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15 STUVWXY YZ[ST\]YXVY  

15.01 ^_` abcdefgag f : R Rh  ij k lf 2 e 2m n  opj_ 
fgc _q_rfgf` s txf 2x e xu v w  x_` ydzj x R{ . |` `}~qj�-
�jfj rf_ � �f 1 0� . 

15.02 �af� i_` abcjp�� abcdefgag f : R Rh  y`_ F  

i_` `ep_y� fg� f  af~ R . �c � �f 1 1�  y`_ 
� � � �f x F 2 x 1� � �  x_` ydzj x R{ , frfj  
�)  |` �ej�fj f~ � �F 1  

�)  |` `}~qj��jfj rf_ � � � �f 2 x F x 1� � �  

�)  |` `}~qj��jfj rf_ g abcdefgag 
� � � � � �g x F x F 2 x� � �  j�c`_ af`zje�. 
�)  |` �ej�fj f~c f�}~ fg� f      

15.03 �fg qjy`jf�` f~b 1980 ~ }`xyrai_~� ebzir� 
y`f`cd��ag� }jfej�`�~b aj jy`f~ii�e_` �`eo�_` jfg-
a��� q_crf`c `}r f~c f�}~ R(t) = ke(ln2)t, r}~b t j�c`_ ~ 
`e_zir� f�c jf�c ijfd f~ 1980. �f_� `epo� f~b 1980 ~ 
ebzir� �f`c 14 jy`f. �`eo�_` f~c perc~. |` �ej�fj: 
�)  fgc }`xyrai_` y`f`cd��ag }jfej�`�~b t per-
c_` ijfd f~ 1980, 
�)  aj }ra` jy`f~ii�e_` �`eo�_` `cjeprf`c g 
}`xyrai_` y`f`cd��ag }jfej�`�~b y`fd fg qjy`jf�` 
f~b 1980, qg�`q� fgc }je�~q~ 1980-1990. ( ln2 � 0,7) 

15.04 ^_` jf`_ej�` opj_ q_`}_af�aj_ rf_ f~ ~e_`yr 
yraf~� �j_f~bex�`� fg� j�c`_ 20,015x 2x 80�    q~�de_` 
fgc gioe`, r}~b x  j�c`_ ~ `e_zir� f�c i~cdq�c }e~-
¡rcf~� }~b }`edx~cf`_ gijega���. �c g jf`_ej�` opj_ 
}dx_` o�~q` 1000  q~�de_` fgc gioe`, c` �ej�fj: 
�)  f~ gije�a_~ yraf~� }`e`x�x�� x  i~cdq�c 
}e~¡rcf~�, 
�)  fgc `��gag f~b yraf~b�, ̀ c `cf� 30  i~cdq�c 
}`e`pz~�c 60  i~cdqj� }e~¡rcf~� aj i_` gioe`. 

15.05 '¢c` y_cgfr y_cj�f`_ }dc� aj d�~c` y`_ g f`-
p�fgfd f~b aj cm/sec fg pe~c_y� af_xi� t  q�cjf`_ `}r 
f~c f�}~ £(t) t(t 2)¤ ¥ . �c fg pe~c_y� af_xi� t 0�  f~ 
y_cgfr �e�ayjf`_ aj `}raf`ag 2cm  `}r fgc `ep� f�c 
`�rc�c, c` �ejzj� g zoag f~b fg af_xi� t 3�  

15.06 * �af� F  i_` `ep_y� fg� abcjp~�� abcdefg-
ag� f : R R¦ , ij fgc _q_rfgf`: § ¨ § ¨ § ¨2F x F x F © xª «  

x_` ydzj x R¬ , r}~b  0® . |` `}~qj_pzj� rf_: 
�)  ¯ ° ¯ °F 0 F ±² ,  

�)  g j��a�ag � �f x 0�  opj_ i_` f~b�dp_af~c e�³` 
af~ R  .  

15.07 |` �ej�fj abcdefgag f : R R¦  �afj c` _ap�-
j_  ´ µ ´ µ 2xf x f x e ¶·¸x¹º » ¼ , x R½ ¬  y`_ � �f 0 0�  

15.08 ¾ abcdefgag f  j�c`_ q�~ ¿~eo� }`e`x�x�a_ig 
af~ R  y`_ _ap�~bc: � �f 0 1� , À Áf 0 0Â Ã  y`_ 
Ä Å x

2 e
f (x) f(x)f (x)

2
Æ ÆÆÇ È , x R½ ¬  

A)  �}~qj��fj rf_ É Ê2 x
1 2f x e c x cË Ì Ì ,  1 2c ,  c RÍ   

�)  �}~qj��fj rf_ xf(x) e xÎ Ï , x R¬  

15.09 �af� g abcdefgag Ð Ñ 2x x 1 , x 0
f x ÒÓÔ2x , x 0

Õ Ö Ö ×ØÙ Ú ÛØÜ . 

�)  |` `}~qj��jfj rf_ g f   j�c`_ abcjp�� af~ R  

�)  |` �ej�fj f~ Ý Þ1

ß
2

f x dxàá   

15.10 âj�e~�ij f_� abc`ef�aj_�  ã ä x 1996f x xe åæ  

y`_ ç è x 1996 x 1996g x éxe êeë ëì í . 

|` }e~aq_~e_af~�c ~_ î , ï Rð  �afj g abcdefgag g  

c` j�c`_ }`edx~ba` fg� f .  

15.11 �af� f : R R¦  abcjp�� abcdefgag  y`_ F  

i_` }`edx~bad fg� af~ R . �c � �F x 0ññ ò , x R¬  y`_ 
ó ô ó ôF x F 2 xõ ö , x R½ ¬ , c` ��ajfj fgc j��a�ag 
� �f x 0�  

15.12 N` �ej�fj f_� `ep_yo� abc`ef�aj_� fg� abcde-
fgag� ÷ øf x 2 x 1Î ù  ij x R¬  
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P(x) Q (x)

dx dx ln Q(x) ln Q(�) ln Q(�)
Q(x) Q(x)

� � �� � � �� �� � =
Q'(x)

dx
Q(x)� = ln Q(x) c�  
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18.17 `P aQb�bS U � �F x�  P|  

� �
x ln x

t

e 1

F x ln tdt e dt
� �� �� �� � � �� �! "! "# #  
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18.18 `P aQb�bS U � �F x�  P| 

3 4
x x

yu

6 6

e du e dy
2 2

19 61

F x 567 tdt 89 tdt
: :; <= =   

18.19 w| f  Na|b}_~ NcV R , |P �bS�bcb �cT:  
> ? @ A > ?

x t x
2 2

0 0 0

1
t f u du dt x u f u du

2

� �� � × B� �� �Ø Ø Ø  

18.20 NP POV�bS�bcb �cT:   
C DC D

x x u

0 0 0

f u EFx EFu du GHIu f(t)dt du
J KL MN O L MP QR R R  

18.21 NP POV�bS�bcb �cT: 
 

S S 1TUV(2Wt) TUV(2Wt)

X X 1

e dt e dt
Y
YZ[ [ ,  \,] R^  

18.22 `P aQbScb cV  
1 x t

0 1

e 1
dt dx

t

_ `ab cb cd ef f  

18.23 gNch f  hTP  Na|�QcUNU, Na|b}_~  NcV R hb  
i j i j

1

0

F x f xt dtk l   \PT OPQPRhRSNThU NcV x 0m . 

A `P POV�bS�bcb ncT U o pF x  bS|PT  OPQPRhRSNThU 

NcV R  \PT |P aQbScb cU| i jF xq  

`  r| s tf 1 0u , |P POV�bS�bcb ncT i jF x 0k  RTP 

\��b x Rv  

18.24 wS|bcPT ncT U Na|�QcUNU f  bS|PT Na|b}_~ NcV 

x y0,z{  \PT U Na|�QcUNU 

| } | }
| }

1

0

f xt dt ~� x 0
g x

f 0 ~� x 0

� ��� �� ��
�   

`P POV�bS�bcb ncT  
r  � Na|�QcUNU g  bS|PT Na|b}_~ NcV ox 0�  

`  r| U Na|�QcUNU f  bS|PT OPQPRhRSNThU NcV 

ox 0�  cncb U g  bS|PT OPQPRhRSNThU NcV x y0,z{ .    

18.25 `P POV�bT}cbS ncT P|cTNcQ��V|cPT VT Na|PQc_-
NbT~:   

x
2

0

F(x) 1 t dt� ��  \PT  
x

4 2

0

G(x) �� t dtk l  

18.26 `P POV�bS�bcb ncT �b| aO�Q}bT Na|�QcUNU f , 
Na|b}_~ NcV R  RTP cU| VOVSP |P TN}�bT  ncT 

� � � �
� �

y

x

f x
f t dt

f y
�� , x, y R� �    

18.27 r| 
x

0

G(x) f(t)dt, x Rk �l  \PT 
t

2

2t

f(t) 1 u du, t Rk � �l , |P POV�bS�bcb ncT: 

r)  � yG 0 1�� � �    

`)  
2

x

G (x) 1 x
lim 4

x 1���
   ¡ ¢ £ ¡¢  

¤¥¦§¨©ª ¤«¬¦©¥ª¤ª 

18.27.1.1.1 ®¯°±²³´µ 3 37/53 

18.28 `P POV�bS�bcb ncT:  
r)  � ¶ ·

x 1 ¸¹º(2»t)

x

f x e dt
¼

½ ¾  bS|PT NcP�bQ_ 

`)  ¿N}�bT 
À À 1ÁÂÃ(2Ät) ÁÂÃ(2Ät)

Å Å 1

e dt e dt
Æ
ÆÇÈ È , É,Ê R� �   

18.29 ̀ P aQbScb cU| OPQ�RhRV cU~ Na|�QcUNU~  
1

x 2
x

4 4
1 1

t 1
f(x) dt dt

1 t 1 tË Ë� zz zÌ Ì . ÍS|PT U f  NcP�bQ_; 

18.30 gNch Na|�QcUNU f  hb fA Î� , bS|PT P|cT-
NcQ�ÏThU \PT OPQPRhRSNThU. ̀ P POV�bS�bcb ÐcT bS|PT 
NcP�bQ_ U Na|�QcUNU G  hb 
Ñ Ò Ñ Ò Ñ Ò Ñ Ò

x f(x)
1

Ó ÓG x f t dt f t dt xf xÔk � Õl l  hb Ö ×v   

18.31 gNch U Na|b}_~ Na|�QcUNU  f : R RØ  hb cU| 
T�TÐcUcP 

x y x

x x y

f(t)dt f(t)dt
Ù

ÚÛÜ Ü , x,y R� � . ̀ P POV-

�bS�bcb ÐcT U Na|�QcUNU f  bS|PT NcP�bQ_  .  
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18.31.1.1.1 ®¯°±´³´µ ø´ùú°û 3 16/47 

18.32 gNch 
x t

2

5 2

F(x) u udu dt
ü ýþ ÿ� �þ ÿ� �� � . 

`P hbbbc_Nbcb cU|  F   h~ OQV~ cU| hV|VcV|SP \PT cU| 
\aQcÐcUcP 

18.33 gNch U Na|b}_~ Na|�QcUNU g : R R�  hb 
g(x) 0�  RTP \��b x R� . ̀ P POV�bT}�bS ÐcT U Na|�QcU-

NU 
x

0

F(x) (x t)g(t)dtk Õl , hb x�R, bS|PT \aQc_ NcV R. 

18.34 �| U Na|�QcUNU f  bS|PT Na|b}_~ NcV R  \PT 
f(x) 2	 
  RTP \��b x R�  , |P POV�bS�bcb ÐcT  U b�SNhNU 

� �
x

3 2

0

f t dt 1 x x x� k � �l  �}bT hV|P�T\_ QSP NcV � �0,3  

18.35 ̀ P aQb�bS cV ox  OVa bS|PT ��NU hbRSNcVa cU~ 
Na|�QcUNU~ 2

1
(x t)

0

f(x) e dt� �� �  

18.36 � Na|�QcUNU f  bS|PT Na|b}_~ NcV � ��,�   hb 
� �f x 0�  RTP \��b � �x �,� , |P hbbbc_Nbcb cP \VSbP cU~ 

Na|�QcUNU~ ! " ! "
#
$g x f t x tdt% &' , � �x �,�  

18.37 `P b�bc�Nbcb h~ OQV~ cU (V|VcV|SP cU| 
3

2

x t

4
1 t

du
f(x) dt, x R

1 u

) *+ ,- .+ ,/0 12 2  

18.38 `P aQbScb cV Ob�SV VQTN(V� \PT cU (V|VcV|SP 

cU~  Na|�QcUNU~ 
1

2
0

1
f(x) dt

t x
3 45  

18.39 * wS|bcPT 6cT U Na|�QcUNU f  Na|b}_~ \PT R|U-

NS7~ P��VaNP NcV R  \PT U Na|�QcUNU g  bS|PT Na|b}_~ 
\PT �bcT\_ NcV R . ̀ P (bbbc_Nbcb  cU (V|VcV|SP cU~ 
Na|�QcUNU~ 8 9

8 9
8 9 8 9

x

x
0

0

1
h x f t g t dt

g t dt

: ;
;

 , x 0<       

=>?@AB> B?>CDAEAB 

18.40 FNc7 f , Na|b}_~ Na|�QcUNU  NcV R . G| 
H I H I

J J
K Kf x t dt f t dtL MN N , |P �bS�bcb 6cT O P Q Rf S f TU  

18.41 � Na|�QcUNU f  bS|PT Na|b}_~ NcV V W0,z{  \PT 
TN}�bT 6cT X Y X Y

x

0

f t dt f xZ[  RTP \��b x 0\ . ̀ P �bS�bcb 

6cT ] ^f x 0_  NcV V W0,z{     

18.42 `TP Na|�QcUNU f  bS|PT Na|b}_~ NcV R.  ̀ P 

aQbScb cV a (b 0 b 1c d  P| TN}�bT  6cT : 
2x efx ghix

0

x f(t)dt j j j 1k l k m mn ,  x Ro  

18.43 FNc7 U Na|�QcUNU f  Na|b}_~ NcV R  \PT TN}�bT 
x

t x px

0

e f(x t)dt e qrsxt tu v u wx  RTP yz{b x Ro  (|, t R}
).  ~P �bS�bcb 6cT f(0) ��  

18.44 ** G� U N��zQcUNU f  bS�PT N��b�_� NcV �Tz-

NcU(P � �3,4  (b 1 f(x) 2� �  RTP yz{b V �x 3,4�  yPT  T-
N��bT 

4
2

3

f (x)dx 4��  �P POV�bS�bcb 6cT 
4

3

f(x)dx 2��  .  

18.45 G� RTP cT� N��b�bS� N��PQc_NbT� f, g  TN��bT 
1 x

1 1x

g(t)
f(xt)dt g(x) f(x) dt

x
z c z� �  RTP yz{b 

� �x 1,� �� , �P POV�bS�bcb 6cT: 
G)  

1 x

1 1x

1
f(xt)dt f(t)dt

x
�� �  

`)  � W � Wf x g x�  RTP yz{b � �x 1,� ��  
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18.46 ~P aQbScb cT� N��b�bS� N��PQc_NbT� f : R Rµ  

RTP cT� VOVSb� RTP yz{b x Ro  TN��bT 6cT: 
x x

2

0 1

3 f(t)dt f(t)dt 2x 2x 1
¶

· ¸ ¹ ¹º º  

18.47 ~P aQbScb cV� c�OV N��zQcUNU� f , N��b�V�� 
NcV � �0,1 , P� TN��bT 6cT � W» ¼

1

0

1
f x x f(x) dx

12
� ��  

18.48 ½S�bcPT U N��zQcUNU f N��b�_ NcV �TzNcU(P 

[0,1]  RTP cU� VOVSP TN��V��: » ¼
1

0

f x dx 1�� yPT 

¾ ¿
1

2

0

f x dx 1ÀÁ . ~P �bS�bcb 6cT: f(x) 1Â  

18.49 ~P aQbScb cU N��zQcUNU f : R Rµ  P� Ã Äf 0 1Å  

yPT Æ Ç Æ Ç
1

0

f x f x dxÈ É Ê  RTP yz{b x R�  

18.50 ~P aQbScb cV� c�OV cU� N��zQcUNU� f : R RË  

RTP cU� VOVSP TN��bT 6cT Ì Í Ì Í Ì Í
1

0

f x f x f t dtÎ � Ï �  RTP 

yz{b x R�  yPT Ã Äf 0 1Å .  

18.51 ~P aQb{bS U N��zQcUNU� f   (b  N��b�_ 2Ð OP-

QzR7RV NcV Ñ Ñ
,

2 2

Ò ÓÔÕ Ö× Ø  RTP cU� VOVSP TN��V�� 
f(0) 1995Ù , f (0) 1Ú Û  yPT 

x x
2

0 0

1 f (t)ÜÝÞtdt ÜÝÞ x f (t)ßàtdtáá áâ ã âä ä   

18.52 ~P aQb{bS U N��b�_� N��zQcUNU f : R RË , P� 
TN��bT 6cT 

x
x

t
0

f(t)
f(x) (1 e ) 1 dt

1 e

å æç èé ê êç èêë ìí , x Rî � .  

18.53 ~P aQb{bS V c�OV� cU� N��zQcUNU� f  OV� bS�PT 
N��b�_� NcV R  yPT TN��bT 6cT 

ï ð ï ð
1 1 1

x 2 2x

0 0 0

2e f x dx f x dx e dxñ Ï� � �  RTP yz{b x R�  

18.54 FNc7 N��zQcUNU f  N��b�_� NcV � �0,1 , òNcb  
1 1

2 2

0 0

1
ln f(x)dx 2 x ln f(x)dx

5
ó ôõ õ  yPT � Wf x 0� , 

ö ÷x 0,1ø . ~P POV�bS�bcb 6cT ù ú 2xf x eû , ö ÷x 0,1ø  yPT �P 

�OVüVRSNbcb cV 
1

0

f(x)
dx

f(1 x) f(x)ý þÿ  

18.55 ~P aQb{bS N��b�_� N��zQcUNU  f : R Rµ  P� 
TN��bT 6cT  

1

0

x f(xt)dt f(x) 1� ��  RTP yz{b x R� . 

18.56 FNc7 U OPQPR7RSNT(U N��zQcUNU f : [0, 1] R�  

RTP cU� VOVSP TN��bT 6cT 
2 2f (1) f (0) 2f(0) 5

f (x)
2

� � �� � RTP yz{b x [0, 1]� . NP 

POV�bS�bcb 6cT � �f x 3x 2	 
  

18.57 NP aQbScb cU N��zQcUNU f , N��b�_� NcV R  P� 
TN��bT 6cT � � � �

x
2 t

0

f x x e f x t dt� � �� , x Rî �  

18.58 NP aQbScb cU N��zQcUNU F  P� 
ï ð

e

1

F x t x ln tdt� ��  (b x 1�    

18.59 ½S�bcPT U N��zQcUNU f  OV� bS�PT N��b�_� NcV 

R  yPT RTP yz{b x R�  TN��bT 6cT 
� � � �

x 1 4 6
2

0 x

x x
f t dt t f t dt c

2 3
� � � �� �  (b c R� . ~P aQbS-

cb cU� f  yPT �P �OVüVRSNbcb cU NcP{bQz c .

18.60 ~P aQbScb cT� N��b�bS� N��PQc_NbT� 
� �f : 0, R�� �  P� TN��bT � �f 1 e�  yPT 

� � � �
1

0

1
f tx dt f x

x
��  RTP yz{b x 0�  
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18.61 ½S�bcPT U N��zQcUNU 
22x x

2

1

f(x) 1 t dt
>

? @A  

NP aQb{bS U b�SN7NU cU� b�POcV(��U� B CD  cU� fC  NcV 

NU(bSV ox 1E , yP{ò� yPT V F R�  òNcb U b�{bSP G HI  

2 7
y 2 J x 3

6

K LM N OP QR S , �P bS�PT yz{bcU NcU� B CD  

18.62 FNc7 N��zQcUNU f  OPQPR7RSNT(U NcV R  (b 
T Uf 0 1V W , òNcb �P TN��bT: x

x

0

f(t)dt xeXYZ , RTP yz{b 
x R� . ~P aQbScb cU� b�SN7NU cU� b�POcV(��U� cU� 
RQP�Ty_� OPQzNcPNU� cU� f  NcV NU(bSV [ \A 0,f(0) . 

18.63 G� RTP cU� OPQPR7RSNT(U N��zQcUNU 

f : R RË  TN��bT 6cT ] ^
1

0

f t dt 1_`  yPT 

a b
x

2

0

f f t dt 2x
c de f ge fh ij  RTP yz{b x R� , �P aQbScb cU� b�S-

N7NU cU� b�POcV(��U� cU� fC  NcV NU(bSV cU� (b 
ox 1k  

18.64 ~P aQb{V�� VT b�TNòNbT� c7� b�POcV(��7� 
cV� �TPRQz((PcV� cU� N��zQcUNU� l m l m

x

2

f x t 1 dtn op  

NcP NU(bSP cV(q� cV� (b cV� z�V�P x xr  

s87tu5v -  - - 8t:w:u=!!! x y
x

0

f x f(t)dt

z{ |} ~� } ~� ��    (*) 

18.65 � N��zQ�UNU f  �S�PT N����q� N�V  � �0,1 . ~P 

POV��S���� 6�T  �OzQ��T ox (0,1)�  òN�� 

� �
o

1

o o
x

x f x 2 f(t)dt� �  

18.66 � N��zQ�UNU f  �S�PT N����q� N�V  � �0,1 . ~P 

POV��S���� 6�T  �OzQ��T � (0,1)�  òN�� 

� �
1

�f � ��� ���� f(t)dt� � � �  

18.67 � N��zQ�UNU f  �S�PT N����q� N�V �TzN�U(P 

�
0,

3

� �� �  ¡  yPT TN���T: 
¢
3

0

f(t)dt 0£¤ . ~P POV��S���� 6�T  

�OzQ��T ¥¦ 0,
3

§ ¨©ª «¬   òN�� ® ¯
0

°
f(±)

f t dt²³± ´ µ   

18.68 � N��zQ�UNU f : R RË   �S�PT N����q� yPT 
TN���T ¶ ·

x t
x

0 1

f u du dt 1 e
¸ ¹º » ¼ ½º »¾ ¿À À ,  x R� . ~P ��S���� 

6�T U ��SN7NU f(x) 1Á , Â��T (�() QSÃP N�V (0, 1) .  

18.69 � N��zQ�UNU f  �S�PT N����q� N�V Ä ÅÆ,Ç  yPT 

TN���T 6�T 
È
É f(x)dx 0ÊË . ~P POV��S���� 6�T �OzQ�V��: 

G)  ox (Ì ,Í)Î  òN�� Ï Ðox

oÑ f(t)dt f xÒÓ   

Ô) Õ (Ö ,×)Ø  òN�� Ù Ú
Û
Ü f(t)dt Ýf ÝÞß P� à á0 â,ãä  

18.70 � N��zQ�UNU f  �S�PT N����q� N�V R . ~P ��S-
���� 6�T �OzQ��T å æç 0, 1è  òN�� 

é
1

f(t)dt 2êf(ê)ë ìí  

18.71 � N��zQ�UNU f  �S�PT OPQPR7RSNT(U N�V R  

yPT TN���T å æf 0 0Þ  yPT î ï î ï1

0
f x dx f 1ðñ . ~P POV��S���� 

6�T �OzQ��T å æç 0,1è  òN�� ò ó ò óf ô f ôõ ö  

18.72 � N��zQ�UNU f  �S�PT N����q� N�V  ÷ ø1,2 . ~P 

��S���� 6�T �OzQ��T ù (1,2)ú òN�� 
û ü

2

ý f(t)dt þ lnþ f þÿ � ��   
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18.73 ~P POV��S���� �T� P�TN��U���: 

G) 

3

2

0

3 2 x
3 dx 15

2 1 x

�� � ���   

Ô)  
�
�

�  !x "
ln ln" x �# #$  RTP yz{� 0 Ö ×% &  

')  
1 x

2
0

e e
1 dx

21 x
( ()*  

18.74 G� U N��zQ�UNU f  �S�PT N����q� N�V �TzN�U-

+P ÷ ø3,4  +� 1 f(x) 2, ,  RTP yz{� - .x 3,4/  yPT  TN���T 
4

2

3

f (x)dx 401  �P POV��S���� ��T 
4

3

f(x)dx 2Þß  .  

18.75 � N��zQ�UNU f  �S�PT N����q� N�V - 20,34  +� 
5 6f x 07  RTP yz{� 8 9x 0,: ;< . ~P POV��S���� ��T 

= > = >
x x

2 2

0 0

x f t dt t f t dt?@ @  RTP yz{� A 9x 0,: ;<  

18.76 � N��PQ�qN�T�  f  yPT g  �S�PT N�����S�� N�V 

- 20,34  +� 5 6f x 07  RTP yz{� 8 9x 0,: ;<  U g  �S�PT R�U-

NSB� P��V�NP C D0,EF .  ~P POV��S���� ��T 
G H G H G H G H

x x

0 0

g x f t dt g t f t dtIJ J  RTP yz{� A 9x 0,: ;<  

18.77 � NKLzQ�UNU f  �SLPT NKL�MqN N�V ÷ ø0,1  +� 
5 6f x 07  RTP yz{� O Px 0,1Q . RP POVS�ST��� ��T 

U V

U V

U V

U V

1 1
2 2

0 0

1 1

0 0

xf x dx f x dx

f x dx xf x dx

WX X

X X
 

18.78 YSL��PT ��T U NKLzQ�UNU f  �SLPT NKL�MqN N�V 

÷ ø0,1 .  RP POVS�ST��� ��T 
Z [ Z [

1 1
2

0 0

1
xf x dx f x dx

12
\ ]ß ß  

18.79 FN�B VT NKL�M�SN NKLPQ�qN�TN 
^ _ ` af, g : b,c 0,d ef  RTP �TN VOVS�N TNMg�T ��T h ig j 2k , 

yPT U g  �SLPT l{SLVKNP N�V m nâ,ã . Ro opqS�rT��� ��s: 

G) t u t u t u
v v
w w0 f x g x dx 2 f x dxx xy y  

Ô) GL z { z {
|
} f x g x dx 2~�  ���� Kpz�M�s � �� �,�  

ò��� � �
�
� f x dx 1��   

18.80 YrL��os � �KLz����� f  po�o���r�s+� ��q R  +� 
� �f 0 0�  �so ��L qpqro s�Mg�s ��s � �0 f x 1�� �  �so yz{� 

x 0� . Ro opqS�rT��� ��s: � � � �
2x x

3

0 0

f t dt f t dt
� �� �� � �� �� �  �so 

yz{� x 0  .  
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18.81 G.  GL  
«
4 ¬¬

0

 ®¯ xdx, ° N *± ²³   ���� Lo  

opqS�rT��� ��s �so yz{�  v 2´   s�Mg�s µ µ 2

1¶ ¶· 1
¸¹ ºº   

yos Lo  Lo  Kpq»q�r���� �q 5¼ . 

18.82 GL 
1 ½x

x
0

e
dx¾ 1 e

I Þ ]ß ,  ¿ ÀÁ  Lo opqS�rT��� 

��s Âe 1Ã 1 ÃÃI IÄÅ ÄÆ , Ç È *É  
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18.83 G) � �KLz����� f  �rLos q�s�+ÂL� ��q ã äå,æ , 

oL�s���Âçs+� +� �KL�Mq p�è�� po�z���q ��q ã äå,æ , 

Lo S�rT��� ��s é ê � �
ë f(ë)

1

ì f(ì)

f(x)dx f (x)dx íf í îf îïð � ñ� �  

Ô)  YrL��os � �KLz����� ò ó x 5f x e xÞ ] .  

Ro Kpq»q�r���� �q q»qy»q��+o: 

e 1

1

1

f (x)dx

ô
õ

ö . 

18.84 F��� � �KLz����� ÷ øf x 2x ùúxû ü , x 0  . 

G) Ro ý��r�� �� +qLq�qLro ��N f  
Ô) Ro ý��r�� �q �gLq»q �s+èL ��N f  

') Ro opqS�rT��� ��s q�rÃ��os � þ ÿ1f x�  yos Lo 

ý��r�� �q p�Srq q�s�+qg ��N. 

Y)  Ro ý��r�� �q q»qy»q��+o 

2 �
1

0

I xf (x)dx�� �  

18.85 F��� � po�o���r�s+� �KLz����� f : R R�  

�Â�qso è��� � � � �3f x f x 2x 0� � 	  �so yz{� x RÁ  . 

A)  Ro S�rT��� ��s � f �rLos �L��r�N l{rLqK�o yos 
Lo ý��r�� �q f(1) . 
B)  Ro S�rT��� ��s Kpz�M�s ÂLo �qK»zMs��qL 

o
1

x ,1
2


 �� �� �  �Â�qsq è��� � � ox
o of x x 4 3� � . 

')  Ro Kpq»q�r���� �q q»qy»q��+o � �
0

1

f x dx��  

18.86 GL � � 2
x

t

2004

f x x e dt�� � � , x R� , Lo opqS�rT��� 
��s � f  �rLos �L��r�N ogTqK�o yos Lo »g���� ��L �Tr-
����: ò ó 1f x f (x) Þ . 

18.87 No S�rT��� ��s 2
e 1

x

1 0

ln xdx e dx e! "# #  

 

$%&' () $*$+*,%-('.' 

18.87.1.1.1 /01234567 89:;97 18.6/304 

18.88 Ro opqS�rT��� ��s: 

G)  

x
x

0

3x 0

e t<=>tdt x 1
1

lim
6x?

@ @ @
AB

  

Ô)  
C D

C D

x

0

xx 0

0

EFt t dt
1

lim
2EFt tGHIt dt

J
K

L K
K

M

M
 

18.89 Ro opqS�rT��� ��s: 

 

N O

N O

2

2

x PQx
t

0 0

x RSxx 0
t

0 0

TUt t dt e dt
1

lim
2TUt tVWXt dt e dt

Y
Z [

\ Z
Z [

] ]

] ]
 

18.90 Ro S^rT^_^ �_s   x t 2xe e e

t t t
` `  �so yz{^ 

a bx 0,1è , c dt x,2xe  yos �_s 
2x

t

x 0
x

e
lim dt ln 2

tfg
h ij k lj kj km no  

18.91 Ro opqS^rT^_^ �_s: 
G)   

2x

x
x

ln x 1
lim dt

x ln tpqr s tuv  

Ô)  
x 1

2x
x 1

1
lim dt 0

3 2t

w
xwy z {|}  

18.92 Ro ý�^r_^ _�L po�z���q _�N �KLz�_���N 
~ � ~ �

1

0

G x xtf xt dt� �  

18.93 YrL^_os  �  �KL^M�N �KLz�_���  � �f : R 0,� ��  

yos � � �

x

0

x

0

tf(t)dt

   x 0
g x

f(t)dt

0          x 0

��� ��� ���� ��

�

�
 Ro opqS^rT^_^  �_s     

G)  � g  po�o���r�s+� �_q R  yos �_s � � 1
g 0

2
� �  

')  � g  ^rLos �L��so ogTqK�o.   FM^s oy��_o_o;  
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�. �������� �¡¢�£- 

19 ¤¥¦§¨§ 

19.01 Ro ý�^r_^ _q ^+ýoS�L _qK M��rqK pqK p^�sy»^r^_os op� _sN ��olsy©N po�o�_z�^sN  _�L �KLo�_��^�L 
ª « ª «g x x , f x 2x 1¬ ¬  yos 2

2
h(x)

x
®  

19.02 YrL^_os � �KLz�_��� 
2x

f(x)
1 x

¯ ° . Ro Kpq»q�s�_^r _q ^+ýoS�L _qK M��rqK pqK p^�sy»^r^_os op� _� fC , _�L 
p»z�so o�g+p_�_� _�N fC  _sN ^K{^r^N x 0± , x 3±  yos _qL zTqLo x x²  

19.03 YrL^_os � �KLz�_��� +^ _gpq f(x) ln x³ . Ro ý�^r_^ _sN ^Ts�è�^sN _�L ^lop_q+©L�L _�N ��olsy�N po�z�_o��N 
_�N f  �_o ��+^ro +^ _^_+�+©L^N x 1±  yos x e´ . Ro Kpq»q�r�^_^ _q ^+ýoS�L _qK M��rqK µ , pqK p^�sy»^r^_os op� _� 

fC  yos _sN Sgq ^lop_�+^L^N.  

19.04 F�_� E(¶)  _q ^+ýoS�L _qK M��rqK pqK p^�sy»^r^_os op� _�L yo+pg»� 
2

1
y

x
· , _qL zTqLo x x²  yos _sN ^K{^r^N 

x 1± , x ¸¹  (º 0)» .  Ro p�q�Ssq�r�^_^ _�L ^K{^ro x ¼½  pqK M��r¾^s _q po�opzL� M��rq �^ Sgq s�^¿ýoSsyz M��ro. 

19.05 YrL^_os � �KLz�_��� 2 xf(x) (x 3x 1)eÀ Á Â  

G)  Ro Kpq»q�r�^_^ _q ^¿ýoS�L Ã ÄE t  _qK ¿©�qKN _qK ^psp©SqK, _o ��¿^ro Å ÆM x,y  _qK qpqrqK, syoLqpqsqgL _sN 
�M©�^sN: t x 0Ç Ç  ¿^  t 0È  yos 0 y f(x)É É   

Ê)  Ro Kpq»q�r�^_^ _q 
t
lim E(t)ËÌÍ   

19.06 ÎL Ï Ð
2

1
f x

1 x
Ñ Ò  Lo ý�^r_^ _q ^¿ýoSq _qK M��rqK pqK p^�sy»^r^_os op� _� ��olsy� po�z�_o�� _�N 

Ó Ô Ó Ô
x

1

F x f t dtÕ Ö yos _qKN zTqL^N x x² ,  y y×  

19.07 Ø�_� � �KL^M�N �KLz�_��� f  ¿^ fD RÙ  è�_^ f(x) 0Ú  yos Û Ü Û Üf 2 x f x 2Ý Þ ß  �so yz{^ x Rà . Ro ý�^r_^ _q ^¿-

ýoS�L _qK M��rqK pqK p^�sy»^r^_os op� _� fC  _qL x x²  yos _sN ^K{^r^N x 0±  yos x 2±   

19.08 Ø�_� qs �KLo�_��^sN f , g  ¿^ f gA A Rá á  yos s�Mg^s â ã â ã ä å/ / 2 xf x g x x 2x 1 eæ ç è æ   �so yz{^ x Rà . ÎL �L��r-
¾qK¿^ é_s � hC  _�N �KLz�_���N h(x) f(x) g(x)ê ë  Ss©�M^_os opé _q ��¿^rq A(0, 1)ì  

Î)  Ro ý�^r_^ _� �KLz�_��� h  

Ê)  Ro Kpq»q�r�^_^ _q ^¿ýoSéL _qK M��rqK pqK p^�sy»^r^_os opé _sN f gC ,C  

19.09 YrL^_os � �KLz�_���  í î
xx e x 0

f x
x ln x x 0

ï ðñò ó ôñõ    Ro Kpq»q�r�^_^ _o ^¿ýoSz E  _�L M��r�L pqK p^�sy»^rqL_os 
opé _� fC  _qL zTqLo x x²  yos _�L ^K{^ro x 1ö ÷   
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19.10 Î. ÎL f  �KL^M�N �_q  �0,� , Lo opqS^rT^_^ é_s 
� �

0 0

f(x)dx f(� x)dx� �� � . 

Ê ÎL � � � �f x ln 1 ��x� � ,  
�

x 0,
4

� � ! "# $  

  o)  No opqS^rT^_^ é_s % & '
f x f x ln 2

4

( )* + ,- ./ 0  �so 123^ �
x 0,

4

� � ! "# $  

  ý)  Ro Kpq»q�r�^_^ _q ^¿ýoSéL _qK ^prp^SqK M��rqK pqK q�r¾^_os opé _�L ��ols1� po�2�_o�� _�N f  1os _sN 
^K3^r^N y 04 , x 05  1os 6

x
4

7  

19.11 Ø�_� � �KL2�_��� f ,  Sgq lq�©N po�o���r�s¿� ¿^ 8 9f x 0:: ;  �so 123^ x Rà . ÎL � f  po�qK�s2¾^s _qps1é o1�é-

_o_q �_q ox 0<  ¿^ _s¿� ¿�S©L 1os = > = >f 1 f 1 3? @ A  Lo ý�^r_^ _q ^¿ýoBéL _qK M��rqK ¿^_oCD _�N ��ols1�N po�2�_o��N 
_�N �KL2�_���N fE  , _qK 2CqLo x x²  1os _�L ^K3^sèL x 1F G  1os x 1H   

19.12 I �KL2�_��� f  ^rLos po�o���r�s¿� 1os s�MD^s  J K J K J K
2

0

f x f x dx f xLM NO , x RP Q  1os R Sf 0 2T  

Î)  Uo ý�^r_^ _qL _Dpq _�N f  

Ê)  Uo ý�^r_^ _�L q�s¾éL_so o�D¿p_�_� _�N fC  �_q VW  

X)  Uo ý�^r_^ _q ^¿ýoBéL _qK M��rqK pqK p^�s1»^r^_os opé _� fC  _�L po�op2L� o�D¿p_�_� 1os _sN ^K3^r^N x 0H  

1os x 2¹    . 

19.13 YrL^_os � �KL2�_��� Z [ 1
f x \]x

^ , _ `x 0,ab  Uc cdeB^fC^_^ é_g _e ^¿ýcBéL _eK M��feK deK d^�g1»^f^_cg cdé 

_�L fC  _eL 2CeLc x x²  1cg _gN ^K3^f^N h
x

3
i  1cg h

x
2

i  ^fLcg 1j ln 3
2

k . 

19.14 ÎL eg �KLc�_��^gN f , g  ^fLcg BDe le�©N dc�c���f�g¿^N �_e R  1cg g1cLedegeDL _gN �M©�^gN 
m n m nf x g x 4oo oop q �gc 123^ x RQ , r s r sf 1 g 1t tu  1cg Z [ Z [f 2 g 2^ . Uc ýv^f_^ _e ^¿ýcBéL _eK MwvfeK deK d^vg1»^f^_cg cdé 

_gN xvclg1©N dcvcy_2y^gN _wL f  1cg g .  

19.15 YfL^_cg z yKL2v_zyz f  ¿^ _Dde { |
xe e,        x 1

f x ln x
,       x 1

x

} ~ ��� � ���
. Uc cdeB^fC^_^ é_g z f  ^fLcg yKL^M�N 1cg Lc Kde»exf-

y^_^ _e ^¿ýcBéL _eK MwvfeK, _e edefe d^vg1»^f^_cg cdé _z xvclg1� dcv2y_cyz _zN f  _eL 2CeLc x�x  1cg _gN ^K3^f^N ¿^ 
^Cgyèy^gN x 0H  1cg x e�  . 

19.16 Nc ýv^f_^ _e ^¿ýcBéL _eK MwvfeK deK d^vg©M^g _c yz¿^fc  � �� x,y   ¿^ e x e� �   1cg   2
2 21 x 1

x ln y x
2 e 2

� �   

19.17 Nc cdeB^fC^_^ é_g _e ^¿ýcBéL _eK MwvfeK deK d^vg©M^_cg  cL2¿^yc  y_zL 1c¿dD»z  2y x 1� �  1cg _zL ^K3^fc 

x y 1� <   gyeD_cg ¿^  13

6
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20 �� ¡¢�£  -£¤ ¥¡¦£§¡¢�£ ¦£¢¨£�¡£ £� ©ª¨ §¨  ¤ª¨ 

20.01 YfL^_cg z yKL2v_zyz: 
x t

t
x

e «¬t
f(x) dt

1 e®
¯° ¯± , x Rà . Uc cdeB^fC^_^ é_g: 

Î)  ² ³f x x ´µx¶ ·  xgc 123^ x Rà . 

Ê)  evf¾^_cg z ¸ ¹ ¸ ¹1f : 0,º 0,º» ¼ . 

X)  _e ^¿½cBéL _eK MwvfeK ¿^_cCD _wL fC  1cg 1f
C ¾  1cg _wL ^K3^g¿L x 0H  1cg x ÀÁ  ^fLcg Â 4ÃÄÅ . 

20.02 I yKL2v_zyz f  ^fLcg dcvcxwxfyg¿z y_e R  ¿^ Æ Çf x 0È  1cg gyMD^g: É Ê Ë Ìf xln f(x) e xÍ F  xgc 123^ x Rà . 

Î)  Î^Ï^_�y_^ _zL f  wN dveN _z ¿eLe_eLfc. 
Ê)  ÎdeB^fC_^ é_g z f  cL_gy_v©l^_cg. 
X)  Uc ÏDy^_^ _gN ^Cgy¿y^gN Æ Çf x 1F  1cg Æ Çf x eF . 

Y)  ÐdeÏexfy_^ _e 23vegy¿c 

ee e 1

1

1 e

I f (x)dx f(x)dx

Ñ
ÒÓ ÔÕ Õ . 

20.03 Øy_w z yKL^M�N yKL2v_zyz Ö ×f : 0, RØÙ Ú  xgc _zL edefc gyMD^g é_g Û Ü Û Ü Ý Þf xy xf y yf xß à  xgc 123^ 
á âx, y 0,ã äå   ¿^ æ çf 1 1è é .  

Î)  Uc cdeB^fC^_^ é_g ê ëf x xln xì , í îx 0,ï ðñ  

Ê) Uc ½v^f_^ _e ò ó
x 0
lim f xô  

X) Uc ÏDy^_^ _zL ^Cfywyz õ ö 22f x x 1÷ ø  

Y)  Uc KdeÏexfy^_^ _e ^¿½cBéL _eK MwvfeK deK d^vg1Ï^f^_cg cdé _gN xvclg1©N dcvcy_2y^gN _wL yKLcv_�y^wL 
ù ú ù úh x 2f xû ,  ü ý 2g x x 1þ ÿ  1cg _zL ^K3^fc x e� . 

20.04 ,^wveD¿^ _zL yKL2v_zyz f yKL^M� _e � �� 0,2�  ¿y_^ xgc 123^ x �Q  Lc gyMD^g: 
2 3

x

2 x
f(t)dt

3

��� . ÎL F  ^fLcg 
¿gc dcv2xeKyc _zN f y_e 	 , Lc cdeB^fC^_^ é_g:  
A)  Ý Þ Ý Þ

2

0

2F 2 F x dx
 �     B)  � 
2 2 2

0 0 0

xF(x) dx F(x)dx xf(x)dx� ß à� � �  

X)  � �
2

0

xf x dx 0��      Y)  � �
2

2

0

2
f x dx

3
� ��           

20.05 Î)  ALgyé_z_c Bunyakovsky-Cauchy- Schwarz:  ÎL f , g  ^fLcg yKL^M^fN yKLcv_�y^gN y_e � ��,� , Lc B^fC^_^ 

é_g   � � � � � �  !
2" " "

22

# # #
f x g x dx f(x) dx g(x) dx

$ %& ' ( )& '& '* +- - - . 

Ê)   Uc cdeB^fC^_^ é_g  c) . /
20 0

2

1 1
f(x)dx 2 3 f (x)dx

4 56 7 8 96 76 7: ;< <  ½)  = >
2? ?

2 2 2

@ @
xf(x)dx A B f (x)dx

C DE F G HE FE FI JK K
 

 



L MNOPQRN – SPTUOV – WPXYRZR[UOV O\TP]^NY_`                            79   

http://users.sch.gr/mipapagr 

20.06 YfLabcg z yKL2vbzyz f  yKLaM�N ybe Bg2ybz¿c c d2, 2e , dcvcxwxfyg¿z BDe lev©N ybe Bg2ybz¿c f g2, 2h  xgc bzL 
edefc adfyzN xLwvf¾eK¿a ébg i jf 0 3k  1cg  l m l m l mf x f x f x xn no p  xgc 123a q rx 2, 2s t  

Øybw 1cg eg ¿gxcBg1ef cvg3¿ef z   xgc beKN edefeKN gyMDag  z i 2u ß . Uc cdeBafCaba ébg : 
v) H  f  BaL ©Mag yz¿afc 1c¿d�N 
Ê) 2 2f (x) 2f(x) x 3 0w x w y  

X) H  f  afLcg 1efÏz 

Y) z { 2f x 1 4 x| } ~  , � �x 2, 2� �   

�) I xvclg1� dcv2ybcyz bzN f  afLcg ¿©veN  beK  xaw¿abvg1eD bédeK bwL  ¿gxcBg1¿L z  1cg ébg z alcdbe¿©Lz bzN, 
ybe yz¿afe deK afLcg z ag1éLc beK z  xgc beL edefe be ¿©bve z  xfLabcg ¿©xgybe,  afLcg dcv2ÏÏzÏz ybeL 2CeLc x x�  

Z) 
2

0

(f(x) 1)dx �� ��     

20.07 YfLabcg z yKL2vbzyz f : R R�  ¿a 1 2f(x) z x z� �  édeK  1 2z ,z   ¿gxcBg1ef Bg2leveg beK ¿zBaLéN . 
A)  Uc ½vafba be aÏ2Mgybe bzN yKL2vbzyzN g(x) f(x) f( x)� � �  

B)  I yKL2vbzyz f  afLcg 2vbgc cL 1cg ¿éLeL cL � �1 2Re z z 0�  

X)  Uc ¿aÏabz3af wN dveN bzL ¿eLebeLfc 1cg bc c1vébcbc  

Y)  Uc ½vafba bzL dÏ2xgc cyD¿dbwbz bzN fC  ybe ��  

�)  vL z dÏ2xgc cyD¿dbwbz Bg�vMabcg cdé be yz¿afe � �2M 0, z  Lc BafCaba ébg e  1 2w z z� afLcg 3abg1éN cvg3¿éN 
�b)  vL  eg �gxcBg1ef 1 2z , z  cL�1eKL ybe aywbavg1é beK 1D1ÏeK 1

O,
2

� �� �� � , Lc cdeBafCaba ébg z aCfywyz 

 x
f(x) ¡¢

2

� �£ � �� � , �Mag ÏDyz ybe Bg2ybz�c (0,1)  

¤)  vL eg �gxcBg1ef 1 2z ,z  cL�1eKL ybe 1D1Ïe 
1¥,
2

� �� �� � , Lc cdeBafCaba ébg ¦ §
1

0

1 3
f x dx

4 4
¨ ¨�  

I)  vL  1z 1© 1cg 2z iª  Lc cdeBafCaba ébg 
x

2

0

1
dt ln(x x 1)

f(t)
ß à à«  

20.08 YfLabcg  z dcvcxwxfyg�z  yKL2vbzyz ¬ f : 0, R®¯ °  b�begc ¿yba 1 1
f

e e

± ² ³ ´µ ¶· ¸  1cg e  �gxcBg1éN z  z  ag1éLc beK 

edefeK  1gLafbcg ybz  xvclg1� dcv2ybcyz bzN f . ¹e ��bve beK z ,  xfLabcg aÏ2Mgybe ébcL z ag1éLc beK ½vfy1abcg ybe 

yz�afe 1 1
A ,

e e

� �º� �� � . Uc BafCaba ébg: 
v  g»(x)g(x) f  »(x)f(x) x¼ ½  xgc 123a x 0¾ . 

¿  I alcdbe��Lz aK3afc (a) bzN xvclg1�N dcv2ybcyzN bzN f  ybe A afLcg 123abz ybzL aK3afc Àv, édeK À z cvM� 
bwL cCéLwL. 
X  Uc ½vafba bzL aCfywyz bzN aK3afcN (a) beK ½ avwb��cbeN. 
Y  vL adgdÏ�eL gyMDag e f(x) 1f (x) e cÁ ÂÃ Ä Å , xgc 123a x 0¾  1cg c  ybc3avéN dvcx�cbg1éN cvg3�é béba: 

  c)  Uc BafCaba ébg ln x
f(x)

e
Æ . 

  ½)  Uc KdeÏexfyaba be a�½cBéL beK MwvfeK deK davg1Ïafabcg cdé bz xvclg1� dcv2ybcyz bzN f  bzL aK3afc (Ç) 

beK ¿ avwb��cbeN 1cg beL x x�  
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20.09 I yKL2vbzyz  f : R R× afLcg yKLaM�N 1cg xgc 123a  x RØ , gyMDag:   Ù Ú Û Üf x
e f x x 1 0Ý Þ Þ ß  

v)  c Uc BafCaba ébg z yKL2vbzyz f  cLbgybv�labcg.   
  ½ Uc �aÏab�yaba bz yKL2vbzyz f  wN dveN bz �eLebeLfc.  

  x Uc ÏDyaba bgN aCgy¿yagN:  à á1f x 0â ã  1cg ä å1f x eæ ç  

  B  Uc cdeBafCaba ébg è é
e

0

3
f x dx

2
êë  

¿)  ,awveD�a  bz  yKL2vbzyz  ì í ì í
x

t

0

F x e f t dtß « 1c3¿N x RØ . Uc  �aÏabz3af  z yKL2vbzyz  î ï î ï
x

0

G x F t dtð ñ   

x RØ wN dveN bz 1c�dKÏòbzbc 1cg bc yz�afc  1c�d�N.  
X)  óybw e �gxcBg1òN cvg3�òN  z CØ  �a  ô õ

e

0

2
z f x dx

3
ö ÷   

  c)  Uc cdeBafCaba òbg 2 z 1 z 1 4ø ù ù ú ø .  

  ½)  vL adgdÏ�eL gyMDag òbg û ü2Im z z 1 0ý þ ÿ , Lc ½va3af e z  

20.10 ,awveD�a be �gxcBg1ò z � �i� � , òdeK � ,� R� 1cg bz yKLaM� 1cg xL�ygc cDCeKyc yKL2vbzyz f : R R× , deK 

afLcg b�begc, ¿yba Lc gyMDag z i f(x) z i f(1 x) z i z i� � � � 	 � � � xgc 123a x R
  

Uc cdeBafCaba òbg: 
A)  z i�  1cg z i�  . 

B)  z i z i� � � . 

X)  e cvg3�òN z afLcg dvcx�cbg1òN. 
Y)  z aCfywyz f(x) 1� �Mag �eLcBg1� dvcx�cbg1� vf�c. 

�)  
1

0

f(x)dx 1�� . 

�b)  z aCfywyz 
2x

0

f(t)dt 1 xf(x)� �� �Mag �gc beKÏ�MgybeL vf�c ybe Bg�ybz�c 
1

0,
2

� �� �� � .  

20.11 ** óybw eg �gxcBg�ef z,w  �a w 1 , z R! , 
1

z R
z

" #  �cg z yKL�vbzyz $ %f x z xw& ' , x RØ . 

v)  Uc cdeBafCaba òbg z 1(  

¿)  v)  adgdÏ�e) gy*Dag òbg + ,Re zw 0-  bòba: 

  c) Uc cdeBafCaba òbg $ % 2f x 1 x& '  

  ½) Uc ½vafba be a�½cBò) be. *wvfe. de. davg�Ïafabcg cdò bz xvclg�� dcv�ybcyz bz/ y.)�vbzyz/ 
0 1 0 1

x

1

F x f t dt2 3  �cg be./ �Ce)a/ x x4  �cg y y5  

20.12 6f)abcg e �gxcBg�ò/ z   �a  z 1ß  �cg z y.)�vbzyz 7 8 2
f x x z z9 : ; , x R< , xgc bz) edefc gy*Dag òbg 

= >
1

0

3 f x dx 7?@ . AB BCeBafCaba òbg e z  af)Bg DB)bBybg�ò/.           

20.13 EgB be./ 1 2z , z CF  gy*Dag òbg 
3x

1 2 1
0

z t z dt 3x zG H IJ , x R< , )B BCeBafCaba òbg 1 2z zß   
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20.14 AB .CeÏe`gabaf be b cd
e

2 5

f gh xijk x dx , òCe. l mn,o n op  af)Bg eg babB`��)a/ bq) �eg)¿) ar�afq) br/ x 1s  �a 

bg/ BaD�Cbqba/ be. `aq�abtg�eD bòCe. bq) ag�ò)q) bq) �g`BBg�¿) z  Ce. g�B)eCegeD) br) gaòbrbB u v22zz- z +z +1=0  

20.15 óabq r a.)a*�/ a.)�tbrar f : R R×  �a w xf 1 1ß . v) z CØ  �Bg `gB ��ya x RØ  ga*Dag òbg 

z { z {
2x x

t 1

1 1

2 z 5i f t dt z 5i e dt 12 x 1|} ~ } } �� � . 

v)  AB ½tafba be `aq�abtg�ò bòCe C  bq) ag�ò)q) be. z  abe �g`BBg�ò aCfCaBe 

¿)  AB ½tafba be) bDCe br/ a.)�tbrar/ h  Ce. �*ag `tBDg�� CBt�abBar br) �B�CDÏr C  

E)  AB ½tafba be a�½BBò) E  be. *qtfe. �  Ce. Catg�ÏafabBg BCò br `tBDg�� CBt�abBar br/ a.)�tbrar/ 
� � � �

x

1

H x h t dt� � , be./ �Ce)a/ x x4 , y y5  �Bg br) a.yafB x 1s .               

20.16 óabq 1 2z ,z C�  �a � �� �� �� � � � �  �Bg r a.)�tbrar f : R R×  �a  1 2f(x) z x zß � Ý . 

v) AB ½tayaf be aÏ�*gabe br/ a.)�tbrar/ g(x) f(x) f(-x),   x R� � �  

¿) v) r C��`gB BaD�Cbqbr br/ `tBDg��/ CBt�abBar/ br/ � �f x  abe ��  Bg�t*abBg BCò be � �2A 0, z , )B BCeBafCaba 

òbg e Btgy�ò/ 1 2w z z� �  af)Bg yabg�ò/ CtB`�Bbg�ò/ Btgy�ò/. 
E)  v) ga*Dag 2 1 2 2 1 22 z z z 2 z z z� � � � � �  bòba r aCfaqar xf(x) 2   �*ag �fB be.��*gabe) �Dar abe ¡ ¢0,1 . 

6)  v) 1z 1£   �Bg 2z i¤  bòba ¥ ¦
x

2

0

1
dt ln x x 1

f(t)
§ ¨ ¨© . 

20.17 * óabq r  a.)�tbrar f : R R×  �Bg F  �gB Bt*g�� br/ �a br) gBgòbrbB  ª « ª «f x F 1 x 1¬   `gB ��ya x RØ . v) 
1

f 1
2

® ¯ °± ²³ ´ , )B BCeBafCaba òbg:  
A)  ª « ª «f 1 x F x 1¬   

B)  µ a.)�tbrar ¶ · ¶ · ¶ ·H x F 1 x F x¸ ¹  af)Bg abByat� 

E) 
1

F 1
2

º » ¼½ ¾¿ À  

6)  Á Â Á ÂF x F 1 x 1Þ ß  

�)  Ã Ä Ã Äf x F xÅ , x RØ  

�b)  Æ Ç
1

x
2f x e
ÈÉ  

20.18 AB Êtafba be) bDCe br/ a.)�tbrar/ Ë Ì
x

2

1

F x t tdtÍ ÎÏ  

 


