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lNapdaywyol

81. a)Enidn n f éxel cUvolo TIMWY TO [l 10], €xel ehaxiotn TIun m=1 kai péyiotn iun M=10.
Eneidn n f eival cuvexng oto [0,1], and 1o Bewpnpd evOIAPNECWV TIMWV, UNAPXOUV
X, X, €(0,1) tétoia @ote f(x,)=1 kai f(x,)=10. Eneidn n f napoucidZel akpsdTato oTig
BéoeIg X;,X, Nou BpiokovTal 0To ECWTEPIKS TOU [0,1] Kal gival napaywyiocipun oto didotnpa
auTté, Aoy Tou Bewpnipatog Fermat eivar: f'(x,)=f'(x,)=0.

B) Eotw X, <X,.Eneidn n cuvdptnon f' eival cuvexng oto [Xl,XZJ Kal Napaywyiciun oto
(XX, ). kar F'(x,)=f'(x,) =0, Aoyw Tou Bewpriparog Rolle undpxer &, €(x,,X,) = (0,1)
Tétoio0 wote f7(€,)=0.

y) '(x)+f(x) =0 < e*f"(x)+e*f'(x)=0 [exf’(x)} =0.Eotw g(x)=e*f"(x), xe[x,X, |.
H g eivar cuvexiig oo | X,,X, | kai napaywyioiun oto (X,,X, ). Enedn g(x,)=e*f'(x,)=0
kai g(x,)=e*f'(x,)=0, Moyw Tou Bewpruarog Rolle undpxel &, €(x,,x, ) =(0,1) Tétoi0
WoTE g'(&z) =0 <:>e§2f”(§2)+exf'(§2)=0 = f"(§2)+f’(§2)=0 .

0) Apkei va deioupe T n e&icwon f(x) =15x-6 < f(x)—15x+6 =0 éxel TouAdxioTov pia
Mon oto (0,1). Eotw h(x)=f(x)—-15x+6, x e[O,l].

Eivar h(0)=f(0)-15-0+6=2+6=8>0 kai h(1)=f(1)-15-1+6 =7-15+6=—-2<0,
dnAadn h(0)h(1) <0 kain h eivar cuvexig oto [ 0,1], dpa Adyw Tou Bewpnpatog Bolzano

undapxel X, €(0,1) 11010 @ote h(x,)=0 < f(x,)—15x, +6 =0 < f(x,)=15x, 6.

82. a)Eneidn nfeivaikuptin f' eival yvnoiwg av&ouca oto [oc,oc+l].
1
Makabe a<x <o+l f'(a)<f(x)<f(a+l) dpa % <f'(x), dnadn f'(x)>0, onére n

f eivan yvnoiwg av&ouca oto [a, o +1]. To ouvoho Tiywv Tng f eival:

f([oc,owrl])=[f(oc),f(a+l):|=[oc+loc+2].

B) H epanTopévn tng C, oto X =a givain euBeia
g: y—f(oc)=f’(oc)(x—oc)<:>y=%(x—oc)+oc+1<:> 2y =X+0+2<X-2y+0+2=0

y) Engidn n f eival kuptn Bpioketal ndvw and kdBe epanTtouévn Tng oto SIAcTNUA [oc,oc+l],
dpa BpiockeTal Ndvw Kal and Tnv g, dnAadn f(x)z %X+%a+1 yia KABe X e[a,owrl].

8) A\éyw Tou Bewpnpatog péong TIUAG yia Thy f, undpxer & (a,a+1) TETOIO WOTE:

f(a+1)—f(a)
' -~ 7 \7J
(&1) oa+l-a

Ensidn n f' gival ouvexng oto [oc,&l] Kal napaywyioiun o1o (oc,&l), Aoyw Tou ©.M.T

=a+2-a-1=1.
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P)-fle) 5 1
& —a g - 2(‘:1_(1).
E|'vq|a<§1<0L+1<:>O<Z:,1—a<1<:>0<2(&,1—0c)<2<:>2(T1_a)>%<:>f”(§)>%.

€) Apkei n efiowon f(X)=-3x+40+2 < f(x)+3x—4a—2=0, va éxel akpIBig pia piga oto

unapxel & e(a,&,) Tétolo worte (&)=

digotua (a,a+1). Eotw g(x)=f(x)+3x—4a—-2, x e[a,a+1].

Eivai g'(x)=f'(x)+3>0, dpa n g gival yvnoiwg avgouca oto [oc,oc+l:|.

Eivai g(oc)=f(0t)+30c—40c—2=0c+1—0c—2=—l<0 Kal
g(a+1)=f(a+1)+3(a+1)—4a—-2=a+2+30+3-40.-2=3>0, SnAadn

9(a)g(a+1) <0 kar enedh n g eival cuvexng oto [ o, o+ 1] wg GBpoicpa cuvex@dv
ouvapTHRoEWY, ASYw Tou Bewpnpatog Bolzano n e&iowon g(x)=0< f(x)=-3x+4a+2
£€x€1 TOuNdxioTov [ia pica oto (oc,oc+1). Eneidn n g eival yvnoiwg avgouoa oto [a,a+l], n

pi¢a Tng g ival yovadikn.

a)lNa x=0 eivar:
f3 (0)+f(0)=4-0<::>f(0)(f2 (0)+1)=Oc>f(0)=0 n f2(0)=—1 nou eivar adovaro.
B) 1‘3(X)+f(x)=4x<:>f(x)(f2(x)+1)=4x<:>f(x)=#);+1 (2). Eivan

f(x)>0<:>f2(£)1($L>O<:>4x>O<:>x>0 Kal f(x)<0<:>f2(i$L<0<:>4x<0<:>x<O.

y) Engidn n f eival napaywyioiun oto R, éxoupe:
(f3 (X)+f(X))' = (4X)l < 3f? (x)f'(x)+f'(x) =4 f’(x)(3f2 (X)+l) =4 (3) .
Eneidn 3f%(x)+1>0 yiakaBe xe R eivarkar f'(x) >0, dpa n f eival yvnoing

av&ouca oto R.
0) Av o=, 161 f(oc)—f((x)ﬁ4((x—(x) Kal 1o0xUEl N 108ThTA.

Av a <3, 161€ €N€IdN n f eival cuvexng oTo [oc,B] Kal napaywyioipn oto (oc,B) , N\Oyw Tou

©.M.T undpxer & e(a,B) Tétolo dore: (&)= M :
-

Opwg ané  oxéon (3) eivar '(x) =#X)1S4, agou 3f?(x)+1>1, dpa kai
+
f'(g)s4cws4<:>f(ﬁ)—f(oc)s4([3—oc).
—a

€) Mpénel f'(x) =1, 161€ (3) = 3f* (x)+1=4 = f*(x) =1 f(x)=£1

Av f(x)=1, T6Te ané TV APXIKM OXECN EXOULE:

P+l=4x <X :% Kal n epantopévn givain
g y—f 1 =f E x—} <:>y—l—x—il<:>y—x+E
v 2 2 2 2 2
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Av f(x)=—1, 161€ an6 TV apxIKn oxéon £XoUpE:

(—1)3 —l=4x <= Xx= —% Kal n epantopévn givain

g, y—f 1 =f i x+E <:>y+l—x+i<:>y—x—il
z 2 2 2 2 2

ot) Eneidn n f eivarl yvnoiwg at&ouoa, avTioTpépeTal.
— 3 _ _ 1 3 Vi -1 _ 1 3
f(x)=y=y +y_4x<:>x_z(y +y),opof (y)_z(y +y)

2) lim £(x)= lim 2x* =40, lim £3(x)= lim 2x* =

X—>+0 x—+0 4 X—>—0 x——o 4

f(x)=y

x=f(y)

lim f(x) = lim y=+0 kaibpoia lim f(x):—oo, dpa f(A):R.

X—>+00 y—>+0 f-l(y)ﬁﬁ.go X—>—00

n) f1(1)=%(1+1)=%@f@=1m. ()= 4(64+4) =22 =17 = £(17) =4

84. a)Eneidn f'(x) =e" karn €™ eivar napaywyioiun wg cOvBeon napaywyiciiwy

cuvapTnoewy, 16T Kai n f' Ba gival napaywyiciyn oto (0, +oo), dnhadn n f eival duo

@opéq napaywyioipn oto (0,+00) pe f'(x)= (eg(x) )r = eg(x)g’(x) . Opola kai n g eival dUo

Popéq napaywyioiun oto (0,+0) pe g'( ( )
B) Eivai f"(x)zeg(x) "(x) kar g'(x)=— ,dpa f'(x)=e ( ) —9-1) (1).
Eival g”(x)zeff(x)f’(x) kai f'(x)=e*", apa ¢’ (x):e g f0)rak) (2).
Ané Tig oxéoeig (1),(2) npokone 6 f” ( )=-9"(x), onére undpxel ¢, € R téT010 GOTE:
f'(x)=—g'(x)+c,. Eivai f'(e) =€® 1) — e kai g '(e)=—e ®) = _e™, ondre n oxéon (3) yia

x=e yiverar: f'(e)=—g'(e)+c,<e'=e"+c, <¢, =0, dpa f'(x)=—g'(x).
Eivar: f'(x)=—g¢'(x) < f(x)=-g(x)+c,, ¢, eR.Tia x=e eivai
f(e)=-g(e)+c, ©1=1+c, <c,=0, dpa f(x)=—g(x) yia kG6e x>0.

y) Eneidn f'(x):eg(x) kai f(x)=-g(x) eivar:

f’(x)ze”(x)cf'(x)z 1 @f’(x)ef(")=1©(ef(x))':(x)’c>ef(")=x+c,CGR.

o

Ma x=e eivar e'® —ercee=e+cec=0, dpa ef("):x@f(x)zlnx, x>0.
1
d) H f eival cuvexiig oto didompa [ 0,7 | kar napaywyioiun oto (0,m) pe f'(x)==, onére
X

ASyw Tou Bewphparog péong TIMAG, undpxel & e (O,n) TETOIO (DOTE:

f(r)-f(e) 1 Inm-1
f(§)J=——"———>—=——.
(&) n—e C>§ n—e

1 1.1 1 Inn-1
Eivale<i<ne->->—<=—<

e & n ©wm mw-e

1 1 1
- —e) = <inn-1<(n—e)=
<e<:>(n e)n< nn—1<(n e)e<:>
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Sl-—<hn-1l<=-1 2-—=<Inn<—.
T e T e

e —px*—2x-1

85. a)lakdBe x<0 eival e —Bx* —2x-1>ax’ < o> -

X
2x 2
, . . e —pPx--2x-1
dpakar lim o> lim B - (1).
X—>—00 X—>—0 X
2x 2 2x
. e —Bx"-2x-1 . (e 2 1
Opwg Ilim p 5 = Ilm[ 5 —E——z——S]:O,
X—>—00 X x—>—0| ¥ X X X
2x
, . € . 1 : 2 1 , i
yiati lim == lim e* = =0-0=0 kai lim [—E——Z——J:O,onomnoxeon (1)
X——0 X X—>—0 X X——0 X X X
yiverar a>0.
2x 3
, e” —ax® —2x-1
B)Ma x =0 eivar e —ax® -2x-1>px* <P < ¢ . Kal
X
2x 3
. e —ax®—2x-1
limp < lim @ - (2).
x—0 x—0 X
2x 3 2 2x 5_9 ' 2x 2 2
, e —ax®-2x-1 o (e —oxX — X—l) . 2e* —30x2 -2 0
Opwe lim > = lim =lm=—/— ==
x>0 X DLH x—0 (XZ )' X—0 2X DLH

4e¥ —Box
x—0 4 x—0 2 B
(2x)
dpa n oxéon (2) yiverar B<2.

y) f'(x)=2e* -3ax* —2px -2, f"(x)=4e™ —6oax—2, f¢) (x)=8e* —6a

2,

(0)=0<=4-28=0<p=2 kal f(S)(O):OQB—Ga:OQQ:g.
Tote '(x)=4e™ —8x—4, f° (x)=8e> -8
Ma kdBe x>0 eival f(s)(x)>0:f' KUPTA oT0 [ 0,+00) Kalyia X <0 eival f(s)(x)<0:>f’

KoiAn GTO (—00,0].
1

D

)
J

\

(

Ma x>0 < f"(x)>f"(0)=0=f kupm o10 [0,+) karyia x<0 eivai f"(x) <0=f koiAn

oTO (—oo, O].

86. a)H feival napaywyiciyn oto (0, +oo) HE

' _AX E_i _ aX X+1_X:x
f(x)_e +X x+1+1 e +1+x(x+1) e +1+x(x+1)

yvhoiwg au&ouca oto (0, +oo) .

B) Eivar lim f(x)= lim (eX +Inx—|n(x+1)+x) =—o0,

x—0" x—0"

viati lime* =1, limInx=—o kar lim In(x+l)=0.

x—0" x—0" x—0"
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lim £(x) = lim (ex +|ni+xj:+oo,

X—>+00 X—>+00 X+1

X

. . X ox .
yiati lim e* =40, limIn— = liminu=0 kai lim x=+o.

X—>+0 X—>+0 X 4] u-ol u-ol X—>-+00

im £(x), fm £(x)) = (<0, +02) = R.

To ouvoho Tiuwv Tne f eivar: f((O, +oo)) = (
x—0" X—>+0
« X+1 " X
y) ¥ +x=In——e*+x=In(x+1)-Inx < e* +x—In(x+1)+Inx =0 < f(x) =0.
X
Ene1dn 1o 0 avnkel oto cUvoho Tip®v Tng f kai n f eival yvnoiwg av&ouoa oto (0, +oo), n

e€iowon f(x) =0 éxer akpiBag pia pida.

87. a)Eoctw g(x)=x*(x)-1, x€(0,+). H g eivai napaywyiciun oto (0,+0) pe
g’(x) = 2Xf(X)+X2f'(x) = x(2f(x)+xf’(x)) <0 yia kdBe x>0, dpa n g eival yvnoiwg
@6ivouca ato (0,+). Mapatnpoupe 61 g(1)=f(1)-1=0.
!
Mia kdBe X > 15 g(x) < (1) & X3 (x) ~1<0 & f(x) < = Ka
X

!
Via KdBe 0<x <16 9(x)> 9(1) & XF(x) ~1>0 &5 F(x)> 5.

>
. , . . . 1
B) And 1o Bewpnpa péong TIPNG yia v f, undpxel Ee| — TETOIO WOTE
a’

2

Encidn o >1 ival f(oc)<i Kal €ng1dn £<1, givai f(lj> ! 5 =’ @—f(lj<—a2,
a o a 1 o
o

4
dpa f(a)—f(lJ<i2—oc2 = 1_(; .

(09 (04 [0

_ 4
Eneidn yia o> 1 gival zoc >0, éXOUUE: 2L fo)—f 1 <2i-1—a©
a -1 a -1 a a’-1 of

1 1 2
<:>f'(§)<M( M )<:>f’(§)<—1+a e of'(8)<-1-a’ < af (§)+a’ +1<0.

(- o

y) Eneidn n f eivar cuvexnig oto (0,+)kai f(x)#0 yiakaBe x>0, n f Siampei o1aBeps

npéonpo oto (0,+0). Eneidn f(l) =1>0, eival f(x) >0 yia kdBe X €(0,+00).

x—0" X2 x—0"

3) Eneidn f(x )>i yia ka6e x (0,1) kar lim i_+oo dpakar lim f(x)=+o0, onére n
X

euBeia x =0, dnhadn o dfovag Y'y eival kataképuen acuumwtn NG C, .
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Eneidn 0< f(x) <i2 yia kdBe x>1 kai lim iz =0, 6a sivaikar lim f(x) =0, dpan
X

X400 Y X—>+0

euBeia y =0, dnhadh o afovag x'x eival opiiévTia actuntwtn g C,.

88. a)Eneidn n f eival napaywyiciun kai kupt, n f' gival yvnoiwg at&ouca oto R .
1
Eivar a<o+2 < f'(a)<f(a+2) < 3f(a+2)<f(a+2) e 2f(a+2) <0< f(a+2)<0.

MNa mnv f epappdletal 1o Bewpnua péong TIUNG oto SIdcTNA [oc,oc+ 2], ondTE UNAPXEI

& e(a,a+2) Tét010 dote (&)= f(a++23—f(a) - f(oc+22)—f(a) _
a+2—a

Eival o <& <o +2 f:I> f’(§)<f’(oc+2)<:>w2)_f(a)<f(a+2)<:>

= f(oc+2)—f(oc) < 2f(oc+2) = f(a) > —f(a+ 2) > 0. Eneidn n f eival cuvexng oto
[a,0+2] kar f(a)f(a+2) <0, ané o Bed@pnpa Bolzano undpxer X, & (o, 0.+ 2) TéT0I0
WoTE f(xo):0.

B) Eneidn f(a+3)=0, f(a+2)<0 kai f(a) >0, eivar f(o+2)<f(a+3)<f(a).

Eneidn n f eival cuvexng oto [oc,oc+2], AOYwW Tou BeWPNUATOG EVOIAUECW®Y TIUWVY, UNAPXEI
X, (o, a+2) €1010 Ghote f(x,)=f(a+3) (1).

Av n fnatav 1-1, 1617€ ané tnv (l) Ba npogkunTte 611 X, = o+ 3 nou ival aduvaro agpou
Xl(oc,oc+2), dpa n f dev ynopei va sivar 1-1.

y) Eneidn f(a+2)<f(a+3)<f(a) nf6a éxe akpsdtato oe onpeio x, Tou dlacthpatog
[a,oc+ 3] nou Ba eival diagopeTikd and Td dkpad Tou. And To Bewpnua Fermat ioxuel o
f'(x,)=0, dnAadn n C, SéxeTal opIZovTia epanTopévn.

0) Eneidh a <X, <a+3karn f eivar yvnoiwg avgouca, Exoupe:
f'(x,)<f(a+3) <= f'(a+3)>0. H epantouévn ing C, 10 X =a+3, ivar:
y—f(a+3)=f(a+3)(x—a—3)=y=xf'(a+3)—(a+3)f(a+3)+f(a+3)

Eneidn n f gival kuptn Bpioketal ndvw and kdbe epanTouévn Tng, dpa
f(x)=xf'(a+3)—(a+3)f'(a+3)+f(a+3)
Opwg XILer[xf’(oc+3)—(oc+3)f’(oc+3)+f(oc+3)] - XILer[xf’(oc+3)] = 400, 4pa Kall
Xliﬂlof(x) = 400,
89. a)Eivai (1) f(x3 —2X) =2f(—x)+2x, xeR ka1 Bétoupe drou x =1 onére
F(=1) =2 (~1)+2 & F(~1) =—2.
B) Eneidn n f eival napaywyioipn, napaywyidoupe Tnv (1) Kal EXOUME

f'(x3 —2X)-(3X2 —2) = —2f’(—x)+2 Kalyia X =1 €ivai

f'(-1)-1=-2f (-1)+2 = 3f (1) =2 = f'(-1)=

wiN

507

S



MabOnpanxa I'" Avkeiouv - Avoeig

LTEAIOEZ MIXAHAOI'AOY - EYAITEAOL TOAHZ

y) Eivai f’(—1)= IimlLf](__l)z Iimlf(x)z2 =§ onoTe
X—>— X+ X—>— X+
2 1 1)f(x)+4 2 2_oy?
Iim(X + )(X)+ :"n]xf(x)+f(x)+2x 2 +2+2
x—>-1 X+1 x—>-1 x+1
(f 2)+(f 2)-2(x*-1
L (i(+2)+(1(x)+2)2(¢ 1)

x—>-1 x+1
lim ﬁfoq+2+f@)+2—aX—Q _1.2,2,,.16
x—>-1 X+1 X+1 3 3 3

) £mv (1) via x =—1 npokunrer f(1)=2f(1)-2 < f(1)=2. EpappsZoupe O.M.T. yia v f

oto [-1,1] onére undpxer &e (-1, 1) étoio worte (&)= % =2.

Apa n epantopévn g C, oTo onpeio M(&, f(}’;)) eival napdMnin otnv y =2X .

€) H epantopévn ng C, oto onpeio A(—lf(—l)) eival
y—f(—l)=f’(—1)(x+1)<:>y+2=§(x+l)<:>y:%x—g

Eneidn n f kupm 161€ f(X)>Yy Snhadn f(x)z%x—g<:>3f(x)—2x+420.

90. a)Eotw undpxouv X,,X, € R pe X, <X, TéT0la dote f(x,)=f(x,).
Agou n f gival napaywyiciuyn oto [Xl,xz] 161€ and ©. Rolle undpxel &, € (Xl, Xz) T€TOIO
f'(€,)=0 dromo. Apa yia kaBe X,, X, € R pe X, =X, Ba eivar f(x,)=f(x,) onére n f eiva
1-1 ka1 avTioTpéPETal.
B) Agou n f eivar cuvexng kar 1-1 Ba eival yvnoiwg povétovn kai agou 1< 3 kar f(1)<f(3)

61e n f Baeival T oto R.

Y) Epappdloupe ©.M.T. yia v f oTo [:L 3] ONATE UNAPXEI p € (l 3) TETOIO WOTE
o
NApAdANAN oThv Yy = 2X .

8) Eivar f(1) =2 < f*(2)=1 ka1 f(3)=6 «<f*(6)=3 ondre n aviowon f(4—f’1(x—2)) <6
viveran f(4—(x-2)) <f(3) :I» 4-fH(x-2) <3 (x-2)>1e f(f(x-2))> (1) =
X—-2>2<X%X>4.

€) Ocwpoupe mv g(x)=2f(x)—f(e)—f(18) n onoia eival cuvexng oto [],3] wce Npdén
ouvexa@v. Eniong g(1)=2f(1)—f(e)—f(18)=f(1)—f(e)+f(1)—f(18) <0 yiari 1 kai
l<eef(l)<f(e), 1<18=1(1)<f(18).
Eniong g(3) = 2f(3)—f(e)—f(18) = (f(3)—f(e))+(f(3)—f(18)) >0 wc d6poicua
BeTikdv. Onote g(1)-g(3) <0, dpa ané ©. Bolzano undpxer & e(1,3) 1é1010 dote g(£)=0
2f(g)=f(e)+f(18).Eniongn g eiva 1 ot0 [13] yiaTi yia

=2.Apa n epantopévn ng C, oto onyeio M(p, f(p)) givai
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X, <X, < f(x,) <f(x,) = 2f(x,) <2f(x,) =
< 2f(x,)-f(e)-f(18)<2f(x,)—f(3)-f(18) =g(x,) <g(x, ) ondre n pica & nou

Bpnkape eival povadikn.
ot) Epappdloupe ©.M.T. yia Tnv f ota dlacthuata [l 2] Kal [2, 3] ondTe UNdpxouv
0,€(12) ka1 6, €(2,3) 1€1010 dhotE f'(6,)= f(2§—;(1) = 412
(o f(3)-1(2)_6-4
fO)="5 =1
oto [ 0,, 0, | npokunTer 6T undpxel B (0., 6,) Tétolo wote f7(0)=0. OnéTe N ypagiKn

=2 Kal

=2 ondre f'(0,)=f'(6,) ka epapuséZoviag ©. Rolle yia v f’

napdotacn g f' Séxetal opiZdvTia epanTopévn yid X =0,
%) ©ewpd h(x)=f(x)-5, cuvexrig oto [13] pe h(1)=f(1)-5=-3<0, h(3)=f(3)-5=1>0
onéte h(1)-h(3)<0 dpa ané ©. Bolzano undpxer X, (1, 3) T€T0I0 doTe
h(x0 ) =0 f(X0 ) =5 kalagoU n f1 161e KaAIN hT ondre To X, HOVABIKS.
n) Epappdloupe ©.M.T. yia nv f ota diacthuara [l XO] Kal [X0,3] ondTe UNAPXoUV
X, €(1%,) kar X, €(X,,3) TéT010 dhoTE

f'(xl)zf(xo)_f(l) 5-2 3 o 3

X, -1 (1
x,—1  X-1 x,-1 (xl) (1) e
ff(xz):f(?:i(xo) : f 3—1x @f()l( )=3—x0 (2)
0 0 2
1
Apa and (1) kai (2) npokunTel += -1+3-%x,=2.
e ") )

91. a)Eivai 5f(x)<3f(2)+2f(3) (1).
>mv (1) B€toupe x =2 kai npokunter 5f(2) <3f(2)+2f(3) = f(2)<f(3) (2)
Eniong otnv (1) 8€Toupe x =3 kai npokuntel 5f(3)<3f(2)+2f(3) < f(2)>f(3) (3)
Onére ané (2) kai (3) npokuner f(2)=f(3) karagou n f eivar napaywyion oto [ 2,3]
161E ané ©. Rolle undpxel &, €(2,3) TéT0i0 dote (&) =0

B) Agou f(2)=f(3) 161e ané mv (1) npokonrer f(x)<f(2) n f(x)<f(3). Onéren f

MapousIAZel UéyioTo ota X, =2 Kai X, =3 dpa ané ©. Fermat eivar f'(2)=0 kai f'(3)=0.
H f' eival napaywyiciun oto R ondte kai ota diacthuaTta [2,@] Kal [2‘,,31. Eniong
f'(2)=f(&,)=F(3)=0 apa anoé ©. Rolle undpxouv x, €(2,&,) kai x, (&, 3) Tétoia doTe
f"(x,)=0 kar f'(x,)=0. Agou n f eival 3 popéq napaywyioiun kar f'(x,)=f"(x, ) 161e
ané ©. Rolle undpxel & e(x,, X, ) =(2,3) 1é1010 doe i) (&) =0.

92. a)Eivar f(x)+2f(x)=x>+3 (1) kaiB£ToupEe drou X To X, Gpa yiverar:
2 (%, )+2f(X, ) =%,> +3 (2). Apaip@vrag (1) kar (2) kard péAn éxoupe:

() =1 (%) +2f(x) =2 (%, ) =X =% &
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=N (f(x)—f(xo))[f2 (x)+F(x)f(x, )+ (x0)+2J = (x—xo)(x2 +XX, +x§) (3).
H napdotaon 2 (x)+f(x)f(x, )+ (X, ) =0 yiari éxer A=-3f*(x,)-8<0
onére n (3) yiverar: f(x)—f(x,)= P ()(())(J:;((OX))(:((X:))?;%T(Z;JJ (4)

) o x=x |-‘x2+xxo+x§‘ |x—x0”x2+xx0+x§‘
onére |f(x)—f(x0)|—f2( T+ ()72 < 5 &
|x XOHX +XX +x‘

x— XOHX +XX +x‘
-1

[ X=X, ‘x + XXy + X ‘}

|x XOHX +XX +x‘ ] ]
=0 dpa 1o KpITApIo

0 kai lim

X—Xg

Eivar lim

X=X

napeuBoAig Kal Ilm( ( xo)) 0< lim f( ) f(xo)

X—Xq X—Xq

() =f(%o) X + XX +Xg
r =
B)la X #X, ané Tn oxéon (4) éxoupe: — F (0T (x) + £ () 72
ondéte lim M = lim X+ XK +Xg = 3%,
X% X=X, o0 12 (X, ) +F(X)F(Xo )+ (%, )+2  3F7(%,)+2
2
dpa f' ( ) ﬁ yla kdBe X e R ondte n f eival napaywyioiun oto R e

3x?
F(x)=—X
) =302
3x?
F(x)=—X
V() 3f%(x)+2
) AgoU n f eivar T Ba eivalkal 1-1 ondéte n f avTicTpépeTal kal oTNY (1) 8100 f(x)=y Kai
x=17(y) kai éxoupe y°® +2y—3=(f’1(y))3 =S (f’l(y))3 =(y—1)(y2 +y+3).
Av y<1 f’l(y):—a3/—y3—2y+3.Av y>1 f’l(y)=«3/y3+2y—3 :
. o % —2x+3,x<1
Apa: f (X):
I +2x-3,x>1

€) Apou n f eivar T 1é1€ n eEiowon f(x)=f"(x) eivaiicodivapn pe v f(x)=x kain (1)

>0Vx0=fIR

. 3 . . . .
vivetal X3 +2x=x*+3 < 2x=3 < x= 5 Ondrte 10 KOIVS onpeio Twv C, Cf,1 givai to

onpeio A §§
2 2
3

on) Zmv (1) yia x=0 éxoupe f*(0)+2f(0)=3 < f(0)[ (0)+2]=3 < f(0)= o2

Eniong omv (1) yia X =—2 npokunTel
-5

£ (-2)+2f(-2) =5 f(-2)[f*(-2)+2|=-5 < f(-2)= mw
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94,

95.

= i
Kepdaraio | C
pS—

Enopgvag f(0)-f(—2) <0 kaiagot n f eivar cuvexrig oto [ 2,0 | ané ©. Bolzano undpxel

pe(—2,0) tér010 dote f(p)=0.Kareneldrin f eivar T 1616 10 p €ivar povadiké.

a) f'(x)=g(x)>0=fTR.Ma x=0: f(0)f(0)<0 < (0)<0<f(0)=0

1
Makdde x>0 < f(x)>f(0)=0=g'(x)>0=g7[0,+x) Kal

f
yia kdBe X <0 < f(x)<f(O)zO:g'(X)<0:gl(—oo,O]. Eaxioto 1o g(0)

B) f"(x)=g'(x)=f(x)>0 yia kaBe x>0, dpa f kupth oT0 [ 0,+0) Kal
yia kaBe x <0 eivar f(x)=g'(x) =f(x) <0, dpa f koiln oT0 (—0,0].
g"(x)=f(x)=9(x)>0=g kupm oro R.

y) Eotw h(x)=f(x)—xg(0), x €[ 0,+w).
h(x)=f(x)-g(0)=g(x)-g(0)>0 yiakabe x>0, dpa h1[0,+x).

ht
MNa kdbe x>0 < h(x)>h(0)©f(x)>xg(0).

a) Eneidn n f éxer clvolo TIYwV To [l 51 161€ TO €AdxioTo Tng f eival To 1 kai 1o péyioto ng f
eivai o 5 kar 1<f(0) <f(2) <5 onére Ta akpéTaTa Sev eugpavicovial ota dkpa 0 kai 2,
dpa agou n f gival cuvexng undpxowv X,, X, €(0,2) tétoia dote f(x,)=1 kai f(x,)=5,
onéte ané ©. Fermat 6a eivar f'(x,)=f'(x,)=0.

B) Agou f'(x,)=F'(x,) kain f eivai 0o popég napaywyiciun 1é1e ané ©. Rolle undpxe
£ e(x,X,)<=(0,2) T€T010 dhoTe (&) =0.

Y) ©ewpoiue v g(x) = 2f(x)+f'(x)—x—2, n onoia eivar cuvexng oto [ X, X, | kai
g(x,)=2f(x,)+f'(x,)—%,—2=2-1+0—-x,-2=-x, <0 agov X, €(0,2)
g(x,)=2f(x,)+f(x,)-x,—2=2-5-x,—-2=8-x, >0 agou x, €(0,2).

Onore g(x,)-g(x,)<0
9(%,)=0<2f(x,)
3) Oewpoupe v h(x)=x

h(x,)=xf"(x

)+
Onore h(x,)-h(x,) <0 karané ©. Bolzano undpxel p (x,, X, ) = (0, 2) TéTol0 doTe

n(p) =0 pf (p) =4-1(p).

€) Epapudloupe ©.M.T. yia tnv f ora diacthpata [O, 1] Kal [], 2] onoTE UNAPXoUV &, € (O, 1)

dpa ané ©. Bolzano undpxel X, € (0, 2) TéTo10 doTe
+f(x,) =%, +2.
f'(x)+f(x)—4, n onoia eivar cuvexiig o1o [ X,, X, | Kai

<
X,)-4=0+1-4=-3<0, h(x,)=x,f'(x,)+f(x,)-4=5-4=1>0.

+f

)=
<0

kai &, €(1 2) T€T010 dhOTE f'(él)z%fo(o)zf(l)—Z Kal f’(éz)z%:4—f(l)
ondre f'(&,)+f(&,)=f(1)-2+4-f(1)=2.

a) Agpou n f eival napaywyiciun 161€ Napaywyidoviag Thv oxéon f(x)—e’f(x) =x-1 (1)
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2 ’ —1(X)gr ’ —f(x ’ 1
éxoupe: f'(x)+e i (x)=1lef (x)(1+e f( ))=1c>f (X):m (2).
B) Ensidn n f eival napaywyiciun 1618 and mn (2) npokunTel é1ikain f' eival napaywyiciun

!

(1+ e"(x)) &0 (x)

pe f'(x)=— = >0 agou n f'(x)>0 onére n f kupt dpan 7.
2 2
(1+ e‘f(x)) (1+ e‘f(x))

Epapusoloupe ©.M.T. yia Tnv f oTo [O, X:| onoTe UNAPXEl € € (0, x) TETOIO WOTE

() T0-10) 1(3)

X X

Eival 0<& <X onére f’(0)<f'(E_,)<f’(x)<:>§<—<f'(x)<:>g<f(x)<xf'(x) (3)

Eniong f'(x) = <1 onére yia x>0 Ba eival xf'(x)<x (4).

1+e ™

Apa ané (3) kai (4) éxoupe §<f(x)<xf’(x)<x.

X X .
Y) Agpou > < f(x) <X 161 lim = =400, lim X =+ dpa and KpITApIo NAPELBONIC

X—>+00 X—>+00

. . _ . . 1
lim f(x)=+oo, onéte lim e ™ = lim = lim —=0. Ané T oxéon (1) éxoupe:

X—>+0 X—>+0 X—>400 ef(x) u—+0 @

f(x)—(x—l):e’f(x) ondte lim [f(x)—(x—l)]: lim e =0 dpan y=x-1 eivai n\dyia

X—>+00

acUuntwtn T1ng C, 610 +00.

96. a)Eiva f(x)=—x"e* :e_v onéte D, =R".
X
XV aXyy V-1 exxvfl X—V
BYH f eivai napaywyioiun oto R* e f'(x)= eX —evx _ ( )

X2V X2v

¢ Av v dprTiog TOTE (v—l) nepitég ondte 10 Npdonpo Tng f' Kal n yovotovia Tng f divetal

v
oTo NapakdTw nivaka. Kairn f éxel T.E. yia X=v 10 f(v) =3—V.
X —00 0 v +00
X—v — - n
X' - + +
f' + — +
f 7//7 ;\’ 7/v
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¢ Av v nepntdég 1é1E (v—l) dptiog ondTe To Npdonpo Tng f' kal n povotovia Tne f divetal

OTO NAPAKAT® Nivaka.

X —00 0 v —+00
X—v — - n
X' + - +

f' — — +

, e’ _e' e'x" ex )
y)Ma x>0 6anrav f(x)>f(v)e —>—oe > <:>exz[—J
R v

3) Oewpolpe v g(X)=o* _(oc_xj yla kd6e x>0.Apa g(x)=>0 kai g(v)=0, dnhadn
v

v-1
X
9(x)=g(v). H g eivai napaywyiciun oto (0, +0) pe g'(x) = |na—v[a—j o
% %
Kal eNeidn €xel EAAXIOTO OTO X, =Vv andé ©. Fermat Ba eival

v-1
g’(v)=0<:>otV Ina—v[ﬂj ¢ _0ea'lna-a =O<:>ocv(|noc—1)=0<:>
% %

<hoa=leoa=e

97. a)Ané m oxéon f2(x )+nu X= 2xf(x) ) via X =0 npokunTel
2 2 2
f (X) + nuzx 2Xf npx = (X) onoTe Kal
X’ x° X
(

'JQ[(@T (”“X” 2||m{f;)} Smhadh L2 +1=2L < (L-1)° =0 L=1

B) Eiva |immznm{f(”“x).nw<, 1 }1.1.(_1):_”,0“' i fw) ()
x=0 X° —X x>0 nNux X x-1 x—0 NUX =0

B&TovTag NuX =u.

Y) Ané  oxéon (1) < 2 (x)—2xf(x)+x* =x* —nu’x < (f(x)—x)2 =x*—nu’x (2).
MakaBe x#0 eivar npx| < |x| onéte nu’x <x* < x? —mu’x >0 onéte av BEcoupe
h(x)=f(x)—x ané mv (2) 6a h*(x)=x*-nu’x >0 onéte h(x)=0 kaiapoy n h eivai
ouvexng 161€ N h Ba diatnpei npdonpo og KaBéva and Ta dlacThpata (—oo, 0) Kal
(0, +oo).
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8) Onéte ané (2) eival |h(x) =X* —mp’x.
V& —nux, x<0

« Apa h(x)= 0,x=0
onéTe h(x)zm, xeR, f(x)=x+m, xeR
—X* —mp®x, x<0 x—m, x<0

* Av h(x)= 0,x=0 1é1e f(X)= 0,x=0

X —mu’x, x>0 X+ X2 —npx, x>0
X —mu?x, x <0 X+ X2 —Mu?x, x <0

* Av h(x)= 0,x=0 161E f(X)= 0,x=0

—X*=mu’x, x>0 X —[x2 —nu’x, x<0

2_

:

il

il

—X* =mp®x, x <0

* Av h(x)= 0, x=0 167 h(X)=—X* —np’x, xR

—X* =mp®x, x <0

onére f(x)=x—x*—np’x, xeR

€) Apou f(r)=2r T6TE YIa X >0 Ba eival

i. f(x)= X ++/x? —muXx N onoia sival napaywyiciyn oTo (0, +)
2X —2NUXGLUVX 14 X —TUXCLVX

24X —np?x - 24X% —mux

(p'(X):l—(GUVZX—m,LZX)=2nu2X>O dpa @7 .Ma x>0<¢(x)>0(0) < ¢(x)>0

:

pe f'(x)=1+ .Eotw ¢(X)=X-npxovvx, x>0 eival
onére f'(x)>0 dpan 1 oto (0, +o0).
ii. Eival §/§>(‘/4_ yiari 1\2/3_4>1\2/4_3 apou 81> 64 ondte agoU n f eival I 101€
()-1(47).
98. ) 21(x)f'(x) =oovx = (12(x) ) =(nux) & F2(x) =npx+cc=9 <
&2 (x)=nux+9=0< f(x)=0 kaienedn n f eival cuvexng diampei npéono.

Eneidn f(O):3, eivar f(x) >0, dpa f(x)=mux+9, xeR.
B) i. Eiva (f(x)—2x)e’g(x) =g'(x) = ey (x)=f(x)-2x = f(x) =eg'(x)+2x =

f(x)= (eg(x) +x° )r .Eotw h(x)= e 1 x? xeR onéte h'(x)=f(x). Ané 10 OMT yia v

h undpxer £&(0,x), x>0: h'(@)=w©f(é)=%(eg(x)+X2—eg(0)).
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C)

(

Eival -1<npg<1e8<nuE+9<10 = 242 < fug+9 <110 =
22 <1(8) < V10 & 202 < (e%) +x” —e™) <10 o
X

o 22x < 1 x2 _e%9) < 10x = 242x —x? < e 9 < [10x - x2.
ii. EoTw 61 éxe1 &Uo piceg p,,p, € R pe p, <p,. TéTE ané 6.Rolle undpxel

&e(pyp,): ¢'(£)=0.0Opwg cp’(X)=(eg(*)+x2)'—2=f(x)—2,
dpa f(@)zZ@WzZ@nuﬁz—S daroro.

99. a)H e&icwon yiverar e (Xf'(x)—f(x)) =x+1lexf(x)-f(x)=xe™ +e™ <

X(f'(x)_efx)—(e’x +f(X)) =0 x;; [Lf(x)} =0.Eotw g(x)= e +(x) :

X X X
1 -2
Eneidn g(1)= © +1f(l), 9(2)= © +2f(2) eival g(1)=g(2) yiari
2
Lit(n)="° +2f(2)®§+2f(1)=e—12+f(2)©2e+2e2f(1)=1+e2f(2)<:>

e? +(2f(1)—f(2)) =1-2e nou I1oxU¢l,
ondte and Bewpnpua Rolle Ipe (l 2) : g’(p) =0 pe"f’(p) = epf(p)+p+l
B) Eotw 6T éxel ki GAAN piZa p, #p 16T OTO (p,,p) 11 (p,p, ) TOTE Yia Th GUVGPTNON
o(x) =xe*f'(x)—e*f(x)—x—1 epapuéZetal 1o 8. Rolle kai undpxer &e(p,,p) 1 (p.p,):
¢'(€)=0. Eivar ¢'(x) :e/xf/'fij+xexf’(x)+xexf”(x)—e"f(x)—/e"f}(?5—l<:>
@' (x) =xe(f'(x)+f"(x))-e*f(x) -1
¢'(8)=0<&f () +&f"(&)—e = —f(£) =0 nou eivai dromo.
Y)Ané 10 OMT yia tnv ', 3x, € (p,2):
p+1_ e"f(p)+p+l

F'(2)-f(p) pe’ pe’ f(p)
f'(x,)= < "(x,)= = :
( O) 2_p ( 0) 2_p p(z_p)
, 1 , [f(p)| _[f(p)
Eivai 0<2-p<l=|2-p|<les ——>1, dpa |f"(X, ) = > .
p [2-p] 2] | ( 0)| pl2—p| " p

100. a)Xmv oxéon f(x+y)=f(x)e® +f(y)e™ +e**¥ -1 (1) yla x=y =0 éxoupe:
f(0)=f(0)+f(0)+e°-1<f(0)=0.

B) NMapaywyiZoupe otnv (1) ondte éxoupe f'(x+y)=f'(x)e® +2e*f(y)+2e>** ka
6étovtag X =0 éxoupe f'(y)=Ff(0)e” +2e%(y)+2e* < f'(y)=—® +2f(y)+2e* <
< f(y)=2f(y)+e” dpakal f'(x)=2f(x)+e>.

y) Eivar f'(x)-2f(x) =e* < e 2 (x)-2e *f(x) =1 (e’zxf(x))r =(x) e ®f(x)=x+c.
Ma x=0 f(0)=c<c=0 dpa f(x)=xe™.
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O) Av a < epapudloupe ©.M.T. yia Tnv f o1o [oc, B],
f(B)-f(a)
B-a
Ouwg f'(x)=e™+2xe™ kai f"(x) =26 +2e™ +4xe™ = 4e™ +4xe™ >0

ondTe undpxel & e (a, B) TETOIO WOTE f’(é) =

agol x & (0, +) ondre n ']

Eival a<g<Bef(a)<f(&)<f(B) e

g% (1+20c)<w <e¥ (1+2B) & (B-a)e® (1+20) < pe? —ae® <e? (1+2p)(B-a)
Ouola av o> karyia a = 1ox0el n 166TnTd. ONSTE YIa KABE oc,Be(O, +oo) gival

e” (1+2a)(B—a) < pe” —ae® <e” (1+2B)(B—a).

f(x)=0

101. a)i.Ma y=1kai x>0 eivarf(x)=f(x)f(1) = f(1)=1

ii. Tia yzi €xoupe f(xa=f(X)f(%J<:>f(l):f(x)f(ijQf(x)f(ij:k:f(%j:%

ii. f ouvexnig kar f(x) =0 kaiagou f(1)>0=f(x)>0 yia x&(0,+w0) kai f(0)=0 dpa
f(x)>0 yia x>0

iv. Eival f’(p)z Iimw. Ma X:XOD, h#p, éxoupe:
©p X—p p
-t op) 100 TH(E]100) ) ()
X=X, x, U _x, B Xo(h—p) - X, h-p =
p p
1
o) 2 ) i1t 1)1
Xy h-p Xy h—p Xf() h-p
dpa lim fx)- f(xo) Xo)f’(p)<::>f’(xo)=pf(x0 f'(p) via kabe x, >0,

X—Xg X —

pf(
Xo Xof(p) Xof (p)
apa xf'(x)f(p) =pf'(p)f(x) yia kaBe x>0.
)= (x)

B) Eivar xf'(x)f(p) = pf'(p)f(x) < xf'(x)Jp = pr x) < 2xf'(x) 4 = F(x)
flx)_1
ngclnf(x)zln\&+c:>f(x)=\/;,x>O.

102. a)Eivar f'(x)=—e™ +(x+1)e ™ =(-1+x+1)e ™ =xe™ .

Eneidn x>0 kar €™ >0, eivarkar xe™ >0, apa f'(x)>0.

x>0

AKkSpn x>0 —x<0oe ™ <e’ =1 < xe™ <x, dnhadn f'(x)<x.
B) Eival O<f’(x)<x yia kdBe x>0, dpa f 'I(O,+oo) , Op;ote f(x)>f(0):O

516



103.

104.

R S— ~f>

Kepdaaio | |
2
Eotw h(x):f(x)—x?, x >0. Eivai h’(x)zf’(x)—x<O:hl(0,+oo), onére

2 2

h(x)<h(0)<:>f(x)—X?<O<:>f(x)<X?

2 2 = 2 X+l 2 1) 2¢[ 1
v) g(x)=2x"-2(X* +1)e ¥ =2x°| 1-=—"e ¥ |=2x"| 1-| 1+ = |e ¥ |=2Xf| = |.
X X X

Eneidn 0< f(x) < X? 1a KaBe X >0, avTikaBioTwvTag énou X 1o iz NPoKUNTEL
X
(1j
2
0< f(izj X
X

a) Agou f'(x)=

S0<f| = L <i<:>0<2x2f APV i<:>O<g() iz
x> ) 2x* x? 2x* X

N

e . . .
>0 (1) téten f eivar yvnoing avEouca oto R .

e+e™

e , ,
— €ival napaywyioiyn

B) Apou n f gival napaywyiociun oto R 161€ KAl N cuvdpTtnon )
e+e

, ] ] , cef(x)f’(x) , ) .
onéte n f'(x) eivar napaywyioiun pe f'(x)=—————2<0 ondte n f &ival koikn 1o R .

(e+e’<x))
e e e

1 (1) — _ () _ @ _ (@® _ a0 _
y) Eivai f(l)_e+1© . =" e+eV=e+leeV=1ce=e"=1f(1)=0

ondte 10 1 €ival pica ng e€icwong f(x) =0 karagol n f'I T61E TO 1 €ival n yovadiknh pida

g eiowong f(x)=0.
3) A6 (1) <:>(e+e’(x))f’(x) =e <:>ef’(x)+ef(x)f’(x) —es (ef(x)+ef(") ), =(ex)' dpa
ef(x)+ef(x) —ex+c.lMa x=1 éxoupe e-0+e’ =e+c<c=1-¢€.

Apa ef(x)+e™ =ex+1-e (2).

€) (2)<:>ex=ef(x)+ef(x)+e—l<:>x=f(x)+ﬂ+e—_l (3).Apoun f eivar T 6a eival
e e

kal 1-1 onéte avrioTpépeTarl. Oétw énou f(x)=y kai x=f"(y) ondre
e’ e-1, e-1

f71 — ~ - f—l — x-1 > =
(y) y+o+=5 dea (X)=x+e* "'+ .

a) x(x+2)F %)+ (x+2)F(X) = 1> XF (x) +F(X) =—= =

X+2
(xf(x))’ :(In(x+2))' < xf(x)=In(x+2)+c
f(e—2)=i2 <c=0 dpa f( )= M, x>0.
X—(x+2)In(x+2) o ] ) ]
B) Eivai f' ( ) . Mapatnpoupe émi 1o npdonpo Tng ' eEaptdtal and 1o

x*(x+2)

npdonpo Tg napdotaong X—(x+2)In(x+2). Eotw g(x)=x—(x+2)In(x+2), x>0.
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!
Eiva g’(x)=—|n(x+2)<0:gl(0,+oo) x>0 < g(x)<g(0)=-2In2<0

apa f'(x)<0= fl(0,+oo)

In(x+4) g In(x+5)
X+2 X+3
(x+3)In(x+4)> (x+2)In(x+5) = In(x+4) " >In(x +5)" < (x+4)

V) (x+2)<(x+3) <f:1> f(x+2)>f(x+3) <

X+3 X+2

>(x+5)

o) Eival f(eX)S X+Xoc = In(eX;LZ) < Xta (:)In(eX +2)—X <a.
e e e

X ' e” }2/—,9/—2 4
Eotw h(x)zln(e +2)—X, x>0. h (X):ex+2_1: s <0 dpa h{ oro [O,+oo)
x>0=h(x)<h(0)=In3.Apa o, =In3

105. a)Xmv oxéon 3f(x)< 2f(oc)+f(aT+Bj BéToupe SIadoxIkd X=a., X = Q;B Kal NP OKUMTEL:
f(oc) = f(aTJrBj. Ondérte n avicdtnTa yiveral f(x) < f(aTw] , OnAadn n f éxel péyioto oto

X:onT+B_ Eneidh O‘T*'BE(OL,B) ans 8.Fermat sival f'[a;BJ:O.

B) Ané 10 8.Rolle yia v f oto {a,aTjLB} , dp e(a,aTJFBJ : f’(p) =0 kalagou f’(aTJFB] =0

. . . . . . o+
TOTE UNdpxouV dUO TOUAAXICTOV Kpioiua onpeia yid X =p Kal X = otp .

y) Ané 10 8.Rolle yia v ' oto {p,aTjLB}, JEée [p,OLTJrBj : £7(¢)=0

9) Ané 10 ©OMT via Tnv f' oT10 {OLTJFB,B}

(p)-r( "] ,

2 viv 1o F(B)

o =f (xo)_ZB_a
2

Elxoe(aTJrB,BJ:f"(xo)z

f' —a>0
Opwg |f”(X0)|S0L+B 2 B(—BO)L <a+p B:> 2|f'([3)|S(B—a)([3+a):>2|f'(B)|SB2_a2.

106. a)H h(x)= w OUVEXAC OTO [a,B) ¢ NNAiKo G.0.

Z1o X=f eival Iirgﬁh(x) = “T% =f’(B) =0 =h([3) dpa h ouvexng oto [oc,B].
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B) H h eival napaywyiciun oto [(x,B) ME h'(x) = Kal
h(o)= f(B)_—f(g) <0 viari f'(a)=0 kar f(B)>f(a).

C)
Y) Agou h'(a) <0 té1E le%z(a)w, dpa %2(“)
Opwg X—a.>0 kovid ato o, ondte h(x)—h(a) <0< h(x)<h(a).
Eivan h(c) f(e)=f(B)

= B <0 onére h(x)<h(a)<0=h(B) ondre n f Sev éxel eAdxiomn I
o —

<0 kovtd o10 O .

o1a dkpa o h f. Opwg eival cuvexng cTo [oc,B] ondTe Ba €xel EANAXIOTO O€ ECWTEPIKO
onueio Tou (a,B). Eotw X, € (o, B) 76TE and Fermat eiva
hr(xo) =0 PN f (XO)(XO _B)_f(ZXO)+f(B) :0 = Qf'(xo)zw.

(Xo _B) Xy _B

107. a)Eivar f(x)=e* -1 kai f'(x)=€*, f(0)=0 kai f'(0) =1 ondre n eEicwon epanTouévng
oto X, =0 eivar y—f(0)='(0)(x—0) dpa &:y=x. OéAoupe va Seifoupe 6T y =X
€QANTETAI KAl TN YPAYIKA Napdctacn TG cuvdpTnong h(x) =—x*—-x—1. Eival
h'(x) =-2X—1. Av unoBécoupe 6 (Xl, h(xl)) gival To onpeio enNagng npénel
h(x,)=2, < -2x,—1=1<x, =—1 kar h(-1) =—1 h'(-1)=1 ondte n epantopévn g C,
oto X, =—1 eivar y—h(-1) =h'(-1)(x+1) & y+1=x+1cy=X.

B)Eotw g(x)=f(x)—h(x)=e"—1+x* +x+1=€"+x* +X.
Eivar g'(x) =€* +2x+1kai g"(x)=e*+2>0 onéte n g' eivai yvnoiwg ad&oucal.
g(-1)=e'-1= é—1< 0, g'(0)=€°+1=2>0. Ondre g'(-1)-¢'(0) <0 karagou n ¢’
€ival cUVEXNG CTo [—1 O] Kal yvnoing av&ouca Ba undpxel JovadIko p e (—:L 0) TETOIO
wote g'(p)=0< e’ +2p+1=0 (1).

y)Na x<p eivai g'(x) <g'(p) < g'(x) <0 ondre gl
i. Mia x>p eivar g'(x)>g'(p) < g'(x)>0 onére g7

Apa yia kGBe x e R Ba eivar g(x)>g(p) < g(x)=e” +p°+p.

Ouwg ané (1) e’ =-2p—1 ondte g(x)2—2p—1+p2 +p<:>g(x)2p2 —-p-1.
ii. MNa To npdonuo Tng g’ Kal Tnv povoTovia Tng g " ) .
£€xoupe To dINAavd nivaka. ,
9 — +
. . g
Enionc lim g(x): lim [ex+x2+X]:+oo ,3\‘ 7/'
yiati lim e*=0
kar lim (x2+x)=+oo kar lim g(x)= lim (ex+X2+X)=+oo_
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Eniong p? —p—1<1821< p? —p <1822 yiari p e(—1,0) kar —2<p—1<—1 onére
p(p—1)<2<:>p2—p<2<1822.

H gl oo (—o0,p | pE UVONO TIHGV g(Al)z[g(p), lim g(x))z[pz—p—l+oo) Kal apou
1821eg(A,) T6TE UNAPXE! HOVASIKN piZa TG egiowong g(x)=1821 oto (-, p).
Eniong n gI oTO0 [p,—i—oo) ME cUvVoAo TIHWV g(AZ):[g(p) lim g ) [p —p- l+oo)

kal agou 1821eg(A,) T6te n efiowon g(x)=1821 Ba éxer GMN pia piga oTo SIGcTna
(p, +o0). Apa n efiowon g(x)=1821 éxel akpiBig dUo Aioeig oto R .

4

xX* +4

S

=0& (F(x)) —2f (x)+1=1- =2

o (F(x)-1f =X :

108. a)Exoupe (f'(x))2 —2f'(x)+

., ' s }
x2+4 Eotw h(x)=f (X)—l 16T€ €ival hz(x): e

Ma k&8s X =0 eivar h? (x) >0 kalagoU n h eival cuvexng 161e dlatnhpei npdonpo oe

kaBéva ano ta diacthpata (—,0) kai (0,+0).

X _ K e x
X+4  +4 I +4a

, X>0. AnAadn

Eivar h(-2)=f'(-2)-1<0 dpa h(x)=- Kal

kai h(2)='(2)-1>0, apa h(x) =

X* +4

X X X
Xz0ef'(x)-1= < f(X) = ———=
X2 +4 ( ) X2 +4 ( ) X% +4

Eniong yia x=0 h(O)z(f’(O)—l)2 =0<f(0)=1

h(x)= +1 x#0

dpa f'(x)=1+ yia KdBe xeR.

X2 +4

B) Eival f'(x)=(x+\/ﬁ)' <:>f(x)=x+m+c. Ma x=0 eivai f(0)=2+c<c=0.
Apa f(x)=x+m.
Eniong f(x)=x+\/ﬁ>x+\/7:x+|x|20c>f(x)>0 yia KGBe X e R .

X x+\/m f(x)

SN 5 N S

y) Eivar f'(x) =1 >0 (1) dpan f eivar T oto R.

X 4

Eniong f”(x)=[1+ \/m}' = (Xz N 4) Ny

8) i. Eivar g(x) =Inf(x) n onoia eivai napaywyiciun oto R pe g (X):—

>0 ondren f kupth o10 R .

f(x
ii. Apou g'(x)>0 1616 N g7 ondre yia x>0 Ba eivaig(x) >g(0)=In2>0
Bewpoupe ¢(x)=xg(x)—f(x)+x+2, x>0 eival

¢'(x)=g(x)+xg'(x)—f'(x)+1=g(x)+

X

X 4
X2 +4 N

+1=9g(x)>0
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ondte n (p'I dpa yia x>0 Ba eival

@(x)>¢(0) = xg(x)—f(x)+x+1>0 < xg(x) > f(x)-x—2 <= g(x)> f
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109. a)i. Eotw g(x)=€"—x—-1, xeR 1618 g'(X)=€*—1KaI g'(X)>0<=e*-1>0 <

e*>e’ = x>0. Ondéte yia kdBe X € R Ba eival

— 0
g(x)>g(0)=e*-x-1>0< e >x+1 (1). -~ R

g - +
©¢toupe otnv (1) énou x 1o f(x) Kkaiyiveral g

™ >f(x)+1 (2) et

ii. Ané v unéBeon yvwpidoupe 61 €' +f(x)=x+1 (3)

Onéte (2)<:>e’(x)+f(x)22f(x)+1(c3)>x+12 2f(x)+1e 2f(x)<x, xeR.
iii. Exoupe (3) e =x+1-f(x) apol f(x)£§<:>—f(x)2—§<:>

x+1—f(x)2x+l—§<:>ef(x) 2§+1<:>Inef(x) 2In(%2}:>f(x)zln(x+2)—ln2

B) NapaywyiZovtag v (3) éxoupe: ef(x)f’(x)+f'(x) =1 f(x)= 1—lf(x) >0 ondte n f gival
+e

1
I oto R . Apou n cuvdptnon o) gival napaywyiciun oto R 10TE KAl f’(x) givai
1+e"
, v e™f'(x) , o
napaywyioiun pe f (x)=——2<0 onodte n f ival koihn oto R .

(1+ef(x))
y) NakdBe xeR eivar 2f(x) <x ondre kaiyia X <0 eivai f(x)£§<0 .

, o X , .
Eneidn lim = = —oo givai kai lim f(x):—oo.

X——0 P X—>—00

Eniong yia x>0 eiva f(x)zln(l+§] . Eneidi lim In[l+§}=+oo

X—>+0

Ba eivar kar lim f(x) =+00. Apou n f eival yvnoiwg avouca oto R 161€

(8= 1), 0] 1)

3) Agou n f eival T a eivai kar 1-1 onére avriotpéperal Ty (3) B&toupe énou f(x) =Yy
kar X =f(y) karyiverar € +y =f*(y)+1< i (y)=e’ +y-1.
Apa f*(x)=€*+x-1, xeR.

110. a)Eotw émin " Sev eival 1-1 16T undpxouv X,,X, € R, éo1w X, <X, pe f'(x,)=f"(x,)
onéte ané ©. Rolle undpxer & €(X,,X, ) TéTol0 dote f¢) (£)=0 (aroro).
B) Apou n f gival 3 popég napaywyioiun, ) (x) gival cuvexng Kai didgopn Tou PNdevég
167E Ba Siampei oTadepd npdonuo. Aoy ¥ (3)>0 tote ) (x)>0 apa f'(x)T
y) NapaywyiZoviag ™ oxéon f(x)+f(6—-x)=5 (1) éxoupe f'(x)—f'(6—x)=0 ai
f(x)+f"(6—x)=0 (2).Xmv (2) yia x=3 npokonrer {(3)=0

onére yia x <3 Ba eival 7(x) <f"(3)=0 < f"(x) <0 ondre f koikn oto (—0, 3]
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evid yia x >3 eivar f'(x)>"(3) < f"(x) >0 dpa f kupt oo [3, +00).

Hf éxet Z.K. yia x=3 10 (3,f(3))z(3,§}.

3) ApouU f(3)=g<:>2f(3)=5 161 N e€iowon 2f(x) =5 éxelpiZam x=3.

Eniong 3
g - O 4

\./

Makade xeR f'(x)>f(3)>0 ondre f'(x)>0 dpan f eivar T ondre n pica x =3 eiva

MovadIKn.
€) H e€iowon 2f(x+2) =f(x+1)+f(x+3) yiverar f(x+2)—f(x+1)=f(x+3)—f(x+2) (3).

Epappdloupe ©.M.T. yia nv f ota [X+l X+2] Kal [X+2, X+3] ondTe UNAPXouV
€, e(x+1Lx+2) kai &, €(x+2,x+3) tét010, dote f'(&,)=f(x+2)—f(x+1),
f'(&,)=f(x+3)—f(x+2).Apa (3) npokurmel f'(&,)=f'(&,) drono agov &, #¢&, kai f']

oTo [3, +oo).

111. a)Eiva f'(x):e“(x) o f(x)=

e e™f(x)=e* = (ef(x) )I = (eX )’ =e™oe*ic
e

kaiyia X =0 eival €™ =e® +c <> c=1, onére e =ex+1<:>f(x)=ln(ex+l), XxeR.
X (X +1)—e* .e¥ M
B) f’(x):xe— kar f"(x =e (e i ) f ° __°¢ ~>0 onére n f eival kupti oto R.
(e +1) (e*+1)

0
y) f(0)= f 1:% dpa n eEiowon epanTopévng eival y—InZZ%(X—O)Qy:%XHnZ.
+

0) Agou n f eival KupTh o€ kdBe onpeio n epanTtopévn Ba eival katw ané C,
1 1
dpa f(x)>=x+In2 In(e*+1)>=x+In2.
p _ f(X)+x _ |”(9X+1)+X _ X X _ 2x X .
€) Eivar g(x)=3x—e™"™ =3x-e =3x—(e* +1)e* =3x—e™ —e” onére

g'(x)=3-2e*-e*, g'(x)=—4e™ —e* <0 ondren gl
Ma x <0 eivar g'(x)>g'(0)=g'(x)>0 eved

yia x>0 eivai g'(x)<g'(0)=g'(x) <0 ondre g

£€XoupEe Tov AINAAvVS Mnivaka. g 7/v >\

Apa yia kéBe xR eivar g(x)<g(0) < g(x)<-2.

Apa n g éxel péyioto oto onpeio A(0, 2).
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C)

(

o) Eivar g(x)<-2<0 kaiapol 1+e* >1 161e In(1+ex)>ln1<:>f(x)>0 dpa f(x)>g(x).

loxer Inf(x)+f(x)=x (1), yia kd6e xeR.

a) Oewpoupe v h(x)=Inx+x, x>0 eival h’(x)=%+1>0 onéte n h eivar 1.
Eotw X, X, €R pe X, <X, 161€ ané (1) 8a eivar Inf(x,)+f(x,) <Inf(x,)+f(x,).
Anhadn h(f(x,)) <h(f(x,)) kaiagou n h eivar T 161e 8a éxoupe f(x,)<f(x,)
onéten 1 oto R,

B)Av f(x)=x, 1618 () =InX+Xx=Xx<=Inx=0=x=1

y) i. MapaywyiZoupe otn oxéon (1) Kal €XOULE:
f'(x) 1 f(x)
f’ —2t =1t I+ — [=lof(X)=—— (2).
N e REI O R
ii. ApoU n f eival napaywyioiun 1é1e and (2) karn f' gival napaywyioiun pe

f"(x):L2 >0 dpan f eival kupTn.
(f(x)+1)

X X X 1 _ X. X X
a) Eivan f(x)= S , XeR kai f’(x):e (e ! ) S ° __°© ~>0 onéten 1 oto R.
e’ +1 (ex+1) (ex+1)

B) lim f(x)= lim exex+1:oi+1:0 Kal

. ) X . X . 1

lim f(x): lim Xe = lim € = lim —=1.

X—>+0 xo+0 @€ 41 Xt ex (1+ 1) X—>+0 1+ ix

e e

Agpou n f eival cuvexig Kal I oto R 161¢ f(A):( lim f(x), lim f(x)):(O,l).

y) H f €ivai dUo gpopég napaywyiciun oto R e
ex(eerl)z—eXZ(eXJrl)-ex e (1-¢")
#(x) = \ _ 3
(e*+1) (e*+1)

Ondte yia 1o npdonpo Tng f* kal v kuptdTnTa TG f

>0=1-e*>0=x<0.

s - - —00 Q0
£xoupe Tov diNAavé nivaka. 0 +

H f eival kuptn oo (-0, OJ Kal KoiAn oTo [0, +o0) f + —

fI
Kal NapoucIAdel CnEio KAPNNG yia To (O,f(O)) = (0,%} . \_j m
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d) Apkei va deiEoupe 6T f( ) f( )<f(5x) (X)
Bewpolpe v g(x)=f(x)-f'(x), x>0.

Eivar g'(x) =f'(x)—f"(x ¢ (l ° ) 2™ -

( +1) ( +1) (1+e")

Ma x>0 eival 4<5 kal 4 <5* dpa g(4x)<g(5x)<:>f(4x)—f'(4x)<f(5")—f’(5x).
€) Apkei va Seioupe 61 n cuvaptnon h(x)=f(x)—x éxel povadikn Aion oo (0,1).

Efvan h(0)=F(0) =2 >0, h(1)=F(1)-1--°

1
l=——-1=——"<0 ondre apoU h cuvexng oTo
e+l e+l

[0,1] kar h(0)-h(1) <0 ané ©. Bolzano undpxel X, €(0, 1) Tétoio dote

>0 onéten g7 oro (0, +).

X

2x X
h(%,) =0 f(x,) =X, Eniong h(x) =F (x)~1=—=— ~1=-& "¢ T 0 gneren p
(e*+1) (e*+1)
givar yvnoiwg ¢Bivouca dpa n pida X, gival povadikn.

114. qa)i. Epapudloupue ©.M.T. yia 1nv f o1o [0,1] ondTe UNApPXEI &e(O,l) TETOIO WOTE

()= vy -19-10) (2).

ii. XTn oxéon 2( '(x)- )>f2( )+f2(1) (1) B€ToUpE x=é; ondTe yiveral

2(1'(2)-1)> £ (0)+ () = 21 (8)-22 F(0) + £ () S2(f()-1(0))-22 F (0) + () =
& 2(0)+f2(1)~2f(2)+2f(0) + 1+1<0 = (f(0) +1)° +(f(1)~1)° <0 Spwg

+(f(e
(F(0)+1)° +(f(1)~1)° 20 dpa (f(0)+1)° +(f(1)~1)° =0 onére £(0) =1 kar f(1)=1.
iii. An6 v (1) éxoupe

2f'(x)-2>f (O)+f2(1)<(i)>2f'(x)—22(—1)2 +7 o 2f'(x) 24 = f(x)=2 (3)
B) i. Epapusdloupe ©.M.T. yia thv f oto [O, XOJ onoTe undpxel &, e(
f(x,)—f(0
f'(&l)zw<:>x0f'(§l)=f(x0)+1.
0
ii. Epapudloupe ©6.M.T. yia v f o0 [XO, 1] onoTe undpxel &, e(xo, 1) TETOIO WOTE
f(x,)—f(1
f’(éz)z%@(xo—1)f'(§2)=f(x0)—1.
0
iii. An6 T oxéon (3) 6a eivar f'(&,)>2 kar f'(&,)>2 dniadn
f(x,)+1
X

0, %, ) Tétol0 WoTe

>2 < f(x,)22x, -1 (4) kai
0

f(XO)ll2 2Xr<:1><0f(xo)_1sz(xo _1)<:> f(xO)SZXO -1 (5)
Xo—

Ané (4),(5) eivar f(x,)=2x,—1 yia Tuxaio X, €(0,1) dpa f(x)=2x-1 x(0,1) ka
agou f(0)=-1, f(1)=1161e f(x)=2x-1, x<[0,1].
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1
115. a)Eival f(x)=x’e*", x=0 n onoia &ival napaywyiciun ue

X —o0 -1 0 1 +00

H f éxelTonikd eAdxicto yia X =1 kal X =—1T10 f(—1)=f(1)=e.

l(_zsz—l 1 2% —(x*-1) Sxi4l o =x2-1

f'(x)=2e| -= +2e¥ - 2e¥ —4e¥ =
B) ( ) X3 X X2 X2 X4
12 2(xc -1 14,2
_2eX X :rl_ ( : ) =2ex2-x >i+2>0
X X X

apoU x* —x?+2>0 yia kdBe X e R (TpIdVUNO we Npog X Ye Xx<0). Onéten f eival
KUPTA o€ KaBéva and Ta dlacTApaTa (—oo,O),(O, +oo) .

1 1
y) lim f(x) = lim (xzeszeroo yiati lim x? =+ kai lim eX* =1

X—>—00 X—>—00 X—>—00 X—>—0

x—0" x—0" x—0" x—0" x—0"

1
= 2
1 2
1 o = & (—ij 1
lim f(x): lim | x%¢¥* |= lim = lim — = lim e¥ =+o0

1 z = et | -
. . 2 2 . ex —© .
lim f(x)= lim | x?e¥* |= lim = lim ——>2~2
x—0" x—0" x—0" x—0" 2

x? x3

1
kar lim f(x)= lim (Xzeszz—i-oo

X—>+00 X—>+0

Anod Tov nivaka povoTtoviag Kal Ta nponyoUueva épia S1IamoT®Voupe ST To SUVOAO TIU®V
g f eival f(A)z[e,+oo).
1 1
) H eEiowon ex = % yiveral x%e¥ =L < f(x)=%

¢ Av A <e n eEiowon eival aduvarn.
* Av A =e n e&iowon éxel duo Aoelg p, =—1kal p, =1

* Av A >e n e§iowon €xel T€ooepig ANUoEIg Jia og KABe didoTnpa:
p,€(—0,-1), p, €(-10), p, €(0,1) kai p, (1, +x).
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116. a)H cuvdpnon f’(x) =4€e:—;(X22 eival napaywyioiyn oto R pe
f(x) = (4" +2x)(e" +x°) - (e +2x)(4e* +X) _
(er +x2)2
_ 4e™ +4x’e" +2xe" +2x° —4e™ —x’e* —8xe* —2x® _ 3x’e* —6xe* _ 3e*x(x—-2)
(e +x? )2 (e +x? )2 (e +x* )2

ondte yia 1o npdéonpo Tng ' Kal Tny kupTtdTnTa TG f €XouuEe Tov NapakdTw Nivaka:

—00 0 2 +00

f' + — +

N AN AN

H f eival kupTh ota (—oo,O] Kal [2, +00) Kal KoiAn oTo [0,2].

X 2 X 2 X 2 X
B)Mia kaBe x e R eivar b (x)=F/(x) 1= 22 X A& HX € =X 3¢ 4 4pan
e +X e +X e +X

h eival 'I oo R.

Y) Apou f'(x) >0 161E N f €ival I oto R ondre 10 cUvoAo TIHWV Eivar:

f(A)=(im (). im ().

Ma x €(-,0) eivar h(x) <h(0) < f(x)-x <f(0) < f(x) <x+f(0).

Eivair lim (x+f(0)):—oo dpa X+f(0)<0 O€ NEPIOXA TOU —co ONdTE

X—>—00
1

f(x)<x+f(0)<0©0>%>ﬁ(0).

. 1 .
Ané KpITApIo NapepBoAAg NpokunTel 611 lim T):o kai f(x)<0 dpa lim f(x)=—c.
X—>—00 X X—>—00

Eniong yia kaBe x>0 6a eivar h(x)>h(0) < f(x)—x>f(0) < f(x)>x+f(0) ka
1

XILnjw(x+f(O)):+oo.Apo x+f(0)>0 o€ nepioxn Tou +oo dpa O<T])-()<W(O) onéte

lim Tl)_o dpa lim f(x)=+o0. Onére 10 GGvoro TGV TG R eivar f(A)=R.
0) Epapudloupe ©.M.T. yia Tnv f o1o [x, x+504] ondte undpxel TOUAAXIcToV €va
f(x+504)—f(x) f(
x+504 —
Ma x>4 n f eivaikupt dpan 1 onére 4 <x <§<X+504<:>f (x)<f'(g) <f'(x+504)

504f'(x) < 504 (&) < 504f (x+504) dpa 504f'(x) < f(x+504)—f(x) < 504f'(x +504).

< 504f'(&) = f(x+504)—f(x).

& e(x,x+504) 1ét010 doTE (&)=

+00 +00 00
. . Ae* 4+ x? [3) . 4" +2x( j 4e* +2[7) 4e*
MNa x>4 limf (x): lim —— =" lim lim =" lim
X—>+0 X—>+00 ex_|_x X—>+0 e +2X X—>+00 e _|_2 X—+0 @
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C)

(

AV X —>+30 T6Te X+504 —+o0 ondte lim 504f'(x) = lim [ 504f'(x+504) | =4-504 =

X—>+00 X—>+0

=2016. Ondte and Kpithplo napeppoAng lim (f(x+504)—f(x)) =2016.

117. a)i. Zm oxéon f(x)>e®™ (1) 81w 6nou x =0 kai npokdnter f(0)>e° < f(0)>1 (3).
Eniong otn oxéon (2) f(x)-f(—x)=1 8€1oupe dnou X =0 kal NPoKUNTEl

f(0)-f(0)=1=1f*(0)=1 (4).An¢ (3) kai (4) npokonrer f(0)=1.

ii. ZTv (1) 6410 dnou X To —X Kal éxoupe f(—x)zezngl)Z% (x)<e* (5).
X e
Onéte and (1) kar (5) npokunter f(x)=e.
. ] B er
B) i. Eivai h(x) = ot x>0 kal 0 12
, 2e¥x—e? e (2x-1 h _ N
()= 2202”2

X x1 h>\‘7/'r

h’(x)20<:>2x—120:>x2§.

Apa yia kaBe x>0 6a eivai h(x)> h(—j =2e.

+00
2X | 1op 2X

+o0) e
= lim

ii. Eivan lim h(x)= lim [Ee“}:wo kar lim h(x)= lim <

x—0" x—0"\ X X—>+00 X—+0 X

=+00 ondTE Kal

and Tov nivaka povoToviag Tng h npokunTel 611 To cUVOAO TILWV €ival h(A) :[Ze,+oo) .

iii. Eivar Ina+INB+Iny =-2 < In(apy)=-2< apy=e.

2a 2B 2y

€ >2e h(B)=S—>2e, h(y)=S—>2e.
- e(ﬁ)[3 e(Y)y e

Enopévwg h(a)h(B)+h(B)h(y)+h(v)h(a)>12e* <

Eniong h(a)z

20 28 A2 a2Y  a2Y a2 2(a+p) 2(B+) 2(v+a)
e eT e e et e e e roe T Tape™ . o
a B By v a apy
2(a+p) 2(p+y) 2(y+a)
1€ o€ HPE 126t ey 4 e 4 g 212
e

118. a)H f(x) =(X3 +3x% +6X+6)e‘x eival napaywyiciun oto R e
f'(x)= (3x2 +6x+6)e”‘ —e™ (x3 +3x? +6x+6) =
= e_

X(3x2+6x+6—x‘°’—3x2—6x—6)=—x3e‘x. f

—00 0 +00

Ondre yia 1o npdonuo g f' kKal n yovotovia Tng f f 7/ >\'

£€xoupe To dINAavd nivaka.
H f éxel péyioto 1o £(0)=6.
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B)H f eival Suo popég napaywyiciun oto R pe f(x)=-3x’e ™ +x’°e ™ =e*x*(x—3).

To npdonpo ng " kai n kuptdéTnTa TG f Qaivetal otov NapakdTw nivaka.

—00 0 3 +00

” - - +

N Y U

H f ival koiAn oT0 (—oo,3] Kal KUpTN GTO [3,+oo) .

H f napouoidZel onpeio kaunng oto onueio A(B,—J.
e

3 2
. X7+3X°+6X+6 .
y) Eivar lim f(x) = lim =—o0 yiaTi lim (X3+3X2+6X+6):—oo Kal
X—>—0 X—>—00 eX X—>—0
[im — =400
xa—ooex

i x3+3x2+6x+6[§). 3x2+6x+6(§]. 6x+6(§j. 6
im = lim ——— = Ilim = lim —=0

X—>+30 e* X>+0 @ x—>+0 @%

Eniong lim f(x)=

X—>+00 X—>+00 e

H f eivai T oro (—oo, OJ on&TE £XEI GUVOAO TINGV f(Al)z( lim f(x),f(O)}z(—oo,6] kain f

givar 4 oTo [0, +00) ONGTE €XEI GUVONO TIH@Y f(Az):( lim f(x),f(O)} :(0,6] onéTe 10

X—>+00

cuvoo Tip@v g f eivar f(A)=f(A,)Uf(A,)=(—x, 6].

x® +3%x* +6X+6 x®+3x° +6x+6 _
- <6< 5 <e'o
e

3) Eivar f(x)<f(0) = f(x)<6 <

X3 X2 3 2
e ZE+?+X+1®eX—XZE+?+1.

€) And 1o nponyoUuevo EpWTNA givar:

eh(X)_h(X) h3( ) hzg )+1<:>e() h(X)—

X
h(x ( ) ( )+12 1 ka1 cOpPwva Pe To KpImnplo napePBoing Ba eival

onére el

. 2

leirg[ +1 1<:>IX|Lr(1) =0 dpa I|mh (x)=0.

Eneidn —|h(x)| <h(x) <h(x) < — % (x) <h(x) < Jn? (x)

16T Iim(— h? (x)) = Iing h?(x) ondte ané kpimpio napepBolnig Ba eival Iir‘rgh(x):O.

119. a)Eival f(x)=(x—-2)Inx+x—-3, D; =(0,+x)
lim f(x) = lim [ (x=2)Inx+x—3 | =0 yiati lim Inx =—o0 kan lim (x-2)=-2

x—0" x—0" x—0" x—0"

ondte n X =0 eival KATAKSPUPN AcUUNTWTN.

528



o - =

— [ X
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im 1) _ o X2nxex=8 {lnx—mu—g}

+oo yiati lim (Inx):+oo
X—>+00 X X—>+00 X

X—>+0

X X X—>+00
1
. dnx Ly . . ) o . .
lim — = lim £ =0, lim —=0 ondre dev éxel NAdyia n opiZévTid acUUNTWTN GTO +00 KAl
X+ X X—+0 1 X—+0 ¥
lim (x) =+0.

X—>+00

B)H f eival napaywyioiun oto (0,+) e f’(X):Inx—g+2. Napampoupe 6n f'(1)=0 kai
X

f”(x):—+£>0 onére n f'1.Apa 0<x<1=f(x)<f' (1)< (x)<0 ondren f{ oo
X X

(0,1]. Av x> 1 161¢ '(X)>f'(1) = f'(X)>0 dpan f] oto [1+0).

y) Eivai f(1)=-2<0.Enednn £ o10 (0, 1:| 16TE f(Al)z[f(l), lim f(X))—[—2,+oo) Kal

x—0" B
eneidn 0 f(A,) undpxer yovadiké x, (0, 1) étoio worte f(x,)=0. Eniongn {1 oro

[l +o0) 1678 f(A,) = [f(l),XILerf(x)) =[—2,+oo) kal agol 0ef(A,) 16T€ Undpxel Hovadiké

X, € (1 +) Tét010 doTe f(x,)=0.Apa n e&iowon f(x)=0 éxer akpiBig dUo BeTIKEG

piceq.

3) OcwpoUuEe TNV h(x)zf(x—x), X €[ X,,X, | 8a eivar h(x,)=h(x,)=0 agou f(x,)=f(x,)=0.

Eniong n h eival napaywyiciun oto [xl,xz] ME h’(x) M ondte anéd ©. Rolle
X

undpxer &e(X,,X, ) Tétoio dote h(£)=0 <& (£)-f(£)=0 (1).H epantéuevn g C,
o1o M(i,f(&)) eival y—f(&)=f'(£)(x—&) kai auth digpxerar ané 1o (0,0) av
0-f(g)=—¢f" (&) <= &f'(&)—f(&) =0 nou 1oxer ané (1) . Oewpolpe ™
@(x)=xf"(x)—f(x), x>0 1618 ¢'(X)="F'(X)+X"(X)-F'(X) =Xf"(x) >0 ondre n ¢ eival
yvnoiwg av&ouca dpa 1o § PovadIkh pida Thg e&icwong xf'(x)—f(x) =0.

€) Eneidn f"(x)>0 161 f'T ka1 agol &e(x,,X,) dnhadn & <X, 161€
f
f'(§)<f'(x2)<:>%<f’( ,) < Ef(x,)—f(€)>0.

2 2x—2In2x
- 2(1-In2x -
120. a)H f eival napaywyioiun oto (0,+w) pe f'(x)= 2X = ( ) _Linax

4x? 4k 2

>0

=1- In2x>0:>|n2x<|ne<:>x<

HfIOTO( Z}qulmo[ +00

L_/I\)

e) 1
napouciddel péyioto yia X =— To f > ==
e
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=) f

B) lim = lim In2x _ lim iIn2x =—o0, lim f(x)= lim In2x*Z lim 2X = lim i:O.
x>0t x50" 2X x—0" [ 2X X—>4a0 x—>+0 QX X—>+0 D X—>+0 2X

1

f1 oto (o,%} ue f(Al)z(—oo,ﬂ kai f4 oto E,Jrooj ue f(A2)=(o,E]

OnSTE To GUVONO TIHWOV f(A) = f(Al) uf(Az) = (—oo,l} .
e

Y) H e€icwon «/2x =e™ yiveral 2x = (exX )2 < 2x =e*™ onéte

IN2x =Ine?* < 2Ax =In2x @k:lzﬁaf(x)zk
X

* Av A <0 n e&icwon éxel yovadikn Aucn

e Av O<A< E n e&icwon éxel 2 Aooceig
e

1 ) . . e
¢ Av A =— n eficwon éxelA\don Tnv X = E
e

1 , . ,
e Av A > = n eEicwon €ival adlvarn.
e

d) H epantopévn oTo M(Xo,f(x0 )) gival
, In2x, 1-In2x
y—f(Xo)=F"(X, ) (X=X, ) = y— 2x0= 2 2 (X=X,).

Av auth Sigpxetal and 1o onpeio (0,-1008) té1E

0

In2x, 1-In2x,

—-1008 - >
2X 2X,

(=X, ) & —2016x, —In2x, =—1+In2x, < 2In2x, +2016x, -1=0

0

Eotw g(x)=2In2x+2016x-1, x>0 e g’(x):g+2016>0 dpan g7 pe olvolo TiudV
X

9((0,+)) =(XI|_r>gg(x) lim g(x)) = (—o0,+00).

X—>+0

Eneidh O e g((O, +oo)) uNApxel Hovadiké X, >0 Tétolo @ote g(X,)=0.

€) Oewpoupe TNV h(t) =In? 2t, n onoia eival GUVEXAC Kal NAPAYwYicIUN GTo [x,x+1] ME

h(x)= 2In2x2iZ =4f(x), onéte ané OMT undpxel & & (X,X+1) TéTolo doTe
X

h(e)=

ApoU X — 400 T6TE x>% snou f1 onére X <& <x+1< 4f(x) > 4f () > 4f(x+1) ondre

h(x+1)—h(x)

1y < 4f(8)=In*2(x+1)-In?2x..

4f(x+1) <In? (2x+1)—In* 2x < 4f(x)
Eivar lim f(x) = lim '”ﬁzo kar lim f(x+1) i lim f(u)=0 dpa and kpimpio

X—>+0 X—+0  2X U400 X—>+00

napepBolig kai lim [In2 2(x+1)—In? ZX} =0.

121. a)Eivai x2+1>ﬁ:|x|2—xc>x+\/x2+1>0 yia kdBe x e R onéte D, = R.
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B)Na kdBe XeR kar —x e R kai
(\/x2 +1—X)(\/X2 +1+x)
f(—x)=|n(—x+ x2+1)=lim =
UG +1+x

2 2
X +1-X
=In——= Inl—In(x+ x? +1) =—f(x)
2
X +1+X
ondre n f eival nepm dpa n ypagIkh Thg NapdoTacn £Xel KEVTPO CUULETPIAG TV dpXn TwV
akévwv.

1+
Y)f( ) x2+1 X% +1+X

X+4x% +1 \/x +1(\/x +1+x) x?+1

X

>0 dpan f] oto R kaidev

napouciAlel akpdTaTd.

d) Eival f"( ) T . H f gival kuptn oto (—oo OJ KoiAn oTO [0 +oo) KAl Napousiddel Kaunh
X% +
oTo onpelo( f(0 )) (0,0).
( 1
X+X2 + )
€) I|m = lim X2+1: lim X =1.

X—>+0 |n 2X X4>+oo In2x R 1 X—>+0 1
- X, 1+ —
X X

or) f(5x)+2x =f(3x) < f(5x)+5x—3x =f(3x) < f(5x)+5x =f(3x)+3x (1).

1
IxZ+1

onére kar 1-1. Tuvenag n (1) yiverar g(5x)=g(3x) < 5x=3x < x=0.

Av Bewpricoupe g(x)=f(x)+x 1618 g'(X)=F'(X)+1= +1>0 dpan g7

122. a) f'(x)=2xe™ —e™ (X2 +K) =e (—X2 +2X—k) pe £(0)=2 kai f'(0)=-A onéren
eEicwon epantopévng oTo A(O,f(O)) gival y—A=-AX Sy =—AX+A.

INa va tauti¢etal e Tnv Y =—-3X+3 npénel A =3.

B) Ma A =3 eivar f'(x)=e (—x2+2x—3)<0 yia Ké8e x e R dpa fd oto R.

y) Iim f(x)=lim|e™(x*+3) |=+0, lim f(x)= lim X +3%I 2X[=)|Im 3:0
(x)= lim [ e (x" +3) (x)

X—>—0 X—>—0 X—>+0 x>0  @% x>+ @% x—>+0 @%

H 1l oo R dpa f(A)=(lim f(x), lim f(x))=(0,+<)

X—>+0 X—>—0

8) Eneidn 2014 &(0,+00) kain f{ oro (0,+00) T6TE N €€icwon f(x)=2014 éxer akpIB@Q pia

ANoonoto R.
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xf'(x)z—f(x) _ e(In>§—1) -

123. a) xf'(x)+e =f(x)+elnx < xf'(x)-f(x)=e(Inx-1) <

(f(—X)J :[_elnxj <:>f(x)=—e|nx+ccf(x)=—elnx+cx.
X X X

f())=1<c=1, apa f(x)=x—elnx, x>0.

X—¢€ Kdl fl OTO (O,E:I Kdl I OTO |:e,+OO).

ey 1 €
B) Eivan f'(x)=1 S

Exer oAiké ehdxioto yia x =eTof(e)=0.

fim (x) = lim [X—elnx]=+c0 Kka XILerf(x)=XlLrpw{x( _L)’(‘Xﬂz

x—0"

x—0"

@
yiati lim elnx+= lim X =0. Ondre f(A)=[0,+0)

X—+0 K

X—>+00
X

Ma kdbe x>0 eivai f(x)zf(e)<:> x—elnx>0<elnx<x<Inx<— < x<ee.
X

v 1 oro [ez,Jroo) ue f(ez):e2—2e=e(e—2)>0 dpa Og[f(ez),+oo).

0) Av o =[3 10xU€l n 166TNTA.
Av a <, 161€ and 1o ©.M.T undpxel éle(a, B) Kai &, E(OLZB,BJ TETOIA WOTE!
f(“ﬁj—f(a) f(Mj—f(a) f(ﬁ)-f(“ﬁj f(B)—f[OHBj
f'(&)= 2 = 2 kai f'(&,)= 2 )_ 2
v adB p-a o poath pra
2 2 2 2
Eiva f”(x):(l—gj :%>O:>f'I(O,+w) kal & <&,, dpa
ey T - (5F) st
f'(&,)<f(&,) = P < P <:>f( 5 J—f(oc)<f([3)—f(7j<:>
2 2
<:>2f(a;rl3j<f(oc)+f([3).
124. a) Iirgf(x)z Iin;[(x?’—gx2]+3lenx}=0+0=0
o 1
. . x[?“’j X 1
yiari Xllrg(lenx)lelrgT = Xllrgilelrg(—zxzjzo
X2 %3
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1
a2

B)i. Eotw g(x)=xInx+1, Xe[iz,l:| .H g ouvexnig oto {
e e

,1} w¢ ABPOoICHA CUVEXWDV KAl
g(izj=i2+lni2+1:i2—2+1=i2—1<0, 9(1)=2>0. Apa clppwva e 1o ©.
e e e e e
Bolzano undpxel & e (izlj Této10 dote g(&)=0<E+INE+1=0.
e

Eivai g'(x)=l+%>0, X€|:ei2,l:| onéte n g eivar T oto Liz,l} dpa n pica & eivai

MovadIkn.

ii. Eival f'(x) =3x° +6x|nx+3x22—3x =3x* +6xInx,
X

f”(x)=6x+6lnx+6x£=6(x+|nx+1):69(x)
X
Eivar f'(£)=6g(&) =0 kaiagou g7, éxoupe:

Ma x <& eivar g(x)<g(&) < f"(x)<0
Ma x> & eivai g(x)>g(&)<f"(x)>0
Ondéte n f” aA\ddel npdonpo oto X =§ dpaTo & eival Béon onpeiou Kapnng,.
Eivar f'(x) =3x* +6xInx pef'(£)=3&"+6&INE. Opwg E+INE+1=0=>INE=-1-¢
dpa f'(&) =3¢? +6§(—1—§) =-387-65<0 agoU £>0.
lim £'(x) = lim (3x* +6xInx) =0, yiari

x—0" x—0"
B =
o, - Inx ) x?
limx“Inx=Ilim— = lm—-2—-=1Ilm|-—— |=0
x—0" x—0* 1 DLH x-0* 2 x—0" 2
X2 x3

To alvoho Tip@v g f' oto didopa A, =(0,&) eiva f’(Al) = (—3&_,2 —6&,0) , dpa

f'(x)<0 oto A, ka fl(O,&]. Eivar lim '(x) = lim (3x2+6xlnx)=+oo kai f'T o0 A, ,

dpa f'(Az):[—Séz —6§,+oo). Eneidn 0ef'(A,), undpxel X, €A, TéT010 GaTe
f'(x,)=0.MakaBe &< x <X, eivar f'(x)<f(x,)=0= fl[&,xoj, EVR YIa X > X, Eival

f'(x)>f'(%,)=0=11[X,,+0). Onéte n f éxer ToMKS EAGXIOTO OTO X =X, .

125. a)Eivai g'(x)=f'(x )e (1), Spwg ané v unéeeon f'(x):ef(x)—l (2).
Apa ané (1) kai (2) Ba eivar g'(x) = (ef(x) —1)e_f(x) =g g0 =10,
Yuvenag eival g'(x)=g(x) dpa g(x)=ce*.

Ma x=0 g(0)=c=1-e ©-ceoc=1-e" < c=-1dpa g(x)=-e

B) Eivar g(x)= 1-e™ o e =1-e™MWoe™o1ref o
1
l+e

<:>f(x)=—|n(1+ex)©f(x)=ln

X "

533



Mabnpanxka I' " Aukeiou - Aloeig

LTEAIOE MIXAHAOI'AQY - EYAITEAOL TOAHE

) F(x)= - ke (x) (e €4 apant svakommoro &
X)=— KdlI X)= =— <V. dan £lvdl KOIAN OTO .
Y e +1 (e 1) @

d) H e&iowon epantopévng Tng C, 010 (O,f(O)) eival y—f(0)=f'(0)(x-0) pe f(O)zIn%

e’ 1 1
kal f'(0)=——=—-=.Apa e:y=—=x-In2.
(0) e®+1 2 P y 2
Agou f eivai koiln 161 f(X) <y yia kaBe x e R ondre
n—= S—Ex—lnz<:>—In(1+e")s-§—ln2<:> In(1+e")2§+ln2©2In(1+ex)2x+ln4.
1+e* 2 2 2

X—>+00

€) Eneidn n f eivar koikn, 1ox0er 61: f(x) < —%X—IHZ. Enedh lim (—EX—InZJ =—0

givar kar lim f(X):—oo.

X—>+00

2] .
o f(x) =) (X T ax ) 1
|ImQ= ImQ:Ilme—*l:hm - =0.
x40 @% DLH x—+0 @% X0 @ X—>+0 1+e*

126. a)la x>0 éxoupe
X°f'(x)+xf(x) =1 xf'(x) +f(x) _1 N (xf(x))’ :(Inx)’ < xf(x)=Inx+c
X
Ma x=e eival ef(e)=Ine+c=2e-e'=1+cec=1.

Apa xf(x)=Inx+1ef(x) = Inx+1

1x—(Inx+1) Inx

B) f'(X): X 2 = 2
Ma kade x (0,1) eivar f'(x)>0 :>fT(0,l] Kal

<0:>fl|:l+oo). f" - +
f
L R
1.
=X —2xInx

) X(2Inx-=1) 2lnx-1
f(x)z_x NG = ( NG ): N

H f koiAn o10 (O,\/ZJ Kdl KUPTA CTO [\E,Jroo) ME onEio KAUNngG 1o [x/e_,ij

2\e

yla Kafe x >1 eival f’(x)

H f éxel péyioro To f(1)

X | =

lim f(x): lim = lim 2= lim E=0.

X—>+00 X—>+00 X x40 ] x40 Y

1
=(I 1
X(nx+)

x—0" x—0"

v) lim f(x) = Iim[ }:_oo, '”X+1®

Eivai T oto A, :(0,1] ondre f(Al) :(—oo,1] kai f4 oto A, :[l+oo) ondre f(AZ):(O,l}
Apa 1o civoro Tip@v f(A)=f(A)Uf(A,)=(—=1].

3)Av o <0 16TE o ef(Al) Kal n eEiowon éxel pia pida p e(O,l).
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C)

(

Av o =0 T1oT1E f(x) =0 X =E dpa n eCiowon éxel pida Tnv p =1 .
e e
Av O<a<lT0o ef(Al) Kal o e f(AZ) Kal n e€icwon f(x) = €xel akpIBwg 2 pileg
ple(O,l) Kal p, e(l+oo).
Av o =1161e n e€iowon f(x)=1 €xer povo pia picam p=1 agpou f(1)=1 kai

av a>1761e o g f(A) kain egiowon eival adivarn.

127. a)Eivar f(x)=e"+x*-3x+1, D; =R. f(x)=e*"+2x-3 kai f'(1)=0
kai f'(x)=e*"+2>0 onéren f'7.
Ma x <1 eivar f'(x)<f'(1)=f(x)<0
Ma x>1 eivar f'(x)>f'(1) < f(x)>0

1 +00

7/'
\b

Ondre n f éxeredaxioto yia x=1710f(1)=0.

1, 1- g
e g 1=

H g éxelpéyioto yia x =170 g(1)=0.

—00
Eniong g(x)=Inx—x+1, Dg=(0,+w) x | 0 1
J’_

B) H eEicwon e —Inx+x*—2x =0 yiveral
e x? =Inx+2x < e+ x? —3x+1=Inx—x+1<f(x) =g(x) karapou f(1)=g(1)=0
kal g(x)<g(1)=0=F(1)<f(x) 161€ T0 X =1 HOVAdIKA piZa TG Napandve egiowong.

y) H epantopévn mg C, oto (1,0) eival y—f(1)=f'(1)(x—1) <y =0 kain epantopévn Tng
C, o1o (10) eivaieniong y—g(1)=g'(1)(x—1) <>y =0. Onéte oi C,,C; €xouv Ko

eantopévn Tov d€ova XX oto onpeio (1,0).
i

128. a)Enedn gz(x)zg’(x)g%zlj [_Tlx)J :(x)’ <:>Tlx)=x+cl.

Eneidn g(1)=-176te ¢, =0 dpa g(x)z—% (2).

@(1+§jf'(x):_X_lzf(x)©(1+§jf'(x)_(1+%jf(x):o@ Ii_xi ~0

xj =c,=1dpa f(x)=1+%.
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11
onére f _l4ToZo1,
néte f(x)+g(x)=1+ x

. 7%_ . 1 x_ . xln(l+;l] B
B im [0 5 - fim 1% —Jm{e }e

viari lim | xinf 1+ 2] |= tim X lim—X _1.
X—>+00 X X—>+00 1 1

y) Na kdBe x &(0,+00) €ival f’(x)z—iz<:>f’(x)—1= —1—%7&0 Kal
X X

1 1 1
g'(x) == < g(x)+1= 1+F e —[g(x)+1] :_1_F .

Onére (f’(x)—l) =—[g’(x)+1] <0 dpa n e&iowon yivetalr X +InX+ocvvx =0.
BewpoUpe h(x)=x+Inx+ocvvx, x&(0,+w0).
Eival h’(X)=1+E—1’]uX=1—1’]],LX+}>O 6é1av x (0, +00). Onéte n h eivar yvnoing
X X
augouca oo (0, +o0) kar lim h(x)= lim (Xx+InX+cvvx)=—o.
x—0" x—0"
Eniong —1<cuvXx <1< X+INX—1<X+InX+ocvvX < X+InX+1 kai givai

lim (x+Inx—1)=+00, lim h(x)=+o. Enopévwg h(A)=R ka1 0€R karagou n h7 161€

X—>+00 X—>+30

n e€icwon h(x)=0 éxer povadikn pica 1o (0,+).

129. a) f'(x)=2-2e™ =2(1-e” )20 1-e > 20 e™ <e’ < -2x<0<Xx=0

Ma kdBe x>0 eival f'(x) >0= fI[0,+oo) Kal yid kKdBe X <0 eival f’(x) <0= fl(—oo,O].
H f éxel eAdxioTo TO f(O), dpa f(x) > f(O) =1.
B)H f eival cuvexng oto R ondte dev €xel KATakdpudn dcUUNTWTN.

Eivar lim [f(x)—Zx] = [im e™® = Iim % =0, dpan y =2x eivai nAdyia acUuNT®TN,

X—>+00 X—>+o0 X~>+00e
)
o f(x) oaxve® e el _pe
eved lim —< = [m ————=1lim |2+ =+oo yiati lim = lim =—0
X—>—0 X X—>—0 X X—>—0 X X—=-0 X X—»—0 1

onoTe Oev £Xel NAdyIa N opIddvTia acUUNTWTN CTO —0 .,

y) H e€icwon yiveral [f(x)—l]+[f(x2)—1]+[f(x3)—1}+[f(x4)—1] =0. Enedn f(x)>1 yia
KdaBe X e R 161€ N nponyoupevn e&icwon anoteAei dBpolcua pn apvnTIKOV apiBuwy To
oroio eival ico pe 0. Apa npéner f(x)—1=0 kai f(xz)—lzo Kal f(xs)—lzo Kal

f(x4)—1= 0. Opwg n f naipvel ehdxiotn Tipn pévo yia X =0 dpa ol napandvw 1I60TNTEG

IoxUoUV av Kal Hévo av (x=0 kal x> =0 kar x> =0 kar x* =0)<:>x=0.
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O) Na kdbe x € R 10xUel

f(x)21le2x+e™ 21 2x+%21<:> 1>e* —2xe™ < 1>e”(1-2x) kai 1o = IoxUel
e
. , 1, 21 24 25
Mévo otav X=0.Apayia Xx=— éxoupe: 1>e’|1-=- [ 1l>eS - e’ <—.
10 5 5 4

130. a) lim f(x)= lim [ (x—3)Inx+2x—5 =+ yiari lim Inx =0 kar lim (x-3)=-3

x—0" x—0" x—0" x—0"

dpan x=0 eival katakdpupn AcUPNTWTN.

lim f(x)= lim [ (x—3)Inx+2x— 5] +oo kai lim f(x) = lim [x—3‘|nx+2x—5}:+oo
X—>400 X

X—>+0o X X—>+00 X

agou |lim X—_3=1, lim 2X=5 =2 kal lim Inx=+4.Apan C, dev éxel nhdyia i

X—>+00 X X—>+00 X X—>+w0

opIZévTIa qupnTan

B) f'(x)=Inx+(x— 3) £2=Inx+1-2+2=Inx+3-2 HE f'(l):O,f"(x)=£+%>0
X X X X

yia x>0 ondre f’ I

¢ 0<x<1=f(x)<f(1)=f(x)<0 dpa £l oro [0,1).
¢ Av x>1161€ f'(X)>f'(1) = (x)>0 dpa {1 o0 [1+0).

y) Eivan f(1)=-3<0 onére n f éxer pia pida p, €(0,1) agpot f(A,)=[-3,+0) kai éxel pia
pica p, €(1+0) agou f1 oo A, :[l+oo) Kal f(AZ):[—3,+oo) . Apa n e&iowon f(x)=0
€xel akpIBwg 2 pileg.

3) Eotw g(x) = @, X €[ p.,p, | Ané 1o Rolle yia T g undpxel

e(pup,): g’(xo):OQM=O<:>x0f'(x0)—f(x0)=0

Eotw o(x)=xf'(x)—f(x) pe (p’(X)O: f'(x)+xf"(x)=xf"(x)>0=>¢T oro (0,+%) dpaTo

X, €ivar yovadiké.

H epanTtopévn oTo M(xo,f(xO )) éxel e8iowon y—f(x, ) =F'(X, )(X—X, ) kai yia va

diépxeTal and Tnv apxn Twv agdvwv Npénel O—f( ) ( ) )@ Xof'(xo)—f(x0 ) =0

nou IoxUEl.

131. a)Eivar f(x) —aXInx+2, D, =(0,+0). MNa va eival n eubeia y =ex—e+2 pantopévn g

C, o1o X, =1 npénei f(1)=e—e+2=2 kai f'(1) =e. Exouue f'(x):ﬁlnx }L\/_.
X X

Onére f’(1)=k<:>e=7»
B) i. Eivai f(x)ze\ﬁlnx+2, x>0

F(x )ze(ﬁlnx X j e\/;(Izr)l(x+2)

f' - +
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Onéte 10 npdonuo Tng f' Kai n yovotovia ng f divetal oto dinhavéd nivaka.
H f éxel oAIkd ehdxioTo yia X = e? 10 f(e’z) =0.
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i, lim (x) = lim | ey/xInx+2]=2

x—0" x—0"

1
X

. . . .
vl (i) = fig =5 = i~ AR

\ﬁ X

kar lim f(x) = lim (e\/;InX+2) =400 dpa and Tov Nivaka PovoToviag dianicTwVoule

X—>+90 X—>+00

61110 oGvolo Tip@vV eivar f(A)=[0,+).
iii. Ma x>e? n f ival I kal apoU X <X+1 1é1¢

f(x)<f(x+1) < e\/;Inx+2<e«/x+1ln(x+1)+2 < JxInx <x/x+1ln(x +1) <

\}X-Fl \/x+1

o Inx™ <In(x+1) o x <(x+1)

132. a)lia x>e cival 2(f’(x)—l)(f(x)—x):§ onéte

[(f(x)—x)z] =(Inx)' N (f(x)—x)2 =Inx+c.
Ma x=e° eivai (e5+2—e5)2 =Ine’+c=4=5+c=c=-1dpa (f(x)—x)2 =Inx—1kai

apou f(es)—e5 =2>0 167¢ f(X)—Xx>0 agol kaiyia x>e Inx—1>0 dpa

f(x)—x =x/Inx—1c>f(x) =X++Inx-1, x>e.
2(Inx-1)+1

1
F(X)=
B f(x) 2x/Inx —1 4 (Inx—1)Vinx—1

Y) H epanTtopévn oto A(es,e5 +2) givar y =(4—15+1jx+£ kal agou n f KoiAn 161E
e

+1kal f”(x)z— <0 dapa f koikn o1o (€,+0).

f(x)s(i+1)x+£<:>... <:>(4f(x)—7)e5 £(4e5 +1)x.

4e°
f(x) . Inx-1 Jnx—1w 1 .
o) Eivar h(x) = =1 . = lim ————==0 dpa lim h(x)=1
JEval h(x) == = i = im0 9P im ()

ondte n y =1 opigévria acuuntwin C, 010 +0.

133. a) f’(x):li>0 dpa 1 kai f(A):( lim (x), lim f(x)):(—oo,+oo):R.

+ ef(x) X—>—00 X—>+00

gival napaywyiciun pe

B) Agou n f napaywyioiun 1é1e n f'(X) = ——
1+e™

_ —4ef(")f'(x)
(1+ e™ )2

Y) Agou f'(0)=2 1é1e

<0 dpa f koikn.

(x)

—1 0 :2@2+26f(0) :4<:>ef(0) zlzeo <:>f(0):0 KC"G(POUI’] fI
+e

n pida x =0 povadikn.
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d) Eivai f’(x)+f’(x)e’(x) =4<:>(f(x)+ef("))' :(4x)' dpa f(x)+ef(x) =4x+c yla x=0=c=1
apa f(x)+e'™ =dx+1e f(x)—(4x+1) =™
ondéte Jm[f(x)_(ﬂ'erl)] =XILrpw(—ef(X)):O dpan y=4x+1 eival nAdyia acUPNTOTN TNG
C; ot0 —0.

€) Ané Tn oxéon f(X)+ef(x) =4x+1 (1) yia x €(0,+), éxoupe:

f(x f(x) f(x f(x) f(x ()
(_)+e_ =4+E @Q =4+E—e— ondte lim Q = lim {4+E—e—} =0
X X X X X X X0 X X—>+eo X X
f(x) [E) ef(x)f'(x) 4ef(x) 4ef(x) 4
yiati lim = lim = lim — = lim = =
X—+0 Y X—>+90 1 x—>+0 14 @ () x5 (x) 1+ 1 1+0
KE

kal lim f(X) =400 dpan C, dev éxel oUTe NAAyIa oUTE opIZGVTIA ACUUNTWTN OTO +00 .

X—>+00

134. a)Eivar f(x)=x>-6x*+9x—5, xeR
f'(x)=3x* —12x+9=3(x* ~4x+3) =3(x~1)(x-3)
1 3

ff' + — ‘ + lerPocf(X)z_OO' f(1)=-1, f(3)=-5
7/' >\’ 7/ kal lim f(x):+oo

f()=-1 1(3)=-5 o

H 1 oo (—o,1] pe f(A,)=

(—o0

H fl oT0 [13] ME f( [ (

H 1 oto [3,+w) ue f(A,)=[-5,
Eneidn 0ef(A,) kai 0¢f(A,), 0
wore f(p)=0.

B) Eivar g(x)=3x" —24x° +54x* —60x+1, xe R
g'(x)=12x>~72x* +108x—60 =12(X° —6x +9x —5) = 12f(x)

—1].
f(0)]=[-5-1
+0).
ef(A

,) TOTE UNApPXEl HoVadIKG p &(3,+90) TETolog

¢ Av X (-, 1] 161€ f(X)<-1dpa g'(x)<0 ondren gd

¢ Av x€[13] 1618 5<f(x)<-1<=f(x)<0 dpa g'(x)<0 ondre n g o0 [13]
* Av x €[ 3,p| 1618 agou 1 1éte f(3)<f(x)<f(p)-5<f(x)<0 dpa g'(x)<0 onére n

gl oT1o [3,p:|
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Agou n g cuvexng oto R 16TE N g €ival ! ot0 (—oo,p].

Eniong x>p 6a eivar f(x)>f(p) < f(x)>0<g'(x)>0.

Apan gI oTo [3,+oo) onoTe n g €xel OAIKS EAAXIOTO YIO X =D

f(p)-flo)
p-o

Epappdloupe ©.M.T. yia nv f oto [a,[}] ondte undpxel & € (a,B) TETOIO WOTE

y) H Zntoupevn oxéon yiverar f(B)—f(o)+3(B—a)>0 <

f'(&)= w . Onére apkei f'(£)>-3

dnhadh 3&7 —126+9>-3 <> 3% -126+12>0< 3(<‘,—2)2 >0 nou IoXUEL

135. a)Eivar f(x)=12x" +15x* +20x° +30x* —1821
f'(x) =60x" +60x> +60x” + 60X = 6Ox(x3 +x2 +x+1) =60x (X +1)(x2 +1)

-1 0

f' +

f 7//' >\>

lim f(x)=—o0, f(~1)=-1808<0

+
7/' f(0)=-1821<0, XIim f(x)=+o0

And Ta enipEépoug cuvola TIHWY dianmioTwvoupe 6Ti n e&icwon f(x) =0 éxel povadikn pica
X, € (O,+oo)

B) Exoupie f"(x) =240x° +180X” +120x +60 = 60(4x® +3x” +2x +1)
Eotw g(x)=4x>+3x*+2x+1 eival XILrpoog(x) = o, ng(x) = 400 Kal
g'(x)=12x*+6x+1>0 (apou A <0)dpan e&iowon g(x)=0 éxel povadikn pica X, n
onoia X, €(-10) agou g(-1)=-2 kai g(0)=1.
Onote n f(x) =0 éxel povadiké onpeio kauMng oTo onpeio B(xz, f(x, ))

Y) Agou X, (0, +o0) Kal X, €(—10) TOTE X, >X,.
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