
KEº∞§∞π√ 3

∂•π™ø™∂π™

¨ 3.1. ∂ÍÈÛÒÛÂÈ˜ 1Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) 4x – 3(2x – 1) = 7x – 42 ⇔ 4x – 6x + 3 = 7x – 42 

⇔ 4x – 6x – 7x = –42 – 3 ⇔ –9x = –45 ⇔ x = 5.
ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 5.

ii) 

⇔ 4(1 – 4x) – 5(x + 1) = x – 4 + 25 ⇔ 4 – 16x – 5x – 5 = x + 21  
⇔ –21x – x = 21 + 1 ⇔ –22x = 22 ⇔ x= –1.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = –1.

iii) 

⇔ 30x – 20x = 15x – 12x – 49 ⇔ 30x – 20x – 15x + 12x = – 49  

⇔ 7x = –49 ⇔ x = –7.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = –7.

iv)      1,2(x + 1) – 2,5 + 1,5x = 8,6 ⇔ 12(x + 1) – 25 + 15x = 86   

⇔ 12x + 12 – 25 + 15x = 86 ⇔ 27x = 99 ⇔ x = 

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 
11
—
3

.

2. i) 2(3x – 1) – 3(2x – 1) = 4 ⇔ 6x – 2 – 6x + 3 = 4 ⇔ 0x = 3.

ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

ii) 

ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È Ù·˘ÙfiÙËÙ·.

⇔ 6x – 5 + x = –5 + 7x ⇔ 0x = 0.
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3. i) ñ ∞Ó Ï – 1 ≠ 0 ⇔ Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó Ï = 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·. 

ii) ñ ∞Ó Ï – 2 ≠ 0 ⇔ Ï ≠ 2, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó Ï = 2, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 2 Î·È Â›Ó·È ·‰‡Ó·ÙË. 

iii) Ï(Ï – 1)x = Ï –1
ñ ∞Ó Ï(Ï – 1) ≠ 0 ⇔ Ï ≠ 0 Î·È Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡-

ÛË ÙËÓ 

ñ ∞Ó Ï = 0 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = –1 Î·È Â›Ó·È ·‰‡Ó·ÙË.
ñ ∞Ó Ï = 1 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.

iv) Ï(Ï – 1)x = Ï2 + Ï ⇔ Ï(Ï – 1)x = Ï(Ï + 1).
ñ ∞Ó Ï(Ï – 1) ≠ 0 ⇔ Ï ≠ 0 Î·È Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡-

ÛË ÙËÓ 

ñ ∞Ó Ï = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.
ñ ∞Ó Ï = 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 2 Î·È Â›Ó·È ·‰‡Ó·ÙË.

4. ŒÛÙˆ ∞ª = x, ÙfiÙÂ ¢ª = 5 – x, ÔfiÙÂ 

i) ∏ ÈÛfiÙËÙ· ∂1 + ∂2 = ∂3 Â›Ó·È ÈÛÔ‰‡Ó·ÌË ÌÂ ÙËÓ ÈÛfiÙËÙ· 

·fi ÙËÓ ÔÔ›· ÚÔÎ‡ÙÂÈ Ë ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ë ı¤ÛË ÙÔ˘ ª ÚÔÛ‰ÈÔÚ›˙ÂÙ·È ·fi ÙÔ Ì‹ÎÔ˜ ∞ª = 2,5, Â›Ó·È
‰ËÏ·‰‹ ÙÔ Ì¤ÛÔ ÙÔ˘ ∞¢.

⇔ 30 – 6x + 10x = 40 ⇔ 4x = 10 ⇔x = 5
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ii) ∏ ÈÛfiÙËÙ· ∂1 = ∂2 Â›Ó·È ÈÛÔ‰‡Ì·ÌË ÌÂ ÙËÓ ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ë ı¤ÛË ÙÔ˘ ª ÚÔÛ‰ÈÔÚ›˙ÂÙ·È ·fi ÙÔ Ì‹ÎÔ˜ 

5. ∞Ó ÙÔ ÔÛfi ÙˆÓ x Â˘ÚÒ Î·Ù·Ù¤ıËÎÂ ÚÔ˜ 5%, ÙfiÙÂ ÙÔ ˘fiÏÔÈÔ ÔÛfi ÙˆÓ
(4000 – x) Â˘ÚÒ Î·Ù·Ù¤ıËÎÂ ÚÔ˜ 3%.

– ΔÔ ÔÛfi ÙˆÓ x Â˘ÚÒ ¤‰ˆÛÂ ÂÙ‹ÛÈÔ ÙfiÎÔ Â˘ÚÒ

– ΔÔ ÔÛfi ÙˆÓ (4000 – x) Â˘ÚÒ ¤‰ˆÛÂ ÂÙ‹ÛÈÔ ÙfiÎÔ Â˘ÚÒ.

∏ ÂÍ›ÛˆÛË Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Úfi‚ÏËÌ· Â›Ó·È

⇔ 5x + 12.000 – 3x = 17.500 ⇔ 2x = 17.500 – 12.000 ⇔
⇔ 2x = 5.500 ⇔ x = 2.750 Â˘ÚÒ.

∂ÔÌ¤Óˆ˜ Ù· 2.750 Â˘ÚÒ ÙÔÎ›ÛÙËÎ·Ó ÚÔ˜ 5% Î·È Ù· ˘fiÏÔÈ· 1.250 Â˘-
ÚÒ ÙÔÎ›ÛÙËÎ·Ó ÚÔ˜ 3%.

6. i) v = v0 + ·t ⇔ ·t = v – v0 ⇔ , ·ÊÔ‡ · ≠ 0.

ii) 

∞fi ÙËÓ ÙÂÏÂ˘Ù·›· ÈÛfiÙËÙ· ÚÔÎ‡ÙÂÈ fiÙÈ R2 – R ≠ 0, ·ÊÔ‡ ÙÔ 

∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ 

7. i)      x2(x – 4) + 2x(x – 4) + (x – 4) = 0 
⇔ (x – 4) (x2 + 2x + 1) = 0  

⇔ (x – 4) (x + 1)2 = 0 ⇔ x – 4 = 0   ‹   x + 1 = 0 ⇔ x = 4   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 4 Î·È –1.

ii)      (x – 2)2 – (2 – x) (4 + x) = 0 ⇔ (x – 2)2 + (x – 2) (x + 4) = 0 

⇔ (x – 2) [(x – 2) + (x + 4)] = 0 ⇔ (x – 2) (2x + 2) = 0 

⇔ x – 2 = 0   ‹   2x + 2 = 0 ⇔ x = 2   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2 Î·È –1.
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8. i)     x(x2 – 1) – x3 + x2 = 0 

⇔ x3 – x – x3 + x2 = 0  

⇔ x(x – 1) = 0 ⇔ x = 0   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È 1.

ii)      (x + 1)2 + x2 – 1 = 0 

⇔ x2 + 2x + 1 + x2 – 1 = 0 

⇔ 2x2 + 2x = 0 ⇔ 2x(x + 1) ⇔ x = –1 ‹ x = 0.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –1 Î·È 0.

9. i)     x(x – 2)2 = x2 – 4x + 4 

⇔ x(x – 2)2 (x – 2)2 = 0 

⇔ (x – 2)2(x – 1) = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0 ⇔ x = 2   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2 Î·È 1.

ii)       (x2 – 4)(x – 1) = (x2 – 1)(x – 2) 

⇔ (x – 2)(x + 2)(x – 1) – (x – 1)(x + 1)(x – 2) = 0 

⇔ (x – 1)(x – 2)[(x + 2) – (x + 1)] = 0 

⇔ (x – 1)(x – 2) = 0 ⇔ x = 1   ‹   x = 2

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 2.

10. i)     x3 – 2x2 – x + 2 = 0 

⇔ x2(x – 2) – (x – 2) = 0 

⇔ (x – 2)(x2 – 1) = 0 

⇔ (x – 2)(x – 1)(x + 1) = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0   ‹   x + 1 = 0 

⇔ x = 2   ‹   x = 1   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2, 1 Î·È –1.

ii)    x3 – 2x2 – (2x – 1)(x – 2) = 0 

⇔ x2(x – 2) – (2x – 1)(x – 2) = 0 

⇔ (x – 2)(x2 – 2x + 1) = 0 

⇔ (x – 2)(x – 1)2 = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0 

⇔ x = 2   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 2.
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11. i) 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ 0. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x = –1 (·ÊÔ‡ x ≠ 1).

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ x = –1.

ii) 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ –1. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x – 1 + 2 = 0 ⇔ x + 1 = 0 

⇔ x = –1, 

Ô˘ ·ÔÚÚ›ÙÂÙ·È ÏfiÁˆ ÙˆÓ ÂÚÈÔÚÈÛÌÒÓ.

∂ÔÌ¤Óˆ˜ Î·È Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

12. i) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ –1. ªÂ ·˘ÙÔ‡˜ ÙÔ˘
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x + 1 + x – 1 = 2 

⇔ 2x = 2 ⇔ x = 1, Ô˘ ·ÔÚÚ›ÙÂÙ·È, ·ÊÔ‡ x ≠ 1.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

ii) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 0 Î·È x ≠ –2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ 3x – 2x – 4 = x – 4 ⇔ 0x = 0.

⇔ x(x + 2) 3

x + 2
 – x(x + 2) 2

x
 = x(x + 2) x – 4

x(x + 2)
 

3

x + 2
 – 2

x
 = x – 4

x2 + 2x
 

⇔ (x – 1) (x + 1) 1

x – 1
 + (x – 1) (x + 1) 1

x + 1
 = (x – 1) (x + 1) 2

x
2
 – 1

1

x – 1
 + 1

x + 1
 = 2

x2 – 1
 

(x + 1)

(x – 1) (x + 1)
 + 2

(x – 1)2
 = 0 ⇔ 1

x – 1
 + 2

(x – 1)2
 = 0

x + 1

x2 – 1
 + 2

x2 – 2x + 1
 = 0 ⇔ x + 1

(x – 1) (x + 1)
 + 2

(x – 1)2
 = 0.

x

x – 1
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x(x – 1)
 ⇔ x2(x – 1) = x – 1 ⇔x2 = 1

x

x – 1
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x2 – x
 ⇔ x

x – 1
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x(x – 1)
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∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË Â›Ó·È Ù·˘ÙfiÙËÙ·. ∞Ó Ï¿‚Ô˘ÌÂ ˘fi„Ë ÙÔ˘˜ Â-
ÚÈÔÚÈÛÌÔ‡˜ ·˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ï‡ÛË Î¿ıÂ
Ú·ÁÌ·ÙÈÎfi ÂÎÙfi˜ ·fi ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 0 Î·È –2.

iii) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 2 Î·È x ≠ –2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x – 2 = x ⇔ 0x = 2, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

iv) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ –1 Î·È x ≠ 1. ªÂ ÙÔ˘˜ ÂÚÈÔÚÈ-
ÛÌÔ‡˜ ·˘ÙÔ‡˜ ¤¯Ô˘ÌÂ:

Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ Ú·ÁÌ·ÙÈÎfi ·ÚÈıÌfi x, ÌÂ x ≠ ±1.

13. ŒÛÙˆ x – 1, x, x + 1 ÙÚÂÈ˜ ‰È·‰Ô¯ÈÎÔ› ·Î¤Ú·ÈÔÈ. ∑ËÙÔ‡ÌÂ ·Î¤Ú·ÈÔ x Ù¤-
ÙÔÈÔÓ ÒÛÙÂ Ó· ÈÛ¯‡ÂÈ

(x – 1) + x + (x + 1) = (x – 1) x(x + 1) 

⇔ 3x = x(x2 – 1) 

⇔ x(3 – x2 + 1) = 0 

⇔ x(4 – x2) = 0 

⇔ x = 0   ‹   x2 = 4

⇔ x = 0   ‹   x = 2   ‹   x = –2.
∂ÔÌ¤Óˆ˜ ˘¿Ú¯Ô˘Ó ÙÚÂÈ˜ ÙÚÈ¿‰Â˜ Ù¤ÙÔÈˆÓ ‰È·‰Ô¯ÈÎÒÓ ·ÚÈıÌÒÓ, ÔÈ ÂÍ‹˜:

(–1, 0, 1),   (1, 2, 3)   Î·È   (–3, –2, –1).

14. i) |2x – 3| = 5 ⇔ 2x – 3 = 5   ‹   2x – 3 = –5 

⇔ 2x = 8   ‹   2x = –2 ⇔ x = 4   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 4 Î·È –1.

ii) |2x – 4| = |x – 1| ⇔ 2x – 4 = x – 1 ‹ 2x – 4 = –x + 1  

⇔ x = 3 ‹ 3x = 5 ⇔ x = 3 ‹ 

iii) ∂ÂÈ‰‹ ÙÔ ÚÒÙÔ Ì¤ÏÔ˜ ÙË˜ ÂÍ›ÛˆÛË˜ |x – 2| = 2x – 1 Â›Ó·È ÌË ·ÚÓË-
ÙÈÎfi, ÁÈ· Ó· ¤¯ÂÈ Ï‡ÛË Ë ÂÍ›ÛˆÛË ·˘Ù‹, Ú¤ÂÈ Î·È ÙÔ ‰Â‡ÙÂÚÔ Ì¤ÏÔ˜
Ó· Â›Ó·È ÌË ·ÚÓËÙÈÎfi. ¢ËÏ·‰‹, Ú¤ÂÈ

x = 5

3
 .

⇔ x

x + 1
 = x

x + 1
 ,

x2 – x

x2 – 1
 = x

x + 1
 ⇔ x(x – 1)

(x + 1)(x – 1)
 = x

x + 1
 

1

x + 2
 = x

x
2
 – 4

 ⇔ 1

x + 2
 = x

(x + 2)(x – 2)
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2x – 1 ≥ 0 (1)
MÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi ·˘Ùfi ¤¯Ô˘ÌÂ:

|x – 2| = 2x – 1 ⇔ x – 2 = 2x – 1   ‹   x – 2 = 1 –2x  

⇔ x = –1   ‹   x = 1.

∞fi ÙÈ˜ ·Ú·¿Óˆ Ï‡ÛÂÈ˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = 1 Ô˘ ÈÎ·ÓÔÔÈÂ›
ÙÔÓ ÂÚÈÔÚÈÛÌfi (1).

iv) √ÌÔ›ˆ˜, ÁÈ· ÙËÓ ÂÍ›ÛˆÛË |2x – 1| = x – 2, Ú¤ÂÈ

x – 2 ≥ 0 (2)
MÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi ·˘Ùfi ¤¯Ô˘ÌÂ:

|2x – 1| = x – 2 ⇔ 2x – 1 = x – 2   ‹   2x – 1 = 2 – x  

⇔ x = –1   ‹   x = 1.

∞fi ÙÈ˜ ·Ú·¿Óˆ Ï‡ÛÂÈ˜ Î·Ì›· ‰ÂÓ Â›Ó·È ‰ÂÎÙ‹, ·ÊÔ‡ Î·Ì›· ‰ÂÓ Â·-
ÏËıÂ‡ÂÈ ÙÔÓ ÂÚÈÔÚÈÛÌfi (2). ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

15. i) Œ¯Ô˘ÌÂ:

⇔ 5|x| + 20 – 3|x| – 12 = 10 

⇔ 2|x| = 2 ⇔ |x| = 1 ⇔ x = ±1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –1 Î·È 1.

ii) 

⇔ 4|x| + 2 – 3|x| + 3 = 3 ⇔ |x| = –2, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

16. i) H ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ –3. 

ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ:

⇔ 3 – x = 4(x + 3) ‹ 3 – x = –4(x + 3) 

⇔ 3 – x = 4x + 12 ‹ 3 – x = –4x – 12 

⇔ 5x = –9 ‹ 3x = –15 ⇔ x = ‹ x = –5.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –5 Î·È .– 9

5

– 9

5

 3 – x

3 + x
  = 4 ⇔ |3 – x| = 4 ⋅ |3 + x|

 3 – x

3 + x
  = 4

⇔ 6 ⋅ 2|x| + 1

3
 – 6 ⋅ |x| – 1

2
 = 6 ⋅ 1

2
 

2|x| + 1

3
 – |x| – 1

2
 = 1

2
 

|x| + 4

3
 – |x| + 4

5
 = 2

3
 ⇔ 15 ⋅ |x| + 4

3
 – 15 ⋅ |x| + 4

5
 = 15 ⋅ 2

3
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ii)      |x – 1| |x – 2| = |x – 1| ⇔ |x – 1| (|x – 2| – 1) = 0 

⇔ |x – 1| = 0   ‹   |x – 2| = 1 

⇔ x = 1   ‹   x – 2 = 1   ‹   x – 2 = –1 

⇔ x = 1   ‹   x = 3   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 3.

μã  √ª∞¢∞™

1. i)     (x + ·)2 – (x – ‚)2 = 2·(· + ‚) 

⇔ x2 + 2·x + ·2 – (x2 – 2‚x + ‚2) = 2·2 + 2·‚ 

⇔ x2 + 2·x + ·2 – x2 + 2‚x – ‚2 = 2·2 + 2·‚ 

⇔ 2(· + ‚)x = ·2 + 2·‚ + ‚2

⇔ 2(· + ‚)x = (· + ‚)2.

ñ ∞Ó · + ‚ ≠ 0 Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó · + ‚ = 0 Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.

ii) °È· · ≠ 0 Î·È ‚ ≠ 0 ¤¯Ô˘ÌÂ:

·(x – ·) = ‚(x – ‚) ⇔ ·x – ·2 = ‚x – ‚2

⇔ ·x – ‚x = ·2 – ‚2 ⇔ (· – ‚)x = (· – ‚)(· + ‚).

ñ ∞Ó · – ‚ ≠ 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó · – ‚ = 0 ⇔ · = ‚, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = 0, Ôfi-
ÙÂ Â›Ó·È Ù·˘ÙfiÙËÙ·.

2. i) °È· · ≠ 0 Î·È ‚ ≠ 0 ¤¯Ô˘ÌÂ:

ñ ∞Ó ‚ – · ≠ 0 ⇔ ‚ ≠ ·, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó ‚ – · = 0 ⇔ ‚ = · ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = ·2 Î·È Â›Ó·È

·‰‡Ó·ÙË ÁÈ·Ù› · ≠ 0.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ï‡ÛË ÌfiÓÔ ·Ó · ≠ 0, ‚ ≠ 0 Î·È · ≠ ‚.

x = ·‚

‚ – ·
 .

x

·
 – x

‚
 = 1 ⇔ ‚x – ·x

·‚
 = 1 ⇔ (‚ – ·)x = ·‚.

x = (· – ‚)(· + ‚)

· – ‚
 = · + ‚.

x – ·

‚
 = x – ‚

·
 ⇔

x =
(· + ‚)2

2(· + ‚)
 = · + ‚

2
 .
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3. i) ™Ù· 200 ml ‰È¿Ï˘Ì· ÂÚÈ¤¯ÔÓÙ·È 30 ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì·. ∞Ó ÚÔ-
Ûı¤ÛÔ˘ÌÂ x ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì· ÙfiÙÂ ÙÔ ‰È¿Ï˘Ì· Ô˘ ı· ÚÔÎ‡„ÂÈ
ı· Â›Ó·È (200 + x) ml Î·È ı· ÂÚÈ¤¯ÂÈ (30 + x) ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì·
ÔfiÙÂ ÚÔÎ‡ÙÂÈ Ë ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ô Ê·ÚÌ·ÎÔÔÈfi˜ Ú¤ÂÈ Ó· ÚÔÛı¤ÛÂÈ 50 ml Î·ı·Úfi ÔÈÓfi-
ÓÂ˘Ì·.

4. ŒÛÙˆ fiÙÈ x ÒÚÂ˜ ÌÂÙ¿ ÙËÓ ÚÔÛ¤Ú·ÛË Ù· ‰‡Ô ·˘ÙÔÎ›ÓËÙ· ı· ·¤¯Ô˘Ó ÌÂ-
Ù·Í‡ ÙÔ˘˜ 1 km. ΔÔ ‰È¿ÛÙËÌ· Ô˘ ‰È·Ó‡ÂÈ ÙÔ ∞ ÛÙÈ˜ x ÒÚÂ˜ Â›Ó·È 100x ÂÓÒ
ÙÔ ·ÓÙ›ÛÙÔÈ¯Ô ‰È¿ÛÙËÌ· ÁÈ· ÙÔ μ Â›Ó·È 120x. ŒÙÛÈ ¤¯Ô˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË

120x – 100x = 1 ⇔ 20x = 1 ⇔ x =  
1
—
20

ÒÚÂ˜, ÔfiÙÂ x =  
1
—
20

Ø 60 = 3 ÏÂÙ¿.

√fiÙÂ Ù· ·˘ÙÔÎ›ÓËÙ· ı· ·¤¯Ô˘Ó 1km ÙÚ›· ÏÂÙ¿ ÌÂÙ¿ ÙËÓ ÚÔÛ¤Ú·ÛË.

5. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ · Î·È x ≠ –·. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ Â-
ÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ (x + ·)2 = x2 ⇔ x + · = x   ‹   x + · = –x 

⇔ 0x = ·   ‹   2x = –·.

ñ ∞Ó · = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ï‡ÛË Î¿ıÂ ·ÚÈıÌfi x ≠ 0.

ñ ∞Ó · ≠ 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙÔÓ ·ÚÈıÌfi .

6. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 2. ªÂ ·˘Ùfi ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ:

x3 – 8 = x3 – 2x2 + 4x – 8

⇔ 2x2 – 4x = 0 ⇔ 2x(x – 2) = 0 

⇔ x = 0   ‹   x = 2.

∞fi ÙÈ˜ ÙÈÌ¤˜ ·˘Ù¤˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = 0

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙÔÓ ·ÚÈıÌfi x = 0.

x3 – 8

x – 2
 = x2 + 4 ⇔ 

x = –·

2

x + ·

x – ·
 = x2

x2 – ·2
 ⇔ x + ·

x – ·
 = x2

(x + ·)(x – ·)
 

⇔ x = 3400

68
 ⇔ x = 50.

⇔ 3000 + 100x = 6400 + 32x ⇔ 68x = 3400

30 + x

200 + x
 = 32

100
 ⇔ 100(30 + x) = 32(200 + x) ⇔
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7. |2|x| – 1| = 3 ⇔ 2|x| – 1 = 3   ‹   2|x| – 1 = –3 

⇔ 2|x| = 4   ‹   2|x| = –2.

∏ ‰Â‡ÙÂÚË Â›Ó·È ·‰‡Ó·ÙË ÔfiÙÂ ¤¯Ô˘ÌÂ 

2|x| = 4 ⇔ |x| = 2 ⇔ x = –2   ‹   x = 2.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.

8.

⇔ |x – 1| = |3x – 5| 

⇔ x – 1 = 3x – 5   ‹   x – 1 = –3x + 5 

⇔ 2x = 4   ‹   4x = 6 ⇔ x = 2   ‹   x = 

¨ 3.2. ∏ ÂÍ›ÛˆÛË xÓ = ·
∞ã  √ª∞¢∞™

1. i) x3 – 125 = 0 ⇔ x3 = 53 ⇔ x = 5.

ii) x5 – 243 = ⇔ x5 = 35 ⇔ x = 3.

iii) x7 – 1 = 0 ⇔ x7 = 1 ⇔ x = 1.

2. i) x3 + 125 = 0 ⇔ x3 = (–5)3 ⇔ x = –5.

ii) x5 + 243 = 0 ⇔ x5 = (–3)5 ⇔ x = –3.

iii) x7 + 1 = 0 ⇔ x7 = (–1)7 ⇔ x = –1.

3. i) x2 – 64 = 0 ⇔ x2 = 82 ⇔ x = –8   ‹   x = 8.

ii) x4 – 81 = 0 ⇔ x = ‹   x = – ⇔ x = 3   ‹   x = –3.

iii) x6 – 64 = 0 ⇔ x6 = 64 ⇔ x = ‹   x = – ⇔ x = 2   ‹   x = –2.

4. i) x5 – 8x2 = 0 ⇔ x2(x3 – 8) = 0 ⇔ x2 = 0   ‹   x3 = 8 ⇔ x = 0   ‹   x = 2.

ÕÚ· Ï‡ÛÂÈ˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È 2.

ii) x4 + x = 0 ⇔ x(x3 + 1) = 0 ⇔ x = 0   ‹   x3 = –1 ⇔ x = 0   ‹   x = –1.

ÕÚ· Ï‡ÛÂÈ˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È –1.

64
6

64
6

81
4

81
4

3

2
 .

x2 – 2x + 1 = |3x – 5| ⇔ x – 1  2  = |3x – 5|
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iii) x5 + 16x = 0 ⇔ x(x4 + 16) = 0 ⇔ x = 0   ‹   x4 = –16 ⇔ x = 0 

·ÊÔ‡ Ë x4 = –16 Â›Ó·È ·‰‡Ó·ÙË. 

ÕÚ· Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 0.

5. °È· ÙÔ x ¤¯Ô˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË

x Ø x Ø 3x = 81, ÌÂ x > 0 ⇔ 3x3 = 81 ⇔ x3 = 27 ⇔ x = 3.

ÕÚ·, ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÙÔ˘ ·Ú·ÏÏËÏÂÈ¤‰Ô˘ Â›Ó·È 3m, 3m Î·È 9m.

6. i) (x + 1)3 = 64 ⇔ x + 1 = 4 ⇔ x = 3.

ii) 1 + 125x3 = 0 ⇔ (5x)3 = –1 ⇔ 5x = –1 ⇔ x = –
1
—
5 

.

iii)    (x – 1)4 – 27(x – 1) = 0 ⇔ (x – 1)[(x – 1)3 – 27] = 0 

⇔ x – 1 = 0   ‹   (x – 1)3 = 27 

⇔ x = 1   ‹   x – 1 = 3 

⇔ x = 1   ‹   x = 4.

¨ 3.3. ∂ÍÈÛÒÛÂÈ˜ 2Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) ¢ = (–5)2 – 4 Ø 2 Ø 3 = 1, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú·ÁÌ·ÙÈÎ¤˜ Ú›˙Â˜

ii) ¢ = (–6)2 – 4 Ø 9 = 36 – 36 = 0, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÈ· ‰ÈÏ‹ Ú›˙· ÙËÓ

iii) ¢ = 42 – 4 Ø 3 Ø 2 = 16 – 24 = –8 < 0, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ‰ÂÓ ¤¯ÂÈ Ú·Á-
Ì·ÙÈÎ¤˜ Ú›˙Â˜.

2. i) x2 – 1,69 = 0 ⇔ x2 = 1,69 ⇔ x = 1,3   ‹   x = –1,3

ii) 0,5x2 – x = 0 ⇔ x(0,5x – 1) = 0 ⇔ x = 0   ‹   0,5x = 1 ⇔ x = 0   ‹   x = 2.

iii) 3x2 + 27 = 0 ⇔ 3(x2 + 9) = 0 ⇔ x2 = –9, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

3. i) Œ¯Ô˘ÌÂ ¢ = 4 + 4Ï(Ï – 2) = 4 + 4Ï2 – 8Ï = 4(Ï2 – 2Ï + 1) = 4(Ï – 1)2 ≥ 0
ÁÈ· Î¿ıÂ Ï ∈ �* Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú·ÁÌ·ÙÈÎ¤˜ Ú›˙Â˜.

x = 6

2
 = 3.

x1 =
5 + 1

2 ⋅ 2
 = 6

4
 = 3

2
   Î·È x2 =

5 – 1

2 ⋅ 2
 = 4

4
 = 1
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ii) Œ¯Ô˘ÌÂ ¢ = (·+ ‚)2 – 4·‚ = ·2 + ‚2 + 2·‚ – 4·‚ = (· – ‚)2 ≥ 0 ÁÈ· fiÏ·
Ù· ·, ‚ ∈ � ÌÂ · ≠ 0, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú·ÁÌ·ÙÈÎ¤˜ Ú›-
˙Â˜.

4. ∂ÂÈ‰‹ 

¢ = 4 – 4Ì2 = 0 ⇔ Ì2 = 1 ⇔ Ì = 1 ‹ Ì = –1,

ÔÈ ÙÈÌ¤˜ ÙÔ˘ Ì ÁÈ· ÙÈ˜ ÔÔ›Â˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙· Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1
Î·È –1.

5. Œ¯Ô˘ÌÂ ¢ = 4(· + ‚)2 – 4 Ø 2(·2 + ‚2) = 4·2 + 4‚2 + 8·‚ – 8·2 – 8‚2

= –4·2 – 4‚2 + 8·‚ = –4(·2 + ‚2 – 2·‚) 

= –4(· – ‚)2 < 0 Î·È Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË ÛÙÔ �. 
™ÙËÓ ÂÚ›ÙˆÛË Ô˘ Â›Ó·È · = ‚ ≠ 0, ÈÛ¯‡ÂÈ ¢ = 0 Î·È Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰È-
Ï‹ Ú›˙·.
∞Ó Â›Ó·È · = ‚ = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 2 = 0 Î·È Â›Ó·È ·‰‡-
Ó·ÙË.

6. i) S = 2 + 3 = 5 Î·È ƒ = 2 Ø 3 = 6, ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë x2 – 5x + 6 = 0.

ii) ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë:

iii) Î·È 

ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë:

x2 – 10x + 1 = 0.

7. i) ∂›Ó·È S = 2 Î·È ƒ = –15. √È ˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›-
ÛˆÛË˜ x2 – 2x – 15 = 0, Ë ÔÔ›· ¤¯ÂÈ ¢ = 4 – 4(–15) = 64. ∂ÔÌ¤Óˆ˜ ÔÈ
˙ËÙÔ˘ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È

ii) ∂›Ó·È S = 9 Î·È ƒ = 10. √È ˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›Ûˆ-
ÛË˜ x2 – 9x + 10 = 0, Ë ÔÔ›· ¤¯ÂÈ ¢ = 81 – 4 Ø 10 = 41. ∂ÔÌ¤Óˆ˜ ÔÈ
˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È

x1 =
9 + 41

2
   Î·È x2 =

9 – 41

2
 .

x1 =
2 + 8

2
 = 5  Î·È x2 =

2 – 8

2
 = –3.

P = 5 – 2 6  ⋅ 5 + 2 6  = 25 – 4 ⋅ 6 = 1

S = 5 – 2 6  + 5 + 2 6  = 10

x2 – 3

2
 x + 1

2
 = 0 ⇔ 2x2 – 3x + 1 = 0.

S = 1 + 1

2
 = 3

2
 Î·È ƒ = 1 ⋅ 1

2
 = 1

2
 ,
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8. 1Ô˜ ÙÚfiÔ˜:

i) °È· Ó· Ï‡ÛÔ˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË ·ÚÎÂ› Ó· ‚ÚÔ‡ÌÂ ‰‡Ô ·ÚÈıÌÔ‡˜ Ô˘ Ó·

¤¯Ô˘Ó ¿ıÚÔÈÛÌ· Î·È ÁÈÓfiÌÂÓÔ √È ·ÚÈıÌÔ›

·˘ÙÔ› Â›Ó·È ÚÔÊ·ÓÒ˜ ÔÈ Î·È Ô˘ Â›Ó·È Î·È ÔÈ ˙ËÙÔ‡ÌÂÓÂ˜ Ú›˙Â˜

ÙË˜ ÂÍ›ÛˆÛË˜.

2Ô˜ ÙÚfiÔ˜:

∂›Ó·È 

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜

ii) ∂›Ó·È ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ

‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜

9. 1Ô˜ ÙÚfiÔ˜:

x2 + ·2 = ‚2 – 2·x ⇔ x2 + 2·x + ·2 – ‚2 = 0 ⇔ (x + ·)2 – ‚2 = 0 

⇔ (x + · + ‚)(x + · – ‚) = 0 ⇔ x = –· – ‚   ‹   x = ‚ – ·.

2Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È x2 + 2·x + ·2 – ‚2 = 0.

∂›Ó·È ¢ = 4·2 – 4(·2 – ‚2) = 4‚2, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜

10. ŒÛÙˆ x Î·È y ÔÈ ÏÂ˘Ú¤˜ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘. ΔfiÙÂ ¤¯Ô˘ÌÂ
2x + 2y = 68 ⇔ x + y = 34 ⇔ y = 34 – x     (1)
∞fi ÙÔ ˘ı·ÁfiÚÂÈÔ ıÂÒÚËÌ· ÚÔÎ‡ÙÂÈ fiÙÈ

x2 + y2 = 262, ÔfiÙÂ ÏfiÁˆ ÙË˜ (1) ¤¯Ô˘ÌÂ

x2 + (34 – x)2 = 262 ⇔ x2 + 342 – 68x + x2 = 262

⇔ 2x2 – 68x + 342 – 262 = 0 

x1 =
–2· – 2‚

2
 = –(· + ‚)   Î·È x2 =

–2· + 2‚

2
 = ‚ – ·.

x1 =
1 – 2 + 2 + 1

2
 = 1     Î·È x2 =

1 – 2 – 2 – 1

2
 = – 2.

¢ = 2 – 1
2
 + 4 2 = 2 + 1

2
 > 0.

x2 =
5 + 3 – 5 – 3

2

2
 = 5 + 3 – 5 + 3

2
 = 3.

x1 =
5 + 3 + 5 – 3

2

2
 = 5 + 3 + 5 – 3

2
 = 5  Î·È

= 5
2
 + 3

2
 – 2 5 ⋅ 3  = 5 – 3

2
 > 0.

¢ = 5 + 3
2
 – 4 15 = 5

2
 + 3

2
 + 2 5 ⋅ 3  – 4 5 ⋅ 3  =

35 +

15 = 5 ⋅ 3 .5  + 3
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⇔ 2x2 – 68x + (34 – 26)(34 + 26) = 0 ⇔
⇔ 2x2 – 68x + 8 Ø 60 = 0 ⇔ x2 – 34x + 4 Ø 60 = 0.

∂›Ó·È ¢ = 342 – 4 Ø 4 Ø 60 = 196. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

√È Ú›˙Â˜ ·˘Ù¤˜ ÏfiÁˆ Î·È ÙË˜ (1) Â›Ó·È ÔÈ ˙ËÙÔ‡ÌÂÓÂ˜ ÏÂ˘Ú¤˜ ÙÔ˘ ÔÚıÔÁˆ-
Ó›Ô˘.

11. i) ∏ ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È |x|2 – 7|x| + 12 = 0. £¤ÙÔ˘ÌÂ |x| = ˆ ÔfiÙÂ Ë ÂÍ›-
ÛˆÛË Á›ÓÂÙ·È ˆ2 – 7ˆ + 12 = 0 Î·È ¤¯ÂÈ Ú›˙Â˜ ˆ1 = 3 Î·È ˆ2 = 4 Ô˘ Â›-
Ó·È ‰ÂÎÙ¤˜ Î·È ÔÈ ‰‡Ô, ÔfiÙÂ ¤¯Ô˘ÌÂ |x| = 3 ‹ |x| = 4, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ
x = 3 ‹ x = –3 ‹ x = 4 ‹ x = –4. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ï‡ÛÂÈ˜ ÙÔ˘˜
·ÚÈıÌÔ‡˜ 3, –3, 4 Î·È –4.

ii) £¤ÙÔ˘ÌÂ |x| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ 

x2 + 2|x| – 35 = 0 ⇔ ˆ2 + 2ˆ –35 = 0. 

∂›Ó·È ¢ = 144.
∏ ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ 5 Î·È –7. ∞fi ·˘Ù¤˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë ıÂÙÈÎ‹,
·ÊÔ‡ ˆ = |x| ≥ 0. ∂ÔÌ¤Óˆ˜ |x| = 5, Ô˘ ÛËÌ·›ÓÂÈ x = 5 ‹ x = –5.

iii) £¤ÙÔ˘ÌÂ |x| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ x2 – 8|x| + 12 = 0 ⇔ ˆ2 – 8ˆ + 12 = 0,
·ÊÔ‡ x2 = |x|2. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 6 Î·È 2, Ô˘
Â›Ó·È ‰ÂÎÙ¤˜ Î·È ÔÈ ‰‡Ô. ∂ÔÌ¤Óˆ˜ |x| = 6 ‹ |x| = 2 Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ
x = 6 ‹ x = –6 ‹ x = 2 ‹ x = –2.

12. £¤ÙÔ˘ÌÂ |x – 1| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ 

(x – 1)2 + 4|x – 1| – 5 = 0 ⇔ ˆ2 + 4ˆ – 5 = 0, ·ÊÔ‡ (x – 1)2 = |x – 1|2. 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ –5 Î·È 1. ¢ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë
ıÂÙÈÎ‹ ˆ = 1 ·ÊÔ‡ ˆ = |x – 1| ≥ 0. ∂ÔÌ¤Óˆ˜, 

|x – 1| = 1 ⇔ x – 1 = 1  ‹  x – 1 = –1 ⇔ x = 2  ‹  x = 0.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 0 Î·È 2.

13. ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ 0. £¤ÙÔ˘ÌÂ x +
1
—x = ˆ ÔfiÙÂ Ë ÂÍ›ÛˆÛË ÁÚ¿-

ÊÂÙ·È ˆ2 – 5ˆ + 6 = 0. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘ ·ÚÈıÌÔ‡˜ 2 Î·È 3,
ÔfiÙÂ ¤¯Ô˘ÌÂ

∏ ÚÒÙË ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È

Î·È ¤¯ÂÈ ÙÔ 1 ‰ÈÏ‹ Ú›˙·.

x + 1

x
 = 2 ⇔ x2 + 1 = 2x ⇔ x – 1 2 = 0

x + 1

x
 = 2    ‹    x + 1

x
 = 3.

x1 =
34 + 14

2
 = 24   Î·È x2 =

34 – 14

2
 = 10.
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∏ ‰Â‡ÙÂÚË ÁÚ¿ÊÂÙ·È

Î·È ¤¯ÂÈ ˆ˜ Ú›˙Â˜ ÙÔ˘ ·ÚÈıÌÔ‡˜ 

∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 

14. i) ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ –1 Î·È x ≠ 0. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ ÂÚÈÔÚÈÛÌÔ‡˜
¤¯Ô˘ÌÂ:

⇔ 6x2 + 6(x + 1)2 = 13x(x + 1) 

⇔ 6x2 + 6x2 + 12x + 6 = 13x2 + 13x 

⇔ x2 + x – 6 = 0 

Ë ÔÔ›· ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 2 Î·È –3.

ii) ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ 0 Î·È x ≠ 2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ ÂÚÈÔÚÈÛÌÔ‡˜
¤¯Ô˘ÌÂ: 

⇔ 2x – 4 + 2x2 – 3x + 2 – x2 = 0 

⇔ x2 – x – 2 = 0.

∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 2 Î·È –1, ÔfiÙÂ ÏfiÁˆ
ÙˆÓ ÂÚÈÔÚÈÛÌÒÓ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = –1.

15. i) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È y2 + 6y – 40 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›˙Â˜

ÙÈ˜ y1 = 4 Î·È y2 = –10. ∂ÂÈ‰‹ y = x2 ≥ 0, ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë y1 = 4,

ÔfiÙÂ ¤¯Ô˘ÌÂ x2 = 4 ⇔ x = 2 ‹ x = –2. ∂ÔÌ¤Óˆ˜ ÔÈ Ú›˙Â˜ ÙË˜ ·Ú¯ÈÎ‹˜

ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.

⇔ x(x – 2) 2

x
 + x(x – 2) 2x – 3

x – 2
 + x(x – 2) 2 – x2

x(x – 2)
 = 0

2

x
 + 2x – 3

x – 2
 + 2 – x2

x(x – 2)
 = 0

⇔ 6x(x + 1) x

x + 1
 + 6x(x + 1) x + 1

x
 = 6x(x + 1) 13

6
 

x

x + 1
 + x + 1

x
 = 13

6
 

1, 3 – 5

2
   Î·È 3 + 5

2
 .

3 – 5

2
   Î·È 3 + 5

2
 .

x + 1

x
 = 3 ⇔ x2 + 1 = 3x ⇔ x2 – 3x + 1 = 0
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ii) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 4y2 + 11y – 3 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›-

˙Â˜ ÙÈ˜ y1 = –3 Î·È y2 = 1—
4

. ∂ÂÈ‰‹ y = x2 ≥ 0 ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë y2 =

1—
4

, ÔfiÙÂ ¤¯Ô˘ÌÂ x2 =  1—
4

⇔ x =  1—
2

‹ x = – 1—
2

. ∂ÔÌ¤Óˆ˜ ÔÈ Ú›˙Â˜ ÙË˜

·Ú¯ÈÎ‹˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› – 1—
2

Î·È  1—
2

.

iii) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 2y2 + 7y + 3 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›-

˙Â˜ ÙÈ˜ y1 = –3 Î·È y2 = – 1—
2

. ∂ÂÈ‰‹ y = x2 ≥ 0 Î·Ì›· ·fi ·˘Ù¤˜ ‰ÂÓ Â›-

Ó·È ‰ÂÎÙ‹. ∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

™¯fiÏÈÔ: ∂›Ó·È ÚÔÊ·Ó¤˜ fiÙÈ Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË, ·ÊÔ‡ 

2x4 + 7x2 + 3 > 0 ÁÈ· Î¿ıÂ x ∈ �.

μã  √ª∞¢∞™

1. i) ¢ = (–2·3)2 – 4·2(·4 – 1) = 4·6 – 4·6 + 4·2 = 4·2.

ii) √È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È 

2. i) ∂›Ó·È 

ii) √È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È

3. i) ∏ ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙· ·Ó Î·È ÌfiÓÔ ·Ó ¢ = 0. 

∂›Ó·È ¢ = (· – 9)2 – 4 Ø 2(·2 + 3· + 4) = ·2 – 18· + 81 – 8·2 – 24· – 32 

= –7·2 – 42· + 49, ÔfiÙÂ

x2 =
5 – 2 – 2 – 1

2
 = 4 – 2 2

2
 = 2 – 2 .

x1 =
5 – 2 + 2 + 1

2

2
 = 5 – 2 + 2 + 1

2
 = 3   Î·È

= 2
2
 + 2 2 + 1 = 2 + 1

2
.

¢ = 5 – 2
2
 – 4 6 – 3 2  = 25 – 10 2 + 2

2
 – 24 + 12 2 =

x2 =
2·3 – 2·

2·2
 = 2·(·2 – 1)

2·2
 = ·2 – 1

·
 .

x1 =
2·3 + 2·

2·2
 = 2·(·2 + 1)

2·2
 = ·2 + 1

·
   Î·È
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¢ = 0 ⇔ 7·2 + 42· – 49 = 0 ⇔ ·2 + 6· – 7 = 0 ⇔ · = –7   ‹   · = 1.

∂ÔÌ¤Óˆ˜ ÁÈ· · = –7   ‹   · = 1 Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·.

4. ∞Ó ÙÔ Ú Â›Ó·È Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜, ÙfiÙÂ ÈÛ¯‡ÂÈ ·Ú2 + ‚Ú + Á = 0. 

∂›Ó·È Ú ≠ 0, ·ÊÔ‡ Á ≠ 0, ÔfiÙÂ ¤¯Ô˘ÌÂ 

·Ú2 + ‚Ú + Á = 0 

Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ 1—Ú Â›Ó·È Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜ Áx2 + ‚x + · = 0. 

5. i) 1Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ x – · = 0   ‹   ·x + 1 = 0 ⇔ x = ·   ‹   x = –
1
—·

.

2Ô˜ ÙÚfiÔ˜:
∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ·x2 –· + (1 – ·2)x = 0 ⇔ ·x2 – (·2 – 1)x – · = 0.

∂›Ó·È ¢ = (·2 – 1)2 – 4·(–·) = ·4 – 2·2 + 1 + 4·2 = ·4 + 2·2 + 1 = (·2 + 1)2

ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

ii) 1Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0 ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ 1

·
 (x – ‚) = · x – ‚

‚x
 ⇔ (x – ‚) 1

·
 – ·

‚x
 = 0

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔ x

·
 – ‚

·
 = ·

‚
 – ·

x
 ⇔ 1

·
 (x – ‚) = · 1

‚
 – 1

x
 

x1 =
·2 – 1 + ·2 + 1

2·
 = ·   Î·È x2 =

·2 – 1 – ·2 – 1

2·
 = – 1

·
 .

x + 1

·
 = · + 1

x
 ⇔ x – 1

x
 + 1

·
 – · = 0 ⇔ x2 – 1 + 1 – ·2

·
 x = 0

⇔ (x – ·) ·x + 1

·x
 = 0

⇔ x – · + x – ·

·x
 = 0 ⇔ (x – ·) 1 + 1

·x
 = 0

x + 1

·
 = · + 1

x
 ⇔ x – · + 1

·
 – 1

x
 = 0

⇔ · + ‚ 1

Ú
 + Á 1

Ú2
 = 0 ⇔ Á 1

Ú

2

 + ‚ 1

Ú
 + · = 0.
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∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ ‚ Î·È ·2

—
‚

.

2Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ‚x2 + ·2‚ = ·2x + ‚2x ⇔ ‚x2 – ‚2x + ·2‚ – ·2x = 0 

⇔ ‚x(x – ‚) + ·2(‚ – x) = 0 ⇔ (x – ‚) (‚x – ·2) = 0 

⇔ x = ‚   ‹   ‚x = ·2 ⇔ x = ‚   ‹   x = ·2

—
‚

.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ ‚ Î·È ·2

—
‚

.

3Ô˜ ÙÚfiÔ˜: 

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ‚x2 + ·2‚ = ·2x + ‚2x ⇔ ‚x2 – (·2 + ‚2)x + ·2‚ = 0.

∂›Ó·È

¢ =  (·2 + ‚2)2 – 4·2‚2 = ·4 + ‚4 + 2·2‚2 – 4·2‚2

= ·4 + ‚4 – 2·2‚2 = (·2 – ‚2)2

ñ ∞Ó · ≠ ±‚ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

ñ ∞Ó · = ‚ ‹ · = –‚ ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·, ÙËÓ

6. i) Œ¯Ô˘ÌÂ
¢ = 4Ï2 – 4 (–8) = 4Ï2 + 32 > 0 ÁÈ· Î¿ıÂ Ï ∈ �. ∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›-
ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ Ú·ÁÌ·ÙÈÎ¤˜ ÁÈ· Î¿ıÂ Ï ∈ �.

x = ·2 + ‚2

2‚
 = 2·2

2‚
 = ·2

‚
 =

±‚ 2

‚
 = ‚.

x2 =
·2 + ‚2 – ·2 + ‚2

2‚
 = 2‚2

2‚
 = ‚.

x1 =
·2 + ‚2 + ·2 – ‚2

2‚
 = 2·2

2‚
 = ·2

‚
   Î·È

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔ ·‚x x

·
 + ·‚x ·

x
 = ·‚x ·

‚
 + ·‚x ‚

·
 ⇔

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔ ·‚x x

·
 + ·‚x ·

x
 = ·‚x ·

‚
 + ·‚x ‚

·
 ⇔

⇔ x = ‚   ‹   x = ·2

‚
 .

⇔ x = ‚   ‹ ·

‚x
 = 1

·
 ⇔ x = ‚   ‹   ‚x = ·2 

∫∂º∞§∞π√ 3: ∂•π™ø™∂π™44



ii) ŒÛÙˆ x1, x2 ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ ÌÂ x2 = x1
2. ∞fi ÙÔ˘˜ Ù‡Ô˘˜ Vieta

¤¯Ô˘ÌÂ
ñ x1 + x2 = –2Ï ⇔ x1 + x1

2 = –2Ï   Î·È

ñ x1 Ø x2 = –8 ⇔ x1
3 = –8 ⇔ x1 = –2, ÔfiÙÂ x2 = (–2)2 = 4.

ΔfiÙÂ ¤¯Ô˘ÌÂ

–2 + 4 = –2Ï ⇔ 2Ï = –2 ⇔ Ï = –1.

7. ŒÛÙˆ x – 1, x, x + 1 ÙÚÂÈ˜ ‰È·‰Ô¯ÈÎÔ› ·Î¤Ú·ÈÔÈ. √È ·ÚÈıÌÔ› ·˘ÙÔ› ·ÔÙÂ-
ÏÔ‡Ó ÏÂ˘Ú¤˜ ÔÚıÔÁˆÓ›Ô˘ ÙÚÈÁÒÓÔ˘ ·Ó Î·È ÌfiÓÔ ·Ó ÈÛ¯‡ÂÈ

(x + 1)2 = x2 + (x – 1)2 ⇔ x2 + 2x + 1 = x2 + x2 – 2x + 1 

⇔ x2 – 4x = 0 ⇔ x(x – 4) = 0 

⇔ x = 4, ·ÊÔ‡ x ≠ 0 ˆ˜ ÏÂ˘Ú¿ ÙÚÈÁÒÓÔ˘.

∏ Ï‡ÛË x = 4 ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÌÔÓ·‰ÈÎ‹. ∂ÔÌ¤Óˆ˜ ˘¿Ú¯ÂÈ Ì›· ÌfiÓÔ
ÙÚÈ¿‰· ‰È·‰Ô¯ÈÎÒÓ ·ÎÂÚ·›ˆÓ Ô˘ Â›Ó·È Ì‹ÎË ÏÂ˘ÚÒÓ ÔÚıÔÁˆÓ›Ô˘ ÙÚÈÁÒ-
ÓÔ˘. √È ·Î¤Ú·ÈÔÈ ·˘ÙÔ› Â›Ó·È ÔÈ 3, 4 Î·È 5.

8. ΔÔ ÂÌ‚·‰fiÓ ∂1 ÙÔ˘ ÛÙ·˘ÚÔ‡ ÚÔÎ‡ÙÂÈ
·fi ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ‰‡Ô
ÏÂ˘ÎÒÓ ÏˆÚ›‰ˆÓ ÙË˜ ÛËÌ·›·˜ ·fi ÙÔ
ÔÔ›Ô fiÌˆ˜ Ú¤ÂÈ Ó· ·Ê·ÈÚ¤ÛÔ˘ÌÂ ÙÔ
ÂÌ‚·‰fiÓ ÙÔ˘ ÎÔÈÓÔ‡ ÙÂÙÚ·ÁÒÓÔ˘ (√ªπ∑)
ÏÂ˘Ú¿˜ d. ∂›Ó·È ‰ËÏ·‰‹

∂1 = 3 Ø d + 4 Ø d – d2 = 7d – d2

ŒÛÙˆ ∂2 ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ˘fiÏÔÈÔ˘ Ì¤-
ÚÔ˘˜ ÙË˜ ÛËÌ·›·˜. £· ÈÛ¯‡ÂÈ ∂1 = ∂2 ·Ó
Î·È ÌfiÓÔ ·Ó ÙÔ ∂1 Â›Ó·È ›ÛÔ ÌÂ ÙÔ ÌÈÛfi ÙÔ˘ ÂÌ‚·‰Ô‡ ÔÏfiÎÏËÚË˜ ÙË˜ ÛËÌ·›-
·˜. ∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ

∂1 = ∂2 ⇔ 7d – d2 = 3 Ø 4—
2  

⇔ d2 – 7d + 6 = 0 ⇔ d = 1   ‹   d = 6.

ŸÌˆ˜ ÁÈ· ÙÔ d ¤¯Ô˘ÌÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi 0 < d < 3, ÔfiÙÂ d = 1.

9. ∞Ó ÙÔ ÌË¯¿ÓËÌ· ∞ ¯ÚÂÈ¿˙ÂÙ·È x ÒÚÂ˜ ÁÈ· Ó· ÙÂÏÂÈÒÛÂÈ ÙÔ ¤ÚÁÔ, fiÙ·Ó ÂÚÁ¿-
˙ÂÙ·È ÌfiÓÔ ÙÔ˘, ÙfiÙÂ ÙÔ μ ı· ¯ÚÂÈ¿˙ÂÙ·È x + 12 ÒÚÂ˜ ÁÈ· ÙÔ ›‰ÈÔ ¤ÚÁÔ. ™Â

Ì›· ÒÚ· ÙÔ ∞ ÂÎÙÂÏÂ› ÙfiÙÂ ÙÔ 1—x Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘ ÂÓÒ ÙÔ μ ÂÎÙÂÏÂ› ÙÔ 
1

—
x + 12

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘. ∞Ó Ù· ‰‡Ô ÌË¯·Ó‹Ì·Ù· ÂÚÁ·ÛÙÔ‡Ó Ì·˙› ÁÈ· 8 

ÒÚÂ˜, ÙfiÙÂ ÙÔ ∞ ÂÎÙÂÏÂ› ÙÔ 8 1—
x

= 8—
x

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘, ÂÓÒ ÙÔ μ ÂÎÙÂÏÂ› ÙÔ

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘. ∞Ó ÚÔÛı¤ÛÔ˘ÌÂ Ù· ‰‡Ô ·˘Ù¿ Ì¤ÚË 8 ⋅ 1

x + 12
 = 8

x + 12
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ÙÔ˘ ¤ÚÁÔ˘ ı· ¤¯Ô˘ÌÂ ÔÏfiÎÏËÚÔ ÙÔ ¤ÚÁÔ ‰ËÏ·‰‹ ÙÔ 1 ¤ÚÁÔ. ŒÙÛÈ ¤¯Ô˘ÌÂ
ÙËÓ ÂÍ›ÛˆÛË ÙÔ˘ ÚÔ‚Ï‹Ì·ÙÔ˜

⇔ 8(x + 12) + 8x = x(x + 12)  

⇔ 8x + 96 + 8x = x2 + 12x ⇔ x2 – 4x – 96 = 0.

∂›Ó·È ¢ = 16 – 4(–96) = 400, ÔfiÙÂ

∂›Ó·È ‰ËÏ·‰‹ x = 12, ·ÊÔ‡ x > 0. ∂ÔÌ¤Óˆ˜ ÙÔ ÌË¯¿ÓËÌ· ∞ ¯ÚÂÈ¿˙ÂÙ·È 12
ÒÚÂ˜ Á· Ó· ÙÂÏÂÈÒÛÂÈ ÙÔ ¤ÚÁÔ ÌfiÓÔ ÙÔ˘, ÂÓÒ ÙÔ μ ¯ÚÂÈ¿˙ÂÙ·È 24 ÒÚÂ˜.

10. √ ·ÚÈıÌfi˜ 1 Â›Ó·È Ú›˙· ·Ó Î·È ÌfiÓÔ ·Ó Â·ÏËıÂ‡ÂÈ ÙËÓ ÂÍ›ÛˆÛË ‰ËÏ·‰‹
·Ó Î·È ÌfiÓÔ ·Ó ÈÛ¯‡ÂÈ

14 – 10 Ø 12 + · = 0 ⇔ · = 9.

°È· · = 9 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È

x4 – 10x2 + 9 = 0.

∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È

y2 – 10y + 9 = 0.

∞˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 9 Î·È 1 ÔfiÙÂ ¤¯Ô˘ÌÂ

x2 = 9   ‹   x2 = 1 ⇔ x = 3   ‹   x = –3   ‹   x = 1   ‹   x = –1.
∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 3, –3, 1, –1.

x = 4 + 20

2
 = 12    ‹     x = 4 – 20

2
 = –8.

8

x
 + 8

x + 12
 = 1
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