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¨ 4.1. ∞ÓÈÛÒÛÂÈ˜ 1Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) 

⇔ 6x – 6 + 6x + 9 < 2x ⇔ 6x + 6x – 2x < 6 – 9 

⇔ 10x < –3 ⇔ x < –
3
—
10

.

ii) 

⇔ 2x – 24 + 2x + 3 > 4x 
⇔ 2x + 2x – 4x > 24 – 3 ⇔ 0x > 21 ·‰‡Ó·ÙË.

iii) 

⇔ 5x – 4x – x < 10 – 2 – 4 

⇔ 0x < 4 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

2. ñ 3x – 1 < x + 5 ⇔ 3x – x < 1 + 5 ⇔ 2x < 6 ⇔ x < 3.

ñ 2 –
x

—
2

≤ x +
1
—
2

⇔ 4 – x ≤ 2x + 1 ⇔ –3x ≤–3 ⇔ x ≥ 1.

ÕÚ· 1 ≤ x < 3.

3. ñ 

ñ 

ÕÚ· ‰ÂÓ ˘¿Ú¯Ô˘Ó ÙÈÌ¤˜ ÙÔ˘ x ÁÈ· ÙÈ˜ ÔÔ›Â˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÔÈ ·ÓÈÛÒÛÂÈ˜.

x – 1

3
 ≤ x

3
 – 1 ⇔ 3x – 1 ≤ x – 3 ⇔ 3x – x ≤ 1 – 3 ⇔ 2x ≤ –2 ⇔ x ≤ –1.

x – 1

2
 > x

2
 + 1 ⇔ 2x – 1 > x + 2 ⇔ 2x – x > 1 + 2 ⇔ x > 3.

x – 2

2
 + 1 – 2x

5
  < x

10
 – 2

5
 ⇔ 5x – 10 + 2 – 4x < x – 4

x – 12

2
 + x

2
  + 3

4
 > x ⇔ 2(x – 12) + 2x + 3 > 4x

x – 1

2
 + 2x + 3

4
  < x

6
 ⇔ 6(x – 1) + 3(2x + 3) < 2x



4. ñ 

ñ 

√È ·ÓÈÛÒÛÂÈ˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÁÈ· x ∈ (–
1
—
7 

,
7
—
3

). √È ·Î¤Ú·ÈÂ˜ ÙÈÌ¤˜ ÙÔ˘ x
ÛÙÔ ‰È¿ÛÙËÌ· ·˘Ùfi Â›Ó·È ÔÈ 0, 1, 2.

5. i) |x| < 3 ⇔ –3 < x < 3. ÕÚ· x ∈ (–3, 3).

ii) |x – 1| ≤ 4 ⇔ –4 ≤ x – 1 ≤ 4 ⇔ 1 – 4 ≤ x ≤ 1 + 4 

⇔ –3 ≤ x ≤ 5. ÕÚ· x ∈ [–3, 5].

iii) |2x + 1| < 5 ⇔ –5 < 2x + 1< 5 ⇔ – 5 –1 < 2x < 5 – 1 

⇔ –6 < 2x < 4 ⇔ –3 < x < 2. ÕÚ· x ∈ (–3, 2).

6. i) |x| ≥ 3 ⇔ x ≤ –3   ‹   x ≥ 3. ÕÚ· x ∈ (–∞, –3] ∪ [3, +∞).

ii) |x – 1| > 4 ⇔ x – 1 < –4   ‹   x – 1 > 4 ⇔ x < –3   ‹   x > 5. 

ÕÚ· x ∈ (–∞, –3) ∪ (5, +∞).

iii) |2x + 1| ≥ 5 ⇔ 2x + 1 ≤ –5   ‹   2x + 1 ≥ 5 ⇔ 2x ≤ –6   ‹   2x ≥ 4 

⇔ x ≤ –3   ‹  x ≥ 2. ÕÚ· x ∈ (–∞, –3] ∪ [2, +∞). 

7. i) ∞fi ÙÔÓ ÔÚÈÛÌfi ÙË˜ ·fiÏ˘ÙË˜ ÙÈÌ‹˜ ¤¯Ô˘ÌÂ |·| = · ⇔ · ≥ 0.

∂ÔÌ¤Óˆ˜ |2x – 6| = 2x – 6 ⇔ 2x – 6 ≥ 0 ⇔ 2x ≥ 6 ⇔ x ≥ 3.

ii) |3x – 1| = 1 – 3x ⇔ 3x – 1 ≤ 0 ⇔ 3x ≤ 1 ⇔ x ≤ 1—
3 

.

8. i) 

⇔ 3|x – 1| – 12 + 10 < 2|x – 1| ⇔ |x – 1| < 2 

⇔ –2 < x – 1 < 2 ⇔ –1 < x< 3. ÕÚ· x ∈ (–1, 3).

|x – 1| – 4

2
 + 5

3
 < |x – 1|

3
 ⇔ 3 |x – 1| – 4  + 10 < 2|x – 1| ⇔ 

⇔ 2x + x < 8 – 1 ⇔ 3x < 7 ⇔ x < 7

3
 .

x – 4 + x + 1

2
 < 0 ⇔ 2x – 8 + x + 1 < 0 ⇔

⇔ 7x > –1 ⇔ x > – 1

7
 .

2x – x – 1

8
 > x ⇔ 16x – x + 1 > 8x ⇔ 16x – x – 8x > –1
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ii) 

⇔ 3|x| + 3 – 4|x| > 2 – 2|x| 

⇔ 3|x| – 4|x| + 2|x| > 2 – 3 

⇔ |x| > –1 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

9. |x – 3| ≤ 5 

⇔ –5 ≤ x – 3 ≤ 5 ⇔ 3 – 5 ≤ x ≤ 5 + 3 ⇔ –2 ≤ x ≤ 8.

ÕÚ· x ∈ [–2, 8].

10. ΔÔ Î¤ÓÙÚÔ ÙÔ˘ ‰È·ÛÙ‹Ì·ÙÔ˜ (– 7, 3) Â›Ó·È ÙÔ –7 + 3—
2   

= –2.

Œ¯Ô˘ÌÂ x ∈ (–7, 3) ⇔ –7 < x < 3 ⇔ –7 – (–2) < x – (–2) < 3 – (–2) 

⇔ –7 + 2 < x + 2 < 3 + 2 

⇔ –5 < x + 2 < 5 ⇔ | x + 2| < 5.

11. 41 ≤ 9—
5

C + 32 ≤ 50 ⇔ 41 – 32 ≤ 9—
5

C ≤ 50 – 32 

⇔ 9 ≤ 9—
5

C ≤ 18 ⇔ 5 ≤ C ≤ 10.

μã  √ª∞¢∞™

1. i) 3 ≤ 4x – 1 ≤ 6 ⇔ 3 ≤ 4x – 1 Î·È 4x – 1 ≤ 6. ∑ËÙ¿ÌÂ ÂÔÌ¤Óˆ˜ ÙÈ˜ ÙÈÌ¤˜
ÙÔ˘ x ÁÈ· ÙÈ˜ ÔÔ›Â˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÔÈ ·ÓÈÛÒÛÂÈ˜ 3 ≤ 4x – 1 Î·È 4x – 1 ≤ 6.

ñ 3 ≤ 4x – 1 ⇔ 4 ≤ 4x ⇔ 4x ≥ 4 ⇔ x ≥ 1.

ñ 4x – 1 ≤ 6 ⇔ 4x ≤ 7 ⇔ x ≤ 7—
4 

.

ÕÚ· x ∈ [1, 7—
4 

].

ii) –4 ≤ 2 – 3x ≤ –2 ⇔ –4 ≤ 2 – 3x   Î·È   2 –3x ≤ –2.

ñ –4 ≤ 2 – 3x ⇔ 3x ≤ 6 ⇔ x ≤ 2.

ñ 2 – 3x ≤ –2 ⇔ –3x ≤ –4 ⇔ x ≥ 4—
3 

.

ÕÚ· x ∈ [ 4—
3 

, 2].

x2  – 6x + 9 ≤ 5 ⇔ (x – 3)2  ≤ 5 ⇔ 

|x| + 1

2
 – 2|x|

3
 > 1 – |x|

3
 ⇔ 3 |x| + 1  – 4|x| > 2(1 – |x|)
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2. i) 2 ≤ |x| ≤ 4 ⇔ 2 ≤ |x|   Î·È   |x| ≤ 4.

ñ 2 ≤ |x| ⇔ |x| ≥ 2 ⇔ x ≤ –2   ‹   x ≥ 2.

ñ |x| ≤ 4 ⇔ –4 ≤ x ≤ 4.

ÕÚ· x ∈ [–4, –2] ∪ [2, 4].

ii) 2 ≤ |x – 5| ≤ 4 ⇔ 2 ≤ |x – 5|   Î·È   |x – 5| ≤ 4.

ñ 2 ≤ |x – 5| ⇔ |x – 5| ≥ 2 ⇔ x – 5 ≤ –2   ‹   x – 5 ≥ 2 ⇔ x ≤ 3   ‹   x ≥ 7.

ñ |x – 5| ≤ 4 ⇔ –4 ≤ x – 5 ≤ 4 ⇔ 5 – 4 ≤ x ≤ 5 + 4 ⇔ 1 ≤ x ≤ 9.

ÕÚ· x ∈ [1, 3] ∪ [7, 9].

3. i) √ ·ÚÈıÌfi˜ Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Ì¤ÛÔ ª ÙÔ˘ ∞μ Â›Ó·È Ô:

ii) ∞Ó ƒ Â›Ó·È ÙÔ ÛËÌÂ›Ô ÙÔ˘ xãx Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÂ Ï‡ÛË ÙË˜ ·Ó›ÛˆÛË˜, ÙfiÙÂ:
|x – 5| ≤ |x + 3| ⇔ d(x, 5) ≤ d(x, –3) ⇔ ƒ∞ ≤ ƒμ.

∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ ÛËÌÂ›Ô ƒ ‚Ú›ÛÎÂÙ·È ÚÔ˜ Ù· ‰ÂÍÈ¿ ÙÔ˘ Ì¤ÛÔ˘ ª
ÙÔ˘ ∞μ. ∂ÔÌ¤Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ Â›Ó·È Ù· x ∈ [1, +∞).

iii) Œ¯Ô˘ÌÂ:
|x – 5| ≤ |x + 3| ⇔ |x – 5|2 ≤ |x + 3|2 ⇔ x2 – 10x + 25 ≤ x2 + 6x + 9

⇔ –16x ≤ –16 ⇔ x ≥ 1.

4. i) √ ·ÚÈıÌfi˜ Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Ì¤ÛÔ ª ÙÔ˘ ∞μ Â›Ó·È Ô:

ii) ∞Ó ƒ Â›Ó·È ÙÔ ÛËÌÂ›Ô ÙÔ˘ xãx Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙË Ï‡ÛË x ÙË˜ ÂÍ›Ûˆ-
ÛË˜, ÙfiÙÂ ¤¯Ô˘ÌÂ

|x – 1| + |x – 7| = 6 ⇔ d(x, 1) + d(x, 7) = 6 ⇔ ƒ∞ + ƒμ = AB.

x0 =
1 + 7

2
 = 4

x0 =
–3 + 5

2
 = 1
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∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ ÛËÌÂ›Ô ƒ Â›Ó·È ÛËÌÂ›Ô ÙÔ˘ ÙÌ‹Ì·ÙÔ˜ ∞μ. ∂ÔÌ¤-
Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È Ù· x ∈ [1, 7].

iii) ™¯ËÌ·Ù›˙Ô˘ÌÂ ÙÔÓ ›Ó·Î· ÚÔÛ‹ÌÔ˘ ÙˆÓ ·Ú·ÛÙ¿ÛÂˆÓ x – 1 Î·È x – 7.

¢È·ÎÚ›ÓÔ˘ÌÂ ÙÒÚ· ÙÈ˜ ·ÎfiÏÔ˘ıÂ˜ ÂÚÈÙÒÛÂÈ˜:
ñ ∞Ó x ∈ (–∞, 1), ÙfiÙÂ:

|x – 1| + |x – 7| = 6 ⇔ (1 – x) + (7 – x) = 6 ⇔ x = 1, Ô˘ ·ÔÚÚ›ÙÂÙ·È
‰ÈfiÙÈ 1 ∉ (–∞, 1).

ñ ∞Ó x ∈ [1, 7), ÙfiÙÂ:
|x – 1| + |x – 7| = 6 ⇔ (x – 1) + (7 – x) = 6 ⇔ 0x = 0, Ô˘ ÈÛ¯‡ÂÈ ÁÈ·
Î¿ıÂ x ∈ [1, 7).

ñ ∞Ó x ∈ [7, +∞), ÙfiÙÂ:
|x – 1| + |x – 7| = 6 ⇔ (x – 1) + (x – 7) = 6 ⇔ x = 7, Ô˘ Â›Ó·È ‰Â-
ÎÙ‹ ‰ÈfiÙÈ 7 ∈ [7, +∞). ∂ÔÌ¤Óˆ˜, Ë ÂÍ›ÛˆÛË ·ÏËıÂ‡ÂÈ ÁÈ· x ∈ [1, 7].

¨ 4.2. ∞ÓÈÛÒÛÂÈ˜ 2Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) √È Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ x2 – 3x + 2 Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ 

x2 – 3x + 2 = 0. 

Œ¯Ô˘ÌÂ: x2 – 3x + 2 = 0 ⇔ x = ⇔ x = 1   ‹   x = 2.

ÕÚ· x2 – 3x + 2 = (x – 1)(x – 2).

ii) Œ¯Ô˘ÌÂ: 2x2 – 3x – 2 = 0 ⇔ x = ⇔ x = – 1—
2

‹   x = 2.

∂ÔÌ¤Óˆ˜ 

2x2 – 3x – 2 = 2 (x + 1—
2
) (x – 2) = (2x + 1)(x – 2).

2. i) ∂›Ó·È: x ≠ 2, x ≠ – 1—
2

x2 – 3x + 2

2x2 – 3x – 2
 = (x – 1) (x – 2)

(2x + 1) (x – 2)
 = x – 1

2x + 1
 ,

3 ± 5

4

3 ± 1

2
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ii) Œ¯Ô˘ÌÂ: 2x2 + 8x – 42 = 0 ⇔ x2 + 4x – 21 = 0

∂ÂÈ‰‹ ¢ = 42 – 4   (–21) = 100, ı· Â›Ó·È

x1, 2 = 

∂ÔÌ¤Óˆ˜ 2x2 + 8x – 42 = 2(x + 7)(x – 3).

ÕÚ·: x ≠ ±7.

iii) ñ °È· ÙËÓ ÂÍ›ÛˆÛË 4x2 – 12x + 9 = 0, ¤¯Ô˘ÌÂ

¢ = 122 – 4 Ø 4 Ø 9 = 144 – 144 = 0, 

∂ÔÌ¤Óˆ˜ 4x2 – 12x + 9 = 4(x – 3
—
2

)2 = (2x – 3)2.

ñ °È· ÙËÓ 2x2 – 5x + 3 = 0,  ¢ = 25 – 24 = 1, x1, 2 = 

∂ÔÌ¤Óˆ˜ 2x2 – 5x + 3 = 2(x – 3
—
2

)(x – 1) = (2x – 3)(x – 1).

ÕÚ· x ≠ 1, x ≠  3—
2

3. i) x2 – 2x – 15 = 0,  ¢ = 64,  x1, 2 = 

ii) 4x2 – 4x + 1 = (2x – 1)2

iii) x2 – 4x + 13 = 0,  ¢ = 16 – 4 Ø 13 = 16 – 52 < 0,  · = 1 > 0.

4. i) ΔÔ ÙÚÈÒÓ˘ÌÔ –x2 + 4x – 3 ¤¯ÂÈ · = –1 Î·È Ú›˙Â˜ ÙÈ˜ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ 

–x2 + 4x – 3 = 0 ⇔ x2 – 4x + 3 = 0 ⇔ x1, 2 = 
4 ± 2

2

2 ± 8

2

4x2 – 12x + 9

2x2 – 5x + 3
 = (2x – 3)2

(2x – 3) (x – 1)
 = 2x – 3

x – 1
 ,

5 ± 1

4

x1,2 =
12

8
 = 3

2
 (‰ÈÏ‹).

2x2 + 8x – 42

x2 – 49
 = 2(x + 7) (x – 3)

(x + 7) (x – 7)
 = 2(x – 3)

x – 7
 ,

–4 ± 10

2
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3—
2
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ii) Œ¯Ô˘ÌÂ –9x2 + 6x – 1 = –(9x2 – 6x + 1) = –(3x – 1)2. ∂ÔÌ¤Óˆ˜

iii) ΔÔ ÙÚÈÒÓ˘ÌÔ –x2 + 2x – 2 ¤¯ÂÈ ¢ = 22 – 4(–1)(–2) = 4 – 8 = –4 < 0 Î·È
· = –1 < 0.

5. i) ∂›Ó·È: 5x2 ≤ 20x ⇔ 5x2 – 20x ≤ 0 ⇔ 5x(x – 4) ≤ 0. 

ΔÔ ÙÚÈÒÓ˘ÌÔ 5x2 – 20x ¤¯ÂÈ · = 5 > 0 Î·È Ú›˙Â˜ x1 = 0, x2 = 4.

ÕÚ· x ∈ [0, 4].

ii) ∂›Ó·È: x2 + 3x ≤ 4 ⇔ x2 + 3x – 4 ≤ 0. 

ΔÔ ÙÚÈÒÓ˘ÌÔ x2 + 3x – 4 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 1, x2 = –4.

ÕÚ· x ∈ [–4, 1].

6. i) ΔÔ ÙÚÈÒÓ˘ÌÔ x2 – x – 2  ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 2, x2 = –1.

ÕÚ· x ∈ (–∞, –1) ∪ (2, +∞).

ii) ΔÔ ÙÚÈÒÓ˘ÌÔ 2x2 – 3x – 5  ¤¯ÂÈ · = 2 > 0 Î·È Ú›˙Â˜ x1 = 5—
2

, x2 = –1.
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ÕÚ· x ∈ (–1, 5—
2

).

7. i) ∂›Ó·È: x2 + 4 > 4x ⇔ x2 – 4x + 4 > 0 ⇔ (x – 2)2 > 0 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ
x ∈ � ÌÂ x ≠ 2.

ii) ∂›Ó·È: x2 + 9 ≤ 6x ⇔ x2 – 6x + 9 ≤ 0 ⇔ (x – 3)2 ≤ 0 ⇔ x = 3.

8. i) ΔÔ ÙÚÈÒÓ˘ÌÔ x2 + 3x + 5 ¤¯ÂÈ · = 1 > 0 Î·È ¢ = –11 < 0. ÕÚ· Â›Ó·È ıÂÙÈ-
Îfi ÁÈ· Î¿ıÂ x ∈ � Î·È Ë ·Ó›ÛˆÛË x2 + 3x + 5 ≤ 0 Â›Ó·È ·‰‡Ó·ÙË.

ii) ΔÔ ÙÚÈÒÓ˘ÌÔ 2x2 – 3x + 20 ¤¯ÂÈ · = 2 > 0 Î·È ¢ = –151 < 0. ÕÚ· Ë ·Ó›-
ÛˆÛË 2x2 – 3x + 20 > 0 ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

9. Œ¯Ô˘ÌÂ –
1
—
4

(x2 – 4x + 3) > 0 ⇔ x2 – 4x + 3 < 0.

ΔÔ ÙÚÈÒÓ˘ÌÔ x2 – 4x + 3 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 1, x2 = 3.

ÕÚ· x ∈ (1, 3).

10. Œ¯Ô˘ÌÂ 2x – 1 < x2 – 4 < 12 ⇔ 2x – 1 < x2 – 4 Î·È x2 – 4 < 12.
ñ ∂›Ó·È: 2x – 1 < x2 – 4 ⇔ x2 – 2x – 3 > 0.
ΔÔ ÙÚÈÒÓ˘ÌÔ x2 – 2x – 3 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 3, x2 = –1.

∂ÔÌ¤Óˆ˜ x2 – 2x – 3 > 0 ⇔ x ∈ (–∞, –1) ∪ (3 +∞).

ñ ∂›Ó·È: x2 – 4 < 12 ⇔ x2 – 16 < 0.

ΔÔ ÙÚÈÒÓ˘ÌÔ x2 – 16 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 4, x2 = –4.

∂ÔÌ¤Óˆ˜ x2 – 16 < 0 ⇔ x ∈ (–4, 4).
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√È ‰‡Ô ·ÓÈÛÒÛÂÈ˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÁÈ· x ∈ (–4, –1) ∪ (3, 4).

11. Œ¯Ô˘ÌÂ x2 – 6x + 5 < 0 ⇔ x ∈ (1, 5) Î·È

x2 – 5x + 6 > 0 ⇔ x ∈ (–∞, 2) ∪ (3, +∞).

ÕÚ· x ∈ (1, 2) ∪ (3, 5).

μã  √ª∞¢∞™

1. i) ∏ ·Ú¿ÛÙ·ÛË ·2 + ·‚ – 2‚2 = ·2 + ‚ Ø · – 2‚2 Â›Ó·È ¤Ó· ÙÚÈÒÓ˘ÌÔ ÌÂ ÌÂ-
Ù·‚ÏËÙ‹ ÙÔ ·. ΔÔ ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· 

¢ = ‚2 – 4 Ø 1(–2‚2) = 9‚2 ≥ 0 Î·È Ú›˙Â˜ ·1, 2 = 

∂ÔÌ¤Óˆ˜ ·2 + ·‚ – 2‚2 = (· + 2‚)(· – ‚).

ñ √ÌÔ›ˆ˜ Ë ·Ú¿ÛÙ·ÛË ·2 – ·‚ – 6‚2 = ·2 – ‚ Ø · – 6‚2 Â›Ó·È ¤Ó· ÙÚÈÒÓ˘-
ÌÔ ÌÂ ÌÂÙ·‚ÏËÙ‹ ÙÔ ·. ΔÔ ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· 

¢ = ‚2 – 4 Ø 1(–6‚2) = 25‚2 Î·È Ú›˙Â˜ ·3, 4 = 

∂ÔÌ¤Óˆ˜ ·2 – ·‚ – 6‚2 = (· + 2‚)(· – 3‚).

ii) · ≠ 3‚, · ≠ –2‚.

2. 2x2 + (2‚ – ·)x – ·‚ = 0.

¢ = (2‚ – ·)2 – 4 Ø 2(–·‚) = 4‚2 – 4·‚ + ·2 + 8·‚ 

= 4‚2 + 4·‚ + ·2 = (2‚ + ·)2 ≥ 0.

√È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È x1, 2 = 

ÕÚ· 2x2 + (2‚ – ·)x – ·‚ = 2(x – ·—
2

)(x + ‚) = (2x – ·)(x + ‚).

3. ñ Œ¯Ô˘ÌÂ x2 – ·x + ‚x – ·‚ = x(x – ·) + ‚(x – ·) = (x – ·)(x + ‚).

ñ ΔÔ ÙÚÈÒÓ˘ÌÔ x2 – 3·x + 2·2 ¤¯ÂÈ Ú›˙Â˜ x1 = · Î·È x2 = 2· 

ÔfiÙÂ x2 – 3·x + 2·2 = (x – ·)(x – 2·). ∂ÔÌ¤Óˆ˜

–(2‚ – ·) ± (2‚ + ·)

4

·2 + ·‚ – 2‚2

·2 – ·‚ – ‚‚2
 = (· + 2‚)(· – ‚)

(· + 2‚)(· – 3‚)
 = · – ‚

· – 3‚
 ,

‚ ± 5‚

2

–‚ ± 3‚

2
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2
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ÌÂ x ≠ ·, x ≠ 2·.

4. ∏ ‰È·ÎÚ›ÓÔ˘Û· ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È 

¢ = 9Ï2 – 4 Ø Ï Ø (Ï + 5) = 9Ï2 – 4Ï2 – 20Ï = 5Ï2 – 20Ï.
∏ ‰È·ÎÚ›ÓÔ˘Û· Â›Ó·È ¤Ó· ÙÚÈÒÓ˘ÌÔ ÌÂ ÌÂÙ·‚ÏËÙ‹ Ï, · = 5 > 0 Î·È Ú›˙Â˜
Ï1 = 0 Î·È Ï2 = 4.

∂ÔÌ¤Óˆ˜ Ë ‰ÔıÂ›Û· ÂÍ›ÛˆÛË
i) ¤¯ÂÈ Ú›˙Â˜ ›ÛÂ˜, ·Ó Ï = 4, ‰ÈfiÙÈ Ï ≠ 0.
ii) ¤¯ÂÈ Ú›˙Â˜ ¿ÓÈÛÂ˜ ·Ó Ï ≠ –2 ÌÂ Ï < 0 ‹ Ï > 4.
iii) Â›Ó·È ·‰‡Ó·ÙË ·Ó 0 < Ï < 4.

5. ΔÔ ÙÚÈÒÓ˘ÌÔ x2 + 3Ïx + Ï ¤¯ÂÈ · = 1 > 0 Î·È ¢ = 9Ï2 – 4Ï. 

°È· Ó· Â›Ó·È x2 + 3Ïx + Ï > 0 ÁÈ· Î¿ıÂ x ∈ �, Ú¤ÂÈ ¢ < 0. 

Œ¯Ô˘ÌÂ ¢ < 0 ⇔ 9Ï2 – 4Ï < 0 ⇔ Ï(9Ï – 4) < 0 ⇔ Ï ∈ (0, 4—
9

).

6. i) ¢ = (–2Ï)2 – 4 Ø 3Ï Ø (Ï + 2) = 4Ï2 – 12Ï2 – 24Ï = –8Ï2 – 24Ï.

¢ < 0 ⇔ –8Ï2 – 24Ï < 0 ⇔ 8Ï2 + 24Ï > 0 ⇔ Ï2 + 3Ï > 0 

⇔ Ï(Ï + 3) > 0 ⇔ Ï < –3   ‹   Ï > 0.

ii) ∏ ·Ó›ÛˆÛË (Ï + 2)x2 – 2Ïx + 3Ï < 0, Ï ≠ –2 ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �, ·Ó
Î·È ÌfiÓÔ ·Ó ¢ < 0 Î·È Ï + 2 < 0 ⇔ Ï < –3 ‹ Ï > 0 Î·È Ï < –2.

ÕÚ· Ï < –3.

7. ∞Ó x Â›Ó·È Ë ÏÂ˘Ú¿ ÙÔ˘
ÂÓfi˜ ÙÂÙÚ·ÁÒÓÔ˘, ÙfiÙÂ Ë
ÏÂ˘Ú¿ ÙÔ˘ ¿ÏÏÔ˘ ı· Â›Ó·È
3 – x Î·È ¿Ú· ÙÔ ¿ıÚÔÈÛÌ·
ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ‰‡Ô ÙÂ-
ÙÚ·ÁÒÓˆÓ ı· Â›Ó·È ›ÛÔ ÌÂ 

x2 + (3 – x)2 = 2x2 – 6x + 9.

∂ÔÌ¤Óˆ˜, ÁÈ· Ó· Â›Ó·È ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ÛÎÈ·ÛÌ¤ÓˆÓ ÙÂÙÚ·-
ÁÒÓˆÓ ÌÈÎÚfiÙÂÚÔ ·fi 5 ı· Ú¤ÂÈ Ó· ÈÛ¯‡ÂÈ:

x2 – ·x + ‚x – ·‚

x2 – 3·x + 2·2
 = (x – ·)(x + ‚)

(x – ·)(x – 2·)
 = x + ‚

x – 2·
 ,
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2x2 – 6x + 9 < 5 ⇔ 2x2 – 6x + 4 < 0 ⇔ x2 – 3x + 2 < 0 ⇔ 1 < x < 2.

ÕÚ· ÙÔ ª ı· Ú¤ÂÈ Ó· ‚Ú›ÛÎÂÙ·È ·Ó¿ÌÂÛ· ÛÙ· ÛËÌÂ›· ª1 Î·È ª2, Ù·
ÔÔ›· ¯ˆÚ›˙Ô˘Ó ÙË ‰È·ÁÒÓÈÔ ∞° ÛÂ ÙÚ›· ›Û· Ì¤ÚË.

8. i) ∏ ·Ú¿ÛÙ·ÛË ·2 – ·‚ + ‚2 = ·2 – ‚ Ø · + ‚2 Â›Ó·È ÙÚÈÒÓ˘ÌÔ ˆ˜ ÚÔ˜ ·. ΔÔ

ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· ¢ = (–‚)2 – 4 Ø 1 Ø ‚2 = –3‚2 ≤ 0. √ Û˘-

ÓÙÂÏÂÛÙ‹˜ ÙÔ˘ ·2 Â›Ó·È 1 > 0. ÕÚ·

·2 – ‚ Ø · + ‚2 ≥ 0, ÁÈ· fiÏ· Ù· ·, ‚ ∈ �.

ii) Œ¯Ô˘ÌÂ ∂ÔÌ¤Óˆ˜

ñ ∞Ó ·, ‚ ÔÌfiÛËÌÔÈ, ÙfiÙÂ ∞ > 0.
ñ ∞Ó ·, ‚ ÂÙÂÚfiÛËÌÔÈ, ÙfiÙÂ ∞ < 0.

¨ 4.3. ∞ÓÈÛÒÛÂÈ˜ ÁÈÓfiÌÂÓÔ Î·È ·ÓÈÛÒÛÂÈ˜ ËÏ›ÎÔ
∞ã  √ª∞¢∞™

1. Œ¯Ô˘ÌÂ:
ñ 2 – 3x ≥ 0 ⇔ 2 ≥ 3x ⇔ 3x ≤ 2 ⇔ x ≤ 

2
—
3 

.

ñ x2 – x – 2 ≥ 0 ⇔ (x + 1)(x – 2) ≥ 0 ⇔ x ≤ –1   ‹   x ≥ 2.

ñ x2 – x + 1 ≥ 0 ⇔ x ∈ � (·ÊÔ‡ ¢ = 1 – 4 = –3 < 0).

2. Œ¯Ô˘ÌÂ:

ñ –x2 + 4 ≥ 0 ⇔ x2 – 4 ≤ 0 ⇔ (x + 2)(x – 2) ≤ 0 ⇔ –2 ≤ x ≤ 2.

ñ x2 – 3x + 2 ≥ 0 ⇔ (x – 1)(x – 2) ≥ 0 ⇔ x ≤ 1   ‹   x ≥ 2.

ñ x2 + x + 1 ≥ 0 ⇔ x ∈ � (·ÊÔ‡ ¢ = –3 < 0).

∞ = ·

‚
 + ‚

·
 – 1 = ·2 – ·‚ + ‚2

·‚
 .
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3. ŒÛÙˆ P(x) = (x – 1)(x2 + 2) (x2 – 9). Œ¯Ô˘ÌÂ:

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ñ x2 + 2 > 0 ⇔ x ∈ �.

ñ x2 – 9 ≥ 0 ⇔ (x + 3)(x – 3) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 3.

ÕÚ· (x – 1)(x2 + 2)(x2 – 9) > 0 ⇔ x ∈ (–3, 1) ∪ (3, +∞).

4. ŒÛÙˆ P(x) = (3 – x)(2x2 + 6x) (x2 + 3). Œ¯Ô˘ÌÂ:

ñ 3 – x ≥ 0 ⇔ x ≤ 3.

ñ 2x2 + 6x ≥ 0 ⇔ x2 + 3x ≥ 0 ⇔ x(x + 3) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 0.

ñ x2 + 3 > 0 ⇔ x ∈ �.

ÕÚ· (3 – x)(2x2 + 6x)(x2 + 3) ≤ 0 ⇔ x ∈ [–3, 0] ∪ [3, +∞).
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5. ŒÛÙˆ P(x) = (2 – x – x2) (x2 + 2x + 1). Œ¯Ô˘ÌÂ:

ñ 2 – x – x2 ≥ 0 ⇔ x2 + x – 2 ≤ 0 ⇔ (x + 2)(x – 1) ≤ 0 ⇔ –2 ≤ x ≤ 1.

ñ x2 + 2x + 1 ≥ 0 ⇔ (x + 1)2 ≥ 0, 

ÔfiÙÂ (x + 1)2 > 0, ÁÈ· x ≠ –1 Î·È (x + 1)2 = 0 ÁÈ· x = –1.

ÕÚ· (2 – x – x2)(x2 + 2x + 1) ≤ 0 ⇔ x ∈ (–∞, –2] ∪ {–1} ∪ [1, +∞).

6. ŒÛÙˆ P(x) = (x – 3)(2x2 + x – 3)(x – 1 – 2x2) > 0. Œ¯Ô˘ÌÂ:

ñ x – 3 ≥ 0 ⇔ x ≥ 3.

ñ 2x2 + x – 3 ≥ 0 ⇔ 2(x + 3—
2

)(x – 1) ≥ 0 ⇔ x ≤ – 3—
2

‹   x ≥ 1.

ñ x – 1 – 2x2 ≥ 0 ⇔ –2x2 + x – 1 ≥ 0, Ô˘ Â›Ó·È ·‰‡Ó·ÙË, ·ÊÔ‡ ¢ = – 7 < 0,

· = –2 < 0.

ÕÚ· (x – 3)(2x2 + x – 3)(x – 1 – 2x2) > 0 ⇔ x ∈ (–∞, – 3—
2

) ∪ (1, 3).

7. i) ⇔ (x + 1)(x – 2) > 0 ⇔ x < –1   ‹   x > 2.

ii) ⇔ (2x + 1)(x – 3) ≤ 0,   ÌÂ x ≠ 3 

⇔ – 1—
2

≤ x < 3.

8. ⇔ (x2 – x – 2)(x2 + x – 2) ≤ 0,   ÌÂ x2 + x – 2 ≠ 0.

ŒÛÙˆ P(x) = (x2 – x – 2)(x2 + x – 2). Œ¯Ô˘ÌÂ:

ñ x2 – x – 2 ≥ 0 ⇔ (x + 1)(x – 2) ≥ 0 ⇔ x ≤ –1  ‹  x ≥ 2.

x2 – x – 2

x2 + x – 2
 ≤ 0

2x + 1

x – 3
 ≤ 0

x – 2

x + 1
 > 0
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ñ x2 + x – 2 ≥ 0 ⇔ (x + 2)(x – 1) ≥ 0 ⇔ x ≤ –2 ‹ x ≥ 1.

ÕÚ· ⇔ x ∈ (–2, –1] ∪ (1, 2].

μã  √ª∞¢∞™

1. i) 

ii) 

⇔ x ≤ –2  ‹ x > – 5—
3 

.

ÕÚ· x ∈ (–∞, –2] ∪ (– 5—
3

, +∞).

2.

ŒÛÙˆ P(x) = (x2 – x – 12)(x – 1). Œ¯Ô˘ÌÂ:

ñ x2 – x – 12 ≥ 0 ⇔ (x + 3)(x – 4) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 4.

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ÕÚ· x ∈ (–∞, –3] ∪ (1, 4].

⇔ (x2 – x – 12)(x – 1)  ≤ 0,   ÌÂ x ≠ 1.

x2 – 3x – 10

x – 1
 + 2  ≤ 0 ⇔ x

2 – 3x – 10 + 2x – 2

x – 1
  ≤ 0 ⇔ x

2 – x – 12

x – 1
  ≤ 0

⇔ 11x + 22

3x + 5
  ≥ 0 ⇔ 11(x + 2)(3x + 5) ≥ 0,   ÌÂ x ≠ – 5

3

x – 2

3x + 5
 ≤ 4 ⇔ x – 2

3x + 5
 – 4 ≤ 0 ⇔ x – 2 – 12x – 20

3x + 5
  ≤ 0 ⇔ –11x – 22

3x + 5
  ≤ 0

⇔ 2x – 7

x – 1
 < 0 ⇔ (2x – 7)(x – 1) < 0 ⇔ 1 < x < 7

2
 .

2x + 3

x – 1
  > 4 ⇔ 2x + 3

x – 1
 – 4 > 0 ⇔ 2x + 3 – 4x + 4

x – 1
 > 0 ⇔ –2x + 7

x – 1
 > 0

x2 – x – 2

x2 + x – 2
 ≤ 0
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3. i) 

⇔ (3x – 5)(x – 1)(x2 – 7x + 10) ≤ 0,  ÌÂ x ≠ 1,  x ≠ 5—
3 

.

ŒÛÙˆ P(x) = (3x – 5)(x – 1)(x2 – 7x + 10). Œ¯Ô˘ÌÂ:

ñ 3x – 5 ≥ 0 ⇔ x ≥ 5—
3 

.

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ñ x2 – 7x + 10 ≥ 0 ⇔ (x – 2)(x – 5) ≥ 0 ⇔ x ≤ 2   ‹   x ≥ 5.

ÕÚ· (3x – 5)(x – 1)(x2 – 7x + 10) ≤ 0, 

x ≠ 1, x ≠ 5—
3 

⇔ x ∈ (1, 5—
3

) ∪ [2, 5].

ii) 

⇔ (x2 – 4x + 3)(2x – 1)(x + 2) ≥ 0, ÌÂ x ≠ –2, x ≠ 1—
2 

.

ŒÛÙˆ P(x) = (x2 – 4x + 3)(2x – 1)(x + 2).

ÕÚ· x ∈ (–∞, –2) ∪ ( 1—
2

, 1] ∪ [3, +∞).

⇔ x2 – 4x + 3

(2x – 1)(x + 2)
  ≥ 0 ⇔

x

2x – 1
  ≥ 3

x + 2
 ⇔ x

2x – 1
  – 3

x + 2
  ≥ 0 ⇔ x

2 + 2x – 6x + 3

(2x – 1)(x + 2)
  ≥ 0

x

3x – 5
  ≤ 2

x – 1
 ⇔ 

⇔ x
2 – x – 6x + 10

(3x – 5)(x – 1)
  ≤ 0 ⇔ x2 – 7x + 10

(3x – 5)(x – 1)
  ≤ 0

x

3x – 5
  ≤ 2

x – 1
 ⇔ x

3x – 5
 – 2

x – 1
  ≤ 0 ⇔ x(x – 1) – 2(3x – 5)

(3x – 5)(x – 1)
  ≤ 0
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4. Œ¯Ô˘ÌÂ: 

ñ 

⇔ (3x + 1)x < 0 ⇔ – 1—
3

< x < 0.

ñ 

⇔ x(x – 1) < 0 ⇔ 0 < x < 1.

ÕÚ· x ∈ (– 1—
3

, 0) ∪ (0, 1).

5. °È· Ó· ¤¯ÂÈ Ë ÂÙ·ÈÚÂ›· Î¤Ú‰Ô˜ Ú¤ÂÈ Ó· ¤ÛÔ‰· Ó· Â›Ó·È ÂÚÈÛÛfiÙÂÚ· ·fi
ÙÔ ÎfiÛÙÔ˜:

∂ > ∫ ⇔ 5x – x2 > 7 – x ⇔ 5x – x2 – 7 + x > 0 

⇔ –x2 + 6x – 7 > 0 ⇔ x2 – 6x + 7 < 0.

√È Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ Â›Ó·È x1 = 3 – Î·È   x2 = 3 + . ∂ÔÌ¤Óˆ˜

x2 – 6x + 7 < 0 ⇔ 3 – < x < 3 + .

‹, ÚÔÛÂÁÁÈÛÙÈÎ¿, 1,59 < x < 4,41.

6. Œ¯Ô˘ÌÂ: 

⇔ 4(t2 – 5t + 4)(t2 + 4) < 0 ⇔ 1 < t < 4.

⇔ –4t2 + 20t – 16

t2 + 4
  > 0 ⇔ 4t2 – 20t + 16

t2 + 4
  < 0

20t

t2 + 4
  > 4 ⇔ 20t

t2 + 4
 – 4 > 0 ⇔ 20t – 4t2 – 16

t2 + 4
  > 0 ⇔

22

22

x + 1

x
 > 2 ⇔ x + 1

x
 – 2 > 0 ⇔ –x + 1

x
 > 0 ⇔ x – 1

x
 < 0 ⇔

x + 1

x
 < –2 ⇔ x + 1

x
 + 2 < 0 ⇔ 3x + 1

x
 < 0 ⇔

 x + 1

x
  > 2 ⇔ x + 1

x
 < –2   ‹ x + 1

x
 > 2, x ≠ 0.
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