
KEº∞§∞π√ 2

√π ¶ƒ∞°ª∞Δπ∫√π ∞ƒπ£ª√π

¨ 2.1. √È Ú¿ÍÂÈ˜ Î·È ÔÈ È‰ÈfiÙËÙ¤˜ ÙÔ˘˜
∞ã  √ª∞¢∞™

1. Œ¯Ô˘ÌÂ

(i) 

(ii) °È· x = 2010 Î·È ¤¯Ô˘ÌÂ x y = 1 ÔfiÙÂ

∞ = 19 = 1.

2. Œ¯Ô˘ÌÂ

°È·  x = 0,4 Î·È y = –2,5 Â›Ó·È xy = –1 ÔfiÙÂ ∞ = (–1)10 = 1.

3. i) 10012 – 9992 = (1001 – 999) (1001 + 999) = 2 Ø 2000 = 4.000.

ii) 99 Ø 101 = (100 – 1) (100 + 1) = 1002 – 1 = 10000 – 1 = 9.999.

iii) 

4. i) Œ¯Ô˘ÌÂ

(· + ‚)2 – (· – ‚)2 = ·2 + 2·‚ + ‚2 – (·2 – 2·‚ + ‚2)  

= ·2 + 2·‚ + ‚2 – ·2 + 2·‚ – ‚2 = 4·‚

ii) ™‡ÌÊˆÓ· ÌÂ ÙÔ ÂÚÒÙËÌ· (i):
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5. i) Œ¯Ô˘ÌÂ

·2 – (· – 1) (· + 1) = ·2 – (·2 – 1) = ·2 – ·2 + 1 = 1

ii) ∞Ó ÂÊ·ÚÌfiÛÔ˘ÌÂ ÙÔ ÂÚÒÙËÌ· (i) ÁÈ· · = 1,3265 Ë ÙÈÌ‹ Ô˘ ÚÔÎ‡ÙÂÈ
ÁÈ· ÙËÓ ·Ú¿ÛÙ·ÛË Â›Ó·È 1.

6. ŒÛÙˆ v Î·È v + 1 ‰‡Ô ‰È·‰Ô¯ÈÎÔ› Ê˘ÛÈÎÔ› ·ÚÈıÌÔ›:
ΔfiÙÂ ¤¯Ô˘ÌÂ

(v + 1)2 –v2 = (v + 1 – v) (v + 1 + v) = (v + 1) + v

7. πÛ¯‡ÂÈ

2v + 2v+1 + 2v+2 = 2v (1 + 2 + 22) = 2v Ø 7

μã  √ª∞¢∞™

1. ∞Ó ·Ú·ÁÔÓÙÔÔÈ‹ÛÔ˘ÌÂ ·ÚÈıÌËÙ‹ Î·È ·ÚÔÓÔÌ·ÛÙ‹
Œ¯Ô˘ÌÂ

i) 

ii) 

2. Œ¯Ô˘ÌÂ

i)       

ii) 

3. Œ¯Ô˘ÌÂ

i) (x + y)2 1

x
 + 1

y

–2

 = (x + y)2 y + x

x y

–2

 = (x + y)2 x y

x + y

2

 = (x y)2 = x2 y2

·2 + · + 1

· + 1
 ⋅ ·

2 – 1

·3 – 1
 = ·2 + · + 1

· + 1
 ⋅ (· – 1) (· + 1)

(· – 1) (·2 + · + 1)
 = 1

= (· –1)2 (· + 1)2

·2
 ⋅ ·2

(· + 1)2
  = (· – 1)2

· – 1

·

2

 ⋅ ·3 + ·2

(· + 1)3
 = ·2 – 1

·

2

 ⋅ ·2 (· + 1)

(· + 1)3

·2 – · + 2· – 2

·2 – 1
 = ·(· – 1) + 2(· –1)

(· – 1) (· + 1)
 = (· – 1) (· + 2)

(· – 1) (· + 1)
 = · + 2

· + 1

·3 – 2·2 + ·

·2 – ·
 = ·(·2 – 2·+1)

·(· –1)
 = (· – 1)2

· – 1
 = · –1
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ii) 

4. Œ¯Ô˘ÌÂ

5. i) ·ã ÙÚfiÔ˜: ªÂ ÁÂÓ›ÎÂ˘ÛË ÙË˜ È‰ÈfiÙËÙ·˜ 1iv) ÙˆÓ ·Ó·ÏÔÁÈÒÓ (‚Ï. ÂÊ·Ú-
ÌÔÁ‹ 1, ÛÂÏ. 26) ¤¯Ô˘ÌÂ

ÔfiÙÂ · = ‚ = Á.

‚ã ÙÚfiÔ˜: £¤ÙÔ˘ÌÂ ÔfiÙÂ ¤¯Ô˘ÌÂ

· = k‚,     ‚ = kÁ     Î·È     Á = k· (1)

∞Ó, ÙÒÚ·, ÚÔÛı¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1), ‚Ú›ÛÎÔ˘ÌÂ

· + ‚ + Á = k(· + ‚ + Á)

ÔfiÙÂ ¤¯Ô˘ÌÂ k = 1 (·ÊÔ‡ · + ‚ + Á ≠ 0, ‰ÈfiÙÈ Ù· ·, ‚, Á Â›Ó·È Ì‹ÎË ÏÂ˘-
ÚÒÓ ÙÚÈÁÒÓÔ˘).
ŒÙÛÈ, ·fi ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) ÚÔÎ‡ÙÂÈ fiÙÈ · = ‚ = Á Î·È ¿Ú· ÙÔ ÙÚ›ÁˆÓÔ Â›-
Ó·È ÈÛfiÏÂ˘ÚÔ.

Áã ÙÚfiÔ˜: ∏ Û˘ÁÎÂÎÚÈÌ¤ÓË ¿ÛÎËÛË ÌÔÚÂ› Ó· ·Ô‰ÂÈ¯ıÂ›, ÌÂÙ¿ ÙË ‰È‰·-
ÛÎ·Ï›· ÙË˜ ¨ 1.3, ˆ˜ ÂÍ‹˜:
¶ÔÏÏ·Ï·ÛÈ¿˙Ô˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1), ÔfiÙÂ ¤¯Ô˘ÌÂ

·‚Á = k3(·‚Á) Î·È, ÂÂÈ‰‹ ·‚Á ≠ 0, ı· Â›Ó·È k3 = 1 Î·È ¿Ú· k = 1.

ŒÙÛÈ, ·fi ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) ÚÔÎ‡ÙÂÈ fiÙÈ · = ‚ = Á.

™¯fiÏÈÔ: √ Û˘ÁÎÂÎÚÈÌ¤ÓÔ˜ ÙÚfiÔ˜ ÌÔÚÂ› Ó· ÂÊ·ÚÌÔÛıÂ› Î·È fiÙ·Ó Ù· ·, ‚,
Á Â›Ó·È ÔÔÈÔÈ‰‹ÔÙÂ Ú·ÁÌ·ÙÈÎÔ› ·ÚÈıÌÔ›, ‰È·ÊÔÚÂÙÈÎÔ› ÙÔ˘ ÌË‰ÂÓfi˜,
ÂÓÒ ÁÈ· ÙÔ˘˜ ‰‡Ô ÚÒÙÔ˘˜ ÙÚfiÔ˘˜ ··ÈÙÂ›Ù·È ÛÙËÓ ÂÚ›ÙˆÛË ·˘Ù‹ Ó·
·Ô‰ÂÈ¯ÙÂ› fiÙÈ · + ‚ + Á ≠ 0.
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ii) ·ã ÙÚfiÔ˜: Œ¯Ô˘ÌÂ · – ‚ = ‚ – Á (1) Î·È · – ‚ = Á – · (2), ÔfiÙÂ, ·Ó
ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) Î·È (2) ÚÔÎ‡ÙÂÈ fiÙÈ

2· – 2‚ = ‚ – · ⇒ 3· = 3‚ ⇒ · = ‚

ŒÙÛÈ, ·fi ÙËÓ ÈÛfiÙËÙ· (1) ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ Î·È ‚ = Á. ÕÚ· · = ‚ = Á ÔfiÙÂ
ÙÔ ÙÚ›ÁˆÓÔ Â›Ó·È ÈÛfiÏÂ˘ÚÔ.

‚ã ÙÚfiÔ˜: £¤ÙÔ˘ÌÂ · – ‚ = ‚ – Á = Á – · = k, ÔfiÙÂ ¤¯Ô˘ÌÂ

· – ‚ = k,    ‚ – Á = k Î·È Á – · = k (2)

∞Ó ÙÒÚ· ÚÔÛı¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (2), ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ k = 0,
ÔfiÙÂ, ÏfiÁˆ ÙˆÓ ÈÛÔÙ‹ÙˆÓ ·˘ÙÒÓ, Â›Ó·È · = ‚ = Á Î·È ¿Ú· ÙÔ ÙÚ›ÁˆÓÔ Â›-
Ó·È ÈÛfiÏÂ˘ÚÔ.

6. ∞Ó x Î·È y Â›Ó·È ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ

L = 2x + 2y      Î·È      ∂ = xy

ÔfiÙÂ, ÏfiÁˆ ÙË˜ ˘fiıÂÛË˜, ı· ¤¯Ô˘ÌÂ

2x + 2y = 4·      Î·È      xy = ·2

Î·È ¿Ú·
y = 2· – x   (1)      Î·È      xy = ·2 (2)

§fiÁˆ ÙË˜ (1), Ë (2) ÁÚ¿ÊÂÙ·È ÈÛÔ‰‡Ó·Ì·:

x(2· – x) = ·2 ⇔ 2·x – x2 = ·2 ⇔ x2 – 2·x + ·2 = 0
⇔ (x – ·)2 = 0 ⇔ x – · = 0 ⇔ x = ·

ŒÙÛÈ ·fi ÙËÓ (1) ¤¯Ô˘ÌÂ fiÙÈ Î·È y = · Î·È ¿Ú· ÙÔ ÔÚıÔÁÒÓÈÔ Â›Ó·È ÙÂÙÚ¿-
ÁˆÓÔ.

7. £· ÂÚÁ·ÛıÔ‡ÌÂ ÌÂ ÙË Ì¤ıÔ‰Ô ÙË˜ ··ÁˆÁ‹˜ ÛÂ ¿ÙÔÔ.
i) ∞˜ ˘Ôı¤ÛÔ˘ÌÂ fiÙÈ     · + ‚ = Á ∈ �. TfiÙÂ ı· Â›Ó·È ‚ = Á – · ∈ �

(ˆ˜ ‰È·ÊÔÚ¿ ÚËÙÒÓ), Ô˘ Â›Ó·È ¿ÙÔÔ.

ii) ∞˜ ˘Ôı¤ÛÔ˘ÌÂ fiÙÈ     ·‚ = Á ∈ �. TfiÙÂ ı· Â›Ó·È ‚ =
Á

—· ∈ �

(ˆ˜ ËÏ›ÎÔ ÚËÙÒÓ), Ô˘ Â›Ó·È ¿ÙÔÔ.

¨ 2.2. ¢È¿Ù·ÍË Ú·ÁÌ·ÙÈÎÒÓ ·ÚÈıÌÒÓ
∞ã  √ª∞¢∞™

1. i) ∂›Ó·È ·2 + 9 ≥ 6· ⇔ ·2 – 6· + 9 ≥ 0 ⇔ (· – 3)2 ≥ 0   Ô˘ ÈÛ¯‡ÂÈ.

ii) ∂›Ó·È 2(·2 + ‚2) ≥ (· + ‚)2 ⇔ 2·2 + 2‚2 ≥ ·2 + ‚2 + 2·‚ 
⇔ 2·2 + 2‚2 – ·2 – ‚2 – 2·‚ ≥ 0  

⇔ ·2 + ‚2 – 2·‚ ≥ 0 

⇔ (· – ‚)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.
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2. Œ¯Ô˘ÌÂ ·2 + ‚2 – 2· + 1 ≥ 0 ⇔ ·2 – 2· + 1 + ‚2 ≥ 0   

⇔ (· – 1)2 + ‚2 ≥ 0   Ô˘ ÈÛ¯‡ÂÈ.

∏ ÈÛfiÙËÙ· ÈÛ¯‡ÂÈ ÁÈ· · = 1 Î·È ‚ = 0.

3. i) πÛ¯‡ÂÈ (x – 2)2 + (y + 1)2 = 0 ⇔ x – 2 = 0     Î·È     y + 1 = 0  
⇔ x = 2    Î·È    y = –1.

ii) Œ¯Ô˘ÌÂ x2 + y2 – 2x + 4y + 5 = 0 ⇔ x2 – 2x + 1 + y2 + 4y + 4 = 0  

⇔ (x – 1)2 + (y + 2)2 = 0 

⇔ x – 1 = 0    Î·È    y + 2 = 0

⇔ x = 1     Î·È     y = –2.

4. i) ¶ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ·ÓÈÛfiÙËÙÂ˜
4,5 < x < 4,6   Î·È   5,3 < y < 5,4   

ÔfiÙÂ ¤¯Ô˘ÌÂ
4,5 + 5,3 < x + y < 4,6 + 5,4

‰ËÏ·‰‹ 9,8 < x + y < 10.

ii) ∞fi ÙË ‰Â‡ÙÂÚË ·ÓÈÛfiÙËÙ· ÚÔÎ‡ÙÂÈ
–5,4 < –y < –5,3

Î·È ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÌÂ ÙËÓ 4,5 < x < 4,6
ÔfiÙÂ ¤¯Ô˘ÌÂ

4,5 – 5,4 < x – y < 4,6 – 5,3 ⇔ –0,9 < x – y < –0,7.

iii) πÛ¯‡ÂÈ 5,3 < y < 5,4 ÔfiÙÂ

Î·È ¿Ú· 

iv) ∂ÂÈ‰‹ Ù· Ì¤ÏË ÙˆÓ ·ÓÈÛÔÙ‹ÙˆÓ Â›Ó·È ıÂÙÈÎÔ› ·ÚÈıÌÔ› ÌÔÚÔ‡ÌÂ Ó·
˘„ÒÛÔ˘ÌÂ ÛÙÔ ÙÂÙÚ¿ÁˆÓÔ ÔfiÙÂ ¤¯Ô˘ÌÂ

(4,5)2 < x2 < (4,6)2 ⇔ 20,25 < x2 < 21,16 Î·È

(5,3)2 < y2 < (5,4)2 ⇔ 28,09 < y2 < 29,16
ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÔfiÙÂ

20,25 + 28,09 < x2 + y2 < 21,16 + 29,16 ⇔ 48,34 < x2 + y2 < 50,32.

4,5 ⋅ 1

5,4
 < x ⋅ 1

y
 < 4,6 ⋅ 1

5,3
 ⇔ 45

54
 < x

y
 < 46

53

1

5,3
 > 1

y
 > 1

5,4
 ⇔ 1

5,4
 < 1

y
 < 1

5,3
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5.

°È· ÙÔ x ¤¯Ô˘ÌÂ:
2 + 0,2 < x + 0,2 < 3 + 0,2 ⇔ 2,2 < x + 0,2 < 3,2,   (1)

°È· ÙÔ y ¤¯Ô˘ÌÂ:
3 – 0,1 < y – 0,1 < 5 – 0,1 ⇔ 2,9 < y – 0,1 < 4,9,   (2)

(i) ∏ ÂÚ›ÌÂÙÚÔ˜ ÙfiÙÂ Á›ÓÂÙ·È
¶ = 2(x + 0,2) + 2(y – 0,1) = 2(x + y + 0,1)

¶ÚÔÛı¤ÙÔÓÙ·˜ ÙÈ˜ (1) Î·È (2) ¤¯Ô˘ÌÂ 5,1 < x + y + 0,1 < 8,1
ÔfiÙÂ

2 Ø 5,1 < 2(x + y + 0,1) < 2 Ø 8,1 ⇔ 10,2 < ¶ < 16,2.

(ii) ΔÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘ Á›ÓÂÙ·È
∂ = (x + 0,2)(y – 0,1)

¶ÔÏÏ·Ï·ÛÈ¿˙Ô˘ÌÂ ÙÈ˜ (1) Î·È (2) Î·Ù¿ Ì¤ÏË ÔfiÙÂ ¤¯Ô˘ÌÂ
2,2 Ø 2,9 < (x + 0,2)(y – 0,1) < 3,2 Ø 4,9 ⇔ 6,38 < ∂ < 15,68.

6. ∂ÂÈ‰‹ (1 + ·)(1 + ‚) > 0 ¤¯Ô˘ÌÂ

⇔ ·(1 + ‚) < ‚(1 + ·) 
⇔ · + ·‚ < ‚ + ·‚ ⇔ · < ‚,   Ô˘ ÈÛ¯‡ÂÈ.

7. πÛ¯‡ÂÈ 5 – x < 0 ÔfiÙÂ Î·Ù¿ ÙËÓ ·ÏÔÔ›ËÛ‹ ÙÔ˘ Ë ·ÓÈÛfiÙËÙ· ·ÏÏ¿˙ÂÈ ÊÔ-
Ú¿. ŒÙÛÈ ÙÔ ÛˆÛÙfi Â›Ó·È

x(5 – x) > (5 + x)(5 – x) ⇔ x < 5 + x ⇔ 0 < 5,   Ô˘ ÈÛ¯‡ÂÈ.

μã  √ª∞¢∞™

1. i) ∂ÂÈ‰‹ ÔÈ ·, ‚, Á Â›Ó·È ıÂÙÈÎÔ›, ¤¯Ô˘ÌÂ

⇔ ‚Á > ·Á ⇔ ‚ > · ⇔ Ô˘ ÈÛ¯‡ÂÈ.

ii) √ÌÔ›ˆ˜ 

· + Á

‚ + Á
 < ·

‚
 ⇔ (· + Á)‚ < ·(‚ + Á) ⇔ ·‚ + ‚Á < ·‚ + ·Á ⇔

·

‚
 < 1,

· + Á

‚ + Á
 > ·

‚
 ⇔ (· + Á)‚ > ·(‚ + Á) ⇔ ·‚ + ‚Á > ·‚ + ·Á ⇔

·

1 + ·
 < ‚

1 + ‚
 ⇔ ·

1 + ·
 (1 + ·) (1 + ‚) < ‚

1 + ‚
 (1 + ·) (1 + ‚)
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⇔ ‚Á < ·Á ⇔ ‚ < · ⇔ Ô˘ ÈÛ¯‡ÂÈ.

2. πÛ¯‡ÂÈ · + ‚ > 1 + ·‚ ⇔ · + ‚ – ·‚ – 1 > 0  
⇔ ·(1 – ‚) – (1 – ‚) > 0 
⇔ (· – 1)(1 – ‚) > 0, Ô˘ ÈÛ¯‡ÂÈ, ·ÊÔ‡ · > 1 Î·È ‚ < 1.

3. Œ¯Ô˘ÌÂ ÙÈ˜ ÈÛÔ‰˘Ó·Ì›Â˜

⇔ ·2 + ‚2 + 2·‚ – 4·‚ ≥ 0 

⇔ ·2 + ‚2 – 2·‚ ≥ 0 ⇔ (· – ‚)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

4. i) ·2 + ·‚ + ‚2 ≥ 0 ⇔ 2·2 + 2·‚ + 2‚2 ≥ 0  

⇔ ·2 + 2·‚ + ‚2 + ·2 + ‚2 ≥ 0 

⇔ (· + ‚)2 + ·2 + ‚2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

ii) ·2 – ·‚ + ‚2 ≥ 0 ⇔ 2·2 – 2·‚ + 2‚2 ≥ 0 

⇔ ·2 – 2·‚ + ‚2 + ·2 + ‚2 ≥ 0 

⇔ (· – ‚)2 + ·2 + ‚2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

¨ 2.3. ∞fiÏ˘ÙË ÙÈÌ‹ Ú·ÁÌ·ÙÈÎÔ‡ ·ÚÈıÌÔ‡
∞ã  √ª∞¢∞™

1. i) | – 3| =  – 3, ·ÊÔ‡  > 3.
ii) | – 4| = 4 – , ·ÊÔ‡  < 4.
iii) |3 – | + |4 – | =  – 3 + 4 –  = 1.

iv) 

2. ∂›Ó·È |x – 3| = x – 3, ·ÊÔ‡ x > 3 Î·È |x – 4| = 4 – x, ·ÊÔ‡ x < 4
ÔfiÙÂ |x – 3| + |x – 4| = x – 3 + 4 – x = 1.

3. i) ∞Ó x < 3, ÙfiÙÂ ÈÛ¯‡ÂÈ Î·È x < 4, ÔfiÙÂ x – 3 < 0 Î·È 4 – x > 0.
ÕÚ· Â›Ó·È |x – 3| – |4 – x| = (3 – x) – (4 – x) = 3 – x – 4 + x = –1.

ii) ∞Ó x > 4, ÙfiÙÂ Â›Ó·È Î·È x > 3, ÔfiÙÂ x – 4 > 0 Î·È x – 3 > 0.
ÕÚ· ¤¯Ô˘ÌÂ |x – 3| – |4 – x| = x – 3 + (4 – x) = 1.

4. ∂›Ó·È 
· – ‚

‚ – ·
 =

‚ – ·

‚ – ·
 = 1.

2 – 3  – 3 – 2  = 3 – 2  – 3 – 2  = 0

(· + ‚) 1

·
 + 1

‚
 ≥ 4 ⇔ (· + ‚) · + ‚

·‚
 ≥ 4 ⇔ (· + ‚)2 ≥ 4·‚ ⇔

·

‚
 > 1,
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5. ñ ∞Ó x > 0 Î·È y > 0, ÙfiÙÂ  

ñ ∞Ó x > 0 Î·È y < 0, ÙfiÙÂ  

ñ ∞Ó x < 0 Î·È y < 0, ÙfiÙÂ  

ñ ∞Ó x < 0 Î·È y > 0, ÙfiÙÂ  

6. i) πÛ¯‡ÂÈ d(2,37, D) ≤ 0,005    (1)

ii) πÛ¯‡ÂÈ (1) ⇔ |2,37 – D| ≤ 0,005 ⇔ 2,37 – 0,005 ≤ D ≤ 2,37 + 0,005   

⇔ 2,365 ≤ D ≤ 2,375.

7.

A = –x

x
 + y

y
 = –1 + 1 = 0.

A = –x

x
 – y

y
 = –1 – 1 = –2

A = x

x
 – y

y
 = 1 – 1 = 0

A = x

x
 + y

y
 = 1 + 1 = 2
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Bã  √ª∞¢∞™

1. ªÂ ÙË ‚Ô‹ıÂÈ· ÙË˜ ÙÚÈÁˆÓÈÎ‹˜ ·ÓÈÛfiÙËÙ·˜ ¤¯Ô˘ÌÂ
|· – ‚| = |(· – Á) + (Á – ‚)| ≤ |· – Á| + |Á – ‚|.

2. ∞Ó · > ‚ ÙfiÙÂ · – ‚ > 0 Î·È ¿Ú· |· – ‚| = · – ‚ ÔfiÙÂ ¤¯Ô˘ÌÂ: 

i) 

ii) 

3. ∂ÂÈ‰‹ |x| ≥ 0 Î·È |y| ≥ 0, ¤¯Ô˘ÌÂ:
|x| + |y| ≥ 0

°È· Ó· ÈÛ¯‡ÂÈ Ë ÈÛfiÙËÙ· Ú¤ÂÈ |x| = 0 Î·È |y| = 0, ‰ËÏ·‰‹ x = 0 Î·È y = 0.
¢È·ÊÔÚÂÙÈÎ¿ ÈÛ¯‡ÂÈ Ë ·ÓÈÛfiÙËÙ·. ∂ÔÌ¤Óˆ˜:
i) |x| + |y| = 0 ⇔ x = 0   Î·È   y = 0.
ii) |x| + |y| > 0 ⇔ x ≠ 0   ‹   y ≠ 0.

4. i) ∞fi 0 < · < ‚ ÚÔÎ‡ÙÂÈ fiÙÈ 

ii) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ ‹, ÈÛÔ‰‡Ó·Ì·, fiÙÈ .

∂ÂÈ‰‹ ·‚ > 0 Ë ·ÓÈÛfiÙËÙ· ·˘Ù‹ ÁÚ¿ÊÂÙ·È ÈÛÔ‰‡Ó·Ì· 

·‚ – ·2 < ‚2 – ·‚ 

⇔ 0 < ‚2 + ·2 – 2·‚ 

⇔ (· – ‚)2 > 0, Ô˘ ÈÛ¯‡ÂÈ ·ÊÔ‡ · ≠ ‚.

5. ∂›Ó·È |x – 2| < 0,1 ⇔ 1,9 < x < 2,1    (1)    Î·È    
|y – 4| < 0,2 ⇔ 3,8 < y < 4,2    (2)

·‚ – ·

‚
 ⋅ ·‚ < ‚

·
 ·‚ – ·‚ ⇔ 

1 – ·

‚
 < ‚

·
 – 11 – ·

‚
  < 1 – ‚

·
 

·

‚
 < 1 Î·È ‚

·
 > 1. ∂›Ó·È ‰ËÏ·‰‹ ·

‚
 < 1 < ‚

·
 .

· + ‚ – |· – ‚|

2
 = · + ‚ – · + ‚

2
 = 2‚

2
 = ‚.

· + ‚ + |· – ‚|

2
 = · + ‚ + · – ‚

2
 = 2·

2
 = ·   Î·È
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i) ∏ ÂÚ›ÌÂÙÚÔ˜ ƒ1 ÙÔ˘ ÙÚÈÁÒÓÔ˘ Â›Ó·È ƒ1 = x + 2y. ∞fi ÙËÓ ·ÓÈÛfiÙËÙ· (2)
ÚÔÎ‡ÙÂÈ fiÙÈ 

7,6 < 2y < 8,4 (3)

¶ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ÙÈ˜ (1) Î·È (3), ¤¯Ô˘ÌÂ:

1,9 + 7,6 < x + 2y < 2,1 + 8,4 ⇔ 9,5 < ƒ1 < 10,5.

ii) ∏ ÂÚ›ÌÂÙÚÔ˜ ƒ2 ÙÔ˘ Û¯‹Ì·ÙÔ˜ Â›Ó·È ›ÛË ÌÂ ÙËÓ ÂÚ›ÌÂÙÚÔ ÙÔ˘ ÔÚıÔÁˆ-
Ó›Ô˘ ∞μ°¢, ÔfiÙÂ Â›Ó·È ƒ2 = 4x + 2y. ∞fi ÙËÓ ·ÓÈÛfiÙËÙ· (1) ÚÔÎ‡-
ÙÂÈ fiÙÈ

7,6 < 4x < 8,4 (4) 

¶ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ÙÈ˜ (4) Î·È (3), ¤¯Ô˘ÌÂ:

7,6 + 7,6 < 4x + 2y < 8,4 + 8,4 ⇔ 15,2 < ƒ2 < 16,8.

iii) ∏ ÂÚ›ÌÂÙÚÔ˜ L ÙÔ˘ Î‡ÎÏÔ˘ Â›Ó·È L = 2x. ∞fi ÙËÓ (1) ÚÔÎ‡ÙÂÈ

2 Ø 1,9 < 2x < 2 Ø 2,1 ⇔ 3,8 < L < 4,2.

¨ 2.4. ƒ›˙Â˜ Ú·ÁÌ·ÙÈÎÒÓ ·ÚÈıÌÒÓ
∞ã  √ª∞¢∞™

1. i) 

ii) 

iii) 

2. i) 

ii) 

iii) 

iv) 

3. Œ¯Ô˘ÌÂ

2 – 5
2
 + 3 – 5

2
 =  2 – 5    +  3 – 5    = 5 – 2 + 3 – 5 = 1.

x2

4
 =  |x|

2
 .

(x – 1)2 = |x – 1|.

(–20)2 = |–20| = 20.

( – 4)2 = | – 4| = 4 – .

0,0001
4

 = 1

10000

4

 = 1

10
 , 0,00001

5
 = 1

100000

5

 = 1

10
 .

0,01 = 1

100
 = 1

10
 , 0,001

3
 = 1

1000

3

 = 1

10
 ,

4  = 22 = 2, 8
3

 = 233
 = 2, 16

4
 = 244

 = 2, 32
5

 = 255
 = 2.

10000
4

 = 1044
 = 10, 100000

5
 = 1055

 = 10.

100 = 10, 1000
3

 = 1033
 = 10,
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4.

= (x – 5) – (x + 3) 
= x – 5 – x – 3 = –8, 

ÌÂ ÙËÓ ÚÔ¸fiıÂÛË fiÙÈ x – 5 ≥ 0 Î·È x + 3 ≥ 0, ‰ËÏ·‰‹ ÁÈ· x ≥ 5.

5. i) 

ii) 

6. i) 

ii) 

7. i) 1Ô˜ ÙÚfiÔ˜:

2Ô˜ ÙÚfiÔ˜:

ii) 1Ô˜ ÙÚfiÔ˜:

= 2 2465

 = 26 ⋅ 2465

 = 21065

 = 21030
 = 2

3
.

2 2 ⋅ 2
3

5

 = 2 23 ⋅ 2
3

5

 = 2 243
5

= 24/3 1/2
 = 22/3  = 22/3 1/2

 = 21/3 = 2
3

 .

2 2
3

 = 2 ⋅ 21/3  = 24/3

2 ⋅ 2
3

 = 23 ⋅ 2
3

 = 243
 = 2412

 = 2
3

 .

= 2
3

 ⋅ 32 – 5
23
 = 2

3
 ⋅ 9– 5

3
 = 2

3
 ⋅ 4

3
 = 2 ⋅ 4

3
 = 8

3
 = 2.

2
3

 ⋅ 3 + 5
3

 ⋅ 3 – 5
3

 = 2
3

 ⋅ 3 + 5  3 – 5
3

 

= 2 ⋅ 22  – 2
2
 = 2 ⋅ 2  = 2.

2 ⋅ 2 – 2  ⋅ 2 + 2  = 2 ⋅ 2 – 2  2 + 2  

= 3 7
2
 – 4 2

2
 = 9 ⋅ 7 – 16 ⋅ 2 = 63 – 32 = 31.

= 2 7 + 7 + 4 2  3 7 – 4 2  = 3 7 + 4 2  3 7 – 4 2

= 4 ⋅ 7  + 7 + 2 ⋅ 16  7 ⋅ 9  – 2 ⋅ 16

28 + 7 + 32  63 – 32  

= – 2  7 2  = –7 2
2
 = –14.

= 2 2 – 3 2  5 2 + 6 2 – 4 2

= 2 ⋅ 4  – 2 ⋅ 9  2 ⋅ 25 + 2 ⋅ 36 – 2 ⋅ 16

8 – 18  50 + 72 – 32  

x – 5 – x + 3  x – 5 + x + 3  = x – 5
2
 – x + 3

2
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ii) 2Ô˜ ÙÚfiÔ˜:

8. i) 

ii) 

iii) 

9. i) 

ii) ªÂ ·Ó¿Ï˘ÛË ÙÔ˘ 216 ÛÂ ÚÒÙÔ˘˜ ·Ú¿ÁÔÓÙ˜ ‚Ú›ÛÎÔ˘ÌÂ 216 = 23 Ø 33

ÔfiÙÂ ¤¯Ô˘ÌÂ

10. AÓ ÔÏÏ·Ï·ÛÈ¿ÛÔ˘ÌÂ Î¿ıÂ ÎÏ¿ÛÌ· ÌÂ ÙË Û˘˙ËÁ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ·-
ÚÔÓÔÌ·ÛÙ‹ ÙÔ˘ ¤¯Ô˘ÌÂ:

i) 

ii) 

iii) 

= 7 + 6 + 2 42 = 13 + 2 42.

7 + 6

7 – 6
 =

7 + 6  7 + 6

7 – 6
 = 7 + 6

2

8

7 – 5
 =

8 7 + 5

7 – 5
 = 4 7 + 5  .

4

5 – 3
 =

4 5 + 3

5 – 3  5 + 3
 =

4 5 + 3

25 – 3
 =

4 5 + 3

22
 = 10 + 2 3

11
 .

= 2
3
 ⋅ 3

4

2
 = 2

2
 ⋅ 3

4
 = 2 ⋅ 3

2
 = 18.

216 ⋅ 75

50
 = 23 ⋅ 33  ⋅ 25 ⋅ 3

2 ⋅ 25
 = 5 23 ⋅ 34

5 2
 

25 ⋅ 12

75
 = 25 ⋅ 4 ⋅ 3

25 ⋅ 3
 = 25 ⋅ 2 3

5 3
 = 10.

= 5
5
 = 5

2
 ⋅ 5  = 25 5.

5
3
 ⋅ 5

3
 ⋅ 5

46

 = 5
3
2 ⋅ 5

1
3 ⋅ 5

4
6 = 5

3
2
 + 1

3
 + 4

6 = 5
9
6
 + 2

6
 + 4

6 = 5
15
6  = 5

5
2 =

2
89

 ⋅ 2
56

 = 2
8
9 ⋅ 2

5
6 = 2

8
9
 + 5

6 = 2
16
18

 + 15
18 = 2

31
18 = 2 ⋅ 2

13
18 = 2 2

1318

.

3
34

 ⋅ 3
3

 = 3
3
4 ⋅ 3

1
3 = 3

3
4
 + 1

3 = 3
9
12

 + 4
12 = 3

13
12 = 3 ⋅ 3

1
12 = 3 3

12
.

= 2 ⋅ 22/35
 = 25/35

 = 25/3 1/5
 = 21/3 = 2

3
.

2 2 ⋅ 2
3

5

 = 2 2 ⋅ 21/3
5

 = 2 24/3
5

 = 2 ⋅ 24/3 1/25
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11. i) ∞Ó ·Ó·Ï‡ÛÔ˘ÌÂ ÙÔ˘˜ 162 Î·È 98 ÛÂ ÁÈÓfiÌÂÓÔ ÚÒÙˆÓ ·Ú·ÁfiÓÙˆÓ
‚Ú›ÛÎÔ˘ÌÂ 162 = 2 Ø 34 Î·È 98 = 2 Ø 72 ÔfiÙÂ Â›Ó·È

ii) ∂›Ó·È 912 + 320 = 912 + (32)10 = 912 + 910 = 910 Ø (92 + 1) = 82 Ø 910.

Î·È 911 + 276 = 911 + (3 Ø 9)6 = 911 + 36
Ø 96 = 911 + (32)3

Ø 96

= 911 + 99 = 99(92 + 1) = 82 Ø 99

ÔfiÙÂ ¤¯Ô˘ÌÂ

μã  √ª∞¢∞™

1. i) 

ii) 

2. i) ∞ÍÈÔÔÈÒÓÙ·˜ ÁÓˆÛÙ¤˜ Ù·˘ÙfiÙËÙÂ˜ ¤¯Ô˘ÌÂ:

ii) ªÂ ÙË ‚Ô‹ıÂÈ· ÙÔ˘ ÂÚˆÙ‹Ì·ÙÔ˜ (i) ·›ÚÓÔ˘ÌÂ

3. i) ∂›Ó·È 

Ô˘ Â›Ó·È ÚËÙfi˜ ·ÚÈıÌfi˜.

= 2

3
 + 3

2
 + 2 = 4

6
 + 9

6
 + 12

6
 = 25

6

2

3
 + 3

3

2

 = 2

3

2

 + 3

2

2

 + 2 2

3
 ⋅ 3

2
 

= 3 + 2 7  – 3 – 2 7  = 3 + 2 7 – 2 7 – 3  = 6.

= 3 + 2 7
2
 – 3 – 2 7

2
 

37 + 12 7  – 37 – 12 7  

3 – 2 7
2
 = 9 + 4 ⋅ 7 – 12 7 = 37 – 12 7.

3 + 2 7
2
 = 9 + 4 ⋅ 7 + 12 7 = 37 + 12 7  Î·È

= (· – ‚) (· + ‚) + ·‚  (· – ‚)

· – ‚
 = · + ‚ + ·‚ .

· · – ‚ ‚

· – ‚
 =

· · – ‚ ‚  · + ‚

·  – ‚  ·  + ‚
 = ·2 + · ·‚ – ‚ ·‚  – ‚2

· – ‚
 

3 3 – 2 2

3 – 2
 =

3 3 – 2 2  3 + 2

3 – 2  3 + 2
 = 9 + 3 6 – 2 6 – 4

3 – 2
 = 5 + 6.

912  + 320

911 + 276
 = 82 ⋅ 910 

82 ⋅ 99
 = 9 = 3.

162 + 98

50 – 32
 = 2 ⋅ 34  + 2 ⋅ 72

2 ⋅ 25 – 2 ⋅ 16
 = 9 2 + 7 2

5 2 – 4 2
 = 16 2

2
 = 16.
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ii) ∂›Ó·È

Ô˘ Â›Ó·È ÚËÙfi˜ ·ÚÈıÌfi˜.

4. i) ªÂÙ·ÙÚ¤ÔÓÙ·˜ ÙÔ˘˜ ·ÚÔÓÔÌ·ÛÙ¤˜ ÛÂ ÚËÙÔ‡˜ ¤¯Ô˘ÌÂ

ii) ∂›Ó·È
ñ

ñ

Œ¯Ô˘ÌÂ

5. i) ∞fi ÙÔ ˘ı·ÁfiÚÂÈÔ ıÂÒÚËÌ· ¤¯Ô˘ÌÂ 

μ°2 = ∞μ2 + ∞°2 = · + ‚, ÔfiÙÂ 

ii) ™‡ÌÊˆÓ· ÌÂ ÙËÓ ÙÚÈÁˆÓÈÎ‹ ·ÓÈÛfiÙËÙ· ÈÛ¯‡ÂÈ μ° < ∞μ + ∞°

Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ 

iii) À„ÒÓÔ˘ÌÂ ÛÙÔ ÙÂÙÚ¿ÁˆÓÔ Î·È ¤¯Ô˘ÌÂ

Ô˘ ÈÛ¯‡ÂÈ.

ΔÔ “=” ÈÛ¯‡ÂÈ ·Ó Î·È ÌfiÓÔ ·Ó · = 0 ‹ ‚ = 0.

⇔ · + ‚ ≤ · + ‚ + 2 · ‚ ⇔ 0 ≤ 2 ·‚  ,

⇔ · + ‚
2
 ≤ ·  + ‚

2
 

· + ‚ ≤ ·  + ‚ 

· + ‚ < · + ‚ .

μ° = · + ‚.

= 7 + 4 3

49 – 48
 – 7 – 4 3

49 – 48
 = 7 + 4 3 – 7 + 4 3 = 8 3.

1

2 – 3
2
 – 1

2 + 3
2
 = 1

7 – 4 3
 – 1

7 + 4 3
 

2 + 3
2
 = 4 + 4 3 + 3 = 7 + 4 3  ÔfiÙÂ

2 – 3
2
 = 4 – 4 3 + 3 = 7 – 4 3  Î·È

= 3 5 + 3 + 5 – 5 3

2
 = 8

2
 = 4.

3

5 – 3
 + 5

5 + 3
 =

3 5 + 3

5 – 3
 +

5 5 – 3

5 – 3
 

= · + 1

·
 + 2 = ·

2
 + 1 + 2·

·
 =

· + 1
2

·

· + 1

·

2

 = ·
2
 + 1

·

2

 + 2 ·  ⋅ 1

·
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