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MovoTtovia - AKpoTaTO -

YOUUETPLES oVVAPTNIONG

AmopaitnTes yvooels Osmpiog
A. ApTIES, TEPITTES GCUVUPTNOELS

Ozopia 1.

[Iéte pia cvvaptnon Aéyeton apTio;

Amavtnon:
Mia cvvaptnon f pe medio opiopov A Aéyetar dpTia av 1o HovV:
e T kéBe x e Akon—x €A

o f(-x) =f(x) yio k60e x € A vt

2nucioon:

Av éva onusio A(x,y) sivar enucio TS YPAPIKIS A'(xy) y A/A
TOPACTAGHS HIOS PTIAS GUVAPTHONS TOTE KOl TO ’ (x.y)
onucio A'(~x,y) Oa eivou emions onueio T ypapr-
KijGg mapdoeToacns t™s cvvaptions. Ornote: H
YPOPIKI] TAPAGTAGH UIAS APTIOS GOVAPTIGHS Eival
GUUUETPIKI] (G TTPOS TOV AEOVa Y Y.

v

Ozompia 2.

[Méte ma covapTnon Aéystal mEPLTTN;

Amavtnon:
Mia cuvaptnon f pe medio opiopod To A AEyETOL TEPLTTH OV IGYLOLV:
e Tlo kGO x € A kou —X €A

* f(-—x) = —(x) 0 k6P x € A
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2nucioon:

Av éva onueio A(x,y) eivar onueio ™S YPOPIKHS
TOPAGTACHS HIAS TEPITTIS GVOVAPTIGHS TOTE TO
onueio A’(-x,-y) Oa civau emions onucio ™s ypa-
QIKHG TAPAGTAGHS THS GOVAPTHGIG.

Onoze: H ypogiki) mapdotoc) uiag mepitTys oo-
VAPTIGHS VAL COUUETPIKY (OGS TPOS THY apyi]
TV alovov.

Ocopia 3.

[og pog Bonbast, oty yapain T YPOPIKNG TAPACTACNS HOG CVVAPTIONG,
N TANPOPOPia 6TL 1] GUVAPTIGN CVTH £ivol APTIC 1| TEPLTTI;

Amavtnon:

Xoapdoovpe HOVo TO TUNLO TNG YPOPIKNG TOPACTACNS TS CLVAPTNONG ALTO TOV

avtiotoyel yio x >0 1 yuo x <0 (0e€1d oV Y'Yy 1 aploTEPA TOV Y'Y avTicTor o)

* Eav 1 cuvdptnon eivar dptio Kataokevdlov e TO VIOAOITO TUNUOL TG CUUUETPIKO MG
Tpog Tov G&ova y'y.

* Eav 1 cuvaptnon givotl Tepitti] Kataokevdlovpe T0 VTOAOUTO TUNLLO TIG CUUUETPIKO MG
TPOG TNV opyn TV a&OVav.

MéBodog

Tia va eléyCovue uia, covapton av Eival aptia 1j TEPITTH,

A. Otav pog oivetal 0 TOmOG THS GOVAPTHOHS

* Bpickovue to mEdio 0piGUODL THS GOVAPTINGNS KOl EAEYYOVUE AV Yia KdAOE
XeEA Kol —x€eA.
Anlaon yio kdbs 6Toryeio TOV TEAIOV 0PIGUOT VTTAPYEL KOl TO AVTIOETO TOV AVIKEL
GTO TTENLO 0PIGUOD.

* Bpicrxovue to f(-x) (Ostovus 6Tov TOTO THS GOVAPTHGHS OOV X TO -X)
Eav f(-x) = f(x) Tote n cvvapTnon sivar aptia
Eav f(-x) = -f(x) toTe 1 covdpTROoy cival mEPITTH.

B. Oray pog oivetar n ypogixy TapdcTacl THS GOVAPTIGHS:

e Eav gival 6opueTpIiKy o wpog tov aéova y'’y eival aptia, v

o Eqv givai GOUUETPIKY OGS TTPOS THY apyl TV aEovwy EIval TEPITTH.
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Epomoeig katavonong - Avpéva Hapaosiypnata

Mapdderypo 1 (X®wotd - AaBog)

Eivar c0610g 1] L340B0G 0 TOPAKATO 1oYVPLOROS:

“Av o oovaptnon gival weprrt) Ko to 0 avijkel 6to nedio opropov TG ToTE
f(0) =0~

Amavtnon:
Xmoto
A@ov 1 f etvon meprrt, £(0) = —£(0) < 2f(0) =0 f(0)=0

Hapéaderypa 2 (E0oeté - AdOog) vt

H ovvaptnon f tng omoiag n ypagikn ) Cl_

TOPAOCTACY QUIVETAL 6TO duTAOVO oo givar

apto. \/

X" 2 %i
¥ ’

Amavtnon:
AdBog

H f dev givan ooppetpikn og mpog tov aéova y'y aAld og mpog tnv evbeia pe e&icoon x = 2.

Mapdaoerypa 3 (IloAramiig emAoyc)
H cuvapmon f(x)=x’ +(a—1)x*> +ap +1 yivera weprriy btav:
Aca=-2,p=1 B.a=-1, B=0 a=1,p=-1

Amavtnon:

Ymoto 10 (IN)

To medio opiopod g f eivarl to R, dnhadn av x €e R 1618 —x € R
INa va givan 1 f wepirm) Ba mpémet yuo kabe X € R va woyden:

f(-x)=-f(x) = (-x) +(a—D(-x)* +ap+1=-[x’ +(a—Dx’ +of +1] <

o X +Ha-Dx*+ap+l=—x"—(a-1)x* —ap-1<2(a-Dx*+20p+2=0 (1)
H (1) wyvet o k6be x € R ondre: 2(a—1)=0<:>a=1 2)

Ko 2(x[3+2=0<(3>2~1~[3+2=0<:>ﬁ=-1
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Iopaosypa 4
Na g&etdosete av givon apTieg | TEPITTES OL TUPUKATM GUVUPTAGELS:

x2+2

i) f(x) =x +|x| i) g(x) =

Avon:

i) To mwedio opiopov ¢ f givar to R.
"Eyoupe 0Tt yio kéfe x €R, —x € R won f(-x) =(-x)* + |— x| =x"+ |x| =1(x)
Apa n f glvan dptia.

ii) To wedio opiopov g g eivar o R*={x e R|x # 0}

(x)*+2 B x*+2

‘Eyovpe 011 yua kG0e x € R*, —x e R* xan f(—x) = =—f(x)

Apa 1 f etvon weprrm.

IMopadeypa 5
Opoing Yo T ovvapTi|oEis:

i) f(x)=x"+1 pe A, =(-1,3] i) g(x) =Vx* -4

Avonm:
i) H f dev eivar o0te Gptior 00te mepirt agov dev 1o)vet 0Tt yio kdbe X € A,

nyp 3€A,, —3¢A,

-xeA;

ii) Bpiockovpe to medio opiopod g g. Eivau:
x'-4206x’ 24|22 x221x<-2 Ondte: A, =(—o0,-2]U[2,+x)

"Eyxovpe o1t yio kG0e X € Ag, —X e Ag kol g(—x) =\/(—x)2 -4 =\/x2 -4 =g(x)

Apa n g etvon dpria.
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IMopaosypa 6

-x+1,x<0

sivon apta N} TeprrTn.
x+1, x>0 prio 1 mEprren

Na g€etdoete av 1 cvvaptnon: f(x) :{

Avon:

H f éxe1 medio opiopov 10 R, omdte yio kGBe x eR, —x e R«
*Av x>0 10t —x <0 dpa: f(—x)=—(—x)+1=x+1=1(x)
*Av x<010te—x 20 dpa: f(—x)=(—x)+1=—x+1=1(x)
Anhadn ya kébe x €R, f(—x)=—-f(x).

Emopévog n f etvon dptia.

IMopaosypa 7
Av o ovvaptnon f pe medio opropov to R givar cuyypoveg dptio Kot TepttTi
va ocigete ot f(x) = 0

Am6oeln:

Aopov f aptia o 1oydel: f(—x) =f(x) 7y kdbe x eR. 1))
Emiong f meprrt) ondte: f(—x)=—f(x) yio ke x eR. (2)
Amo (1), (2) éyovue: f(x)=—-f(x) = 2f(x)=0<f(x)=0
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B. MovoTtovia cuvaptnong

BOcopio 4.

[Mote o cvvaptnon Aéyetor yvnoing avéoveo kol mote yviioing @divovca
6’éva oldoTna A TOv TEGIOV OPLOHOY TNG;

Amavtnon:
* M cuvdpmon f Aéyetatl yvnoimg avéovea o’ éva, dtdotnua A Tov Tediov opiouob g,
Otav Yo omowdNTOTE X1,X, € A 10)0EL OTL: OV X <X, TOTE f(X) <f(X;)
Anhadn: “Otav 1o x aw&avel, avéavet to f(x)”.
Yopporilovps: f 1 o0 A.
I popixn epunveia:

'y

y
Y2 ' H ypagwn mopdotaocn g cvvaptnong “avépyerar”
¥ amod o oploTEPE TPOG Ta deLLaL.
X X, X, X
o

* Mia cuvapmon f Aéyeton yvnoing @Bivovea 6’éva didotnuo A tov mediov oplopon
™me, Otav Yo onowdnimote X1,X, € A 1oydet ot av x, < x, tote (X)) >1(x;)
Anadn: “Otav 1o X avéavetl pewmvetor to f(x)”.

Topporilovpe: £l 610 A.

I popixn epunveia: Haopatypijoerg
R 1. Mia covaptiieny mov eivar
y

yvioiong avéovoa i yveimg

pOivovea 6o medio opiouo?
N7 S s AéyeTar: I'vipeiwg povo-
N2 IO Tovy].

_ 2. Av 67006 0p16HO0DS EYovuE Kot
X X X X 160tTO. PETALD TOV TIHOY
y s f, Tote n f Oa eivai
avéovea nj pbivovea. Anladn:
o av: X, <x,1078: fiX,) < f(X,)
H ypogiky Topaotacn TS GuVAPTNGNC o av: X, <x, 0% fix, ) 2 fix,)
“kotépyeTanr” omod o aploTtepd Tpog To. dekla. AT E G5
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MéBodog (yio. Ty povorovio piog covepTyons)

Eoto f o ovvéption ue nedio opiouot to A, ki oo toyaio XX, € A pe X, <x, (1)
T va fpodue v povorovia mpoomabovue:
A. Me Tov opiouo: Anlaon apyiovue oty oyéon (1) kar mpoomabovue va. “yricovue” tnv
OVVOPTH O KOTOAYOVTOG OE ULO. OTC TIG GYECELS:
S, ) < f(x,) dpaf yvpoins avéovea i fx,) > f(x,) épof yvioiws pbivovea oto A.
(mapaderyua A)
B. Mg tnv d1apopd: Yroloyilovue tv diopopd A= f(x,)- fx,)

s AvA>0vore: f(x,)— flx,;)> 07 fx;)< fix,) ka1 Adyw g (1) éyovue St f yvyoing

avéovoa oro A.
* Av A < 0 tore: f{x,)—f{x,) < 00niadi fix,) > flx,) kou 26y g (1) Exovue oty | yvnoimg
p0Oivovea aro A.
cAvA=0zore: f(x;)— flx;)=01 f{x,)= f(x;) ordze n f eivou aTabepij oro A.
(mapdociyua B)
, L fe)-fw)
I. Mg 1o Abyo: Yroloyilovue tov Abyo: A =————"—, X, * x,
X —Xx
2 1

* Av . > 0, mpokirrel ot1: f(xZ )- f(xl ) KoL X,— X; €ival ouoonuol aprouot.
Anladn av x; < x, < x,—x; >0 1076 KOut f(xz)—f(xl) >0 f(xl) < f(xz)
Ouowaeav x; > x5 10t f(x; ) > f(x, ). Emouévagn feivor yvyoing avéovea oo A.
* Av A <0, ouora omews mprv Byclovue to ooumepacue. 0w 1] f eivar yveiowg pivovea oo A.
*Av 2=0, 10te: f(x; )= f(x,) oniaon nfeivor crabeptj oto A. (mapdaderyual)

IMopadosypa A

Na peretn0Oei oc mpog v povotovia 1 cvvaptnon f(x) = x?

Avon:

To medio opiopod g f eivan to R.

Eotw x1,X,€R pex; <x, & x13 < x23 < f(x)) <f(x,)
Apa 1 f etvon yvnoing avéovca oto R.

IMopaoeypo B

Na peretnOci @g mpog v povotovia N cuvaptnen f(x)=2x" +1

Avon:
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To medio opiopov g f eivar 1o R. 'Eoto x;,x, € R pe x; <x, 1)

[aipvovpe v dlopopd Kol EYOVLLLE:

A= fix,)-f(x)) = 2x23 +1- (2x13 +1)= 2x23 - 2x13 =2(x, = X;)" (x22 +X, X, + xlz)
Ouwnc (1) & X, —X, >0 Eniong: X22 +X, X, + X12 >0 (81611 670 TPONYOVUEVO KEPHAALO
deiope 0Tt 0 + off +? >0 pe a = B)

Apa A >0, oniadon N f etvon yvnoiong avéovoa oto R.

IMopaoeypa '

Na pehemn0si g mpog TV povetovie 1 cvvaptnen f(x) = x* +1

Avon :
To medio opiopod g f eivar to R.
*’Eoto X, X, € [0, +o0), pe X, # X,

f(x )—f(x) x2+1-(x2+1) (x_—-x)X_+x)
* Tote A= 2 L -2 L =2 L2 L—x +x >0
X -X X —X X —X 21
2 1 2 1 2 1

Apa fyvnoing avéovoa cto [0, +o)
£(x,)—f(x,)

X%

*’Eoto X;,X; e(—oo,O]us X| #Xy TOTE A= ...=X2+X1<0

Apa n f yvnoiong pbivovca cto (— oo,O]

BOcopia 5.

No pehetn0ci g mpog TV povotovia 1 cvvaptiyon f pe f(x) =ax+p

Amavtnon:
To nedio opiopod mg f eivan 10 R.'Eoto x|, X, € R pe x, # x,.

f(x,) —f(x,) _ ((xx2 +[3>)—((xx1 +[3) _ ax, +B-ax, —f _ (x(x2 —xl)

X

"Eyovpe: A= =a

2 X X, =Xy X, =Xy X, =Xy

* Eav o > 0 t61te ko A > 0 dpa f yvnoimg advéovca oto R.
* Edv o < 0 t6te ko A < 0 dpa f yvnoing pdivovca oto R.
* Eav o = 0 16t kot A = 0 Gpa f otabepn oo R.

1
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Epotmoeig katavonong - Avpéva Hapaosiynata

Iopadeypa 8 (Xwotod - AdBog)

Eivar cowoto 1 LaBog ot

“H ypa@Ki TopaoTaot] HOG YVIIOIMG LOVOTOVIIG GUVAPTN OIS TEUVEL OTOV (-
&ova x'x o€ £va To TOLMD onpueio.”

No 01Ko10LoYNGETE TNV ATAVTI|ON 0UG.

Amavtnon:
Xmoto

"Eoto 611 ypagwn nopdotacn g f téuvet tov X 'x o€ 600 onueia, £610 XX, HE X, <X, ,
tote f(x ) =1(x,)=0 (1)

Ouacg f yvnoing povotovn, dnioadn:

Av x; <X, t0te f(x,) < f(x,) M f(x))>1(x,)

Enmopévog v x; <x, éyovpue fix )= f(x,)

Omndte dev pmopet va 1oyvel 1 (1), ONAadn 1 YPAPIKN TAPACTOOT) LOG YWNGImG LovOTovTg
GUVAPTNONG OEV UTOPEL VO TEUVEL TOV X X GE TEPLGGOTEPO OO EVal G Ei0.

(Ta cvpmepdopato etvar to d ov X > X, )

IMopaderypa 9 (Xowotod - AdBog)

Eivar c0woto 1 LaBog ot

“Av mo ovvaptnon aptio pe medio opispov 10 R, givar yvnoiog avéovoa 6to
o, B] pe 0 < a < B TéTE €lvar yvnoimg avéovoa kot 6to [-P, -a].” Na dukaroro-
YNOETE TV UTAVTINGY OUG.

Amavtnon:

AdBog

‘Exyovpe —B<—0 < B>a ko apov fyyneiong avéovcsa oto [a, B] woydel f(B) > f(a) (1).
Opawg f aptia oto R. Apa f(—B)=1(B) ko f(-a) =f(a) Apan (1) yiveran f(—P) > f(—a)
Anhadn v —B < —a woyver f(—P)>f(—a) onote f yvnoing pbivovca cto [P, —a].
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IMopaderypa 10
No peretn00o0v @g TPoOg TNV HOVOTOVIK 01 GUVAPTIGELS:
f(x) =2x+2002, g(x)=—-3x+1821 h(x) =13

Adon :

To nESio OpPIGHOY TOV TOPATAVE GuVapTHcEOVY gival to R.

H povotovia kd0e cuvaptnong g popeng f(x)=ax+p e&aptdrtor an’to .
* Enedn) a = 2 > 0 n f yvnoimg adéovca oto R

* Enedn] a = -3 < 0 n f yvnoimng pbdivovca oto R.

* Eneidn a = 0 1 f otabepn ot0 R.

Iopadoeypa 11
No peremn0ei o¢ mpog Ty povotovie n cvvaptnon f(x) = (xz -Dx+3

Avon:

H f opileton 610 R.

» f ywoing avéovoa 610 R 6tav: 1 —1> 04 > 1 VI >Vl <N >1er>1qr<-1
* f yvnoing eBivovca oto R 6tav: )2 —1<0< A’ <1@Jx_2<ﬁ@|x|<1@—1<x<1

o f otofepfi 610 R, 6tav: 32 —1=0< A ==+1 K pe tomo: fi(x) =3

IMopadoerypo 12

No pehemn0ei og mpog TV povetovia N cvvapmon: f(x) =[x —1|+|x-2|

Avon :
To medio opiopod g f eivar to R.
AmaAloyouacte omd to. amdivto e v Pondela Tov TopaKdT® TIVaKa.

X [—o0 1 2 +o0
x—1 = l =Is T +
x—2 - - + +

* Avx <l 1ote (f(X)=—x+1-x+2=-2x+3
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* Avl<x<2tote: f(x)=x—-1-x+2=1
e Avx>210te: f(x)=x—-1+x-2=2x-3
-2x+3, x<1

onote: f(x)=9 1 1<x<2
2x —3, X>2

Emopévaog: f yvnoing pbivovsa 6to (—w0,1] agov a=-2 <0
f otafepn oto [1,2] apod o =0

f yynoing avéovoa oto [2,+©) apov a =2 > 0.

91.

IMopaderypa 13
Na pehetioets og mpog TNy povotovia Ty cvvaprnon: f(x) =9 - x?

Avon:
Bpiokovpe to nedio opiopov g f:
Mpéner: 9-x* 20 x* <9 Vx> <49 o x|<3 e -3<x<3

Awokpivovpe TEPUTTOCELS:

X, <X, <0
2 2
X,” >Xx,
2 2
X, <X,
0<9-x,” <9-x,’

‘/9-)(12 <‘/9—x22

f(x,) <f(x,). Apa f yvnoing aviovca o1o [-3,0]

a) Eoto x,,x, €[-3,0] pe x, <x, 1018 €)YOVNE:
B) Eoto x,,x, €[0,3] pe x, <X, 10T £YOVUE:
0<x, <x,
2 2
X, 2< X, i
X7 > X,
9—x.>>9 x/?

,/9fx12 >,/9fxz2

f(x,) > f(x,). Apa f ywmoing edivovca oo [0, 3]
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IMopadeypo 14

No HELETHOETE (G TPOG TNV PHOVOTOViE TNV GUVAPTNON: f(x) =2(x —1)? +3

Avon :
To medio opiopod ¢ mopondve cuvdpmmong sivatl to R.
Alokpivovpe TIG TEPUTTMCELS;

L, i MéBodoc
e Av X, <X, <1 10t€ &yovpe: . - .
Orav 5 covapTion Eivos Toe
X1—1<X2—1S0 ”op¢}ig:
(X1_1)2>(X2_1)220 f(x)=A(x-a)2+B
205, ~1) > 2(x, —1)? eleradovue Y ,uovoro’vwz
oe Kabéva arn’ta
2(x, =1)* +3>2(x, = 1)* +3 JlaoTijuaTa
f(x,) > f(x,). Onote N f elvaryvnoiong edivovsa 6to (-00,1]  (—o0,a],[0,+0), epdcov n
ovvdpTijon opiletol ¢’avTd.

eAv 1<x,<Xx, 710T€ £Y0VUE:
0<x,-I<x,-1

0<(x,—1) <(x,-1)°

2(x, —1)* <2(x, 1)’

2(x, - 1) +3<2(x, —1)> +3

fix,) <f(x,). Ondte m f eivan ywnoiog oav&ovca oto [l,4+0)

IMopadeypa 15

Na pehetioete og mpog Ty povotovia v cvvaptnon: f(x)= x> —4x+5

Avonm: {Vléﬂ()é()g: ’

Exovpe: Evafg TPOTOS svp.’em]g THS ;’wvo-
TOVIOS GE GUVOPTI|GEIS HE TUTTO:

f(x)=x> —4x +5=x" —4x +4+1=(x-2)" +1 f(x)=ax* + px +7, a # 0 eivau va

Epapupdlovtag akpipaog v idio dadikacio 0mme TIS PEPYOLUE GTI HOPPI]:

J0) =Kr(x-2) +u. 2o covéyeia
axolovBovue ti) 010.01K0G10. TOD
* f ywoing ebivovsa ot0 (—0,2] TPONYOVUEVOD TLOPAOEIYUATOG.
Evailaxtikd uropovue va ele-
TAGOVUE TN HOVOTOVIA KATED-
Ociay oo d1aotiuaza:

(— oo,—i} Ko {—£,+ooJ
20 20

GTO TTPONYOVUEVO TTOPASELYILO EYOVUE:

* f yynoimg avéovosa 610 [2,+0)
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I. AkpoTata cuvaptnong

BOcopia 6.
IMote Aépe 6T puo ovvaption f pe medio opiopod 10 A mapovsLaist:
a) péYI6TO 6TO X B) ehdyreTo oo X,
Amavtnon: I'pogixy epunveia
a) Mia cuvdpton f pe medio opiopod 1o A Aéue 0Tl yA
TopoLGLALEL HEYIGTO GTO X, € A dTav:

f(x,) y = f(x,)
f(x)<f(x,) o xé0e x € A . '

Hopn f(x,) ovopdleton péyroto g cuvdpmong f. /

yo X, NC,
.

H q Poioreton kozw o 'myv evbeio,
pe eciowon y = fix,)

) 4

B) Mo cuvdptnon £ pe medio opiopod 1o Amapovcidler I papixij epunveio

ghay1o10 010 X, € A Ot0V: " C,
F(x) 2 f(x,) Y1 K60 x € A . _\ 0 % A
X X
Hwyn f(x,) Aéyeton ehdyroto g cvvaptnong f. _
f(Xo) y= f(xo)

y
H Cf Ppioketar wavw on’tyv

evbeia pe elicwon y =1(x,)

2nucioon:
To uéyiero Kou to sldyioro piag cvvaptiens f Aéyovron akxporata s f.
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Mé@odos (yra Ty ebpeon TV aKpoTaTOY)

Apyixa. Ppiokovue t0 wedio opiouod e [ kor mpoomafodue vo, fpodue to. arKpoToTa.:
A. Me Tov opicuo:

IIpoorafodue va deidovue o £(x)<f(x,) (uéyoro), 1 f(x)>1f(x,) (eAdyroro),
yio. ke X 100 TEAIOD OPIoLOD THG GVVOPTHONG, OTHPILOUEVOL OTIG AVICOTIKES GYECELS
OV TPOKVRTOVY Ot 'TOV TOTO THS OLVGPTHONS (TTapdistyua A).

B. Mg Tnv puovorovia:

1) Eotw wa ovovéptnon f ue medio opiouod to (o, ) ko X, € (a, p).
a) Av [ yvnoiog avéovoa oto (o, X, ] xoi f yvnoins pOivovoa o670 [X,B)
018 11 [ mapovoidler uéyioro oto x, 10 f(X,)
P) Av £ yvyoiog pbivovea oto (a,x,] kot fyvioiwg abdéovoa 610 [X,B) tdte
[ mapovoiéler eldyioro oto X, 10 f(X,) (mapddsiyua B).
1) Eorw ou n f eivar opiouévn oto [a, B
a) Av fyvoiog avéovoa tote 3 f mopovaidlel eldyioto oto X = 0. 10 f(o) KoL
uéyioro oto x, =B 10 f(p) (mapadeiyua I).
p) Av f yvnoiwg pbivovoa tote 3 f mopovaialer péyioto oto X, =0, 70 f(o) Kou

eAdyroro oto x, = P, 70 f(B)
1II) Eorw ot 1 f eivar opiouévy oto [a, B) i (o, S]

a) Av [ yvyoicws avlovoa tote 1 f mapovoidler uovo eAdyioro oto X, = 0. 10

(o) 1 uovo uéyioro oo x, =P 10 f(B)
P) Av f yvnoiwg pOivovoa w0te 1 f mopoverdiel uovo uéyoro oto X, = o 0 flo)
1 povo eldyoro oo x, = f 10 f().
1V) Eotw on n f eivar opiouévy oto (o, p) kar f yvyoiwg avéovoa n f yvhoiwg
pBivovoa tote 1 [ dev mapovaialer axportaro (mapaosiyua I).

IMopadosypa A

Na Bpebody ta axpérata g cuvapmnens f(x)=2x+1|+3

Avon:
To medio opiopod g f eivar to R.
Eyovpe: 2[x +1|2 0 & 2|x +1|+3 >3 < f(x) 23 yr k60 x € R

Bpiokovpe yio oo tiun tov x to f(x) eivar ico pe to 3.
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Exovpe: f(xo) =3 2x, +1|+3=32x, +1|=0& [x, +1| =0 x, =-1
Apa woyder f(x)=f(-1)

Omnote n ovvapon f mapovcialer erdyioto 610 x, =—1 10 f(=1)=3.

IMopaoeypa IT'
"Eot® 1 ovvaptnon f pe f(x) =2x+ 3 pe nedio opispov to [2, 4]. Na PpeBodv Ta

axpotata g f.

Avon:
Emeidn o =2 > 0 1 f Ba givar yvnoing avéovoa oto [2,4]
Apa n f Oa mapovsialer ehdyloto 610 x; =210 f(2)=2-2+3=7, u€y1610 GT0

X, =410 f(4)=2-4+3=11
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Epomoeig katavonong - Avuéva lopaodosiynoata

[Moapdaoerypa 16

Na Bpedovv to akpétate g f pe: f(x) = xt—8x? +12

Avon:

To medio opiopod g f ivar to R.

‘Eyovpe: f(x)=(x*-8x*+16)—4=(x>-4)" -4

onote fi(x)+4=(x>-4) 20 f(x)+4>0 < f(x)> 4
f(x)=—46tav (x’ -4’ =0=x’-4=0x=21x=-2
Apa f tapovoidlel ehdyioto o —4 6to x =2 N X = 2.

Mapdaoerypa 17

No Bpedodv Ta akpotata ¢ f pe: f(x) = 3xt +2x% +1

Avon:
To medio opiopod g f ivar to R.

‘Eyovpe: f(x)=3x"+2x* +1 < f(x)-1=3x" +2x* (1)
Enedn 3x* +2x° >0, (1) =f(x)-1>0<f(x)>1

f(x) =1 6tav 3x* +2x> =0<:>x2(3x2 +2)=0@ x=0  (3x? +2#0 yw k&be x € R)
Apa n f mapovoidlel erdyioto 10 1 610 X = 0.

[Moapdoerypo 18

Noa g€etaotel ®g TPOS TNV pOvoTovia Kol To aKpoéTaTH cuvdpTnon f pe
f(x) = x> —4x+7 o€ KuOéva an’ta Swotipata: (-0,2], [2,40).

Katomwy va deicere ot £(-3")-£(3") > 9

Avon:
To medio opiopod g f ivar to R.
Yymuotifovpe v dopopd:

A=1(x,)—f(x,)=x," —4x, +7T—(x” —4x, + ) =x," —4x, +T—x,” +4x, - T =
(x, =X) - (x, X)) —4(x, —x) = (X, =% )(x, +x,=4) (1)

X, <2

X2S2ﬁx1+x2<4ﬁx1+x2—4<0

*'Eoto X, <X, <21t0teX,—X, >0 Kou<
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ondte (1) < A<0 < fix) <flx) < fix)) > fx,), dpan fyvnoiog pdivovoa 6o (—o, 2]
*’Eotw 2<x, <X, 101€ X, —X, >0 Ko <§iz‘ N4<x,+x,Mx,+x,-4>0
2

ondte (1) < A >0 < f(x)) < f(x,), apanfyvoing aviovca oto [2,+ )

X -0 2 400
£ \ /’

An’tov maparave nivaxa £xovpe 6t 610 X, = 2 N f mapovoidlel eddyioto 10
f(2)=22-4-2+7=3
Eneion n f nopovcidler erdyioto 610 X, = 2
gxovpe: f(—3*"7)>f(2) < f(—37")>3
f3") > f(2) < f(3”) >3
Gpo £(=32002).£(32002) 5 9 .
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Epomioeig Katavonong - AGKN6Els Yo Avon

* APTIEG - TEPLTTEG
1. Na yopoxmpioets kubepio 06 TIC TUPUKATO TPOTATEIS G ZwoTh (T) | AdOog (A).
i) Ilo pia ovvapTnon dptio 6Ao To X TOV TESIOV OPLGROV TNG

UVTIOTOL(O0VV GE OLUPOPETIKA Y TOV GUVOAOL TIHAOV TNG. ()
ii) Mia cvvaptnon dev pmopei va givar weprrti) av £yel medio

opiopov to N. ()
iii) Av pia ovvapton f sivar aptio ko (/3 )=1 161 kou f(—/3)=1 ()

1
iv) H ovvaptnon f(x)=— pe medio opispov A=(-1,0) U (0,2)
gival weprrm). X ()

v) Mia ovvaptnon aptio £yl Ypo@ikn TopdoTacn GOUPETPIKN

g wpog TNV gvlsia pe egicwon x=0. ()
vi) Mia ota0gp1] cuvaptnon sivar ka1’ avaykn daptio. ()

vii) Av 1 Ypa@iki] Tapdotacn piog TEPITTAS CLVAPTIONGS OLEPYETAL
ané to onpeio (-1,3) 16t Ba JépyeTon ko amd To onueio (1,-3). ()

viii) H ypagwki] mopaotoocn g ovvdptneng f(x)=x20" +x!°% givay
OULUUETPIKT] WG TTPog ToV GEova y'y ()

2. No emA£EETE TO VPPN TIS GOOTIG OTAVTIONG 68 KAOENIN 00 TIG TOPUKATE TPOTAGEG
i) ¢ pio weprrt cvvaptnon:
a. AvtifgTa X avTioTOLOVV 68 avTifeTa Y.
B. AvtifeTa X avTicTOLOVV OE iGA Y.
v. H ypa@uwn ™ mopdotacn €ival GOUUETPIK GTOV VY.
0. Kavéva ané ta mapondve.
ii) o pia apte ovvaptnon f eivan f(-1)+(2)=3. Tote n mapaotaon
A = 2(-2) + 2f(1) eivon ion pe:
a. 2 B. 1 v. 6 o. —6
iii) H Ty} tov @ Yo v omoia to dwdstnpa [2a-1, 4-a] €ivor To medio opropod
Hog GpTiog ouvapTnong Eivar:

a.3 B. -3 v.2 6.1
iv) 'Eoto 6t 1ioyver: g(x)=2f(x)+H Yo kd0Be xe R. Av 1 ouvéptnon f eivn apno tot€:
a. H g givon meprrtn B. H g givan dptia

v. AALoTE GPTIO KOl GALOTE TEPLTTY] 6. Ovte GpTio ovte TEPLTTY.
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v) I1o16 o6 To TOPUKATO GYNUOTO EiVOL YPUPIKI] TOPACTOOCT] GPTLOS CUVAPTNONG;

a) vt B) v
A
= > < >
y’ y
7) yl ) o4
X — - =X X’ -1 2 >x
y’ ¥

vi) IIowd andé Ta mopoakdte {eoyn onueiov pmopel va avijKel 6GTNV YPOQLKI)
napdoTact plog TEPLTTIS oLVAPTIONG.
a. A(-1,2), B(1,2) B. I'(1,2), A-1,-2)
v. E(-1,2), Z(-1,-2) 0. Kavéva ané ta mapondve.

3. No ocopminp®@octe ToV Simhavé Tivaka TIAVY

. _ , , X[21-1/0|1]2
av 1 cvvaptnon y=f(x) eivar weprrTi).

y|-4 3

4. No ocopminpdoete TV Ypappn Tov Surhavod
OYNNOTOS DGTE VO TPOKVYEL YPUQOLKN
napaoToo:

i) piog aptiog cvvdptnong
ii) pilog meprrTi)g CLVAPTNONG
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5. Na elet@oete mo14G 06 TIg TAPUKATO GUVAPTIGELS EIVAL APTIES KAL TOLEG TEPITTEG:

2
1
DIO=3%+x i) =X+ 4+ 1 i) fR)=2x+ 1 iv) f)= —

x+1

6. To id10 Yo TI GVVOpPTHOEL:
3x
x*+1

iv) f(x) =+/4 — x? v) f(x) =vx+2

i) f(x) = —x°|x| i) f(x) = iii) f: (-2,3] > R pe f(x) = x+1

7. Opoing T TIg cVvapTHOEIG:

i) f0=|x 1|+ [x +1] ii) 00 =V1+x+x* —VI-x+x*
2
X —-x+2
2 9 Xe(_w’ol
iii) fo=1 ", " X"
X +x+2
2 9 X€[0,+w)
X —X+

8. 'Eoto n ovvaptnon f: R—> R 101 dote f(x+y)=f(x)H(y) 1o k60 X,y € R
Na ociete ot i) f(0)=0 ii) H f eivan meprrm.

9. Av X2 f(x) > x ywa kG0e x € R kan ) f weprrTny va Ppebdei o TOHmOG TNG.

10. 'Eoto pia svvaptnon f pe f(x)=(A-1)x+3A-1. TN worég Tipég Tov A e R 1 f givan:
i) Aptwa ii) Ileprrtn
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* Movotovia - Akpotata
11. Na yopaxtypicers kaOemd amé Tig TOPAKATO TPoTacels Looty (X) | Addog (A).
i) Av 70 1 Kon 2 avijkovy 670 TEGIO OPLGROV pLAS YV oimceOivovoag ocuvdptnong f

tote f(1)-1(2)>0 ()
ii) 'Eoto f pio yvnoiog avéovoa cuvaptnon pe nedio opropod
70 R kou & € R 1618 f()>f(A+1) ()

iii) Av n ouvéptnon f eivor dptio oto R tote n f d¢ev givar yvn-
oilog povotovn oto R (artohoynote v amdavinei 6ag). ()
iv) 'Eoto pia covaptnon f wov givan dptio oto R ko yvnoimg
¢0ivovoa oto (0,+0) Tote N f givan ywoimg pBivovoa kK 6To

(—0,0) (ortoroy6TE TNV OAGVT O] GOC). ()
v) Mia cvvéptnon f givan yvnoiog avéovoa oto A=[-1,2]
10te N f £y eldyroTo 670 X = 2 KO pPéYI6TO 0TO X = —1. ()
vi) Av pia meprrti] ovvaptnon f £xer péyeto oto onueio A(-1,2)
1071€ €Y1 EMAYL0TO 0TO B(1,-2). ()
vil) Mia ocuvaptnon f sivan yvneiog avéovoa 6to R km f(1)=0, t67e:
a. f(0) - f3) <0 ()
p. f(-4) - £3) > 0 ()
v. Av 1(2) > 1, 1ote: (f(2)) > 0 ()

12. No emAééete To Ypappa TG 6OOTHG ATAVTNONG.
i) Av pia covaptnon givan yvnoeing avéovea 610 (-©,1] kKo yvnoeimog @divovca
670 [1, +o0) &xer 6o onpeio x, = 1.
a. Erdypoto B. Méywoto v. Agv €€l akpoOTOTA
ii) Av pio yvnoing avéovoa cuvaption f £xel medio opiopov [1,5] Tote N f Eyeue
a. ELayoto to f(1), péyveto to f(5) B. Méywoto to f(1), ehayroto to f(5)
v. Mdvo péyrvorto 1o f(5) 0. Agv &yeL axpotata
iii) Av 1 suvaptnon f pe f(x)=(A*-2)x givar yvnoing avéovoa oto R 1oTE:
a.A<0 B.A>2 YeA<-2MNA>2 0. 2<Ai<2

1
iv) H ovvaptnon f pe f(x)=m-x2, LeR givau:
+

a. I'vinoiog avovoa 6to (-0, 0] kot yynoing @divovsa oto [0, +).
B. XtaBep1) oto R.

v. Ivnoiog avéovsa oto R.

0. I'vnoiog ¢Bivovoa 6to (-0, 0] ko yvnoiog avéovoa oto [0, +0).
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13.

14.

15.

16.
17.

18.
19.

20.

v) H cuvapton f sival yvnoing ¢Bivovca oto (—0,0] kol yvnoiong avéovoa

0710 [0,+0). O mopakdTe Tivakag divel TIg TINES TOV X.

X|-31-2(-1]1]2]3

O\ avtiotoyyeg Tipnég e f eivan:
0.541213 B.432256
v.134431 60.321232

vi) Av yw. pio covaptnen foyden: f(x) - f(x,)>0 Yo x,- x>0 tot€ N f givon:
a. Yyvioing avéovca B. ywnoiong @Bivovoa
v. Alote YW oimg avéovea ko GALoTE YVnoimg @livovca

vii) Av 1o pia covaptnon foyver: (£(3) - £(1))(f(3) - f(4))>0 téte n f:
a. Eival yvnoiog avéovoa B. Eivar yvnoiong @Bivovca
v. Eival 61a0gp1) 0. Agv givarl yvnoing povotovn.

INo moweg Tipég Tov @ € R ovvaptnon f(x)=(a+1)x+3 givon:
i) yyoing avéovoa ii) yynoiog @Bivovoa

Na g&etaotodv Mg Tpog TN povotovia o cvvaptioeis f pe:
o) f(x) =3x+1 B) f(x) =x*+2x -1

Na perhetn0ovv ¢ TPog TNV HOVOTOVIQ KO TO. OKPOTUTO Ol GUVUPTNGELS:

i) f(x)=-2x* pe x e[-2,3] ii) g(x)=%X2 pe xe[1,2]

2
Noa pehetn0ei g mpog TV povotovia 1 cuvapTion f(x)=;

2

No peletn0ei g mpog v povotovia n ocvvaptnon f(x)= , x#0
Opoing n ovvaptnon f(x)=(A2-1)-x2
Opoing o1 cvvapTioeig

i) f(x)=x2—4x+3 pex<2 ii) g(x)=-3x2+6x+1 pex<1.

Opoing yia Ty cvvaptnon f(x)=|x—1/+|x-2|
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21. Na BpeBobv o1 Tipéc Tov TpaypaTikod apidpod a Gdote 1 ovvaprtnon f pe
fx)=a|x — 2|+ B[l — x| - B[x — 3| +[1 + x| va givar yvnoing adéovea oto [3,+ x0)

22. Na £EeTaoTody g TPOS TA UKPOTATA 0L CUVUPTHGELS:
i) f(x)= 3x+1 i) g)=3x—1|+2
iii) h(x)=2—vx—-1 iv) k()= —2(x+1)% +3

23. Opoing TOV cuvepTicEoY.
i) f(x)= 3x’-6x+6 i) g(x)=x-2x+8 iii) h(x)=-2x*+4x+1

24. No Bpebodv 1 povotovia kar Ta akpéTaTa TG GLVAPTNONG f(X)=X>-6X+3 pe
nedio opspov 1o A=[0,2]

25. "Eoto pia aptio svvaptnon f pe medio opiopod To R n omoia mwapovoralen
oto x=2 péyweto 1o f(2)=3. Aciéte 6T n f mapovordlel Tov 1610 péyreTo KM
Y @Al Ty Tov X TNV omoio Kal va. Bpeite.

26. ‘Eoto pia meprrtiy ovvaptnon f pe nedio opiopod to R 1 omoia mapovsiale
oto x = 3 ghdyroto To f(3)= -5. Asifte 6T N f WOpPOVGLALEL PéEYIGTO TO OTTOIO VO
TPOGO0pioETE.








