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¨ 6.1. ∏ ¤ÓÓÔÈ· ÙË˜ Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. i) ¶Ú¤ÂÈ x – 1 ≠ 0, ‰ËÏ·‰‹ x ≠ 1. ÕÚ· ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜
Â›Ó·È ÙÔ: � – {1} = (–∞, 1) ∪ (1, +∞).

ii) ¶Ú¤ÂÈ x2 – 4x ≠ 0 ⇔ x (x – 4) ≠ 0 ⇔ x ≠ 0 Î·È x ≠ 4.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ: 
� – {0,4} = (–∞, 0) ∪ (0, 4) ∪ (4, –∞).

iii) ¶Ú¤ÂÈ x2 + 1 ≠ 0 Ô˘ ÈÛ¯‡ÂÈ ¿ÓÙÔÙÂ. ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘-
Ó¿ÚÙËÛË˜ Â›Ó·È fiÏÔ ÙÔ �.

iv) ¶Ú¤ÂÈ |x| + x ≠ 0 ⇔ |x| ≠ – x ⇔ x > 0.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ (0, +∞).

2. i) ¶Ú¤ÂÈ: x – 1 ≥ 0 Î·È 2 – x ≥ 0 ⇔ 1 ≤ x ≤ 2.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ [1, 2].

ii) ¶Ú¤ÂÈ  x2 – 4 ≥ 0 ⇔ x ≤ – 2   ‹   x ≥ 2
·ÊÔ‡ ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ x2 – 4 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ (–∞, –2] ∪ [2, +∞).

iii) OÌÔ›ˆ˜, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ [1, 3] ·ÊÔ‡
ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ Î·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 3.

iv) ¶Ú¤ÂÈ ≠ 0 ⇔ ⇔ x ≥ 0 Î·È x ≠ 1. 
ÕÚ·, ÙÔ ÂÈ‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ
[0, +∞) – {1} = [0, 1) ∪ (1, +∞).

3. ∂›Ó·È
f(–5) = (–5)3 = –125.
f(0) = 2 Ø 0 + 3 = 3.
f(6) = 2 Ø 6 + 3 = 15.

4. i) ŒÛÙˆ x Ô ˙ËÙÔ‡ÌÂÓÔ˜ Ê˘ÛÈÎfi˜ ·ÚÈıÌfi˜. ΔfiÙÂ, Ô Ù‡Ô˜ ÙË˜ Û˘Ó¿ÚÙËÛË˜
ı· ÚÔÎ‡„ÂÈ ˆ˜ ÂÍ‹˜:

x ≠ 1x – 1



x → x + 1 → (x + 1) Ø 4 → (x + 1) 4 + x2.

EÔÌ¤Óˆ˜, ı· ÂÈÓ·È f(x) = (x + 1)4 + x2 = x2 + 4x + 4 = (x + 2)2

‰ËÏ·‰‹ f(x) = (x + 2)2, x ∈ �. (1)

ŒÙÛÈ ı· ¤¯Ô˘ÌÂ f(0) = 22 = 4, f(1) = 32 = 9, f(2) = 42 = 16 Î·È f(3) = 52 = 25.

ii) ∂ÂÈ‰‹ x > 0, ¤¯Ô˘ÌÂ:
� f(x) = 36 ⇔ (x + 2)2 = 62 ⇔ x + 2 = 6 ⇔ x = 4.
� f(x) = 49 ⇔ (x + 2)2 = 72 ⇔ x = 5.
� f(x) = 100 ⇔ (x + 2)2 = 102 ⇔ x = 8.
� f(x) = 144 ⇔ (x + 2)2 = 122 ⇔ x = 10.

5. i) °È· x ≠ 1 ¤¯Ô˘ÌÂ: 

f(x) = 7 ⇔ ⇔ 

⇔ 2 (x – 1) = 4 ⇔ x – 1 = 2 ⇔ x = 3.

ii) °È· x ≠ 0, 4 ¤¯Ô˘ÌÂ:

g(x) = 2 ⇔ ⇔ ⇔ 

⇔ x + 4 = 2x ⇔ x = 4, ·‰‡Ó·ÙË.

iii) °È· x ∈ � ¤¯Ô˘ÌÂ:

h(x) = ⇔ ⇔ x2 + 1 = 5 ⇔ x2 = 4 ⇔ x = 2 ‹ x = –2.

¨ 6.2. °Ú·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. T· ÛËÌÂ›· Â›Ó·È ·ÔÙ˘ˆÌ¤Ó· ÛÙÔ ‰ÈÏ·Ófi
Û¯‹Ì·.

2. ¶Ú¤ÂÈ 2 < x < 5 Î·È 1 < y < 6.

1

x2 + 1
 = 1

5

1

5

x + 4

x
 = 2(x – 4)(x + 4)

x(x – 4)
 = 2x2 – 16

x2 – 4x
 = 2,

4

x – 1
 = 24

x – 1
 + 5 = 7
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+ 1 Ø 4 + x2



3. ΔÔ Û˘ÌÌÂÙÚÈÎfi ÙÔ˘ ∞(–1, 3),
i) ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· xãx Â›Ó·È ÙÔ μ(–1, –3)
ii) ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy Â›Ó·È ÙÔ ¢(1, 3)

iii) ˆ˜ ÚÔ˜ ÙË ‰È¯ÔÙfiÌÔ ÙË˜ ÁˆÓ›·˜ x y

Â›Ó·È ÙÔ ∂(3, –1)
iv) ˆ˜ ÚÔ˜ ÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ Â›Ó·È

ÙÔ °(1, –3).

4. ªÂ ‚¿ÛË ÙÔÓ Ù‡Ô ÙË˜ ·fiÛÙ·ÛË˜ ÙˆÓ ÛË-

ÌÂ›ˆÓ ∞(x1, y1) Î·È B(x2, y2), ¤¯Ô˘ÌÂ

i) 

ii) 

iii) 

iv) 

5. i) ∂›Ó·È

ÕÚ·, (AB) = (A°), ÔfiÙÂ ÙÔ ÙÚ›ÁˆÓÔ AB° Â›Ó·È ÈÛÔÛÎÂÏ¤˜ ÌÂ ÎÔÚ˘Ê‹ ÙÔ ∞.

ii) ∂›Ó·È

ÔfiÙÂ (∞μ)2 = 8.

ÔfiÙÂ (∞°)2 = 18.

ÔfiÙÂ (μ°)2 = 26.

¶·Ú·ÙËÚÔ‡ÌÂ fiÙÈ (μ°)2 = (∞μ)2 + (∞°)2. ÕÚ· ÙÔ ÙÚ›ÁˆÓÔ ∞μ° Â›Ó·È
ÔÚıÔÁÒÓÈÔ, ÌÂ ÔÚı‹ ÁˆÓ›· ÙËÓ ∞.

6. ∂›Ó·È

(∞μ) = (5 – 2)2 + (1 – 5)2  = 5.

(μ°) = (4 + 1)2 + (2 – 1)2  = 26,

(A°) = (4 – 1)2 + (2 + 1)2  = 2 ⋅ 32  = 3 2,

(AB) = (–1 – 1)2 + (1 + 1)2  = 2 ⋅ 22  = 2 2,

(B°) = (–3 – 4)2 + (5 + 2)2  = 2 ⋅ 72 +  = 7 2.

(A°) = (–3 – 1)2 + (5 – 2)2  = 42 + 32  = 5.

(AB) = (4 – 1)2 + (–2 – 2)2  = 32 + 42  = 5.

(AB) = 02 + (4 + 1)2  = 5.

(AB) = (1 + 3)2 + 02  = 4.

(∞B) = (3 + 1)2 + (4 – 1)2  = 42 + 32  = 25 = 5.

(O∞) = 42 + (–2)2  = 20 = 2 5.

(∞μ) = (x2 – x1)
2 + (y2 – y1)

2

√
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ÕÚ· ÙÔ ÙÂÙÚ¿ÏÂ˘ÚÔ ∞μ°¢ ¤¯ÂÈ
fiÏÂ˜ ÙÈ˜ ÏÂ˘Ú¤˜ ÙÔ˘ ›ÛÂ˜, ÔfiÙÂ
Â›Ó·È ÚfiÌ‚Ô˜.
™¯fiÏÈÔ: ÕÌÂÛ· ÚÔÎ‡ÙÂÈ fiÙÈ
ÙÔ ∞μ°¢ Â›Ó·È ÚfiÌ‚Ô˜, ·ÊÔ‡
ÔÈ ‰È·ÁÒÓÈÂ˜ ÙÔ˘ Ù¤ÌÓÔÓÙ·È
Î¿ıÂÙ· Î·È ‰È¯ÔÙÔÌÔ‡ÓÙ·È.

7. ¶Ú¤ÂÈ
i) f(2) = 6 ⇔ 22 + k = 6 ⇔ k = 2.
ii) g(–2) = 8 ⇔ k(–2)3 = 8 ⇔ k = –1.
iii) h(3) = 8 ⇔ k ⇔ k = 4.

8. i) ΔÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ f Â›Ó·È fiÏÔ ÙÔ �.
ñ °È· y = 0 ¤¯Ô˘ÌÂ x = 4, ofiÙÂ Ë y = f(x) Ù¤ÌÓÂÈ ÙÔÓ xãx ÛÙÔ ÛËÌÂ›Ô

∞(4, 0).
ñ °È· x = 0 ¤¯Ô˘ÌÂ y = –4, ÔfiÙÂ Ë y = f(x) Ù¤ÌÓÂÈ ÙÔÓ yãy ÛÙÔ ÛËÌÂ›Ô

μ(0, –4).

√ÌÔ›ˆ˜
ii) ∏ g ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È Ù¤ÌÓÂÈ

ñ ÙÔÓ ¿ÍÔÓ· xãx ÛÙ· ÛËÌÂ›· ∞1(2, 0) Î·È ∞2(3, 0) Î·È
ñ ÙÔÓ ¿ÍÔÓ· yãy ÛÙ· ÛËÌÂ›· B(0, 6).

iii) H h ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ÎÔÈÓfi ÛËÌÂ›Ô ÙÔ ∞(1, 0).
ñ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô ÙÔ B(0, 1).

iv) H q ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· xãx.
ñ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô μ(0, 1).

v) H Ê ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ Û‡ÓÔÏÔ [1, +∞), ÔfiÙÂ
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ¤Ó· ÌfiÓÔ ÎÔÈÓfi ÛËÌÂ›Ô ÙÔ ∞(1, 0) Î·È
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· yãy.

vi) H „ ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ Û‡ÓÔÏÔ (–∞, –2] ∪ [2, +∞), ÔfiÙÂ
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ‰‡Ô ÎÔÈÓ¿ ÛËÌÂ›·, Ù· ∞1(–2, 0) Î·È ∞2(2, 0).
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· yãy.

4 = 8

(¢A) = (2 + 1)2 + (5 – 1)2  = 5.

(°¢) = (–1 –2)2 + (1 + 3)2  = 5.

(B°) = (2 – 5)2 + (–3 –1)2  = 5.
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9. i) °È· x = 0 ¤¯Ô˘ÌÂ f(0) = –1. ÕÚ· Ë Cf Ù¤ÌÓÂÈ ÙÔÓ yãy ÛÙÔ ÛËÌÂ›Ô ∞(0, –1).
°È· y = 0 ¤¯Ô˘ÌÂ x2 – 1 = 0 ⇔ x = –1   ‹   x = 1.
ÕÚ· Ë Cf Ù¤ÌÓÂÈ ÙÔÓ xãx ÛÙ· ÛËÌÂ›· μ1(–1, 0) Î·È μ2(1, 0).

ii) f(x) > 0 ⇔ x2 – 1 > 0 ⇔ (x + 1)(x – 1) > 0 ⇔ x < – 1   ‹   x > 1.

10. i) f(x) = g(x) ⇔ x2 – 5x + 4 = 2x – 6 ⇔ x2 – 7x + 10 = 0 

⇔ x = 

ÕÚ· x = 5  ‹  x = 2.
°È· x = 2, g(2) = 4 – 6 = –2.
°È· x = 5, g(5) = 4.
ÕÚ· Ù· ÎÔÈÓ¿ ÛËÌÂ›· ÙˆÓ Cf Î·È Cg Â›Ó·È Ù· ∞(2, –2) Î·È μ(5, 4).

ii)  f(x) < g(x) ⇔ x2 – 5x + 4 < 2x – 6 ⇔ x2 – 7x + 10 < 0 
⇔ (x – 2)(x – 5) < 0 ⇔ 2 < x < 5.

¨ 6.3. ∏ Û˘Ó¿ÚÙËÛË f(x) = ·x + ‚
∞ã  √ª∞¢∞™

1. Ÿˆ˜ Â›Ó·È ÁÓˆÛÙfi, ÁÈ· ÙÔ Û˘ÓÙÂÏÂÛÙ‹ ‰ÈÂ‡ı˘ÓÛË˜ ÙË˜ Â˘ıÂ›·˜ y = ·x + ‚
ÈÛ¯‡ÂÈ: · = ÂÊˆ, fiÔ˘ ˆ Â›Ó·È Ë ÁˆÓ›· Ô˘ Û¯ËÌ·Ù›˙ÂÈ Ë y = ·x + ‚ ÌÂ ÙÔÓ
¿ÍÔÓ· xãx. ∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ

i) ÂÊˆ = 1, ÔfiÙÂ ˆ = 45Æ.

ii) ÂÊˆ = , ÔfiÙÂ ˆ = 60Æ.

iii) ÂÊˆ = –1, ÔfiÙÂ ˆ = 135Æ.

iv) ÂÊˆ = , ÔfiÙÂ ˆ = 120Æ.

2. ∞Ó ı¤ÛÔ˘ÌÂ ¢x = x2 – x1 Î·È   ¢y = y2 – y1, ¤¯Ô˘ÌÂ:

i) 

ii) 

iii) 

iv) 

3. ™Â fiÏÂ˜ ÙÈ˜ ÂÚÈÙÒÛÂÈ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚.
i) ∂ÂÈ‰‹ · = –1 Î·È ‚ = 2, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –x + 2.
ii) ∂ÂÈ‰‹ · = ÂÊ 45Æ = 1 Î·È ‚ = 1, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = x + 1.

· = ¢y

¢x
 = 1 – 3

2 – 1
 = –2

1
 = –2.

· = ¢y

¢x
 = 1 – 1

–1 – 2
 = 0.

· = ¢y

¢x
 = 1 – 2

2 – 1
 = –1.

· = ¢y

¢x
 = 3 – 2

2 – 1
 = 1.

– 3

3

7 ± 9

2
 = 7 ± 3

2
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iii) ∂ÂÈ‰‹ Ë Â˘ıÂ›· Â›Ó·È ·Ú¿ÏÏËÏË ÌÂ ÙËÓ y = 2x –3 ı· ¤¯ÂÈ ›‰È· ÎÏ›ÛË
ÌÂ ·˘Ù‹, ÔfiÙÂ ı· Â›Ó·È · = 2. ÕÚ· Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚ-
Ê‹˜: y = 2x + ‚ Î·È ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 1)
ı· ÈÛ¯‡ÂÈ 1 = 2 Ø 1 + ‚ ÔfiÙÂ ı· ¤¯Ô˘ÌÂ ‚ = –1. ∂ÔÌ¤Óˆ˜, Ë ÂÍ›ÛˆÛË
ÙË˜ Â˘ıÂ›·˜ Â›Ó·È y = 2x – 1.

4. Ÿˆ˜ Â›‰·ÌÂ ÛÙËÓ ¿ÛÎËÛË 2, ÛÂ fiÏÂ˜ ÙÈ˜ ÂÚÈÙÒÛÂÈ˜ Ë Â˘ıÂ›· ¤¯ÂÈ Û˘-
ÓÙÂÏÂÛÙ‹ ‰ÈÂ‡ı˘ÓÛË˜, ÔfiÙÂ ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚.
i) ∂ÂÈ‰‹ · = 1, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = x + ‚ Î·È

ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 2) ı· ÈÛ¯‡ÂÈ 2 = 1 + ‚
ÔfiÙÂ ı· Â›Ó·È ‚ = 1. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È y = x + 1.

ii) ∂ÂÈ‰‹ · = –1, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = –x + ‚ Î·È
ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 2) ı· ÈÛ¯‡ÂÈ 2 = –1 + ‚
ÔfiÙÂ ı· Â›Ó·È ‚ = 3. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –x + 3.

iii) ∂ÂÈ‰‹ · = 0, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = ‚ Î·È ÂÂÈ‰‹
Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(2, 1), Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È y = 1.

iv) ∂ÂÈ‰‹ · = –2, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = –2x + ‚ Î·È
ÂÂÈ‰‹ ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 3) ı· ÈÛ¯‡ÂÈ 3 = –2 + ‚ ÔfiÙÂ ı· Â›-
Ó·È ‚ = 5. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –2x + 5.

5. H ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ C = · Ø F + ‚ ÂÂÈ‰‹ ÙÔ ÓÂÚfi ·-
ÁÒÓÂÈ ÛÙÔ˘˜ 0ÆC ‹ ÛÙÔ˘˜ 32ÆF, ı· ÈÛ¯‡ÂÈ 0 = · Ø 32 + ‚.                          (1)
∂ÂÈ‰‹, ÂÈÏ¤ÔÓ, ÙÔ ÓÂÚfi ‚Ú¿˙ÂÈ ÛÙÔ˘˜ 100ÆC ‹ ÛÙÔ˘˜ 212ÆF, ı· ÈÛ¯‡ÂÈ
100 = · Ø 212 + ‚.                                                                                       (2)
∞Ó ·Ê·ÈÚ¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ (1) Î·È (2) ‚Ú›ÛÎÔ˘ÌÂ 100 = · Ø 180, ÔfiÙÂ

Î·È ÂÔÌ¤Óˆ˜ . ÕÚ·, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È

⇔ 

∞Ó ˘¿Ú¯ÂÈ ıÂÚÌÔÎÚ·Û›· Ô˘ Ó· ÂÎÊÚ¿˙ÂÙ·È Î·È ÛÙÈ˜ ‰‡Ô ÎÏ›Ì·ÎÂ˜ ÌÂ ÙÔÓ
·ÚÈıÌfi Δ, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ 

Δ = (Δ – 32) ⇔ 9Δ = 5Δ –5 Ø 32 ⇔ 4Δ = –5 Ø 32 ⇔ Δ = –40.

ÕÚ· ÔÈ –40ÆF ·ÓÙÈÛÙÔÈ¯Ô‡Ó ÛÙÔ˘˜ –40ÆC.

6. ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ·ÔÙÂÏÂ›Ù·È:
� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = –x + 2

ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË
x∈ (–∞, 0].

� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = 2 ÙÔ˘ ÔÔ›Ô˘
Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË x∈ [0, 1] Î·È

5

9

C = 5

9
 (F – 32).C = 5

9
 F – 5

9
 ⋅ 32

‚ = – 5

9
 ⋅ 32· = 5

9
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� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = x + 1 ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌË-
Ì¤ÓË x∈ [1, +∞).

7. i) OÈ Ú›˙Â˜ ÂÍ›ÛˆÛË˜ f(x) = 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÎÔÈÓÒÓ ÛËÌÂ›ˆÓ ÙË˜ y = f(x)
Î·È ÙË˜ Â˘ıÂ›·˜ y = 1, ‰ËÏ·‰‹ ÔÈ ·ÚÈıÌÔ› –1 Î·È 1.
√È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË f(x) = x Â›Ó·È ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÎÔÈÓÒÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x) Î·È ÙË˜ Â˘ıÂ›·˜ y = x, ‰ËÏ·‰‹ ÔÈ ·ÚÈıÌÔ› –2, 0 Î·È 1.

ii) √È Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) < 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x)  Ù· ÔÔ›· ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ ·fi ÙËÓ Â˘ıÂ›· y = 1, ‰ËÏ·‰‹ ÔÈ
·ÚÈıÌÔ› x∈ (–∞, 1) – {–1}.
√È Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) ≥ x Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x) Ù· ÔÔ›· ‚Ú›ÛÎÔÓÙ·È ¿Óˆ ·fi ÙËÓ Â˘ıÂ›· y = x ‹ ÛÙËÓ Â˘ıÂ›·
·˘Ù‹, ‰ËÏ·‰‹ Ù· ÛËÌÂ›· x∈ [–2, 0] ∪ [1, +∞).

8. i) √È ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ f(x) = |x|
Î·È g(x) = 1 ‰›ÓÔÓÙ·È ÛÙÔ ‰ÈÏ·Ófi
Û¯‹Ì·.

� OÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ |x| ≤ 1 Â›Ó·È
ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ y = |x|
Ô˘ ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ ·fi ÙËÓ Â˘ıÂ›·
y = 1 ‹ ÛÙËÓ Â˘ıÂ›· ·˘Ù‹, ‰ËÏ·‰‹ Ù·
x∈ [–1, 1].

� OÈ Ï‡ÛÂÈ˜ ·Ó›ÛˆÛË˜ |x| > 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ y =  |x| Ô˘
‚Ú›ÛÎÔÓÙ·È ¿Óˆ ·fi ÙËÓ Â˘ıÂ›·  y = 1, ‰ËÏ·‰‹ Ù· x∈ (–∞, –1) ∪ (1, +∞).

ii) ∞fi ıÂˆÚ›· ÁÓˆÚ›˙Ô˘ÌÂ fiÙÈ ÁÈ· Ú > 0 ÈÛ¯‡ÂÈ 
|x| ≤ Ú ⇔ –Ú ≤ x ≤ Ú.
|x| > Ú ⇔ x < –Ú   ‹   x > Ú.
∂ÔÌ¤Óˆ˜
|x| ≤ 1 ⇔ –1 ≤ x ≤ 1.
|x| > 1 ⇔ x < –1   ‹   x > 1.

μã  √ª∞¢∞™

1. i) ∂›Ó·È
f(–6) = 1, f(–5) = , f(–4) = 0, f(–3) = – , f(–2) = –1, f(–1) = 0.

f(0) = 1, f(1) = 1, f(2) = 1, f(3) = 0, f(4) = –1, f(5) = –2.

ii) OÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ f(x) = · Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙÔ˘ ÛËÌÂ›Ô˘ ÙË˜ Cf

Ô˘ ¤¯Ô˘Ó ÙÂÙ·ÁÌ¤ÓË ·. ∂ÔÌ¤Óˆ˜
� √È Ú›˙Â˜ ÙË˜ f(x) = 0 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –4, –1 Î·È 3.
� √È Ú›˙Â˜ ÙË˜ f(x) = –1 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 4.
� √È Ú›˙Â˜ ÙË˜ f(x) = 1 Â›Ó·È Ô ·ÚÈıÌfi˜ –6 Î·È fiÏÔÈ ÔÈ ·ÚÈıÌÔ› ÙÔ˘ ÎÏÂÈ-

ÛÙÔ‡ ‰È·ÛÙ‹Ì·ÙÔ˜ [0, 2].

1

2

1

2
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iii) ∏ Â˘ıÂ›· μ¢ Â›Ó·È ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚ Î·È ÂÂÈ‰‹ ‰È¤Ú¯Â-
Ù·È ·fi Ù· ÛËÌÂ›· μ(–2, –1) Î·È ¢(2, 1) ı· ÈÛ¯‡ÂÈ –1 = ·(–2) + ‚ Î·È
1 = · Ø 2 + ‚.
√fiÙÂ, ÌÂ ÚfiÛıÂÛË ÙˆÓ ÂÍÈÛÒÛÂˆÓ ·˘ÙÒÓ Î·Ù¿ Ì¤ÏË, ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ
‚ = 0 Î·È ÂÔÌ¤Óˆ˜ ı· ¤¯Ô˘ÌÂ · = 0,5.
ÕÚ· Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ μ¢ ı· Â›Ó·È Ë y = 0,5x.

EÔÌ¤Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) ≤ 0,5x Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜
ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ f Ô˘ ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ
·fi ÙËÓ Â˘ıÂ›· y = 0,5x, ‹ ¿Óˆ Û’ ·˘Ù‹. ∂›Ó·È ‰ËÏ·‰‹ fiÏ· Ù·
x∈ [2,5] ∪ {–2}.

2. ∏ ·Ó¿ÎÏ·ÛË Á›ÓÂÙ·È ÛÙÔ ÛËÌÂ›Ô
∞(1, 0) Î·È Ë ·Ó·ÎÏˆÌ¤ÓË Â›Ó·È Û˘Ì-
ÌÂÙÚÈÎ‹ ÙË˜ ËÌÈÂ˘ıÂ›·˜ ∞μ (Û¯.) ˆ˜
ÚÔ˜ ¿ÍÔÓ· ÙËÓ Â˘ıÂ›· x = 1.
∂ÔÌ¤Óˆ˜, Ë ·Ó·ÎÏÒÌÂÓË ı· Â›Ó·È
Ë ËÌÈÂ˘ıÂ›· Ô˘ ‰È¤Ú¯ÂÙ·È ·fi Ù·
ÛËÌÂ›· ∞(1, 0) Î·È μã(2, 1), fiÔ˘
∞ Ë ·Ú¯‹ ÙË˜.
∞Ó y = ·x + ‚, x ≥ 1 Â›Ó·È Ë ÂÍ›ÛˆÛË
ÙË˜ ·Ó·ÎÏÒÌÂÓË˜ ·ÎÙ›Ó·˜, ÙfiÙÂ ·˘Ù‹ ı· Â·Ï˘ıÂ‡ÂÙ·È ·fi Ù· ˙Â‡ÁË (1, 0)
Î·È (2, 1). ¢ËÏ·‰‹ ı· ÈÛ¯‡Ô˘Ó 0 =  · + ‚ Î·È 1 = 2· + ‚, ·fi ÙÈ˜ ÔÔ›Â˜ ‚Ú›-
ÛÎÔ˘ÌÂ · = 1 Î·È ‚ = –1. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ ·Ó·ÎÏÒÌÂÓË˜ ·ÎÙ›Ó·˜
Â›Ó·È: y = x – 1, x ≥ 1.

3. i) ·) ∞Ó μ(t) Â›Ó·È Ë ÔÛfiÙËÙ· ÛÂ Ï›ÙÚ· ÙË˜ ‚ÂÓ˙›ÓË˜ ÛÙÔ ‚˘ÙÈÔÊfiÚÔ Î·Ù¿
ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ μ(t) = 2000 – 100t Î·È ÂÂÈ‰‹
Ú¤ÂÈ μ(t) ≥ 0 ı· ÈÛ¯‡ÂÈ 2000 – 100t ≥ 0 ⇔ t ≤ 20.
∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ μ(t) = 2000 – 100t, 0 ≤ t ≤ 20.

‚) ∞Ó ¢(t) Â›Ó·È Ë ÔÛfiÙËÙ· ÛÂ Ï›ÙÚ· ÙË˜ ‚ÂÓ˙›ÓË˜ ÛÙË ‰ÂÍ·ÌÂÓ‹ Î·Ù¿
ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ ¢(t) = 600 + 100t, 0 ≤ t ≤ 20.
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ii) √È ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙË˜ ·Ú·¿Óˆ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È Ù· Â˘ı‡-
ÁÚ·ÌÌ· ÙÌ‹Ì·Ù· ÙÔ˘ ·Ú·Î¿Ùˆ Û¯‹Ì·ÙÔ˜. ∏ ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Î·Ù¿ ÙËÓ
ÔÔ›· ÔÈ ‰‡Ô ÔÛfiÙËÙÂ˜ Â›Ó·È ›ÛÂ˜ Â›Ó·È Ë Ï‡ÛË ÙË˜ ÂÍ›ÛˆÛË˜ μ(t) = ¢(t),
Ë ÔÔ›· ÁÚ¿ÊÂÙ·È 2000 – 100t = 600 + 100t ⇔ 200t = 1400 ⇔ t = 7.
ÕÚ· Ë ˙ËÙÔ‡ÌÂÓË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Â›Ó·È Ë t = 7min.

4. °È· Ó· ‚ÚÔ‡ÌÂ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÙÚÈÁÒÓÔ˘ ª°¢ ·Ê·ÈÚÔ‡ÌÂ ·fi ÙÔ ÂÌ‚·-
‰fiÓ ÙÔ˘ ÙÚ·Â˙›Ô˘ ∞μ°¢ ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ÔÚıÔÁÒÓÈˆÓ

ÙÚÈÁÒÓˆÓ ∞ª¢ Î·È μª°. ŒÙÛÈ ¤¯Ô˘ÌÂ
∂ª°¢ = ∂∞μ°¢ – ∂∞ª¢ – ∂μª°

= 

= 12 – 2x – (4 – x) = –x + 8.
EÔÌ¤Óˆ˜, Ë Û˘Ó¿ÚÙËÛË f ¤¯ÂÈ Ù‡Ô

f(x) = –x + 8, ÌÂ 0 ≤ x ≤ 4.
ÕÚ·, Ë ÁÚ·ÊÈÎ‹ ÙË˜ ·Ú¿ÛÙ·ÛË Â›Ó·È ÙÔ Â˘ı.
ÙÌ‹Ì· ÌÂ ¿ÎÚ· Ù· ÛËÌÂ›· ƒ(0, 8) Î·È ™(4, 4).

5. i) ΔÔ Â˘ı. ÙÌ‹Ì· k1 ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ h = ·t + ‚ Î·È ÂÂÈ‰‹ ‰È¤Ú¯Â-
Ù·È ·fi Ù· ÛËÌÂ›· ∞(3, 0) Î·È °(0, 20) ı· ÈÛ¯‡ÂÈ 0 = 3· + ‚  Î·È  20 = ‚,

ÔfiÙÂ ı· Â›Ó·È Î·È ‚ = 20. ∂ÔÌ¤Óˆ˜, ÙÔ Â˘ı. ÙÌ‹Ì· k1 ¤¯ÂÈ ÂÍ›ÛˆÛË

, 0 ≤ t ≤ 3.

ÕÚ· Ë ·ÓÙ›ÛÙÔÈ¯Ë Û˘Ó¿ÚÙËÛË ÙÔ˘ ‡„Ô˘˜ ÙÔ˘ ÎÂÚÈÔ‡ ∫1 Â›Ó·È Ë 

, 0 ≤ t ≤ 3. (1)

√ÌÔ›ˆ˜, ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ Ë ·ÓÙ›ÛÙÔÈ¯Ë Û˘Ó¿ÚÙËÛË ÙÔ˘ ‡„Ô˘˜ ÙÔ˘ ÎÂÚÈÔ‡
∫2 Â›Ó·È Ë

h2(t) = –5t + 20, 0 ≤ t ≤ 4. (2)

h1(t) = – 20

3
 t + 20

h = – 20

3
 t + 20

· = –20

3

4 + 2

2
 ⋅ 4 – x ⋅ 4

2
 – (4 – x) ⋅ 2

2
 

6.3. ∏ Û˘Ó¿ÚÙËÛË f(x) = ·x + ‚ 87

�

� �



ii) TÔ ÎÂÚ› k2 Â›¯Â ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ ÎÂÚ› k1 ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Î·Ù¿
ÙËÓ ÔÔ›·  ÈÛ¯‡ÂÈ h2(t) = 2h1(t). Œ¯Ô˘ÌÂ ÏÔÈfiÓ:

h2(t) = 2h1(t) ⇔ ⇔

⇔ ⇔ –3t + 12 = –8t + 24 

⇔ 5t = 12 ⇔ t = 2,4.
ÕÚ·, ÙÔ k2 Â›¯Â ÙÔ ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ k1 ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t = 2,4h.

iii) AÓ ÂÚÁ·ÛÙÔ‡ÌÂ fiˆ˜ ÛÙÔ ÂÚÒÙËÌ· i) ı· ‚ÚÔ‡ÌÂ fiÙÈ

h1(t) = , 0 ≤ t ≤ 3.

h2(t) = , 0 ≤ t ≤ 4.

ÔfiÙÂ, h2(t) = 2h1(t) ⇔ 

⇔ ⇔  t = 2,4.

¶·Ú·ÙËÚÔ‡ÌÂ ‰ËÏ·‰‹ fiÙÈ ÙÔ k2 ı· ¤¯ÂÈ ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ k1 ÙË ¯ÚÔÓÈ-
Î‹ ÛÙÈÁÌ‹ t = 2,4h, ·ÓÂÍ¿ÚÙËÙ· ÙÔ˘ ·Ú¯ÈÎÔ‡ ‡„Ô˘˜ ˘ ÙˆÓ ÎÂÚÈÒÓ k1 Î·È k2.

¨ 6.4. K·Ù·ÎfiÚ˘ÊË - √ÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË Î·Ì‡ÏË˜
∞ã  √ª∞¢∞™

1. Ÿˆ˜ Â›‰·ÌÂ ÛÙËÓ ¨4.3, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ Ê(x) = |x|, ·ÔÙÂÏÂ›Ù·È 

·fi ÙÈ˜ ‰È¯ÔÙfiÌÔ˘˜ ÙˆÓ ÁˆÓÈÒÓ x y Î·È xã y. H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
f(x) = |x| + 2 ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿
2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ¿Óˆ, ÂÓÒ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f(x) = |x| – 2
ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜
ÚÔ˜ Ù· Î¿Ùˆ (Û¯‹Ì·).

√√

– 1

4
 t + 1 = 2 – 1

3
 t + 1

– ˘

4
 t + ˘ = 2 – ˘

3
 t + ˘

– ˘

4
 t + ˘

– ˘

3
 t + ˘

– 1

4
 t + 1 = – 2

3
 t + 2

– 1

4
 t + 1 = 2 –1

3
 t + 1– 20

4
 t + 20 = 2 –20

3
 t + 20
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2. H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ h(x) = |x + 2| ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂ-
Ù·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿, ÂÓÒ Ë ÁÚ·ÊÈÎ‹
·Ú¿ÛÙ·ÛË ÙË˜ q(x) = |x – 2| ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË
ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿ (Û¯‹Ì·).

3. ∞Ú¯ÈÎ¿ ¯·Ú¿ÛÛÔ˘ÌÂ ÙËÓ y = |x + 2|, Ô˘, fiˆ˜ Â›‰·ÌÂ ÛÙËÓ ÚÔËÁÔ‡ÌÂÓË
¿ÛÎËÛË, ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x| Î·Ù¿ 2 ÌÔ-
Ó¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿. ™ÙË Û˘Ó¤¯ÂÈ· ¯·Ú¿ÛÛÔ˘ÌÂ ÙËÓ y = |x + 2| + 1,
Ô˘, fiˆ˜ ÁÓˆÚ›˙Ô˘ÌÂ, ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜
ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ y = |x + 2| Î·Ù¿ 1 ÌÔÓ¿‰· ÚÔ˜ Ù· ¿Óˆ. ∂Ô-
Ì¤Óˆ˜, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ F(x) = |x + 2| + 1. ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô
‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜ y = |x|, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜
Ù· ·ÚÈÛÙÂÚ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 1 ÌÔÓ¿‰·˜ ÚÔ˜ Ù· ¿Óˆ (Û¯‹Ì·).

√ÌÔ›ˆ˜, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ G(x) = |x – 2| – 1, ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô
‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜ y = |x|, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜
Ù· ‰ÂÍÈ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 1 ÌÔÓ¿‰· ÚÔ˜ Ù· Î¿Ùˆ (Û¯‹Ì·).

4. i)
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ii)

iii)

5. i) f(x) = 2(x – 2)2 – 1 + 1 = 2(x – 2)2.
ii) f(x) = 2(x – 3)2 – 1 – 2 = 2(x – 3)2 – 3.
iii) f(x) = 2(x + 2)2 – 1 + 1 = 2(x + 2)2.
iv) f(x) = 2(x + 3)2 – 1 – 2 = 2(x + 3)2 – 3.

¨ 6.5. ªÔÓÔÙÔÓ›· - ∞ÎÚfiÙ·Ù· - ™˘ÌÌÂÙÚ›Â˜ Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. ñ ∏ f Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, 1] Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [1, +∞).
ñ ∏ g Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ (–∞, 0], ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ [0, 2] Î·È

ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [2, +∞).
ñ ∏ h Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, –1], ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [–1, 0],

ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ [0, 1] Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [1, +∞). 
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2. ñ ∏ f ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = 1, ÙÔ f(1) = –1 Î·È ‰ÂÓ ·ÚÔ˘ÛÈ¿-
˙ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ.

ñ ∏ g ‰ÂÓ ·ÚÔ˘ÛÈ¿˙ÂÈ Ô‡ÙÂ ÔÏÈÎfi Ì¤ÁÈÛÙÔ Ô‡ÙÂ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ.
ñ ∏ h ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = –1 Î·È ÁÈ· x = 1 ÙÔ

h(–1) = h(1) = –2, ÂÓÒ ‰ÂÓ ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ.

3. i) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ Ù· f(x) ≥ f(3). Œ¯Ô˘ÌÂ  

f(x) ≥ f(3) ⇔ x2 – 6x + 10 ≥ 32 – 6 Ø 3 + 10 ⇔ (x – 3)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

ii) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ g(x) ≤ g(1). Œ¯Ô˘ÌÂ 

g(x) ≤ g(1) ⇔ ≤ ⇔ 2x ≤ x2 + 1 ⇔ 0 ≤ (x – 1)2, Ô˘ ÈÛ¯‡ÂÈ.

4. i) H f1 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ
f1(–x) = 3(–x)2 + 5(–x)4 = 3x2 + 5x4, ¿Ú· Ë f1 Â›Ó·È ¿ÚÙÈ·.

ii) H f2 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f2(–x) = 3|–x| + 1 = 3|x| + 1, ¿Ú· Ë f2 Â›Ó·È ¿ÚÙÈ·.

iii) H f3 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f3(–x) = |–x + 1|, ÔfiÙÂ ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹, ·ÊÔ‡ 

f3(–1) ≠ ±f3(1).

iv) H f4 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f4(–x) = (–x)3 – 3(–x)5 = –(x3 – 3x5) = –f4(–x), ¿Ú· Ë f4 ÂÚÈÙÙ‹.

v) H f5 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ (–∞, 1) ∪ (1, +∞) Ô˘ ‰ÂÓ ¤¯ÂÈ Î¤ÓÙÚÔ Û˘Ì-
ÌÂÙÚ›·˜ ÙÔ 0. ÕÚ·, Ë f5 ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

f5(–x) = , ¿Ú· Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

vi) H f6 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f6(–x) = = –f6(x), ¿Ú· f6 Â›Ó·È ÂÚÈÙÙ‹.

5. i) H f1 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ �* = {x ∈ � | x ≠ 0} Î·È ÁÈ· Î¿ıÂ x ∈ �*
ÈÛ¯‡ÂÈ

ÕÚ· Ë f1 Â›Ó·È ¿ÚÙÈ·.

ii) H f2 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo [2, +∞) Ô˘ ‰ÂÓ ¤¯ÂÈ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜ ÙÔ
√. ÕÚ· ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

f1(–x) = 1

|–x|
 = 1

|x|
 = f1(x).

–2x

(–x)2 + 1
 = –2x

x2 + 1
 = – 2x

x2 + 1

(–x)2

1 – x
 = x2

1 – x

2 ⋅ 1
12 + 1

2x

x2 + 1
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iii) H f3 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ
f3(–x) = |–x – 1| – |–x + 1| = |x + 1| – |x – 1| = –f3(x).

ÕÚ· Ë f3 Â›Ó·È ÂÚÈÙÙ‹.

iv) H f4 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo �* Î·È Â›Ó·È ÂÚÈÙÙ‹, ‰ÈfiÙÈ ÈÛ¯‡ÂÈ

Δ¤ÏÔ˜, ·Ó ÂÚÁ·ÛÙÔ‡ÌÂ fiˆ˜ ÛÙËÓ i), ı· ·Ô‰Â›ÍÔ˘ÌÂ fiÙÈ:

v) H f5 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È Â›Ó·È ¿ÚÙÈ·, ‰ÈfiÙÈ f5(–x) = f5(x), ÁÈ·
Î¿ıÂ x ∈ �.

vi) H f6 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ [–1, 1] Î·È Â›Ó·È ¿ÚÙÈ·, ‰ÈfiÙÈ f6(–x) = f6(x),
ÁÈ· Î¿ıÂ x ∈ [–1, 1].

6. i) H Cf ¤¯ÂÈ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜ ÙÔ √(0, 0). ÕÚ· Ë f Â›Ó·È ÂÚÈÙÙ‹.

ii) H Cg ¤¯ÂÈ ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ yãy. ÕÚ· Ë g Â›Ó·È ¿ÚÙÈ·.

iii) H Ch ‰ÂÓ ¤¯ÂÈ Ô‡ÙÂ ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ yãy, Ô‡ÙÂ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜

ÙÔ O(0, 0). ÕÚ· Ë h ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ· Ô‡ÙÂ ÂÚÈÙÙ‹. 

7. √ÌÔ›ˆ˜
i) H f Â›Ó·È ¿ÚÙÈ·.
ii) H g Â›Ó·È ÂÚÈÙÙ‹.
iii) H h ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

8. ·) ¶·›ÚÓÔ˘ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ C1, C2 Î·È C3 ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy.

‚) ¶·›ÚÓÔ˘ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ C1, C2 Î·È C3 ˆ˜ ÚÔ˜ ÙËÓ ·Ú¯‹ ÙˆÓ
·ÍfiÓˆÓ.

f4(x) =

x2 + 1

x

x2 + 1
 = 1

x
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