g‘\;. Mn ypappika cvotipoto

AmopaitnTes yvooeis Osmpiog
BOcopia 1.

o) Tv tapretavel ypagika n sgicowon x* + y2 = p2, p > 0; Ano&eite To.

P) T evvoovpe 6tav Aépe vo AWOEl Eva cOoTNIO YPAQIKE; (YPOPIK ETNVGT] GUGTIOTOC).

v) oV ThgovekTEL KO OV PHEOVEKTEL EVOVTL TG 0AYEPPIKNG ETTAVGN G, 1] YPOPUKY]
eMIAVGN EVOS GUGTNOTOG;

Amavtnon:
o) l'eopstpicd n eiowon x* + y* = p?, p > 0 Toplotdvel y4
KOKAO pe kévipo v opyn Tov a&ovaov 0(0,0) kat M (x,, ¥o)
axtiva p dnradn tov kokio (O,p). P
AméoeiEn:
‘Eoto M (x,, y,) éva onpeio tov emumédov mov o
emoAnOevel v e€icwon x>+ y>=p%, p>0

Tote: x," +y,” =p’ C>\/on +y," =yp’ =p (1)

Eniong
0
(OM) = \/(XO —O)2 +(y, —())2 =X, +Y,, =p. Antadn (OM)=p ondte 10 oN-

peio M améyel amd to otabepd onueio O otabepr amdotoon p. Apa pe Paon tov
oplopd Tov KOKAOL T0 M Bpicketar otov koKkho (O,p).

B) Otav Aépe vo AvBel 1o GVOTNUA YPUPTIKA EVVOODLLE VO KAVOVLE TIG YPOPIKEG TOPACTAGELG
TOV YPOUUDY TOL TOPIGTAVOLY 01 EEIGMGEIS TOL GLGTAILATOC Kol VoL Bpovue Ta onueia
TouNG Tovg (av LVIEAPYOLV). AVTE TOL GIUELD TOUNG EVaL KAl 0L ADGELS TOV GUGTHATOC,

v) MMAgovekTel otny MepinTmon mov N olyePpikn emihvon givar SvokoAn. ‘Eriong Bpickouvpe
GYETIKA YP1yOpQ TIG ADGELS TOVL GuoTiuatoc. MEWVEKTEL 6TO O0TL 0L ADGELS IOV Ppiciovpie
TOOVOV va eivol TPOGEYYIOTIKEG TOV TPUYUATIKOV Avcemv (Adyo advvapiog ota va
KOTOOKEVAGOVUE TENEIES YPAPIKEG TaPpaoTdcel;). Eniong pelovektel oto 0TL dev givan
TOVTO SUVOTOV VO KAVOLLLE TIG YPAPUKES TOPACTAGELS TTOV TOPIGTAVOLY Ol EEICDGEIC.

e 4
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Epomoeig Katavonong- Avpéva mapadeiypata.

IMopaderypa 2 3x-1)"+y'=1 (1)
Na M0l To ocvotpa:

2x+y=3 2)

Avon:
2)ey=3-2x ) Orav 3 pia eéicwan tov
Avtikabiotodpe mv (3) omy (1) Ko Eovpe: ovotiuarog eivar 200
3(x—1)F +(B-2x) =1 3(x> —2x+1)+ (0-12x + 4x)=1 >  Babpov Koay diin Iov o
ocovijfng tpomog vons
&vor ) avTiKATdoTOON.

2yobio:

< 3x° -6x+3+9-12x+4x’ —1=0 7x* —18x +11=0

11

< ox =1 1 x, Z
"Etot éovpe:

o) Avx=110te: (2) & y=3-2-1=1 Apa pa Aoon tov cvothparog eivar (x,y)=(1,1)

11 1 21 22 1
B) Av x=7 tte: Qeoy=3-2-—=—-—=——

7 7 7 7
, . , , , 11 1
Apa 1 AN Mon Tov GLGTANTOG gival (X,y) = riir
IMopadeypa 3 s
No Av0si To cdotnua: I~ ~ Sxy =-6y (1)
2x+y =5 ?2)
Avonm:
H (1) yiverou 2yobiio:

2 _ 2 _ P _ HapaTypovus oty
Ayx’ 5x8y’+6y—0c’)y(x 5’x+6)—0©}’/—0 nzx ’5x+6—0 e s
m6 T dYo napfmoww elomoelg Ko amd v (2) égovpe ta GpoL Exovy 106 10 3.
eChig ovoTpaTa: 2¢e térola mepinTtwon

y=0 x2-5x+6=0 TO UETAPEPOVUE Ol
(%) : x,): oto lo uéloc ka1

2x+y=5 2x+y=5 KAVYOVUE TAPOyovTo-

moinon.
=0
R IS P W 3y
Vo1 TOV : = po  (xy)=|—,
Y axr0=5 |x 23 2
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x> =5x+6=0 x=2 M x=3
Avon tov (I,) : 2=

2x+y:5 2X+y:5

69.

0) Avx=2: 2x+y=5&2-24+4y=5cy=1 Apa (x,y)=(2, 1)

B)Avx=3: 2x+y= 5 <2-3+y=5<y=-1 Apa (x,y)=(3, -1)

Iopaosypa 4
X+y' =5 (1)

Na M0l To cvotpa: {
Xy =2 (2)

A{)GI]: ) (2) )
(1)<:>x2+y2=5<:>(x+y) —2xy=5<:>(x+y) -2-2=5&
<:>(x+y)2=9<:>x+y=i\/§<:>x+y=3 N x+y=-3

And ¢ mopandvo eElomoelg poli pe my eicmon (2)
&yovpe to €€Ng dVO cLoTHUOTOL

x+y=3 x+y=-3
) : X, :
xy=2 Xy=2

Aven tov (X))

O Moeig tov (X)) etvan o piCeg Tig e&icwong:

o -So+P=00"-30+2=00=1 | ©=2
Apa: (x,y)=(1,2) 1 (xy)=@,1)

Aven tov( X).
O1 Moeig tov (Z,)etvar ot piCeg g egicwong:

2yobiio:

2¢& oveTijuara mov n
uia e&iocwon eival tng
popotic X' +y’ =4’
APYGILUOTOLOVUE THY
TavTOTHTA:

2

X +y? =(x+y) 2xy

0’ -Sw+P=0s0’-(3)o+2=0c0"+30+2=00=-1 | 0=-2

Apa: (%, V) =(1,-2) M1 Xy =(2-1)
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IMopaderypo 5
4x* + 9y’ =13 (1)

Na Av0ci To cvoTypa: { 2%k By =15 @)

Avon: o)
()< (2x)" +(3y)’ =13 (2x+3y) -2-2x -3y =135 - 12xy =13 &

S -12xy=13-25 -12xy=-12<xy=1 )
2x+3y =5
Amo (2) xar (3) £govpe tOo cHOTNA!
1 w=l
HB) oy=—(x#0) )
X

(4)
H (2)<:>2x+3l=5<:>2x2+3=5x<:>2x2—5x+3=0<:>x=11']ng
X

a) Av x = 1 1618: (4) & yz%zl Apa (x,y)=(1, 1)

Apu (x,y)=(3 1}

B) Av x=% t0te () y=

W™

2’3

IMopadosypa 6
8 +27y'=35 (1)

Na Av0si to cncﬂ]ua:{ X +3y=5 )

Avon:
2yobiio:
1) < 8x* +27y’ =35 (2x)° +(3y)’ =35 .
(1) <8x’+ }; < (2x)"+Qy) 2e oveTiuaTa oV 1
< (2x+3y)’ —32x3y(2x +3y) =35 i eCicwaon givar g
® , a
o5 - 18xy5=35< 5% — 18xy =7 (Swupéoape pe 5) Hoppns X'ty =4
1 APHOIUOTIOLOVUE TV
S-18xy=7-25<-18xy=-18 = xy=1y=— (3) TavToTyTA:
X
AvtikoOietodpe v (3) oty (2) kot £(OvpE: X +yd=
— 2 — 2 — =
2x+3x—5<:>2x +3=5x2x" -5x+3=0< =(x+y)3-3xy(x+y)

<:>x—i 1 x=1
) Ul

"Etot éovpe:

3 23

3
2
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1
B) Av x =1 161¢! (3)<:>y=I<:>y=1 Apa: x,y)=(1,1)

Iopaosypa 7
X+ y =2 (1)

Na M0l To cvotpa: {x +yt gy =3 )

Avon:
e x+y)? -2xy=2 3)

> _2xy=2
Amo (2) ka1 (3) £govpe o cHOTNA! (x+y) i
x+y)+xy=3

Oérovpe: x+y=a (4) ko xy=p (5) ondte t0 GOGTNUA YiveTaL:

o’ -28=2 [a’-2=2 [|&’-2B3-0)=2 [a’-6+2a-2=0

Ko &9 Kot <S4 Kot &4 Kot
a+P=3 B=3-a B=3-a B=3-a
o +20-8=0 a=—4 N o=2 o=—4 o=2
&9 Kot & KoLl = Kot 1M KoLl
B=3-a B=3-a B=3-a B=3-a
o=-4 o=-4 o=-4 “ Xx+y=-4
1) Av: | Koo <S4 Kot &1 Kot <(§)> Ko
p=3-a B=3-(-4) B=7 xy=7

Ta x, y stvan piteg g e&iowong: o® —Sw+P =0 < 0’ + 4o+ 7 =0 ,080vom
STt A= —12<0
oa=2 a=2 a=2 “ X+y=2 x=1
2) Av: § KOl &9 KOl &5 KOL<S 9 Ko <& kat . Apa: (x,y)=(1,1)

(5)
B=3-a B=3-2 B=1 xy =1 y=1
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[Moapddosrypa 8
[Iéoeg d10QOPETIKEG AVGEIS PTTOPEL VO £OVV TU CUGTIHATO:

2iyi=p? 0 y=ax’, a>0 y=E a>0
@) (z,): Y TP P py(x,): M (E): X
=) {Y=ax+l3,a>0 (%) y=hx+p, >0 (=) ;

y=2x+p,AeR
2 2 2 2
2, 22 y=ox, >0 X +y =p,p>0
X" +y =p5, p>0
3 (x,): ; ’ £)(X,): B o7) (T, ): e o
y=ox", a>0 y—;, >0 y—X,a>

No 0DGETE TIC ATUVTIGELS GO YPUPIKA.

Avon:

X | X i
i X2+y2=p2, p>0 (Kl’)KkOQ)W W
a)(El):{

y=0x +PB @vbsia) o Toon

(2 onpeia Topiic) (epamTopév) (kavéve onpeio Topng)
(1 onpeio Topnc)

y y
— oy , ; 3
B (=,): y=0x", o>0 (nopaforq) o 1 Ll =
y=0x+[ (sv0zia)

(2 onpsia Topt|c) (1 onpzio Topnc)  (kavéva onpsio Topng)

e \_
0>0 (vmeppor) > 1 > 1 g

_e
N () y o X
y=Ax+p (2v0sia)

(2 onpeia Toprg) (1 onpeio Topng)  (kavéva enpzio Topig)

|J4
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73.

y

MéBodog:
I'vopilovue ot1 o1
Aveels Tov kdbe coori)-

., X Hatog gival to cnucia,
X +y =p°, p>0 (xixroc) TOUNG TV YPOPLKDY
9) (24)3{ 5 ; RAPAGCTAGCEQY TOV
y=ox’, a>0 (rapapolr) napLoTdvovy o1 E1660H-
(2 onpeia Toprc)

GEIS TOV GUGTHHATOG.

Apa to moces lvoels
Eyel to Kdlbe éva amo Ta
TOPOATAVQ® CUCTIUATA,
eapraran ano to Tiy-

(4 onpsio Tomig)

y=0x’, o>0 mapapori) x Oog TV onuciov To-
g (%): B 1S mov Exovv ot ypa-
y==, B>0 (urzpponri) PIKEC TOPACTAGELS
X TV £{160GEWY TOV
(1 onpeio Topng) Kale ol)aﬂi,uarog.
SO N b S
X"ty =p7, P>0 x’ﬁ x=ﬂ i
1) (Z) o / / K/
y=—, 0>0 j
X

(2 onpeio Topnjg)  (Kavéve enueio Topung)

Iopadoeypa 9
Na Bpeite mooeg Ao £xeL TO m')cﬂ]ua:{

Y TG o1dpopeg Tipég Tov peR

X' +2y=4
y-2x=p+1 (2)

1)

Avon:
Q)ey=2x+p+13)
(3)

Dex?+22x+p+)=4 x> +4x+2u+2-4=0= x> +4x+2u-2=0

A=4%-4.1-(2u-2) =16 —8u +8 = 24-8u
"Etot éovpe:

0)Av A> 024 -8u>0< —8u>-24 < pn<3 10te 1 eicmon €xet 2 pilec mpaypatikég
Kot Gvieec. Apo, T0 GUGTNO EYEL OVO AVCELS SLOPOPETIKEC.
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P)AVA=0<24-8u=0< —8u=-24 < =3 1616 N e&lcmwon &yel o pilo dumAn ondte
TO GVOTNUO €)EL o ADGT.

NVAVA<024-8u<0& —8u<-24< u>3 101e 1 e€lomon eivor adOvoTn 0moOTE TO
ocvotnua givol advvato oniadn dev &yl Avon.

IMopadeypa 10
Aivetor 0 kOkAog X2 + y2 = 2p (1) kou 1 gv0eio y = 3x + p (2). Na Ppeite 10 p
D07 1 gV0gia Vo EPATTETAL GTOV KUKAO.

Avon: 2yoho:
Abvouvpe to choTnp: Tia va. gpdrreron i gvleia

(2) e .
2 2_ 2 2 2~ oTov KUKA0 Oa mpémel i
1) < x"+3x+p) =2p & x"+9x"+oux+p -2p=0 < R

& 10x2 +6px +p?-2u =0 éva uévo enucio toutjc. Apa
INa va éxel to cvomua o Aon Bo tpérel n e€icmon va Oo. mpémel To cloTnUa Vo
&xel o pilo dutdn. Apa. o Tpémet: &xeL o, povo Ao,

A=0< (6p)* —4-10(n* —21) =0 < 36p* —40p” +80p=0 <

p=20 pu=20
S -4p +80pn =0 -4p(p-20)=0<( 7 (0
pn-20=0 p=20

Iopaoeypa 11

Amo@docioe éva super - market va poipdogt 630 KifpoTtio ydra eicov 6 kKamoeg
OTOYES owkoyéveles. Opmg 15 owoyéveleg ogv propovoay va apocsEiBovy yia
vo, tapardfovv to yara. 'Etol o vrélowmeg owkoyéveleg mov TpocnABay mypav
1 xifpoTtio maponave. Ioécec NTav ov owkoyéveleg Tov £XPENE vo, TPOGcELOovY
Kol 7660 KIpAOTIO YaAo TpE TEMKA KAOE 0wKoYEVELD TOV TPOONAOE;

Avon:
VEG?O) X Ol OIKOYEVELEG TTOV £MPENE VO TPOGELDOLV, Kol Y TO KIPMOTIO YOAO TTOL £TPETE VO
mopel n kaOe po. Tote: x - y = 630 (1) (ue x>0, y>0)
* [IpoonABav 15 owoyéveleg Aydtepeg dniadn, X - 15 owoyéveleg. H kabe pia mpe 1 kifdtio
TOPOTAVE onAadn, yv+1 kipota. Apa: (x —15)(y+1)=630 (2)
xy =630
Ao (1) xar (2) éyovpe 10 cLOTNUOL SE-15)y+)=xy&
x—-15)(y+1)=630

S xy+x-15y-15=xy & x-15y-15=0=x=15y+15 (3)



Mpn ypopuixa coetijuara, 75.

(3) (3)
H (1) ©xy=630<(15y +15)y =630 < 15y° +15y-630=0
Sy +y—42=0 (Supéoaps pe 15)

A=1"-4.1(-42)=1+168 =169

_-1+13 12 6
, Ax169 [T T T T
Apo: y,, =——0—
’ 2-1 -1-13 -14 ,
y, = 5 272—7 (amoppinteTan)

(4)
Apay=6(4). HQ) ©x=15-6+15<x=90+15<x=105

Apo ot apylkég owoyéveleg ftav 105 kar n kaBe okoyéveln mwov mpoonAbe mnpe
y+1=6+1=7 xipoto.

IMopadoerypo 12
g éva 0pBoydVIo TPiy®vo 1 mePipeTPog ToL givar 60m KoL To VYOS TOV AVTIGTOLYEL
otV vroteivovsa givar 12m. Na Bpeite Ta pijKn TOV TALVPAV TOL TPLYAOVOL.

r

Avon:

‘Eotm a m vroteivovso tov opboymviov tprydvov ko B, y ot

dv0 KabeTeC TAELPEG TOV.

* Ene1on 1o tpiymvo ivar opfoymvio Oa ioyvet o6 to I1. Bempnpa
0,2 — B2 + ,Y2 (1 )

* Enedn €xel mepiperpo 60m Oa woyvet. a+P+y=60 (2)

* To guPadov tov Tprydvov &ivat: E=M . Emionc:
. 12 12
BtV g @12 e Bro12e g e )
2 2 2 2

"Exovpe va Avoovpe to ovomua tov (1), (2), (3).
2)
o Ao (1) =a’ =(B+y) —23«{308 =(60—0)* —2-120 <> o> =3600-1200+0” —240=0 <

(<:>1200H—24(1=3600<:>144&=3600©d=%© a=25 4

*H (2)<:>25+B+y 60 pB+y=35
*H (3)<:>By—12 25 < By =300
Apa o B, y ivou pieg g eéicmwong: x*-Sx + P =0 < x-35x +300 =0 mov amd tm Avon

™ Bpiokovpe: x, = 20, x, = 15, apa: (B, v) = (20, 15) 1 (B, y) = (15, 20).
Apa 10 Tpiymvo &xel TAevpéc 15m, 20m, 25m.



76.

Mpn ypopuixa coctijuaza,

Iopaderypo 13

No Av0si To choTnpa: ‘xz +y?- 2‘ +(x=2y+1)'" =0

Avonm:
Amd ™ popoen g elomong Eyovpe:

‘x2+y2—2‘=0 x> +y>=2=0

Kot & 1Kot S X4y’ =2 (1) xu x=2y-1 (2)

x2y+D)'" =0 |[x2y+1=0

2)
H1)e2y-1) +y =24y’ —dy+1+y' -2=0& 5y

1
Abvoope v elomwon kat Bpiokovpe: y, =1 1 y= -5

o) Avy=1,0n6 Q)<= x=2-1-1=1 Apa: (x,y)=(1, 1)

1 1 2 7
y=——,am0 Q) x=2-—|-1=—=-1=—
& 5 @ (5} 5 5

Apo: (%, ¥)= (-Z, _lJ

5 5

-4y—-1=0

2ybiio:
Av:

a+p=0
a>0
B=0

10t 0=0 KOO

B=0
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Epomioeig Katavonong - AGKNGELS Y0 AvoT)

1. Na xvkAdogTe T 60T amavTnon:

, 2 2 2 ’ )
a) 0 KOkAog X“ +y“ =a”, a>0 korn gvbsia y=0x+p £&yovv:

1) kavéva Koo onpeio 2) éva Kowo onueio

3) dv0 kowvd onueia 4) kavéva 1 éva 1] 0V0 Kowva onpeia
B) H mapaporsy y=0x’, a =0 kon o kokhog x> +y> =p?, p> 0 &ovv:

1) kavéva Koo onpeio 2) éva. Kowo onueio

3) dv0 kowvd onueia 4) xoavéva M £va 1 6000 kKowva onpeia
Y) H mapaporyj y =ax?, o =0 ko1 vrepBorn ¥ =g, B#0 éyovv:

1) éva koo onueio 2) V0 kowvd onueia

3) 1pia kowa onueia 4) kavéva koo onueio

8) O kokhog x? +y* =p?, p>0 ko1 vepPorsy ¥ =g, B#0 &yovv:

1) 6%0 kowa onpueia 2) Téooepa. Kowvd onpeia
3) kavéva koo onueio 4) Kavéva 1 600 1] TEcogpa Kowvd onpeio
, . x> +xy=2 2+vi=2
2. Na :0si To odotnpa: 5. No M8ei To cdoTnpa: y
x-2y=-1 xy=-1
C 2yx* +xy =y 3y =
3. Na hbei to odotnpo: 6. Na Mv0ei to otomnuaz |~ Y ?
3x+ 7y =3 X + y= 3

X+y+§§=5

2 2
4. No 20ei o odoTpo: {X y =3 7. No. M0ei To odompo: 3y
X+y=3 (x+y)—X=6
y

2

=X

8. T Tig duapopeg Tipég Tov p va Ppeite moosg Mosig &gl To m')cm]ua:{ )
No e&nynoete KAOE Popa YPUPIKE TO. COUTEPACUATA GUS. y =-ux+2p

9. Na ppeire 10 A< R dote 1) vepPoin y= 1 Ko 1) gv0gio y =-X+ A va pnv T€pvovton
X

10. Na BpeBotv o1 mhevpég 800 TETPaAYOVOVY av aVTEC S10QEPOVY KATA 2m KoL TO
gufada Tovg drapépovy kata 12m?.

11. O Aéyog 800 mhevpdV evig opBoywviov civon 7. (7~ 3,14). Av évag KbKLOG £xeL
guPadod ico pe 10 enPadod Tov opBoymviov v’ amooeileTe 0TI N AKTIVO TOV 1GOVTAL
HE TNV KPOTEPT TTAELVPA TOV 0pBoy®Viov.








