  C'A _ _ ‘ ' ‘ ‘ A'B  B'C DA _ _

e BA B = 1. Ex xataoxevic tou D' o toydel eniong TC BA DB = 1.

’ , i !
E&iodvovtac xal amhomotdvToc éneton 4Tt DA _ CA -6y onuaiver 61t to onuelo O xou D'
DB — OB { {

’
tawtilovTat.

Eyfua 5.8: Yedpnua tou Desarques

Ilpétaon 5.5.7 (Ocdpnua tov Desarques 1591-1661) Aodévtwy 6o tprydvwr ABC kat
A'B'C’, o1 endueves ovvdijkes elvar 10050vapeg:
1. On evdeleg mov evddvour T avtiotoryes kopvpés AA', BB', CC', siépyovrar and kowd
onueto O.
2. Ta onuela topns avnotoiywr mevpdy C" = ABN A'B', A" = BCn B'C', B" =
CANC'A, repiéyovrar en’ evdelag e.
Avo tplywra mov ikavonowdy pia ané tig tponyolueves ovrdikes Aéyovtar mpoontixd. To
O Aéyetar x€vTpo mEoOTTLXOTNTAS Kat 1) evlela e AEWwY TEOOTTLROTNTAS.

(1=2) Ac urodéoovue 6t o AA', BB', CC" suvipéyouy oto ornueio O. Egapudlouvue 1o
Yedprnua tov Mevehdou ota tpiywve: OAB ue téuvousa v A'B', OBC' ue téuvouso v
B'C', OCA ye téuvouca tnv A'C’; avtiotolywe:

C"A B'B A0 _ AA C'O B'C __ BO A'B C'C _
C'B B'O A'A~ " A0 C'C B'A ° BB A'C CO

, , , , " n "
[Hohhdmhaotdlovtog xatd UEAT TIC l0OTNTES TAlpVOLUE: g,,g . ﬁ,,g . g,,g =1, mou onuaivet

6t A", B”, C" etvon en” eudeioc.

(2=1) Ac vrotéoovue 61t T A", B”, C" elvan en” evdeloc. Téte o tpiywva C"BB' xou
B"CC" elvar mpoontind we npog A", dpa, xatd to nponyoluevo uépoc, ta O, A, A" nepié-
yovtor oty (dtor evdeton.

ITPOBAHMATA 5.5
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IMe6pAnua 5.5.1 Eoto éu f(z,y) = ax+Py+v =0, g(z,y) =d'z+py++ =0, evar
o1 e&iodsoes dvo evdadv €, €, did touv onueiov A. Aetée dn n eflowon Af(z,y) + pg(z,y) =
0, yd petaBaddpeva A, p, napwotd e tg evleles tg diepydueves did tov A (Aéoun
evdeL®Y SLd tov A). Aeie bt 0 yewpetpikds ténos twv onuelov B, twy otolwy o Adyog
Ty anootdoewy ané TS €, € elval k, €lvar d evdela a. Aeiée ént n ida evleia elvar kar
VEWUETPLKOS TOTOS Twv onpelwy E, yid ta omola o Adyos twy tapaAAidwy tunpudtwy mpog

use €: d(E,Z)/d(E,H) =k.

N

Eyfua 5.9: E¢iomoeig evdeiag

IMpoBAnua 5.5.2 Aidovtar 6vo evldeieg OX, O ka1 y1d xdle anpeio P opilovue to Levyog
Ty oUrTETayuévor WS Tpos TS evleles avtés (z,y) géprovtag mapdAAnies ané to P 5.9.
Aetée ot1 to ovvolo twr onuelwr P ya ta orola o1 avtiotorye§ ovvtetayuéveS tkavorololv
plav ekiowon tng popens ax + by = E aroteAel piav evielav. Bpeg tny ekiowon tng evieiag
avtis w§ mpog To Kapteolavs oUoTNUA OCVVTETAYUEVWY TOU omolov o x-dovag oUUTITTEL M€
or OX.

IIpboBAnua 5.5.3 Yo mponyoluevo oxnua, Ppes onueio ent tng evdelas ax + by = E tov
omolov To avTioTolyo TAPAAANAGYPAUIL0 TwY TUVTETAYIEVWY va éxel eufador €.

IMpopAnua 5.5.4 Aiderar tpiywvo ABI" ka1 onueio O. Na ayOel evleta andé to O n omota
va yopilel to tplywro ge Vo tunuata iowv epPaddv. (Yréda&n: xprion mponyouvuérng
aoKNoews.)

Eyfua 5.10: Kévtpo ouotodesiag 300 tprydvwy ue nopdhinkes mhevpég

IMpoBAnua 5.5.5 Aeiée dn edv Vo tptywva ABI', EZH éyovv avtiotoryes mAeupés mapdA-
AnAes , tote o1 evdeleg ToOU €vdvouy TIS KOPUPES TOUS i€ (oe§ ywries diépyovtal and onuelo
0. X’ avtiiv v nepintwon to O Aéyetar x€vtpo oporodeciog Twy dVo TeLywvwy. O
Adyog 6V0 mapaAdidowr tAevpdy Aéyetar Aoyog opoLtoVeasiog kat Jewpeltar apyntikds av ol
Popés Twv TAeupay elvar avtipores. Etor oto 5.100 Adyog opooleoias twv ABT ka1 A” BT
elvar apvynuikog.
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A3

Ay
Eyfua 5.11: Touéc evdelag and nopdhhnhes eudeieg
IMpoPAua 5.5.6 Edv evleia a téuvetar and otkoyéveia mapaddndowr evlady €1,¢€, ... o€

avtiototya onuela Ay, Asg, ... , Téte 01 Adyor twy unkdy twv evivypdupwy tunudtov | Ay Asl,
| A2 As|, ... elvar avekdpTnror Tng téuvovoag a.

o

Eyfua 5.12: Touéc nopahhihwy and déourn eudelwdy

IIpboBAnua 5.5.7 Eotw 6t o1 evleles a, B, y oiépyorvtar aré to onueio O ka1 n evleia 6
téuver ug a, B, y, ota E, Z, H avtiotoiyws. Aette dri o Adyos |EZ|/|ZH| elvar o (610 yid dheg
g éoeig g 6, petatomloperns rapdAdnia mpog eavtijy. Aeiée kar to avtiotpogo: Edv oe
0v0 mapdAinles evdeies 0, O, ta onueia tovs E, Z, H ka1 E', Z', H opilovv tunuata avdloya,
tote o1 evleles EE, ZZ" kar HH', 51épyovtar 6Aeg ané kowd onuelo O 1 elvar tapdAAnAeg.

IMpoBAnua 5.5.8 Aciée 6n pia rapdAAniog tpog tny Bdon tprywdrov téuvel TS dAAES TA€v-
pés o€ puépn avddoya. Avtiotpoga, av jud evlela téuver 600 mAcUpES Tprydrou oe uépn
avdloya, tote elvar tapdAAnios mpog tny Pdon. Xuurépave ot to eviUypappo tunua wov
evaver ta péoa 6Vo mAeupdy Tprydrov elvar tapdAAnio kar Nuov mpogs Tny Tpitn mAcupd.

IMpoBAua 5.5.9 Tpanelio Aéue éva tetpdndeypo mov éyel 6Uo tapdAAnies mAevpés. Aeike
ot td péoa twv un tapeAdidowr mAevpar tpareliov, opilovy evUypapo tunua tapdAinio
PO TIS TAPdAANAES TACUPES Tov Kkat puikovs oov pe to nuiddpolopa Twy UNKoY auTtdy oy
TA€UPQY.

IIpboBAnua 5.5.10 Aeiée o6n1 ta péoa twv mapaAdnlwr mAevpdy tpareliov kar to onpelo
oUNS Ty Oaywriny tov, kelvtal €n’ evdelag Otepyopnérvng did tov kool onueiov Twy un
TapalAnAwy TA€Updy Tov.



Eyfuo 5.13: Adpecog xon Starydviot tpoameliov
N \\ //'

Eyfua 5.14: Oewpnua tou Idnnov, yevixevon Iudayopeiov

IMpbBAnua 5.5.11 (Ocdpnua tov Ildrnrov, yevikevon ITvdayopeiov O.) Eig tuydv tplywror
ABI" ka1 enl twv mAevupar avtov AB, AT, kataokevd{oje tapaAinioypappa eEwtepiicd tov
tpryovov: AZHB ka1t AEAL. Eotw 6t ar mAevpal ZH kar EA npoektewvduevar tépvovtar e
w0 0. Kataokevd{ope tapaAAnAéypapo BI'KI ent tng tpitng tAeupds pe piav mhevpdy tov,

tnv BI, tapdAAnAn kai ton tng OA. Téte to dOpowoua twv epfadvv twv AZHB kar AEAI
1wovtal e to epufadov tov BI'KI

Eyfua 5.15: Moapahknhéypauuo Uéowy TAevpny, Ocwpnuo Euler

MpéBAnpa 5.5.12 Acite éu oe tuydr tetpdmdevpo mou optletar ard ta onueaa a,b,e,d,
ta péoa twr mAeupdy tov opilovy TapaAAnAdypappo tov omolov ot Hiaywrior Téuvovtalr oTo
onuelom = (@+b+¢+d)/4 . Aeite én o onueio avtd efvar To péoov tov evuypdypov
Tunpazos wov opiletal and ta péoa twy daywvinv tov apylkol Tetpartielpou.

IpbBAnua 5.5.13 (Ocdpnua Euler) Eotw a,b,c,d ta unikn twrv mAevpdy tetpamdelpov,
e, f, ta unkn wwr diaywriov tov kal k to unkog touv eviuypdupov tunuatog tov opiletar and
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ta péoa twv daywriov tov. Acile ot wyve
AP +EF P =+ P4k (5.13)
Yuurépave drioyve ka1 to avtiotpogo tov Jewpnuaros (4.2.4): Edv to dipowopa twv tetpa-

OVwY TAEUPOY TeTpamAeUpov woltal ue to dipowoua tetpaydvwr twy diaywviov tov, tdte
)

elvar tapaAAnAéypajio.

|
|
|
|
. I oo

Yyfua 5.16: dewpnua tou Desarques, elduxr 9éon

IMeoBAnua 5.5.14 Acie du to Jeddpnua tov Desarques 1xVet kai 6tav o1 evietes AA', BB', CC',

, U
mou gurdéour avtioTowes Kopupés twv dvo tpiydrwr elvar tapdAAnies. (Trédaén: % =

BB A'C cc’ B"A AA'
A0 7B = BB BC = cor» TolMarmlaoiaoe kTA. )

5.6 Xnuaoctia g f(z,y)

Ac unotéoovue 6t 1 € dideton and v f(z,y) = az + By + v = 0, ue xddeto W = (o, ).
To onueio B(u) Vo ewvou ent e xodétou G(t) = To + ¢ - 7. Aviixahotodvrag 1o g(t) oty
eZlowor, Beloxouue

t=—f(zo,p0)/ | AI°, T=T+t-A, T—T=———"1s" -7 (5.14)

Ot mponyolueves oyéoetc dnhwvouy v onuacio g ouvdptnone f(z,y) mov toploTtd Ty
eudelo:

Ilpétaon 5.6.1 H ouvvdptnon f(z,y) = az + Py + v mov mapwtd tnr cviela €, dide
f(z,y)/ || m ||= £(arboraon wov A aré tnv €). To mpdonuo elvar Jetikd 1j apvnrixd,
avdloya pe to av to (r,y) €lvar tpos tny mAevpd tng katétov n = («, B) 1j Ty avtiden.

Ac vnodéoouvue twpa 6Tt €youe Vo eulelec teuvoueves €, €, ue avtioTolyes eElOOOELS
flz,y) =az+py+v =0, g(z,y) = oz + fy++ = 0. Katd o (5.2), dev PhdnteL
NV YEVIXOTNHTA Vo uToVEcoUEe entlong 6Tt ol evdeleg elval 0TV AEYOUEVY XAVOVLXT LORPY,
k. ot x&etoL u = (o, ), ' = (o, ') elvon povadiadec. Téte ov apduol f(z,y), g(z,y)
amoxTolY YewUETpX! onuaocio yid xde (z,y) mou dev nepéyeton ot xouuia €x Twv dVo:
Haplotodv Tic anootdoel (e npdonuo) and Tic aviiotolyes eudeles. Luvéneto awtol elvor
ot 1 elowon f(ac,y)2 — g(a:,y)2 = (f(z,y) —g(z,y)) - (f(z,y) + g(z,y)) = 0, noptotd dOo
eudeieg xdeteg uetadh Toug, mou Bev elvon JAAEC amd TIC BLYOTOOUG NS YVIS ToV €, €.
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Ilpétaon 5.6.2 Edv €, € elvar tepvdueves evieles pe eqwodoeg f(r,y) = ar + Py +v =
0, g(z,y) = dz+ By +v" =0, oge kavovikr popen, téte o yewuetpikds témog twv onueiwy
o emmédou mov warnéyovy and tg 6vo evdeles didetar and Ty e&lowon f(x,y)’—g(z,y)* = 0,
Kkai amoteAeitar ané 6vo kdleta tepvipeves evdeies. Or evdeles avtég efvar o1 dryoTdpor Twv
yovidy tov oxynuatilovy ot €, €.

HMpdryuatt, 1 tehevtaia e&lowon neprypdpet, OTWS TEOEITAUE, TNV YEWUETPLXY BLOTNTAL TOU
onueiov, va toanéyet and tic d0o evdelec. To olvoho duwS TV ONUEILY TOU LXAYOTOLOVY
aTthY Ty elowon dev elvon mopd 1 €vewon TwV oNUELY TOL XAVOTOLY TIC EELOWOELS:
fz,y) —g(z,y) =0 xu f(z,y) + g(z,y) = 0, dhadA 1 évwon tov onueiny dvo eudeldy.
Enione to avtiotoya xdieta tov 80o evdeidv Vo elvor T —7' xouw 47, to onola enerdy elvou
uovadiada, elvar xdeto: (M —7',m+7') = (m,n) — (W, 7') =1 —1=0. (4.2.4) To 61 ot
eudeieg autég elvart StyoTouol TwV YoViey tou oynuatilouy ot €, €, paiveton wg €. Eotw
O 10 onuelo tourc v ¢, €. Ilalpvoue éva onuelo A mdve oc uia an’ avtée xar pépvouc
xadetec AB, AB’ otic €, €. Ta oploywvia tplywva ABO xouw ABO’ éyouv xown tnv BO xou
toec 1ic AB, AB’. Katd to Iudarydpeto dedpnuo Yo €youv xou Tig dAheg xatétoug toug loeg
dpa xatd Ty 4.2.1 Yo €youv xon avtiotolya (oeg Ywvies.

V4

H E B A r

Eyfua 5.17: Ecwtept| xou eZmteptxn Suyotduog Tpry@dvou

IIpbétaom 5.6.3 O1 Suyotopol ds yoviag A tpryvvov ABI, ecwtepixy AA kai e€w-
tepux) AE, tepvovr tnr anévavt mkevpd BI' o€ 6v0 onueia A, E twv oroiwv o tpooavato-
Awopévog Adyog elvar avtiotorya Fe/b émov a, b, ¢ elvar avtiotoa ta unkn twv mAevpdv BT,

I'A, AB. Eri ntAéov n ywria AAE etvan opOn.

[Mpdryuatt, and v mponyoduevn npdtacy €youe 6Tt oL dtyotouol oto A oynuatilouvy opit
ywvio. ®épvoue and 1o B nopdhhnkn BZ g cowtepiniic Siyotduou, mou TéUveL TV TAEupd
AT oto Z. To ABZ ewar woooxehéc xou xotd Oadr|, Aoyw nopohiniloc twv AA xo ZB:
o Moyoc BA/AT doa elvon ioog ue tov AZ/AT nou elvon {ooc pe ¢/b. Autd anodeixviel
™y npdTaoy Y& TV ecwtepxn duyotouo. T'd v eCwtepix| nopatnpodue 6Tl 1 EA elvon
eowTepXY dtyoToUoS TNg ZEB xa eqpapuolovue 1o mponyoluevo emtyelpnua.  Téhog o
LoYVELOUOS YLOL TOV TPOGAUVUTOAOUEVO AOYO TPOXONTEL QUETA Ad TOV OPLOUO.

Mpétaom 5.6.4 Id Yo hagopetind onueia @ = (o, B) , b = (7,0) , v emnédov, o
VEQUETPLKOS TOTOS Twy onuelwy Tov wanéyovy an’ avtd elvar pia evdela (hecoxddetog)
pe ellowon

2(a—y)z +2(8—0)y — (a® + B2 —4* —§%) = 0.

H evieia avt iépyetar and to péoov (a@+b)/2 tov eviuypdujiov tufparos kar efvar kddetog
TPOS AVTO.
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b

Eyfua 5.18: H yecoxdetog dvo onueinv

O tehevtalog oyvptoude mpoxdnTeEL and Toug cuvteAeotés g eudelog. O mpoteheutaiog
3" AVTIXATAC TACEWS TV GUVTETAYUEVKDY Tou Uéoou o™ authy. Téhog to dTL Tar onuelo Tng
eudelog ovuninTouy axpBng UE T oNUEid TOL YEWUETPIXOU TOTOL TPOXUTTEL AN THY LOOTNTA
TV TAEVPMY TWY TPLYGVLY Tou oynuatilovia and 1o @, b, (@ + b) /2,7 .

ITPOBAHMATA 5.6

IMpbBAnua 5.6.1 Acile én pia evieia €, pe etiowon f(x,y) = az + pfy + v, dwauepila
t0 erinedo o€ tpla Eéva peta&d Toug otvoda: to € kar ta Nuienineda et = {(z,y) € R? :
f(z,y) >0}, e” ={(z,y) € R?: f(z,y) < 0}. Sexwvdvrag ard éva onpelo (wo,yo) €ri Tng
evllelag, dette 6t ta onueta (g, yo) £t (—F, ) avikovr o€ dapopetikd nuenineda Yt # 0.

5.7 OeUeALMIELG HATACKEVES

Xpnowonotdvtog tar allOUTA TWY TEOYUATIXGY aptdu®dy XoL TNV TUpaUETELX TopdoTa-
on (5.7), Brénoue 6t ent evdeiog € xou and onueiov A authc xon yid Sodévta mparypott-
%6 opriud B, unopolue mdviote va opioovue onuelo B, B” exatépwiev authc, ovtwe wote
d(A,B) = d(A, B') = . Enionge, Yewpdvrac onuelo T enl evdelac ax + By +y = 0, xou dar-
Aéyovtoag xotdhhnio o, B, ¥, unopodue vo xataoxevdooue evdeia St Tov w mov oynuatiCe
onotadfrote Yovie w € (0,7/2), Héhoue. Avtéc ot Yeprehiddelg xataoxevég otnpilo-
vTor €8 oTol adlOUATH TV TEAYUATIX)Y aptdtucdy. Nty cuvdetixr) uédodo n Suvatdtnta
TOV YEUEMWIOY AUTOV XATAGKELOY SATLTWVETOL UE TNV Lop@T| alwudtony. Exl tAéov uret-
o€pYETAL TO TPOBANUOL XATAOKEVACIUOTATAS UE xavOVaL xou StafBfty, (Suvatdy Yid oplouéveg
ywviec ubvov) nov eZetdloue o€ dhho xe@Ihoo.

ITPOBAHMATA 5.7

Syfua 5.19: Terypauuixés cuvteTayUEVES
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IpoBAnua 5.7.1 Kdie tpiywro ABI opiler Tig A€ yOpeves TELYPUAULKEG CUVTETOLY [AE-
veg s €€nig. Ye kdde onuelo P avtiotoyolue tnr tpiddae (z,y, z) twv tpooavatoopévoy
arootdoewy tov P ardé tg mhevpés tou tpiydvov (Eynua-5.19) . To x opiletar Jetikd drav
t0 P elvar ané tnr (6ia mhevpd tng BI' mov elvar ka1 to A, dapopetikd opiletar apvntiko.
Avdloyes ovufdoes wydovr ka1 yid ta y, 2.

a) Aeite 6nt ta (z,y,2) , wg oplotinkay tponyovuérws, tkavonowly tdvtote Tny

az + by + cz = 2F,

omov a, b, ¢ Ta pnkn twr tevpdr BI', I'A ka1 AB avtiotoiyws, kat E to eufadov tov tprydrov.
B) Aeite du o1 kapreoavés ovvtetayuéves (1, x2) ouvdéovtar e T§ Tprypapunkés (z,y, z)
Héow Ty oxéoewy:

(5.15)

T = %(axAl + byB; + c2C}),
Ty = %(axAg + byBs + cz(C5).

orov (A1, Az), (B1, Ba), (Cy,Cy) elvar o1 kapteoavés ovvtetayuéves twv A, B, I' avtioroi-
X©S-

IMpoPAnua 5.7.2 Aeie 61 to eufadov tapaddndoypdupov, tapayouévov ard ta dravioua-
Ta u, U, woltal pe to Ywipevo tou uétpov evos €€ avtdy Ay. || @ || ent tny ardotaon twy

TapaAAiAwy Tpog avto.

IIpb6BAnua 5.7.3 Kataokevaoe tplywvo ABI ne yovia oto A 6o0évtos puétpov a kar do-
Oévra prkn npookeipuévor oto A thevpdv d(A,T') = b,d(A, B) = c.

IpbBAnua 5.7.4 Kataokelaoe tplywvo ABI e mAevpd So0évtos pijkovs a = d(B,I') ka
doleioes ywvies ota B, I' avtiotowa B kar y. Ioiés ovvdnkes mpéner va tAnpody o1 B, y yid
va elvai duvvatn n Kataokevn:

IIpboBAnua 5.7.5 Kataokelaoe 1w0ookedés tptywvo ABI pe mAevpd Godévtos uniovs a =
d(B,T") ka1 yovia oto A lon pe dotjoar w.

IIpb6BAnua 5.7.6 Bpeg ikar kar avaykaia ovvinkn yid Tig ourtetaypéves tpiov onueio,
dote avtd va aroteloly kopupés Tprydvov (deg Ty 5.10).

IpoBMpa 5.7.7 Me ta dedopéva tns (5.7), oetée dn to prjiog tov eviuypdupiov tunpatog
d(g(a),g(B)) = A~ |/B - Oé|, érov A = d(a, b).

IIpoBAnua 5.7.8 Aeiée 6t n) drdpeoog mpog Ty Pdon wookedols Tprydvou elval kat kddetog
0t6 péoov tng fdons. Aetée kar to avtiotpopo: €dv n didueoos elvar kddetog otnr anévavt
TAeupd TOTE TO TPLYWVO €lrval 1000KeAES.

IMpoPAnua 5.7.9 Aidetar onuelo @ extds evlelag € kar otalepd A. Id xdle onpueio
g(t) s € (mapapetpixny popen), Dewpolue to h(t) = @+ X - (g(t) — @). Aciée éu n

h(t) efvar mapapetpixry popen ds evielag €, mapdAAnAng mpos Ty €, €0l Gote o Abyos
1R —a /195 —a || = N, etvar oeadepds.

IpboBAnua 5.7.10 Aeiée 6vo tpiywva ABI' kar A'BT” nov éyovr (o€ ywries ota A kar A’
kai avtiotoeg tepikdeiovoeg meupés avdloyes |AB|/|A'B'| = |AT|/|A'T"| = X, éxovr dreg
TS Ywries Tovg avtiotoya (€.
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(a+tb+c)/3

B=I"" r
b (b+c)/2

A’
Eyfuo 5.20: Atduesol Tptydvou, 10 Tplywvo TV Slouéowy

IMpoPAnpa 5.7.11 Aeiée du yud tpia onueia a, b, ¢ mov optlovr kopupés Tprydvoy, to M =
(@+ b+7¢)/3 elvar ka1 el Twr TPIdY dapéowr tavtoypdvws. Xuumépave ot o1 didpeoor
Tptydvov téuvovtar o’ éva onpeio tov ywpilea kdde yd o€ Aéyo 2:1.

IMpoBAnua 5.7.12 Aeiée 6n yid kdOe tpiywvo ABI, vndpyer dAdo Tplywvo Twv dLoyreé-
ocwv ABT", ne mevpés napdAAnies mpog tis drapéoovs tov ABI. Aetée 6t o drdpeoor tov
ABT’ elvar napdAAnies kai (o€ pe ta 3/4 twv mAevpdy tov apyikol tpiycrov .

IMpoPAnua 5.7.13 Aciée on1 o1 Sraywrior tapaddnloypdujiov tépuvovtar o€ onpeioy mov ov-
pminzer pe to péoov kar twy 6vo. Avtiotpoga, detée ot av tetpdmhevpo éxer diaydrious Tov

dryotopolrtal, tote elvar napaAAnAdypapipo.

B Al r

Eyfua 5.21: AM = NT

IMpoBAnua 5.7.14 Na Bpedolv onueia M, N avtiotoiywg enil twv mAevpor AB kar AT
tprywvouv ABI, étor wote ta AM ka1 NI' va éxovv 100 unkos.

A H

E
V4 ~
~.
r

B (C]

Eyfua 5.22: Mio ywvia (on xou plo napamineonuati)
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IpboBAnua 5.7.15 Aidovtar 6vo tptywva ABI' kar ZEH mov éyowv s ywvies ota A kai
H avtiotoya ioes ka1 tis ywvies ota Z xar I' avtiotorya napamAnpopatikés. Aeiée ot ot
avtiotoes mAeupés tous elvar avdloyes: |BT|/|ZE| = |AB|/|AE|.

B r H
Eyfuo 5.23: Too tufuarta ent tAevpwy

IIpboBAnua 5.7.16 Eig dotér tpiywvor ABI va ayOel téuvovoa AE, étor dote ta tunuata
BA, AE ka1 ET" va elvar toa. (Yrédaén: Enl tng rpoektdoews tng BI', éotw H étor dote
|ZH| = |AZ| = |AB|. To AET'O €lva1r pdppos.)

IMpboBAnua 5.7.17 Na kataokevaolel tplywvor ABI ané tny ywvia tov a kai ta alpoiopata
twv mevpy |AB| + |BT|,|AT| + |BT'|. (Trédaén: Xprion nponyouuévng doknong.)

IMpboBAnua 5.7.18 Edv a,b, c,m, oupfolilovr avtiotorya ta punkn twy TAEUpOY TPLy@rov
ABI ka1 to unjkog tng dapéoov ard to A, tdte wyvel (xpnoiporoinoe ecwtepikd yvdpevo).

2
b2+02:2-ma2+%. (5.16)
IpopAnua 5.7.19 Eorw ABI 1wookedés tpiywro kar E onuelo tng fdong tov BI'. Eotw
ot o mapdAAnies (kdleteg) mpog ta okédn ané to E, téuvovr avrd ota Z, H avtiotoiyws.
Aette on d(E,Z) + d(E, H) elvai otadepd kar aveEdptnro tns 9éong tov onueiov E. Oray
to E elvar otnr mpoéktaon tng Bdons, téte n dwagopd d(E,Z) — d(E, H) elvar otadepd.

Eyfua 5.24: Ymuelo Bdong toooxehols Tpry®vou

IMpoBAua 5.7.20 Eotwoar €, € 60 evleles tepvipeves oto O. Na Bpelel o yewpetpikdg
térog tov onueiov E, and to onolo o1 mapdAAnAes (kddetes) mpog tis €, €, tig téuvovy ata Z,
H avuiotolyws, étot dote d(E,Z) + d(E, H) va elvar otadepd.

IMpoBAnua 5.7.21 Aidovtar 6Vo onueia A, B. I'd kdle onpeio X and tny iba ndvta tAevpd
g evdelag AB, péprope ric XB, XA kai otpépope katrd +r/2 tny BX nepl to B oty BX,



5.7. OEMEAIQAEIY KATAYKETEY 35

Eyfuo 5.25: TTpdBrnua tou nelpath

kat tny AX kard -t/2 nepi to A otnr AXo. Aeite 6n1 to péoov M tng X1 Xo elvar aveEdptnro
g Oéong tov X. Yrov ydptn tov mepatny ta A, B ntav kopvpés Pouvay kar otnr Oéon X
nrav évag goivikag mov kdrowtr képave. H hadikaoia duws nrav aveEdptnn tng Héong tov
polvika.

Eyfua 5.26: ['égupa uetadd dvo tohewv

IMpoBAnua 5.7.22 Meta&t 6vo nédewr A, B, napepufdAietar motapds pe napdAAnies dydeg
elpous 6. Na kataokevaolel yépupa EZ, kdOetn onis dyleg, étor dote n tehaopuévn AEZB
va elvar n eAayiotov duratol UNKkovs.

A
\ —_ B
= —
8 E z e
Yyfua 5.27: Ehoyiotonoinon AEZB Toelywvo ehaylotng neptuétpou

IMpoBAnua 5.7.23 Aidovtar 600 oralepd onueia A, B kar evdUypappo tunua EZ otadepot
pnkous 6, kwoluevo eni tng evlelas €. Na Ppedel n Véon tov atnr evlela 6, étor dote va
elayrotoroieitar to unkos tng tebaouévns AEZB.

IMpoBAnua 5.7.24 Aidovtar dvo evleles €, € ka1 onueiov A. Ta onueta B, I' kivovvtar ent
twr €, € avtuotolyws. Na Bpelel n Oéon tous, yd tny onola to tpiywvo ABIT éyel eddyrotn
TepipeTpo.

IpoBAnua 5.7.25 Aidovtar Vo evieles €, € ka1 onuelov A eni tng €. Na Bpedel onueioy
B erni g €, éror wote n AB va woVtar e tny anéovaon BI' tov B and tny €.
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Eyfua 5.28: Méyioto naparinidypauuo OI'PA

IMpoBAnua 5.7.26 Aidovtar evdeiec OX, OT wkair onueta A, B en” avtdy avtiotolyws. Aeite

yewpetpikd 6t to péoov P tou evBuypdupov tunuatos AB elvar exeivo to onuelo tov AB
yia to omolo to napaddnAdypaupo OI'PA éxer to péyororv duvvatov epufadov.

Eyua 5.29: Eyyeypopuévo ue mhevpd mopdhhnin tpog xateduvon

IpoBAnua 5.7.27 Aidovtar 6o onueia E, Z eni 600 d1adoyi1kar tAeupar tetpamdevpov. Na
kataokevaolel napaAdnAdypapupo EZHO eyyeypaupévo e to ABI'’A. Na Bpeotv éoeig

v E, Z étor wote to mapaddnddypaupo va elvar opoyaivio kar n EZ va éyer dolnoar
katevuvon.

/ 7 7 7 7, 7 z 7
Yyfua 5.30: Kuptd mohdywvo TEQITT®OY TAEUPOY UTO T UECH TWY TAELPAOY TOU

IMpopAnua 5.7.28 Kuptd Aéyetar éva modvywro to omolo pe kdde d6vo onueia A, B, tov

/ /. /7 7 4 /7 7,
€owTEPLKOU TOU, TeEpLéyel kal oAdkAnpo to eviiypappo tunpa AB oto eowtepikd tov. Aete
ot kdle kUPTO TOAUYwro pe Tep1Tté aprijd mAevpdv opiletar povoonuarvta ané ta péoa twv
TA€UPGY TOU.
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Kixhoc

6.1 H e&loworn tou xOxAouv

O xOxhoc ue xévtpo ¢ = (p,q) xou axtiva r > 0, opiletow 6av 0 6UVoho TV oNUEiLY
u = (z,y) Tou xavoToHY TNy eZlowon:

|a—¢l=r & 22 +y? —2pzx —2qy+p*+F —r2 =0. (6.1)

Ewdyovtog tic otodepéc —2p = b/a, —2q=c/a, p*+q¢*>—1r? =d/a , Brénovuc 6T
1 e€iowor matpver Ty yevix Loy

a- (> +y)+b-z+c-y+d=0. (6.2)

H e€ioworn auth etvon yevixwtepn e 6.1. ['d a = 0 X.y. uetanintel oe elowon evdeiog.
I'é tuydvteg ouvteheotéc a, b, c,d 1 eliowon unopel vo maptotd xvxho, eudeio ¥ vo elvor
addvatn my. N 22 +y? + 1 = 0 dev wavonoeiton amo xavéva (z,y) € R2. Topoxdro,
Vo e€eTdooUE TOoUES EVVELDOY xo xUxhwV xat Yo utodétoue mavta 6Tt ¢ = 1. 37 authAy v
TEPINTWO, CUUTANEWVOVTIS To TETPAYWVA EYOUE:

flz,y) = 22 +y>+br+cey+d

b ? c ? b2+ c?
= <]:—|—§> —|—<y—{—§> —< 1 —d)zO. (6.3)

Yyfua 6.1: E€lowon xbxhov, onuacio cuvteheot®y

Avth gavepmvel xou v onuactia Ty cuvteheotdy . Kot apynv 1 e&iowon naptotd xOxho
TOTE oL LOVOV TOTE, 6Tay 0 oTalepds bpog eiva Vetixds. Av cuuPalvel autd, TOTE 0 bpog

37
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autée elvar (oog ue To TeTpdywvo TNE oxtivag, To S onuelo k = (—2,—£) eivan o xévtpo
tou xOxhou. Ernione f(z,y) > 0 yopoxtnpeilet to extde tou xOxhou onueio xou f(z,y) < 0
o evtoc. O aprdude f(z,y) Myetow SOvogug Tou onueiov (z,y) wc Tpog Tov xOxho.

6.2 Towuy ue sudeia

To onueta tourc ue evdeio ax + By + v = 0, evploxovtar Movovtag o choThUL:

ar + By +v =0, (6.4)
2>+’ +br+cy+d=0. '

IIpog t00T0 Movoue TNy mpwTy e€iowor wg mpog ulo Twv UETABANTOY, avTixohoTolue oty
deltepn xou AOVOUUE TNV TPOXUTTOUCA TETPAYWVIXT| EE(0WOT WS TEOS TNV ATOUEVOLUCH UETA-
BAnTY. Hpogavie ¥ €yovue ula, d%o N xoulo Aoon xou entouéveng Tnv:

IMpotaom 6.2.1 Kikdog kar evdela éyovr kavéva, éva 1 6Uo kowvd onpuela.

6.3 Alvoulg wg mpog xLXAoV

Ac diepeuviicoue Ty Touf evée xixhou f(z,y) = x2 +y? + bz +cy+d = 0, xou uide eudeloc
Tou diépyetar and to onuelo Uy = (zo,yo) , G(t) =Up+t-v , = (p,q). Avuxadhotdvrog
oty eiowon touv xOxhou 10 U = (z,y) uwe ™V G(t) xou xdvovtac npdelc, Bploxovue v
eZlowon yid o t, Uéow tne omolag mpoadiopiloue Ta onueia TouRg:

b
t2(p2+q2)+2t <p<x0+§) +q(y0+g)) +($02+y02+b$0+cy0+d):0

Aev BAdnter v yevixdtnta va utotdécoue dtt to didvuouo T = (p,q), mou xodopilel Ty
xarebuvon tne eudelog, elvar wovadiadfou uRxouc: p? + ¢ = 1. Exnlong mopatnpodue 61t
o otadepds bpoc dev elvar mopd N Tur T ouvdptnone f(z,y) mou opilel v eiowon tou
x0xhou, utohoylouévn oto (zo,yp). M’ autéc howndy tic npobnodéoelc, 1 eiowon ypdpeton:

2+ 2t - (p(xo+g> +q<yo+g>> + f(zo,y0) = 0. (6.5)

To ywbuevo v ptldv tou TptwvduoL Yo eivar wg Yvwotov b -ty = f(xo,yo), TOL Elvon
TopdoTaoy un tepLéyovoa TNy kateviuvon T, dpa aveZdptntn authc. ‘Ouwc ava = g(t1),b =
g(t2) etvan ta onueia Tourc e evdeiog ue tov xOxho téte oL lodTTES T—TUY = 11T b—1p =
to -, Setyvouv o1t T 1, ta, EXTOC TOL TPOGHUOU, ElVOL OL ANOGTACELS TOL oMuUEiov Ty and To
onuela tourc . Eyovue hotmdv anodeiel tnv:

IIpotaom 6.3.1 Aodévrog klkdov w kar onpueiov A, éotw evleia € diepyduern ané to A kat
téuvovoa tov w ota onueta B, I'. Téte to ywipevo twy punkdv twv evduvypdupwy tunudtor
AB, AT elvar avekdptnro tng katevfuvong tng € kai wovtal pe tny dvvaun tov A wg mpog
oV .

O xlxhog xou n eudeia epdnTovTAL, dNA. E€youv €va xowd onuelo, toTe axpPOg dTay 1
draxplvouca Tou TpLwviuoL 6.5 eivar 0:
2

<p<x°+g)+q<y0+§)) — f(zo,50) = 0
& (5,7 — k) — f(zo,50) = 0 (6.6)
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--3

Eyfua 6.2: Abo epantoueveg and onueio extdg x0Oxhou

IIpbtaom 6.3.2 Aodévrog kikdov w kévtpov O kar onueiov A extds avtod, vrdpyovy 600
epantopeves AB, AT tou kUkAov diepyopeves o1d tov A. Or axtives tov kUkAov ota onuela
enagns B, I' elvar kdOete§ 0TI avTioTOl €S €QanTOpEVES Kal Ta UK TV €PaTTouévwy €lval
loa mpog tnv tetpaywvikn pila tng d6Vraung tov A wg mpog tov w.

O mpddTog oyvplouds npoxintel ducoa and ty 6.6. T'id Sodévta xOxho, dnh. T otade-
e€c b, c,d xau onueio, SN\, o zg, Yo, N e&loworn autr unopel va exingiel we eiowon ue
AYVOOTOUS TOUS GUVTEAECTES P, g Tou xoopllouv TNy xatebiuvor g evdelag. Nuvenog,
o) n eZiowon Movetar, téte axpBde 6tav f(zg,yo) > 0, tou onuaiver 6Tt T0 onuelo elvor
eZwteptxd Tou xOxhov xou B) éxet dvo axpBwe Mot (Sedouévou 6Tt TEPLOPLOTAXAUE GE Uo-
vadiateg Stevdivoeic: p? + ¢% = 1). Tid tov Sedtepo toyupLoud T TEOTUONC, UTOPODUE Vo
VYewprioovue 6t 0 (29, yo) ovuninter ue 1o onueio enapiic, ondte f(xo, yo) = 0 xou GLVETHDS
o undevioude e Saxpivovoag ouvendyeton Ty xadetétra (T, Up — k) = 0. O televtadog
LOYUPLOUOC TNS TPOTAOTC TPOXVTTEL o’ T0 YEYOVOC 6Tl YLl B =ty =t = t2 = f(x0, yo)-

6.4 PLlixoc 4wy 600 xVOXAWY

Ac¢ eZetdooue twpa To xowd onueia 300 xOXAWV:

2 2 _
flz,y) =2*+y*+bx+cy+d=0, } (6.7)

g(z,y) =2 +y* + bz +y+d =0.

To obotnua autd eivar Lloodvvouo ue to mpoxdTToV dL” avTixaTaoTdoEwS NS debtepng e&i-
owoNe UE TNV Stapopd e and v TpdTN, Tou elvar e woperc (6.4):

flr,y) =22+ 9> +br+cy+d=0, (6.8)
h(z,y) = b=z +(c—)y+ (d—d')=0. '

To xowd onuelor Twv 800 apytx®yv xOxhwy V& clvor cuvends xou xowd onueio e eudeiog
h(z,y) = 0 xou tou xOxhov f(z,y) = 0. H evdeio h(z,y) AMyetor ptlixdg dEwv twv dbo
x0xhov. Toyldel hotnodv:

IMpotaom 6.4.1 Advo dapopenikol kUKAor éxyovv kavéva, éva 1) 6vo kowvd onueta. Ta rxowd
avtd onueta repiéyovrar otov piliké déova twr 600 KUKAWY.

IMpotaom 6.4.2 O pilikdés déwr, éxerl Tig €€ng 1016TNTeS:
1. Yrdpyer téte ka1 pévov étav ot HVo kUkAot Oev elvar cLYXeEVTELXOL OnA. dev éyour To
1610 KévTpo.
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foy)-f(x.y) = (b-b')x+(c-c")y+(d-d)=0

.9,

%$) = )(2+y2 +bx+cy+d=0

f(x,y) =x +y2+b’x+c’y+d’=0

Eyhua 6.3: Pilixdg d€wv 300 xOxhwy

2. Eivar kdletog otnr dudxevtpo 0nA. tnr evdela 6id twv kévtpwr, twr 600 kKUKAwY.
3. Avépyetar and ta kowd onueia twy KUKAwY.

4. Ta onueia tov p1likov déovog, e€wtepikd kar twy 6o kKUkAwY, yapaktnpilovtar and to
oT1 éyovr 0€§ epantipeves mpog Toug 6U0 KUKAOLS.

To 1) mpoxinter and t0 Yeyovdg 6t k = (—%,—%),EI = (—%’, —%’) elva Té x€vTpa TV
x0xhov. Edv Aotmdv ot xixhot elvon ouyxevtpixol, t16Tte oL 800 TEOTOL GUVTEAEGTES NS
h(z,y) Vo undeviCovtar. To 2) mpoxintel an’ 1o d1t 1 xddetog e Sroxévtpou evar Eva
rolhamhdoto tou Stavdouatog (b — b e — ') xau to boa einoue nept evdetdv. To 3) elvon
oLvéneLla NS tooduvauiog Twv Vo ovotnudtey: 6.7 xat tou enouévou tou. Téhog to 4)
TEOXOTTEL anb TO YEYOVOS OTL oL TLéC TwY cuvapthoewy f(z,y), g(z,y) Y8 ouyxexpluévo
(z,y) exppdlouyv TV dhvaun Tou onueioy autol WS TPog Toug avtioTtoryous xixhouc. Apxel
Aowmdv va eapudoovue Ty 6.3.2.

Eyfua 6.4: Tuydv xOxhog Téuvewy dbo dhhoug

IIpotaom 6.4.3 Eotw klkdog y tépvowr 600 dAdovs kUkdovs a, B. Tote o1 koég xopdés
twv (a,y) kat (B,y) 1 €lvar tapdAAnAor 1j tépvovtar eni tov prlikov déovog twv a, P.

Hpdryuart, ag ouuPoriloue ue 3(X,o) v Sbvoun onueiov X e tpog xOxhov o. Edv ot yopdéc
dev elvar mapdAAnlot, T6te To onueio Tounc Toug X Yo €yel T (Srar Shvaurn wg Tpog o xon Y
(¢ onueio e xownc yopdhic XAB): §(X, o) = §(X,y) xau tnv (St ddvoun we mpog B xa y
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(¢ xowb onueio e yopdhc XEZ): §(X,8) = 3(X,y). Luvdyetar yid 1o X 1 yapaxtnplotixt
Wbt Twv onueiwy tou plixol dZova twy o, B 3(X,a) = 3(X, B).

Eyfua 6.5: Pilixd x€vipo tptdv x0xhwy

IIpotaom 6.4.4 Aodévrwr tpidv kikAwy, twy onolwy ta kévtpa Ocv mepiéyovtal o€ evlela,
o1 pilixol tous déoves Hiépyovtar and onuelo mov ovoudletar pLlixd XEVTPO TwWY TPIDY
KUKAWY.

Mpdryuartt, é0tw ab o pilixds dEovag Twv xOxhwy a, b, xat avdroya ac, be, ot pilixol dZoveg
TV XOXAVY a, ¢, xou b, c. 'Eotw 61t ot ab xou ac téuvovton 6to R. Téte ol epantdueveg
and 1o R otouc xOxhoug a, b, xau a, ¢, Yo eivan ioec |RU| = |RV| xou |[RU| = |RW|, dpa
xat |[RV| = |RW|. Tobto deiyver b1t 1o R neptéyetan otov pilixd dZova be, dpo xar ot tpelc
dZoveg diépyovtar and to dto onueio R.

Yyfua 6.6: Oewpnua tou Brianchon

Ilpbtaon 6.4.5 (Ocdpnua tov Brianchon 1783-1864) Exg nav e£drdevpo ABCDEF mepi-

yeypauévo e kUkAo o1 evlleleg mov evavovy anévavt kopugég tou 6i1épyortal Hia Tov autol

onueiov Q.
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Tnv anddeiln otnpilovue oty nponyoduevy tpodtacy. Arnodeixviouue dtL ot Tpeic euleleg
TOU EVOVOUY AméVaYTL x0pL@ES eivan plixol dZoves TpLOdY XATIAANALY xOXAWY, TEUVOUEVOL
oto plxd x€vtpo toug mou cuvunintel ue 1o ). Toug tpelc xVxAoug xATAOXEVALOVUE WS
4 7 4 4 /. ’ 4 4 7
eZhc. Halpvouvue avdaipeto uixoc d = |[UV|, xou Eextvadvtog and ta onueio enapric optlovue
o onuela (tpo Aevpd { j tvwv) |[A'A"| = |B"D'| =
L P0C TNV TAELPA TWV ONUEIWY TOUNC TWV EQATTOUEVODY = =
|C'C"| = |D"F'| = |E'E"| = |F"B'| = d. Kotaoxevdlovue xatény 1oug Tpelg x0XAoug
a, b, ¢, Tou epdrTovion TV amévavtt Thevpdy Ty elaydvou ota A", B" xou C", D" xou
E" F" avtiotolywe. H eudela AD eivon plixde dZovag tov xOxhov a, b. pdyuatt, ot
epantouevee npog autolc and to A elvan ioec diott |AA'| = |AF'| xou |F'D"| = |A'A"| = d.
Avdhoya xaw ot egantéueveg and to D mpog toug a, b, avusToiywe elvon (oeg. ‘Etol ta A
xot D eivon ent tou pilixol d&ovog twyv a, b. Avdhoya detyvouvue 61t ta E, B, elvar enl tou
ptlixol dZovog Ty a, ¢ xou T O, F elvon enl tou ptlixod dZovoc twv b, c.

6.5 Enixevipog xow Evyyeypouuévn ywvia

IMpotaom 6.5.1 Id nis yopoés BI', AE, kikdov w, kévzpov O, wylovr ta e£ng:
1. Xopoég toov unxouvs BI', AE eni tov kUkdov , opilovr avtiotoya (0€S EMiXEVTEEG
ywviec BOI' = AOE .

2. Eotww A tuydv onueio tov kUkAov. H eyyeypoupévn ywria oto A BAT aré ™y
orola gatverar n yopdn BI' elvar to Nuov tng avtiotoyng emkévtpov mov Paivel oto
1610 Too BOT.

3. Eotww A, A" onuela twv 600 dapopetikanr toEwv mov opilel xyopdn BI' tov kikAov. Ot
avtloToweS €yyeypauéves ywries mov PAérovy tny xopdn ané ta A, A’ elvar tapanAn-
POUATIKES.

4. H ywvia mov oxnuatilerar andé yopon Bl ka1 epartopévn oto dkpo tng ZBT etvan ion
HE TNV €yyeypapupérn BAT.

Yyfua 6.7 Enixevtpog xou eyyeypouuévn yovia
Hpdryupart, to 1) elvan dueorn cuvéneta tou 4.2.1 agol to tplywvo BOI' xar AOE Yo éyouv
avtiototya {oec mhevpéc. To 2) éneton and 10 61t AOE, w¢ e€ntepixr| Tou toooxerolc AOE

elvon dimhdota e AEA. H 3) elvon ouvénewa g 2), agol ot avtiotolyes enixevipes twv
Yoy €youy ddpotoua 2n. Téhoc 1 4) npoxintet épvovtag tny ddueco OH xou Syyotéuo
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A

Eyfua 6.8: O témog onueinv P mou BAémouy to AB und ywviov ¢

A

touv BOI mou eivar xddetn oty BI'. H ywvia yopdhc epantouévne oto B, €yel Tic mheupég
e x&eteg npog tic mhevpéc e HOB (4.2.5).

IIpbtaom 6.5.2 O Iecwpetpiids tomog X twv onuelwr P rov éyovr tny 10i6tnta va PAémovy
eviltypappo tunua AB vrnd otalepdv yoviav ¢, elvar n évoon 6o avorktdy (fjyovr un
mepleydvTwy ta dkpa tovg) tééwy kUkAwy, tou kalopilovtar tAfpws and to AB kai Ty ¢.

Mpdyuatt, ac vnodéooue 6t p<n/2. Kotaoxevdlovue and tic dlo mhevpéc tou AB ta
wooxel| tplywva ABI xou ABIY, étot dote 1 ywvia oty xopugn toug va etvon 2¢ (5.7.5).
Ta 16 AAB, AA'B t0v x0xhov ue axtiva I'A xou I'A avtiotoryo, obupwva ue ty 6.5.1,
€youvv TV WLOTNTA Tou YewUeTetxol tomov. To dtt xdvéva dhho onuelo tou emnédou TAny
TV 300 awTOY TOEwY dev €YEL TNV €V AOYw LOTHTa anodetxvieton edxola. Edv A.y. to P
. ’ /7 /7 7 4 4 B /. > 2 7
elvar exTtog TV 3o xOxAwv, téte | PA Vo téuvel Tov éva €€ autdyv o’ éva onueio E. H
7 ) oD / 7 4 ’ 7 4
yovia g = AEB > APB ¢ ewtepxn Tou tprywvou PEB. Avdhoya Setyvouue xat Tt xdie
eowTePX6 oNUElo TwY 300 xOxhwv dev elvan onueio tou témou. H nepintwon ¢>n/2 avdyeto
oty mponyoluevy Zextvavtog ue ty @ = t-¢. Téloc n nepintwon ¢ = n/2 npoxdnter an’
gudeiog and v 6.5.1:

IMgétaom 6.5.3 O Icwpetpikds torog X twv onuelwr P mov éyovr tnr i0i6tnta va PAérovy
evildypappo tunpa AB vnd otalepdv ywviav w=r/2, elvai o kUkAog e didpetpo AB.

ITPOBAHMATA 6.5

Eyfua 6.9: Advoulc onueiov wg tpog xdxhov

IpbBAnua 6.5.1 (Tcwpetpikn Jepedioon tng 6vvauns) Ocdpnoe P onpelo extés kUkdov
a. Aette én yid 600 tépvovoe¢ PAB ka1 PA'B', ta tpiywva PAA', PB'B elvai duowa, dpa
|PA||PB| = |PA'||PB'|. A€tée to avddoyo ya onuelo P evtdg tov kUkdov.

IIpoBAnua 6.5.2 Yo mponyoluevo oxnua 6.9, edv § ovuPodiler Ty 6vvaun tov P wg
, 7 7 A 1 _ ‘AA,|
mpog tov kUkAo a, Oetée ot wyver: |BB'| = O TBATPAT
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Eyfua 6.10: T'wvia opdoews xowhg yopdhc

IIpboBAnua 6.5.3 Aidortar U0 tepvipevor klkdor a, B. Eotw AB n kowrn) yopon tou.
Aré to B gpépope tuyotoa téuvovoa EZ. Ae€iée énr 6Aa ta tpiywva AZE mov npokUntovy kat’
avtov tov tpomo éxovr TS (O1€S ywries. Eidikd yid tny 9éon IK tng xopons did tov B, n omola
elvar tapdAAnAn mpog tny didkevtpo OP twv kUkAwy, O€ie 6Tt 01 dAAeS TA€UPES DiépyovTal
aré ta kévtpa O, P, to 6e unkog tns xopodngs elvar to puéyoto duvator kai oo je to OmAdoo
NS anéoTaons twy KEVTpwr.

Eyfua 6.11: Tolywva 3edoUuévwy YwVimY TEPLYEYRUUUEVA TRLYDVOU

IIpboBAnua 6.5.4 Aidetar tplywro ABI kai onpelo E oto eowtepiké tov. Kataokevdlovtai
01 Tp€lS kUKAoL a, B, y mov teprolv and Vo kopugéS tou Tptyivou kat to E avtiotolyws. Ao
tuydv onueio I tov kUkdov a, pépope tny II' mov téuver tov B oto Z. Ané to Z gépoue tnr
AZ rmov téuver tov y ovo H. Aeike émi:

1. Ta onueta H, B ka1 I elvar ovvevdaaxd.

2. Ta wplywva IZH mov oynuacifovtar kat’ avtdy tov tpomo, éxovy ndvta TS (01€§ Ywvieg
U, ¢, .

3. Or ywvieg avtés elvar (o€ e Tig ywries Tou tpiycrov mov oxnuatiletal and ta kévpa
Y, T, X, twv tpiov kUkAwv a, B, y avtiotolyos.

4. YTrdpyer pia 9éon (KMN) tov kopvpdy tov tprydvou enl twr a, B, y artiotoiyws, €tot
woTe o1 TAevpés tou tprywvou KMN va elvar napdAAnies kar OimAdoies to pnkog twv
mAevpdv tov TTX.

5. Or evlelesc KT, MT, NX, 0iépyovtar ané to onpeio E.

6. To tptywro KMN éyer tnr péyon dvvatn) tepijetpo, petald Awv wwv tpiydvor IZH
mov kataokevdlovtar pu” avtiy tny pédodo.
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IIpboBAnua 6.5.5 Aidetar tpiywvo ABI, kar tplywvo XTT. Na rmeprypapel nepl to ABIT
tptywrvo IZH e yovies (oeg e avtés tov XTT kar péyrotn dvvacn) nepipetpo.

IIpboBAnua 6.5.6 Ye do0év tpiywrvo KMN, va eyypagel dAdo tpiywvo ABI', tov omolou ot
ywvies va elvar loeg pe doleloes a, B, y ka1 to omolo va éyer tnv eAdyiotn dvvatn) mepijie-
tpo. (Ymédeln: Oecdpnoe mpdra tplywro ABT" ne yovies loeg npog avtés tov ABIT kat
kataokelaoe mepl avtd tpiywro ywridv lowv mpog avté§ tou KMN kar peyiotng dvvatng
tepruétpov, éotw XYZ. Yvppikvwoe to XTVZ, kar Bpes tny Oéon tov ABI.)

a A B’
Y C
) B
9]
c n-a B
A —C

Yyfua 6.12: Telywvo ue xopugés ent evdetdyv a, b, c

IMpoBAnua 6.5.7 Aidovtar tpeig evleles napdAAnAeg 1} d1epydpeves dia tov avtol onueiov:
a, b, c. Na kataokevaolel tpiywro duoto mpog 600év ABC' kai éxyov Tig kopupés Tov eml Twy
o1V evdany.

6.6 Kuixhog dLa TpLwy onueloy

Yyfua 6.13: Kixhog Siepyduevog and tpla onueio, TeplyeypauUEVOS TOLYOVOU

Ilpotaom 6.6.1 And tpia onueila tov emmnédov, un reipeva en’ evldelag diépyetar évag ka
povov évag kkdos. loodvvapa: KdOe tplywvo éyer évav akpifds mepLYeYpoihévo (biep-
XOpevo até g kopupés tov) kUkAo.

Hpdryuatt, tela tétota onueio opilouvv tpiywvo ABI. 'Ectw O to onueio tourg twv ue-
ooxadétwv A’A” e BT xou B'B” e AT Oa éyoue d(O,B) = d(O,T') xau avdhoya
d(O,T') =d(0, A), ouvende xar d(O, B) = d(0, A), dpa 10 O eivon xou enl tng uesoxadétov
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I'T” tne AB. To O howndy wanéyet and to A, B, I' xau eivon povosfjuavta oplouévo. Aut
elvar wid tumy ouvdetiny anddelln.

To (8o mpdrypa unopolUE var amodelEovue xat LTOAOYLOTIXE, YENOLULOTOWWVTAS Eva TOTO
6moc o (5.8): Eotwoav (2/,y'), (2", y"), (2", y"), (z,y), aviictoya, ot cuvtetayuévec twv
Tptwyv onueiwy A, B, T' xat tou tpéyovtog onueiov X tou {nrouuévou xixhov. Ot cuvtetay-
uéveg autéc, €@’ boov T onuelo tepLéyovton 6” évay x0xho, Yo Lxavomolobyy v e&lowon

TOU:
22 +y? +bx+cy+d=0,

22 +y? + b’ +cy +d=0,

x//Z + y//2 + bx// + Cy” + d — 0’

$///2 + y///2 + bx/// + Cy/// + d — 0.

(6.9)

Oraprduot 1,b, ¢, d unopoidv vodewpnioly oL &y veoTol Tou 0UoYEVo)E GUGTHUATOS, To 0Ttolo,
XATA TV YeouuLxy dhyeBpa, €yel toTe axplBdc Abor 6tav 1 opilovsd tou undeviletou:

z2 + y2 T Y
2 + y'2 2 y

det "2 4 y//2 oy

1
1
L =0 (6.10)
1

Avantiooovtag v opilovoa wg mpog TNy mewTn Yeouun, éyouvue v {ntovuévn eliowon
(ta ', 9, ... xTh. elvon Yvowotd). Ac oNUEWooLUE OTL 1) Tpolndveoy, ta Tplo onueia vor Unv
Z 4 7 7 ’ 4 4 7

elvon ouvevetoxd, todivauel ue tov un undevioud (5.9) e xdtw deZid 3 X 3 unoopilovooag,

TOU 070 oVETTUYUX YivETal 0 cuvieheothc Tou bpou T2 + 2. O un undevioude autoh Tou

bpou e€aogalilet 6Tl 1 e€ioworn maploTd TEdyUATL Evay XUXAO.

ITPOBAHMATA 6.6

Eyfuo 6.14: Egantouevol xOxhot

IMpopAnua 6.6.1 Eotww E to onpueio touns twy diaywvior tpareliov ABCD. Aeiée 6n o
kUKAo1 Tov Biépyovtar and ta dkpa twy TapaAAfAwy TAeupdy Tov kat to onuelo E epdntovta
petav toug.

IIpboBAnua 6.6.2 Aidovtar tuydr kuptd tetpdmievpo ABI'A kar onueio E oto eowtepikd
tov. Kataokelaoe kUkAovg a, B, y, 0 diepydpevous ané ta dkpa Twy TAEUpDY TOU Kail To
E avtiotoya. Ané tuydv onueio I wov a, pépe tnr IA téuvovoa vov B oto K, ané to K
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Eyfuo 6.15: Tetpdmhevpo nepryeypouuévo dodévtog dhhou

r AK, téuvovoa tov y oto A, ané to A tnr BA téuvovoa tov 6 oto M. Aeiée én ta
MIT elvar ovrveviaaxd. Aatinwoe kar anéoeiée yid to IKAM 1616tnTe avdloyes avtay tov
Tponyouvpévov mpofAnuatog. Aetée ot da ta tetpdndevpa IKAM éyovr mAevpés avdloyeg
rpos to tetpdmhevpo OIITT wwv kévipwv twr kUkAwv a, B, Y, 0, avuotolyws. ['evikevoe
Ty mpétaon yid Tuxov v-ywvo.

6.7 Eyypddiua eug x0xhov tetpdmisupa

Or 800 pédodol anddetgng g mpoNYolUEYNS TROTAOTS QPAUVERWYOLY TNV Slopopd Tng ouvie-
TIXAC ot avoAuTIXhc uedddou oxédne. Katd xavova 1 mpotn eivar oAb méd odvtoun xot
nopaotatixr. H debtepn uédodog xpiPet cuy VA TO YEOUETPLXO TEQLEYOUEVO XATw amd aprdun-
Txég oyéoelc. BNy avantun tne Yewplog TpOTWAUE TNV Tp@TY. LNy Tedln »woT1dc0, T.).
XATAOXEVT] XUXALXOU dpOUOU TOU TEPVE Amd TEELS TOAELS UE CUYXEXPLUEVES GUVTETAYUEVES
(z',y, ... xT\. ), npéner va ypnowonotioovue TV (6.10) (1 xdtt topduow). H elicworn auth
exppdlet xou TV avaryxabor xou o ouviixm Y& vo elvan tecoepa on-ueia (Ue avtioTolyeg
ouvtetayUévee (z,y), (2',y'), ... xT\.) otov (8o xOxho. Téooepa tétola onueio opillouvy éva
EYYEYPULUEVO (evvoeiton oe x0xho) tetpdnieupo. And to (6.5.1) xou éneton auéons 1
pielopieToy

Eyfua 6.16: Eyyeypouuévo teTpdmhevpo, Yempnuo NUITOVOL

Ilpotaom 6.7.1 Ilavtds eyyeypaupévov tetpamdelpov ot anévartt ywvieS elval naparAnpow-
patukég. Ioodvvaua: kdle ywvia tov woltar pe tny e€wtepikn kar arévavn yowvia. Eriong
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kdOe mAevpd Tov opdtar ané Ti§ pun mpookeieves o auThy KOpuYéS und loes ywrieg. A-

vTiotpoga, av tetpdmAevpo éyel éotw kal pia and Ti§ mpoavapepinoes 1016tnTes, tote elval
V4

eyypdyno.

IMpotaom 6.7.2 Id xdle tptywro ABI" o Adyos tng mAevpds mpog to nuitovo tng arévavn
yoviag b/ nu(B) = 2R, érov R n axtiva tov mepryeypaupévov klkAov.

Ytov neptyeypauuévo xixho tou tptydvou ABIN @époue and to A tny Siduetpo AA, tétE
AAT = ABT = B. Ané 1o opdoyovio tplywvo AAT éyouue 6t nu(B) = b/(2R), 6mouv 2R
n Sduetpog tou xOxhou. Tolto elvon ud axdun anddelln tov 4.4, n onolo udhiota Sivet
axpBAOC XL TOV XOWO AGYO TV XANACUATWY.

Yyfua 6.17: Evdeia Tou Simson

Ilpotaom 6.7.3 Id kdde tpiywro ABC kar onueilo P enl tov tepryeypaupévov kkAov tov,
o1 tpeis opoydries TpoPolés tou anpelov otis TAEUPES (1) TIS TPOERTATEIS TOUS) TOU TPIYWHYOU
ketvtar en” evdelag s(P), mov ovopdletar evdeior Simson tov onpueiov P.

Ac ovoudoovue A', B', C' tic npofoléc tou onueiov P. Ipéner va Sei€ovue bt tor gu-
Woypaua tufuata A'B’ xar B'C' oynuatilouv yovie m oto onueio B'. Tlpdyuatt,
PB'A' = n— A'CP, di67 10 tetpdnhevpo A'B'PC eivon eyypddiuo. Enlong C'B'P = C'AP
dtott 10 tetpdmheupo AB'PC' elvar eyypdduuo. Téhog C'AP = PCA' di671 10 TETPATAEVPO
ABCP ceivar eyypddiuo. Yuvdyetar Aotndy 6Tt C'B'P + PB'A! = r.

Eyfua 6.18: Evdelec Simson avtidtauetpixdy onueiwy
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ITPOBAHMATA 6.7

IMpoPAua 6.7.1 Aciée 6t o1 evdeleg Simson 0¥o avudiauetpikdy onuelwr P, () elvar
kdOetes petalV tovs. (Tréden : Aeite (oxnua 6.18) én to ddpowoua ywvior BC"A" +
AC'B'=m/2.)

6.8 Xnuelov tou Miquel

Eyfua 6.19: Ynuelov tou Miquel

IIpotaom 6.8.1 Aifdovzar 6vo evdlypaupa tunuata AB kar CD. Fowwoar F ka1 G ta
onueta touns twv AB, CD ka1t AD, BC' avuiotolyws. Ioyvovr ta €&ng:

1. O1kvkhot ADF, BCF, ABG, CDG 6iépyovtar 6Aot ané kowé anuelov E mov Aéyetar
onuetor tov Miquel twv AB, CD.

2. Ta xévtpa K, L, M, N avtdv twwv kUkAwy tepiéyovtal o€ kUkAO S.

3. To onueiov E mepiéyetar kar avté otov kUkAo s, mov ovoudletar kUkAog tov Steiner

v AB, CD.

I'é o (1): Eow E 1o dhho ornueio tourc (extéc tou C) twv xdxhov BCF, CDG. Té-
TE Ol YWVIEC F/’E\D, BAD civon TAUPATANPWUATIXES: FED = BEF + BEC + CED =
BCF +BFC +CGD = ABC +CGD = n — BAD. "Apa xou 0 xOxhog ADF Siépyetan and
10 onueio E. Avdhoya anodetxvietar 61t xou o xOxhoc ABG Siépyeton and 1o F.

['é to (2): Ytnpiletar oy napatrpnon 6t 1 ddxevipog 300 xOxAwv elvon xddetn otny
xow1| Toug yopdn. 'Etol n yovia KNL €yeL TIC TAEVEES TIC XAVETES TPOC TIC TAEVLPES TS
@ xaL oLUVET®S LolTon U awThY. ‘Oung @ = 56_7'\D = @ = m YUVETHC T
téooepa onuelo K, L, M, N meptéyovtar o€ x0xho s.
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I'd o (3): LEK = FEK — LEF = (m — FT/ﬁ) — (m — EQE) ‘Ouwc yia tic 300 tehev-
Talec Ywvieg €youue: FKE = 2(@) = 2(F/'-D§) = 2(@) o FLE = 2(@) =
2(@) = 2(D/@) Sovenme, haufdvovtog un” ddy tor avapepdévia otny (1) : LEK =
DGE - CGE = DGC = KML.

ITPOBAHMATA 6.8

Eyfua 6.20: Teeg xdxhot Steiner twv A, B, C, D

IMpoPAnua 6.8.1 Aidovtar téooapa onueia A, B, C, D. Egapudlovras to Jecddpnua tov
Miquel yid dAes tig duvatés avadardées twv onuelwr avidy, taiprovue avtiotoya (yd
kde hdraln) tpeg kikAovg tov Steiner (oxnua 6.20). Or kUkAor avtol Giépyovtar kai ot
TpelS and otalepd onueio T

6.9 KoiOxhou eyyveypopurévol g Tplywvoy

Ilpétaom 6.9.1 Ilavtds tprydvov ABI o1 €bwtepikés kar eowtepikés dryotouor téuvorta
avd tpeis o€ téooepa avvokikd onueia I, A, B’ I, ta orola elvar kévtpa kUkAwY €pantopévomy
Kal 0TI TPels mAeupés Tprydrov (1 tis mpoektdoes tous). Or téooepis avrol kUkAot elvar ot
povadikol pe Tny 1016tnta aven. Ta téooepa aved onueia elvar ta povadikd e tny 1didtnTa
va 1wanéyovy and Tig TAEUpES Tou TpLydrou (1} TS TPoeKTATels Tovg).

Ac dewprioovue tig Tpeic eowtepixég Suyotduoug. Ot dhheg meptntidoelc anodetxviovTal ovd-
hoyo. Eotw I 1o onuelo tourc v diyotdéuwy AA’, BB". ®épvoue and to I xddetec IA, IE,
IZ otic mhevpéc tou tprydvou. Kotd vy (5.6.2), d(I, E) = d(I,Z), apol 1o I avixet otny
dryotéuo AA’ Tlopbuowa d(I, Z) = d(I, A) agod 1o I avixel oty diyotéuo BB Tuvdyeton
d(I,E) =d(I,A), oo to I eivon xon eni tne duyotduou I'T". Ko o tpeic hotndv eomtepinéc
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Yyfua 6.21: Eyyeypoauuévos xOxhog Tply@vou, x0OxAol TUpEYYEYPAUUUEVOL

dryotduol Sépyovian and to I. O xxhog ue xévipo I xou axtiva IA Aéyeton eyyeypour-
weévog tou Tptydvou ABI. Ou xxhot ue xévtpa ota A, B, I xan axtiveg v andotaoy
and TS TAEVPES TOU TPLYWOVOU AEYOVTUL TAREYYEYPXAEVOL xUxhotl Tou Tptydvou. To 6t
0 EYYEYPUUUEVOS XOXAOC EPATTETAL TwV TAELPEWY TOL Tply®vou ota onueta A, E, Z elvow
ovvéreta Tic xadetotnrac v IA, IE, 17 otic avtiotoryec mhevpéc. To povooruavto twv
TEGCUPWY ONUEIWY X0l TWY TECTUpWY XOXA®Y Elvon TEAL GUVETELXL TNG YoPAXTNELOTLXNAS LBLO-
TNTOC TOV SLY0TOU®Y, Vo TEPLEYOLY ATOXAELGTIXG oNUElol LOATEYOVTA and TIg TAEVRES TNS
yoviag Ty onoloy dtyotouoly. Luyvd ol TEGoERLS TEONYOVUEVOL XUXAOL AVUPEPOVTOL XL OS
TELOEPATTOUEVOL TOU TPLYMVOU.

A

Bl
l—‘l
H

B Al r I

Eyfua 6.22: Opdodxevtpo Tpryodvou, neplntwon oufiuywviou Tprydvou

IMpotaom 6.9.2 Ilavtés tpryvvov ABI' ta Uyn AA’, BB, I'T", tiépyovtar ané onueio H
A€yijevo op3OXEVTRO TOU TPLYWDYOU.

[Mpdryuartt, ac vrovéocoue 6t ta O BB xou I'T” téuvovtan oto H. ®épvoue tnv HA” xddeto
otnv BI' xar evidvoue 1o H ue 10 A. Oa deiloue 6t o A, H, A’ eivor oty (St evdelon

[ood0vaua: ot ywvieg ¢ —BHA' = AHB'=Y. ‘Ouwe to tetpdnicupo I'B'HA’, wg €yov
amévavtt ywvieg opdéc elvon eyypddiuo, apa BHA' = ATB'. [apduola 1o teTEdTAELEO
AT"HB', ¢ éyov anévavtt ywvieg opléc elvor eyypddiuo, doa AT'B' = AHB'. Téhoc oto
tetpanievpo BI'BT', ou xopugéc B, TV Bhémouy tnv BI' und opiéc ywvies dpa etvan eyypddiuo
xat N ywvio Tou oto I' 1oodton ye v e€wtepixt| oto I AT'B' = ATB'. Suvohixd hotzéy
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€youe autd mou {NnTduE: BHA' = AHB'.

Yy nponyoluevn anddelln vtodéoaue olwnned 6Tl ot To Tplywvo elvon oluydvio. Edy
n Yywvio oto A eivon aufiela, to H elvon extde tou tprydvou xou to BY, I evpioxovton enl v
TPOEXTACEWY TV AVTIOTOlYwY TAeLP®Y. Otwpolue tote dTL Tar Vo O BB, TT” téuvovton
oto H, evovovue ta A, H xou @épvoue xditeto otny BI' and 10 A. Actyvovue ndht 61t tar
H, A, A" etvar oty (St evdeto. ToodOvapo: H, A, A’ elvar oty (St evdelo. To uévo mou
ohhdler ebvor 1 Sdtadn twv A, A’ H. H anddeln xou 6” awtiv v mepintwon eivon (Star ue
TNV TPONYOVLUEVT,.

C

Syfua 6.23: Opdhixd tplywvo

Ipétaom 6.9.3 (Opthkd tpiywro) Id kdile tpiywvo ABIT e oplidkevtpo H, o1 médes twy
vy optlovr to Aeyduevo opixd tptywvo AEZ tov ABI. To tpiywro avtd éyer petald
dAwv TS 1016TNTES:

1.

2.
3.

Ta tpia tpiywrva tov arotéuver and o ABI': AZE, BAZ ka1 AT'E éyovv TS (01€ ywvieg
pe to ABI.

Ta vyn wov ABI" eivar dryotduor tov ophixov AEZ.

Edv a, B, y eiva1 o1 ywvies tov ABI', téte anévavtt 0’ avtés to opthkd aynuacilel
avtiotoya yovie§: m-2a, t-28, t-2y.

Ot npoextdoes twv vipdv tov ABI téuvovy tny nepryeypauiévn neprpépela o€ onueia
0, I, K, étor dote o1 mAeupég tov tpiycivov va elvar peookdietes avtiotoa twy HO,
HI, HK .

To tpiywro OIK éyer mAeupés tapdAAnAes kar simddoies tov opthkod.

Ot eparntipeves tou teptyeypappévov kikdov ota A, B, I elvar tapdAAnAes twv tAeupcy
tov oplhikov.

Ta téooepa onueia A, B, I', H, AauPavipeva avd tpia opilovr 4 tplywra twv onolwy
0 opUdkevtpo elvar to térapto onueio opdoxevipixn tetpddo. Ta 4 avtd tplywra
éxovy koo modiko Tplywvo.

Or mepryeypapévor kKUkAol twv tprtyorvwy nds oplokertpikng tetpdoag éxovy tny o
axtiva.

Hpdryuart, to 1) npoxintet and 1o 61 1o tetpdmievpo EZBT, ZAT'A xouw EABA eivou ey-
yedhuo o xdxho. Ta 2) xou 3) mpoxdntouy SraPdlovtoac Tic ywviee nou oynuatilovton
otoug THdec v LPGY. T.y. oto A oynuatileton and xdde ueptd N yovio o (cuvénela Tou

1). Té& o 4) napatnpolue 6t n AHT = A/G\F:B, AOYw TV eYYpahiuwy teTpanAElpwY
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BAHZ xar ABOT'. To HI'O eivar howndv woooxehéc dpa 1 BI' uesoxddetoc e HO. To 5)
elvon ouvéneta tou 4), agol h.y. 1 ZA evdver ta uéoa twv tAevpwy tou HKO dpa eivor
TopdAAnAn xat to woéd e KO. To 6) npoxiintet and o tponyodueva t.y. 1 yovio oto T
eiva B Omwe xou n AET. To 7) elvon dueon cuvénela twy oploundy. Télog to 8) mpoxintet
and 1o 4), dbtL xat” autd h.y. ta tpiywva BHI xou BOTI éyouy avtiototya ioec mhevpée, dpa
xat {coug Teptyeypauévous xixhoug (doxnor). Ounc o tepryeypauuévos tou BOI eivan o
TepLyeypauUévos Tou apytxol Tptydvou ABT.

6.10 IIpoBAnua Tou Fagnano

To npbBinua tou Fagnano (1682-1766) Statundvetor we egng:

Ye 600¢v o&uydvio tpiywrvo ABC, va eyypagn tpiywvo DEF elayiotng mepipétpou.

Ty Moon tou TpoPAfuatos enttuyydvouue euxolodtepa ywpllovtde to ot dvo uéen: (o) Kot
apy v vnodétovue 6Tt To eyyeypauuévo DEF éyet ent tng BC otadepd v xopugy Tou D
xo LEToPBdAAeL Tic 800 dAAEC x0puLYEC el TV avTIoTOlywY TheLp®Y Tou Tetywvou ABC.
Evploxouvye howmdy 1o tpiywvo ehaylotne neptuétpou un’ autdv tov mepoptoudy. Koatodmy
(B) petaPBdrhovue to onueio D xou avalntolue exeivo to Tplywvo mou €yel Ty eAdytoTn
neplueTpo cLVOALXAL.

Eyfua 6.24: Eyyeypouuévo tplywvo ehaylotng neptuétpou

(o) Oewpolue Ty Véom tou D otadepd xou o E, F, uetofolloueve enl twy TAEVPOY

ToU TELY®OVOL. Oewpolue enione 1o ouupetpxd D', D" tou D we npoc tic thevpéc tou Tpt-
ywvou. H mpog ehaytotonoinony nepluetpog toobton Ue 1o Uunixog tng tedhacuévng ypauunc
D'FED". Exiong ta onueio D', D" elvon otadepd, e€optdueva udvov and tny ¥éon touv D
xaw Oyt amd o B, F. Ipogavae 1 eAdytotn Suvaty nepluetpog entTuy ydveTat 6tay Tar onuei-
o D', F, E, D", elvan ex” evdeloc (6nwe oo dedtepo oyfua). To ufxoc tou evduypduuou
tufiuatoc DD’ eivan f(D) = |AD|cos(a), 6mov o = ¢ +w = B/E, 1 Ywviol TV TpLYOVOU
oto A. Tobro, dtétt 10 tplywvo D'AD" elvar .oooxehée, €yovtag xou o 300 oxélr (ool UE To
evdiypouuo tufua AD | 1 8¢ yovia tou oto A elvon 2ae. Yuunepalvoue 6Tt yid Ty otoep
auth Véon tou D, n ehdytotn mepiuetpog emttuyydvetar 6tay 1o E, F, cvuninttouy UE T
touéc e D'D" ue tic mheupéc Tou Tprydvou xot TOTE To Uixog g nepLuétpou elvar f(D).
(B) o debtepo uépoc avalntodue v Yéon touv D yid v onoio 1 f(D) yiveton eNdytotn.
Toltn 6uwe mpoavae elvon 1 tpoBoir Tov A otnv BC.
Yxeqtouevol ue tov (3to tpdmo xon Yid i dAkeg xopugéc E, F, tou tprywvouv DEF, cuurne-
palvoue OTL TPEMEL VO GUUTITTOUY UE TOUS THdES TV LYWV TOL TELYWVOL, dpa To {NTOVUEVO
Tplywvo Yo ouunintel ue 1o opthxd tou ABC xou 1 edytoty Suvary mepiuetpog Ga elvar 1
nepiueTtpog tou opdixol TELYdVOoUL.
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6.11 AmoAA®viog xUxAhog

Eyfuo 6.25: Atohh@viog xOxAog

Ipétaon 6.11.1 (Anodddriog (247 1.X.) kbkhog) Aotévtwy 6o onueiwr A, B kar Oetikot
k # 1 o yewperpikds térog twv onpelwv P, yid ta otola o Adyos d(P, A)/d(P, B) =k, elvar
kUKkAog oployavios atny evlela twv A, B e diduetpo ta 6o onpeia tng tpooarvatoliopévov
Adyou £k w¢ mpog ta A, B.

H anddeiln ompiletar otnyv 5.6.3. Ipdyuatt, av P elvon onueio tou témou, té1e oL e€wtepixt)
xol eowTEPXT| dtyotduog g ywviog oto P tou tprydvou ABP, Yo téuvouy tny anévavtt
mhevpd ot onuelo B, Z, npocavatohiouévou héyou Fk, dpa yvwotd onuelo. To P Brénet
10 otadepd evdiypauuo TURUL Lo oplY| Ywvia, €’ ou xou to {ntoduevo. Kdie onueio
TOU TOTOU hotmdy Yo avixet 6° autdy Tov xOxho. Ilpdyuatt, ot ywvieg BPO = OAP =
o. IpoxOntel auéone 61t 1o tplywva AOP xou OPB éyouv loec avilotoyes yovies, dpa
N axtiva 7 Tou xHxhou Yo weavornoet 2 = d(O, B)d(0, A). Auté uac yperdletor Yid var
dei€ouvue o avtiotpogo: 6t xdie onueio Tou xvxhou elvar xou onuelo touv témou. Ipdyuart,
and v tekevtaia oyéomn mpoximtel xou avilotpopa Ot to Tplywva AOP xou OPB é€youv
foec avtiotoryec yoviee. An’ autd mpoxlntel 6T APE = EPB = ¢. Apa ot PE, PZ eivan
dryotouoL TG APB %o 10 5.6.3 epopubdleton xat e€aoahilet 61t o hoyog d(P, A)/d(P, B) =
k.

Katd my 5.4.1, 1 E, Z da didovtar and tnv eZiowon e evdeloc St tov A, B ¢(t) =
(1 —t)@+th, yu ty = k/(k — 1),t2 = k/(k + 1). Apa 10 yéoov 1ou EZ xar xévipo tou
x0xhou Vo elva
k? K -

5 )at b (6.11)

o= (glt) +9(t2) = (1 -

6.12 Eulela xoauw xOxAhog tou Euler

Ilpbtaom 6.12.1 Ye xdde tplywro ABI' to onueio touns twv dwapéowr G, evploketar oto
evypauio Tunua mov evaver to kévrpo O tov teptyeypappuévov kUkAov jue to opUdkevtpo H
kai to ywpiler o€ Aéyo 1:2. H eviela mov opilovr ta O, H Aéyetar evilela Euler tov tprydrov.

Hpdryuatt, ag Yewpiooue v Stdueco AA xou 1o uéoov © g Al Ta tplywva AHB xou
OBA éyouv mapdhinhes Tic TAELPES TOUS , dpat [oeg Ywvieg xat avdhoyeg TAELEES UE AOYO A.
Enedn n ©A eivon 1o utod tng AB, A=1/2. Tolto onuaiver 6t 10 OA eivor nopdhhnho xou
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B A r
Eyfua 6.26: Evdeta tov Euler tpryodvou

10 wed touv AH. 'Eotw E 1o onueio touric g AA xou HO. Ta tpiywva AEH, OEA €youv
ndht foeg Ywvieg dpa mAeupéc avdhoyes ue Aoyo = x. Enedy) duwe n AH elvon Simhdota tne
OA Yo elvar x=2. Xuvdyeton 61t 10 E ywpiler v didueco o hoéyo 2:1, dpa ovuninter ue
10 onueio Touhc G TV SLUUECKY TOU TELYWVOL.

Ipétaom 6.12.2 1. (Kdkhog tov Euler 1707-1783) Ilavtés tpiydvov ABI pe opOdie-
vtpo H, ta péoa twv mevpdr, o1 m6des twv vipoy kar ta péoa A’ B, I avtiotolyw,
twv HA, HB, HI' nepiéyovtar o€ kUkdo. O kUkAoS autdg ovopdletar xOxAog TOL
Euler 1} x0xA\og twv evvéa onuelny.

2. To kévtpo E tov kUkAov tov Euler eivai to péoov tov HO, mov evdver to opldkevtpo
pe to kévtpo O tov mepryeypaujiévov KUkAov.

3. H axtiva EA’ tov kUkAov tov Euler elvai tapdAAnAn xar to nov tng axtivag OA tov
TepIyeYpapévov kUkAouv.

Yyfua 6.27: Kidxhog tou Euler tpiydvou

Xpenotuonotolue to mponyouvuéves detyvév: to AH elvon Simhdoto xou nopdhinio tou OA .
A, Z, © cuuPolilouv 86 ta uéoa Twy Thevpdy, I, K, A touc nddec twv uhdv tou ABI'. To
tetpdmhevpo OBTZ eivar opttoydvio maparinidypauuo. Tolto 5i6Tt oL Theupés Tou OZ xou
BT’ eivon mopdhhnhec xou ool urxoug mpog tny BI', ot 8e OB', ZI' eivon nopdhinies xon
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woég to unxog mpog v AH. Avdhoya xor 1o tetpdnieupo OATA eivar opdoywvio mopah-
Anhoypoauuo. To opdoyodvia autd nopahhnidypauua €youy xown v Staydvio O, ‘Apa 1o
x€vtpo toug Yo ovunintel ue 1o yéoov E g O mou tawtdypova eivar UEcov TV SAAwY
draywviov OI xaw BZ. Ta O, B, A, I, Z xou A" eivon hotndyv entl xOxhou ue xévipo E xou
drauétpoug (diyotouolueves and 1o E) OIY, BZ, A’A. To A'HAO eivor nopadAnhdypauuo,
dpa ot Staydviol Tou dryotouolvia, dpa 1o E elvon uéoov g OH. Téhog o onueio K Brénet
v Stduetpo B'Z und opihy ywviav, tapouota to I BAénel v A’A xou 1o A v OI" und op-
My yoviov. ‘Ola hotmdv autd to onueio euploxovton 6tov (8o x0xho ue xévtpo E xar axtiva
EA’. ToOtn eivar mapdAAnin xon to futov tng OA, nou elvar 1 oxtivar Tou TepLyeypoUUE VoL
x0xhou.

IMpotaom 6.12.3 Ye kdle tpiywro ABI o tepryeypappévos kikdog dyyotouel ta evivypau-
Ha TUNUATa Ta €varorta To KEvTpo Tou €yyeypaupévov kUkdov H pe ta kévtpa twv mapey-
YeEYPauUévwy Tov KUKAWY.

Mpdryuatt, ta xévtpa H tou eyyeypoauuévou xou O, I, K twv nopeyyeypouuévmy xOxhwy
oynuatilouvy uLd opdoxevtpin tetpdda 6.9.3, tng omotag To ABI elvon 10 modxd tplywvo,
o 3¢ meptyeypouuévoc tou ABT eivon o xOxhoc Euler tou OIK. To cvunépacuo cuvdyetot
Ano TO OUMYLUO VEDPNUAL.

E

Yyfuo 6.28: Yyéon axtivwv eYYEYpUUUEVOU-TEQLYEYPOUUEVOU

IIpotaom 6.12.4 Eotw tpiywvo ABI', I to kévtpo tou eyyeypaupévov, O to kévtpo tov
mepryeypaupévov kikdov r, R avtiotoiya o1 aktives twr 6Uo kUkAwv, Z to onuelo enapns
eyyeypapupévov kar mevpds AB, E to onueio touns dtyotduov oto A kar mepryeypaujrévou,
H to avuidriapetpixé tov E. Ioyvovy ta €€ng:

Or ywvieg IBE = BIE xai w tptywvo IBE elvai 1000keAEs.

Ta unkn wwv BE kat EI' elvar {oa.

Ta tpiywva AZI kar HEI elvar opOoydvia e loes ywvie.

SN e

TNa ty aréotaon d = d(I,0) twv kévtpwr twv dlo kikdwr wytea d? = R(R — 2r)
Euler.

5. H mponyoluevn oxéon elvar avaykaia kar ikavi yid va elvar 600 kdkdor avtiotoa
EYYEVYPAUNEVOS KAl TEPLYE YPAUEVOS KATO0U TPLYDYOU.
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6. Edv 6o kiAot a, B, kévtpwr I, O ka1 aktivor r, R avtiotolyws, tkavomooly Tny mpon-
yoUuern oyéon, tote yid kdle onueio A tng B, pépvovrag epantopeves AB, AI' npog
my a, oxnuatiletar Tptywro mov éxel TS a, B wS €YYEYPAUILEVO KAl TEPLYEYPALUEVO
kUKkAo avtioToya.

Hpdryuatt, ag ovuPoiilouy a, B, v Tic ywvieg Tou tpry®vou ota A, B, I' avtiotolywe. To
1) mpoxVnTEL UETPOVTUS TS YWViES: EBA = 04/2,@ = (/2. = IBE =(a+p)/2. To
(30 mpoxhTTEL XA Yiot TNV Ywvia BIE ueTpOVTaC TIC YwVieS oto tpiywvo ABL To 2) eivar
dueorn ouvénela Tou 6Tt 1) dryotéuoc e o, dtyotouel oto E 1o 1620 BI'. To 3) mpoxintet
méht an’ To 6Tl ot Ywvieg Twv oploywviwy Tprydvey 6to A xow H avuietolywe eivar /2. To
4) mpoxbnteL and Ty dovaun tou I we tpog Tov nepryeypauévo Tou elvan fon ue d? — R? =
—d(I,A)d(I,E). To tpiywva AZI, ETH, ¢ éyovia loec ywvieg €xouv TAELpEC avahoYeS
d(E,T')/2R = r/d(A,I) = d(I,A)d(I,E) = 2Rr. To avoyxoaio nou avoapépetor 60 5)
npoxinteL and ta tponyoluevae. To txavéd xou 1o 6) anodewxvbovtar tavtdypova. Hpdyuart,
av ot 300 xUxhot txavorololy v oyéon tou 4), téte nalpvouue xat” apyRv Tuydy onueio A
otov B xat gépouc dVo egantéueves AB, Al otov a. XpnouonotvTag xatémy Ty oyéon
evploxoue 6Tt 0 xOxhog o TEENEL Vo ouUTInTEL UE TOV EYYEYpauuUévo Tou ABI.

ITPOBAHMATA 6.12

Eyfua 6.29: Aimhdowo evdeioar Simson

IMe6BAnua 6.12.1 Eotw B" to ouvupetpixd tov opoxévrpov H tov tprydvov ABC, wg
mpos Ty mevpd AC (oxnua 6.29). Eotw kar P onpueio tov nepryeypappévov kikdov tov
tpycvoy, s(P) n avtiotoyn evlela Simson tov P ka1 PQ) mapdAAnAn mpog tny BB". Aette
ta €&ng:
1. On ywul’eggQ\P = C'AP =C'B'P = B'PB".
2. H evieta d(P), ovuperpikn ts PB", (€& avakddoews) ws mpog tnr AC, elvar a-
pdAAnAn Tng s(P).
3. H evileia d(P), orépyetar ané to opékevtpo H tov tprydvov ABC.
4. To péoov tng HP mepiéyetar otnr evlela  Simson s(P) kar oto kUkAo Euler tov
TPLYOVOU.
H evdela d(P) Aéyetar Sunhdora evdeio Tov Simson.
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6.13 Xnuelov touv Fermat

Bl

BV
Yyfua 6.30: Ynueio tou Fermat 1601-1665

IIpétaom 6.13.1 Eotw ofvydrio tpiywvo ABI. Td kdle onueio P Jewpolue to dipowoua
twv anootdoewy p = |PA| + |PB| + |PT).
1. To p yivetar eAdyroto oty Oéon tov onueiov F eni tng BB Onov AI'B" wérAeypo,
kataoxevalopevo ent tng mAevpdg Al
2. To F yapaktnpiletar ané to 6t PATel TS TA€UpES ToU Tpiywrov vnd ywries 120°.
3. H ardoraon p, = |BB'| vdonoel to eAdyioro tng ovvdpTnong p.
4. Ta avdloya kataokevaldueva wiomkevpa tplywra enl twv dAAowv mdevpdy ABI” ka
BI'A’ optlovr avtiotoiyes evieteg |AA'| = |BB'| = [TTY| = p,.
5. Or evleleg AA", BB', I'T” 51épyovtar and to F kar oxnuatilovr o avté ywries 60°. To
F Aéyerar onpeio Fermat tov tpiydvov ABI.

[ v anddetln xotaoxevdlovue 10 WdémThevpo Tplywvo APY. Etol netuyaivouue 1o mpog
ehaytotonoinony dpotouc p vo tdpet Ty Loppy unxous tTedhacuévne Ypauunc: p = |[BP|+
|PX|+|EB'|. To onueio B xaopileton povoofiuavta and 1o tplywvo ABT xou dev eZoptdron
tou P. Apa to unxog yiveton ehdytoto dtav 1 tedhacuévn ouunécel Ue 1o evdiypouuo TURUL
BB’, onéte 10 P xon 1o ¥ o nepéyovion otny BB To F' xadopileton ent tng BB" and v
ywvioa 60° tov oynuatiler u’ avthyv. Téte 1o AFTB’ elvar eyypddruo, diétt ta B xou T
BAémouvy v AB’ umd ywviay 60°. A’ autéc Tic TopaTnEoEc amoppéouy EUXOAA GAOL OL
oy vpLouol.

ITPOBAHMATA 6.13
IIpb6BAnua 6.13.1 Kataokelaoe wiémAevpa tpiywva ewtepixd kar emi twv mAeupdv tov

tpyavov ABI. Aeiée, avdloya pe tnv mpéraon 6.13.1, 6t kar otnr mepintwon apfAvywriov
tprydvov o1 evllelec AA’, BB ka1 I'T” éxour o (b0 uijkos. Aetée eniong dn ta kévrpa (Bdpous)
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Yyfua 6.31: Telywvo Narokéoviog

TV 100TAEUpwY aUTdY €lval kopupés dAdov 100TAelpov tpiydrou (avagépetal ws Tplywro
Narohéovrog). (Yrmddeén: ta tpiyova APT kar ABB’ elvar duowa pe Adyo opordtnrag

1/v/3.)

Yyfua 6.32: Telywvo uéowy t6<wv

IIpb6BAnua 6.13.2 Kataokelaoe o€ Tuydvta kikdo tpia to6éa 60 popav: PX, TP, YX, oe
tuyaia Uéon. Ocdpnoe ta péoa A, B, I' twv peta&d tous xyopodwv PY, X, XT. Tovta eivar
KopUPES 100TAeUpou tprydvou. (Trédeién: Av E kar Z ta péoa twv TP kar X1 (Xxriua-
6.32) , o wdnkevpo EZH éye kévipo to A, didn AZY = PXY = 30°. Egdppooe o

rponyoluevo.)

6.14 Acoueg x0xAwv

Aodévtwy 300 xOxhwy

flz,y) =2+ 9> +bx+cy+d=0, (6.12)
g(z,y) = +y?> + bz +y+d =0. '

ovoudloue dEoUT TopayOUEVT and Toug 8o xUxhoug, GAoUC TOLC XUXAOUS TNE LoPPNC:
hi(z,y) = (1 =) f(z,y) +tg(z,y) =0, tER (6.13)

[Mé xdde t € R, n nponyoduevn e€iowon vroloyletar dueoa:

hy(z,y) = 22 + y% + b(t)z + c(t)y + d(t) = 0,
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6mou ¥étw b(t) = b+t(V —b), ( ) =c+t(d —c¢), d(t) = d+t(d —d). Ipogavoe siiomon
nopLoTdver évay xOxho, mou Yid t = 0 cvunintel ue tov Tp®to xvxho f(z,y) = 0 xou Y&
t =1 ovunintel ue tov debtepo g(z,y) =

h(x,y)=0

f(m L 9xy)=0 d

Eyfuo 6.33: Aéoun xOxhwv

IMpotaom 6.14.1 Id kdle d6éoun klkAwv mapaydpervn ané 600 Un-opudkevTpous KUKAOUS
wyvowr ta €€ng:

1. Ané kdOe onueio tov emmédov meprd évag akpifas kKUkAoS TnS 6éoung.

2. O pilikés déovag Vo Tuydrvtwy kikAwy tng 6éoung elvar ndvtote n iba eviela e, mov
ovoudlovpe pLixd dfova tng SEoung.

3. Ta xévtpa twr klkdwy tng 6éoung mepiéyovtar o€ evleia d, kddetn otov kowd pilixo
déova, mov ovopdlope evdeia TV AEVTPWY TNG SEOUNG.

4. Edv tpei§ kvkdot éyovy, avd Leyn, tov (610 piliké déova, téte o tpitog aviker otny
0éoun twv 6V0 dAAwr.

5. Edv 6o klkdor tng 6éoung éyovr 0vo kowd onuela A, B, téte dAot o1 klkdot tng
0éoung da oiépyovrar an’ avtd ta onueia. Edv 6vo kikdor tng déoung epdntovar o€
onueio A, tote da ta Levyn klkdwy tng 6éouns a epdrrovtar oto A. Edv 6vo kikAot
™S Oéoung dev téuvovral, tote kavéva (eUyoS KUKAwY tng 6éoung Oev téuveral.

O npwroc wyvptoude elvon dueor ouvéneta Tou optouol. Aodévtog onueiou (2o, yo) 0 xOxhog
e Séounc mou mepvd and 1o onueio awtd Yo xavornoel Ty eiowon hi(xp,yo) = 0, mou
xadopiler povoofuavia 10 t = f(zo,v0)/(f(z0,v0) — 9(z0,y0)). H wévn npofrnuortixd
neplntwon gaiveton va ebvonw 6tav f(zo,yo) — g(zo,y0) = 0, mou onuaiver 61t T0 oNUEio
evploxeton otov plixd d€ova v 800 xOxAwy. Owpolue duws xar tov plixd diova ooy
éva eldxd uéhog e déounge (yat = 0o,) xou €tot 1 tpdtooy napauével ohndnc xat o7 auThY
Vv Tepintwon.

['é& tov dedtepo oyvptoud dev €yovue nopd va ndpovue 800 Uéln tne déoung hy(z,y) =
0, hy(z,y) =0, xou vo tor apoupéoovue yio vor Bpolue v elowon tou plixol dZova. H
apatpeon autr didet:

hu(@,y) = ho(z,y) = (u = 0)[(t = bz + (' = )y + (d' — d)] =0,

7 4 7 7 4
Tou Y& u # v opilel mdvtote TV (Blor eudeia.
O tpitoc toyvploude TpoxinTeEL and 10 YEYOVHS HTL T0 %€VTpo Tou x0xhov he(z,y) = 0 elvon
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0 onueio —(b+t(b' —b),c+t(c —c))/2 nou eivon 1 napoueTpxh| nEpLypaph Utdc eulelac ue
xatevduvon ((b' —b), (¢ — ¢)) mov eivar xddetn otov pWlind dZova.

O tétaptog toyvptouds mpoxlnteL an’ 10 6Tl 0 EIlINOS AEOVaC xou EVAS axOUn XOXAOC TNS
déounc xaopilovy thipwe v déoun. Ilpdyuatt n egiowon touv pilixol &ova H(x,y) =0,
TPOXOTTEL ooy DLaPopd TwV eELOWOEMY dU0 xUxAwv tne déounc H(z,y) = f(z,y) — g(z,y).
Enouévewe dv Eépw v H(z,y) xou évav xOxho t.y. tov g(z,y) = 0, AMovovtac v e&iowon
Beloxw xou tov dhho xvxho tne déounc f(z,y) = (H(z,y) + g(z,y)) = 0.

O néuntoc woyvpouds eivar €€ foov mpogavic. Av to onuelo (zo, yo) xavomolel xou Tic
dvo eZwotoec f(zo,yo) = g(xo,yo) = 0, dnhadn elvar oty T0UH TV XOXABY OV ToEPd-
youv Vv 3éoun, téte xo xde uéhog tne déounc hi(z,y) = 0, Yo wxavonotel hy(zo, yo) =
(1 —1¢) f(zo,y0) + tg(zo,yo) = 0, dnhadh Vo Stépyeton and to Bo onueio.

ITpétaom 6.14.2 Eva otvolo klkAwy X anotedel 6éoun tote kar pévov tote dtav vrdpyet
evlela e n omola eivar p1likog déovag kdde (evyous drapopetikny kUkAwy Tov ourdlov X.

Tolto elvou dueor ouvéneta Tou mponyouuévou (4), xou Siver évar YEWUETELXO YopaXTNELOUS
e déoung, aveldptnTo and TNV TEPLYPAPY TNS UE EELOWOELS.

YrepBohixn AMue v déoun mou mapdyeton and 300 UN-TeUvOUEVOUS XOXAOUC.

N
Eyfua 6.34: TrepPohxr Séoun xOxhwv

Ipétaon 6.14.3 Ye kdde vrepBolikny 6éoun vrdpyovr 6o onueia (A, B oo oxripa 6.34),
TUUHETPIRAOS Kelpeva exatépwler tou koo plikov déovog, ta ormola avtiotoyoly o€ KU-
kAoug tng 6éoung undevikng axtivog. Ta onuela avtd Aéyovtar oproxd onueia tng déoung.

Hpdryuartt and v elowon 6.3 yvwpilovue 6Tt To teTpdywvo Tne axtivag Tov xOxhou hy(z,y) =
0 e déoung, didetan and tnv:

H npbroon cuvdyetor and 1o yeyovée 6t 1 ekiowon r(t)? = 0 elvor SeutepoPdiiuta we mpog
t xou €yet 0o Aooewg tote axpBog 6tav 1 déoun eivan unepPohixy|. Ilpoximtouv téTe SO
Tiwéc Tou ¢, £y xau ta, Tou opilouvv onueta —(b(t1), c(t1))/2, —(b(t2), c(t2))/2, wwv onolwy to
uéoov —(b(t1)+b(ta), c(t1) +c(t2)) /4 nepéyeton otov plixd dZova. ‘Ohot awtol ot toyvpLouot
tpoxOnToLY duesa uroroyilovtag, (a) Ty deutepoPdiuta e&lowon, (B) v dtaxpivousd g,
(Y) 1o uéoov twv Micewv. To mé nohimhoxo elvon 1 Saxplvovoa, ohhd UropoluE vo TNV
anopihyovue oxeptouevol ws e&ic: H toun twv 8Yo xdxhwv, av urdpyet, Yo elvor Tautodypova
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xat o] Tou ptltxol d&ovd Toug Ue évay amd autols. Apxel hotmdv va Sobue motd ouviixr yid
TOUS OUVTEAEOTES, EEA0QAAILEL TNV UN-TOUY| EVOS o’ Toug xUxhoug UE Tov plltxd Toug d&ova
xoll Vo SLAmIGTWOOVUE OTL 1) oLYVITiXT o TH ovuninTtel ue Ty YetixdtnTa NS Staxplvousag Tng
deutepoPditutag eZlowong. Axdun neplocdTeERo amhonoltal To TEOBANU o LToYEGoLUE OTL
oL x0xhot €youv yid xévtpa onuelo tov z—3dZova: (2b,0), (2,0), ondte ot eodoelc Toug
amhonowolvton otic 22 +y? —2bx +d =0, 22 +y> — 2z + d = 0. Téte o otlixo¢ toug
&Zovac etvar (b — b)z + (d — d’) = 0. Av Toug tonodeticovue €Tot WoTe 0 dZovag aUTOS VL
ovunintel ue tov y—dgova, toTe N e&iowon auth Yo npénet va elvor toodbvaun ue Ty = = 0,
Spa Yo mpémel d = d’. Me awtéc tic npounodéoeic: (o) 7 deutepoPdduta eiowon madpver Tnv
anhobotaty popwh: r(t)? = (b+t(t' —b))2 —d = t2(b' — b)? + 2tb(V' — b) + b*> —d = 0.
(B) H Sroucpivousd tng etvar D = (b(b' — b))2 — (b' — b)?(b? — d) = d, xou ebvor Vetixh (2
Mooewc) btay axpPods d > 0. An’ v SN ueptd o Tpwtog xOxhog dev téuvel tov plixd
&Zova, btay 1 axtive Tou /(b2 — d), elvon wixpdrepn and Ty anbdoTooY TOL X%EVTPOU TOU And
tov plix6 dZova mov elvan axpPie [b]. Tolto duwe ovuPaiver tédh ubvov 6tay d > 0. H
Omopdn howmdy 1wy 3o oplaxdy onueiny xat 1 utepBolixdtnTa TNe déoung elvar medyuoTa
wodbvaua. (y) To uéoov (tou evduypduuou TufuaToc) TV 300 oplaxdy onueiwy Yo elvar
(b(t1) + b(t2),0) = (2b + (t1 + t2) (V) — b),0) = (0,0). To tereutaio didTL T0 ddpoloua TwY
800 plav e eClowone (o) elvon —2b/ (b — b).

Eyfua 6.35: EXketntiey déoun xOxhwv

EX\euvntixn Aue v déoun tng omolag 6hot ot xOxhol Stépyovion and dbo onuelo. O
xowoe plixde dZovag twv (Levydv) xixhwv e déoune elvon 1 evdeia tov diépyeton and
o xowd onueta e déounc. Kdlde xdxhoc mou Siépyeton and ta 300 awtd onuelor avixet
otnv elewntixyy déourn. To onuela autd AMéyovtouw Bdom tne déounc. Yndpyer wid mohd
evdlapépouoa eAhetttixy) déoun ouvdedeuévn ue éva Tplywvo.

IMpotaom 6.14.4 Ilavtis tprydvov ABC, o1 tpels AtoAdavior kUkAor tepiéyovtarl o€ jud
eMearnnikn 6éoun. H Bdon avtig tng 6éoung anotedeltar and ta A€ yopuera LGOBUVOALXA
onueta J, J' tov tprydvov. H evieia twv wodvvapikdy onuelwy iépyetar and to kévtpo tov
TEPLYE YPapU€vov KUKAOU ToU TpIydrou.

Mpdryuart, ac ovoudoouue toug Atolhdvious xixhoug avtictorya (E ouuBolilet to eninedo):

a = {PecE:|PB|/|PC|=|AB|/|AC|},
{P e E:|PC|/|PA| =|BC|/|BAl},
¢ = {PeE:|PA|/|PB|=|CA|/|CB]}.

Koat” apynv 8o and toug Amohhwvioug xdxhoug téuvovtal, A.y. ot a, b. Ipdyuatt, oto
oyfua 6.36, |A"C|/|A"A| < |BC|/|BA| xou |A'C|/|A’A| > |BC|/|BA|. Luverde to onueio
A" tou x0xhov a eivor evtoc Tou x0xhou b, v To x€VTpo Tou a elvar exTéc Tou b. ‘Apa ot 3o

xOxhot téuvovtan. To onuelo touric toug J Va éyel v Wibtnra: |JB|/|JC| = |AB|/|AC]
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Eyfua 6.36: Iooduvauixd onueio tprywdvou

xau |JC|/|JA| = |BC|/|BA|. Hokamhaoidlovtac xotd uéhn do éyovue |JB|/|JA| =
|BC|/|AC|, mou onuaiver 61t 10 onueio aviAxel xou 0Tov Tpito xOxho c.

To 6t 1 o plixde dZovag JJ' meptéyel 1o x€vipo Tou MEPLYEYPAUUUEVOL XUXAOU d, poiveTo
auéong and 1o 6t 1 A'A elvon egontéuevn Tou d dpa to O éyer Sovoun r? (r 1 axtivo Tou
TEPLYEYPAUUUEVOL) WS TPog Tov X0xho @ xou avdhoya To 3o Yo cuufaiver xat YL toug dhhoug
Anolédvioug xdxhouc. Apa o O €yel Ty Bla d0voun we mpog Toug xvxhoug autols, dpa
nepLéyetar otov ptlixd Toug dova.

Trdpyet thnddpa tpotdoewy nou oyetilovton ue to tooduvauixd onueto. Mepixéc an’ ou-
téc egetdlouvue oTic aoxfoelc. Ol Tpotdoelc auTég avixoLy woT6G0, VeUaTiXd, 6To EVPUTERPOD
AEPANALO TNG YEWUETPINC TOU TELYDVOU.

Eyfua 6.37: IopoPBohun déoun xbxhov
IMapaBoiixry héue v déoun tng onoloag dha To Lebyn x0Oxhwy epdntoviar 6~ éva otodepd
onueio. O xowde plixde dfovag eivan, 6” auTAY TNV TEPITTWOT, 1 XOWY EQATTOUEVY] OAWY
0V x0xAwV e déoung.

ITPOBAHMATA 6.14

IMpoBAnua 6.14.1 Tleptfypaipe Tougs kUkAovg TngS 6é0unS mov tapdyetal ané 6U0 opokerTPOUS
KUKAOUG.

IMpoBAua 6.14.2 Xpnoponoinoe ws ovotnua ovvtetaypévor to oployirio ovoTnua mov
xpnowporoinoa otnr arédeén tng npéraons 6.14.3. Bpes tnr 0éon twv oprakdy onueiwy
¢ vrepPolikiis déoung, ovvaptioel, tng aréotaons d twy KEvTpwy kal Ty akTivoy 1, o,
Twr 6U0 KUKAwY Tov mapdyovy tny déoun.
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IIpboBAnua 6.14.3 Aeile én1 600 omowndritote dagpopetikol klkAot Tns 6éouns mapdyovy
Ty (61a Oéoun pe TNy apxIKi).

6.15 Opdoywviotnta xOxAwY, dSEcU®Y

TC'wvio 800 TeEUVOUEVEDY XOXADY AEYETOL 1] YWVIO TV EQATTOUEVKDY TouS 6~ éva onueio P tourc
toug. H yovia autr elvar tapamhnpwuatixs tne yoviog mtouv oynuatilouy ot dYo axtiveg Toug
OP,QP, tou cuvipéyouv oto onueio tounc touc. Emedn to oyfua twv 300 teuvouévwy
x0xhwv elvor ouUUETPIXO S Tpog TNV evleia didxevtpd Toug OQ), dev mailet pdho motd and
o 300 onuela Toug Yewpolue Y& Tov xoopioud e ywviog. Opdoywvioug ovoudlovue
300 teuvoUEVOLS xVXAOUS, TV OTolWY Ol axTiveg Toug 0To onuelo Toung oynuatilovy opdnv
ywviow.

Yyfua 6.38: T'wvio 300 xOxhwv, opdoydviot xbxhot

IIpbtaom 6.15.1 O1 endueves npotdoerg elvar 1wodlvajue:
1. O k¥kAot a, b, elvar opfoydvior.
2. To tpiywro OPQ twr kévtpwr tovs kal €vos anpeiov toung tovs elvar opfoywvio ato
onueto toung P.
3. H 6dvapug tov a wg mpog tov b woltar e to Tetpdywvo Tns aktivog Tou a.

4. H axtiva OP elvar epantopern tov b aro onpueio toung P.

H anddeln 6tL n ulor SLOTNTA CUVERAYETAL TNV EMOUEVY XOL 1) TEAXY TNV TEMOTN Elval Te-
TPLUUEVN Xot ETAPIETOL GTOV AVUYVWOTY. ‘AUECT GUVETELN TWY 0pLOUGY Elval Xot 1) ETOUEVT
TEOTUOT TOU OdNYEL 07 Evay EVUAAIXTIXG TPOTO 0ploUol ULdS dEoung xUXAwWY.

IIpotaom 6.15.2 Eotw déoun kikdwv F napaydpervn and 0o pun-ovykevtpikols kUKAOUS
a, b. 'Eotw e o p1ikos déovag tng 6éoung. Tote wytovr o1 €€n1)¢ 1010tnTeg:
1. Id kd¥e onueio O wov pilikov déova tng F vrndpyer évag axpifas kvkdog OP oplo-
YVI0§ Tpog GAOVS TouS KUKAOUS TG G0 LS.
2. Or kUkAot Tov optlovtar kat” autdy tov tpdro anoteloly ud véa 6éoun F' rov Aéyetar
n opYoydvia déour e F. O pilikés déovag tng véag 6éouns F' elvar n evlela twy
kévrpwr g F.
3. H opoydra 6éoun s F' elvar n apxixrj F.
4. H opfoydmia d6éoun F uds vrepBohikig F' elvar el arntikn, avtiotowa n opoyd-
via déoun ds elantikig elvar vrepfolikn kar n opfoydvia tapefolikns elvar tdAi
rapafoliki).
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Eyfua 6.39: Opdoywvieg déoue

I'é tov mpTo oyuptoud, Yewpolue Ty epantouevn OP npog évav xOxho a tne déoung ot
Tov x0%Ao ¢ ue axtivae OP. O x0xhog autog eivar ex xataoxeunc opdoydviog Tpog ToV a xou
ened) 10 P, wg avixov otov pilixd dova tng déoung F' €yel v (St Shvoun we mpog xde
dhho x0xho b tng déounc Yo elvon optoydviog xat we Tpog Tov b.

T'ié Tov dedtepo oyuptoud, Vewpolue évay SEUTeEpo xUXA0 ¢, XATAGKEVACUEVO OTIWE O € XoL
oploy®vio mpog dhoug toug xxhoug g déounc F. Edud yid tov a Yo €yovue 6T elvon
opdoymviog Tawtdypova Tpog Tov ¢ xou tov ¢ dpa o dZovac d Yo elvon pilixde dZovag Ty
xOxhwv ¢, ¢. Erouévwg 6hot ot xixhot tne véag déoune F! Yo éyouv xowd pilixd dZova tov
d. Tolto buwe, obugpova ue Ty tpdtact 6.14.1(30), onuaiver 61t ot xbxAot autol anotehody
utd déoun F'. Tolto anodewxviet Tov SeltepO Loy LploUs.

Ot undhotnot woyvptouol eivar TeTplUUEVES OLUVETELES TV S00 TPWTWY Xal EnoplovTal GTOV
AVAY VOOTY).

Eyfua 6.40: Opdoywvia unepBohixic, ehhetntixnc, nopafolxnc avtioToya

ITPOBAHMATA 6.15

IMeopAnua 6.15.1 Eotw tptywro ABI' ka1 T, A, M avtiotoya o nédag tov Uous and to
A, n toun) tng BI' pe tny dyvotdpo tng ywriag a oto A, kat to puéoov tns BI'. Aciée ta e€r:
1. Eowwoar E, K, avtiotoya ta onpeia topung tov mepryeypapuévov kUKAov e TNy mpo-
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Yyfuo 6.41: H yovia B-y

éxtaon tov Vovg and to A kar Ty ddpetpo ané to A. Or yopdés (kar ta avtiotoya
t6¢a) BE kar KT elvar {oeg.

2. H ywvia EAK = 2¢ = p-y.

3. H diyotopos AA diépyetar ané to péoov tng EK kar diyotopel kar tny mponyoluern
yovia.

4. Ta onuela H (op96kertpo), M ka1 K evpiokovtar otn da evieia.



KSCPdO\ou.o 7

Ioouetpieg tou enLESOL

7.1 Koatontpiouol, Metagpopeg, Ytpogeg

4 7 4 7 Z 4 7 7

Ot uetaoynuatiouol e euxieldetag yewuetplog mou uetatonilouv €va oyfuc o€ utd iy
Véom o710 eninedo unopoly va topaoTtooly Gy GUVIECELC XATOTTELOWLWY N AVAXALCEW Y
w¢ mpog eudeio. Ot uetaoynuatiouol auvtol elvor YEVIXEVOELS TV AVTLOTO®Y TOU GUVIVTH-
coue otV devtepn napdypapo. O xatontplouds . @ R2 — R2 xafopileton and wio evdeio
e. Koat’ autdy, 1o onuelo @ = (z,y) amewxovileton oto onueio u' = (2/,y'), étol dote o
evdiypouuo Tufua uu’ vo Styotouriton xdeta and v €. Hpogavie évac tétolog Uetaoyn-
uoatiouos agrver Ty evdelo € otadepd xotd onuelov xat evahhdooel ta 300 MULETinEda
exatépwiey NG €.

ct+A(u-c)

[

uth
C

Eyfua 7.1: Avdoahaom, uetapopd , oTpogh

Av f(z,y) = az + Py + v = 0 elvou n e&lowon e evdeioc € xou @ = (a, ), T6T€ 0 @
dideton amd tov THTO:

O uetaoyuaTioudc T KETAUPORAS ¢y R? — R? xaopileton and éva otodepd Sdvu-
oua h = (k,1):

Téloc 0 UETUOYNUATIOUOC TS OTEOYHG xatd Ywvia ¥ tepl 10 %évtpo €, pyz : RZ — R?
optleton and tov T0mN0:

poz(u) =+ A(u —7o), (7.3)
6mou A o opdoynviog nivaxag
_ [owd —nud
A_<np19 ouw?)' (74)

67



68 KE®AAAIO 7. IYXOMETPIEY TOY ENIIIEAOT

7.2 H xou?)o)\t.xé'c'q'ca TWY AVIXALCEWY

Ipétoon 7.2.1 Kdde petagopd @5 : R2 — R? katd didvvona h efvar otvdeon o = @-0p.
0U0 KATOTTPIOUGY Pe, Pt G TPOS V0 €Vleles €, €', mou elvar kddetes oto h (dpa tapdAAnies)
xat anéyovr d =|| h || /2.

Kde otpogn) katd ywvia O nepi to kévtpo €, elvar ovleon gy z = @z 0. 600 KaTomTplopuoy
Ve, Per ©S TPOS OV0 evleles €, €, mov téuvovtar oto ¢ ka1 oxnuatilovr ywvia 9/2.

2h AL

o/

Yyfuo 7.2: UeTapopd , oTPOYY
Hpdryuatt, apxel xavels var topatneRoet To apyixd xat To Tehixd onueio xatd Tic Vo Stadoyt-

x€¢ aVaXAAOELS VL& Vo SlamoTeoeL 0Tl To anoTéAeoua Se€Ld xat aplotepd TS todTNTAC Elval
4
0 (8o .

7.3 loouetpla

Ioopetpio Tou Euxhedeion eminédou Mue évay uetaoynuatioud T : R2 — R2| mou eivor
obvieon nencpacuévou tAloug uetaoynuatioudy T = Tp o Th o ... o T}, 6mou xde évoag
and toug T}, elvon avdhaon 1 uetapopd 1) otpot|. To evdiapépov eivan ot oL loouetpieg Tou
emnédou moplotavton ue €vav eviaio TpoTo:

w =T(u) = <Z Z) (2) + <;> ,o0vtoua: u = Au + D, (7.5)

e , a
%ol 0 Tivaxoc A =
f ) <C

Ilpétaom 7.3.1 KdOe wopetpia tov EvkAeidelov emmnédov ypdgetar otny nponyoluevn jpop-
o1 (7.5). Avtiotpoga, kdle petaoynuationds avis g popens (pe A opdoydvio tivaxa),

rapiotd wopetpia tov EvkAeideiov emmédou.

omou D = ( b) elvar opdoyoviog .

d

[d v anddetln touv evdéwe npénet va dei€oue Sbo mpdyuata: IMpodta 6TL xdde peuo-
VUV avdxhao, UETapopd ¥ oTpogt|, Yedpetor U autdy Tov Tpodmo. Koatdmy mpénet va
del€oue 6Tt ula obvieorn 300 TETOUWY UETAOYNUATIOUGY YRAPETAL AL UE TOV (Blo TpdTO.
To mpoto elvar évag duecog urnohoyouds. To dedtepo mpoxlnTel and TNV TUPACTUOT TN
obwieong dbo uetaoynuatioumy tou torou (7.5).

w=Au+ D, u'=A%+D. (7.6)
Avtuxohotdvtog Ty mp@t) oty dedtepn xou todlarhaotdlovTag Toug nivaxes Pploxoue:

' = A"u+ D" émou: A" =A'A, D" =A'D+D'. (7.7)
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Méver va 8et€oue 6Tt o nivaxag AA ixavornotel Ty analtnon g opdoywvioTnTag, To onoloy
elva évog edxohog hoyaptaoude. I'id to avtiotpogo, npénet va det€oue o1l xde petaoym-
UaTloUoS TNg wop@nic 7.5, elvon obvieon avaxAdoewy, UETAQop®Y xoL 6Tpogwy. Oung, o
yevixde yetaoynuationdéc @' = Au+ D eivon oOvieon wwv @' = Au xaw @’ =7 + D, dpa,
oOUPOYOL UE TNV avdALoT TNS SELTEPUS TaPAYPApOoL, cUVIETT) ULdS OTROPNC 1 AVAXAAoTS Xt
ULBE UETAPORJC.

rr

Eyfua 7.3: Xovideon 800 6Tpo@®Y, 0TROYNS XL UETAUPORAS

Ilpotaom 7.3.2 H ovvleon 6vo otpopayv elvar otpopn 1) petapopd. H odvieon otpogric
Kal LETAPOPAS 1) HETAPopdS Kal oTpopns €lval tdAl atpopn 1 LeTapopd.

['é v anddeln otnplbuacte oto b1t a) xde oTpoPH f UETAPOPE YPAPETHL e oUVIED
300 avaxhdoewy, B) xdde avdxhaon f wxavorowel f2 = id, émou id cuuBolilel Tov TowTo-
6 yetaoynuations. Emt mhéov xatd v mopdoTaot T oTpoghc 1 TNS UETAPORAS WG
yYvouévou 300 avaxhdoewy, €youe v eieuvdepiar ETAOYHS TOU TPWTOU “"XATOTTPOU™ WOTE
T00t0 va Stépyetar an” dmoto anueio Tou emnédou Héhoue. Lty nepintwon g odvieong Sbo
O0TPOYPWY, EMAEYOLUE TO SEUTEQO XATOTTPO € TNE TPAOTNG OTEOPNS VoL TAVTLETol UE TO TPWTO
xdtontpo g deltepne. LNy neplntwon e ouvileons oTpoYnc xal UETAPORAS ETLAEYOLUE
70 3e0TEPO XATOMTPO NG GTEOPNC VO CUUTITTEL UE TO TEMTO XATONTEO TNS UeTapopds. Kou
0Tl 800 MEPITTWOELS 1) 6TEOGT Vol YPAPETAUL WS YIVOUEVO TwV AVAXAAoEWY 0, 0. H Seltepn
otpoy| (avtioTtorya uetagopd) Vo ypdpetat o 0o.. Apa xou 6Tic 800 TeptntdOEL 1) UVIED
UETAOYNUATIOUOY Yo ElVAL 0o 0 0, 0 0, 0 Ozt = O © 01, APO0 0, 0 0, = id. To delyvel Tov
TPOTO TN YEWUETPIXNS XATACKEVTS TOU VEOU XEVTPOL XL TNS VEuS Yoviag otpoghc. Tmdpyel
1 nepintwon ot evdelec e, €’ va elvon nopdhhnhec, ondte Tpoxintel wetaopd. Hopduota o
avory vootng unopet vo et (doxnon) 6tL n odvieon uetapopdc xat oTpoghc lvor Tdht 6TPOPN
1) UETAPORAL.

7.4 I8L6tnTa LooueTplag

Ilpotaom 7.4.1 KdOe wopetpia tov EvkAaideiov emmédov elvar avvieon pudg, 600 1 to moAd
POV avakAdoewr.

[Tpdryuatt, To0to elvar dueor ouvéneta twv 300 tponyoLuévwy tpotdoewy. 'odpoviag tnv
wopetpla otV LopPh g 7.5, BAémoue 6T elvar mdvtote olvieon oTpopnc 1 avixhaong
xaw uetopopdc. Ot neptocdtepes (4) avoxhdoel LTELGEpyovToL 6NV TEPITTWON 6TpoYhS +
uetapopds. H nponyobuevn npdtacn duwe avdyet tic 1éooeplc avaxAdoels o d0o.
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Ilpbtaom 7.4.2 Ot wouetpies dratnpoly ta unkn kar tg ywvies. Tolto pe tnr évvowa ot
edv X' = f(X) mapotd v wouetpia, kar E, Z, H elvar tpla onuela tov eminédov, tdre
ta evilypappa tunuate EZ kar f(E)f(Z) Oa éyovr to (w0 uijkos kar n yovia EZH =
fE)F(Z)f(H).

Hpdryuatt n tpdTaoy elvar Tpogavic dtay 1) loouetpla eivar €vag xatontplouds. Auéons uwg
T0UTO onualvel OTL oyVeL Yid xdde woouetpia, agod 1 TuyolLoo toouetpia Yo elvon odvieon
AATOTTOLOUMY.

7.5 Ioa oyfuotae

H nponyoluevn npdtaom odnyet otov oploud e todtnrac: Ao oyfuata 3, X' Aéyovtar loa,
edv undpyet wouetpla f étot Kote f(X) = ¥ Emnhéov ta tplywva Aéyovtar obdppona (oo
6tav 1 wouetpio felvon wetapopd ¥ otpoyt (chvieon aptiov thiilouc avoxhdoewy). Etig
dhhec meptntodoets (avdxhaom, ohotovdxhaon) Aéue 6t To tpiywva elvon avtippona (oo

Eyfua 7.4: Telywva ue toeg mheupés eivar ioa

Ilpéraom 7.5.1 Ado tpiywva ABI, A'BT" ue loeg avtiotoives mevpésa =a',b=b',c=¢
etvar foa.

Hpdryuart, npoexteivouyue Tic theupéc AB, A'B" ¢ dtou tundoiv oto onueio O (Uyfuo-7.4)
. Katémy otpépouvue 1o ABT nepl 10 O xatd v ywvio ¢ mou oynuatilouy ot evdeleg ¢,
¢’. Téhog petagépovue mapdiinio o mpoxinTov Tplywvo uéypt vo ouvunéoet ue to A'BT".
Evdéyeton 1o ABI' xatd v otpogy va eivon amd tnv dhhn ueptd g €. Tote ta tplywva
elva avtippona (oo, xou ypetdletal €vag XATONTEIOUOS WS Ttpog TNy €. ‘OAot oL uetaoynua-
Tilouol mou ypnowwonoolue eivar wouetpleg. TroPdhhoviag to ABI' oty alvieon avtdyv
TWY UETAOYNUATIOU®Y T0 0dnyolue va ouunéoel ue to A'BT". Trdpyouv Sidpopec Aentoué-
pElEC ToL eUxoha UTopel va Sel 0 avaryvdotng. UTnv neplntwon mov ot €, € Sev TéuvovTon
(elvon mopdhhnhot), dev ypewdleton 1 otpoyh,. Toéte uetagépoue to ABI @ote var ovuné-
oouv ot theupéc AB xou A'B". H nponyoluevy npdtacy elvon enovadlatdnmweon e medtaong
4.2.1. Tote n woodTRTA TV TAELPGY 0dNYOVOE GTO GUUTEPACUA OTL XL oL YwVieg elvon {oeg.
Topa 0 ouurépaoua elvon Tt undpyet wia wouetplar f mou uetatonilel To Tpiywvo Gote
vor ouunécel ue 1o 1o’ tou. Ol xopupéc cuURinToLY UE aVTIoTOLYEC XOPUPES TOL SEUTEPOU
TPLY(DVOU X0l GUVETWS O TOL TUREAXOUEVAL, TEQLYEYPAUUEVOL XOXAOL, EYYEYPAUUEVOL XUXAOL,
dtyotéuot, Stduecol XxTA. cLUTITTOUY Xat AUTd UE Tor avTioTotya Tou dAlou Ttprywvou. To
S0 ovunépacua matpvoue av dvo Tplywva €youv utay ywvio xal Ti¢ Tpooxelueves TAeLEES
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avtiotorya (oec (Sec to mpdBinua 4.2.9) ¥ ula TAevpd xar tic avtioTtolyes tpooxelueves (oeg
(dec t0 mpdBAnua 4.2.10). Kou otic 300 autée neptntdoets €youe oay hoyixh ouvéneta 6Tt o
Tplywva Yo €youv xon loeg mhevpée, ondte eQapUOLoUE TNV TEONYOVUEYT TPOTIOT).

I

Eyfuo 7.5: Oudppona too Tplywva

Ilpétaom 7.5.2 Edv 6vo tpiywva ABI, A'BT" elvar oppdpora ioa, téte o1 pecgokdetor twv
TUNUdTwY ToU €vdvouy avtiotolya L0€§ YwrieS 1) elvar mapdAAndor 1 diépyorvtar OAes amd
onueto O.

[Mpdryuortt, edv to tplywva elvar oudppona ioa, TéTE T0 €var TpoxUTTEL o’ T~ dAAO UECW GTPO-
PhC 1 UETAPORAS. XNV TpWTY TEplnTwon oL ev Aoyw Uesoxdetor, Yo mpénet va Stépyovton
bhec and 10 x€vTpo TEploTpoPhc. LNy deltepn nepintwon (e UETUPOPdS), oL uEcOXEVETOL
o elvon mopdhhnhot wg xddetol o€ (oo xan Topdhhnia evdiypouus TURUATL.

7.6 OAiocUavdxhoon

Ané to yeyovdg 6Tl xde LooueTplor Ypdpetal wg aOVIEST TPLOY TO TOAD AVUXAICEWY, UTO-
poluE vo Bydhovue oLUTERIOoUATA YId TOV TEOTO ToL Jpd ndvw oTa oyRuate. H arlolotepn
nepintwon elvon auth g anirg avdxdaong. H obvieon 8o avaxhdoewy eivar, onwe eida-
ue, oTpopn N UeTapopd xat odnyel o oudppona (oo oyfuata. I'd Tig Woouetpieg mou elvon
OLVIECELS TELOY AVUXASCEDY ATOPAUIVETAL 1) ETOUEVY] TEOTACT).

Eyfuo 7.6: Yovieon tpldv avaxhdoewy: ohlo¥avdxhoon
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Ilpbtaon 7.6.1 Kdie otvileon f = 0,00500, tp1cv avakddoewr, twv omolwy ta kdtontpa
v efvar ka1 ta tpla TapdAAnAa kar Oev diépyovTar kar Ta tpla and o {60 onueio, tapiotatar
ws ovrieon o. o oy dg avdrkdaons ws mpog evlelav € kar pds petagopds kard ordvvoua h,
Zz 4 Z z /7 / 4 2
rapdAAnAo tng €. Id tov Adyo avtd o1 wopetpies avtég ovopdlovtar ONGIAVOXAACELS.

[d v anddeln ag vnodéooue Ty Sdtoln Ty xatonTpwy o, B, v, oc e 0 . Toldto
dev meplopllel v yevixotnTa, agol, LToETnVTag 6Tl Ta 300 TEMTU XATOTTEA TEUVOVTOL
070 €, UTopolUE va T aTREYOUE, Ywplc vor uetaBdhhoue Ty uetald toug ywvia €10l WoTE
n obwieon og o 0, Vo mapauével 1 Bt (otpogy mepl 1o ¢). ‘Eotw X tuydv onueio xou
X' =0,(X)=X', X" =05(X"), xow téhoc Z = f(X) = 04(X") 1 exéva tou X uéow tne
oOvieone twy TpLdy avoxhdoewy. Xto tplywvo X X'Z, to uéoov N e X X' nepiéyeton oty
o. Enlone 1o X'Z éyer ufixog 2d émov d n andotaon tov xaténtpwy B, Y. Buurepalvoue
61t 10 wéoov M tne XZ opilet tufua MN ropdhinho mpog to X'Z xon ufRxouc d. ®épvovroc
howndy xdeto and 1o ¢ (onueio Touhc TV xatéTTEwy o, B) Tpoc TV Y, oynuatiloye to
nopodnAdypouuo NMTe xou Bhénoue 61 1o uéoov tou tufuatoc X f(X) neptéyeton otny
evdeia € mou opileton and 1o T (otoepd onueio) xou elvon mopdhinhoc e o And 1o Z
pépvoue xdeto ZY mpoc v € xou and 10 X' @épvoue xdeto X' H oty ZY. To tpiywvo
X'HZ civow opdoydvio oo H, éyet yovia ¢ oto Z xar 1 vnoteivovod tou X'Z €yer uhxoc
2d, dpo to uRxoc e X' H eivan otadtepd ({oo ue 2d nu(g)) xon 1 xatehduvet| tne auth e o.
H anédeiln e npdtaonc tpoxintet and 10 yeyovos 6t 1o Bo onuelo Z = f(X) nalpvoue
uetopépovtog tapdhhnha 1o X xatd b 010 T xow xatéTy xdvovtag avdxhaor tou T wg Tpog
™y o Ag onuelwooue OTL 1) TERITTWON OTOL Tal XATONTEA o, [3, Y TEUVOVTUL AVAYETAL OTHY
mponyoLuevy, ankd StaAéyovtac avti twv o, B, véa xdtontpa o, B’ Sd Tou ¢ to omola Vo
oynuoatilouvy ywvia @ xou 1o B’ va efvon nopdhinio tou y. Ernlong 1 nepintwon mov ot o, B
elvor mapdAAnAeg TEUVOUEVES A6 TNV Y, AMOdELXVOETOL AVEAOYAL.

Ot embueveg 13LOTNTES lvar AUECES GUVETELES TNG TPONYOLUEVNC TRPOTAUOTS Xot 1) anOSELET
TOUS ETAPIETAUL OTOV AVAYVWOOTH;

IIpétaom 7.6.2 Me tous ovppoliopols tng mponyovuévng mpétaons, yid kdde oiodavd-

j— /4 .
kAaon f = 0y 0000y 10x00ULY:

1. f=o0.004=0p00:
2. O &&ovag € napapérer katd tny olwwdavdkdaon otalepds (avarlolwrog) ws ovrolo.
KdOe onuelo tov petatonilerar katd h oe éva dAdo onpeio tov e.

3. Id kdOe onuelo X tov emnédov, n npoPolni tov eviuypdupov tunuaros Xf (X) éxer
uikog || b || kar to péoov vou Xf (X) mepiéyerar otny €.

4. H otvieon g = f o [ = 0,5, efvar petagopd katd to Sirddoto tov h.

5. Kde wopetpia mov dev éyear otalepd onueta (dev vrdpyovr onueia X @ f(X) = X),
elvar 1) petapopd 1 ohwwtdavdxdaon. Edv vrdpyer pia xar puévov evdeia €, avaddoimwtog
w§ oUvodo katd tny wouetpla, tote tovtn elvar pud ohiwdavdrkiaon.

6. Id kdie wopetpia tng popens @ = At + D pe opifovoa det(A) = —1 n eliowon
(1bdraviopatog) AT = U éyer un undevikry Avon v. H wouetpia elvar avdklaon 1
owotavdikdaon pe kdtontpo (déova) mapdAAnro tpog tny evdela {Av : A € R}.

Enavepyduacte otny nopathipnon mou xdvoue otny apyf e anddeing e 7.6.1. Ntpé-
povtog To xdtontpa o, B mepl To ¢ ywpic V7 alkdEovue TV Ywvia Toug, Sev ahhdlouvue To
ouvolxd amotélecua tng ohvieong f = 0, 00g00,. Mropolue howndy va pépoue Ta xdto-
ntpat o€ uiot Véom €Tol WoTE oL Touég Toug Vo oynuatilouy oZuyovio (1 to Toh) optoyhvio)



7.6. OAIYOANAKAAYH 73

Tplywvo ABI. To I éyet tmv ¥éom tou ¢ xar 1 ywvia oto I' elvon @. Y10 oyfua galvovton
ot ¥éoeic ou tprydvou T(ABT) xou twv €€ avaxhdoene otic tAevpéc tou. Ioapatnpolue 61t
XATA TIC avaxhdoelg autég ol mhevpéc tou modxold AEZ “Zetuliyovion” oe widv evdela €,
mou dev elvar GAAN amd Tov dova TN ohtotavdxhaong f. Tnv Aédn “Eetuhiyovton™ evvoolue
o¢ e€hic: Katd v avdsdhaon tou T w¢ mpog ulay mhevpdy tou m.y. v AB, n mheupd tou
nodwol AE avaxhdton oe evidbypauuo tuqua mou eivar tpoéxtacn tou ZE. Tolto diott 1
AB eivon (e€wtepxn)) Suyotduoc tne ywviae E tou noduxot. Mapaxohovddviac tic dtadoyt-
x€¢ avoxhdoelg Tou Todixol 6TIc TAELpES o, [3, Y TOL Tplydvou, elvar ebhxolo var Sodue OTL 1)
x0puPY| Z tou todixol anewxoviletouw oty Z' = f(Z) enl tng evdeiog EZ nou elvon nhevpd tou
nodwxo0. To avdhoyo cuuPaiver xou ue to onueio E. And tic Sidétnteg e 7.6.2, cuunepai-
vouue 6Tt 1 € elvar o d€ovag tng ohlodavdxhaone f xat To SLdvuoua UETAPORES GUUTITTEL UE
T0 ZZ, Tou omolou To uxog eivar N tepluetpog Tou modixol. To enduevo oyfua Setyvel 6Tt
xdtt avtiotoryo cuuPalvel xou ue éva opdoywvio tplywvo. O dfovag € ovunintet ue v I'T”
xaol 10 Unxog tou elvon to dimhdoto tou Vdoug and to I' mou umopel va Yewpniel o urxog
neptuétpou tou (expuliouévou ot éva evdiypauuo Tuiua) todixol tou ABI'. Ty nepintwon
UBALYWVIOL TELYOVOU SLampPaYUETEVOUACTE OTIC aoxNoels. Anodetlaue hotndy:

7 Y

Eyfua 7.7: Bovideon avaxhdoeny wg Tpog TAeLpés 0Euymviou Tprydvou

Ipétaon 7.6.3 H otvlleon f = 0,0 0g 0 04 Twr avakddoecwr wg mpog Tis mAeupés a, B, y
€vos obvywriov tprydvov ABI eivar ohioOavdkiaon, pé déova tnv mpoéktaon udg mhevpds
TOU TOOLKOU TOU Kal KOS LETAPOPAS TNY TEPIUETPO ToU TodLKkoV.

Q¢ e@apuoYT TV 606V elnaue Tepl LOOUETPLOY ag EEETACOUE T OYHUATA TOU TolpVOUE
and So¥év tplywvo xou Tig avaxhdoel autol otic mhevpéc tou. Kot’ apyny éva teyvixd
Mo

Ipétaon 7.6.4 Eotw dti o wopetpies f, g ovunintowr ota onueia ds evdeiag e: f(z) =
g(z) Vz €€, ka1 éxovr Ty (bra opilovoa. Tére ovunintovr tavtol. Eidikd, yid tny wopetpla
[ xar ug avarddoeS re, 15y, ©S mpos Tg evieles € kar f(g) wyle

Tiey o fore=f.

Mpdyuatt,  odvdeon h = g Lo f Yo wavorowet h(z) Vz €e, dpa Yo elvon H 1 towtoTNd
1 1 avdxhaon r-. Tolto Stott xavéva dhho eldog toouetpiog Sev aghiver uia eudelo otadepd
onuelo mpog onueio. Ouwe n h = r. cuvendyeton g o r. = f xau ouven®S ot g, f Yo €youy
opilovoeg Srapopetixdy npoouwy. Kat” avdyxny howndév g = f. To edixd ovunépacua
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@l

6.(a,(cf(7)

Eyfua 7.8: Xovieon avaxhdoewy ¢ tpog Thevpéc oploywviou/auBluywviou trydvou

TEOXOTTEL ATO TO YEYOVOCS OTL oL 300 16oUETplES, SEELd XAt APLOTERS TNG LOOTATAS, CUUTITTOLY
ot onueia e € xou 1 optlousd Toug €yel To (Blo TpdOTUO.

7.7 IIhaxootpwoelg

Eyfua 7.9 Avaxhdoeic g mpog TiC TAEUPES LGOUETEIX0U TELY VoL

H rponyoluevn npdtacy divel tov T1p6T0 Tou TpoxUTTOLY T €87 avaxAdoews, oTig avTi-
OTOLYEC TAEVPES TOU, TEIYWYA EVOS TELYMVOU T X0l ToL AVTIGTOLY O EVOS LOOUETPIXOL TOU T =
7).

Xpnotuonot@vtag éva apyixd TelY®Yo T X0l TalpVOVTAS TIC AVUXAAOELS TOU T WS TPOS TIS
TAEUPES TOV, TIS AVAXAAGELS TWY VEDY TRLYOVLY T WS TPog TG dixég Toug TAELPES X.0.%. On-
ulovpyoluEe utd xdhudmn dAou tou emnédou ue tprywvixd thoxidia. To tuydv tétoto mhaxido
v Yo elvon e popprc U = f(1), 6mou f elvon woouetpla g woppic: f =rporgo..omy,
xo xdie 7, etvon ULd avdxhoon wg mEog xdmola TAELPd Tou apyxol Terywvou. Onwe Yo
do0uE TopAXdTw, LTIEYOLY 0ploUéva EW3IXE TplywVa, OTWS TO IOTAELEO, TOL dNULoVEYOUV
‘OUaAEC” TAAXOOTPWOOELS TOV EMLNESOU, Ywplc dNAadn oL Tplywvixés TAdxes vor thAnAoxohi-
ntovtoe noté. Ev yéver, ta mhax(Sta mou mpoxintouy and tic Stadoyixéc auTtéc avaxAdoels
Yo xohOmTouy 6ho To eninedo mohhéc @opéc xar Yo ahknhoxakimtovton xan tor (Stor. IIdvtwg
o €87 AVOXAGCEWS TEOXVUTTOVTA Tplywva Yo axohoudodv Tov Tponyoluevo xavova. Ay v =



7.7. IINAKOXTPQXYEIY 75

f (1) elvon xdmoro and ta tplywva autd, TdTE ToL TPlY WV TOL TEOXVTTOLY ATO TIC AVAUXAIGELS
tou T ot dixée tou mhevpéc Vo elvan avtiotoya f(re (7)), f(re(7)), f(re(T)) 6m0OUL @,b,c
dnAdvouy Tig eulelec-Qopelc TwV TAEUPAOY TOU KPYIXOV TPLYWVOU T XU Tq, Th, T'e OLUSBOAILOUY
T avTloTOLYES AVUXAAOELS.

Eyfuo 7.10: Kdhudn tou emnédou ue dtadoyixéc avaxhdoelg tou T

Ilpbtaom 7.7.1 Oecwpolue éva tpiywro t = ABI ka1 tnv tAakéotpwon mov tpokvntel and
dradoyikés avaxkddoes tov T otig mAeupés tov. Tovtn elvar opaln), dnAadn n toun wwv mia-
Kidlwy elvar tdvtote pud kown mAeupd dVo yertovikdy Tpiydrwy, Tote kal uévov tote étay ta

tplywrva épovr yories {60, 60, 60}, {30, 30, 120}, {30, 60, 90} xar {45, 45, 90} powdv.

ava

JAVAVAN
VAVAV
VAV

Eyfua 7.11: Maxootpooec ue tpiywva {60, 60, 60}, {30, 60, 90}

H anédeiZn omnpileton o€ d0o anhéc napatnerioeic: o) o var yivetow opahd mhaxbdotpwon,
TPETEL OL YWVIES TOU TPLY DYoL o, B, Y var elvon Tne wopphic o = 2n/u, B = 2n/v, y = 2n/p, 6mou
U, v, p axépatot ueyohOtepol tou 2. H deltepn avoryxaio cuvininn opohic thaxdotpnong
Bdlel emtnhéov eploptoUoiS oTa TplY WV TOU XaVOTotoVy TNy Tponyolueyy ouviixn: B) T'id
éval Tplywvo Tou txavonotel Ty o) xat ENLTEENEL OO TAaXOoTEWoT, €4V xdnoto and ta U,
v, p elvow meptttd (m.y to W) téte Tar Bbo dhha mpénet va eivan (oo (v = p), dSnhad¥| to Tplywvo

vau elval toooxehéc.
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SyAua 7.12: MMhaxootphoec ue tpiywva {30, 30, 120}, {45, 45, 90}
H

A

Yyfuo 7.13: Awdoyixéc avaxhdoels o¢ Tpog TAEVPES YwViog TELykVoU

Kou ot 800 avayxaleg autés ouvifixee mpoxinTouy auéons eTAEYOVTAS ULl Ywvio Tou
TELY®VOU, A.y. TNV A | xou xdvovtag Stadoytxéc avaxAdoES LOVOY WS TPOS TIC TAEVPES TOU
nepixheiovy Ty AL Av elvar u 1o mAlog twv Thaxtdlwy Tou ypetaloUaoTe YId TAUXOGTRM-
oovue NV Teptoy) Tou A, téte Yo npénet ua = 21, dpo o = 2n/u. Tolto anodewxviel o o).
To B) npoxintet ndht auéows and Ty napathienon Tt YLd teptttd U, o TeEMx TAoxdxt e@d-
TTETOL TOU opy %00, UE Stapopetixf Thevpd an” autd. Apa av 10 1plywvo dev elvon 1oooxeléc
oto A, té1e 1 mhaxdotpwon dev Va elvon opadt| (d0o yertovixd tplywva dev Vo téuvovton
xatd xown Thevpd). Ag Yewpricovue to dlpoloua TV YWVLOY EVOS TELYMVOL TOU IXOVOTOLE!
nc o) xawB): o+ B+ y == 2n/u+ 2n/v+ 2n/p = 1 = xou droupbdvtoc Ue 10 21

1 1
i 5

H anddeiln npoxdinter Advoviag autiy Ty e€iowon we Tpog Toug axepaioug U, v, p > 2.

Koat” apynv ac vrodécoue 611 0 U elvon o uLxpdtepog and toug tpeic. H 7.8 Siver tote

+

N

(7.8)

D=

1 1 1 1 p-2
P2 p 2p I (9

To u howndv unopetl va mdpet tic tiwée 3, 4, 5 xat 6. EZetdloue xdie uia ywprotd:

\)

R

11 1
=6 —+-=-, v, p>6.
v p 3

Apéonc Brénovue 6t v = p = 6 elvon wd Aoon mou avtiotoryel oto tpiywvo {60, 60, 60}.
Kde dhkn hoon we mpoc v, p, Ga €8ide v, p > 6, dpa % + % < %, mou etvon dromo. Apa o
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aUTAY TNV Tepintwon U = v = p = 6 elvon 1 wovadixy) Ao

1 1 1
/1':43 _+_:_a v, 024
v p 4
[Idht Bhénoue 6T v = p = 8 elvon uLd hoom mou avtiotoryel oto tpiywvo {90, 45, 45}. Ko
T xdde hbon ue v, o > 8, Yo €13 %—i—% < i, Tou ebvar dtono. ‘Apa 67 aUTAY TNV TEP(NTLON
oLV, p UT0pOUY Vo Tépouy extde Tne 8, ubvov Tic tuée 5, 6, 7. Id v = 7 = p = 28/3 nov
dev elvan axéponoc. I'd v = 5 = p = 20, mov avtiPaiver ot B). Téhoc yidv =6 = p =
12, nov divet to tpiywvo {90, 60, 30}.
5 1 n 1 3 S5
=5 —+—-=—, v .
M ) v p 10’ ) p —
Y7 outhy Ty mepintwon av v, p > 7, Yo éyoue %—i—% < 2 < 3 mov ebvau drono. Ipoxintel
OTL To UXpPOTERPO TV v, p Va malpvel Tig Twwée 5, 6, 7. T'd v = 5 = p = 10, mou avtPaivet
v B). Td v =6, 7 éneton 61t 10 p éyel avtiotorya tic ttuée 15/2 xou 70/11 mou dev eivon

xav oxépattoL.
1 1

1
=3, —+-=-, v, p>3.

v p 6
Kot éht, 6™ awthy v nepintoon, yié p, v > 12 Do éyoue L + 1 < 1 nou efvan drono. Apa
av v 10 uxpdtepo and Tt p, v, to0to Yo maipver tic tuée {7, 8, 9, 10, 10, 12}. Auéowc
BAémoue 6Tt ot Buvatée Tuée yid to Ledyoc (v, p) eivon @ (7, 42), (8, 24), (9, 14), (10, 17),
(11, 66/5) xou (12, 12), an’ 1ic onoleg uévov 1 tehevtaia eivor anodexty| (ot dhhec avtiBaivouy
oty B 1 v a) xou didet to tplywvo {120, 30, 30}.

ITPOBAHMATA 7.7

IMeoBAnua 7.7.1 Tlpoodidpioe GAeS Tig 1o eTpies mov aprvovy éva Golér onpeio A otadepo:
p(A) = A

IMpoPAua 7.7.2 Tlpoodidpioe to €idog NS 1w0opeTpiag mov mpokUntel and ovvieon tpidv
avakddoewr o€ eveles TapdAAnies peta&d tovs. To avddoyo tpdfAnua yid tpels avakddoeg
WS mpog evleleg mov iépyovTal ard o (610 onpelo.

IMpoBAnua 7.7.3 Bpeg jud wopetpia mov areticovilel 5o dodévta onueia A, B o€ 600 dAda
dotévra onuela A, B'. Aeite énr to mpdPAnua Adverar, tdte ka1 pévov téte, dtav d(A,B) =
d(A’,B’). Bpeg dAes Tig 1wopetpleg mov anerkovitovr to otvolo {A, B} otov eavtd tov.

IpoPAnua 7.7.4 Ae€ile 6nt n olvleon dg petapopds kar nds otpopns elvar ndAr ud
oTpoPn N eTapopd.

MpoBAua 7.7.5 Actle 6n yid kdde wopetpia f : R2 — R2, ka1 evieia ¢, ta péoa twv
evduypdpupwv tunudror AA’ érov A € € ka1t A’ = f(A), tepiéyovtar o€ ud evleia kar elvar
dapopetikd petall Tovg, €KTOS TNG TEPITTWONG TOU N 100MeTpla €lvar id otpogn) katd w
(ocvppetpia ws mpog onueio). Xty tedevtala mepintwon ta €v Adyw péoa ouumintovy e to

Kévpo s oTpogns (ouupetplag).

IpboBAnua 7.7.6 Aciée én kdde ohwwdavdidaon elvar ovvdeon ds otpopng katd © kai
s avdkiaong.
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A
) B
b
E
z
B o2 F
A

Yyfuo 7.14: Tloduxd tpiywva otadepric neptuétpou

IpoPAua 7.7.7 Aiderar evlleia € kar onpeio A extés avtns. And to A pépope dvo evleleg
AB, AT, mov tépuvovr tny € ota onueta B, I', étor dote to tplywvo ABI va éyel oto A ndvtote
otalepd yowria ¢. Aelée 6t ta tplywva ABIT mouv mpokvmtouvy kat’ avtéy tov tpodmo éxouvy
avtioroiya todikd AEZ, twy onolwy a) ot thevpés AE, AZ elvar tdvew o€ 600 otalepés evdeleg
kat B) ta AEZ éyovr dla tny (da mepijetpo.

B H A | r

Eyfua 7.15: Tlodwd tpiywvo auPluywviov

IIpboBAnua 7.7.8 Eotw aupruydrio oto A tpiywro ABI ka1t AEZ to modiké tov. Ané to A
Ppépe Tapaidnlovs mpog ta Vihn kar oxnudtioe to ovywrio tpiywrvo AHI. A€iée 6t to modiké
ANK wov AHI éyer ta N, K enl twv EA ka1 AZ avtiotoiya kat o1 yovie§ tov elval (o€ e
avtés tov AEZ. Aetée axdun 6t o Adyog tng mepipétpov tov ANK mpog avtiy tov AEZ
etvar {oog e Ty oew?(a/2), énov a n yovia avo A.

IMpoBAnua 7.7.9 Me tnr Ponleaa twr dVo teevtaiowr mpopAnudtwr, pedétnoe tnr Oéon
tov déova ohwilavdklaong evic aufAnywriov tpryorov kar Ppes to uéyellog tns petagpopds
TOU, OUYapTnoel TNS TEPIHETPOU TOU TOOLKOU TOU TPLYWDVOU.

IIpboBAnua 7.7.10 Teoytd pmiAidpdou ertiog tprywvov ABI, Aéue ud teddopévn ypap-
M1}, € KOPUPES €Tl TwV TAEUPAY TOU TPIYiYou kal tny 1diotnta o1 ywvie§ tns teUlaouévng
OTIC KOPUPES auTég va dyyotopolvtar (eEwtepikd) and tig mAevpés tov tprydvov. Aeciée dn
kdvovtag 01adox1kéS avakAdoes 0TS TAEUPES Tou Tptydvou, id tétola tpoxid ‘avantioetar’”
o€ d evlela €. Tovto pue tny évrvowa ot katd T avakddoe, ta tunuate tns tellaopuérng
torofetotvtar katd unios udg otalepns evlelag € . H € Aéyetar Eval avATTLUYUA TNG
TPOYLAG.
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Yyfua 7.16: Avdrntuyua tpoytds unthdpedou

IMpoPAnua 7.7.11 Aeiée 6t n povadikn kAewon tprywrikn tpoyld pumAidpdov evis obu-
yoviov tprydvov ABI eivar to modiké tptywro tov ABI. Troédaén: Aeiée 6t éva avdntuy-
Ha ds térowag tpoyids elvar evllela € avaAdoiwtn wS ovvolo, ws mpog Ttny ohwdavdikiaon
[ = 0,008 004, MoV €lvar olvieon avakddoewy 0TI TACUPES TOU TPLYOVOL.

IMpoPAua 7.7.12 Aeile 6nt o’ éva apPruyavio tptywro dev vrdpyer yvnowa tprywviki
kAewtn tpoyrd pumAidpdouv.

A
| &
B
r B r
Eyfua 7.17: I8t6uopgpec tpoytéc umhidpdou

IMpoPAnua 7.7.13 Aciée 6n1 0’ éva tplywro vndpyovr tpoy1€s umikidpoov ol oroleg 61épyo-
vtar ané kopupés tov tpiycvov. Tétoies Tpoyi€s Aéyovtal LOLOORPES Kal avTioToryoly o€
avartUypata mov O01épyovtal and kopupés eite tov (dov tov tprywvov ABI eite kdmoov €€’
avaxkddoewns atig TA€UpéS tov tpokuUntovtoS . Bpeg avaykaia kai ikavn ovvinkn ywa to tpi-
ywvo ABI, étor dote va vrdpyet 1016popen tpoxrd pmkidpdov, mov Eexivd arnd tny kopvepn B
kat kataAAnyer oTny kopven I, petd arnd 6vo avakddoeg ot tAeupés A" ka1 AB avtiotoya

IMpboBAnua 7.7.14 Aeie ém vndpyer emAoyn) mAevpar tov tprydvov ABI, étor dote vmo-
PdAdovTds to o€ €61 DradoyikéS avakAdoeg ws mpos autéS TS TAEUpES, va maipver Ty Oéon
A'BT, mov mpoxinter ané napdAAnAn petatémon tov ABI kard Sidvvoua 2h érov h to bid-
vuoua petapopds ohiolavdkAaons mov TpokUnTel w§ oUvPean) KatonTpIoUaY 0TS TAEUPES ToU
tpydvov. (Yréda&n: to ywiuevo uds ohwlavdikdaong pe tov eautd tng elvar jud petagopd
katd to OimAdoto tng petatdémons tns ohwwdavdkAaons.)

IIpboBAnua 7.7.15 Xpnoiporoinoe to tponyoluevo ovurépaoua , kar petatorilortas katd
€napka§ Uikpo ordoTnua tov dova ohwavdklaong €, o€ pid tapdAAnAn 9éon €, kataokevaoe
poyid pmlidpdov pe avdntvypa €. Aetée dn n poyid avti a) éxel TAeypés napdAAnles
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Yyhuo 7.18: Khetotée tpoytéc unthidpdou, neptddou 2

mpog Tis TAeupég tou modikov tov ABI, B) oxnuatila kiewtn tellaouévn tpoyid mov éyer
00 Kkopugég o€ kdle mAevpd Tou tpryvov. Mid térowa tpoyid ovoudlerar mepLddov dVo.
Avdloya, md khewotn tpoyid umAidpdov e v kopupés oe kdie mAeupd Aéyetar tepLddou v.

Eyua 7.19: Avaxhaotixd TAéyuota TRy OVoU

IMpoBAnua 7.7.16 XpnoponooUje Ti§ tpels HeETAPOPES TOU TPOonyouprévou mpoPANaTos,
WS TPOS TIS TPES drapopeTikéS ohirdavakAdoes tov ypdgovtar oav ovleon avakAdoewy oTig
TA€UpES Tov Tptydvov. ‘Eotw ot to tplywvo ABI ue ywvies a, B, y, petatoriletar kat’ avtég
ota tpiywva AEZ, HOI, KAM. Aeite én:

1. Ta tetpdndevpa AAPH xar AKIIH elvar poppor.

2. On npoextdoeg twv mAevpmr AB ka1 AI' elvar pecoxddetor avtiotolyws twy TA€Updy
AH xa1 KH.

3. To A elvar kévtpo tov mepryeypappévov kikdov tov AHK.

4. Or mhevpés tov AHK elvar napdAAnles mpog ta Uin tov tprydvov ABI ka1 o1 ywvieg
0V €lval loe§ pe autés tov ABI.
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5. H ywria oto A twv AAP ka1 AIIH eivar avtiotoya y kai .

6. Ta ekdywrva mov oynuatilovtar €vtog twv pouPwr elvar ovpupetpikd ws tpog tig AP
ka1 AIl avtiotoa.
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Kscpo’c)\ou.o 8

Opouoﬂecz’.a

8.1 Opiowog ouotoveciog

Oporodeotia ue xévtpo 10 onuelo tou emnédou € € R?, xau Aéyo 7, 7 # 0, héue tov
7 7 2 2 Z / ’ 7 /.
uetaoyfuatioud F : RT — R?, tou emnédou otov eautd tou mou opileton and tov t0mo:

F(Z) =75=c¢+nr(T—¢), VT € R?. (8.1)

r>0

Eyfua 8.1: Ouowodeoieg ue r > 0 xou r < 0

IMopatnenoetg

(1)  Xuyvd v ouoodesta auth ouuforilovue ue (¢, r).

(2)  'Eva onueio = xou 1 etxéva tou z', uéow e ouotodeoiog, Aéyovtouw opotddeta o1-
ueta. Tevixdrepa éva shvoho A xau 1 exdva tou A', uéow e ouotodesiac Aéyovton eniong
ouotoveta GUYOAA 1) Gy HUTAL.

(3) O tinocg 8.1 onuaiver 61t 1 exxdva T Tou T elvorn nédvew otny evdeiot €T xaw 0 AOYoS Twy
anoctdoewy d(¢,y)/d(¢,T) = r. To npdbonuo tou r xadopilet av ta z, y = F(z), elvon and
v Bto ueptd (1 > 0) A exatépwiev (r < 0) tou xévtpou. Tuyva, btav r < 0, whdue yid
avtiopotovesio.

(4)  Mpogavde evdeiec a 8t tou xévtpou datnpolvton avallolwtes xutd TV ouotodeaio
(amewovilovtar otov eautd toug: F(a) = a).

(5)  Tevixdrepa, wtd evdeio a tou dev diépyeton and to xévipo ¢ Va anexdvileton oe ULd
evdeio F(a), moapdhhnhn tne a xot tétoto Wote 0 MoYog v anootdoewy d'/d twv evdeldy
and 1o ¢ va eivar . Tolto npoxdntel dueca and to Yewpnua Oorn, epopudlovtds 0 o
Tplywva e wopyhc cxzxz’ xou Tic etxdvee Toug cyy'

(6)  Xuvérewa g mponyovuévne Tapatienong elvon Tt éva Tplywvo Tyz xatd Ty ouotde-
olo Yo anewxoviletan o€ éva tplywvo 2'y'2" duoto mpog to apyxd ue Aéyo ouotdtntac r. To

83
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(3o ouuPalvel xar ue onotodnrote TOAOYWVO zyz.... Tolto anewxovileton xatd TV ouotove-
olo oe ToAOYwvo 2'y'2 ... mou €yer avtioTorya (oec Ywviee xou Theupéc avdhoyec ue Aoyo r.
(7)  Me tov (8o tpéT0 amodetxvieton 6t xo 0 TuydY xOxhog ue axtiva R anetxovileton og
xOxho ue axtiva [r|R. To xévtpa p xou p’, Tou x0xhou xat ¢ exbdvac tou elvon ouotéieto.

X Y, X
X Z
z ’
y
y' '

Yyfua 8.2: Telywvo zyz xou 1 edva tou z'y'2’

ITpotaom 8.1.1 Aodévtwr dvo dapopetikar, kUkAwy a kai b, pe kévtpa, avtiotoya, A kat
B kai aktives v, ', w0y tovr ta €&rg:
1. Ado opudppora rtapdAinies axtives tovg AA', BB' opilovr pe ta drpa tous evdeleg
/ 7 /7 /7 /7
mov d1épyovtal ndvrote ané otalepd onueio F.

2. To onueio F evpioketar eni tng dakévrpov evdelag twv kUkAwy kal ouurintel e to
onueio Toung Ty kKowwy eEnTepikar epantopévoy twy KUKAwy, €p’ 6oov vndpyovy
T€TOIES.

3. To avddoyo wx¥el kar yid avtippora napdddndes axtives AA', BB'. Ta dxpa toug
opilovve evleleg mov diépyovtar ndvtote and otalepd onueio G.

4. To onueio G evpioketar eni TS N1aKéVTPOU KAl OUUTITTEL JLE TO ONUED TOUNS TwY
ETWTEPLKAY KOW DY €pantopuévwy twy dUo KUkAwy, €@’ do0v Undpyovy TETOLES.

5. To onuelo F elvar kévtpo opowdeotas (F, r'/r) mov arewcovilel tov kUkdo a otov b.

To onueio G elvar kévtpo opowdeotas (G, —r'/r) nov areikovila tov kUKkdo a atov b.

2

7. On 600 mponyolueves opowleaies elvar o1 povadikés mov amerkovilovy tov éva kUkAo
otov dAro. Ta onueia F, G Aéyovrar kévtpa opoodeaiag twv 6o kUkAwr.

Yyfua 8.3: Kévtpa ouototesiog 0o xOxhwy

‘Onwe gaivetar xar 6to oyfiua 8.3, ot napdhinhec A’A", B'B", opilovv buota tpiywvo:
FAA', FBB', oubpporna 6uota ue Aoyo r/r’ xouw GAA”, GBB", avtippora duota ue hAéyo
r/r'. Tuvende ta onuela F, G, eivon to onueia (eZotepixb-eowtepnd) nou Soupoldv 1o
evdiypouuo tufua AB oe Aoyo r/r’. Enouévec 1 ¥éon touc elvar aveZdptnty e xoted-
Yuvone AA'. An” autd arnoppéouv dueca Ghot ot toyuptouol. Ou Aentouépetec enaplovion
OTOV VALY VOO TH.

ITpétaom 8.1.2 Tpeg dapopetikol kUkAot: a, b, ¢, kévtpwr A, B, C kai aktivov r, r', 1,

g Z 4 / /7 / / / / /. 4 /
avtiotowa, AapPavipevor avd 6vo opilovr é&r kévtpa opoweoiag. Tolta mepiéyovtar avd tpia
o€ tpeis evleleg.



8.1. OPI¥MOXY OMOIOOEXIAY 85

abl

. bcl
Eyfua 8.4: Kévtpa ouotovestiag tptdv x0xhwy, avd 800

Ac ovyPohrilovue ue abl, ab2, to xévtpa ouotovesiog TwV xOxAwY a, b xou avdhoya ue
acl, ac2, bel, be2 o xévtpa oyototesiog Twv xOxhwy a, ¢ xat b, ¢ avtiotorya. Eg@apudlovue
0 Yewpnua tou Mevehdou (5.5.5), m.y. yid ta onueia abl, bel, cal, nou nepéyovian otig
(rpoextdoeic) mheupéc AB, BC, CA, avtiotolywe, @4 — 1 belB _ 17 calC _ 17 - Arg

ablB 7 belC T r"r calA T r

’ ’ ’ ’ 7 2 7 . abl A . bclB . calC —
T1¢ omoleg, TOANATAAOLELOVTAC TiC XoTd UEAT TPOXORTEL 1) LOOTNTA: T * 34 * caid = s

mou defyvet ottt Tplar onueior abl, bel, cal, evploxovtar en’ evdelog. Avdhoyo amhég elvar
xat ot amodetlelg, 6Tl xat ot umdhotnol cuvSuacUol TwV onuEiwy, avd Teia, elvon e’ evdelac.

ITPOBAHMATA 8.1

Yyfua 8.5: Kévtpa ouototesiog 0o xOxhwy

IIpoBAnua 8.1.1 Aeiée é6n kdle eviela Siepyopévn and éva ek twv kévtpwr opodeoiag
oo kUKkAwv kar téurovoa avtols, opilel, petall dAdwy, kar 6o axtives AK, BH (BI) rov
elvar TapdAAnAeg.

ITpbBANua 8.1.2 Acibe n edv Vo tplywra elvar opordleta (éyovr mapdAAnies mAeupés,
0eg 5.5.5), téte To KévTpo opowleaiag toug ouvurittel (e to kévTpo opoleoiag Twy Teptye-
ypaupévwy kUkAwr tovg, kalog enions kat e to kévtpo opowodeaias twy €yyeypappuévoy
kUkAwv toug. Xuumépave oti 1 S1dKeVTPOS Twy TEPLYEYPAUNUEVwY KUKAWY Kal 1) OldKeVTPOg
Ty €yyeypapuuévor klkAwy 6iépyovtal ané to kévtpo opoodeaiag twy 60 Tpiydvmy.
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Yyfuo 8.7: H Stdxevtpog eYYEYPUUUEVOL, TEQLYEYPUUUEVOL

IIpopAnua 8.1.3 Eotw MNP to tpiywro twr onpeilwr etagng tov €yyeypappérov kUkAov
tpryovov EZH. Ae€tée 61 to modiko tpiywvo tov MNP éyer mAevpés napdAAnAes mpos avtés
wov EZH. A€ite 6t to kévtpo A tou eyyeypaupévov kikdov, to kévtpo M tov mepryeypap-
pévov tov tpydvov EZH kar to opdékevtpo K tou MNP evpiokovtar en’ evielag (elvar n
evllela Euler tov MNP). (Yrédaén: Ta ABI', EZH éxour mAeupés rtapdddnies. Ta kévzpa
v eyyeypaupévor kUkAwv tovs K, A nepiéyovtar oe evdela mov diépyetar and to kévrpo
opoodeaiag twrv dVo tprydvwr. To A elvar tavtéypova kévtpo tng mepryeypapévng tov
ABI, dpa kar o kévtpo tng tepryeypaupévns tov EZH a nepiéyetar o avtiy tny evieia.)

IIpboBAnua 8.1.4 Aeiée 6t ta kévtpa opowleaiag O, tov Tepryeypappévov kikAov tprycrov
ABI ka1 K tov avtiotoiyov tov kUkAov Euler elvai to opOdkevtpo H kar to onueio toung M
Ty Olapuéowy Tov.



8.1.

OPI¥MOXY OMOIOOEXYIAY

B r
\_/y

Eyfua 8.8: Kévtpa ouototesiog tou neptyeypouuévou , xOxhov Euler
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Kscpo’c)\ou.o 9

Avucrcpocpv']

9.1 OpLoog AVTLOTROPYG

AvTioTtpopn ue xévtpo o onucio tou emnédou € € R?, xor §Ovoyun r2 r # 0, hue tov
uetaoyfuatioud F @ (R? — {¢}) — (R? — {€}), tou tpunnuévou emtnédou oTov eowtd Tou
nou optleton and tov TOmo:

r—c
F(E) :y:E+T2f,
||z — 2l

vz € R? — {c}. (9.1)

< @

Eyfua 9.1: Kdxhog avtiotpogic

Av Yewphowue 1oV x0xho UE x€VTpo TO € xou axtiva 7, T6TE 0 Tomog 9.1 onualver dtL

€6V Y TOL T elvar Tévew oTny NuLevdeia €T xat 1o YIVOUEVO TwVY anoctdocwy d(E, T)d(C, ) =
2 /. 7 z ’, 7 /. Z

r2. O xdxhog awtdg Aéyetor x0OAANOG AVTLOTEOYPNG Tou Uetaoynuatiopnol. Ewo cogpéc
61t 0 xOxhog avutodg xadopilel TAPWS TOV UETAOYNUATIONO ot avTioTpoga, xdle TETOLg
uetaoynuatiopnds opilet dueoa tov xixho avtiotpogrc. Ilpogavde emavaloufdvovtag Tov
ueTaoy NUaTous Yid SehTepn popd entotpégouue oto onueio T. Anhadh oylel F2 =T, 6mou
I ouuPoliler Tnv tawtotn| anewodvior. H enduevn npdtaoy mapadéter tic Paoixée dtnteg
NS AVTLOTROPS.

pétaon 9.1.1 Eotw F avuotpopn kévrpov C kar dbvauns 2. Ioybovr ta e&g:
1. Ta onueia tov kUkAov avtiotpogng tapapévovy otalepd katd Ttny avTioTpoen.
2. Evleie 0id tou kévtpov avriotpopns mapapévovy avaldolwteS katd tny avtiotpoen
(arerxovilovtar otov €avtd toug).

3. H axdva dg evleiag mov dev diépyetar and to kévipo avTiotpopiis, péow tns avti-
oTpons, €lvar évag kUkAo§ mou 6iépyetal ané to kévrpo avtiotpopns . Avtiotpoga,
n €ikéva €vo§ kUkAov mov diépyetarl and kévtpo avtiotpogng elvar jud evdeia mov dev
d1épyetal amd to kévTpo avToTPoPns.

89



90 KEPAAAIO 9. ANTIXTPO®H

Z z / /7 z / 4 Z. /
4. H axdva evés kUkAov mov dev diépyetar and to kévtpo avtiotpogns elvar kUkAog mou
emiong dev diépyetal and to kKévTpo avTioTPoPrs.

Eyfua 9.2: Ewxdva evdeiog xar x0xhov U€ow avTloTpophc

Ot 300 mpwtol oyvptouol elvon dueses cUVEREIEC TOU 0ploUol NS avTloTpophc. Ag Solue
™V ewxxdva wde evdetag mou dev diépyeton amd o xévtpo avtiotpophc. Ilpog tolto €otw
A 7 mpoPori Tou C oty ewdela xouw B tuydv onuelo g evdelac. Eotwoav A’ =
F(A), B' = F(B), ot ewbvec tov 800 autdv onueiwv uéow e avtotpophic. Enedy
|CA||CA'| = |CBJ||CB'| = r?, éneton 6t 1o onuela A, A', B', B eivon xopugéc 1e1pamAelpon
eyypahiuou eic x0xhov, dpa ot anévavtt ywviec ot A xon B’ elvou {oeg, dpato B’ Bhénet to
otatepd eudiypaupo tufua CA" und optiv yoviay, doa teptéyeton 6Tov x0xho UE SIAUETPO
CA’. To 3o oyfua xan to (Blo entyeipnua delyvoly 61t 0 xixhog CA'B" arnewovileton oty
eudelo AB. Tolto ohoxhnpdvel Tnv anddellrn tou Tpitou oy LEeUoD.

I'd tov tétapTo Loy Lploud oxEPTOUACTE avdloya. Oewpolue xat’ apyhy tnv ddxevipo CO
xou ta onueio A, B, ot onola auth téuvn tov Sodévia xixho. ‘Eotwcav A', B', E', ta
avtiotpoga twv A, B xou tou Tuybvtog onueiov E tou xixhou. Adyw twv |CA||CA'| =
|CE||ICE'| = r?, 1o AA'E'E eivor eyypddruo eic xhxhov xou hdyw tov |CB||CB'| =
|CE||CE'| = r?, 10 BB'E'E eivor enlong eyypddiuo eic xOxhov. And 1o eyypddiuo
AA'E'E éyovue EAB = A'E'E you o6 1o BB'E'E enfonge EBA = B'E'C. Apa 0 E'
Brénel o otadepd evdiypauuo tufiua A'B’ und ywvioy B'E'A' = (n — BEC — AE'E)
mou elvon opt. Apa to E' nepéyeton otov xixho ue diduetpo A'B'.

Eyfua 9.3: Koxhog oploydviog 6tov x0xho avTioTpogic

Mpétaon 9.1.2 Eotw F avuotpopn kévrpov C kar dbvauns r2. Ioybovr ta e&g:
1. Kdle kvxdog mov diépyetar and dVo avtiopopa onueia P, Q = F(P), rapapéver
avaddoiwtog katd Ty avtiotpon) (areikoviletar otor €avté tov) kar elvar opPoydriog
Tpog Tov KUKAO avTioTpogris.
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2. Kdle kikdog v, oploydvios mpog tov klkAo avtiotpopns a, mapapével avaAdolwtog
katd Tty avuotpogn.

3. Kdle kokdog v, mov tapapéver avaddoiwtog katd tny avniotpopn elvar opdoywriog atov
KUKAO avTIoTPOPIiS.

H anédei&n touv npwrtou toyvptouol eivan aniodotaty. Kat’ apyiv aviiotpopa onueio uro-
YeeoUvToL 1o €var eXTHC XL TO GAhO EVTOS Tou xUxhou avTioTpoprc. Apa xdlde xixhog mou
ditépyeton and dbo tétota onueia Yo TéUveL Tov xOxho avTloTpoPhc, €0Tw 6To onueio A. Torte
n |CP||CQ| = |CA||CA| =r?, delyver 6tin CA elvon epoantéuevn tou xixhou did twv P, Q,
dnhadh o xOxhog eivar oploywviog otov xOxho aviiotpogrc. AviioTtpoga, av €vag xOxhog
elva opoy®viog otov x0OxA0 aVTIoTROPHS, TOTE YId omotadrinote téuvouvco C'PQ Yo oy let
N mponyoluevn wotnta: |CP||CQ| = |CA||CA| = r?. Apa o xOxhoc Ya elvan avahholwtog
xaTd TNV avtiotpogn. Ot undhotnol 1oy vplouol anoppEéouy JUECH ant’ AUTES TIC TUEATNPNOELS.

Eyfua 9.4: Koxhog oploywviog ae xbxho, epantouevos oe eudeia

IMpétaom 9.1.3 Yrdpyer évag akpipds kikdog oploydrios tpogs dodévta kikAo kar eparto-
pevog dolinong evdeiag e o€ onueio A avrrg.

Eotw F 1 avtiotpogh (C, r?) og npoc tov Sodévta xixho. Eotw A’ = F(A) 10 avtictpogo
ou A. O mpog xataoxeviy xOxhog Yo elvon oploydviog otov Sodévta dpa avalloiwtog
XOTd TNV AWVTIETRPOPHY S Tpog autdy. Buvende to aviiotpogov A’ tou A Vo ixavorotel
|CA||CA"| = 12, dpa xataoxeudletor enl e eudelac CA. To xévtpo tou {ntovuévou Yo
elvan 1o onuelo Tourc e uecoxadétou tou A'A xon g xadétou e e oo onuelo e A.

Eyfuo 9.5: Atatipnon Ywvloy and avTloTpopés

Ilpétaon 9.1.4 Edv 60 kaurnides (evieies 1 kUKot kat’ apynv) téuvovtar vnd yoviav ¢,
TOTE KAl 01 €1KOVES TOUS Méow TS avriotpoens Da téuvovtar vré tny dwav ywviav ¢. Tnv
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1010TNTA QUTH) TOY avTIoTPoPaY ekppdlovpe Aéyortag 6Tl 01 avTIOTPOPES €lval COAAOPEPES
aneikovioes.

H anddeln otnpiletar otnv napadoyn ott 1 yovia 800 xounvioy o’ éva onueio Tours toug
A opiletar and v yovio Twv epantouévemy Toug oto onueio autd. Eriong otnpileton oto
6Tl undpyEl amelplol XUUTVAGY Slepyouévey and onueio A xou egantouévwy oe evdelo did
tou A. Egapudlovue hotmdv tny mponyoluevn tpdtacy 800 popéc xat xataoxeudlovue 800
/. ’ /. / 2 7

xOxhouc a, b, opdoydvioug otov xixho avtiotpophc ( F = (C,r?)), nou epdntoviar oto A
TV 3o evldetdy e xar f avtiotorya. Katd vy avtiotpogh, ot xixhot autol aretxoviovton
OTOV EAUTO TOUC X0 GUVETMS OL EQPATTOUEVES TwY EXOVLY Toug oto A’ elvon evdelec €, f/,
OLUUETPIXES TV €, [ oc tpoc Ty dtdxevipo OQ. Apa o egantduevee oty etxdva A’ tou
onueiou A €youv v (Blo Ywvio UE TIc epantouEveS e, f ato onuelo A.

ITPOBAHMATA 9.1

IIpoBAnua 9.1.1 Aidetar kUkAog a kar evieia b. Na Bpelel avtiotpopr) nov areikoviler tov
kUkAo otny eviela.

Eyfua 9.6: Egantoueves xotd v avtiotpo)n

IIpoBAnua 9.1.2 Aeiée én katd tnr avniotpopn evog kUkAov a o évav klkdo b, o1 kowég
€QanTopeveS TV KUKAwWY 6, b diépyovtal and to kévtpo avtiotpopns, dpa toUto CUUTITTEL e
kérTpo opodeoiag twr 6V0 KUKkAwY.

Eyfua 9.7: Egantéuevog x0xAog xatd TNV avTioTeopn

IIpboBAnua 9.1.3 Eotw kikAog d eparntipevog 6Uo dAwv kUkAwr a, b. Aeiée 6n1 n evieia
€ TovU evavel ta onuela emagpns diépyetar ané to kévtpo opoodeaias C' twv kUkAwv a, b.
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e g z 4 z / / 4 z
Acite ermiong émt n avniotpopn F' nov evadddooer tous 600 kUKAOUS agrivel Tov epantipevo
kUKAo d avaAdoiwto, dpa tovtos elvar opoydvios atov kiAo avtiotpopns g tns F.

IIpboBAnua 9.1.4 Aeie to avtiotpogo tov mponyovuévov. Edv and kdroo kévtpo opotole-

olag dvo kUkAwr a, B, 1€ avtiotoa kévpa A, B, ayUel evlela téurvovoa avrols avtiotoya
/7 / / /. /. 4 Z Z

ota onueta H, I, étor dote or axtiveg AH, Bl va unv eivar tapdAAnAeg, tote mpoektevopeveg

opilovr anueio N, mov elvar kévrpo kUkAov eparntopévov twr a, B ota H xar L.

Eyfua 9.8: Kixhog egantduevog o€ 300 dhhoug

IMpbBAnua 9.1.5 Acile (oxniua 9.8), é6u to terpdrievpo HITK elvar eyypdio o€ kiUko.
Yvurépave 6t to ywipevo d(Z, H)d(Z, 1) elvar otadepd, avekdpnro tng tépvovoas ZIH kar
oo ne d(Z,T)d(Z, K). Aete axdun 6t to ywipevo avtd woltar pe to Mvopuevo twy punkoy
TV €QATTOUEYWY TPOS TOUS dV0 KUKAOUS Tov dyovtal and to Z. A€ie tédog ot to Yvouevo
avto woltal pe To TETPAYwro TNS €QATTOéVNS ToU dyetat ané to Z otov KUKAO HeE KEVTPO
N ka1 axtiva NH.

IMpoBAnua 9.1.6 Aidovtar 6vo klkdor a, b. Na Bpelel avtiotpopn nov aretkovilel tov éva
otov dAdo.

IIpoBAnua 9.1.7 Eowwoav A, B, 600 onuela touns kikdov ¢ téuvortog 600 dAAovg ku-
kAoug a, b, und loag ywrias. Ae€ile ént n evlela AB 0i1épyetar and to kévrpo opoodeaiag F
Twv 0V0 KUKAwY a, b.

9.2 E@oapuoyveég tng aviioTpogng

Ipétaon 9.2.1 (Oedpnua IItokepaionv 87-150 u.X. ) Tetpdndevpor eyypdpetar €1§ kU-
kAov TOTe Kkair puévov ToTe, 6Tav to YWOHEVO TV UNKOY Ty Oaywvioy tou woltal pe To
dipowpa tov ywopévwr tov anévavt meupdv tov (Xynua 9.10). |AB||CD|+|BC||DA| =
|AC||BD|.



94 KEPAAAIO 9. ANTIXTPO®H

Eyfua 9.10: Oedpnuo [Itokeuaiou

Ac unodéonue 6TL T0 TETPATAELPO Elvorn eYYPAPLUO XL 0G EQPUPUOCWUE TO CLUUTEPAUCUA TOU
npoPBhiuatoc 6.5.2. Tlpog tovTo xdvouue avtioTpopt| UE x€vTpo 0 A xou axtiva onoladnro-
te. O mepyeypouuévog xOxhog tou tetpaniedpou uetaoynuatileton oe eudelor xou ot dAleg
xopu@éc Tou teTpaTAeVpou ot onueia g evdelac B', €', D'. Ioybouv hottdy ot oyéoelc:
|B'C'| = 6|A|L]?BHC:40\ |C'D'| = (5‘14‘5541)' |B'D'| = 6‘14'5&1)‘ § ouuPohilet €8 to TETPAYW-
vo e axtivag Tou xOxhou c. Elwodvovtag |B'C| 4+ |C'D'| = |B'D'| xon avtixahotdvroe
ue ta dedid Uén TV wothtwy talpvoue TV oyéon. O culloylouds unopel va tporonouiel
xal 0Ty mepintwon mov xdnoto and 1o onuelo B, C, D dev nepiéyetar atov xvxho a. Tote
o B', C', D' 8ev Yo nepiéyovian oe eudelo xou Yo oylel |B'C'| 4 |C'D'| > |B'D’|, and tnv
onofa ouvdryetaw v |AB||CD| + |BC||DA| > |AC||BD|. Auté Selyver uid yevixdtepn ovi-
oot Yid téooepa onueia un xetuevo ent xOxhou xot GUVEREYETOL AUECKS TO AVTIGTEOYO.
Anhadn, edv xavonoiton 1 oyéon toTe Tor Téocepa onueta Yo xetvton ent xOxhov.

IIpotaom 9.2.2 Na kataokevaolel kUkAog b d1epydpevos and 6o dolévta onuela A, B kat
téuvwy dodévta klkAov a vrd dodnoar ywriav ¢.

Xpnowuono® Ty avTIoTeoPY| YId YO avayw TNV XUTAOXELY OE €val AmhOUOTERO TPOBANUAL.
HMpdryuatt ag xdvouue wid avtiotpogy F' ue xévtpo éva and ta Sodévta onuela, éotw 10 A
xow oxtivar onotadhinote (010 oyfua 9.11 unodétw 6Tt 1o A eivon e€wteptnd ToU @ xou Talpve
w¢ axtiva avtiotpogrc v egantouevn AC. Tote o xOxhog a mapauével avolhoiwTtog xatd
v avuetpopr: F(a) = a). O Intoduevoc xdxhog, €’ 660v undpyet Vo avTioTpéPeTon oE
eudelo b Biepyduevn and to onueio B' = F(B). Adyo tne Statipnong twv Ywvidy xatd Ty
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Syfua 9.11: Kixhog Sio onuelwy téuvey und Sodhoay ywvioy

avtiotpo@n, 1 evleior auth Yo Téuver Ty exdva F'(a) tou xOxhov a xatd ywvia enione ¢,
Spa Yo epdmteTon YVwotol xixhou a’ ue xévtpo O xo axtiva |OS| = |OP'|sin(¢). Tlpoc
enfhuoy tou mpoPAfuatoc, apxel hotmby va xataoxevdon Tic dlo epantéuevee and to B’
Tpoc Tov x0xhov a’ xon vo avtiotpée autéc Tic egantouévec uéow e F yd va Ppd toug
300 xvxhoug-Aioelg Tou TEOPBARUATOC.

Syfua 9.12: Metaoynuatiouds 68 0UOAEVTREOUS XOXAOUS

IMpotaom 9.2.3 Aodévtwr 6o un tepvopévor kikdwr a, b, vrdpye avtiotpoen F n omola
arerkoviler Toug kVkAovg o€ dUo opdkevTpovs a' = F(a), b/ = F(b).

[Mpdryuartt, apxel va Yewprioovue v unepBoiixy| déoun u, Tou mopdyeton and Toug 300 xV-
xhovg. 'Eotwwoav O, @ ta oplaxd onuelo e déoung. Optlovue v avtiotpogn va €yet
x€v1po 10 €va an’ owtd, A.y. To O xou oxtiva Ty andéotaorn v dvo onueiwy. Tote 7
oployovia déoun v g u Tou anotekeitar and dhoug Toug xiXAoug Tou SiépyovTon and Ta
onueia O, Q, Yo uetaoynuatileton xatd TNV AVTIOTEOPH 6TNY déour Ty euleldy dtd Tou
Q@ xou oL xOxhot g déounc u, mou eivar Ghot oploydviol aToug xixhoug TN déoung v Ha
uetaoynuatilovior oe ouyxevTpxols Ue x€vTpo To onueio Q.

Ipétaon 9.2.4 Oedpnua touv IIdnrouv("ApBulog) (repi to 350 u.X.) Ia tnr axodoviia
KUKkAwy 0mws oto oxnua 9.13, wyvea én n anéotaon h, tov kévtpou Tov n-oTol KUKAOU
aré tny evlela e kar n didpetpog d, tov 16iov kUKkAov TAnpovy tny ekiowon: hy, = nd,.

Apxetl va egapudoovue avtiotpopn F' ue xévtpo 1o A xon axtivo Ty epantouevn ond 1o A
npog Tov n-01d x0%Ao ¢,. Tote ot xOxhot pe diduetpo AB xar AC uyetaoynuatiCovion oc
300 mMapAAAAAOUE TOL EQATTOVTOL GTOV XUXNO €, XoU OL TEONYOVUEVOL XOXAOL Cp—1, Cp—2, ...
uetaoynuatilovion oe {Goug xvxhoug, egantouevoug avd dvo. O timog mpoxinTel auUéons
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NENO0e %!

Eyfua 9.13: Metaoynuatiouds 6e oUOXEVTPOUS XUXAOUG

Aoyw e obdTTAC TV XOXAWY €, €p, ..., EX TV OTOlLY 0 TPdTOC Elvon 0 ¢, Xo 0
tehevtaiog €xet o x€évtpo Tou ent g AB.

Eyfuo 9.14: Advoidec tou Steiner

IIpbtaon 9.2.5 Ocdpnua tov Steiner(AAvoideg) (1796-1863) Zexwvdvtag and évay
kUKkAO ¢y €pantopevo 6Vo 11 tepvopévor kUkAwv o kal b, xataokevdlovue alvoida epa-
rTopévwy avd 0o kUkAwy cg, C1, ...Cp, OTWS 0T0 oxNua 9.14. Edv o n-0téS kUKAOS TNS

/7 z / 4 /7 /. 4 4 / /
alvoidag epdntetar Ttov apyikol ¢y, ToTe To 1010 Va ovuPaiver yid kdle Uéon tov apyiiov
kUKkAoU ¢y, €parntopévov twv a, b.

H ewodva eivar eviunwotoxy ohhd 1 anddeiln anhobotaty. Apxel vo e@apUOGOLUE GTO OO
oyfua Wwidy avtiotpoh tou ametxovilel Toug dvo xixhoug a, b, ot dbo oudxevtpoug o', b,
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(dec mpdtaom 9.2.3). Téte n akvoida twv xOxhwv ¢, €1, ...cp, UeTaoynuatileton xatd TV
avVTIoTEORT o€ ULl ahuoida (owv xOxhwy Tou epdntovton avd 300 uetadd Toug xaddS xat
v a, b'. Tpogavae 3 1 oyéon enapric dev eZaptdron and Ty Véon tou ¢y uetad v 3o
x0xhwv a xat b.

ITPOBAHMATA 9.2

IMpoBAnua 9.2.1 Bpég yid moiég oyetikés Uéoers twv onuelwr kar moiés ywries, to tpdpAn-
Ha Tng mpotaong 9.2.2 déyetar 6vo, pia N kappuia Avorn.

IMpopAnua 9.2.2 Na kataokevaolel kUkAog diepydpevos and 600év onueiov C kar tépuvwv
ovo dolévtag kkAovg a, b, vrd dodroar ywviav ¢. (Yrédeén: Xpnoyonoinoe o npdépAnua
9.1.7 ka1 fpeg eni tng CF éva axdun onueio D, ard to omoio d1épyetar o kUkAog. Avdyaye
téte oo tpdBAnua tng tpdraons 9.2.2).

IMpoBAnua 9.2.3 Aeiée 6t yid alvoida kUkAwy ¢y, 1, ...c,, 0TwS aut) Tng TpoTaong 9.2.5,
n 16tnTa o TeAevtalos KUKAOS ¢, va Téuvel tov apyiko cy Ocv eaptdrar and tny apyixn 9éon
ToU Cy.

Eyfua 9.15: Koxhot Siepyduevor and onueiov A, téuvovteg und yoviov ¢

IMpoPAnua 9.2.4 Ae€ile 6n o1 kUkAor b mov 61épyovTar ané 6o0éy onueio A kar téuvovy
dodévta kUkAo a v ywriav doOnoay ywrviav ¢, epdntovtar evios otadepol kikAov d.
(Yrédaén: Kdve avtiotpogr je kévtpo to A kar axtiva orotadrrote. O petaPAntés kUkAog
b avniotpépetar o€ dv evlefar V', mov epdntetar evds otadepol kokdov a'. O d efvar o
avtioTpogog Tov a'.)

IIpboBAnua 9.2.5 Aeile 6t o1 kUkAot b mov 6iépyovtar ané 6odév onuelo A kar tépuvovr
donoav evdelav a vrd ywriav Sodoav ywviav ¢, epdrtovtar €vés otalepol kUkAov d.
(Yrédaén: Avaywyn, péow avtiotpogris ato tponyoluero péfAnua.)

9.3 Hpoﬁ)\‘r']poc'ca ToL ATOAAGYVLOL

O Anoloviog (247 n.X.) édeoe xon éhvoe to YeEVXO TpoBAnua xotaoxevic x0xhou d e-
pontouévou Tpdy dhhwy. To mpdfinua, yio xOxhoug e&mtepinols aAAALY, SEyETAL OXTO
Mooewe (oyfua 9.16). T'd edixéc Véoeic Twv xOxhov TpoxinTouy Ay®Ttepes Aoetc. Mropel
xavele va Yewprioetl ta onueia og xOxhoug undevixic axtivag, Ttig de eudeleg, wg xdxhoug
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Eyfua 9.16: ITpdBAnua tou AtoAlodviou

ToAD ueydhng axtivag. Tno to mplopa autd to mEoBAnua cuunepthauBdvel Ty avaliTnon
x0xAV X.y. mou diépyovton and dovév onueio xou epdntovton 800 So¥Evimy xOxAwY 1 xOxhou
xan evdetag x.T.A. Ta tpofAfuota auTd, TNV TAELOVOTNTE TOUS, ATAOUGTEVOVTOL ONHUAVTLXS
unofdhhovtog ta dedouéva toug oe avtiotpopn. Iapadétew uLd oelpd edxwY TEPITTOOE®Y,
ouvodebovtde tic ue unodeilelc.

Yyfuo 9.17: Atékevon and A, B xan enagy| ue eudeio

IMpopAua 9.3.1 Na kataokevaolel kixkAog d mov Siépyetar and dodévta onuela A, B kat
epdntetar Sotong evdelag a. (Trédbaén: To onuelo touns O, tns a pe tnr AB éyea tny
wstnra |OA||OB| = |OE|?, érov E to onpeio eragnis tov (nrovpévov klkdov e tnv a.
Evpioxetar Aowndv n 9éon E. Avo Aoeg ev yéver.)

IIpoBAnua 9.3.2 Eotwoar kikdos a kar onuela A, B. Aeiée én1 kdle krdog diepydpevos
owd twv A, B ka1 tépvwr tov a, opilel kown yopdn i’ avtdr, n onola diépyetal and otalepov
onueio E tng evdelag AB. (Tnédaén: Oedpnoe tuyodoa téuvovoa EZH kar detée dn yid
kdle dAdov kUkdo ta E, I, K eivar ovvevdaaxd. To E eivar to piliko kévtpo tov a kar GAwy
twv Leuydy kUkAwv mov diépyovtar and to A,B.)

IIpboBAnua 9.3.3 Aidetar kikdog a kat 6Vo onueia A, B. Kataokevaoe kiAo f, epantipero
Tou a kai diepyduevo da twv A, B. (Trédbaén: Xpnoyoroinoe to tponyoluevo. Extds twy
A,B ka1 to E evpioketar ané ta dedouéva. Ané to E pépoue tg epantopeves orov a. O
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Eyfua 9.18: Kixhog Siepyduevog and 8o onuela, Téuveny tov o

{roluevog kxdog Oa 6i1épyetal, extos twv A, B, kat and ta onuela enapng. AAAn uédodog:
Avtiotpogn) w¢ mpog omowdnrote onueio tou 6odértos kUkAov kar avaywyr oto TpopANua

9.3.1. )

Eyfua 9.19: Aéhevon and A xou enopy| ue evdeleg

IMpopAnua 9.3.4 Na kataoxevaodel kUkAog d mov 6i1épyetar and 600év anueio A kar epd-
ntetar doévtwv evdadv a, b. (Yrédaén: To ovuperpixd B tov A wg mpog tny dycotduo
twr a, b, tpéner va mepiéyetar otor (nrovjevo kUkAo. Bplokouvue Aoimér to B ka1 avdyovue
0 mpdPfANua oto 9.3.1, Tng €lpeong kUkAov, diepyopévov arnd ta A, B, kai epantopévov tng
jdg evilelag a. Avtduara fa epdrretar kar tng dAAng b.)

Yyfuo 9.20: Atéhevon and A xou enopr) Ue xOxhoug

IMpopAnua 9.3.5 Na kataoxevaoiel kUkAog d mov 6iépyetar and 600év anueio A kar epd-
ntetar 6olévtwy kikdwy a, b. (Trédaén: H evlela da twv onuelwr etapng oiépyetar od
kévtpov oporodeoiag C twv Vo kUkAwv (beg tpdPAnua 9.1.3). O (nroluevog kUkAog Tapapé-
ver avaAdolwtog katd tny artiotpog) tov evaldldooel tous 6vo kikAovs. Apa to |CBI|CA|
elvar yvwoté kar €€ avtov tpoodopiletar to B. Avdyetar Aoindy to mpéPAnpa oto npdPAnua

9.3.3.)
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Eyfua 9.21: Kdxhog egantduevos tptdv Sodéviwy

IMpoBAnua 9.3.6 Na kataokevaolel kUkdog d, epantopevos tpicy dolévtwr klkdwr a, b, c.
z / Z / /. /7 4 / Z.
(Yrédaén: Eotw 6t ot kUkAo elvar eEmtepikol aAAiAwy kat €0Tw T4, Th, e 01 AKTIVES TOLG.
Eotw dui n rq €lvar n pukpdrepn ar’ aveés. Kataokevdlovpue tovg ovykevtpikols b, ¢, tov
a Y Y
b, ¢, pe aktives ry — 14, re — T4 avtiotoiyws. To mpdPAnua avdyetar otny €lpeon kUkAou
» & b ar ''c a
d', drepyopévov did tov onueiov A ka1 eparntopévov 600 dAwr klkdwv b, ')

Eyfua 9.22: Kdxhog epantouevog tpumv Sodéviwy

[Tpénel var oNUELOOL TNV OYETXA UEYUAT TOWALYL ELBLXWY TEQITTWOEWY TOU AVTLGTOL-
xoLv ot xde éva and Tar tpoffAfuata mou meonyHinxay. IIodkéc and Tic xaTaoAEVES TTOUL
npoteivovton mpénel va tpomononoly Yid vor YIVEL EQLXTH 1 AvEVPEST) OAWY TV ADCEWY TOU
npoPAiuatoc. I'd mapdderyua, 1 vnodeln yid 1o teleutalo nEOPAnUa odnyel oe xOxho e-
PATTOUEVO TWV TPLOY, €T0L KGOTE auTol var euploxovtal 0To ewteptxd Tou. YTrdpyetl ouwc,
€V YEVEL, X0l XOXNOC EQATTOUEVOS TV TELOV Xl TEPLEYWY Touc Tpelc (oyfua 9.22), xoddg
xat GARES TEPLTTOOELS oL 0 {NTolduevog Teptéyet 1 1 2 x0xhoug 6TO €0WTEPIXG TOU XAl TOUG
uTohoLTouS 610 EEWTEPXO Tou. ['d TNy avelpeor xou ALTOV TwV AVCEWY, TPENEL VO ENA-
vohdBovue v Stadixacio avaywyic o€ amAoNOTERO, TPOTOTOLOVINS TAVTOTE THY Uévodo,
abZnong N ENATTWONS TV oxXTiVeY.

Exté¢ aut®V TV TEPITTOOEWY, TEENEL VoL EETACOVUE XOL TEPLTTWOEL TOU €Vog 1) TE-
ptocdtepol xOxhot avtixadiotavton ue evdeiec. Ily. wd ewduxr nepintwon elvar ot Twv
TELOY EVIELOY XL TNG XATAOXELNS TV XUXA®Y TOU EQATTOVTOL Xt 0TS TEElS. Ll yevixh
Véon v evdeldy, To TpoBAnua eival 10oSOVAUO UE TNV XATAOXELY TOU EYYEYPAUUEVOL XOlL
TOPEYYEYPUUUEVLY XOXAVY Tpty®vou (Sec mapdypago 6.9). T'id edixéc Véoeic tov evdetdy
TpoxOTTOLY Ay®Tepes hoewc (8eg enduevo oyfua). And tic 8 Mioewg g YeVx®dTaTnS NEpi-
TTWONS, ATOUEVOLY G auTHY U6vo 300 xou udhiota ot xdxAot eivar (oot. Eduy Siepedvnon
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SyAua 9.23: Kdxhog epantéuevoc tpdv dodévimy eudetdy (et tepintwon)

YeelalovTalL xou oL TEPLITWOELS oTIC onoleg dev undpyet xauuto Aoor. Ty, teelg mapdAinieg
eudeleg 1 evdeleg mou Siépyovton and xowd anueto, dev déyovton xavéva xOxho TaUTOY POV
EQATTOUEVO XL OTLS TPELC.

H SieZodur) avdhuom xat Xataoxeur) OAOY TWV TEPLTTMOEWY TOL TPOBAAUNTOS ToU ATOA-
Aoviov, Yo unopoloe vor anotehéon ULd eV Loty xou SLBox T Epyasia, YL& TOV avay voT,
Tou mopaxohotinoe, Uéypls auTol Tou onueloy, Tic YeVixéS Ypouués Tou Yéuatog.

9.4 IlohuxotnTo

Eyfua 9.24: Tlohx# evdelo, méhog evieiog we npog xUxhov

Aovévtog xOxhov a ue xévipo O xou onueiov A, TOALXY Tou onueiov, ®S TEOS TOV
x0xho a, MNue v evdeio e = p(A) nov dépyetanr and 1o avtiotpogo B tou A we 1pog tov
x0xho xou elvon xdetn oty AO. To onuelo A Aéyetar mONog g evdeiog e we mpog Tov
x0xho. Ipogavae, xde evdeia mou dev Siépyeton and 1o O eivon mohxr xdnotou onueiou
A. Tov ného A = P(e) wdc euvdeloc e euploxovue npoBdihoviac 0 x€vipo Tou x0xhou
a oty evdeia, oto onuelo B xou naipvovtag 1o avtiotpogo A tou B w¢ mpog tov x0xho.
[Tpogavae eniong, av 1o onueio A elvar e€wteptxd Tou xOxhoL, TOTE 1) TOAXY TOU CUUTITTEL
ue v eudeio mou Siépyeton and tar onueta enagrc Twv epantouévey and o A. Télog av
10 onueio A meptéyetar 6Tov x0OxA0 @, TOTE 1) TOALXY) TOU EVAL 1] EQATTOUEVT TOU XUXAOL GTO
A xou avtiotpoga, av 1 evdeia a elvon egantoUEYy 6TOV X0OXAO, TOTE 0 TOLOG TNE elvan TO
onueio enaghc e evdeloag Ue Tov xUxho.

H avtiotolyon oe xdide onueio (didpopo tou O) e mohxic euldelac xar oe xdie evdelo
(un Stepyduevn S tou O) tou tdhou Méue 6Tt 0pileL Ty Evvola Tou TOAXOU duiouol f ToAL-
xOTNTA UETOED eVlELdY xou onuelwy. Ye 0ploUEVES TEPITTMOOELS, OTwS Vo S0OUE TopaXdTw,
Vewpnuata Tou apopoly ot ILOTHTES oNUEiWY, avTloTol oy, uéow autol Tou duicuol, ot
Yewpuata Tou agopoly ot WLOTTES eVdel®Y Xt avTicTpopa.

IIpbtaom 9.4.1 (Baowkn ididtnta tolikdtntag) Av onueio A’ nepiéyerar otnr tolikrj e =
p(A) onueiov A, tére kar to A mepiéyetar oTny modikn tov € = p(A’).

Hpdyuartt, apxel va Yewpfioouvue tov xixho b mou diépyetan and to A, B, A'. Tobtoc, oc
dtepyduevog and dvo avtiotpoga onueia A, B Yo mopauével avorlholwtog xatd tny avil-
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e=p(A)

Syfua 9.25: TTohwed evdeio, ndhog evdeiac we mpog xOxAov

otpogh we mpoc a. Etot 1o avtictpogo B’ tou A’ Ya neptéyeton otov x0xho b xou cuvende
Vo Prénet To eudiypapuo tudua AA" und y Btay ywvioay tou to PAérel xou to B, dnhadh
opt). Apo n AB' Vo elvan 1 ok tou A" xou Yo neptéyet to A.

‘AueoT) GULVERELY TG TEOTACTC AVTHS EVOL 1 ETOUEVT:

Syfuo 9.26: TTohixée onuelwy ) utde evdeiog

IMpotaom 9.4.2 Fotw kikdos w kévtpov O. UJewpole tnr moAikdTtnta ws mpos avtoy tov
kUkdo. Aoleions evieiag e, o1 tohikés a = p(Q), twr onuelwr tng evielag hiépyortar td
tov Tilov A = P(e), tng evlelag. Aolévtog onueiov A o1 tédlot twr evdady nov tiépyovtar
oud tov A mepiéyovtar otny molikij e = p(A) tov A.

Ilpotaom 9.4.3 Ye kdle edywvo ABCDEF eyyeypaupévo o€ klkdo, o1 anévavti TAeypég
wov tépuvovtar o€ onueia U, V, W, nepiexoueva oe evdeia e. H e ovoudletar evleia Pascal
ToU €yyeypapévov ekaydvou.

OewpolUE TIC TOMXES TV XOPLYAOY TOL EEAYWVOL, WS TPOS TOY XUXAO TOV 0Tl T0 EEAYWVO
elvar eyyeypopuévo. Ot mohxéc autée eudelec opilovy éva véo e€dywvo HIJK LM, o onolo
EPATTETOU TOU XUXAOU OTIC XOPUPES TOU apytxol eEaydvou (oyfua 9.27). Katd to Jedpnua
Brianchon, ot eudeiec mou evidvouv amévavtt xopupés Tou véou autol eCaywvou StépyovTon
dtd xowvoi onueiov G. 'Eotw e = p(G) n ok tov G. Koatd v nponyolbuevn npdtaot,
oL mohot GAwY twv evdelwy dtd Tou G Yo teptéyovton otny eudeio e. O méhog g evdeiog
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Eyfua 9.27: Evdela Pascal eyyeypouuévou e€aywvou

EF, nov eivar 1o onueio L, neptéyetan otnyv evdeio I'L, dpo i EF Vo nepléyel xou 10V n6h0

4 4 Z 7 7 ’ ?. ’
¢ evdelag IL mou elvon éva onuelo V' g e. Me tov {8io culloyioud ovunepaivoue 6T
xat 1 BC Yo nepiéyet to V. Avdhoya anodetxviovue 61 ot evdetec AB, DE xou CD, FA
Téuvovton exl Tng e.

B\ [ >
e \ | \\

Eyfua 9.28: Muotixd e€dypouuo tou Pascal

To mponyoluevo Yewpnua anodetxvietol YEVIXOTEPA Y& onolodrinote e&dywvo 1 e€dt-
Yoo ABCDEF, eyyeypauuévo oe xwvixh toun. H yevixodtepn nepintwon auth ava-
pépeton we Muotixd eZdypauuo tou Pascal (1623-1662). To eZdypopuo eivar utd xAelot
edhacuévn ypouur. XNy Teplntwon mou 1 xwvixt eival EXQUACUEVT o€ 300 TEUVOUEVES
eudeleg, To avdroyo Yewpnuo ogelietar otov Ildnno. H avtiyetdnion tne yevixdtepng npod-
Toone (Yo eZdypauua eYYEYpUUUEVE 0 X0VIXEC TOUEC) amattel THY UENETY TOU AEYOUEVOU
dtmhol Aoyou xou evTdooeTol oTNV TEPLoY NG Tpofohixnc YewUueTplog.
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Yyfua 9.29: Yedpnua tou Ildnnou



