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Kegpaiawo 1

EizArQra: IIPAEZEIZ EIII 2 YNOAQN
KAI 2OMATA APIOMON

1.1 O Xwpog twv EAcuBépwv Alavuopdatwov

Ao mv Avadutkr Teopetpia yvepiloupe ot av Vs eival to ouvodo tev e-
Aeubépmv H1avuopdTeV TOU XOPOoU TPV S1a0Ttdoe®Vv Iou pag epBAAet, tote
UIOPOUE 1€ PUOIKO TPOIo va rpoobecoupie §Uo edeuBepa draviopata ka-
9m¢ kat va “rtoAdarAdaciacoupe” éva eAelBepo dlavuopa pe Evav mpaypatiko
apiopo.

'Eote € 0 ouvrBng xwpog tpiov dlactdoswv rmou pag rieptBadiet, kat Sew-
poupe otov € 10 ouvoro D dAwv TOV MPocavatoAlopévev subuypappey Turn-
patev. YnevOupiloupe ot éva subBuypappo tpnpa €ival ImpoocavatoAlopévo
av éxoupe kabopioet pia Sidtadn yia ta akpa tou, Sndadn £xoupe kabopioet
Vv apxn Kat 1o tedog tou. 'Eva mpooavatoAiopévo suBuypappo tpnpa Sa
oupBoAiletat pe AB kat pe autd 1o oupBoAopo 0 A cupgevoUpEe va sivat n
apxn kat B 1o ttdog tou. ‘Etot 10 AB eiva Srapopetikd ard o BA, n apxy
tou oroiou stvat to onueio B kat t€dog to onueio A.

KdaBe npooavatoAiopévo eubuypappo tniua AB tou ocuvédou D, Bpioxe-
1al ave oe pia povadikr) eubeia (€), oty onoia éxel kabopiobet pa gopd
Kivnong 1y mpooavatoAioudg: amo 1o onpeio A oto onpeio B. @a Aéue 6t dvo
nipocavatoAiopéva subuypappa tpnpata AB kat CD éxouv v i61a Stevduv-
on av-v ketviat oe tapadAnleg eubeieg. TEAOG TO UrjKOg TOU TIPOOAVATOAIOIE-
vou eubuypappou pApatog AB opiletat va sivat 1o prKog Tou eubUypappou
TuApatog mou svovet 1o onueio A pe 1 onueio B. Zto ouvodo D twv mpo-
cavatodiopévav eubuypdppev tunuatev opidoupe pa oxéon R, &ndadr) éva
urtoouvoro ~ C D x D tou kapteoiavou yivopevou D x D, wg e&ig (wg ouvrBog
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ypdgpoupe AB ~ CD yua va unodndadcoupe 6t 1o Gevyog (AB, CD) aviket
OTO UITOOUVOAO ~):

Av AB,CD € D eival 8Uo nipooavatodiopéva subuypappa turnuata, tote:
AB ~ CD
av Kat povov av:

1. Ta AB,CD gxouv v i61a §1ev0uvon (keivial oe mapdAAndeg eu-
Oeieg).

2. Ta AB,CD éyouv v i61a gopd.

3. Ta AB, CD éxouv 10 i610 prKog.

Qg YVOOTOV 1] IAPATIAV® OXE0T €XEL KATIOEG ONMAVTIKEG 1610TNTEG. ZUYKEKPL-

péva yia tuyovia oroixeia AB,C D, EZ € D, 1oxvouv ot akéAoubeg 1816trteg :

1. Avakhaotikn 1Biomra:  AB ~ AB.

2. Zuppetpikn 1B1omta:  AB ~ CD av kaipovovav CD ~ AB

3. Meraparkn 1&iémra: Av AB ~ CD xat CDREZ, t6te AB ~ EZ.

Mi1a oxéon erti evog ouvorou D 1 oroia 1kavorotet 11§ apandve 1610t teg
radeital oyéon wobvvauiag erti tou cuvodou D. H oxéon ~ sival pia oxéon
1ooduvapiag oto ouvoro D tev mpooavatodiopévev eubuypdppev THNRATGV,
Kal enopévag 1o dtapepilel oe kAaoelg wooduvapiag. YrmevOupidoupe ot pua
dlapépion evog ouvodou D eival pia cudroyr) uroouvodwv ¢ tou D n ormoia
IKavorolel 11g akOAouBeg 1pelg 1610TTEg:

e e d.
o UscapA =1D.
e AvA,Bedxar A+# B, 6te: ANB = .
H oxéon 1oobuvapiag opilet v akoAoubn Siapépion emi tou cuvorou D:
®:={C45|AB €D}, C45:={CDeD|CD ~ AB}

'Etot 10 ouvodo (45 anotedeitat ané oAa ta eubuypappa THpaAta ta ornoia
elval «ioobuvapar, péom g oxéong ~, He 1o £ubuypappo tufipa AB. To
ouvodo (4 Kadeital 1) kKAdon 1w0oduvapiag tou eubuypdppou tunpatog AB,
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Kat 1 ouddoyr) cuvodav - dtapépton P tou D, kaleital to oUVOAO TV KAAOEQV
ooduvapiag tev eubuypdppev THNPATEV TOU XOPoU. , ZuvhOwg ta ototxeia
10U ouvodou C4p Kadouvial avumpoomTot g KAdong 1wooduvapiag tou eubu-
ypaupou tpnuatog AB.

Mia xAdon ooduvapiag kaleital (eAevOepo) Siavuopa. H xkAdaon tou
ripocavatoAiopévou subuypdpou tpAuatog AB 9a cupBodiletal pe AB, 8n-
Aabr):

AB = {CDeD | CD ~ 4B)

To ouvoldo 0Aev T®V KAAce®V 100duvapiag cupBoAiletal pe
Vs =D/~ = {AB | AB € D}

Kat KaAeital 0 x@pog tov (eAsudépav) diavvoudiov. 'Oneg eivatl Apieco ano tov
oplopo, ta oroixeia: Sievbuvor), @opd, PrKog, 1€A0g, apxr], EMEKIEivovIaAl Ao
1a eubuypappa pnpata kKat ota Stavuopata, av opicoupe dieubuvor), @opd,
HNKog, TéAog, apxr tou diavuopatog E mv Sievbuvon, popd, PnNKog, tEAog,
apx1) tou subuypdppou tpApatog AB. I8aitepa 1o prikog tou AB opiletat va
eival o pfiKog tou eubuypdppou tnpatos AB, kat cupBoAiletat og: |AB].

'Oneg yvopidoups anod v otoixeiodn Avalutikr) Feopetpia, 1o cuvodo V;
€Xel ermmpooBetn dopr). LUYKeEKPIPEVA PIOPOUHE va ripooBEcoupie o dravu-
opata kat va moAdamAactacoupe éva Sidvuopa e évav mpaypatiko apiopo.

"Etot av pag 8§008ouv §vo diavuopata AB, CD € V3, 16te opidetal povadika
éva véo diavuopa EZ := AB + CD, 10 onoio kalAeital to adpotoua tov A
kat C'D, pe tov ak6louBo tpomo. Av (&) etvat n gubeia oty oroia keitat 1o
dravuopa ﬁ kat (&) elvai n eubeia omv onoia keitat 1o Hidvuopa Cﬁ 101E
petagpépoupe napddinda wmy eubeia (¢') ol dote autyy va cuvaviroet v
eubeia () pe térolov tpomo Hote n apyxt) tou davuopatog C'D va oupriéoet pe
v tédog tou Savuopatog AB. H mapdAAndn petagopd tou subuypdppou
mnpatog CD Snpioupyei 16te éva véo 81dvuopa, 1 apyr TOU Oroiou eivat
1o onpeio B := F kat 1o 1€A0g 1tou oroiou £0t® Ot eivat 1o onpeio Z. Tote
10 6wavuopa EZ, 6nAadr) to abpolopa twv /ﬁ kat C'D opiletat va eivat to
diavuopa (1 kaAutepa o KAAOL 10U €UBUYPAPHOU TUNPATOG) TO OToio £Xel
apxn 1 A kat Aog 10 T¢Aog Tou eubuypdppou tpApatos £Z. Mropei va
be1xOel eUKkoAA OT1 1] TAPATIAVE KATAOKEUT] TOU abpoiopatog tov 1@ xat C
elvat kadd oplopévr, dndadry dev edaptatal amo v €mAoyr AvVIIPOoOIIOV
1wV KAdoeav 1oduvapiag tev eubuypdappev tunpdtev AB kat CD.

Emniiong av k£ € R eivat évag mpaypatikog apiBpdg, kat /ﬁ € V3 eivat éva
d1avuona, tote opiletal povadika éva véo Siavuopa k - AB, 1o omoio kaAeitat
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0 Baduwidg moAfaniaciaoudg tou k pe to zﬁ , g g&ng. Avk = 0, fj av
AB = 0 eivat 1o pndeviké dtavuopa, tote 9étoupe k- AB = 0. Av k # 0 xat
1@ #* 0. tote n 61evbuvon tou k - A’B> etvat n dievbuvor tou E . H popa tou
k- AB givai n gopd tou AB av k > 0 kat v @opd tou avilBétou diavuopatog
—AB = BA av k < 0. Téhog 1o pnkog tou k - AB opiletat va eivat o aptBpog:
k| AB|

"Etot oto ouvodo V3 éxoupe opioet U0 ameikovioeig:

1. MpdoBeon:
+ : V3 x V3 — Vg3, (z@,@) — E—F@

2. BaBuwtdg MoANanAaciaouog:

R XVy — Vs, (k,AB) = k- AB

Arno v Eukleibela n v otorxeiwdn Avadutikn eoperpia, yvopioupe
101e 611 10 oUvodo V3 v edeubiprv 81avuopdATOV TOU XOPOoU, £(podlacuivo
He 1§ maparndave mpdielg nmpoodeong Kat Babpetol moAdarnAactacpouy, Ka-
vorotel Tig akoAouBeg Paoikég 1610TNTeG:

(AX1) Mpoocertaipionikn Idi0TTa G MpdoBeong. AnAadn:

VAB, CD,EZ € V3: (AB+CD)+EZ = AL+ (CD +EZ)

(AX2) AvmiperaBerikr IBioTa MpdoBeong. AnAadn):

VAB,CD € Vy: AB+CD =CD + AB

(AX3) Ynop&n Mndevikou Alavucuarog. AnAadn urndpyel éva S1aKeKP1IEVO OTOt-

xeio 0 tou V3, 1o ornoio kaleital pndevird dravuopa, £101 OOTE va 1Ka-
vortoteitat n ak6Aoubn 1610tnta:

VAB€Vs: AB+0=AB=0+AD

To &iavuopa 0 pe v napandave 6idtnta sivat n kKAdon coduvapiag
TOoU £UBUYPAPIOU TPNPATOG TOU OIoiou Ta AKpa ouprirtouv, dnAadr)
10 UBUYPAPPO TUNHA TO PKOG TOU OT0i01U €ivat 100 e pndev.
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(AX4) ‘Ynapgn AvriBétou Alaviouarog. Andadn yia kabe Siavuopa zﬁ tou V3

urapxetl éva véo diavuopa —Ag tou V3, 10 oroio Kalsital avti®eto
Sitavuonpa tou AB, £to1 Gote va tkavoroleital 1 ak6Aoubr) 1816t ta :

VAB €V, 3(—AB) € Vs: AB+ (—AB)=0=(—AB)+ AB)

To avtibeto didvuopa tou AB eival 1o didvuopa BA, 1o oroio €xet tyv
161a 81evBuvorn kat 1o 1610 pfkog pe o AB, aAAd éxel avtibetn @opd.

(AX5) Eniuepiorikn 1d16tTa Tou BaBuwtou MNMoAAanAaciacuoU we npog TNV npdoBeon
oroixeiwv Tou R. Andabr):

VAB € Vs, Vi A€R: (k+\) -AB=r-AB+ A AB

(AX6) Eniuepiotikr 1d16TTa Tou BaBuwrou MNoAanAaciacuoU we npog TNV npdcBeon
diavuoudrwy tou V3. AnAadn:

VE,C@EV& Ve e R: f-f-(ﬁl.B)—}—C,'ﬁ):/i-E—}—/@-C,’ﬁ

(AX7) M MpoocetaipioTikn 181étnTa. AnAadn :

VAB € V3, Ve, A€R: k- (A-AB) = (k)\) - AB

(AX8) Movadidia IdidmTa. AnAadr:

VABEVy: 1-AB = AB

Ykomog pag eivatl va yevikeuooupe ta faocikd dopikd otoixeia kat ug faot-
K£G 1810TNTEG 01 O1Toieg UTIAPYOUV oTo rapadetypa tov eAeubépnv Siavuopdtov
TOU ermrieédou, Kat oroieg meptypadovial maparndave oe HU0 KUpleg Kateubuv-
0g1g:

1. To ouvoldo tev eAeubépnv dravuopdtev va avukataotabei pe éva mo ye-
VIKO OUVOAO, IT.X. K€ OUVOAd MIVAK®V, IIOAURGVUL®V, OUVAPTHOE®VY, a-
KoAoUO1V, KTA. PUoIKA anatrtovpe ta OUVOAA AUTA TRV “YEVIKEUPEVOV
dlavuopdtev” va 1KavorolouV Ti§ TUITIKEG 1810T1Teg TOU 1IKAVOIIOLEl TO
OUVOAO T®OV eAcUBEPOV H1aVUOPATOV ONIKG TIEPTYPAYPAE TTAPATIAVE.

H yevikeuon avt pag anedeubBepmvel KATA KATIO0V TPOIIO KAl A0 TOV
MEPIOPIOHO TRV TPV S1a0TACE®V.



S8KEDPAAAIO 1. EIZATQI'H: ITPAEEI EITI ZYNOAQN KAI ZOQMATA APIGMQN

2. To oUvoAo eV NMpaypatike®v apldpov pe 1o ornoio toAdamndaciadoupe Pab-
potd va avukataotabel pe éva 1mo yeViKO oUVOAO, IT.X. 1€ TO OUVOAO
1OV PNIOV 1] TV piyadikev apifpov. INapoépola anartovje ta oUvold
auvtd TV “YeVIKEUPEVOV aplOpev” va 1KAvoItoloUV Ti§ TUITIKEG 1810TNTeg
TTOU 1KAVOTIOIEL TO CUVOAO TV MTPAYHATIK®OV AplOPoV OIIRg EpLypayaie
apaAnave.

H Baowrn) 16éa eivatl va ekivriooupie pe €va oUVoAo adpnpniéVeV OTOIXEIOV
V erti tou oroiou urtoBétoupe 6T £xouv op1oBei dUo PAtelg, 1 Vv £vvola Tou
eropevou ebadiou: pia mpdén npoéobeong Kat pia mpddn Pabuwtoy mnoAla-
MAQOIA01I0U «YEVIKEUPEVOW aplOpov pe ototyxeia tou V, kat va &exBovue 61l
Kkavortolouviat ot 1810tnteg (AX1)-(AX8) rmaparndave, 11§ oToieg AoV dexopa-
ote g adiwpata. ‘Etot 1o mapddeiypa tou Xopou twv (eAeubépwv Stavuopdatev
T0U Xopou da arotedeoel 10 BaciKO POVIEAO Yia TOV OPIOHO TG ApnpPnpEvng
€vvolag tou dlavuopatikou X@wpou 1) omoia Sa pedewnBel oto enopevo Kepad-
Aato.

Znv tapov Kepadato Sa Souvpe pe moidv IpOro Pnopove va YEVIKEUOOU-
€ TO OUVOAO TRV MPAYHATIKGOV aplOpev. Xt1o enopevo Kepalato Sa peAetr)-
ocoupe 61e€061KA pE MOV TPOMO PIOPOUE VA YEVIKEUCOUHE TO GUVOAO TRV
eAeuBepav Savuopatov.

1.2 Eoowtepikég rat E§wtepikéig IIpagetrg

'Eote 8 éva ouvolo.
Mua eowtepiky npaln i tou S, sival pia anetkovion)

*:8Xx8 =8, (s1,82) > *(s1,52).

Av 51,89 € 8, 16te ouvrfwg Vv Tpn *(s1, S2) 9a v oupBodidoupe pe
S1 * Sa:
Vsi,82 € 81 *(s1,82) := $1 * Sa.

Eotw topa K kat 8§ 6Uo cuvoAa.
Mua e§wtepirn npagn tou cuvodou K ermti tou §, eival pia anekdovion

©:Kx8—=38, (ks)— O(k,s).

Av k € K kat s € 8, t6te ouvnfwg v upn O(k, s) 9a v oupBodidoupe
pek©s:
VekK, Vse8: ok,s):=kos
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Mapadewypa 1.2.1 210 0UvoAo Z wwv akspaiov apduov, opiletat n mpaln mge
npPoodeong, n onoia givar wa aneucovion + : Z X 7 — 7, (k,1) — k+1. Eniong
opiletar kar n mpaén tov roAAarAaciacuou, n omola sivat puia aneuovion - : Z X
7 — 7, (k1) — kl. 'AAfa napabeiypara anoteflovv ta okeia pag ovvoia: Q
1OV pNToOv apduav, R tov moayuatikov apducv, kai C tov uryadikaov apduov,
gpobdlaoucva pe g ouvndiousveg mpaleig mpoodeong kar toAjanAaoctacuou.

1.3 H évvola TOU 0OPATog

e éva yeviko mhaioto n AdyeBpa pedetd 11g Baoikég 1610tteg Kat v dopur)
ouvOA®V ta oroia eival epodlacpéva pe pia 1 MeEPLOcOTEPES (E0MTEPIKES 1)
£CRTEPIKEG) TIPAgelg. Autd Ta ouUvola, padl pe autég g mPAagelg, aroteAouy
YEVIKEUOELS TV OKel®V pag ouvodav apbpev Z, Q, R, C epodiaopiva pe g
ouvnOiopéveg mpdgelg. Xta miaiowa tng Fpappikng AdyeBpag n évvola tou
oopatog Stadpapatidel onpaviiko poo.

Opiopog 1.3.1 'Evag oopa sivat gva ovvoio K 1o onoio eivar epodiaousvo
ue 6U0 gowtepices mPalelg:

(a) +: K x K — K, n onoia otéivet 1o {evyog otoyeiov (k1, ko) € K x K oe
éva véo otoyeio k1 + ko € K, v onoia kaiovue MIpdoOeon (ctoryeiov
tou K).

(b) - : K x K = K, n onoia otéiver 1o evyog (k1,k2) € K x K oe éva véo
otoyeio k1 - ko € K, tv onoia kajovue MloAAanAaotacpo (otoyyeiov tou
K).

To ovvofo K uadi pue mv npaén g mpocdeong + kar tov moAdaniactacuou -,
amaitovpe va avomolovv ta akojovda adlouara:

(AX1) lMpooeraipiorikr I51dtnTa G MNodoBeonsg. Aniladn:

(Wi, ko, € K (ki + ko) + ks = ky + (o + ks) |

(AX2) AvmueraBerikry I1didinra MNodoBeong. Anjaén:

’Vkl,kQEK: kl-l-kg:kg-i-kl‘

(AX3) Ynapén Mndevikou Xroixeiou. Anfadn umdpyet éva S1aKeKpeVo OToLEio
0 ou K, 10 omoio kadsitar pndevikrd otorxeio, £10t WOte va tkavonosital
n akoAovdn botnta:

VEeK: k+0=k=0+k
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(AX4)

(AX5)

(AX6)

(AX7)

(AXS8)

(AX9)

‘Ynapén AviiBérou Iroixeiou. AnAaén yia kade oroyyeiov k tou K unapyet
éva véo ototyeio —k tou K, 10 omoio kaisitar avti®eto otoiyeio tov k,
€101 WOte va ucavornoeitat n akoAovdn dotnta:

(Vk €K, I—k) €K: k+(—k)=0=(=k)+F|

Mooceraipiorixry 1516mTa Tou MNMoAAariaciacuou tou K. AnAdadr:

Wi, ko, ks € K i ky - (ko - ks) = (ku - k) - kg |

Ermuepiorikry 15161nTa tou MNoAAanAaciacuou we rnpoc v npdobeon rou K.
AnAadn :

’Vkl,k‘g,kgEK: kl-(k2+k3):k1-k2+k1'k3‘

’Vkl,kg,kgeK: (k1+k2)-k3=k1-k3+k2~k3\

AvmniueraBertikn 1516mTa Tou MNoAAariaciacuou tou K. AnAdadn:

(Vki ko, ks € K@ ky -y =ky - ki |

‘Yrnapén MNoAAaniaociaorikriic Movddag. AnAdadn:

(T eKVEeK: 1-k=k=k-1]

Yrnapén MNoAAaniaciaotikou Aviiotpd@ou. AnAaén yia kade un pundeviko
otoieio k tou K umdpyer éva véo oroeio k~! tou K, 10 onoio kafei-
Tat avtiotpodo otoixeio tou k, 10t wote va tkavonoeital 1 axoAouvdn
womea:

VEcK\{0},Fk ' eK: k- kl=1=k""1k

Ta Baokd nmapadetypata copdatev pe ta onoia Y9a aocxoAnboupe otig na-
pouoeg onpelwoslg eivatl urmoouvolda tou cuvorou C tov piyadikov apibuov,

1O OTI010 PE TNV OE1PA ToU gival éva owpa.

Mapadewypa 1.3.1 Egodiacuéva ue tig ouvndiopcves mpddelg mpoodeong kat
noAAaraociaouou, ta axdiovda ovvofa apdu®v givat oouata:

1.

To otvoio Q twv pnrav apduov.
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2. To ovvofo R v mpayuaticodv apducv.

3. To ovvoflo C tov puyaduov apducv.

Avtideta 10 oUvoAo twv akepaiwv Z bev elvat elval ooua (yrati;).
‘Aornon 1.3.2 Oswpovue 10 akofovda ovvoda:
Q(V2) := {k+ W2 €R|K,\ € Q}
Q(W=T) == {r + W-T € C|x, A € Q}

Na 6eiete 6u ta ovvofa Q(v/2) kat Q(v/—1) epodiacuéva ue tg ouvndiopsves
npadeig mpoodeong kat toAanAactacuoy Tpayuatkov kat utyadtkov apdumv
avtiotoya, elvat copata.

ZupBaon 1.3.3 Xdpw esukoiag otig mapoUoeg ONUEIDOEIS and TPa Kat oto
efr¢ ue tov dpo eopa IJa svvoovue gva vmoovvoido K C C tov uyadikov
apduwv 1o onoio tepiéxet 1o 0 kat 1o 1 kat elvar kKAsot0 oTNV TPOOdE0N, TOA-
Aamjaociaouo, kar v vnapln avioteogou (ndadn av k € K kai k #£ 0, 101
k=l e K.

Eivair evxofo va beixdei 101e 011 €va téroio umoovvoio K epobiaocusvo ue
TOUG TEPIOPLOUOUS TOV YUROTWOV TP Afe®V Tpoodeong kat mojAanjaciacuov put-
yadtkav apdumv givar ooua pe v vvola tou optopou 1.3.1.

HMapatipnon 1.3.2 Ta napandvew OOUATA EXOUV ATEWO TANJOE OToL(EiwU.
Ymdpxouv Ou®¢ Kat oouata pe TEnepacusvo TAndog otoyeiov. I'a tapadsiyua
eotw F €va avvofo ue 6vo otoyeia, ta onoia oupbodifouue pe 0,1: F = {0, 1}.
Zto ovvoAo IF opifoupe vo eowtepikeg mpateig

+:FxF—>F (r,y) —»ax+y
i FXxF—=F (z,y)—x-y
¢ axkoovdwg:
1. 0+0=0,04+41=1,140=1, kat 1 + 1 = 0.
2.0:-0=0,0-1=0,1-0=0,car1-1=1.

Eivai euxoflo va Seixdei ot ue tg mapanave moaleic 1o ovvofo F eivar va
oua.

T'evica 10 peyaivtepo unua e Jewpiag mov Ya avarntuyxdei ota emoucva
KepaAaia sivar avelaptnto tov mindoug tov OToL(ei®v V0¢ 0OUATOg, Katl dpa
WoxUeL yla 1a oouata pue mmu vvola tou optopov 1.3.1. H ovubaon mov kavaue
Tapanave yte UOVO Xaplv amjlotniag Kat oukeotnIag Ue 1a oOUata apdumv
Q, R, C xat ta unoovvoAa toug .
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Avolkta Akadnpaika Moanuata

Navenotuo lwavvivwv

TéAocg Evotntac



Xpnuotodotnon

* To nmapov ekMaLdeUTIKO UALKO €xel avarmtuxBel ota mAaiola Tou ekmaldeuTIkoU €pyou
Tou &lddaokovta.

* To épyo «Avolkta Akadnupaika Madnuata oto MNavemotquio lwavvivwv» €xel
XpnuotodotnoeL povo tn avadlapopdwon Tou eKMALSEUTIKOU UALKOU.

* To €pyo vlomoleital oto mAaiolo tou Emixelpnolakou Mpoypdppatog «Ekmaidevon
Kot At Biou Mabnon» kat ouyxpnpotodoteital amd tnv Euvpwmaikn Evwon
(Eupwmaiko Kowwviko Tapeio) kat amod Bvikoug mopouc.

KﬂAIAEYZH KAl AIA BIOY MASHZH : EznA
< .n STV UV TNE yYwone = g
YNOYPTE AL KAl BPHIKEYMATON

Eupumuu(q Evwon
I e
Ryl Me tn ouyxpnuarodérnon e EAAaSac xat e Evpwnaixdc Evwong

ZNMUELWHOTO

Inueiwpa Avadopag

Copyright Navenotipo lwavvivwy, Addokwv: Kadnyntri¢ NikéAaog Mapuapidng
«Tpoappikn) AAyeBpa I». Ek6oon: 1.0. lwavviva 2014. Ata@£otpo anod tn Siktvakn ditevBuvon:
http://ecourse.uoi.gr/course/view.php?id=1225.

Znpeiwpa Adelodotnong

* To mapov UALKO SlatiBetal pe Toug 0poug TnG adelag xpriong Creative Commons
Avadopad Anptoupyou - Mapopota Atavopur), AteBvr¢ Ekboon 4.0 [1] A petayevéatepn.

@O0

[1] https://creativecommons.org/licenses/by-sa/4.0/.
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Kepalaio 2

AIANYEZMATIKOI XQPOI

Y10 tapov Kepdaldailo da opicoupe v moAu Baocikr évvola tou Siavuopatt-
KOU XOPOU TMAve aro &va oopd. Oa peAetrjooupe TG KUplotepeg 1810TNTEG
Slavuopatikav xopov kat Sa Sarnpaypateuboupe pia mAnbopa Pacikev ma-
padetypdtev erti 1ov oroinv Sa epappoodsl n Sewpia n oroia Sa avarrtuyOet
ota enopeva KepdAawa. Tédog Sa avartrtudoupe pia oe1pd Sepediwbov kata-
OKEUW®V Il H1avUoPaTIKOV X®OPp®V 01 oroieg Sa pag sivatl moAv xprjotpeg ota
eropeva Kepdlata.

2.1 Auwavuopatikoi Xopot: Oplopog Kat ZTOLXELDNSELG
I816tnteg

Ao twpa Kat oto e€hg otabeportoovpe éva oopa K. YrevOupiloupe aro
10 KepdAao 1 6u pe 10 0po oopa 9a svvooupe éva uvrioouvolo K C C teov
pyadikov apiBpwv 1o oroio mepiExet 1o 0 xkat to 1 kat eivatr kAeioto otnv
rpooBeorn), moAdardactacpd, Kat v unapdn avuortpodou (dnradn av k € K
kat k # 0, tote k=1 € K.

AaoOnukd évag Stavuopatikog Xwpog sivat éva ouvodo “dravuopdiov”
Ot0 oroio propoupe va opiooupe Poobeor KabBwg Kal moAAanAactacpo pe
ap1Bpoug anod éva oopda, £101 OOTE va 1KAVOITO0UVIAl 01 Yvaotol alyeBpikol
VOJ01 TTOU 10XU0UV 0T0 GUVOAO T®V EAgUBEPOV §1aVUOHAT®OV TOU MMIESOU 1) TOU
Xxwpou. Ileploodtepo avotnpd Kat pe BAaon 1a 60a 10XVOUV OtV AVAAUTIKY) 1)
EuxAeideia yeopetpia 0dnyoupaote otov akoAoubo oplopo.

Opiopdg 2.1.1 'Evag 8tavuopatirog X0pog navw and cva ocoua K eivai
éva un-xevo ovvoio 'V, tou omolou ta otoiyeia 9a kafovue raviopata kat 9a

ta ovuGodilovue us T, 1y, 7, - - -, 10 onolo elvair epobiacusvo ue 6vo mpaleig:

13
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(a) Mia eowtepieny mpaln + : V x V — 'V, n onoia otévet 1o {evyog Sravu-
ouatwv (T, ) € V x 'V oe éva véo bidvvopua £+ 4 € 'V, v onoia kaiovue
IIp6oOson (Siavuoudiov tou V).

(b) Mia e€wtepin mpaln - : K x V — V, n onoia otéver 1o fevyog (k, T) €
K x V oe éva véo bavvoua k - £ € V, mv onoia kafjovus BaOpwto
IIoAAanAaociaopd (otoiyeiowv tou oouato¢ K ue dtavvouata tov V).

To ovvolo V uadi pe v mpaln mg npdodeong + Kat tov Baduwtov toAfania-
Olaouov -, analtoulue va tkavomoovv ta akofdovda atouara:

(AX1) lMoooeraipionikr) IBidtnTa NG MNodoBeong. Anjiadn:

(AX3) Ynapén Mndevikou Aiaviouarog. AnAdadn urdpyet éva SiakekpUevo ool
xeio 0 tou V, 10 onoio kafsital Pndeviro dravuonpa, £10t Wote va tkavo-
noitar  akofovdn bomia:

VZeV: F+0=7=0+7

(AX4) Ynapén AviiBérou Aiaviouarog. Aniabdn yia kade biavuoua T tou 'V urdp-
x&L éva véo bavvoua —T tou V, 10 omoio kafsitar avtiOsto dravuopa
toU ¥, €101 Oote va tkavomnoteital n akoAouvdn 1610tia:

VEEV, I(-Z)eV: T+ (-Z)=0=(-2)+1)

(AX5) Enuepionikry 15161Ta Tou BaBuwrou MNoAAariaciacioU we npog v nedoBeon
oroixeiwv Tou K. Andabdn:

VZeV, Ve, AeEK: (k+ A Z=k-Z+ AT

(AX6) Eruepiorikri 1516tnTa tou BaBuwrou MoAAarAaciacuol we npog v nedcBeon
Siavuoudrwy tou V. Andaé):

VE, eV, Ve eK: k- (T+y)=K - T+ K-y
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(AX7) M Moooeraipionkr 1diémra. Andadn:

VEEV, Vi AEK: k(&) = (k) 7|

(AX8) Movadiaia I5iomra. AnAdadm :

VZeV: 1-#=7|

Ixo6Aw0 2.1.1 1. Znuswdvouue ot évag Stavuouatikog Y@eog elvat pia 1oid-
6a (V,+,-) mov wkavonowei ta napandve afiouata katr Oyt ania &va
ovvoflo V. Xapw amiomrag ouwg 9a mapaieinovue ta ovuboia twv
mpafewv +, -, 0tav ot mpdfelg givat eUKOADG EVVOOUUEVES 1) EXOUV ava-
pepdel/op1odei mponyovueva, kar 9a Aéue ou 1o ovvoio V eivar évag
Sravvouatkog xwpog.

2. Zwov optoud 2.1.1 bev 9a mpenel va OUYYXEOUUE TNV THPOCOE0N APIOUMV aro
10 oopa K pe v mpdodeon Sravuoudiev tou 'V, av kat ot §vo mpaeig ep-
eavifovtar ota afiopara pe 1o ib1o ovuboAo. 'Etoim.y. oto Afioua (AX5),
0 oUu60o + otnu apiotepn) mAsupd oupboifer TPOodeon apPOUMY OTO
ooua K xar 10 10 ovpuBoio + omu de&ia nisupd ovpboifer mpdodeon
Stavvouateov otov V.

3. Av T elvar éva &avvoua tou V, 101 10 Sravvopua —x, mu Unapln tou
omoiov pag eSaopaiifet 1o Aioua (AX4), ovuboiet £va véo dravuoua.
Ba 6ovue apydtepa ot 1o —F eivat ioo pe 1o Sravvopa (—1) - .

4. To Aiwpa (AX1) pag emigpenet va “anaisipovue” napsvdéoeg. 'Etoland
tpa kat oto &g n oxéon T+ (§+ 2) 9a ypagerar & + § + Z kadag o dil-
Aog duvatog tpdmog yia va mpoadeoouue ta Sravvouata T, i, Z, bniadn o
(Z4Y)+ Z biver ovupova ue 1o Aiopa (AX1) 1o i6io anotédeopa. I'evid-
TE0a AV EYOUUE VA TPOODETOULE Ula TEMELAOUEVY OUAfoyn dtavuoudtov
X1, Ta, - , Tp, 10T 67101 OL Suvarol oMot yia va ta Tpocdéoouue Slvouv
10 (610 anotéfleopa (va 1o deifete oav ‘AoKnon xPNOWOTOIWVTAS ENAy®yr),
10 onoio ano twpa kai oto e&ri¢ 9a yodpouus wg: T1 + To + -+ - + .

5. To Afioua (AX2) pag emupenet va adialovpe v ogpd Ue TV omola
mpoodétouue Siavvouata. 'Etol yia mapdbetyua éxovue 1 + I + I3 =
T3 + I + To = Ty + ¥3 + T1, K.0.K

[Tpwv mpoxwproouvpe oe napadeiypata davuopatkev xopev @a dovpe
doupe kAmoleg 1810TNTEG TTOU AMTOPPEOUV OXETIKA Apeoa arod Tov optopo 2.1.1
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Kat ot ortoieg 9a pag emIp€WPouv va arAoIoirjooupe Tov oUpBoAlono Kat va
ArOPEVYOUE TIEPITIEG EMAVAANYELS ETUXEIPNPATOV.

Anoé tpa otabsponorovpe évav Stavuopatiko xopo V ndve ano éva
copa K.

ZupBoAionog 2.1.2 Av T,y € V, 101 9a ypapouue:

—

P () = i

omou —¥ elvar to aviideto tou S1avUouartog . ENUELOUVOUUE OTL 1 TAPATAVE
yoagn svat anida evag oupuboioudg, kadag tunikd Oev EXOULE OpIoeL agaipeon
Swavvoudatev. Mnopel ouwg kaveig va 9ewproet Tov Tapandve oUUE0AIOUO ©¢
opiouod agaipsong dravuopatwv oov V.

Afppa 2.1.2 Ioyvouv ot akoAovdeg 1810TNTE.
1. VELANeRVEeV: (k—A) - Z=Kk-T—\ 7.

VReK VEyeV: k- (ZT—Y)=Kk-T—K-7.

[©)) 9] N 9] N
<C
8
m
<

i
[S—y
S—
8
I
|
8

8 AvieKraZ eV raiwyve - =0, wre: eite \=0n7 =0.

Anobeiln:

1. E&v nipooBéooupe oto Siavuopa (k— A)- & 1o 8idvuopa A - F kat Xpnotpo-
rowjoouie 1o Agiopa (AX5) 9a éxoupe: (k—A)-Z4+NT = (k—A+N)-Z =
K - Z. Av omv tedeutaia oxéon mpooBécoupe Kat ota §Uo pEAn to 81d-
vuopa —(A - ) kat xpnopornotjooupe diaboxika ta A§iopata (AX1),
(AX4), (AX3) Sa £xoupe Vv {nToupevn oxeon :

(k=A)-Z+XN-Z]—(\- )

—

K- Z—A-Z =

[
= (k=2 T+A-Z—(A-D)]
= (k—\)-Z+0
= (-7



2.1.

. Ao mv 181otta 4. 1 oxéon —(—Z) ypagetat wwodvvapa (—1)-[(—1)-Z)].
7)
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. Av nipooBécoupe oto diavuopa k - (T — ¥) 1o 8idvuopa k - ¢, 9a éxoupe

10 ravuopa k- (¥ — ) + Kk - . Xpnowponowwviag dadoyikd ta A§ieopata
(AX1), (AX4), (AX3) 9a exoupe:

feE ) bR =

I
=R
N
81

Av topa oy oxéon k - (¥ — §) + k- ¥ = k - & ipooBécoupe kat ota dvo
AN 1o Siavuopa — (k) kat xpnopornojooupe dadoyikd ta A§iopata
(AX1), (AX4), (AX3) Sa £xoupe teAdka TtV {NTovupevn oxéon:

k- (Z—Y)+ kK- g] (/<a Y =K-T—Kk§ =
K-(Z—9)+ (k- Y)=Kk-T—K ¥ =
ﬁ-(f—ﬁ +6:,@ T—k - —

k- (Z—Y)=k-ZT—K ¥

. Zmv oxéon 1. mou amodeiape 9étoupe k = A. Téte Sa éxoupe v

oxéon 0-Z = k- & — Kk - T, 10 deUtepo P£dog g omoiag sivat 1o undevikod
d1avuopa 0 oupgeva pe 1o A§iopa (AX4). Enopéveg 0 - 7 = 0.

. Zinv oxéon 1. mou arodeiape 9étovpe £ = 0 xat A = 1. Tote Sa

¢xoupe v oxéon (—1) - & = —(1 - Z), 1o devtepo pédog g oroiag
eivat ico pe 1o Sidvuoua —F ovpgeva pe 10 Afiopa (AX8). Emopéveg
(-1)-2=-2

Xpnowonowwviag ta ASiopata (AX7) xat (AX8), 9a éxoupe —(—&

(D=1 =[(-D(D]-FT=1-7=7.

. Xpnoworowwviag v 186tta 4., kat 10 Afioua (AX6), 9a éxoupe:

—(@+P =(-1)-@+9=(-1)-T+(-1)-y=-T—7.

. Zwnv oxéon 2. mou arodeifape 9étoupe & = ¢. Tote Sa éxouue v

oxéon k- (¥ — ) = k- & — K - Z, 10 Bevtepo pédog g onoiag eivat to
undeviko diavuopa 0 kat to P®OTOo PEAog eivat 0o pe 1o davuopa « - 0,
ouugpeva pe 1o Afiopa (AX4). Enopéveg « - 0=0.

. YrnoBétoupe ot kK # 0 xat Seixvoupe ot avaykaotkd 9a mpénet va

W0XVEL T = 0. Enedny k # 0, 0 apOpdg « € K eivar avuorpéyipog kat
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EMONEVAS UMApyet o avtiotpodog tou £+ € K kat woyvet k™! = 1 =
k1K, TloAdarmlactddoviag Babuetd kat anoé ta §uo uéAn v 8obsica

oxéon K- & = 0 pe k71, 9a éxoupe mv oxéon
(k@) =k1-0 (%)

Xpnowornowwvrag dadoyika ta Afiopata (AX7) xat (AX8), 10 rpwto
pédog g oxéong (x) eivat ioo pe (k~'k) - F) = 1.7 = #. To Sevtepo
Hédog g oxéong (k) etvat ico pe 1o pndeviko Hiavuopa 0 ouppava pe
v 1816tta 5. mou anodei§ape naparnave. Enopéveg £ = 0.

O
Eivat evAoyo va avapenBoupe av 1o pndeviko diavuopa 0 xat 1 avtifeto
evog 600vtog Stavuopatog & tou V, v Unapdn tev onoiov pag s§acpalifouv
1a ASiopata (AX3) kat (AX4), sivat povadika. AuUto mpaypatt 1oXUel Oneg
9a &eioupe oo endpevo Afjppa to oroio repiéxel Kat 6Uo 1610t teg o1 ortoieg

HAg EMTPETIOUV va ATTAOIIO|0OUHE TIEPATTEP® TIG MIPASE1S 1e dlavuopara.

Afppa 2.1.3 1. Av 61 Kat 62 givar 6vo dravvouata touv 'V ta omnoia tkavo-
notovv 10 Afioua (AX3), ndadn ¥+ 01 = T kar & + 0y = Z, VZ € V,
ote: 01 = Oo.

2. 'Eotw ¥ € V xat umodEtovus OtL umdpxouv U0 6lavuouata 1 Kai To 1a

onoia tkavoroovv 10 Afioua (AX4), bndadn ¥ + 71 = 0 rai T + Ty = 0.
Tote 1 = To.

3. Ectod €K, ue\#0, kat Z, 5 €V. AvA-Z= )\ ¢, wote ¥ = .
4. 'Eoteo A, Ay EKKaszVusf;é(j. AV - T = Xy - T, 101 A\ = Ao
Amnobeiln:

1. @¢toviag T = 01 oto ASiopa (AX3) xat Xprotonoiviag 10 yeyovog ot
10 62 Kavorolel auto 1o Afiopa, éxoupe: 0, + 52 = 0. [apdépowa
Sétovwg T = 62 oo Afiopa (AX3) kat Xpr]mpor[md)wag 10 YEYOVOG OTL
0 0] wavorotet autd to A§1mpa sxoups 0z + 0, = Os. Op.mg aro 1o
Atiopa (AX2) éxoupe 01 + 02 = 02 + 01 Enopévag 01 = 02

2. TlpocoBétovtag otnv oxéon & + 1 = 0 to Sravuopa #> Sa £xoupe Vv
oxéon (¥ + Z1) + X2 = 0 + To, 10 Seutepo pédog g ornoiag eivat ico
HE 10 T2 oupgwva pe to Aflopa (AX3). Egappodloviag Siaboxika ta
A%iopata (AX1), (AX2), (AX3), kat tnyv oxéon T + £ = 0, Sa éxoupe:

Ty = (f—f—fl)ﬁ-fé :f+(fl+fg) =f+(fg+f1) =
(Z+T)+d =0+0 =71 +0=7



2.1.

3. TpooBétovrag kat ota §Uo p€An g oxéong A - &
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= A - ¢ 1o d1avuopa
—(X\-7) 9a éxoupe tv oxéon A-Z— (A7) = A-7— (A7) = 0. Enopéveg
1 apXikr) oxéon ypagetat wooduvapa A - (£ —¢) = 0. Enedn A # 0, ano
mv 1816tta 8 ou Afppateg 2.1.2, éretat éu 7 — i = 0. [Ipoodétoviag
otV tedevtaia oxéon to didvuopa ¥ Sa éxoupe T — ¢+ = i + 0 xat
eropévag 740 = 7 = 7.

. ZKEMTOMEVOL OMwG oty anodeidn tou 3. 1 oxéon A1 - & = Ay - & ypdgetat

woduvapa (A} — Ag) - & = 0. Enedn A\; # Ao, and my 1616tmta 8. wou
Afjppatog 2.1.2, énetat ou & = 0.

|

IIpoxe1pn Aoxkipaocia

. Na &eigete 611 10 ASinpa (AX2) rpokurtiel ard td td UItoAorta aglopatd.

(Yrodei€n : @swpeiote 6uo tuyxovia Siavuopata Z, i tou V kat ekppdote
10 81dvuopa (1 + 1) - (Z + ) pe 6U0 HraPopeTikoUg TPOIOUG, XPNOH0-
nowwvtag ta Afiwpata (AX5), (AX6). )

. Zto ovvoro R? = {(k,\) | K, A € R}, opidoupe “mpooBeon” + : R? x

R* — R? ag e&ng: (k1,K2) + (A1, A2) = (k1 + A1, k2 + A2). Emtiong
opitoupe “Babpetd moAdardactacpd” ® : R x R? — R? og efig: A ®
(k1,/2) = (Ak1,0). Na 8ei€ete 6t 1 p1ada (R?, +, ®) wavorotei 6Aa
ta ASiopata tou optopou 2.1.1, extog amo 1o Aiopa (AXS8).

(Yri66ei€n: Tha 1o (AX8) Sswpeiote tov Babuwtd moAAdarmraciaopd 1 &
(1,1).)

. 210 ouvodo R? opidoupe “mpoobeon” 4+ : R? x R? — R? wg fAg:

(K1, k2)+ (A1, A2) = (k1+A1+1, ka+A2+1). Eniong opidoupe “Babpwtod
roAdarmiaotaopd” - : R x R? — R? ag e€ig: A - (K1, k2) = (Ak1, AK2).
Na e&etaoBei av n p1ada (Rz, +, +) elvat Sravuopatkidg XOpog rave arod
1o R. TTowa ASiopata 1oxvouv Kat rmotd Ox1;

. 'Eote R4 10 oUvoldo tev Setikov npaypatikev aptduov. Opidoupe “ripo-

ofeon” ® : Ry x Ry — Ry wg e&ng: x ® A := kA. Emniong opidoupe
“BaBpwto moAdardactaopd” * 1 R X Ry — Ry wg €§ng: 7% k (= k.
Na 8eiete ou ) tprada (R4, ®, x) eivat évag diavuopatikog Xwpog mave
arno 1o R.

- AIIO TQPA KAI £TO EEHEZ ®A XPHZIMOIIOIOYME TIZ IAIOTHTES IIOY AIIO-
AEIEAME £TO AHMMA 2.1.2 XQPIZ IIEPAITEPQ ANA®OPA.
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2.2 Kataokeuég rat [Ilapadeiypata Atavuopatiredv Xo-
PRV

Zv napouvoa evotnta Sa avarrtuoupe pia ospd napadetypdtov Stavuopa-
TIKOV XOpwv. Autd ta napadeiypata, kabwg kat moAAd dAda ta omoia Sa
ava@EPOouE OTtnV CUVEXELd, 9a Ta XProlonolovupe Kad' oAn v diapkrela twv
ONHEIDCERV 0aV TIPOTUTIA EPpAPHOYTS G dewpiag v oroia Sa avarttu§oupe.

Mapadewypa 2.2.1 'Eow K éva ooua. INa mapabderyua uropovue va Jewpti-
ooupe 1o goua Q v pntov apduov 71 1 copa R v mpayuatikov apduov 1
10 oopa C v utyabkodv apiduov.

Tote n mpoodeon KxK — K, (k, \) — k+A wou K, kat o nrofdaniactaouds
Kx K —= K, (k,A) = kX ou K (tov onoiov yia v nepiotaon 9ewpovue o
ewtepkn mpadln), vcavonowovv ta Adtouara touv optopov 2.1.1 (NA TO AEIEETE
AN ArkH:H). Emnouévog wade oopa K umnopesi va 9swpndei oav Stavvouart-
1K0¢ xwpog tave ano 1o K. 'Onwg unopei va dianiotwdei eurxofa 1o undeviko
Sravvoua givatr o apduog 0 kat 1o avtidero didvuoua v k € K givat 1o —k.

To emopevVo Amotedel KATA KATIO0 TPOIT0 YEVIKEUOT] TOU MAPANTAV® TTapa-
detyparog.

Mapadewypa 2.2.2 'Ecw K éva ooua kar n évag euotdg apduog (n > 1).
Oswpovue 10 akoAouvdo ovvofo:

K':=KxKx - xK={(k1,k2," ,kn) | ki €K, 1=1,2,--- ,n}

Xonowonowwvtag v mpoodeon kat ov tofddarniaociacud apduov oo K, umno-
pouue va opioouue pia mpaén mpoodeong + : K* x K" — K" kar pia mpaén
Baduwtov moAdardaciacuov - : K x K” — K" ogto guvoio K", w¢ efrg. Av

-

a=(ki,ka - kn), B=(~41,l2,-- ,1p) € K", karr € K, t01€ 0piovue:
G+ B=(ki+1l,ko+1lo- kn+1y) war r-R=(rky,rky, - rky).

Tote n wwaba (K", +,-) evar évag dravvouatikds xwpog Tave anod 10 COUA
K. 'Onwg umopei va Samotwdel evkofa 1o undeviko diavuoua sivai 0=
(0,0,---,0) kat emmpdodeta 1o avtideto tou bravvoparog & = (ky, ko, -+, ky)
eivai 1o 6ravvopa —a = (—kyi, —ko, -+, —ky). I'a mapabderyua ag anodeifovue
ou wyvet 10 Afiopa (AX5). 'Eoww r,s € K kar @ = (k1,ka, -+ ,ky) € K™
Torte:

(,«+8).072 (T+S)-(k§1,k27'-' ’]{;n):

((r+8)k1, (r+s)ke, -, (r+s)kn) = (rk1 + sky,rka + ska, - -+, rky + sky) =
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(Tkl,rkg,”' ,Tkn)—i- (Skl,skg,”' ,Skn)
’l“'(kl,kg,-“ ,kn)—i-s-(kl,kg,--- Jkn)=r-d+s-d.

IIpoxeipn Aoxkipaocia

EnaAnBevote ta uniddoira adiopata oo [Mapddeypa 2.2.2.
To axkoAoubBo mapadetypa Seixvel 6tL €va ouvolo propel va eivatl davu-
OHATIKOG XOPOS MTAVR ard U0 Si1apopetikd oopatd.

HMapadewypa 2.2.3 Zwo Iapabdeyua 2.2.1 eibaue 0t kade owvua sivar Sravu-
OUATIKOG XWPOC TAve ano tov eavto tou. 'Etot 1o owpa C tov pyadikov aod-
eV glvar Sravuouatikog ywpog tave ano 1o C ue mpaeig aviég mou opiodnkav
oto ITapadeyua 2.2. 1. hiatnpoviag v npaln mg mpoodeong +, opiloupe Evav
Baduwto moAdaniaociaoud - : R x C — C we efric. Avr € R kar z € C, 1612
r-z =r1z. Andabn av z = a + bi, Wte r - z = ra + rbi. Tote givar euxoflo
va beyydei oun pwada (C, +, -) givar evag sravvopatog x@pog tave amo o R
(AEIETE TO AN AsKH:ZH).

Zx0Aw0 2.2.4 Tavtifoviag to ovvofo C teov pryaducodv apiduov ue o ovvoio
R?, uéow mg 1-1 kar emi ansuwcovione C — R? n onoia otéAver 1ov pyadukd
apduo z = a + bi oo fgvyog mpayuatikov apduav (a,b), givar gavepo ou n
mpoadeon Kkat o Baduwtog moAdanaciaouog ota ovvoia C kat R? avuoroyovv
JLE KAVOVIKO TPOT0, Kal EMOUEVGS UTopoUe va “Ttautioouus” 10 C ue 10 R? oav
Swavvouatkov ywpoug. Oa douue apyotepa pia o avotnen Slatunwon avtou
TOU 10X UPLOUOU.

®a doupe tpa pla yevikeuor tou [Hapadeiypatog 2.2.2.

Eow ot Vi, Vo, -, V, eivar n 1o mAf}fog diavuopatikoi x@pot rmave and
10 {610 oopa K. ZupBoAioupe pe ta iba ovpBoda ug mpdielg mpoabeong
Kat Badpetou modAariaciacpoy otoug Sravuopatikoug xopoug V. Autr) 1)
oupBaorn dev Sa pag dnpuioupynoet ouyxuon, kabag da eivat pavepo anod ta
oupgppaldpeva oe ooV S1avuopatiko Xopo 9a avadEépopuacte.

BewPOoULE TOPA TO KAPTESIAVO YIVOUEVO TV 0UuVOA@v Vi, Vo, -+ V!

Vi X Vo X oo X V= {(Z1,To,- &) | i€V, i=1,2,---,n}

oto ortoio opidoupe véa npadn rpoobeong kat fabwtoy oAAarAactaocpou g
egng:

1. MpdoBeon: Av o = (T, Ta, - ,Tp) KAl B = (Y1,Y2, - ,Yn) lval &0
otorxeia tou Vi X Vg X -+ X V,,, 161

a+ B =@+, o+ Yo , Tn+Yn) € Vi xVax---xVy.
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2. BaBuwrdg MoManhaciaopos: Av o = (T, Za, - -+, Tp) €tvatl éva otoixeio
tou Vi X Vg x---xV, gatk € K, t6te:

k-a:=(k -Z1,k-Zo,--- k-Tp) € Vi xVax--xV,.

Av xat xpnouyorolovje 1o 1610 oupBodo yia tg rpdlelg mpoobeong xkat Pab-
petou rtoAdardaciacpou ota ouvoda Vi, Vo, - -+, V, kat Vi X Vg x - - - XV, ev
Ya dnpoupyeital ouyyilon kabwg Sa eivatl pavepd kaBe opd ot motd ouvola
avadEpovtal o1 PAageig.

Ocsopnpa 2.2.1 'Ectw ou'Vy, Vs, -, 'V, givain 1o tAndog Stavvouatkoi -
pot tave ano 1o 610 oopa K. Tote epobiaousvo ue 1ig tapandve medelg moo-
0deong kar Baduwtov moAdarniaciacuou, 10 kapteoiavo ywouevo Vi X Vo X
- XV, elvar évag Stavvouatikog xwpog mave ano o K.

Amnobeiln: ®a anobdeifoupe ta Afiopata (AX1), (AX3), (AX4), (AX6), (AX7).
H anodeidn wv ASiopdtov (AX2), (AX5), (AXS8) sival mapopola kat aprjve-
1Al oav AoKnon OToV avayveotn. X0 UMoAouto tg arodeigng détoupe yia
ouviopiaV =V x Vg x ---V,,.

Eow a = (Z1,Z2,-+ ,&@n), B = (Y1, Y2, ,Yn) KALY = (21,22, , Zn)
1pia otoieia tou V, kat éotww k € K.

1. Xpnowornowviag ot 1o Afiopa (AX1) oxUel otoug Slavuopuatikoug
xopoug Vi, i =1,2,---  n, 9a éxoupe Siaboxika:

Oé+(6+’)/):(l'1,i”2,~-- 7fn)+[(g17?j27"' agn)+(517527"' 7gn>] =

(517527'” 7xN)+(g1+517g2+227"’ 7:‘7n+gn):
(@1 + (W +21), D2+ (o +22), , Zn+ (Yn+ 2n)) =

T+ 1, T+ Yo, Do+ Gp) + (Z1, 22,0 20) =

[(517527"' afn) + (glvgéa'” 7?771)] + (2172‘27"' agn) = (a—l_/B) +’Y

2. ®cwpoue 10 didvuopa 0 := (61, g, - - - ,Gn) érou 0; eivat to pndevikoé
d1avuopa tou Sravuopatikou xopou V;. Tote xpnotpornoioviag ot to Adiopa
(AX3) 1oxuel otoug dravuopatikoug xwpoug Vi, ¢ = 1,2,---  n, Sa éxoupe
6ladoyika:

=

OZ+62 (517527“' 7£n)+(01702a"' 75n) = (£1+617£2+62a'“ ):L_:n+6n) —
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[Tapopola 0+a=o. ‘Apa 1o Sidvuopa 0 etvat to pndeviko didvuopa tou V.

3. ®zwpoupe 10 Siavuopa —a = (=1, —To, - , —Ip). XPNOIOMIOLOVIAG
ot 1o A§lopa (AX4) woxvet otoug Stavuopatikoug xopoug Vi, ¢ = 1,2, --- . n,
9a éxoupe dadboyxika:

(Z1 4 (=21), &2 + (—=Z2), -, @n + (—Zp)) = (61762, s 76n) =0.

[Mapopola (—a) +a = 0. ‘Apa 1o Siavuopa —a givat to aviibeto Siavuopa tou
Q.

4. Xpnoworolwviag ot 1o Afiopa (AX6) 1oxuel otoug diavuopatikoug
xopoug Vi, i =1,2,---  n, 9a éxoupe daboyxika:

k-(a+4B)=k-[(Z1, %2, Tn) + (Y1, 02, s ¥n)] =

k- (Z1+01, ZatG2, - Tntn) = (k- (Z1+01), k- (Z2+02), - k- (Tn+0n)) =
(k-Z1+k-th,k-Zot+ k-9, k- Tpn+k-gy) =
(k-Z1,k-Zo,-- k-Tp) + (k-Y1, k-, -+ k- TUn) =
k- (Z1,%2,--- ,@n) + k- (Y1, 02, ,Un) =k-a+k-B.

5. Xpnowornowoviag o6tt o Afiopa (AX7) 1oxuel otoug S1avuopatikoug
xopoug Vi, i =1,2,---  n, 9a éxoupe Siaboxika:

k-(l-a)=k-[l-(Z,Z2 @) =k (- 21,1 - Zo,-- ,1-7p) =

(k-(1-2Z0),k-(-Z2), - k- (-Tn)) = (kl- &1, kl- Ty, k- Tp) =
kl'(fl,fg,--' ,:E'n):k:la

|

Mapadewypa 2.2.5 1. Awdéyovtag V; = K, Vi = 1,2,--- ,n oo Bewpn-
ua 2.2.1, gxovue 1o tapadeiyua 2.2.2.

2. AvV gvar évag Sravvouatikog xepeo¢ nave anod 1o ooua K, tte dia-
Aéyovtag V; =V, Vi = 1,2,--- ,n oto Geapnua 2.2.1, 9a éxouvue ot 10 Kap-
teotavo ywdusvo V X V x -+ x V tou 'V ue 1ov eautd 1ou n @opég, eivai evag
Slavvouatikog x@eog mave ano 1o 'V.

3. Bewpouvue oug Sravuouatucovg ywpoug R kxar C nave anod 1o R énwg ota
Hapabdetyuata 2.2.1 kat 2.2.3. Tote 10 kapteotavo ywdusvo R x C eivar évag
Stavuouatkog xwpeog tave amno 1o R.
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IIpoxeipn Aoxkipaocia

Eow K éva oopa xat éotw L C K éva untoouvodo tou. YroBetoupe ot to L
niepiexet ta 0, 1, eivat kAewotd oty npddn tng npoobeong kat roAdardacta-
opou tou K, kattoyvet ot /! € L, avl € L\ {0}. Na 8ei€ete 611 mepiopidoviag
TGS rPdgelg g npoobeong kat tou roAdardaciacpou tou K oto L, to ouvodo
LL eivat éva oopa kat 1o K eivat Stavuopatikiog xopog rave arnd to L.

Ta mapadetypa propovupe va diaAé§oupe oav L to ouvoro Q twv pniov
apBpev kat cav K eite 1o oopa R twv paypatkev api®pov 1 1o ovvoro C
IOV Pyadikav aplopov.

AoBévtog evog Sravuopatikou xmpou V mave aro éva oopa K, unapyouv
6U0 yevikeég 1€60H01 KATaoKeUNg VE®V dlavuopatikov xopav. H pia pébodog
pag €podiddetl pe vEoug H1avuopatikoug X®Poug “emeKteivoviag” e KATolov
1poro tov V, kat 1 dAAn pebodog pag £podidldel pe véoug Sravuopatkoug
X0Opoug ot oroiot givatl urtoouvoda tou V. 'Etol prnopoupe va moupe Ot 10
Mapdderypa 2.2.2 avrkel oy rpotn péBodo kat n napandave [podxepn Ao-
Kipaotia oty deutepn peéBodo. Ztnv rapovoa evotnta Sa acxoAnboupe Kuping
pe myv npwtn pébodo. H deutepn Sa avarntuyBel otnyv enodpevn evotnta.

2.2.1 Auwavuopatikoi Xopot ZuvapTioE®V

Zwnv niapovoa uro-evotnta da doupe karnowa rnapadeiypata 61avuopatikeov
X®OP®V ta otoixeia twv onoiev (dnAadr) ta Siaviopata toug) eival ouvaptoels.
YrievBupidoupe ot av f, g : 8§ — T eival 6Uo cuvaptriosig petaiy 6Uo cuvormv
8,7, téte 10xvet €§ opopou: f = g av kat povov av f(s) = g(s), Vs € 8.
Hekivaple pe éva amio napadetypa.

Mapadewypa 2.2.6 Oswpovue 10 axdAovdo oUVoA0 CUVAPTHOEDV.
FR,R):={f:R—=R | n f eivar ovvapmon}

Xonowonowwvtag v mpoodeon kat 1ov noAfarnaociacud apducv oto R, opit-
Joupe oto ovvojlo F(R, R) mpaén mpoodeons kar Baduwrov mofAfarniaciacuot
wg £§N¢:

Vg€ FRR), f+g:R=R, o (f+9)(x) = f(z)+g(z)
VreR, Vf e FR,R), r-f:R—=R, o~ (r-f)(x):=rf(x).

Tote n pwaba (F(R,R), +,-) eivar Sravvopaticog xwpog nave and o R. To
unéevuo swavvoua tov F(R, R) givar n unbevikr ovvaptnon 0:R—R, n omoia
opiletar w¢ e&ic: 0(x) = 0. To avtideto idvuoua tou Graviouatog f € F(R,R)
eivar n ovvapmon —f : R — R, n onoia opiletar g e&ic: (—f)(z) = —f(x).
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To ITapadeypa 2.2.6 eivat €161k MePIMTOOT £VOG YEVIKOTEPOU ATIOTEAE-
opatog 1o ortoio Sa oudntrooulie tOPA.

'Eoww S éva tyxaio ouvodo kat V = (V,+,-) évag davuopaukog Xopog
nave aro éva copa K. @copoupe 10 0UVOAO TV CUVAPTHOE®V ATIO TO GUVOAO
S otov ravuopatiko xmpo V:

F(S,V):={f:S—=V | n [ etvar ouvapmon}
Zto ouvodo F(5,V) opidoupe pa ripddn npdobeong wg e§ng:
Vg€ F(S,V), f+g:5=V, s=>(f+g)(s):=[f(s)+g(s) (2.1

Emntiong opidoupe pa npdgn Badbpwtov noddardaciacpov tou oopatog K oto
ouvodo F(5,V) ag etng:

VkeK, VfeF(SV), k-f:S=V, s (k-f)(s):=k-f(s). (2.2

E8¢ 9a mpénet va sipaote mpooskukoi. v oxéon (f + g)(s) = f(s) + g(s)
10 oUpBoAo + oty aplotepr] MAeupd oupBodilel tnv véa mpddn pdobeong oto
ouvodo F(S,V), xat to oupBoro + oy 6e&1d mAsupd oupBoAilel v mpdgn
npdéobeong otov Siavuopatikd xopo V. Ilapopoia oy oxéon (k- f)(s) =
k- f(s) 1o oupBolo - otnv apiotepr) mMeupd cupBoAidet v véa rpdgn Babpwotov
rioAAaridactacpou oto ouvodo F(S, V), kat to cupboro - oy de§la mheupd
oupBoAilel tnv mpddn Babuwtov noAlariAaociacioy otov §1avuopatike Xmpo
V. Aev erodyoupe véa oupBola yia tg véeg rpadels () yia va pnv Bapuvoupe
tov oUpBoAlopd pag, kat () 9a eivat mavrote pavepd arnd ta oupdpaldpeva
ylua nota npdadn npoxetat.
Mropoupe topa va anodeifoupie twpa 10 akoAoubo yeviko anotédeopa.

Ocopnpa 2.2.2 'Eotw S éva wyaio ovvoio karV = (V, +, ) évag Sitavvoua-
UKOG XPo¢ Ttavw anod éva ooua K. Tote ue ug napandave npaeg 2.1 kar 2.2
10 ovvofo F(S,V) 0Awv twv ovvaptrioewv ano 10 S otov 'V eivat évag siavvoua-
1KOg Xpog mave amo 1o oopa K. To unbevico bidvvopa touv F(S, V) eivar n
ovvapnon0: S — V, s+ 0(z) = 0 kat 10 avtidero sidvuoua ou f € F(S,V)
evarn ovvdgpmon —f : S =V, s— (—f)(s) = —sz).

Amnodeiln: AapBdavoviag urr Oyiv 10 MG opioBnkav ot mpagelg oto oUvoAo
F(S,V), n1déa mg anddegng Baoiletal oto 6t ta AGivpata (AX1), .. ., (AX8)
1oXUoUV otov dlavuopatiko xmpo V.

Eow f,g,h: .S — V 1peig tuxouoeg ouvaptiioelg, kat éotw k, I € K.
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. loxver f+ (g+h) =(f+9g)+ h av-v yia ka6 = € S éxoupe [f + (g +

Ml(x) = [(f + g)h](z). Onag [f + (¢ + h)|(x) = f(z) + (9 + h)(x)
f(z) + [g(x) + h(z)]. Xpnoworowaviag 6t 1o Afieopa (AX1) 1oxUet otov
V, 10 8eutepo pédog g tedeutaia oxéong sivat ioo pe [f(x) + g(z)] +
h(z) = (f +9)(@) + h(z) = [(f + 9) + h](2). Erontvag [f + (g +
M](z) = [(f + g) + h](x). Eneidn auto oxvet yia kabe = € V, énetat
ou f+(g+h)=(f+g) +h

. H anodedn mg oxéong f + g = g + f elvar mapdopoila pe tmyv anodeidn

mg 1.

. ®sepovpe v ouvaptnon 0 : S — V, pe 6(96) = (. Tote yia kabe = € S,

éxoupe (f +0)(z) = f(z) + 0(x) = f(z) 4+ 0. Enedy f(z) € V, and
10 Afiopa (AX3) yia v V, 9a éxoupe f(x) + 0 = f(x). Enopéveg
(f +0)(z) = f(x), Yz € S, 10 omoio onpaivel 6t f 4+ 0 = f. Tlapépoia

—

0+ f=f.

. ®ewpovpe v ouvapmnon —f @ S — V n omoia opiletar wg €§Ag:

(=Nz) := —f(z). Tote [f + (=f)l(z) = f(z) + (=f)(z) = f(z) -

—

f(z) =0 = 0(x). 'Enopéveg f+ (—f) = 0 kat tapépoia anodeikvietat

—

ou(—=f)+f=0.

loxoer (k+1) - f=k-f+1-fav-vyaxdbe x € S éxoupe [(k+1) -

fl(x) = (k- f+1-f)(z). Xpnowornoioviag tov oplopo tng npdobeong
kat tou Babpetou noAdardaciacpou oto ouvodo F(S, V) kat v 1oxU
tou AGiwpartog (AX5) otov V, exoupe: [(k+1) - fl(x) = (k+1)- f(z) =
k- f(z)+1- f(z) = (k- f)(x)+ (- f)lz) = (k- f+1 f)(z). Enopévag
(k+0)-f=k-f+1-f.

. H anodedn ing oxéong k- (f +g9) = k- f + k - g eivar mapopoa pe my

arodegn g 5.

. Toxverk-(I-f) = (kl)- f av-vyia kaBe x € S éxoupe: [k-(I-f)](z) = [(Kl)-

f](z). Xpnoworowvtag tov 0piopd v Pabpetou roddaniaciacpou
oto ouvoro F(5,V) kat mv 10XV 1ou A§ivpatog (AX7) otov V, éxoupe:
[ (U- (@) =k- [ f)@)] =k-[I- f(z)] = (k) - f(z) = [(K]) - f](=).
Enopéveg woyvet n oxéon k- (1 - f) = (kl) - f.

1- f)(x) = f(z). Eneidn
10 A§iopa (AX8) woxvet otov V, 9a éxoupe: (1-f)(x) =1- f(x) = f(x).

Apal-f=f.



2.2. KATAYKEYEY KAI IIAPAAEIIT'MATA AIANYXMATIKQN XQPQN 27

O

'Etot 9¢toviag oto @eopnpa 2.2.2, S = [0,27] 1 .S = [0,1] ka1 K = R,

avtiotoxa K = C, énetat 6u ta ovvora F([0, 27, R), F([0,1],R), avtictor-

xa F([0,27],C) xar F([0,1],C), eivar dravuopatikoi xwpot rave ard w R,
avtiototya nave aro to C.

2.2.2 O X®wpog TV AKOAOUOLOV

Mua onpavukr) e181kn repintoorn tou Oswpnpartog 2.2.2 anotedei o dravuopa-
TIKOG XWPOG TV aKoAoubiwv e ototxeia aro éva oopa K, rmou 9a culnrooupe
w0pda.

®cwpoupe 1o ouvoro Ny = {0,1,2,3,--- ;n,n+1,- -} tov guokev apib-
pov padi pe o 0, kat éoww K éva oopa.

Oplopog 2.2.3 Mia arodAouBia ue otoiyeia oo owua K eivat jua ovvdaptnon
(07 No — K

‘Eotw A(K) to ovvodo tev akoroubwv pe otoxeia oto ocopa K.  Av
a € A(K), téte oupBodidoupe v tpr a(n) g ouvapmong « : Nyg — K
otov QUOKO apdpo n pe a(n) := «a,. Enedn n ouvapmon a kabopiletat
MANP®GS Ao TI§ TIPEG TG, £METAL 0T I & KaBopiletal A pwg amod ta ototxeia
{ag, a1, ,ap, - }. Etot 9a oupBodidoupe pia akodoubia pe otoxeia oto
oopa K kat wg €&n1g: (an)n>0. Ta otoxeia ay,, n > 0, kadouvtat 6pot tng
axroloubiag.

Mépiopa 2.2.4 To ovvoio A(K) tov akoflovdwv ue otoyeia and éva oopa K
anoteflel dravvouatikd xwpo tave ano 1o K ue tie akoiovdeg mpaceig:

1. Mpdoeon: Av (an)n>0, (Bn)n>0 € A(K), wre:
(an)nzo + (ﬁn)nzo = ('Yn)nZOy omou Yp = Qp + Bn, Yn > 0.

2. BaBuwrdg MoMarniaociaouds: Av (an)n>0 € A(K) katk € K, wore:

k- (an)n>0 := (0n)n>0 Omou oy := kay,, Vn > 0.

Amndbeiln: @étoviag S = Ny kat V = K oto @eopnupa 2.2.2, apatnpoupe
ou A(K) = F(S,K). Eniong n ripocbeon (am)n>0 + (Bn)n>0 1oV akodoubiov
(an)n>0, (Bn)n>0 ouprtiret pe v npoobeon o + B v cuvaptjoewy n —
a(n) = ap kat n — B(n) = B,. Hapdpoia o Babpwtdg noddardaciacpog
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k - (otn)n>0 ouprurttet pe tov Babpetd noAdarmdactaopd k - @ g ouvaptong
n — a(n) = a, pe w0 k. Enedr, ovpgeva pe 10 Osopnua 2.2.2, pe 1g
napanave rpagetg o ouvoro F( S5, K) eival ravuopatikog xwpog nave aro to
K, énetat 6u kat to ovvoro A(K) eivat diavuopatxog xopog nave and to K.
O

2.3 Auwavuopatiroi Xopot IIoAvewvipov rkat IItvakov

Ba douie tOpa 5U0 oAU ortoudaieg e181kEG MEPUTTOOELG TOU Osmpnpatog 2.2.2
1) evadAaktikd tou Ilopiopatog 2.2.4.

2.3.1 O Xowpog tev IIivarwv

Ao topa kat oto £§hg oupBoAidoupe pe N, := {1,2,3,--- ,n} to ouvodo v
n PRIV EUOKWV apiBpav. 'Eote K éva copa.

Opiopdg 2.3.1 'Evag m X n-mivarag pue otoiyeia ano 1o ooua K elvar wa
ovvapmon
A: Nm X Nn — K, A(Z,j) = O
'Etol oUpg®va e tov mapandve optouo évag mnivaxkag A, dnAadn pia ou-
vapinon A : N, xN,, — K, xaBopiletat ané tig tipég g ot oroieg ivat ot mn

o n)xl']eog aplepOi {a117a127 A1, 21,022, A2yttt 0t 5, M, Am2, t 0 ’amn}

arno 1o oopa K. Xapwv eukodiag kat yia KaAUtepr) erorteia, ouvh0wg Tig TIHES
auTég TG toroHetoupe o pia opboywvia Sidtadn Onwg @aiveral 0to MAPAKATE

oxnua:

ain a2 - ay; - Qip

a21 a2 te a'2j e a2n
A =

@il @iz vt it Qip

aml AGm2 "~ Amj -~ OGmn

"Etotl priopoupe va roupe ot évag m X n-rivakag rave and 1o oopa K eivat
pa watagn mn ap®pev ano o oopa K toug oroioug éxoupe Siatdetl kat ra-
paotnoet 6Nwg napandve. AnAadr) tavtioune to ototxeio a;; g dratagng e
v TP g anekoviong A oto otoixeio (4, j) € Ny, x Ny, H tpr) a;; kaleitat
10 oo eio tou nivaka A otnv (i, j)-9éon. Xapwv ouviopiag ouvriBwg évav
m X n-riivaka A tov oupBodifoupe wg e§ng: A = (a;5), orouv i =1,2,--- ,m
katj=1,2,--- ,n.
‘Eoww A = (a;j) évag m X n nivakag pe ototxeia ano 16 oopa K.
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2tiAeg Ta kabe j = 1,2, -+ ,n, n j-otiAn tou nivaka A sivat n akodoubn
datagn m aplBuwv:

a1j
CLQJ
A =
Qg
Qmj
"Etot prnopoupe va rovpe ot 0 m X n rivakag A arnotelsitat ano n otdeg
Al A% ... A™ xdBe pia and Tig oroieg arotedeitatl aro m aptdpoug.
Fpappég Ta kdBe i = 1,2,--- ,m, n j-ypappn tou mivaka A eivat n ako-

Aoubn 61atagn m aplOpov:
Ai=(an @ - ay - G )
'Etol prnopoupie va moupe ot 0 m X n rivakag A arotedsitat and m
ypappeg Ag, Ao, -+, Ay kABe pia amd ug omoieg amoteAeital aro n
apiBpoug.
[apatnpoupe Ot 10 otoixeio a;; tou mivaka A Bpioketat omv “toun” g i-
YPAPHUNG pe v j-otrAn.
TLupBoAi¢oupe pe M, xp (K) to 0Uvodo tev m X n-ruvakev pe otoixeia anod
10 oopa K:
Mysn(K) ={A = (ai;) | ay €K, Vi=1,2,---m, Vj=1,2,--- ,n}

Ma napddetypa €0t o1 mivakeg:

3 -1
1 0 5 2 0
A_<3 4 2), B=|", ¢ ¢=(102),
9 1
7
4 i V2
D=1 5 ’E_<—1 1—|—2i>
—2

Tote A € ngg(R), B € M4X2(R), C e Mlxg(R), D e M4X1(R), kat B €
Msx2(C).

1o oUvodo M« (K) t@v m X n-ruvakev pe otoxeia and 1o copa K
opioupe mpdln npoobeong kat Badpwtov moAdarndaclacpol «g §1g:
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1. Mpdobeon: Av A = (a;), B = (bij) € My,xn(K), téte A+ B eivat o
m X n-riivakag (a;; + bij). TXNUATIKA:

an
a21

am1

alj
azj

CLZ']'

amj

a1 + b1
a21 + by

ai1 + b1

Am1 + bt

Aln
a2n

Qin

Amn

bml

ai; + bij
az;j + sz

ai; + bij

amg + b

bij - bin
baj -0 bop
bij -+ bin
bmj te bmn

a1p + bin

azn + bap

@in + bin
mn + bmn

2. BaBuwtdg MoManiaciacpds: Av A = (ai;) € Myxn(K), xat k£ € K, tote

k- A etvat o m x n-riivakag (ka;;). Sxnpatkd:

ail
a1

Gm1

alj
CLQJ'

az-j

amj

Q1n
Q2n

Ain

amn

ka1
k:a21

kail

kaml

kalj cee kaln
]{ZCLQJ' e kZCLQn
k:az-j s kam
kam; -+ kamn

'Onwg KAl OtnVv MePINIOOT IOV XOP®V OUVAPTHOERV, TIAPATI|POUE OTL aVv Yem-
prooupE TOUG M X N-Tiivakeg g ouvaptfoeis : Ny, X N, — K, tote n mpoéobeon
Kal 0 BaBpetog moAAanAaoiaciog rmou opioape maparndve CUNITIITEL PE TV
nipooBeon katl tov Babpwto moAdlanmAaciacpo cuvaptoenv. Me Bdon auth
Vv IapAtPnon 0 akoAoubo mopiopa eivatl dpeon andppola tou dewpnpa-

106 2.2.2.

Hépiopa 2.3.2 To ovvoio M, «, (K) tov m X n-mwakev ue otoyeia ano éva
ooua K epodiaocucvo ue tig¢ mapandve npaleigc mpododeong katr faduwtov mo-
Aarfaotaouou, eval évag dravvouatikog xwpeog tave ano 1o K. To undeviko
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6ravvopa touv My, «n(K) elvar o m x n-rivaxag 0 6Aa ta otoyeia tou onoiou
gtvat ioa ue 0:

0 0 0 0
0 0 0 0
0= i
0 0 0 0
0 0 0 0
To avtideto didvuopa tou m X n-mivaka A = (a;j) elvar o m x n-mivakag
—A = (—aij):
—ai1  —aiz - —ay; o —alp
—az1 —a - —azj . —A2p
A=
—Qi1  —Qi2 = Qi ccc —Qip
—aml —am2 " —Amj . —Amn

Amndbeln: @étoupe S = Ny, x N, ka1 V = K oto Osopnpa 2.2.2, kat epyalo-
paote onwg oto [Iopopa 2.2.4. O

O mivakag 0 xkaleitat o pndevikdg m X n nivakag, kat av A € M, ., (K),
tte o miivakag —A = (—a;;) kaAeitat o avtiBetog mivakag tou A.

'Evag m x n nivakag A = (a;;) KaAeital TETPAYOVIRGG av M = n. LI0U-
baieg KAAOEIG TETPAY®OVIK®OV MIVAK®V ATOTEAOUV 01 H1aywviol Kat ot Badpwtol
Tivakeg.

'Evag tetpaymvikog n x n rivakag A = (a;;) kadeitat Sray@dviog av a;; =
0, Vi # j. AnAadn av o A eival ng poppng:

ag; 0 -+ 0 -+ 0
0 ag - 0 0
A4=149 0 ai; 0
0 0 - 0 - ap
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IMa napadetypa o povadraiog n X n mivakag

10 --- 0 --- 0
1 0 0
h=10 o 1 0
00 --- 0 --- 1

eival Siayoviog. Tevikd évag Saymviog mivakag A kaleitar Badpwtég av
eival Babueté moAAdarddoto tou povabiaiou: A = kI, 6ndadn av sivat g

Hopors:

L0 - 0 --- 0
0Ok - 0 --- 0
A=kl=14 k 0
Ooo0 --- 0 - k

®a pedetfjooupe H1e§081KOTEPA TOV XMOPO TV IMIVAKDV KAl TOV POAO TTOU
drabpapartidouv ounv Fpappikn AdyeBpa os semopevo KepaAato.

2.3.2 O Xwpog TtV [IoAvwvipwv

Eow A(K) o davuopatikog xopog t@v akodoubiov pe otoixeia apidpoug
a6 éva oopa K onwg autdg opiobnke otnv umoevotnta 2.2.2. Oermpou-
pe 1o unoouvodo tou S(K) to oroio arotedeitat and 6deg 1g axkodoubieg
(an)n>0 € A(K) ot oroieg éxouv menepaopévo minbog anod pn-pndevikoug
opoug. Anldadn):

K[t] :== {(an)n>0 € A(K) | 3k € Ng: an, =0, Vn > k}. (2.3)

Oplopog 2.3.3 Mia arofouvdia (a,),>0 otoeiov tou oouatog K n onoia gyer
enepaopévo Tilndog ano un-undevikovg opoug, dniadn avrkel 0To UTTOOUVOAO
K[t] rou A(K), kadeitar moAdvedvupo ndve ano 1o coua K. Ta un-unbdevuca
otoyeia g arxofovdiag Kajlovvtalt GUVIEAECGTES TOU TOAUGVULUOU.

O1 akoAoubieg-rtoAucmvupa mou Sa opicoupe twpa dradpapati¢ouv orou-
baio podo oy dewpia MoAvvVIPGY.
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Oplopdg 2.3.4 1. H arxofovdia (an)n>0 He ap = 1 rkat a, = 0, Vn #
0, n onoia mpogpavag aviker oto Klt|, oupboifetar ue t° ka1 kafeitar
povadiaio nmoAvovupo. AnAadn to t0 eivar 10 moAvGVULO:

t9:=(1,0,0,0,---,0,---) €K]t]

2. H axoflovdia (ap)p>0 pe a1 = 1 xat a, = 0, Vn # 1, n onoia npo-
pavaog avrket oto K[t], 9a ovpubofiletar ue t kar kafeitar petaBAntey 7
anpoodioproty. Andadn nt eivar 1o moAvovupo:

t:=(0,1,0,0,---,0,---) €K[]

3. Avm > 1, n m-ooty) 89vapn t™ ¢ petabAnuig t opiletar va sivat 1o
TOAUGVUUO () n>0 HE Gm = 1 kata, = 0, Vn # m. Anfadn:

t" :=(0,0,0,---,0,1,0,---) € KJ[t]
omov 10 1 gugavitetar oav o dpog ¢ akoflovdiag otnv m + 1 9éon.

Eivat @avepo ot av 8uo akodoubieg (an)n>0. (bn)n>0 avixouv oto uro-
ouvodo KJt], 8nAadr eivat moAvmvupa, tdte Kat to dBpotopa 1oug (an)n>0 +
(bn)n>0 avrker oto K[t], kat apa eivar moduovupo. Ilpaypatkd av a, =
0,vn > k kat b, = 0,Vn > [, e a,, + b, = 0,¥Yn > max{k,l}. Tlapdpowa
av 1 akodoubia (a,)n,>0 avixet oto uroouvodo K[t kat k € K eivat éva otot-
xelo tou K, tdte kat n akodouvbia k - (an)n>0 = (kan)n>o0 avrixel oto K[t].
Enopéveg priopouie va opicoupe mpdselg npoobeong kat Pabpetou modAa-
rmlactacpou oto urnoocuvodo Klt|, mepropidoviag tig mpddeig mpoobeong rat
Babpwtou noAdaraciacpou tou Savuopatikou xwpou A(K) oto unoovvoro
wou KJt]:

v(an)nzm(bn)nZU S K[ﬂ : (an)n20+(bn)n20 = (an+bn)n20 S K[t] (2.4)

V(an)nzo, VEeK: k- (an)nzo = (/{an)nzo € K[t] (2.5)

Xpnowonotwvtag 6t 1o ouvodo A(K) eival Siavuopatikdg xwpog, etvat seuko-
Ao va 8oupe 6t 1o ouvodo K[t] epodracpévo pe g mapanave npagelg 2.4,
2.5 eival évag Stavuopatikog xopog nave and to copa K. 'O stavuopatxog
xopog K[t] kaleital 0 Sravuopatikég XMpog TV NOAUMVURGV PE GUVTE-
Asotég and 1o oopa K. IMpopaveg to pndeviks diavuopa tou K[t] eivat to
TOAUGVURO (Gp)n>0 PE ayn = 0, Vn > 0 1o oroio kaAeitar pndeviké noAvwm-
vupo. To avtifeto Siavuopa tou moAUGVUPOU (ay)y>0 £lval to moAuovupo
(—@n)n>0-
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ZupBoAlopog 2.3.1 Ano wpa kat oto £E¢ 1o povadiaio mtofvwvuuo, dniadn
10 moAvawupo t := (1,0,0,-- - ,) 9a 10 cuuboifouus amid e 1. To undevikd
noAvovuuo 9a 1o ovubofilovue ana e 0.

[apatpoupe 6t to oAucvupo (k,0,0, - - -) eivat Babpetod oddarddoio
tou povadaiou nmoAvevupou: (k,0,0,---) = k- (1,0,0,---) = k- 1. Eva
MOAUMVUNO KaAsital ota®epo av ival abpeto moAAarnAdoto tou povadiaiou,
8nAadn etvat g poperg (k,0,0,---), orou k € K.

To yeyovog 6t yia €va moAuevupo (an)n>0 € K[t] unapyxet evag apibpog
m € Ny étol dote a, = 0, Vn > m, pag ermrpérnetl va opicoupe v £vvola 10U
Babpou evog moAuwvupou.

Opopog 2.3.5 'Eoww (an)n>0 € K[t] éva un-unéevikd mofuwovupo pe ovvte-
Agotég ano o ooua K. O Bad®podg wov (a,)n>0 opiletat va ivat o pueyaiitepog
@UOLKOS apIBUOS N yia Tov omoio Vet a, # 0 kat oupbofilerar pe deg(an )n>0-
AnAadn:

deg(an)n>0 = max{n e N | a, # 0}

210 unbdeviko mojuwvuuo 6ev emovvartovpe Saduo.

Mapadewypa 2.3.2 1. To moAvavuuo t™ éxet Baduo n: degt™ = n.
2. To mofuvavupo (k,0,0,---), omou k € K, &xer Badud 0.
3. AvK = R, 10 moAvevupo (1,0,4,1/2,3,0,0, - --), éxer Baduo 4.

Zx06Aw0 2.3.3 Mnopouvue va opioouue kai pua dAjn eowtepucn mpaln otov bia-
vuopanko yopo K[t] n onoia eivar yvwotrr ¢ moAAanAactacpog 7} yLvOREVO
noAveVUpGYV. Ilpayuaticd £0t® (ap)n>0 kat (by)n>0 6U0 moAuevupa pe ouv-
tefleotég ano 1o owpa K. To yivéuevo 1oug (an)n>0 - (bn)n>0 opiletat va eivai n
arxofouvdia

(cn)n>0 OmOU  Cp = Z a;b;

IIgp1o00tep0 avadvtikd:

co = agby
c1 = agbl + a1b0
ca = apby + aiby + azboy

¢n = agby +arbp_1+ asby,_o+ -+ an_1b1 + anbg
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H arxoflovdia (cn)n>0 = (an)n>0 - (bp)n>0 €lvar moAvovupo. Ipaypatikd av
an = 0,VYn > k kar b, = 0, Vn > [, 101e onwg givatr gavepo ano v tefeuv-
taia oxéon 6ot ot dpot g axoflovdiag (¢n)n>0 undeviovtar uetd v 6po mou
Boloretar onu k + | 9¢on.

Emiong eivar evkofo va deydel ot n m-ootn dvvaun t™ g uetabinmic t
bev givat tapa to ywouevo mgt-t-t- - -t m @opég. (NA TO AEIEETE £AN ATKHEH).

O ouvnO1opévog ouBoA1loPdG¢ MOAUMVIR®V

®a doulie TOPA MEG 0 ITAPATIAVE 0P1IOH0G ITOAUMVUN®V 08nyel otov ouvn)-
Siopévo (51a160nTIKO) 0P1o6 KAl CUPBOAI01O TIOAUGVUHIGV.

‘Eow (an)n>0 € K[t] éva moduovupo pe ouvtedeotég and o oopa K. Tote
oupgeva pe tov optopo 2.3.3, urtapyxet m > 0 étot wote a, = 0, Vn > m.
Enopéveg 1o oAuavupo (ay )n>0 €XEL TV HOPYPT) :

(an)nzo = (a()aalua?u'” )am—luam)0)07"')7

Xpnowpornowwvtag trv petaBAntr ¢, Kal 1ov opliopo g poobeong Kat tou
Babpetou roddardactacpou otov Siavuopatko xopo K[t] priopoupe va
YPAWOoUpE T0 TIOAUGVULO (ay)n>0 S1adoxika wg e§Ng:

(CLO,CLl,CLQ,"',am_l,am,o,o,"‘) = (Q0,0,0"')
+(07a1707"')
+(0707a2707"')

+ (0,0, ,0,am_1,0,--)

+ (0,0,---,0,0,a,,0,--)
— ao - (1,0,0, )

+ a;-(0,1,0,---)

+ a5+ (0,0,1,0,---)

+ am—l'(0707'” 7071707'”)
+ am'(ovoa'” 707071707'”)‘

Enopévag Sa £xoupe

(an)n>0 = ao-l+ai-t+as 2+ +ap_1-t" " +ay t" 2.6
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H oxéon 2.6 Seixvel 011 £éva MOAUOVUHO e OUVIEAEOTEG Ao 10 oopa K
elval pa Turiky) ékgpaon g popdng ap - 1 +ay -t + ag - 24+
Am—1 - "1 + a,, - t™ érou ta a; eivat apdpoi ané o oopa K kat m
etval KAmolog @UOoKOg apBudg. Andadn €xoupe v yveotd pag diat-
0ONTIKO OP1OHO KAl TPOII0 Ypadng rmoAunvupou. H mapandve avaiuon
opwg eival avaykaia yia tov pabnuatukda akpér) optopod tov oroio da
XPN OO0 )0OUE OtV OUVEXELd. XAPV AmMAOTNTAS KAl akoAoubmviag
10 01Keio oUPBOAIOHO, Ao TOPA Kal oto £§1G £va MOAUMVULIO HUE OUVTE-
Aeotég ano 1o owpa K Sa oupBoAiletar og €&ng:

P(t) = ag + ait + agt® + - -+ + a1t + apt™ 2.7)

AnAadr) 9a napaleinovpe 1o oUpBoAo - tou Babpwtou moAdardaocia-
opou. Erunpdobeta to ywopevo dvo modvevupev P(t) kat Q(t) Sa
oupBoAietat pe P(t)Q(t).

IIpoxelpn Aoxipaocia
Na 8eifete 6w av P(t), Q(t) € K[t], tote:
1. deg(P(t) + Q(t)) < min{deg P(t),deg Q(¢)}.
2. deg P(t) = deg(—P(t)).
3. deg P(t) = 0 av-v 1o P(t) sival éva otabepo pn-pundevikod moAuovupo.
4. deg(P(t)Q(t)) = deg P(t) + deg Q().

2.4 Aornosig

‘Acknon 2.4.1 'Ecw Ry = {z € R| = > 0} 10 ovvofo tov Jetkov npayua-
kv apduov. Opilouue véeg tpalels wg eENg:
e MpdoBeon: Vr,y € Ry: x®y = xy (0 ouvndiouévog moAdaniactacuos
TOAYUATIKOU apOUV).

e BaBuwrdc MoArarmiaciaousg: Vr e RVr e Ry: r@®x ="

Na 6¢iete ou pue tig mapandave npadeig, 1o ovvoido R, eivat évag drtavvpatucdg
XWpo¢ uttepdve tou R.

‘Aornon 2.4.2 Egodiacucva ue tig ouvndiougves mpaeig mpoodeong kat Sad-
uwToU ToAAanAactacuov Onwg avteg oplodnKav oToug SlavUoUATIKOUS XWPOUS
R? ka1 R3, eivai ta Tapakdie ovvofa diavuouattkol xwpot; Xe kade mepInTeon
Sucatofoynote Ti¢ anaviroelg 0ag.
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1. Vi ={(x,y) eR?|2 >0, y € R}.
soos

2. Vo ={(z,2z +1) e R?|x € R}.
soos

3. V3 ={(z,2z) € R? |z € R}.
Addog

4. V4= {(z,r) € R?|z € R}.
Addog

5 Vs={(z,y,2) ER¥|z,y eR, z=1}.
Saord

6. Vo ={(z,y,2) ER3 |z =y = z}.
Addog

7. Vo ={(z,y,2) eR® |z =2+ y}.
Addog

8. Vs ={(z,y,2) € R®|zy = 0}.
Zwoto Aadog

‘Aornon 2.4.3 Na beifete o pe 1ig ovvndioucveg mpaelg mpoadeong kat Sad-

uwwov toAfdariactacuot mdkev, 10 ovvoido V oAwv tov 3 X 3 mwdkev mpay-
UaATKOU apdUaV G HOPPTIG:

a 2c 2b
A= b a 2¢
c b a

onou a, b, c € R, eivat Sravvouatikdg xwpog vtepdve tou R.
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Avolkta Akadnpaika Moanuata

Navenotuo lwavvivwv

TéAocg Evotntac



Xpnuotodotnon

* To nmapov ekMaLdeUTIKO UALKO €xel avarmtuxBel ota mAaiola Tou ekmaldeuTIkoU €pyou
Tou &lddaokovta.

* To épyo «Avolkta Akadnupaika Madnuata oto MNavemotquio lwavvivwv» €xel
XpnuotodotnoeL povo tn avadlapopdwon Tou eKMALSEUTIKOU UALKOU.

* To €pyo vlomoleital oto mAaiolo tou Emixelpnolakou Mpoypdppatog «Ekmaidevon
Kot At Biou Mabnon» kat ouyxpnpotodoteital amd tnv Euvpwmaikn Evwon
(Eupwmaiko Kowwviko Tapeio) kat amod Bvikoug mopouc.

KﬂAIAEYZH KAl AIA BIOY MASHZH : EznA
< .n STV UV TNE yYwone = g
YNOYPTE AL KAl BPHIKEYMATON

Eupumuu(q Evwon
I e
Ryl Me tn ouyxpnuarodérnon e EAAaSac xat e Evpwnaixdc Evwong

ZNMUELWHOTO

Inueiwpa Avadopag

Copyright Navenotipo lwavvivwy, Addokwv: Kadnyntri¢ NikéAaog Mapuapidng
«Fpappky AAyeBpa I». Ekdoon: 1.0. Iwavviva 2014. AwaB<oipo and tn diktuakn StevBuvon:
http://ecourse.uoi.gr/course/view.php?id=1225.

Znpeiwpa Adelodotnong

* To mapov UALKO SlatiBetal pe Toug 0poug TnG adelag xpriong Creative Commons
Avadopad Anptoupyou - Mapopota Atavopur), AteBvr¢ Ekboon 4.0 [1] A petayevéatepn.

@O0

[1] https://creativecommons.org/licenses/by-sa/4.0/.
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Ke¢dpadawo 3

AIANYEZMATIKOI YIIOXQPOI KAI
KATASKEYEZ

To napov Kepddaio 9a apiepnbel oty pedé tov 1810tteov S1avuopatkoy
X@P®V 01 01T0ieg KANpovopouvIal arod urnoouvodd toug. Ta unoouvoda autd,
Ta oroia KaAouvial UmoX®Eotl, £ivatl eriong davuopatkoi Xopot pe mpdielg
TOUG MEPIOPIOPOUS TV MPAgenmv tou Stavuopatkou Xmpou. Eriong Sa pele-
T)OOUHE ONHAVIIKEG KATAOKEUEG O1 0TI01eg 9a Pag EMITPEWPOUV va TTAPAYOUE
véoug S1avuopatikoug XHPoug aro 1dn yvootoug.

3.1 Auwavuopatikoi Ynoxwpot

Zinv mapouoa evotnta da PeAET|ooule KANPOVORIKEG 1610tnteg Savuopatt-
KOV X0paV KaOog Kat piia aAAn pébodo pe v oroia prnopoulie va apayoupe
véoug Sl1avuopatikoug X®Opous.

ZupBoAlopog 3.1.1 Kad' 6/n n Sidpkeia avtng ¢ ev0TnIag otadepomolovue
évav Savuouatiko yopo V tave and éva ooua K. Ot mpaleig e mpoodeong
Kat tov Baduwtov toddaniactacuov tou V, 9a cuuboAiloviar mavia ue + rat
-. Téflog 10 undevucd Siavvoua tou V 9a oupbodifetar ue 0.

Xapw evkofiag ouws ano twpa kat o0 £§n¢ 9a mapajsinovus 10 ovpboo
- 10U Baduwtov moAdandactacuov. 'Etot o faduwtog moAAandactacuog wou
apduov k € K pe 1o siavvoua ¥ 9a ovpbofiletar ue kx. Andadn: k- T := k.

Ba ypnowornowuvue ta aflopuara kar 1ug LBactkes 1810tIeg S1aAVUOUATIKOV
XWpov Tou arnobeifaue oTig TPONYOUUEVES EVOTNTES X WPIC TELALTELP® avapopd.

Etoo W C 'V éva pfy-kevo urtoouvoro tou V, kat ¢ote 7, € W kat k € K.
Tote 6ev eival anapaitnto va 10xvel 6Tl 10 ddvuopa & + ¢ 1) to Siavuopa kT

39
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avrjrel oto W. AnAadn dev eivat arapaitmto to urtoovvodo W va eival kAelotod
otV nipagn g npoobeong Kat t1ou Babpwtou oAddardactacpou tou V.

Mapadeiypa 3.1.2 'Eotw R? o0 Siavvopatkdg xapog mave and 10 R tov 2-
adwv mpayuatkav apdumv. Bswpoue 10 akojovda vroovvoia tou R™:

Wy = {(z1,22) € R? | m% +x% =1}, Wq:={(z1,22) € R? | 1,29 >0}

Tote eivar gavepo ou ta siavvopata © = (1,0) kar ¥ = (0,1) avrrouvv otov
W1, aiia to 6wavvoua T + ¢ = (1,1) bev avijket oto Wy. Emiong to &iavuoua
Z = (1,1) avrker oo Wa, aiia o éwavvopa —& = (—1,—1) 6ev avriker oto
W.

Mn-kevd UTIOOUVOAA €vog H1avUuoHaTIKoU X@WPOU Ta oroia ival KAeiotd
otnv poobeon Kat otov Babuwtd rmoAdardaciaocpo, onwg Sa dovpe, diadpa-
pati¢ouv ortoudaio poAo oy Yewpia TV S1AVUCPATIKGOV XHprVv. 'E1ol poku-
ITTEL QUOL0AOYIKA 0 akOAoubog 0plopog.

Opopdg 3.1.1 'Eoctw W éva urnoovvofo tou V. ToW kaeitai uméxwpog tou
V av icavonoiel tig axdAovdeg ocuvITKES.

1. W # 0.

2. ToW egivar kw010 otnu mpadén mg mpoadeong tou V. Andadn):

Vi, jEW: F+j§eW|

3. To'W eglvar kileioto omu mpaén tov Baduwtov moddarniaciacuot tou V.
Anfaén:

]VkeK, VE € W: k.few\

[piv nepdooupe va Sovupe napadeiypata vnoxwpev, da arodeioupe Ka-
moleg Pacikég 1810TNTEG TTOU KANPOVOROUV amod TOUG UTIEPKEipevoug Slavu-
OPATIKOUG X®MPOUG, KAl Ol OIMOoieg €ival OXETIKA AJE0EG OUVEMEIEG TOU OpPl-
opou 3.1.1.

Afppa 3.1.2 'Eotw W évag undywpog tou V.
1. 0 € W. Anfaér 1o unbevuco sicvvopa tou V avriker otov W.

2. AvT € W, dte —% € W. AnAabn o W mepiéxet 1o aviideto kdade Sravu-
ouatog tou.
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Anobdeifn: Eneidn) 1o urtoouvodo W eival pn-kevd, émetat ot unidpyet £ € W.
Tote 6pwg kar 0F € W ovpgwva pe v ouvlrkn 3. tou oplopou 3.1.1 .
Enedy 0F = 0, éxoupe 0 € W. Av tdpa © € W, té1e napdépoa (=1)Z € W.
Enedn) (—1)¥ = —Z, éxoupe 6u —% € W. O

IIpoxelpn Aoxipacia

1. Na &eifete 611 £va pn kevod urtoouvoro W tou 'V eivar unidxwpog tou V av-v
kX +ly e W, V¥, 5 € Wxar Vk, 1 € K.

2. Tt popor] £xouv ot untdxwpot evog copatog K otav to K 9ewpnbel oav
Slavuopatikog X®Pog mave Ao ToV £Udto ToU;

O1 ouvBrkeg 2. kat 3. tou opiopou 3.1.1 pag emIPENOUV va TeEPlopicoupe
g pageig g mpoobeong Kat tou Babuetou noddardactacpov tou V os kAbe
unoxwpo W C V. 'Etot o W eival epobiacpévog pe pia ripdgn nmpoobeong rat
Babpwtou nmoAdarmAaciacpou. Eivatl evAoyo va avapetndel kaveig av pie autég
g npageig o W eivat diavuopatikog xmpog rmave aro to K. Autd mpdypatt
oupBatvet:

Afjppa 3.1.83 'Egtw W évag uvnoywpog tou V. Tote ue tg moaeig wou V o
unoxwpog W eivar Stavvouatindg ywpog ndve ano 1o coua K. To undevuco
Sravvoua touv W eivar 1o undevuco diavuvoua tou W kat 1o avtideto evdg Siavu-

ouatog T tou W eivar 1o avtideto tou & otav avid 9ewpndei oav bidvuoua tou
V.

Anodbdeln: H anobedn aprjvetal oav AoKnon ONHe®voviag Ot eival apeor)
ouvénela tou optopou 3.1.1 kat tou Anppatog 3.1.2. O

AoBévtog tou Sravuopatikou xopou V, tibetal to gpwtnua av urdpxouv
MAVToTE UnoX®POot tou 'V, Kat av 1) arndavinon £ivatl vat nog uropouie va Bpou-
e urioxwpoug tou V; Mia mpotn aravinorn divetat ard v akoAoudn) mpdta-
on.

IIpdétaon 3.1.4 1. 'Ofog o xywpog V sivar undxwpog tou V.
2. To ovvoilo {0} eivar unoywpog tou V.

3. INa kade diavvoua & € 'V, 1o vnoovvoio (Z) = {k¥ € V | k € K} eivar
évag unoxwpog wu V.

Anodbeén: 1., 2. H anddedn eivatr npopavris kabwg o1 ouvlnkeg tou opt-
opou 3.1.1 kavorolouvial Katd TETPIIIEVO TPOTTO.

3. Kat apxnv to ouvodo (Z) Bev eival kevo 8161 meptéxel 0 PNdeviko
sravuopa: 0 = 07 € (Z). Av &, 8 € (&), tote unapyouv k.l € K, étor oote:
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d=kFxa f=1F Tée @+ = ki +1& = (k+1)Z € (F). Téhog av
a = k¥ € (Z), karr € K, tote 9a éxoupe: rd = r(kZ) = (rk)¥ € (Z). O

Zx6Aw0 3.1.3 O unoxwpog {5} Kaieitar o pnéevikog unoéxwpog wou V. O
undywpog {0} rafsitar kai tetprppévog uvndxwpog v V. 'Evag undxwpog
W 10u V kajeitar yviiorog unéxwpog, av bev ovumintet ue tov V: W G V.

Mapadewypa 3.1.4 X0 napddstypua avto Ja meptypdpoupe O0Ug TOUg UTIOX G-
pouc¢ 1ou Sravuouarikot xyapou R? mdave and o R.

'Eotw W évag undyapog tou R? ue W # {6} Tote umapyel éva &d-
vvopa ¥ = (x1,22) € W pe (z1,22) # (0,0). Tote, ovupova ue v Opt-
ouo 3.1.1, rZ € W, Vr € R. Tote 9¢rovtag, onwg kar otnu Ipotaon 3.1.4,
(@) == {rz | r € R}, énetar ou (¥) C W. Tleouctpuca 10 ovvoio (I) ei-
vat pa evdeia oto kapteotavo eninedo R? n omola mepvasl ano v apxn OV
a&évev 0 = (0,0). Ymodérouue ou (¥) # W. Tote undpyet éva biavuoua
7= (y1,y2) € Wuey ¢ (Z). lIoxvpwouaote ou woxver:

T1Yy2 — T2y1 # 0 (%)

IHpayuatuka vmodétovpe ot x1y2 — x2y1 = 0 kar 9a odnyndouvue oe aromo.
Eneibn) 1o biavvopa & = (x1,x2) # (0,0), énetar 6w eite x1 # 0 1 x9 # 0. Av
woxverxy # 0, 10te emeibn) exdnraue ot r1ys — roy1 = 0, 9a gyovue yo = %xz
xat emopves § = (y1,y2) = L (v1,22) € (Z) 10 omoio elvar dromo and mu
umddeon pag. Av woxvet xo # 0, 10te goyalouevor napouoa 9a éxovue iy =
(y1,92) = Z(71,22) € (F) 10 OMOI0 elvar dromo and mu vnédeon. Emoptveg
n oxéon (%) wyvel. Oa beifouue tpa ou n oxéon (x) &el oav ovvenea ou
W = R%. Ipaypaukd: éotw 7 = (z1,22) € R? éva twyodv Sidvvopa. Tote
eukoAa umopouvue va SoUue OTL IoXUEL N 0xE0N (NA TO AEIEETE TAN ATKHEZH):

7= (z1,22) = kX + 1§ = k(z1,22) + l(y1,Y2), (%)

omou: k= Y2 2201 kar =
T1Y2 — X291 T1Yy2 — T2Y1

Eneibn 7,7 € W wat o W givar unoywpog tou R?, ané tov Opiouo 3.1.1 énstar
ou (6e¢ war v Ipoxen Aoxwaocia 3.1); 7 = kX + Iy € W. Emnougveg 10
wyo6v Sravvoua 7 ou R? avjket oto umoovvodo W kai dpa W = R?. 2’ autd 1o
ovunépaopa karainaue vrodéroviag ot (T) # W. Enopévag eite W = {6} 7
W = (£) n' W = R2. Avtiotpopa ardé v Ipdtaon 3.1.4 éxouue ou ta ovvoia
{0}, R? ka1 ta ovvofa mg poperic (Z) eivar unéywpor tou R2. Zvvoyidovtag:

T122 — T22]

W sivarvmoyaopogtou R?2 & W={0} nW=R2y W = (&), émov 0 £ Z €W
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Hapadewypa 3.1.5 'Eotw o stavvouatikog xwpos F(R,R) twv ovvaptioswv
f R = R. Yrevduuifouue ou wa ovvdapmon f € F(R,R) kadeirar aptia av
f(=z) = f(z) karmepreey av f(—z) = —f(z).

Tote 1o ovvoio F A (R, R) teov dotiov kat 1o ovvoio I (R, R) twv mepirtev
ovvaptoewv givat unoxwpot tou F(R, R).

®a Soupe 1Opa pa pEB0d0 KATaoKEUNG UTIOX®P®V O OTT010G KAAUTITEL TTOA-
Ad evblagpépovia apadeiypata.

Mapadewypa 3.1.6 'Eotw V évag Stavvouatikds xopog tave ano 1o ooua K
Kat gotw k1, ko, - - - , ky, otadgpoi apduoi amo 1o goua K. Tote 1o guvofo:

W= {(a1,as, - ,a,) € K" | kyay + keas + -+ - + kpa, = 0}

elvatr evag unoywpog tou K. IMpayuatuca:

To unbeviko Siavvoua 0= (0,0,---,0) moopaveg avrker oto W. Av & =
(ar,a2, -+ ,an) kKar ,g = (b1, bo,- -+ ,by) eivar 6V0 ororyeia tou W, 10te k1ay +
koao + - -+ + knap, = 0 wat k1by + koby + -+ + kpb, = 0. Ipoodctoviag
rata péin 9a eyovue 0 = (kiay + keag + -+ + kpan) + (ki1by + koby + -+ - +
knbyn) = ki(ar + b1) + ka(az + b2) + -+ + kp(an + by). ‘Apa 10 Sravvopa
a4+ E = (a1 + by,a2 + ba, -+ ,a, + by) aviker oto W. Téfog av r € K, kat
a = (ar,a2, -+ ,a,) €W, t01e yia 0 &ravvoua rd = (raj,rag, - ,ra,) 10U
K", 9a éxovue: ki(rar) + ka(rag) +- - -+ kn(ra,) = (kir)ay + (kor)ag +- - -+
(knpr)an, = r(kiar + keag + - - - 4+ knay) = r0 = 0. ‘Apard € W. Enopévag 1o
W etvar umoywpog tou K.

Ix0Awo0 3.1.7 O vndywpog tou Iapabdetyuarog 3. 1.6 neptypdpet 1o ovvoio Av-
oV ¢ e§lOWONG:
kix1 + koxo + -+ kpxy, =0 (*)

AnAaén 1o ouvoflo twv n-abwv apduwmv (ai,az, - - , a,) anod to ooua K ot omoi-
&¢ tkavomowovv My napanave efiowon. Mia eiowon me popeng (x) kaeitar
OHOYEVNG YPARNIKY £§i00ON N ayvdotov T1,Te, - - - , Ty UE (0TAdEPOUG) oUL-
tefeotég k1, ko, - - -, ky, ano 1o ooua K.

'Etot yia mapddetypa 1o ovuvoio

{(a1,a2,a3,a4) € R* | 2a1 — 3a2 + 8a, + a4 = 0}

glvar €vag UmoxwPog ToU R* o omolog pag meprypd@el 10 ovvodo AUoE®V NS
ouoyevoug eflowong 2x1 — 3x2 + 8xz + x4 = 0.
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Hapadeypa 3.1.8 'Eotw o stavvopatikog ywpogs K[t] tov rofveviuev tdve
ano éva ooua K, xar éoto n > 0. Tote 10 vmoovvoio K, [t] twv mroAvwviuov
ue Baduo < n, eivar évag vnoxwpog tou K[t].

®a kAeiooupe v mapouoa evoTnTd HE KATOold apadeiypata unoxowpnv
tou Slavuopatikou xopou M, «, (K) tev n X n mvakev pe otoxeia and éva
oopa K.

Eow A = (a;;) € Myxn(K) évag n x n nivakag.

1. O mivakag A kaldeital CUPPETPIKROG av-v a;; = aj;, 1 < 1,5, < n. Zup-
Bodidoupe pe Sy, xn (K) 10 Uroouvodo dAeV @V CUPPETPIKGOV VARGV

San(K) = {A = (aij) c Mnxn(K) | Qij = Qji, 1< i,j, < TL}

2. O mivakag A xaleitat aVTIOURPRETPIROG av-v aj; = —a;;, 1 < 4,7, <
n. ZupBodidoupe pe A, xp (K) to urtoovvodo 6Aev tov aviiouppeTpirmv
MVAKG®V

Anxn(K) = {A = (aij) c Mnxn(K) | aj; = —Qij, 1< i,j, < n}

3. O mivaxkag A xaAeitat ave tpywvikog av-v a;; =0, Vi, j = 1,2,--- ,n
pe i > j. ZupbBoAioupe pe AT, x,(K) 1o unoouvodo 6Aev tov ave
TPLY®VIKOV TIIVAK®V

ATan(K) = {A = (aij) S Mnxn(K) | Qij = O, Vi,j = 1, BRI 7> ]}

4. O mivakag A xadeital RAT TPYOVIKGG av-va;; = 0,Vi,j = 1,2,--- ,n
pe i < j. ZupBodidoupe pe KT, «p,(K) to unoovvodo 6Aev tov ave
TPIYOVIKGOV TIIVARGV

KT xn(K) :={A = (ai;) € Mpxn(K) | a;; =0,Yi,j=1,--- ,n:i<j}

5. ZupBoAidoupe pe Dy, «p, (K) ta urtoovvolro tev diaywviev rmvakev kat pe
B, xn(K) ta unioovvoro tev Babpetov mvakov:

Dan(K) = {A = (aij) S Man(K) ‘ aij = 0 Vi,j = 1, e, Mn Z#]}

ann(K) = {A = (aw) S Dan(K) ‘ Qi = Qjj VZ,j =1,--- ,"I’L}

0TS autol opiodnkav otnv evotnta 2.3
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IMa mapadetypa ya toug mivakeg:

1 4 -5 0 1 2
A= 4 2 8 |, B=| -1 0 3],
-5 8 3 —2 -3 0

éxoupe: A € S3x3(R),
IIpoxe1pn Aoxipaocia
Na &ei€ete 611 ta urtoouvola
Dpxn(K), Brxn(K), Spxn(K), Apxn(K), AT, xn(K), KT, x,(K)

etvat undxwpot tou M, ., (K).

3.2 Tpapproi Zuvduaopoi

Ztnv apouoa evotnta da PEAETHOOUNE £VAV ONIAVIIKO TPOIT0 KATAOKEUNS U-
noxopeVv tou V. 'Oneg Kat mptv anod twpa otafeporolovpe évav 81avuopatiko
xopo V nave ano to copa K,

[Mpwta ouwg xperalopaocte Evav opliopo.

Opopdg 3.2.1 'Ectw S = {Z1, %2, - , %y} eva nengpaopévo unoovvoio bia-
VUOUATOV Tou xwpou V. Fpappirog ouvdraopog tov ovvdiou S 1) tov Siavu-
OUATOV L1, To, - , Tn, kKadeitar kade Siavuaua tou 'V 1o omoio givat tng Hop@ng:

k1%, + koZo + - -+ + kp®y, omov k; € K, Vi=1,2,--- n.

Ta otoyeia k; kadovviar ouvtedeotég tou yoauutkou ouvvdiacuov. To ov-
v0A10 OAWV TOV YoauuUIKoOv ouvdlacuwv tou ouvddou S 1 TV S1avUoUdTOv
X1, @9, , Ty, ovpbofiletar wg efrig: (S) 1 (Z1, T2, -+, Tpn). Andadn:

<S> = <fl, To, - ,fn> = {klfl—f—k‘gfg—l-' otk T | kieK, Vi=1,2,--- ,n}
Mapadsiypa 3.2.1 Zrov Siavvopatkd xopo R3 ndve ano 1o R, 10 didvuoua

3(1,0,0) +v/2(4,3,1) — 7(6,1,0) + (7,8,9)
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elvar ypapukog ouvbvaouog tov stavvoudtovzy = (1,0,0), 7 = (4,3,1), 43 =
(6,1,0),74 = (7,8,9) ue avtiotoiyoug ovvtefeotéc k1 = 3,ky = /2, k3 =
—7,ky = 1. IIapouoia orov Sravvouatko xweo C? nave ano 1o C, o savu-
oua i(2,2) — 8(3 + 5i, —4) + V7(1, =1 + i) eivar ypapuurdg ouvdiacuog 1o
Savvopatev ¥ = (2,2), 72 = (3 + 5i, —4),Z3 = (1,—1 + i), ue avtiotoroug
ovvtefeotéc ki = i, ko = —8 wat ks = /7.

Zx0Aw0 3.2.2 Mmnopouue va 0piooUuE THY EVVOLA TOU YOAUUIKOU OUVSUAOUOU d-
nepou wAndoug Sravvoudtov wg efng. 'Eotw S = {Z1, T2, , Tn, Tnt1, -y )
éva anepo ovvofo Stavvoudiev tou V. 'Evag Ypappirog ouvéuaopog tou
ovvoiou S 1 tov Sravvoudtev {Z;} elvar kade swavuopa tou V g uopPrig:

k1@1 + koZo + -+ + knTn + kpp1 T + - -

070 0Tol0 UTtYETOUUE OTL TO TANDOG TV Un-undevikwv ovvtedeotov k; € K eivat
TLETLEL ATUEVO.

Hapadeiypa 3.2.3 'Eoctw o Savvopatkog xopos K[t tov moAveoviueov pe
ovvtefeotég ano éva owua K. Tote kade Giavuoua, dniadn rojvavupo, P(t)
wou K[t] yoagetar og e&ric: P(t) = ko+ kit +kot?+- - -+ k,t", omoun € Ny kar
k; € K, Vn > 0. @éroviag k,, = 0,Vm > n, BAémouue 6u 1o P(t) eivar yoauur
KOG oUVSUAOUOS Tou ameipou ouvdAou Sravvoudrev {1,t, 12 - 1" .-}
Enopévag 1o oUvoAo 0A®v Tov yoaupuikov ouvduacuov tou ouvojlou dtavu-
oudatov {1,t,t2,--- [ t", .-} ouumintet pe 10 0UVOAO SAGY TOV TOAVGUUUGV

K[t] = (1,75,1527... AT ).

Mapadewypa 3.2.4 'Ecww o Stavvouatucog xywpog K™ nave ano 1o ocopa K.
Bcwpovue ta axoAovda dravvouata tou K™:

¢1 = (1,0,0,---,0,0), & :=(0,1,0,---,0,0), ---, &, :=(0,0,0,---,0,1)
Tote wyvplopaote ou: (€1,€s, -+ ,€,) = K". Mpayuatukd apkei va deifoupe
ou kade bavvoua ¥ = (r1,22, - ,&y) tou K" evar yoauuikds ovvbvaouog

v {€}] ;. Auto oupbaiver 610t:

T = (xl’x%”' 75671) = ‘Tl(lvo’oy"' 7070)+
IE2(071,0,"' 7070)+
mn(070707”' 7071) =

= 21€] + 2262+ - + Tp€y.
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Ta IMapadeiypata 3.2.3 kat 3.2.4 deixvouv 181aitepa 0Tt 01 yPAPIIKOL OUV-
duaopot (1,£,2,--- ", ---) kat (€1,E,--- ,E,) eivar Slavuopatikoi xopot
kabog ovprtirtrouv pe toug K[t] xat K™ avtiotoixa. Autd dev eivatl tuxaio
onwg Seixvel n akoAoubn potaon.

Mpétaon 3.2.2 'Eotw S = {Z1, 79, -+ , &y} éva ovvofo suavuoudtev otov V.
Tote 10 ovvofo (S) = (F1, T2, -+ ,Tp) OV IOV YoaAUUIKOL OUVEUACUMY TOV
Stavuoudteov ou S glval évag utoywpog ou 'V o onoiog mepiéxel 10 S kai gxet
v 1§10tNTa va givat o KEOTtePOg UToxX@pog tou 'V o omolog meptéyel 1o S.

AnAabn av' W eivar évag unoxwpog tou 'V o onoiog nepiéxet 1o S, tote (S) C
W.

Anobdeaifn: Eneidn 0 = 0&) + 0%y + - - 0Z,,, énetar 6 0 € (S) xat 6raitepa
(S) # 0. Eow @,3 € (S). Tote @ = k@1 + koBy + -+ + kn@p w1 f =
W2 + la@y + -+ - + 1, @, omou ki, l; € K, 1 < i < n. Enopéveg & + ,67 =
(k1Z1 + koZo + - -+ knZp) + (WZ1 + 2Zo 4 - - + 1, 7) = (k1 + 1)@ + (k2 +
l2)@o + -+ + (kn + 1n)Zn € (S). Apa 1o (S) eivat KAewowd omyv npoodeon
wou V. Avr € K, e rd = r(ki@) + keds + -+ + knZp) = (rk1)Zd +
(rka)@a + « -+ + (rkn)Z, € (S). Enopéveg to (S) sivatr uvnioxepog tou V.
Erurnpoodeta o unioxwpog (S) mepiéxet 1o S 816u yia xkabe i = 1,2,--- ,n,
éxoupe T; = 0%y + 072 + -+ + 01 + 1% + 040 + --- + 0, € <S>
Enopévag S C (S). 'Eow twpa W évag unioxwpog tou V pe S C W, kat
¢otw O = k1% + kaZla + - - - + k@ éva tuxov 8iavuopa tou (S). Enedryo W
nepiexet o S, 6nAadr) ta Saviopata T, Lo, - -+ , Ty, EMETAl EUKOAA ATIO TOV
optopo 3.1.1 pe Xprion enaywyng £mi tou minfoug n v diavuopdtey tou S,
ou k1Z1 + koZy + - -+ + knZp € W. Andabn @ € W. Enopéveg (S) CW. O

Oplopog 3.2.3 Av S C V glvar éva (nemngpaocuévo) umoovvojo S1avuoudiov
tou 'V, 101e 0 unoxwpog (S) Kafeitai o unéxwpog tou V nou napdaystat anoé
0 S.

H endpevn nipdraon, n oroia pag Seixvel KAMOEG ONPAVIIKEG TIPAELS Ol
ortoieg ev PeTaBAAOUV TOV UTIOX®PO IMOU MAPAYETAL Ao KAMowd diavuopata,
9a pag eivat oAy xprjon oe UNTOAOY1OPOUG.

Mpétaon 3.2.4 'Eoww S = {#1,%2, - ,Tp} €va nenepaousvo ovvofo savu-
oudatev oe évav sravvouattko yopo V mave ano va ocoua K. Tote woxvouvv ta
efne:
1. | (¥I11) | O undywpog mou mapdyetat and 10 S, bev affalet av afjaouue
U 0€lpd TOV S1avUoUATeL T;. Andabdn, Vi, j = 1,2,---  n:

<fla"'7fi7"'75]'7"'7fn>:<fla”',fja"'7fi7"'afn>
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(XI12) | O undxwpog mou mapdyetar ano to S, dev aiialet av moAda-

nAactacovue faduwta gva and ta IT; ue sva un-unbdeviko otoyyeio touv K.
Anfadn, Vi=1,2,--- .n,Vk € K, k #£ 0:

’(flv"'7fi7"'7fn>:<£17”'7kfi7”'7'i:n>‘

3. | (XI13) | O undywpog mou tapayetar anod 1o S, bev adialer av avukata-
otrjoouue éva and ta sravvouara T; pe éva Savuoua g pop@ng T + ki,
onov k # 0 kari # j. Anfadn, Vi,j =1,2,--- ,n,Vk € K, uek # 0 xat
1

<f17"' 7£i7"' 7fn>:<£17"' 7fl+kfj7 7fn>

Amnobeiln: 1. IIpokUITIEl APeca XP1OIHOIIOIOVIAG TV avitpetafeukotnta mg
npooBeong, dnAadr 1o Aflopa (AX2).

2. Eoto ¥ € <fl,-" Ty ,fn> Tote Z=ULT1+ -+ L%+ + 1,7,
Eneidny k # 0, n tedevtaia oxéon unopsei va ypagel kat og e§ng: € = 1 +

+ (L™ kT4 - A1 T AUU'] n oxéon deixveron & € (Ty,- - , k¥, -+, Tp)
Kat enopéveg (T, -+, i, -+, &n) C (&1, k&, -+ ,&y). Aviiotpopa av
T e (&, - ki, ,Tp), W01 T = myZy + - + mi(kZ;) + -+ + mpZp.
H tedeutaia oxéon ypagetar & = miZy + -+ - + (mk)@; + -+ + myp @y, kat
auto onpaitver out £ € (Ty, -+ ,Tiy -+ ,Tn). Apa (L1, -+ kT, ,Tn) C
(X1, &, -+ ,@p). Enopéveg tedika Sa éxoupe (T1,--- kT, -+, &) =
(Z1, - T, T).

3. Eow & € (X1, - , &4, -+ , &), Kal eopéveg & = 171 + -+ + ;T +

-+ [iE 4 -+ 1@y, omou [; € K, 1 <4 < n. H tedeutaia oxéon ypagetat
wodvvapa & = L1 @1+ -+ 1;(Z +kZ) +- - -+ (I — k) @+ - -+ 1,2y, dndadn
npooBéoape Katr apaipéoape 1o diavuopa ;AT oto . H tedevtaia oxéon
beixverou & € (&1, ,Z;+kZ;, -, Tp) KA eMOPEVRG (L1, -+ , Tj, - -+ , Tp) C
(@1, , @ + kZj,- -+, @y). Avilotpoga éote & € (T, , & + k&, -, Zn),
EMOPEVRS T = My Ty +- - - +mi(&; +kZj)+- - - +m;Zj+- - - +m,2n, omoum; €
K, 1 <4 < n. Htedeutaia oxéon ypagetal ipodpaveg & = miT1+- - -+m;x; +

-+ (mik + my)@; + - + myZy,. Autd Seixvel U & € (&, , T, , Tn)
KAl ENOPEVRGS (T, -+ , &3 + kZj, - -+, &) C (&1, -+, &, -+, Tp). Etot tedika
Sa éxoupe (T, , & + kZj, -+, &p) = (L1, , Ts, -+, Tp). a

Ot tpeig npdderg EM1), (N2, En3d) wng Ipotaong 3.2.4 kadouvial otot-
Xew0de1g npageig petalu v dtavuopdtwy Iy, Lo, -+, Tn.

Ag doupe pe éva tapdderypa neg epappolouie TG OTOLXEIWOEIS TIPASETS.

Mapadewypa 3.2.5 'Eww 71, T2, T3 wola dtavvouata otov 'V yia ta onoia yve-
piloupe ot tkavomoovv v oxeon (x): 2&1 + 3Z9 — 443 = 0. Oa beifouue ou:
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(Z1,%2) = (X2, X3). Ipayuatuca extefoviag sraboyicd Tig OTOYEINEELS TPACELS
(ZI12), (£13), (£I12), (ZI11), kar Aau6dvoviag ur' oyw uag mv oxéon (), 9a
EXOUuE:

(%1, Zo) = (241, Ta) = (2T + 3%2, ) = (473, T2) = (X3, T2) = (T2, T'3)

Mapadewypa 3.2.6 Oa mpoodiopiooue TOV UTOYX®PO TOU R3 o omolog Tapaye-
tar and ta &avvopara ¥ = (1,0,1) kar § = (0,2,0). Xonowonowvtag tov
0PLOUO UTIOXWPOU EXOULE:

(@, = ((1,0,1),(0,2,0)) = {k(1,0,1) +1(0,2,0) | k,l € R} =
{(k,0,k) +(0,21,0) | k,l € R} = {(k,2L,k) | k,l € R}

'Etot yia napabetyua to Siavvoua (2,2,2) avrket otov unoxwpo (T, 7)) (6iaié-
yovue k = 2,1 =1).

Mapadeypa 3.2.7 Zrov Stavvouatiko yopo R3 mave and 1o R, 9ewpoue 1a
Swavvouata:
& = (1707 1)7 =] = (Oa 170)7 = = (Oa 1, 1)

@a beifoups ot: R3 = (&7, 85,3, ).
Ag mpoabiopicoupe Tpota 1oV UToxwpo (€1, E2,E3). Oa éxouue:

<51,52,53> = {k€1+l€2+m63 e R? | k‘,l,mER} =
{k(1,0,1) +1(0,1,0) + m(0,1,1) € R® | k,I,m € R} =
{(k,1+m,k+m) €R> | k,I,m € R}

Eneién mavta woyvet (€1, &3, E3) C R3, apkei va Seifoupe 61 kade Siavvopa & =
(z,y,z) toU R3 UTIOpEL va ypa@el oav ypoapuputkog ovvduacuog tov S1avuouatov
£1, &9, €3, bniadn eivar ing poperic (k, l+m, k+m), yia katadinidak,l,m € R.
'Ouwg T = (z,y,2) € (€1,&2,83) av-v unapyouvv k,l,m € R, 1ot wote:
7= (z,y,2) = (k,l + m,k +m). Ioo6vvaua: & = (x,y,z) € (€1, £2,E3) av-v
70 ouoTnuUa
k=x, y=Il4+m, z=k+m

ue ayvooroug ta k,l,m gxel Avon wg mpodg x,y, z. Apalpoviag Ty itn ano
mv bevtepn efiowon, éxouvue y — z = | — k. Av omu tefevtaia mpoodéoouue
mu mpom éxovpe x +y —z=1. Apam=y—l=y—(r+y—2z2)=z—=x.
Emopévag: k = x,l = x+y—z,m = z—x, bndadr) 1o tapanave ovotua gxet
Avon. Zvvoyiloviag 1o twyxov bavvopa T = (x,y, 2) yodPetar oav yoauukog
ouvbuacuds v €1, €9, €3 w¢ &g

f:(x,y,z):mé’1+($—|—y—z)é’2—{—(z—x)§3

Emopévag: (£1,8,83) = R3.
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IIpoxeipn Aoxkipaocia
Stov R3 Yewpoupe ta dravuopata:
Z=(1,1,0), ¥=1(0,0,1), Z=(1,1,1), W= (—-1,-1,1).
Na &ei€ete ou: (Z,9) = (Z,0).

Hapadewypa 3.2.8 Ozwpovue tov Sravvouatko xopo K(t] v mrofveviuov
nave and 10 K. 'Eoww n € Ny évag 0tadgpd¢ euotkoge apidudg kat 9ewpoue
ta sravvouara {1,t,t2 - "} ou K[t].

Téte 0 unoywpog tou K|[t] mou mapdyetar and ta Siavvopara {1,t,t2,--- |t}
OUUTITTTEL e TO OUVOf10 OA®V TV TOAUGVUUGU Ue Saduo Uikpotepo 1} (0o pe n
uadl pe o undevuco mojvavuuo 0 (to omoio urtevduuiloupe dev xet Badud):

(1,t,t%,--- ,#") = {P(t) € K[t] | degP(t) <n}U{0}

Tov unoxwpo avtov tov ouubofifouue ue K, [t]. 'Etor ano wpa kar oo e8rig
K., [t] 9a oupuboier tov unéxwpo tou Kt] 6Awv tev nodvwvipwv pe Badpod
<n.

Mia evdlapépouoa mepintaon, v oroia Sa avaduocoupe 61e€061kd oTO
enopevo KepdAato, eival aut] katd v omnoia o undX®pog Iou MapAayeTal
amo €va TMEMEPAOHEVO OUVOAO S1avuoudt®v ouprtirntel pe 6Aov to Xwpo V.
'Eto1l mpokurttel o akoAouBog op1opog.

Oplopog 3.2.5 'Evag Siavvouatkog yeopog V mave ano éva ooua K kaieitar
MENEPACPEVA MAPAYOPEVOG, AV UTLAPXEL TEMEPACUEVO UTTOOUVOAO S1avuoud-
v S = {&1, %, , T} 10UV, 101 wo1e V = (S). T’ avt mu nepintoon
ta Siavvouata 1, %o, - , T, kKafovvial yevvitopeg tou V kai 1o ovvoio S
Kafeitat 6dvodo yevvntopov tou V.

‘Apeon ouvenela tou oplopou 3.2.5 givatl 1o akoAoubo nopilopa.

IIépopa 3.2.6 'Ectw V évag memepaocuéva mapayouevog S1avuouatikog xXa-
p0g¢ Tave ano 1 owpa K ue ovvofo yevunidpov S = {Z1,Za, - ,Tp}. Tote
Kade Gravvoua T ou 'V eival yoauuikog ouvbuacuog tev S1avuoudiov Tou S.

AnAabén vrdpyouvv otoigeia ki, ko, - -+ , k, ano o ocoua K, étot wote: T =
k1t + kody + - - + Ky
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Hapadewypa 3.2.9 1. Amno o Iapabdeyua 3.2.4 énetar ot S 1avuouatikog
xopog K" sivar temepaoucva napayousvog pe ouvoAo yevvnidpev 1o ov-
vofo S = {éy,8é,,- -+ ,é,}, bniadn:

(K" = (?1,8, -+, &) |

onové; = (0,---,1,---,0) givai to biavvoua mou €xer 1 otui-ovvtetayusvn
Kat ravtov aiddou 0.

2. And 1 Hapabdeyua 3.2.8 enctar ou dravvopatikdg xopos Ky, [t] v mo-
Aveoviuev pe faduo < n gival tenepacueva Tapayopusvog Ue oUVOAO yev-
mrdpev o ovvofo S = {1,t,t2,--- 1"}, enAadn K, [t] = (1,t,t2, - ,t").

3. To ovvoflo {1,i} eivar éva ovvofo yevvnidpwv ToU Slavuouatikol Xwpou
C rmave and w0 R, kar emopévag 10 C eglvar memspaousva tapayousvog
nave ano 1o R.

Ixo6Awo0 3.2.10 1. H vvota ToU TENEPATUEVA TLAP AYOUEVOU S1AVUOUATIKOU X G-
pou e€aptatat ano 1o ooua K eni tov omoiou givar optougvog o ywpog. Tpayuatr
Ka &youue ném dei Ot 10 oVUA TV Tpayuatkov apduov R sivar stavvouaticdg
xopoc tave and 0 R adia kai ntave amnd 1o 10 coua Q tev pntov. Tote o
R-6tavvouatindg ywpog R eivar menepaoucva tapayousvog nave amno 1o R ue
ovvoflo yevumidpwv S = {1} (auto wyver 66buVr € R : r = rl). Mnopei ouwg
va beiydet ot 1o R Yewpovuevog oav Sravvouatikog ywpog nave amo to Q dev
EXEL TEMELACUEVO GUVOAO YEVUNTOP@U.

2. 'Evag 6iavuouatikog xwpog EXEL YEVIKA dTeipa 10 mindog ovvoaa yev-
udpwv. Ta napadeyua 1o {€1 = (1,0),e> = (0,1)} evar ovvofo yevvnio-
pwv ToU Siavuouatikot yopou R? mdve and o R, oneg sibaus oo Mapdabdery-
pua 3.2.4. Avk € R xark # 0, 1dte kat 1o ovvofo {€1 = (1,0),& = (0, k) } eivar
oUvoAo yevuntdpaev tou R? (NA TO AEIEETE AN AZKHEH).

Egappoyn 3.2.11 Oa mpoodiopiooupe éva oUvofo yevuntop®v Tou Siavuoua-
urov ywpou W tov Avoewv ¢ opuoyevovs yoauukng e§iowong:

k1xy 4+ kawg + - - + kpan, = 0 (*)
o omoiog opiodnke oto Ilapaderyua 3.1.6.
Alaxkpivoupe 6U0 EPUTIOOELG:

() k; = 0,¥i = 1,2,--- ,n. Tote xabe didvuopa (ag,az, -+ ,a,) € K"
wavorotei my (x) kat apa W = K" yia tov oroio Bprikape éva ouvolo
yevvnuopwv oto IMapadewypa 3.2.4.
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(8) Eoww ot karoto (toudayiotov éva) k; # 0. Tote epyalopaocte wg egng:
IoAAardaotagoviag v (*) pe o k; 1 9a éxoupe v e&lowon

k1 ks ki1 ki1 k.,
s 1+ki2+ + ; i1+ Ti + ;s +1+ +ki n ()
1 ortoia rpodavag ivat 10oduvapn (6ndadn €xet 1o 1610 oUvodo AUcewv e TV
(x)). Ano v e&iowon (xx) BAénoupe o, eav Séooupe
k1 ko ki1 kit1 ky,
lhi=——, logi=——,- i1 = —— liy1 = — yore oyl 1=
1 k 2 k'z i—1 k’L i+1 k'z n ka

1ot Sa €xoupe v diowor :

i =l +lze+ -+ lioiwio H iz + o+ lxy ()
1 oroia eival mpopavog 1woduvaprn pe my (x%), dpa kat pe my (x). Eow
wpa @ pa Avon g (*), dndady pa n-ada & = (ai,az, - ,a,) € K" éto
oote: kia; + kias + - -+ + kpa, = 0. Xpnowornowwviag ot to diavuoua o
avorotei kat g woduvapeg e§onoetg (xx), (1), 9a éxoupe:

a; =liay +loas + -+ li—1ai—1 + L1001 + -+ - + lpay (1)
Kal ETIOPEVRG
a=(ay,a, + ,Qi—1,05, 01, ,0p) =
(a1, -+, ai-1, lhar+leag+- - -+l 1a; 1+lip10i01+ - Hlnan, a1, - an) =

al(LOa"' >07l1707"' a0)+a2(0>17"' 707l2701"' ?O)+
"'+G/7j_1(0,0,"' 71711'—1707"' 70)+ai+1(0707”' 7oali+1717"' 70)+
an(0707"'7ovln707”'71)

AnAabr) 1 tuxovuoa Avon @ tou cuotpatog (), eival ypappikog ouvduaopog
v Slavuopdtev:

X = (1,0,++,0,11,0,---,0), -+, N1 = (0,0, ,1,1i_1,0,--+,0), ---
Xiv1 = (0,0, ,0,lis1,1,---,0), -+, Xp:=(0,0,---,0,0,,0,---,1)
orou ot apBpol [;, V5 # i, eppavidoviat otnv i-ouvietaypévn. Apa Sa £xou-
pe @ € (Xl, . ,Xn> kat enopévag W C (Xl, e ,Xn> Avtiotpoga amnd tg
oxéoeig l; = _% Vj # i, BAénoupe evkoAa ot ta Slavuopata Xj, Vi # 1,
etvatl Avoeig tou (x) kat enmopéveg avikouv oto W. EHEISI;]; cn'Jpq)oiva He 10
[Mapadetypa 3.1.6, 1o W eivat unioxwpog tou K", éretat ot (Ag, - -+ , A,) € W.

Zuvoyidovtag ) nmapandave avaiuorn, Sa éxoupe:

W - <X17 ,Xi-l,Xi.{-l,"' 7X'n,>
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3.3 Topn rat ‘A6poiopa Ynoxwpwv

Zinv tapouca evotnta 9a opicoupe Kat pedstrjooupe SUo evdladepovieg pe-
9660uUg KataoKeUNg UMOXOP®V. AUTEG 01 1ED0dO1 oxetiovial Pe YV®OOTEG Pag
OUVOAODEMPNTIKEG KATAOKEUEG KAl AVAKUITIOUV AITO TO VEVIKO £PATNHCA AV 1)
£VVOld TOU UMOX®POU TTAPAPEVEL avaAAoieTn KAT® aro Sidpopeg ouvoloben-
PNTIKEG KATAOKEUEG OTI®G 1 TOPN 1] 1] £VROT.

3.3.1 Topn Ynoxwpwv

Eivat evAoyo va avapotnBei kaveig av i topr) 6Uo unoxepev ival undxwpog.
H andavinon eivat 9stuiky] onwg pag deiyvel n akoAoubn yevikn potaot).

Mpétaon 3.3.1 'Eoww {W; | i € I} wa ouidoyn undxwpwv tou bravvouatr
wov xapouV, onou I eivar éva (nemepaouévo 1 dneipo) ovvoio beutov. Tote n
TOUN IOV UTOX WP OV

(\Wi={feV|FecW,Viel}
el

elvat évag umdywpog tou V.

Amnobeiln: Ano to Ar]ppa 3.1.2 énetat 6t kKGO uroXwPog tou V MePIEXEL TO
Bndeviko Siavuopa 0 tou V. ‘Apa 0eW, Vel ka ETIOPEV®G 0e NictW;.
I6waitepa NiefW; # 0. Eote 7,7y 0o Siavuopata ta omoia avhkouv otnv
tour) NieyW;. Tote Z, € W;, Vi € I. Eneidn, Vi € I, to untoovvoro 'W;
elval unidxwpog tou V, érietar out £ + ¢ € W,, Vi € 1. Autd opwg onpaivet
o T + ¥ € NieyW; xat emopéveg to urtoouvodo Niec;W; sitval kAeloto otnv
npdadn tng npoabeong. Tédog av k € K kat & € Nt W, tote £ € Wy, Vi € 1.
Emedny Vi € I, 1o urtocuvoro W; eivar unoxwpog tou V, énetat ou k¥ € W;,
Vi € I. Tote o6mwg Kat napanave d9a exoupe kX € NiefW;. AnAadn to
urtoouvoAo N;c 1 W; elvatl kAe1oto otnv ripddn tou Badpwtou moAAanAaciaciiou
Kat eropéveg eivat évag unoxepog tou V. O

Eibape owyv Ipotaon 3.2.2 6w, av S = {¥, Ta, - - - , Ty} elval éva nenepa-
OH£Vo Urtoouvolo tou V, tdte 1o 0UVoA0o (S) 6A@V TOV YPapHIKOV ouviuaopov
TV dlavuopdtev Tou S eival o pikpoOTEPOg UTIOX®POS Tou 'V 0 omoiog mepiéyet
10 S. H endpevn Ipdraon deixvel v oxéon petadu towv [potdosav 3.2.2
rat 3.3.1.

Ipédtaon 3.3.2 'Eoww S = {¥1, T2, - , T} éva umoovvoo siavuoudiov tou
Suavuopaticov xwpou V. Tote o unoxwpog (S) mou tapayetar and 1o S ouuminte
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ue MU oun OAGY TV UTOYX@PE®V Tou V ToU TEpIEXouy 10 S':
(S) = ﬂ{W CV| oW evar undywpog wou V ue S C W}

Anodeién: 'Eotw Z 10 urtoouvolo oto SeUtepo PEAOG TG MAPAnAve oxXEonS.
Ao v [pdraon 3.2.2 énetat 6t 0 unoxepog (S) nepiéxetat oe kAbe UMOXOPO
W twou Vype S CW. Apa o unoxepos (S) 9a mepiéxetat kat oy topr
toug, kat eropéveg (S) € Z. And v aAAn meupd 10 ouvoro (S) eitvai
UOX®POg Tou V Tou TEPIEXEL T S Kal apda £ival KATIO0G artd TOUG UTIOX®POUS
W nou epgavidoviat oty topr Z. Autd opwg £€xel oav ouvénela ou 2 C (S).
Enopévag (S) = Z. O
®a douvpe tpa pla epappoyn g dewpiag n onoia Sa pag eivat xprowun
oV dewpia OV YPapRKOV cuotpAtov rou Sa avartuioupe apyotepa.

Egappoyn 3.3.1 'Ectw K éva oopa kar é0tw ot m 1o mindog opoyeveic yoap-
uikég e§l0WOEIS UE N AYVWOTOUS T'1, X2, "+ , Ty KAl OUVIEAEOTES a5, 1 < m,
1 < j < n, and 1o ooua K:

a1121 + a1222 + - - - + a1pxTy = 0 (1)
a2171 + agwe + - + agpT, =0 (22)
Am1T1 + AmaZa + -+ AppTy =0 (Xm)

'Eva 1£1010 aUvoo yoapuukov eflo0oewv Kafsital ONoyevEG YPARNIKG oU-
otnpa Mm-e{loOoewv pe n-ayvootoug kar 9a 1o ovubofifoupe pe (X). 'Eva
duavvopa d = (ay,az, - -+, an) € K" kafeirai Abon tou (X), av 10 & sivar Avon
tavtéypova 6w v eflowoeav (31), (X2), -+, (Xn) tou (X).

loxupioudg: To ouvoflo Avoewv, éotw A, tou (X) elvar évag umoxwpog tou
K", Mpayuatka, éotw A;, i = 1,2,--- ,m, 10 ovvoflo AVCEV NG OUOYEVOUS
e€iowong (X;). Ano 1o Hapabderyua 3.1.6 énetar 6u 10 A; givar évag undxwPog
tou K", Emeibr mpopavag woxvetA = AyNAsN---NA,, ano mu I[pdtaon 3.3.1
9a éxouvue ot 1o A givar unoywpocg tou K",

3.3.2 'Afpoiopa rat Eu6u ‘ABpoiopa Ynoxwpwv

Ztnv mapouvca umnoevotnta da doupe pa Srapopetiky) PEB0SO KATAOKEUNG
unoxwpeVv 1 oroia Sa pag sivat xpriowpn apyotepa otnv “avaiuvorn” evog dia-
VUOPATIKOU X®WPOU O artAouotepoug S1avuopatikoug (Urnd)X®poug.

'Onwg mptv otabeporiolovjie Evav Siavuopatiko Xopo V rmave aro £va oopa

K.



3.3. TOMH KAI AOGPOIZMA YTIOXQPQN 55

'Exoupe 116n et otnv [Ipotaon 3.3.1 ou ) topr) (renepacpévou 1) Arelpou)
rAf0oug unidxwpwv tou V sival unoxwpog tou V. ErmpocOeta n tour] sivat
0 MIKPOTEPOG UTOX®POG Tou V 0 0roiog rmepiéxetal o 6AOUG TOU UTOX®POUS.
Kdt avtiototyo 6ev 1oxUetl yia v €veon UIOX®p®Vv oneg deixvel 11 akoAoubn
npotaon).

IIpdétaon 3.3.3 'Ectw V gvag Siavuouatikog xwpeog mtave ano to ooua K, xat
éotw W1, Wy 600 undywpot tou V. Tote ta axofovda sivar ioobvvaua:

1. H évwon W1 U Wy givar unoywpog tou V.

2. Eite W1 C Wy n Wy C Wy,

Andbein: 2. = 1. Av W1 C Wy, 16t mipopavag Wi U We = Wy xat av
Wy C Wy, 161 ipodpavag Wi U We = Wy, 'Etot oe kGOe nepirmwon 1 €évoor)
etvatl undxwpPog.

1. = 2. Ymobétoupe ot n évoon Wi U Wy eivar unoxepog tou 'V kat
¢otw o o Wy 8ev mepiéxetat otov Wa, 6ndadn Wi € Ws. @a 8eifoupe ou
avaykaotkd woxvet Wy € Wi, Enedr) vnobéoape ot Wy g Wy, énetat
ot urapyet (touddyiotov éva) diavuopa Ty € Wi pe & ¢ Wa. 'Eoto wpa
éva tuxov 6avuopa i € We. Eneidr) ta &y, if avijkouv mpopavag otny £VeoT)
W1 UWs 1 omoia sivat unidxwpog, £netat ot o+ 4 € W1 UWs. Auto onuaivel
otteite To+ 4§ € Wi 1 To + 5 € Wa. Av Ty + if € Wo, 161e eneidn) if € Wy kat
0 Wy givatl unioxwpog, énetat ou (Fy + ) — ¥ = o € Wa. Auto dpeg sivat
atorto 816w Ty ¢ Wa. Apa Ty + ¥ € Wi, xat t0te enedn) &y € Wi kat o Wy
etvat undxwpog, énetatl ou (Zy + ) — Zo = ¥ € W;. Enopéveg Sei§ape 6t 1o
twyxov Stavuopa ¢ tou Wy aviket otov Wy, dniadn Wy C Wy,

Av Wy & Wy, téte epyaldpevot mapdpoa, Sa éxoupe Wi C Wa. |

IIpoxelpn Aoxkipacia

Na Bpebel ouykekpipévo napadetypa duo uvnidxwpwv Wi, Ws evég iavuopa-
TkoU xopou V £totl oote 1 évoon Wo U W1 va punv sivatl unioxwpog.

(Yrio6ei€n : ®ewpeiote oto Kapteolavo eminedo R? 500 51apopetikég eubeieg
ot oroieg HiEpyovtat anod mv apxn wv agovav (0,0). )

H IIpotaon 3.3.3 pag odnyel oto va avaldnirjooupe tov PIKPOTEPO UTIO-
Xopo tou V o oroiog mepiéxel kamooug dedopévoug urioxwpoug tou. 'Etot
odnyoupaocte otov akoAoubo oplopo.
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Opopog 3.3.4 'Eotw Wi, Ws,--- W, eva nengpaouévo ouvoio umoxwowv
tou V. To @@potopa twv unoywpwv Wi, Wo, --- ' W,, opiletar va eivar 1o aro-
Aouvdo vroovvoio tou V:

Wi+ Wa b4 W= {F1 + Ba+ o+ 80 | T €Ws, Vi=1,2,--- 0}

IZnpel@voupe OTL T0 MIPAOTO PEAOG TNG MAPATIAV® oX€ong sivatl amid évag
oupBoAlopog Kabwg 1 TPdgn rpoodeong + tou V éxel oplobel oe otoixeia tou
V kat 6x1 o€ urtoouvola Tou.

H endpevn podtaon Sikatodoyel tv eloaywyr) g Evvolag tou abpoiopatog
UnOX®WPQV.

IIpdétaon 3.3.5 To dadpowoua Wi + Wa + - - - + 'W,, mengpaouévov miandoug
vnoxwpwv Wi, Wy, -+ W, touV, givar évag unoywpoc tou 'V o omoiog mtepié-
xet ofloug toug unoywpouge W;. Emmpoocdeta 1o adpooua Wi + Wy + - -+ +
W,, elvar o uikpotepog umoxwpog tou V 0 omoiog TEPIEYEL TOUG UTOXWOPOUS
Wi, Wa, - W,

AnAadn av'W eivai évag unoywpog touV étotwote W; C W, Vi =1,2,--- | n,
W0te W1 + Wy +---4+W,, CW.

Amnobdeiln: 'Exoupe deigel oto Afppa 3.1.2 6t 1o pundevikd Sidvuona 0 tou
V avikel oe KABe umdx®Po, dpa Kair oe KABe évav am6 toug W;. Emneidn
0=04+0+---+0, énetar 6 0 € Wi + Wy + -+ + W, ka1 181aitepa
10 tedeutaio ouvoro Sev eival kevd. 'Eote topa £ = 1 + -+ + T ka1 § =
Y1+ - -+, 600 Sraviopata tou Wi +Wso+- - -+W,,. Téte xpnjowponotoveag thv
MPOCETAIPIOTIKOTNTA KAl aviipetafeukotnta g rpoodeong (Asiopata (AX1),
(AX2)), Sa éxoupe: T+ 4§ = (T1+ -+ Zp) + (h + -+ Un) = (1 +
)+ -+ (Zn + Yn). Enedn ot W; eivat unoxepot tou V kat 7, y; € W;,
Vi=1,---,n, énetan 6ut &; + 4; € W;, Vi = 1,--- ,n. Enopéveg & + § €
Wi+Wot- 4+ W, Avk E KRl T =1 + -+ T € Wy + Wy £+ +W,,,
e k¥ = k(¥ + -+ &) = kZ1 + - - - + k&, Enedn ot W; eival unioxmpot
twouVkar@; €W, Vi=1,--- ,n, énetar ou kT; € W;, Vi = 1,--- ,n. Tote
opwg k¥ € Wi +Wso + -+ - +W,,. Enopévag to cuvodo Wi + Wy +--- + W,
elvat evag urnoxwpog tou V.

Ma xabe i = 1,2,--- ,n, ¢ow & € W,;. Tote eneidr], oupgova pe 1o
Afiopa (AX3), éxoupe T; = 0+ -+04Z;+04- - -+0xat eneldn 0 € W;, énetat
out; € Wi+Wso+---+W,,. Enopévag 9a éxoupe W; C Wi +Wo+---+W,,,
Vi=1,2,--- ,n. 'Eotw twpa W évag untoxepog tou V pe mv 1i6iotua W; T W,
Vi=1,2,--- ,n. Enedn o W eivar kAe10t6g otnv mpddn g npoobéong Kat
nepiéxel Kabe Sravuopa T, pe &; € W;, Vi = 1,2, - -+ | n, énetat ou Sa niepiéyet
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Kat to dBpotopa toug £ + - - - +T,. Me dAAa Adyia 9a mepiéxet kabe Siavuopa
wou Wi + Wy + - - +W,, ka1 eropévog W1 + Wy + - +W,, CTW., O

IxoAw0 3.3.2 1. MnopouUue va opioouue Kat 10 ASpoioua Ameou TANOoug
undywpwv v Vaog efrig: 'Eotw {W; | i € I} wa ouiioyr unoxwpav tou V,
omou I eivai éva anepo ovvofo deuctodv. Tote 10 adpoiopa Tou aneipou TANdoug
unoxwpwv W; opiletar va eivar to umoovvoio tou V:

Zwi = {Zi‘} eV ’ i €W; rar fi:(_i,
i€l el

Vi € I extog ano eva menepaopuévo ouvojo 6emm')v}

'Onwg kat ot Ipotaon 3.3.5 unopel kaveis va Seilet Ot 10 UooUvoio Y ., cr Wi
eivat unoxywpog tou 'V o onoiog tepiéyet toug W; kai givat o Kp0tepog UTOX P0G
tou V ue avt mu 1610tnia.

2. Amo mv Hpdtaon 3.3.5 mpokvmier aueoa ot Wy + Wy + -+ +W,, =

(U W), éniadn to adpoioua tov UNoX@P®L OUUTITTEL UE TOV UTOX@PO TTOU
napdystal ano mv vwon 1oL unoxwpwv Wi, Wa, -+ W,,.

'Onwg 9a Soupe apyotepa 1 MAL0V evilapEpPoUoa TEPITTI®OT), OTAV EXOUHE
va peletfjooupe éva dBpolopa UroXwpov, eivat to abpoiopa autd va esivat
€ubu pe v €vvola Tou akoiAoubou oplopou.

Oplopdg 3.3.6 'Eotw Wi, Wy, --- W, gva nengpaouévo auvoio unoxwpav
tou V. To adpoioua W1 + Wo + - - - + W,, 10v undywpwv W; rkaisitar eu00
apolopa, av woxvouv ot akOAovdeg OXETEIS:

Wi W1+ + Wity + Wi + -+ W,,) = {0}, Vi=1,2,---,n

AnAadn av n oun kKadevdg anod toug undxwpoug W; ue 1o ddpotoua tov uto-
Aoinwv sival o undevikog UOXwPOgG.
Av 10 ddpotwopa Wi + Wy + - - - + W, eivar evdv, 9a 1o ovuboifovue ue:

(Wi aW - & W,

Hapatfpnon 3.3.7 Av éyouue 6vo vndxwpoug Wi, Wo, 1016 amd tov opt-
ouo 3.3.6 mpokumiet dueoa ot 1o adpotoua W1 +Wq givar evdu, dndadn xovue
Wi @ Ws, av-v W1 N Wy = {0}

®a dovpe tpa dvo napadeiypata ota ornoia 1o dBpoicpa HUo VTIOXWPHV
eivat eubu kat ouprtiniet pe 6Aov Tov H1avUoPaTIKO X0P0. Av Katl S1aPOPETIKAG
@uong kat ta duo Paocilovial mave oty id61a 16¢a.
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Napadeiypa 3.3.3 Zwov iavvouatko xyopo F (R, R) twv ouvaptioeov and to
R o0 R, 9ewpovue tov uvndywpo Fao(R,R) v dpouwv ouvapujoeov kar tov
undywpo F11(R, R) twv neputav ovvaptioeov. Ba beifouue ou

F(R,R) = F4(R,R) & F(R, R)

'Eoww f : R — R ua tuyovoa ovvaptnon. Gswpouvue tig ovvaptioegg : R — R
rath : R — R ot onoieg opilovtar wg¢ e&ng:
f@) + f(=2)

VeeR: g(z):= —y ral h(z) =

Ttz o) = 3{f(=2) + (@) = o(a) weu h(=s) = }[f(=a) = J(o)] =
—1[f(z) — f(—z)] = —h(z). Apan g sva dpua Kal n h eivar mepur. Ano
v &AAn Tevpd 9(2) + hlw) = Y17 (@) + F(—a)] + S1f (@) — F(—a)] = (@)
Anfaén n tyovoa ovvdptnon [ eivar adpoioua ulag detag Kai piag TepLting
ovvaptnong. Auto onuaivet 6t 1o adpotoua twv utdxwpwv F (R, R)+I1 (R, R)
etvair oflog o yaopog: F(R,R) = F4(R,R) +I11(R, R). Enoucvwg yia va beifouv-
ue v grouuELvn oxéon, apxel OU,urpwva ue mv Ilapatnpnon 3.3.7, va 581§OU]J.8
ou F4(R,R) N Frp(R,R) = {0} omov 0 sivar n undevirj ovvapton 0(z) = 0,
Vx € R. 'Eoww f € Fu(R,R) NI (R, R), 6nidabdn n f eivar tavidypova doua
kai mepurr. Tote, Vo € R, 9a éxoupe: f(—z) = f(z) = —f(z). Andadn
2f(x) = 0 kar emopévag f(z) = 0, Vo € R. Auté onuaiver 6u f = 0. Enopéveg
FA(R,R) N F(R,R) = {0}.

Hapadeiypa 3.3.4 Zwov Stavvopatikd xwpo M, «, (K) wv tetpayovucov n x
n-mvdkov tave ano éva ooua K, 9ewpovue tov undxwpo S, xn(K) tov oup-
UETPIKOV TwdKkov KkKat 1ov unoxwpo A, x, (K) tov avuouupetpucov mvakov,
BAgmne v Ipoyeon dokiuaoia oto teflog ¢ evotntag 3. 1.

IIpoxepn Aoxiuaoia

Arojlovdwvtag v 16éa tou Ilapabeiyuarog 3.3.3 va b¢ilete ow:

Ba doUpe Twpa £€vav ONPAVIIKO XAPAKTINPIOHNO ToU eubéwg abpoiopatog
unoxwpav. [Ipota opeg xpeladdopacte €vav oplopo:

Opiopdg 3.3.8 1. 'Eow {¥1, T2, - , Ty} €va ovvofo Savvoudiov tou bia-
vuouatikov yepou V. 'Eva &wavvoua T tou 'V (1o omoio umodetoups Ot avrket
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otov UMY @wpPo (X1, Ta, -+ , Tp)), Ya Aéue onypagetal katd povadiké tpono
oav Ypappikog ouvduaopog tev dtavuopatev 7, T, - - - , Ty, av:

T=kit1+ -+ kZp=071+ -+ 1,7, = klzll, Vi=1,2,---,n

Ze avtn v mepintwon 9a Ague ot 1o Sravvoua T éxel povadirotnta ypagpng
®¢ npog ta draviopata Iy, o, -+ , Tn.

2. 'Egtwo W1, Wo, - - -, W, n 10 mAndo¢ undxwpot tou 51avucuatiicov xweou
V. 'Eva &iavvoua T 1o onoio aviket otov unoyweo Wi + Wy + - -+ W,,, 9a
Aéue éuypagetatl katd povadiko tpono cav a6poiopa Sravuopdrwv twv
unéywpov W,, av:

AVZ=F 1+ - +Tp kAl L= + -+, OmoU T;,7; € W;,Vi=1,--- . n
0te oyvet: T; =y, Vi=1,--- n.

Ze autn v nepintoon 9a Aéue ot 1o Siavuoua T xel povadirétnta ypadpng
©¢g npog toug unéxwpoug Wi, Wy, .- 'W,,.

IIpdétaon 3.3.9 'Eotw Wi, Ws,--- W, n 10 mAndog undyxwpot tou dtavvoua-
tucov xwpou V. Tote ot akoAouvdeg ouvdKes elval I0OSUVAUES:

1. To adpowoua Wi + Wy + - - - +W,, eivar evdv: W1 & Wy @ --- W,

2. Kade 6uavvoua T v vnoywpou Wi + Wa + -+ + W, yoapetar katd
Uovadiko pomo w¢g adpoloua SlavvoudIey Tov Utoxwewv W;.

3. Avd¥  +---+ %, =0, onov ¥ € W;, Vi = 1,--- ,n, 101 10 veL OtL:
fi:(),\v/i:].,"'7n.

Anodeiln: H anobeldn 9a yivel kurdikd: 1. = 2. = 3. = 1.

1. = 2. 'Eoww 6u 10 dfpoiopa tewv uroxewpav W; sivat subu kat £otw T
éva Stavuopa tou Wy @ --- @ W), 10 ornoio urnobétoupe Ott PIopovpe va 1o
ypdwoupe pe §¥o tpoénoug oav dbpoiopa davuopdtev and toug W;:

fzfl_‘_"i_fn:gl"i'_‘_gna fug;GWHVZ:lv?n (*)

Maxkdbe i = 1,2, - -, n, mpooBétovtag kat ota 8Uo pérn to diavuopa —i;, da
Exoupe T+ - 4T 1+ (T~ )+ T+ -+ Ty = i+ AT+ i1+ A T
Y tedeutaia oxgon petagépoupe ta davuopata Ty, -, i1, Titl, - »Tn
oto 6eutepo pédog, SnAadr) mpoobitoupe oto mpPoto pEAog ta Siaviopata
&1, r, —Bi—1,—Tiy1,"** ,—ITn. Tote xpnoponowwviag ta Afidpata tou
optopou 2.1.1 Sa €xoupe v oxéon:

Ti—ii = (h —T1)+- -+ (Y1 = Tic1) + (Yir1 — Tig1) +- -+ (Yo — Tn) (5%)
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Ly oxéon (**), 10 PmTo PEA0g avhkel otov uroxepo W;, ot 75, 4; € W;.
To deutepo 1€dog g oxéong avhkel otov urtoxXwpeo Wi +---+W, 1 + W, 1 +
Wy, 80udy, Yy € Wy =1, n, j # i Apa T —y; € WiNn(Wi+-- -+
Wi1+Wit1+---+W,). Eneidn to abpotopa v unioxwpev W; eivat subu,
N Tour auth £ivat ion pe {6} Kat emouévag &; = ¥;. Eneidfy autd oupBaivel
yiakabe i = 1,2, .. 'n, oupniepaivoupe ot Sa £xoupe povadikotnta ypapng
Tou dlavuopatog T ®g mpog toug uroxopoug Wi, - -+, W,,.

2. = 3. YnoBétoupe 6t 10XVl 10 2. Kal £€0t® Ol L1 + - -+ + Ty = 0, érou
i eW,Vi=1,---,n. Enedn &1 + -+ &, = 0+ - - - + 0 ka1 10 Siavuopa
0 avrikel oe Kabe unoxopo W;, ano v povadikdtna mg ypadng netat ot
Z=0Vi=1,---,n.

3. = 1. YroBétoupe 6t 1oxvet 1o 3. Kat €0tw & éva Siavuopa tou V 1o
oroio aviket oty topy W; N (Wi + -+ + W1 + W1 + - + W,,). Auto
onpaivetou ¥ € W, xan & = &1 + -+ - + Ti—1 + Tigp1 + - - - + Ty, 0TIOU T; € W,
Vi=1,---,i—1,i+1,--- ,n. IIpooBétovtag oe autr) tr oxéorn 1o didvuopa —&,
Kat xprnowpornoioviag ta Afiopata tou optopou 2.1.1, Sa éxoupe v oxéon

Bt o+ T+ (D) + B+ + 8 =0 (o * %)

Eneidr) o W; eivat unioxwpog kat & € W;, énetat ot —& € W;. Auto onpaivet
Ot otV 0X€0n (%), TO PWTO PEAOG AVr|KeL otov uroxwpo Wy +---+W;_1 +
W; + W1+ -+ W,. Tote dpwg amod v unobeon pag, Sa éxoupe & = 0 xat
Z;=0,Vj=1,---,i—1,i+1,--- ,n. Auto eixvet su W,N(W1+---+W;_1+
Wit1+--+W,) = {6} Enedn aut6 oupBaivel yia ke i = 1,2, --- . n, Sa
éxoupe ard 1o oplopo 3.3.6 ot 1o dbpoopa Wi + Wy + - - - + W, eivar eubu.
Od

To akoAoubo onpaviko népiopa sivat apeon ocuvenea g [potaong 3.3.9
kat tou Iopiopatog 3.2.6.

IIépiopa 3.3.10 'Eotw Wi, Ws,--- . W,, n 10 miAndog undxwpot tov davu-
ouatkov xwpou V. Tote ta axddovda elvar ioobvvaua:

1. V=W WD ---OW,,.

2. Kade bravvoua I tou 'V yodpetal katd povaduko 1o0mo o¢ adpotoua & =
T+ -+ T, Sravvoudiev T; v utoxwowv W;.

Anodeiln: 1. = 2. Enedny V ="W; @ Wy & --- & W,,, 9a éxoupe 6t kabe
d1avuopa tou V 9a avrket otov urioxepo Wi + - -+ + W,,, kat emopévag Sa
YPAPETal ®G YPARHIKOG ouvbuaouog Stavuopdiev tov unioxopev W;. H po-
vadikotnta g ypadng mpoxkurtet anod v [Ipotaon 3.3.9 &iom 1o abBpoopa
Wi+ -+ W, eivat eubu.
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2. = 1. H ouvlnkn oto 2. éxet oav ouvénewa ot V = Wy + -+ + W,,.
EmunpdoBeta, ouppeva pe v Ipotaon 3.3.9, n povadikdéiunta g ypadng
beiyvel ot 1o aBpoilopa sivat eubu. O

®a dovpe twpa Vo napadeiypara S1AVUOPATIKOV XOP®V Ol ortoiotl eivat
eubéa abpoiopata UIOXWP®V TOUG.

HMapadewypa 3.3.5 Ozwpovue tov Stavuouatkd xwpeo K" twv n-adewv ue otor-
xela ano gva ooua K. Tote woyvet:

]K":<€1)@<82>@---@<€n>\

onouv €; = (0,0,---,0,1,0,---,0,0) givar 10 s ravvopa tou K™ mou gyer 1 oty
1-o00tn ouvtetayuevn kat taviov aiiouv 0.
Ano6 1o Hapabeyua 3.2.9 énetar ou kade dravvoua & = (ky, - - , ky) tov K"

givat ypapuikog ouvduacuog v Slavuoudiov €;, ndadn t = ki€1+- - -+knén.
Eneibn ki€; € (€;), 9a éovue ¥ € (€1) + (€2) + --- + (€n), Kar emopévwg
K" = (&1) + (&) + --- + (€,). 'Eoww &) + -+ &, = 0, énov ; € (&),
Vi = 1,---,n. Tote unapyouvv k; € K gtot vote ¥; = ki€;, Vi = 1,--- ,n.
Enous’vo)g(j =Z+ - +T,=keéy1+ -+ kné,. Enaibn kre1+ -+ kpé, =
ki(1,0,---,0,0)4---+kp(0,0,---,0,1) = (k1,-- - , kn), 9a éxouue mpopaveg
ki = 0, éndadbn ©; = 0, Vi = 1,--- ,n. Tote ouwg and to Ipotaon 3.3.9,
€

ouumepaivoupe ot 1o adpotoua (€1) + (€2) + - - - + (€y) eivar evdU. Emousvawg
K" = (€1) ® (€2) ® -+ @ (€n).

Mapadetypa 3.3.6 'Eoto ta akofovda urmoovvoda tou R3:

@a bsifoups ot: R3 = Wi & Wa.

Eivai evkofo va beiydei ou ta unootvoia Wi, W givar undywpor tou R3.
Eminpdodeta and mu puopen énetar aueoa ou Wi N'We = {(0,0,0)} = {6}
Enougvag apkei va beioupe ou kade diavvoua T = (z,y,2) € R3, uUmopet va
yoagel w¢ efng: £ = 1 + Lo, omouv &1 € Wy, kar To € Ws. TNpayuatika
9a govue: T = (x,y,2) = (z,z,z) + (0,y — z,2 — =) Kar mpopavag T :=
(x,z,2) € Wi kar Ty := (0,y — z, 2 — ) € Wa.

'Onwg eidape n €vvola tou eubéng abpoiopatog UoX®P®V adopd v Ho-
vadikonta ypadng Stavuopdiev amno toug unoxepoug. Eivat evdoyo va a-
vapatnOel Kaveig av apopd Kat v Povadikotnid TV UNoXepev. Andadn
av Wi, Wy kat W3 eival urnioxepot evog diavuopatikoy xopou V katl 10xUel
W1 & Wy = Wi @ W3, nnopoupe 16te va ouprnepavoupe ot Wy = Ws; Av
Kai, onwg da doupe apyodtepd, 0xUel KATL acBevéotepo amod v 100ttd, 1
anavinor ivatl apvntikn oneg deiyvel Kat 1 akoAoubn:
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IIpoxeipn Aoxkipaocia

‘Eote o unéxopog W = {(x,0) € R? | x € R} tou dlavuopatikoy Xopou
R2. Na BpeBouv drepot 10 mAfog uréxepot Z,, n > 1, tou R? étot wote:
R2=W® Z,, Vn > 1, xat eruridéov 21 # Z,, avn > 1.

(Yriobedn : @ewpeiote 1oug ak6Aouboug unoxmpoug Tou R2:

21:={(0,z) eR* | z € R}, Z,:={((n—1Da,nz) €R?® | z € R}, Vn > 2.

)

3.4 Aornosig

‘Aoknon 3.4.1 Na Boedsi o utdywpoc ou R? o onoiog napaystar and ta sia-
vvouata:

71 =(2,1,-3), ¥y =(3,2,-5), ¥3=(1,-1,1)
Arojlovdwg va eetaodel av 1o biavvoua T = (6,2, —7) umopei va ypapet oav
yoauukog ouvbuaocuog twv L1, Lo, 3.

‘Aornon 3.4.2 [owi anod 10U¢ TapaKdie WOXUPLOUOUS lval owaotol;

1. To ovvofo & := {(a,b,c,d) € R*|ab > 0} eivar Sravvouatcog xapog
nave ano 10 R, ue g ovvndiousves mpateigc mpoodeong rar Baduwrov
noAAanaciaocuou.

Zoor

Avon Ta 6wavvopata & = (0,3,0,0) karj = (—1,—-2,0,0) avikovv oto
€ afpai+§=(-1,1,0,0) ¢ &.

2. To ovvojlo {(k1, - ,kn) € K" | k1 + -+ + kyp, = 0} elvar undywpog tou
K”.
Addog

Avon Biéne 1o IMapaberyua 3.1.6.

3. To ovvodoW = {(k1,- -+ ,kn) € K" | ky + -+ + k,, = 1} eivar unoywpog
ou K™,

Z®oTo

Avon Ta savvouata = (1,0,---,0),5 = (0,1,--- ,0) avrjxovv oto W,
affa to adpoioua 1oug dev avrKet.
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4. To ovvojo {(k1, -+ ,kn) € K" | k1 = ky} elvar unoxapog tou K.
Addog

5. To ovvoflo W twv moAvwviuwv ue Badud axpibog n, (n > 1), evar
unoxwpog tou R[t].

2010

Avon Ta noflvovuua 1 +t", t" aviirovv oto W, affa (1+t") —t" =1 ¢
W.

6. To ovvolo W(p) tov mofuvwviuev P(t) tave and o R ta onoia 6€yovtar
0V mpayuatikd apduo p oav pila, bniaén P(p) = 0, elvar unoxwpog tou
R[t].

Addog

7. To ovvojlo W twv akooudiiv (Ty)n>0 MEAYHATIKOU APOUOU, Yia UG
OTOlEC LOYUEL: 1:% = xp,_92, VN > 2, glvat UTOX®POS TOU XWPOU TOV aKo-

Aovdwov A(R).

Zwoto Aadog
Avon H otadeprj axofovdia (1,1,--- ,1,---) aviker oto W, aiia n akxo-
Aovdia (-3)(1,1,---,1,---)=(=3,-3,--- ,=3,--+) bev avrkeL

8. To ovvoflo W teov n-abwv (ki, ke, - , ky) mpayuatikov apduov yia ug
ornoieg woyvet krka . . . ky = 0, givat undoywpog tou K™.

S
Avon(1,1,---,1,0) € Wka(0,0,---,0,1) € W, adda(1,1,---,1,0)+
(0,0,---,0,1) = (1,1,---,1,1) ¢ W.

‘Aoknon 3.4.3 'Eoww p,q € R, otadepoi mpayuatixoi apiduoi. Na Seiydei oti
70 OUVOj10 TV «avadpoiiKk@» akoAoudiwv

V= {(@n)nz0 € AR) [ Znt2 = prnt1 + qon}

elvar undxwpog tou btavuopatikov xopou A(R) tov akofoudiev tave ano 1o

R.

‘Aoknon 3.4.4 Na mpoobioplodel 0 mpayuatikos apduog \ £tot wote 10 Sid-
vuopua & = (1,—2,\) va elvar ypaupukog ouvbuacuos tov Slavuoudiov T =
(3,0, -2), 75 = (2,1, —-5) € R3.
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‘Acknon 3.4.5 Na mpoobiopiodoiv oot o1 urdxwpot tou R3.
(Ynodeiln: Epyaoteite Oonwg oto Ilapabderyua 3.1.4. )

‘Aoknon 3.4.6 Zwov Savvopatko ywpo Ra[t] tov nrofvevipev tdave ano 1o
R, 9ewpovue toug undxwpoug:

Wy = +t,t+1), Wo=(—t>+t+2,t+3)
Na mpoobiop1odei o urtoywpog Wi N Wa.
‘Aoknon 3.4.7 Oswpolus 1a akéfovda Sravvouara touv R3:
=(1,-2,2), 7=(3,7,0), &= (5,0,-7)

. 10).

z= (2737 _1)> Zj
Na 6eifete ou: (T, 1) = (

‘Aoxknon 3.4.8 'Ecte Z, ¥/, Z 1oia Stavvouata evog dtavvouatikouv yepou V yia
ta onola wxvet: k1T + koyf + k3Z = 0. Av k1k3 # 0, 10te va beifete O 1oy vet:

(Z,9) = (7, 2).

‘Aoxrnon 3.4.9 Na efetaodel av ta axodovda vmoovvoda

—~

. Wy ={(2,y) €eR?| x>0,y € R}.
2. Wy = {(z,22 + 1) € R?| z € R}.
3. W3 = {(2z,7) € R?| v € R}.

4. Wy = {(z,7) e R?| x € R}.

sivar uréywpot ou R?. Eivai ta urootvoa Wz N Wy kar W3 + W, urdywpor
tou R?; Eivai 1o umootvofo W3 U W, undywpog tou R?;

‘Acknon 3.4.10 Na 6eifete 6u: K3 = (7)) @ (F2) @ ('3), omou:
71 =(1,0,0), Z>=(1,1,0), #3=(1,1,1)

‘Aoknon 3.4.11 'Eoww U, V,'W 1oei1¢ undxwpot evog Stavuouatucov xwpou &,
gtot wote U C V. Na 6b¢eifete ot1:

U+ (VNW)=U+V)Nn(U+W
‘Aoknon 3.4.12 Na 6écifete 011 ta akojovda vmoovvoAa tou R3:
Wi ={(a,b,0)|a,b e R}, Wy={(0,0,c)|ceR}, Wi ={(d,0,d)|d € R},

sival Uty @pot kai akoAovdws va Ssifete 61t R3 = Wi @ Wy @ Ws.



3.4. AZKHXEI>X 65

‘Aornon 3.4.13 Na 6bcifete ou:

‘Acknon 3.4.14 'Eotw ta akofovda umoovvoAda 10U SlavUCUATIKOU X@PEOU
May2(R) 10V 2 X 2 mwdkov tave amo 1o R:

w={(22) lomzer), 2={(57) lo:er)

Na éeifete ou ta ovvoia W, Z eivar unoxwpot tou My 2(R) kar axofovdwg va
mP0o0b10p10800v ot unoywpot W N Z kat W + Z.

‘Aoxrnon 3.4.15 Na Bpedei 10 oUvoAo AVCE®V TOU OUOYEVOUS YOAUUIKOU OU-
omuUatog
r+2y+2=0, r+y+22=0, 2z+y+2=0

‘Aornon 3.4.16 Ocwpovpe ToUC 2 X 2 TvaKeg MEAYUATIKGOU GPIOUDD :

=(53) ()

Na Boedovv ta a,b € R, gtot wote o mivaxag C = (_%7 _b3> va elvat yo auuiKog

ouvbuaoudg tov A, B.

‘Aoknon 3.4.17 'Eotw V o undxwpog tou Stavvouatucov xwpou Mayo(R), o
OTol0¢ TTapdyetal amno ToUg TIVaKeg:

11 1 -1 1 3
() e a) e (h3)
rat éotw W o unoywpog tou My o(R), o onotog mapayetar and toug mivakeg:
1 2 1 2 3 1
p=(oz) or=(ii) (1)
Na Boedouvv ot unoywpor: VW kar'V + W.

‘Aoknon 3.4.18 'Eotw M, «,, (K) o stavvouaticog xwpog twv m X n mvdkov
nave and 1o oopa K. Na Boedei eva ovvofo yevuniopwv tou My, «r, (K).
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(Ynobeiln : Bcwpeiote toug mn 10 mindog mivares Fij, 1 <1 <m,1 <5 <
n, onou o mivarxag E;; éxer omu (i, j)-9¢on 1 kar mavov aijov 0. Anjadn:

00 --- 0 --- 0
Ej;=| 00 1 0
00 --- 0 --- 0

omou 10 1 gugaviletar otnu oUN NG J-0TNANG HUe TV i-ypauun. ArxoAoUvdwg
Seigte 6t My, xn (K) = (Eij)1<i<m,1<j<n. )

‘Aoxknon 3.4.19 BOcwpovue tov Sravvopatxo xwpo A(R) twv arofoudidv ue
otoyeia mpayuatkoug apduouvg, kat 0t p,q € R ue ¢ # 0. 'Eote

V= {(zn)n>0 € AR) |2y = pTn_1 + qTn_2}

10 UTOOUVOA0 TV avaywyikov akodoudiwv. Na beifete ot 0 V elvar gvag
unoxwpog tou A(R) rkar akofovdws va mpoobiopioete éva ovvofo yevvntdpwv
TOU.
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Kepalawo 4

['PAMMIKH ANEEAPTHZIA, BAZEIZ KAI
AIAYTASH

1o tapov Kepddato Sa avarntiioupe tig depedindeig évvoleg g YPARPIKEAS
ave§aptnoiag Kat tng PAcNg o1 OIoieg 1aAg EMMTPEIIOUV VA KAVOURE HE aval-
A0l®TO TPOIO AIOTEAEOPATIKOUG UIOAOY1OHOUG O S1avUoPaTiKoUg XOPOUG.
Ot évvoieg autég 9a pag odnynoouv oty Baoikr) €vvola tng diaotaong, &n-
Aadn oy avuotoixnon evog aplBpou oe kabe Siavuopatikd X®po, 1 oroia
oe ouvduaopo Pe Vv Evvold NG YPAPHIIKAG aneikoviong da pag ermipeyet va
tagvopoupe 51avuopatikoug X0Pous.

A6 twpa Kat oto £E1g otabeporooviie éva oopa K kat évav Siavuopatiko
xopo V unepave tou K. Zuvrbweg autd 1o unodnicovoupe ypagoviag Vi
gevwoovtag ot o V sivat évag 81avuopatikog XOpog OploHEVOS UMEPAVR TOU
oopatog K.

4.1 Tpappirny Aveiaptnoia

‘Eow {Z1,---, &y} éva nenepaopévo ovvoro Sravuopdtev tou V. YrnevOupi-
foupe Ol évag ypappikog ouvbuaopog k11 + keZs + - -+ + kT, tev Savu-
opdawwv I, - - - , Ty kadettal un-tetoupévog av (ki, ko, - -+, ky) # (0,0,---,0),
dnAabdr) toudayiotov éva aro ta k; ivat 51agpopo tou pndevog.

Opiopég 4.1.1 Eotw X := {Zy, -+ ,Z,} éva nenepacuévo ovvojlo &iavu-
oudatev ou V. To ovvofo X kafsitar ypappira s§aptnpévo av undoxet un-
TETOIUUEVOG YOAUUIKOC OUVEUAOUOS TV Slavuoudiov T, -+ , Ty O OMOI0¢ va
eivat 1o unbeviko diavvoua touv V. Anfabdn: vrapyouv apduot ki, ko, - , kn

67
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amno to ooua K ot onoiot 6ev ivar tavtoypova oot ioot ue 0, £tot wote:
k11 + koZo + -+ + kpTp =0

'Eva dneipo ovvofo Siavvoudiov A tou V kafeitar ypappikra s§aptypévo av
10 A mepiéyetl éva nengpaougvo yoauuuca eEGOTNUEVO UTLOCUVOAO.

Znv ouvéxela onpaviko podo oy dewpia da Swadpapatiost n Aoyika
avtifetn €vvola g YPAPHIKLG e€ApTnong:

Oplopog 4.1.2 'Eva nenepacuévo cuvofo Siavuouatov X twou V kadeital
vypappwka ave§aptnro av w X dev elvar yoaupurxa efaptmuévo. Andadn av

X :={&,-- , @}, 10te 10 X eivar yoappuxa aveapinio, av ioxvet n akdiovdn
ovveTaymyn :
Vki, - kn €K kydfy 4+ kpfn=0 = ki=ks=---=k,=0

'Eva dneipo ovvofo btavvoudtov A tou V kafeitar ypappira ave§aptnto av
Kade memepaausvo uroovvoo tou A eivat ypauuukd avefaptnto ouvofo.

Zxo0Awo 4.1.1 Eivaieavepo ano 1o 0plouo OTL ) Evvola The Yo aupikns e€aptnong
1 avefaptnoiag Siavuoudiov evdg dravvouatikov ywopou V efaptatar and 1o
ooua urtepdve tou omnolou Exet optodel o V. To axdiouvdo mapdbeiyua eivai
EVOEIKTIKO.

Bczwpovue 10 oopa C v uyadikov apduov 1 onolo, onwg éyouus bet
umopet va 9ewpndel oav S1avuouatikog XwPog UTEPAVE® TOU £aUTOU ToU, Kat TOTE
yoagouue Ce, aiia umopei va 9ewpndei kar oav Siavvopuatikog xpog UTEPAV®
tou R xair 10te yoagpoupe Cr. Oczwpovue 10 ovvofo &avvoudtov {1,i} C
C. Tote o ovvoo {1,i} eivar yoapuuca eaptnuévo vroovvofo tou Ce, onwg
beixver n oxéon: (—i)l + 1i = 0 n onoia eivar wa tetpyuuévn oxéon eEdpinong
tv 1,1 pe un-unbevikovs ovvieieotég ano o C. Avtideta o ovvoio {1,i} eivar
yoapuxa avefaptnro vroovvoio tou dtavvouatikov xwpou Cgr. INpayuatikd,
Onwg¢ unopel kaveig va 6et toAv evrkoAa, dev urdapyouv mpayuatikol apduot k, |
etot wote k1 + li = 0 xau (k,1) # (0,0).

Zx0Aw0 4.1.2 Zuupova ue tov optoud ya va beifouue ot éva ovvofo bia-
vvopdatov X = {&, -+ ,Z,} elvar ypauuka aveapnio spyalduacte wg e
&ng: Ymodétouue ou umapyouv apduol ki, - - , ky, ano 1o ocopa K, étor wote
k1@ + - + knin = 0. Av ano avt) ™ oxEon ypoauukng eEaptnong Karagpe-
poupe va beifouue ot avaykaotuca gyovue otk = - - -k, = 0, 101e 10 OUVOAO
X eivar yoappuika avelaptnro. Atagopetuca 1o X eivat yoauuikd eEaptnuévo.
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To napardte napddetypa eival evOEIKTIKO.

Mapadewypa 4.1.3 Z0 Sravvouatko xwpo R3 unepdve ou R, ewpovue ta
akojlouvda ovvofla dtavvoudrov:

B= {gl = (170’0)a é‘2 = (07 170)3 63 = (ana 1)}
X ={# =(0,1,1), ¥2 = (1,0,1), Z3=(1,1,0)}
Y={n=(1,-1,0), g2 =(-1,0,-1), g3 = (1,2,3)}

Xpnowornowvtag tov opopuo 9a eetdoovus av ta tapandave ovvojla sivat ypap-
uika aveapnia n ypauuka e€aptnueva.

1. 'Eotw 6u unapyouv apduoi ki, ke, ks € K, etot wote: (x) : k1ey + ko +
k3es = 0. Tote k1(1,0,0) + k2(0,1,0) + k3(0,0,1) = (0,0,0), sniasn
wyvet (k1,0,0) + (0,k2,0) + (0,0,k3) = (0,0,0). IooSvvaua éxouue
(K1, k2, ks) = (0,0,0), kat enopevog k1 = ko = ks = 0. AnAdabn éeifaue
ot 1o ovvofo B elvar yoauuuca avelaptnro.

2. 'Eoww ou undpyouvv apduol ki, ke, ks € K, étor wote: (x) : k171 +
ko@y + ks@s = 0. Tote k1(0,1,1) + ko(1,0,1) + k3(1,1,0) = (0,0,0),
éniaén wyxvet (0, k1, k1) + (k2,0, ko) + (k3, k3,0) = (0,0,0). Ioobvvaua
9a éyouvue (ko + ks, k1 + k3, k1 + k2) = (0,0,0). Andadn 9a mpénet ot
apuol k1, ke, k3 va uvcavomotovv 1o axdiovdo ovotnua:

ko+ks=0, ki +k3=0, k1 +ko=0

Agaipovtag v devtepn efiowon amo v mpwtn xoups v eficwon ko —
k1 = 0, tyv omoia av mpoodéoouue otnu 1pitn, 9a éyouvue 2k, = 0, dndadn
k1 = 0. Tote mpogpavag 9a éyouue kat ks = k3 = 0 rkar emoucvog
beifape ou n axéon (%) mu onoia unodéoaue ot WxUeL pag odnysi ato ot
avaykaotka wyvet ky = ke = k3 = 0. 'Apa 10 ovvoio X eivar yoauuikda
avefaptnro.

3. 'Eotw ou unapyouv apduoi k1, ke, ks € K, éto1 wote: (x) : kiy1 + kot +
ksgizs = 0. Tote k1(1,—1,0) + ka(—1,0,—1) + k3(1,2,3) = (0,0,0),
éniadn wyver (k1, —k1,0) + (—k2,0,—ko) + (ks, 2ks,3k3) = (0,0,0).
Ioobvvaua 9a gxovue (k1 — ko + ks, —k1 + 2ks, —ko + 3k3) = (0,0,0).
AnAadn 9a mpémner ot apduoi k1, ko, ks va ucavomoovv 1o axdAovdo ouv-
omua:

ki —ko+ks=0, —k1+2k3=0, —ko+3k3=0
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Ano mu Sevtepn e€iowon éxouvue k1 = 2ks, anod mu it efiowon éyouue
ko = 3k3, kar autég ot UG tkavomolovv v mpwtn e€iowon. Emouévog to
ovomua éxet anepeg Avoeig kat 1o ovvofo Avoewv eivar {(2t, 3t,t) |t €
R}. Emjéyovtact # 0, my. t = 1, éxoupe pa un-unbevicyy Avon
k1 = 2,ky = 3,ks = 1 n onoia ek’ kataokevr¢ tkavomolel v ayéon
211 + 3ya + U3 = 0. Zuugava pe tov 0ptoud to ovvoio Y elvar yoauuuca
eSaptnuévo.

IIpoxeipn Aoxipaocia

Epyalopevol onwg oto Iapadetypa 4.1.3 va Seidete 611 otov Sravuopauxo
xopo K™ urntepdve tou owpatog K, to ouvoro

{é& - (170707”’ 70)7 52 = (071707"' 70)7 g?’b = (070707"' 71)}
elvat ypappika avegaptnro.

Afjppa 4.1.3 1. 'Eoww & € V. Tote 10 ovvojlo {Z} eivar ypauuuca ave-
Eapmro av-v T # 0. I6waitepa 10 undeviko Savvoua 0 sivar yoauuka
eSaptnpuévo.

2. 'Eow ¥1,79 € V. Tote 10 ovvofo {¥1, T2} eivar yoauuka efaptnuévo
av-v éva ek v T, To evar Baduwto ntofdarnidoto tou adfouv. Andadn
elte T = kZo 1 To = 171, yra katadinia k,l € K.

Anobeign: 1. AvZ = 0, tote 1# = 0. Enedy 1 # 0, énetan 6u w0 {0} eivar
ypappika e§aptmpuévo, Kat enopéveg av to {Z} etvar YPappika avefdptnto,
e & # 0. Avtiopopa av  # 0, éote k € K étot dote: kZ = 0. Av k # 0,
téte urapyet 10 k! kat enopéveg noAdaraoctdoviag pe 0 k7 myv oxéon
kZ = 0, 9a éxoupe k1 (kZ) = k=10 = 0. H tedevtaia oxéon eivat 1008Uvapn
ne mv oxéon (k~'k)Z = 1Z = & = 0, n oroia eival advvam. Apa k = 0, kat
EIOPEVRG TO povoouvodo { T} eival ypappikd avegaptnto.

2. Av ta Ty, ¥y esival ypappika efaptnpéva, e kT + (¥ = 0, 6rou
kil € Krateite Kk 20101l # 0. Avk # 0, to1e 71 = lifg ouom av
Il #0, 161 Ty = %fl. Avtiotpoga av Ty = %, e 17 + (—1)Z2 = 0, xat
EMONEVRG Ta T, Xz eival ypappikd saptnuéva mapopola av ¥y = kZs, tote
T+ (—k)Ze = 0, Kat eMOPAves ta 1, Ts etval ypappikd efapmpéva. O

Mapadewypa 4.1.4 X0V Stavuouatiko xwpo C3 vnepave tou C, Yswpotue 1a
Savvopara & = (1,0,i) kar y = (1 +¢,1,—1). Av wa éravvouata Z, i rjoav
yoauuuca e€aptnuéva, 10te ouupava pe 1o Auua 4.1.3 9a unrpxe pyadukog
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apduog k étor wote ¥ = ky ny = kZ. Zmu mpown mepintwon 9a éxouue
(1,0,4) = k(1 4+4,1,-1) = (k+ ki, k, k), bndabn k + ki=1,k=0,—k =1
70 omoio eivat advvatov. Ilapouola Katainyouue oe ATOTO av UTOOEO0OUUE OTL
§ = k. Enopévog 1o ovvoio {Z, i} elvar ypauuuca avelaotnro.

Hapadewypa 4.1.5 Zrov Stavvopatiko ywpo K, [t] v moAveviuev vtepdve
tou K pe Baduo 1o moiv n, 9ewpovue n+ 1 nofvovupa Py(t), Pi(t), -, Py(t),

ctotwotedeg P(t) =i,i=0,1,--- ,n. @a beifoupe ot to ovvoio { Py(t), Pi(t), - -

elvar ypoappka avelapinro.
Eneién} o Baduog tou P;(t) eivaii, énetat ou:

Pi(t) = aip + ant + aipt? + - + a1t +aut’, a #0, 0<i<n

'Eotw P(t) = k‘op()(t) + k‘lpl(t) + -+ k‘npn(t) = 0, onov k; € K,
Vi=0,1,---,n. @étovtag P(t) = by + b1t + b*t> + - - - + b,t", and 10V 0p1oUS
¢ MPo0odeong ToAVOVUUGU Ja Eyouus 10T OTL:

(0) bg = koaoo + k1aio + keago + - - - + knano.

(1) b1 = kia11 + kaag1 + ksasy + -+ - + knan.

(1’1 - ]-) bn—l = kn—lan—ln—l + knann—l-

(n) by, = knany.-

Eneibn) 1o nofluovupo P(t) and mu unddeon pag ivar 1o unbevikd, 9a éyouvue
bi=0,Vi=0,1,--- ,n. Eneidn an, # 0, and m oxéon (n) énetar ou k, = 0.
Tote duwg and m oxeon (n— 1), enebn ap—1p—1 # 0, énetar ou ky—1 = 0.
Zuveyilovtag kat' auvtd 1o pomo da gyovue tefika ky, = kp—1 = - = k1 =
ko = 0, kar emopévag ta mofvovuua Py(t), Pi(t),--- , Py(t) evar yoaupuca
avefapmnia.

IIpoxelpn Aoripaocia
Ytov 61avuopatiko Xopo R? urepave tou R Seswpovpe ta davuopata T =
(x1,m2) ka1t ¥ = (y1,y2). Na beifete o6u 10 ovvoro {Z,y} eival ypappika

ave§aptrto av-v x1ys — Toy1 7 0.

IIpoxeipn Aoxkipaocia
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@cwpoupe oo R? 6Uo diavuopata ta oroia etval povadlaia kat kGOeta. Na
deiete Ot 1a Sraviopata eivatl ypappikd ave§aptnta.

Hapadewypa 4.1.6 'Eotw K[t] 0 Stavvopatikog xaopog twv moAveovipwy urne-
pdve svo¢ oouarog K. Zro [Mapadetyua 3.2.3 sidape ouK[t] = (1,t,¢2,--- ", ---),
éniaén o Kt] mapayetar unepdave tou K and ta anepa o nindog mofvevu-
ual,t t? .- " ... @a bsifouus Ot avtd Ta moAudvUua slval Kal yoauutcd
avelapmra. Zvupova ue 1oV 0plopud apkel va beifovue 01t KADe MEMEPAOUE-
vo umoovvoflo S tou ouvoiou {1,t, 2t } eivar yoaupuca avelapnro.
Ipogavag Kkade 1€1010 umoovvoo eivar g poperg {t™ "2, ... [ t"}, omou
ni,Na, -+, Nk > 0 elval Sraxerougvor un-apuvnkol axépaiot. Avlt™ +1xt™ +
ceoo A [t = 0, te 10 moAucvupo P(t) = [it" + [ot"2 + - - - 4 [t"™ elvar 10
UNOEVIKO, Kal EMOUEVRE amo 1oV optoud 9a xovucly =lp = --- =1 = 0. Apa
10 ovvoflo S eivar ypauukd ave€dotnio Kat ETOUEVOS TO OUVOAO YEVUNTOP®U
Lt,t2, - t" - tou K[t] eivar yoappuucd aveldpnro.

®a arobdeifoupe wpa KaAroleg Baoikég mPotAcelg rou Seixvouv ot éva
YPAPHIKA aveSdPTNTO OUVOAO IKAVOITOIET ONIAVTIKEG 1610TTeEG. AV KAl AUTEG Ol
18101NTEG 10X V0oLV (pe avddoyrn anodedn) kat yia aneipa ovvoda davuopdiey,
Xapwv eukodiag Sa meplopioboupe oe Tenepacpéva oUvVoAd.

H napakate [Ipotaon amoteAet yevikeuon tou Anppatog 4.1.3.

IIpotaon 4.1.4 'Eotw Vi évag Siavvouatitkdg xopoc urepave tou oouarog K.
1. Kade umoovuvoo évog yoauuuca aveSaotntou ouvoiou tou V elvar yoau-
uea aveéapnro.
2. Kade ungpovvolo evdg yoauuuca eEaptnuévou cuvofou tou V givat yoau-

uka e€aptnuevo.

Anobeidn: 1. Eow X = {&,Za, -+ ,Tp} éva ypappikd avegaptnto ouvolo
Slavuopdrev ou V, kat éoww X' = {Z;,, Zi,, - -+ , T, } €va uroouvolo tou X,
orou {iy,i9,- - , i} eival éva unoouvodo tou ouvorou {1,2, -+ ;n}. Eoww 6u
Ny Tiy 4N Ty, = 0. Av {%i s Tiy oy -+, Ty, } elvat ta uniédona ototxeia
tou X (6ndadn X = {Zs,, Loy, -+, T4y, Tiyys -+ Ty, 1), TOTE 1) TedeUTaia oxéon
ypdgetat woduvapa A, Ty + -+ -+ N, Ty, + 075, + -+ + 0T, = 0. Emeidn
10 X givat ypappikd ave§aptnto, émetat ot \;; = Aj, = -+ = A;, = 0. Apa
10 X/ etvat ypappika avedptnto.

2. Eow X = {&, %2, -, ¥} éva ypappikd egaptpévo ouvolo Siavu-
opatev tou V, xat ¢ote X' éva (memepaociévo) uriepotivodo tou. Tote untapyouv
otoxeia Zpq1,- -+, Ty tou X/, étot wote X' = {&1, T, -+ , Tn, Tpt1, T }-
Eneidny to X eivar ypappika sSaptpévo, énetal ot untdpyouv apibpoi ky, ko, - - -, kn,
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ox1 6Ao1 tautdxpova icot pe 0, £tor wote: k1Z1 + koZo + -+ - + knZp = 0. H te-
Aeutaia ox€on ypagetat wooduvapa g e8ng: k1 X1 +koZo+- - -+ knZn+0Z,401+
-o+ 4 0%, = 0. Eneidny éva touddyiotov aro ta k; eival pn-undsviko, €netat

ot ta davuopata T, To, -, Tny Tngl, -, Ly VAL YPAPMIKAG e§aptnpéva.
O
Mpétaon 4.1.5 1. To ovvofo Savvouatwv X = {T1, -+ , T} ou V evar

yoauukad eaptnuevo av-v ouAdxloTov éva ano 1a IT; elval yoauuukog cuvdua-
OUOC TV UTLOAOITOU.

2. Ymodérouue ou 1o ovvoflo Sravvopdtov X = {Z1, -, Ty} tou 'V evar
yoappuca avefaptro kai éote T € V. Tote 1o ovvofo biavvoudtev X U {Z} =
{Z1,--+ , @, T} elvar yoapuuca efapmuévo av-v 1 T eivar ypauuikos ovvdva-
OUOC TV X1, -+ , Tn.

Andbein: 1. Eow ou 1o X eival ypappika e§aptnpévo tote undpyouv a-
pOpoi k1, - , k, € K, 0xt 6Adot tautdxpova icot pe pndev, tol wote: k1% +
koZo + -+ ki1%—1 + ki %y + ki1 + - -+ + kn@p = 0. YrioB£toupe, Xopig
BAdBn g yevikotntag, ot k; # 0. ToAAarmAaoiddoviag Tty mapandave oxeon
YPAUMIKLG €§Aptnong pe k;l, 9a éxoupe Vv oyxéon k;lklfl + k:;lkrgfg +
-+ k;lki_lfi_l + 7 + ki_lki+1fi+1 + -+ k‘i_lkna_fn = 0. H tedevtai-
a oxéon eival 10od8uvapn pe v oxéon IT; = (—k:;lkrl)fl + (—k:;lkg)fQ +
s (—ki_lki_l):i’i_l + (—ki_lkiﬂ)f,’“ 4+ (—ki_lkn):)?n. Apa 10 Z; etvat
YPARHIKOG ouvBuaopog tov urtoAoinev Stavuopatev tou cuvodou X.

Avtiotpoga av éva ano ta diavuopata tou cuvédou X, rX. 10 I;, sivai
YPAPIIKOG 0UvEUao|0g T®V UoAOIN®V, ToTe urtapxouv apibpoi ky, - - - , ki—1, Kiy1, -,
kn € K, ¢tor wote T; = k1@ + koZo 4+ -+ ki—1@—1 + kip1@i41 + - - - + knTn.
Autr) n oxéon sivat mpodpavag wooduvapn pe v k1T +koZo+- -+ ki 171+
(=1)Zi + kip1Zip1 + - - - + kn@p, = 0 1 oroia eivat évag pn-tetpippévog (8161
0 ouvtedeotg tou T; eivat —1 # 0) ypappkog ocuvbuaopog tov diavuopd-
Twv tou ouvodou X icog pe 1o pndeviko Siavuopa. Apa to X ewval ypappika
ave&aptnro.

2. Yrobétoupe ou 1o X U {F} eivat ypappika e§aptnuévo ovvoro. Tdte
Sa éxoupe my oxéon (*) : k1@ + koXo + -+ + ki1 %1 + kiZs + ki1 @il +
w4 ki + kZ = 0, yia kdrooug apOpoug ki, - - - , kp, k € K ot orotot 8ev
eivatl 6Aot tautdxpova icot e 0. Av k = 0, t6te Sa éxoupe k1T + koZo + - - +
ki 1Zi—1+kiZi+ ki1 Ziv1+ - +hn@n = 0. ka1 eMopéveg, ASY® TS YPAPHIKAS
avefapmoiag v davuopdtev {1, - , T}, 9a éxoupe ki = -+ = k, = 0,
10 ortoio sivat atoro 6101 £va toudaxiotov arno ta ki, - - - , ky, k eivat # 0. Apa
k # 0, xat eropéveg roAdaridactddoviag v oxéon () pe k1, 9a éxoupe
mv oxéon T = (—k~1k1)#F + -+ + k7K, 7, n oroia Seixvel ou 10 T etvat
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YPAUUIKOG ouvduaouog v I, - - - , Ln. To aviiorpo@o mpoKUITtel Apeod aro
10 1.

O
Mpétaon 4.1.6 'Eoww S = {Z1, %2, - , T} éva nmengpaousvo vroovvojlo tou

V. Tote ta axdovda sivar 10odvvaua:

1. To avvofo S eivar yoauuika aveEaotnro.

2. Kade &ravuoua tou (S) ypdapetar kard povadikd 1o0mo 0av yoauukos
ouvSUaouog TV Hlavuoudtov U S (ue aia Aoyia av ki t1+- - +ky @, =
LWy + -+ 1%, ek =11,k = 1o, -+ kp = 1)

Anobaén: 1. = 2. Eow ou k1@ + -+ + kp@p = 1T + -+ + 1, @y, 610U
ki, l; € K, 1 <1 < n. H oxéon auty eivat ipopavag 1coduvain pe tyv oxEor)
(k1 —11)Z1 4 - -+ (kp — 1)@, = 0, n onoia Adye tng ypappikng avefaptnoiag
TV 1, -+, Ty €XEl oav ouvénela o k; — [; = 0, Vi = 1,--- ,n. Enopéveg
ki:li,Vi:1,-" ,n.

2. = 1. 'Eoto 0t k1 Ty + - - + kn@n =0, érov k; € K, 1 < i < n. Eneidn
07 = 0, VZ € V, n napandave oxéon ypdogstat woobuvapa ki1 + - - - + kn@p, =
071 + - - - + 0&,. Tote and v unobeon 2. énetat 6t ky = ko = --- = k,, = 0.

a

Yuvdualovtag tnv mapanave [Ipotaon 4.1.6 pe v [potaon 3.3.9, £xoupe
10 akoAoubo IIopiopa.

Mépiopa 4.1.7 'Eoww S = {¥1, T2, - , ¥} éva nengpaouévo uroovvoio tou
V. Téte ta akofovda ivatr wvodvvaua:

1. To ovvoo S elvar yoauuuca aveEaonro.
2. To adpoiopa undywpwv (T1) + (T2) + - - - + (Tn) elvar evdv.
3. (S) = (¥1) ® (Z2) D -+~ B (Tn).

‘Acoknon 4.1.7 1. Na 6siydei ou ta Savvopara ¥ = (3 + V2,1 + V/2),
y=(7,1+ 2\@) tou R? eivar ypapuixd s€apmuéva 6tav 1o R? 9swpndei oav
Srtavvouatcdg xywpog utepave tou R, aidia ta &, § elval yoauuuca avefaptnia
otav 10 R? 9swpndei oav Sravvouatikés xwpos urepdve tou Q.

2. Na 6giyd¢i o ta dtavvopara & = (1 —14,i), i = (2, —1 + 1) 1ou C? givar
yoauuka avefaptnta otav 1o C? 9ewpndei oav Sravuouatkog xwpog UTEPAV®
tou R.

3. Av a elvar évag appnrog apdudg, va beydei ou ta Siavvouata {1,a}
tou R eivar ypapuka avedpmta orav o R 9ewpndei oav dtavuouatikdg xapog
ungpave tou Q.
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‘Aornon 4.1.8 Ia noweg tueg ou r € R, 10 axdAovda dravvouata
Z=(r,1,1), y=(1,nr1), Z=(1,1,r)
wou R3 givar yoauuuca avelapmnia;

‘Aoknon 4.1.9 Zwov 6tavvopatko xopo F(R,R) wv ovvaptioeov and 1o R
oo R, va éeifete o1t 01 oUVapTOEIS

) =€, falt) =€, f3(t) =€

elvar ypappuuca aveapnra dravvopara tov F (R, R). Na yevucevdel 1o amotéle-
oua yian 1o tAndog ouvaptroeig.

‘Aoknon 4.1.10 Na Bpedovv avaykaisg kat tkaveg ouvdnreg ylata a, b, c € R,
£101 Wote ta diavvouara

7= (1,1,1,a), ¥=(1,0,1,b), Z=(-2,2,-2,¢)
tou R* va stvar yoappika avelapmra.

‘Aoknon 4.1.11 Eoww S = {Z1,%2, -+ ,Tn} éva yoauuucd aveaptnto ovvo-
Ao siavvoudtev tou Stavuouatikov yepou Vi, kat €0t T éva diavvoua tou 'V
10 omoio bev eivat Yyoauukos ouvbUAOUOS TOV 1, Ta, -+ , Ty, ndadn & ¢ (S).
Na 6beifete 6t 10 ovvoAo {T1+ T, To+ T, - -+ , Tp+ T} elvar ypaupika aveaptnro.

4.2 H Evvoua tng Baong

'Eote V évag d1avuopatikog Xmpog urepdve tou oopatog K. Zuvdualovtag tnv
EVVOld TRV YEVWNTOP®V £vOG H1avVUOIATIKOU XOPOU KAl TNV £vvold Tng YPapi-
K1|G avegaptnoiag, arnoKItoue ty £vvold tng Bdong n oroia givat Sspediwdoug
onpaociag otnv dewpia TV H1AVUCHATIKOV XOPGDV.

Oplopog 4.2.1 'Eva uvrmocvvoflo B tou Stavvouaticov yopou Vi kaieital Ba-
on tou V (unepave tou K) av ucavomoiel tig¢ axoAoudeg ouvdnKeg:

1. To ovvofo B eivar yoauuuca avelaptnro.
2. To ovvoo B mapayer tov yapo V, nidaén V = (S).

Mua and tg onpavukotepeg 1610tteg g PAong reptypdetal otnv ako-
AouBn npotaon.
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Ipétaon 4.2.2 'Eoww B = {é},€3,---,€,} €va unoovvofo tou V. Tote 1a
axojlovda sivar wwobvvaua:

1. To avvofo B eivar pia Baon tou V.

2. Kade &avvoua tou V ypdapetat katd povaduco 1o0mo oav Yo auputkog ouv-
buaouog tv Slavuoudiov tou ouvoiou B.

3. V= <€1>€B<52>€B“'@ <€n>

Amnodbdeln: H anodedn eival apeon ouvénewa g Ipdtaong 4.1.6 kat tou Io-
piopatog 4.1.7. O

O KUP10g OKOTIOG TG Iapouong rapaypdgou sivat va deifoupe ot kabe
TMIETIEPACLEVA TTAPAYOHEVOG S1AVUCHATIKOG XMPOG £XEL TOUAAXIOTOV Hia Baor.
Tnv emopevr napaypago Sa deifoupe ermmpoobeta 6t duo tuyovoeg Bdaoeig
mePLEXouV Tov 1610 ap1buo davuopdtav.

'Ou®G TPV IIEPACOUHE OtV ATdSe1SH) TOU CNIAVIIKOU AUToU artoteAéopa-
106, 1 ortoia Ya anatrjost apketa Prpata, da dwocoupe Kamnowa napadsiypata
Baoswv.

Mapadewypa 4.2.1 'Ecw K éva oopa karn > 1.

1. a kade k € K\ {0}, 1o povoovwoio {k} amoteiei jua Baon wouv diavvoua-
wov yapou K ungpave tou K.

Hpayuatika: Kade un-undeviko otoyeio k € K eivar yoauuuca avelapotn-
10, Kat emwAgov tapdyet oV Stavvouatko xwpeo K urnepdve tou eavtov
tou s1ouVl € K: | = (Ik~1)k. 'Apa 10 povoovvoo {k} eivai Bdaon tou K.

2. To ovvojlo B := {€1,€4,- - ,€,} anoteflei ua Baon, n onoia kafeitar Ka-
vovixrn, ou K", omou (10 1 eupaviletar otnu ¢ ovviotooa):

@:(0,0,"‘>0,1,07"'70)= l<i<n

Hpayuaru, éxovue nén beifel mponyovusva ot 1o ovvofo B eivar éva yoau-
uuca aveaptnto ovvoo yevvntdpwv tou K", Emouévog 1o ouvoio B eivat
wa Baon touv K™,

3. To ovvojlo B = {1,t, t2, < "} elvar pua Bdon 1ou S1AVUOUATIKOU Y@POU
K, [t] v roAveviuov pe Badud to noiv n, unepdave tou K.

Mpayuat: Eivar mpopavég ot 1o ovvofo B = {1,t, tz, < t"} mapayer
tov Sravvopanxo xopo K, [t] (6e¢ xar 1o Hapaberypa 3.2.9). Emmié-
ov ano 1o Iapdbetyua 4.1.5 £netar ot 1o ovvojo B eivar kar yoauuikd
avelapnro. Enoucvag 1o B eivar pua Baon tou K, [t].
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To akoAloubBo omoudaio amotédeopa deiyvel 0Tl avapeoa os €va ypapit-
KA ave€aptnto oUvoAo H1aVUCUAT®V TO OIOI0 TEPIEXETAL O £va TIEMEPATHIEVO
OUVOAO YEVVNTOP®V PIopoulie va rapepBaidouyie pia Baon.

Oczmpnpa 4.2.3 [[Napeupoiri Bdong] 'Eotw Vi vag Stavuouatikog Ywpog ute-
pave tov oouarog K kai éotw F C G 6vo vnoovvoia tou V yia ta omoia 1oy vouv

1a £{r¢g:
1. To ovvofo F eivar ypapuuka aveEaptnro.
2. To ovvoflo G elvar éva mengpaouévo ovvoio yevvnidpwv tou V.

Tote unapyet pia Baon B tou 'V ot wote: FC B C G.

Amobeiln: Bswpouiie v cuddoyr] § oAev tev urtocuvodev H tou V ta oroia
1KAVOTIO0UV T1§ akoAoubeg uo 1610tnteg:

1. Kdbe urtootuvoro H € § eivar ypappikd ave§aptnro.
2. T'a k&Oe urtoouvoro H € $H woxver: FC H C G.
AnAadn:
H={HCV | FCHCG katto H eivar ypappika ave§adpmro}

IMapatnpoupe Ot 11 CUAAOYT] UTTOOUVOAGV §) £lval PIn-KeVr Kal TEPIEXEL TTETTE-
paopéva to mArBog otoixeia, dnAadr) memepaocpéva unoouvoda tou V pe g
Gotnteg 1. kat 2. Ipaypate n ocuddoyn $H eivat pn-kevr) 81011 EPIEXEL TO
ypapuika ave§aptnto ouvodo F C G, kat 1o mAnBog tov ototkeiov tng $ sival
rnenepaciévo 810t KAbe otoikeio tng $H nepiéxetat oto ouvodo § kat 1o G eivat
MEMEPAOEVO ard v undbeorn. Erouéveg pmopoupe va Stadé§oupe ekeivo
10 otoxeio B tou §) pe 10 pikpPoOTEPO TARB0G otokeiwv. Me ddAa Aoyla ard
TV KATAOKEUT] TOU 10 0UvoAo B eival 1o uroouvodo tou V pe 1o mikpotepo
mA100g otoixeiwv 1o oroio eival ypappikd ave§dptto kat rieptéxet 1o I kat
nepiéxetat oo §: FC B C G. Ba deifoupe 6t 10 B eivat pia Baon tou B.
Ene1dry 1o ouvodo B eival ek’ Kataokeung ypappikd ave§dptnto, apkei va
deifoupe ot mapayet tov V. ‘Eote £ € G éva tuydv Siavuopa tou §. Av 7 € B,
1dte 10 & eival tetpippéva ypappikog ouvduaopog Siavuopdtev tou B. 'Ecte
T ¢ B. ®zopoupe 10 ouvodo B’ := B U {F}. Eneidr) npodavog 1o ouvoro B’
wavortotei T oxéon B C B’ C G kat éxetl peyadutepo mAn0og ototyeiov ano
10 B, 8ev uropst va sivat ypappikda ave§aptnto and v Kataokeutn tou B.
Apa 1o B elvar ypappikd egaptpévo, Kat enopéveg aro v [Mpdtaon 4.1.5
£retatl 01 10 & eival ypappikog ouvéuaouog tev Siavuopdt®v tou ouvoiou B.



78 KE®PAANAIO 4. TPAMMIKH ANEEAPTHXIA, BAZEI KAI AIAZTAZH

Eneidry 1o G sivat ouvodo yevvniopev tou V, kabe Siavuopa tou B Sa sivai
YPAPMIKOG cuvbuaopog tov Stavuopdtewv tou §. Zuvbuddoviag Tig mapandve
MapAtnProelg, KAtaAryouie oto ot 1o & 9a eival ypappikog ouvbuaouog tov
dlavuopatev tou cuvodou B. Apa oe kGbe mepinwon to tuydv Savuopa T
tou § sival ypapuikoég cuvduaopog tev diavuoudatev tou B. Eneidr) amo my
unobeor 1o ouvodo G eivatr ouvodo yevvnidpwv tou V, énetal 6ou kat 1o B
elvat ouvodo yevvniopwv tou V. Apa 10 B eival ma Baocn tou V n oroia ex’
KATAOKEUTG TEPIEXEL TO oUvoAo F Kat repiéxetal oto ouvoro §. O

To napandave Seodpnpa £xet dUo onpaviikd rnopiopata ta omnoia deiyvouv
OTl KAOe Temepaopéva APAyopevog §1avuopatikog X®pog €XEl TOUAAXIOTOV
Ha Baon kat ermnpocdeta oe évav €TI0V XOPo KABe ypappika ave§dptnto
UrooUvoAo puropet va enektabel oe pa Baon.

Mopiopa 4.2.4 [Ynapén Béong] 'Eotw ou G = {&1,Ta, -+ , &} eivar éva ov-
voflo yevuntdpev tou Siavvouatikov xapou V. Tote undpyet éva uroovvoio B
tou § 10 onoio eivar wa Baon touV, énfabdn urdpyouv beikteg {i1, g, -+ ,ip} C
{1,2,--- ,n} éwot Gote 1o ovvojo B = {Z;,, Ti,, - -+ , Ti, } va evar Baon tou V.

ISwaitepa kade memepaoucva Tapayouevog StavuoUatikog XWPoS EXEL TOU-
Aaytorov pia Baon.

Anodaln: @étoviag F = (), ka1 nmapatnpaoviag 6t tetpiapéva 0 F eivat
ypappwka avetaptnto kat F C G, amno 10 Osopnpua 4.2.3 énetal 6t undp-
et pua Baon B tou V pe v 6omta B C §. Enopéveg untdpyouv Seikteg
{i1,d2,--- yix} C{1,2,--- ,n} étor wote 10 ovvoro B = {Z;,, T),, -+ , T, } va
eivat Baon twou V. a

IIépiopa 4.2.5 [Enekraon Noauuikd AveEdpmrou Yroouvdiou oe uia Bdon] 'Eotw
Vk évag memnepaousva napayousvog S1avuouatikog Xweog utepave tou K, kat
eotw {1, o, -+, Tk} €va ypauuuca avelapmnro ovvofo Savvoudiov tou V.
TOte UTAPXOUY SL1avUoUaTa Tyy1, Tk42, - -+ , Tn, OTOUN > 1, é101 dOTE T0 OUVOAO
{Z1,Z2, -+, Tk, Tlt1, Thy2, - -+, Tn} va givar pua Baon wou V.

Anodealn: @touvpe F = {¥, 7o, - , T }. Enedr) o Savuopatukiog xopog V
etval menepaocpéva napayopevog, Undpxet éva cuvodo yevvniopev §' tou V.
®¢toupe § := FU G, Toéte mpopaveg to § mapapével GUVOAO YEVVITOP®V TOU
V kat ek’ Kataokeung mepiéxet o ouvvodo F:: F C G, Toéte and 10 Oswpnua
4.2.3 énetal 6 untdpyxet pa Baon B tou V pe my 16omra F C B C §. Autd
onpaivetl Ot UIAPXouV dlaviopatd Tgq1, Lr+2, - , Tn, OIIOU N > 1, €101 GOTE
10 0Uvodo {Z1, o, -+ , Tk, Tht1, Tkt2, " » Tn} va etvat jua Baonwou V. O
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Mapadewypa 4.2.2 Oswpovue ta Stavvouata
¥=(2,1,4,3), ¥=(2,1,2,0)

wou R, @a beifouue oL ta X, Y elvar ypauukd avelapinta kar 9a mpoabiopi-
ooupe 6Uo Sravvouata Z, W €tor eote 1o ovvoo {Z, Y, Z, W} va anoteflei faon
ou R%.

1. 'Eow ki + 1§ = 0. Towe k(2,1,4,3) +1(2,1,2,0) = (0,0,0,0) =
(2k+2l,k+1,4k+21,3k) = (0,0,0,0). Hoopavog n tefevtaia oxéon biver ot
k =1= 0 xat enopévag ta &, i eivar yoauuka avelaptnia.

2. @swpovus My kavovky Baon {€1,E,E3,€1} tou R Av 10 €1 nrav
YoauuIKog ouvbuaoudg twv T kai §f, 10te 9a giyaue pia oxéon e UopPric:

£\ = aZ + byj, nAasn: (1,0,0,0) = a(2,1,4,3) + b(2,1,2,0)

H teflevtaia oxéon eivar wobvvaun pue mo (1,0,0,0) = (2a + 2b,1 + b, 4a +
2b, 3a) n onoia evkofa BAénouue ou givar abvvatn. Enousvwg, anod v Ipota-
on 4.1.5, énetar ou 1o ovvoo {Z, y, €1} elvar ypauuuca aveSapinro. Epyaldue-
vot tapouola BAEToupE 0T To S1AVUOUa € eV glval YOauUIKog ouvSUAoUOg TOU
{Z,7,e1}, kat emopévag 1 ovvofo B' := {Z,y, €1, e} eivar yoauuuca aveap-
mro. Oa beifouue 6 10 ovvoo B’ eivar wa Bdon tou R* (Av giyape amobeiet
o' autd to onueio 10 Oswpnua 4.3.8, 1o (rovuevo Ya nrav auesoo). Apkei va
6eifouue 6t 1o B’ mapdyer tov R*. @a Exouue:

¥—1y=1(0,0,2,3) =23 + 3¢,
Z—2y=(-2,-1,0,3) = —2¢; — & + 3¢,
‘Apa apaipoviag Ja éxouue if = 2€1 + € + 2€3. Enopévag:

R T
63=§y—€1—§€2
Tote ano v mpw™ oxéon 9a EYouus:
I Lo oo 6 | o
€)= [T —§—26e3] = -[¥ — 27+ 26 + &3]

3 3

Topa enetdn kade Siavvoua ¥ = (a,b, c,d) € R* sivar ypaupkos ouvdvaoudg
v {€1,€,€3,64}: 7 = ae) + béy + c€3 + déy, Aaubavoviag un' oyw tg
Tapanave oxeoelg, 9a Exouus:
2d c d d c 2d
r=(a—c+—=)a+0b—=z+s)éea+ (5 —c)f+(z — =)y
(a—ctFla+b-g+3)a+(3-oF+ (579

Kai emopévag 10 ovvoAo Stavvoudiov B’ tapayet tov R%. 'Ewo 9¢tovtac Z = €}
Kat w = €a £youue 10 TOUUEVO.
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4.3 H Evvoua tng Aldaotaong

"Exovtag &eifel 011 ke menepaopéva napayopevog dtavuopatikog xopog Vi
unepdvae evog owpatog K €xel toudaxiotov pia Baor, mpokurttel eUAoya 1o
epwInpa av duo tuxouoeg Baceig tou V €xouv karoleg Koweg 1610tnteg. To
[Mapabdetypa 4.1.3 deixvel o ta dravuopata 6uo Pdoenv propet va eivat dia-
(POPETIKA, €TONEVRG Hev PITOpOUNE va Tieptpévoupe SUo tuxouoeg PAcelg va
é¢xouv kowva Savuopata. ‘Onwg 9a Sei§oupe nmapakdte n 1610tta n onoia na-
papével avadloimtn eivat 6tt HUo TuXouoeg PAocelg TEPIEXOUV ToV 1610 apBpo
dravuopdrtav.

To axdAoubo onpaviko arotédeopa eivat to kAedi yla v andden tou
avaAlointou tou nArBoug Siavuopdtev 6o Bacewv.

Afjppa 4.3.1 [Afuua AviaMayrig] 'Eotw § C 'V éva mengpaousvo ovvoio bia-
vuoudtev 1o onolo napdyet tov V, kar F C V éva yoauuikd aveSdotnto umoou-
vofo siavvoudateov tou V. Tote |F| < |9|.

Anobaén: H anddeidn Sa yivel pe e1g drono enayoyn: Ynobétoupe ou [F| >
|G| xat 9a deifoupe ou auty) i) undBeon Sa pag obnynoet ot droro. 'Eoww § =
{#1,- , @y }. Tote ano v unobeon pag éxoupe ot |F| > n. Autd onpaivet
ot 1o ouvodo F mepiéxel tovddyotov n + 1 Savuopata 1) wodvvapa 10 F
niepiéxet éva uroovvoro F = {71, -+, Un, Ynt+1} C F 10 omoio amotedeitat
artdo n + 1 Gwaviopata. H otpatnyikn pag eivat va avilkataotrjoovpe td
Siavuopata tou ocuvodou § pe Sravuopata tou cuvodou F pe tétoo tpdIo
®OTE TO TO OUVOAO TI0U 9a TPOKUYPEL VA TIAPAEIVEL GUVOAO YEVWITOPGV Tou V.
Ev npotoig apatnpoupe ot enetdn) o F eivatl ypappikd ave§aptnto, and
v Ipdtaon 4.1.4 énetal én kat 1o ovvodo F' etval ypappika ave§aptnto.
Enedr) 1o § eivat ouvodo yevvniopwv tou V, énetat 6t 1o 7 € F Sa etvai
YPARPIKOG ouvbuaopog tov dtavuopdtev tou §. 'Etot 9a €xoupe ot

glzklfl+kgfz+"'+knfn, keK, 1<i<n (1)

Avk; =0,Vi=1,--- ,n. w6 §i = 0 kat autd stvat dtoro 16T 10 POVOsUVOAo
{#1} elvar urtoouvodo tou ypappikd avegaptnrou cuvedou F kat yvepiloupe
0Tl TO LOVOOUVOAO {6} eival ypappka sgaptnpévo ano to Afjppa 4.1.3. Apa
urnapxet i = 1,- -+ ,n £€to1 wote k; # 0. Xwpig PAdBn g yevikottag, ev avay-
kel addddoviag v apibpnon v &, - - -, Ty, ot k1 # 0. Ioddardaociddoviag
kat ta duo pédn g (1) pe by 1. 9a éxoupe 1008vvapa tn oxéon

Fo= kU (2R k)T - (k)T (L
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Eneibr) 1o ovvoro {&,Ta,- - , T} mapayet tov V xat 1o Ty eivatl ypappikog
OUVBUAONOG TRV 1, T2, * * * , Tp, EMETAL APECA OTL KA1 TO OUVOAO {41, To, - -+ , T}
rnapayet v V.

Enopéveg 1o 6iavuoua fp sival ypappikog ouvduaocpog teov Siavuopdtoy
{th,Za, -+, @n}, 6nAady:

Yo=Uth +loZs+ - +1,Zn, LeK 1<i<n (2)

Avl; =0, Vi = 2,--- n, 1ote Sa éxoupe 2 = 141, dnhadn ta 4, Yo €i-
vat ypappika sgaptnpéva, Kat autd sivat atoro 816t 1o ouvodo {1, Ja2 } etvat
ypappikd ave§dptnto @g UMooUVoAo ToU Ypapuikd avedptntou cuvédou F.
Apa uridpyet i = 2, -+ ,n €ol oote l; # 0. Xopig BAABN tng yevikottag, v
avayket adAadovrag v apibunon v Lo, - - , Ty, 0 lo # 0. I[oAAarAaocia-
ovtag kat ta uo pédn g (2) pe 1y 1 9a €xoupe 1006Uvapa tn oXEoT

Ty = 13" + (=l ) + (15 ) s + -+ + (=15 1) E (2)

Eneibr) 1o ovvodo {41, &2, -+, T} mapdayet tov V kat 1o Ty eivat ypappikog
ouvbuaopodg twv davuopdtey i, iz, L3, - - , Ly, EMETal Apeoa Ot KAt 10 oU-
vodo {¥1, Yo, T3, -+ ,Tn} apayet ov V.

Mexp1 tHpa £€X0UPE avIIKATAOTHOEL ta dUo mpopa davuopata &, o TOU
ouvolou v yevwnuopev § pe ta §Uo nmpota davuopata §i, Yo €101 OOTE TO
ouvodo {¥1, Y2, L3, -+ ,Tpn} IOV MIPOKUITIEL VA TAPAPEVEL GUVOAO YEVVIIIOPGV
tou V. Zuveyilovtag autr t Siabikaocia avuxkatdotacng evog diavuopatog
tou § pe éva iavuopa tou F, petd and n Pripata, KAtaAryoupe va avit-
KaTaot)ooupe ta diavyopata tou § pe ta davuopata tou F, kat 1o oUvodo
{91,%2, ", Un} Tapapével ovvoro yevwniopev tou V. Enopéveg, ouvexilov-
tag oto (n + 1) Prpa, 1o davuopa Pp4+1 €ival ypappikog ouvduaopog twv
Savuopawev {71, %2, - -+, Yn}, Ondadn:

Un+1 = M1 +malp + -+ mpln, m; €K, 1<i<n (n+1)
Téte dpwg and v Ipdraon 4.1.5 énetar dn 1o ouvoro F' = {41, %, + , Yny Unt+1}
eival ypappika egaptnuévo Kat auto eivat atorno. Zto Atoro KataArniape u-
robétovrag ot [F| > |G|. Ermopévag 9a exoupe |F| < |9). O

IIopiopa 4.3.2 Kdde Bdon evi¢ Memepaoucva mapayousvou Slavuouatiicov
xopou V urmepave tou oopatog K mepiéyel menspaoucvo nandog Siavuoudton.

Amndbeiln: 'Eotw B pa Baon tou diavuopatikou xopou V, 18iaitepa 1o ouvoAo
B eivar ypappika ave§dptnro. Emeidr) o V eival nenepaocpéva napayopevog,
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érietatl 6t o V £xet éva nenepaocpévo ouvodo yevvnuopav §. Tote arnd 1o Afjppa
Avtaddayrg 4.3.1 9a éxoupe ou |B| < |G| < oo. O

Topa eipaocte o 9¢on va Statuniwooupe Kat va arodeioupe 1o akddoubo
Yepediwdeg amotédeopa.

Ocwpnpa 4.3.3 'Ectw B kat By vo Bdoeig evo¢ menspaousva napayouevou
Suavvopatov xopou V. Tote |Bq| = |Bal.

Amnobeén: H anddedn eivar apeon ouvénela tou Arjppatog Avtaddayrng 4.3.1:
Enedry ta ouvoda By, By eivar Bacelg, 9a sivatl ypapuikd ave§dptnta cuvola
yewntopay tou V.

1. Eneibr) o By eivar ypappika ave§aptno kat to Bs eival cuvodo yevvnio-
pwv tou V, and to Anppa Avtaddayng 9a éxoupe: |Bi| < |Bo|.

2. Eneibn) o By eivar ypappika ave§aptnro kat to B eival cuvodo yevvnio-
pwv tou V, and to Afppa Avtaddayng 9a éxoupe: |Bao| < |By|.

Enopévag: |Bq| = |Ba|. O
To nmapandve Oswpnpa pag odnyet dpeoa otov akoAoubo oplopo.

Oplopdg 4.3.4 'Eoww Vi gvag memepadueva napayopusvog Siavuouatinog X -
p0o¢ utepave tou owparog K. To mAndog tov Stavvoudiev pwiag tyovoag Baong
B tou V kajeitar 8raotaon tov V kar ovubofifetar wg eEr¢:

dimg V :=|B|, B eivai tuyovoa Baon tou V

Ao topa Kkatl oto €§Ag IMEMePAOEVA TTIAPAYOHEVOL H1avVUOPATIKOL XWPOL
Vk 9a kalouvial Stavuopatikoi Xopot nencpacpévng d1aotaocng Kat tote
9a ypagpoupe dimg V < 0o. To urtoAorto pépog TV onUel®oe®v 9a aplepwdei
otnVv peA€tn toug.

Zx0Aw0 4.3.1 'Onwg éyouue bet n vvoia g yoauutkng aveapinolag dtavu-
OUATOV £VO¢ SLAVUOUATIKOU X@POoU, Kat apa kat 1 évvola g Baong, efapratat
ano 10 OWUA UTEPAV® TOU OTOIoU £lvat OPLOUEVOS O S1avuouatikog xwpog. Emo-
uevwe Kat n vvota g daoctaong efapratat ano 10 COUA UTEPAV® TOU OTOIOU
givat opiopévog o Stavvopuatikog xwpog. Auvty v efaptnon vrodniaver kat o
ouuboAiouoc dimyg V.

'Etot 0 stavvouatikog xwpog Ce gxet dime C = 1, 616t 0 apduog 1 € C
eivar pa Baon v C vrgpave v C. IHpdaypuan 1 # 0 kar dpoa 10 1 ivar
yoauuka aveaoptnro 6iavvoua touv C. Ano v dijin nisupad kade uryadbudg
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apduog z yodpetal o¢ yoauukog ovvdvaocuog z = z1 wu 1 ue ovvtefeotég and
10 C. 'Apa 10 ovvofo {1 }ewar pa Baon touv Ce kat enoutvwg dime C = 1.

Ao mu aiin rievpd o Stavvouatucdg xwpos Cr éxet Siaotaon 2 6161 10
ovvofo {1,i} eivar pua Baon v C vnepdve wou R. Hpayuat onwg éxovue
et 1o ovvoflo {1,i} eivar ypauura aveapmnio vnepave tou R. Enedn kade
utyaducog apduog z yoagetar ¢ z = a + bi = al + bi, onov a,b € R, énctar
ot 1o ovvofo {1,i} mapayet tov Sravvouatikd xopo Cr kai apa amoteiei faon
tou. Enopéveg dimg C = 2.

IMapatfpnon 4.3.5 [Alavuopatikoi Xcopot Aneipng Ardaotaong] Aiavvoua-
kol yawpor Vi ot onoiot 6ev glval memepaoucva mapayousvol kajovvial Yoot
anepng 6waotaong. I't' avtovg toug xwpoug 9a yodagouue dimg V = co. H
Yewpia tov xopwv ancpng diaotaong, n onoia sivat AvtiKeUeVo S1aPOPETIKOV
uadnuateov, my. g Zvvaptnotakng Avdiuvong, bev 9a pag arnaoyonoet oug
TAPOUOES ONUEIDOELS TTApd UOvo Tieptotactakd. O oupboAioudg dimg V = oo
umodnAcver 0t 0 xwpog Vi bev elvar memepaouévng didotaong, éniadn bev &
Xe&tBaon pe mengpacusvo TANHog ooy el 1 woodvvaua Oev eival TEMEPATUEVA
TapayouUevog.

Amo v aifn misupa n évvola g BAong, OTWS TNV EXOUUE OpPIOEL, EXEL
gvvola Kat yla anepa ovvojla, Kar EmoUEV®S Kal yia S1avUoUatikoUs X®poug
ot omoiot bev givatl memepacucva napayoucvol. Mmropei kaveig va 6eifel ot dvo
TUxoUoeg BATelg eVO¢ TUXOVTOS S1avUoUatikot xwpou Vi, oxt kat' avdyknuv me-
TELAOUEVA TTAPAYOUEVOU, EXOUV TO 1610 (evdeyOpeva aneyo) TAndog oToLyElo.
H xown avtr tun kafeltat Onwg kat tapanave daotaon v Vig. X' avto 1o
onueio 9a mPEmeL va givatl Kavels TPOoEKTIKOG Kadws UTAPXOUV OlaPOpETIKES
EVVOLEG Kal «TTOIOTNTEG ATEIPOU, Kal EMOUEVES KAmowa SidKkpion ival avaykaia.

Evésictika avagpépouue, ywpic arnodeln, ta akojovda mapadsiyuata dia-
VUOUATIK®OV X@WP®U Atelpns 61dotaong.

1. dimgR = oo, 6nAadn 10 owua 1OV mpayuatukwv apduwy Je@PoUUEVO
oav S1avuouatikog XWPOog UTEPAV® TOU OOUATOS TOV PNIOV EXEL ATEON
bwaotaon.

2. dimg K[t] = oo, 6niabn o sravvouatikds xopog tov ToAVO@UUUGU UTte-
pave tou K éyet aneion diaotaon.

3. dimg F(S,R) = oo, onov S givar éva anepo ovvojo- éniadn o diavu-
OUATIKOG X@WPOC OA®V TOV TOAYUATIKOU oUVApTHOE®V Ue Tedlo OplopoU
gva amneipo ovvojlo, Sicne 4.3.7 éxel ansipn Saoctaon.

Tumika Stavuouatkol Ywpotl ouvaptrioe®v, Ol OToloL VAl AVTIKEIUEVO TNG
Avajluong, sivar anesipong dtaotaong.
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Zug mapovoeg oNUEIOElS KUpiwg Jda uag anacyofnoovv memepacueva napa-
YOUEVOL UTOX®POL S1aVUOUATIK®OV XWP®V ATeipng 6iaotaong. TEtotor umdxwpot
Umapxouv oe agdovia onwg deixvel n akojloudn dueon ouvenela tou Ilopiopuarog
4.2.4:

IIépiopa 4.3.6 'Ecto W évag umdxwpog evog diavuauatikot xapou V (o onoi-
o¢ 6ev glvar kat' avayknv menspacusvng diaoctaong). Av o W mapayerar ano
nenepaopéva 1o mindog Siavvouara, ote dimg W < oo.

Mapadewypa 4.3.2 'Eow K éva oopa karn > 1.

1. dimg K =1.

Mpayuat: yia kade un-undevuco otoyeio k € K, to povoovvoio {k} eivar
Bdon wou K kat emopsvog dimg K = 1.

2. dimg K" = n.

Ipayuan: 'Exouue 6¢ifer ou 1o ovvofo B = {é1,--- ,€,}, onov €; =
(0,0,---,0,1,0,---,0) (10 1 eupavilerar otnv i ovviotwoa), eivar pia Bd-
on tou K", ‘Apa dimg K" = n.

3. dimg K, [t] =n+ 1.
Mpayuan: 'Exouue eifer 6t 10 ovvofo B = {1,t,t2,--- | t"} eivar jua
Baon ou K, [t], kar apa dimg K, [t] =n + 1.

Mapadeypa 4.3.3 'Eote 1a axdfovda urnoovvofa tou R :

V:{(xl,xg,xg,x4) ERH xl—w2+x3—x4:0}

W = {(z1,22,23,74) € R*| 21 + 22 + 23 + 24 = 0}

Oa vunooyicouue pia Bdaon kat v Swaotaon tov undxwpou V NW.
'Eoto (21, %2, x3,24) € VN W. INpoodétovtag kat akofovdwg apaipaviag
1¢ e§lowoelg r1 — X2+ T3 — x4 = 0 karx1 + 2 + a3+ x4 = 0, 9a éyouue ausoa

oury = —r3 kKar ro = —x4. Avtiorpopa kdade otoixeio (11, T, T3, Tq) € R*
€101 @Ot T1 = —X3 KAl Ty = —I4, AUNKEL TPOYavwg otov uroywpo C N W.
Enouévag:

= {(1?1,1‘2, —L1, _332) S R* | x1,T € R}
= {21(1,0,-1,0) + 22(0,1,0, -1) € R*|zy, 25 € R}
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Enmopsvag VW = (£1,£3), omou €1 = (1,0,—1,0), xat g3 = (0,1,0,—1).
Evrxoa Biénoupe ou 1o ovvoio B = {&1, &3} elvar yoauuika aveldomnro, kat
dapa amotefel pia Baon tou undywpou VNW. Zuunepaivovpe 6t dimg VOW =
2.

IIpdétaon 4.3.7 'Ectw Vi, Vs, - ,V, Stavuouaticov x@pot tenspaousvng bid-
otaong urtepave tou owuarog K. Tote:

’dimK(Vl X VQ X - X Vn) :dival+dimKV2+"‘+divan

Amnodeiln: Ba beifoupe Vv {nroupevn oxEor Otav n = 2+ 1] YEVIKI) [EPITIOOT)
MpokuItel Gpeoa pe enaywyyy. Eoww By = {€1, e, -+, €,} pa Bdon tou Vq
rat By = {&1,&4, -+, &} pa Baon tou V. Oa dei§oupe 61t to oUVoAo

B = {(517 6)7 (€276)7 Ty, (gnv 6)7 (67 51)7 (67 52)7 Ty (67 gm)}
eivat pa Bdon tou Vi x Vy. Asiyvoupe npota 6u to ouvodo B napdyet tov
Vi x Vy. 'Eow (Z,7) € Vi x V3 éva tuxov diavuopa. Enedn Z € Vi xat 1o
ouvodo Bj etvar pa Baon tou Vi, énetatl 6ut & = k1€ + kos + -+ + kpén,
k; € K, 1 <i<n. [lapopoia ere1dny i € Vo kat 1o ouvodo Boy eivatl pia Bdon
wou Vo, énetat ot § = 11€1 + 1262 + - -+ + lpém. [j € K, 1 < 5 < m. Tote Sa
€XOULE 1] OXEOT)

(i:a :’j) = (klgl + k2§2 + -+ kngna llgl + l252 + -+ lmgm) =
k1(€1,0) + ko (€2,0) + - + kp(€n,0) + 11(0,81) + 12(0,85) + - -+ + 1 (0, 8)
n oroia dsiyvel 611 10 ouvodo B mapayst tov xopo Vi X Vs, Zin cuvéxela
deixyvoupe 6t o B eivar ypappikd ave§dpmro. 'Eotew 6t undpyouv apibupoi
ki,l; € K,1<i<mn,1<j<m,¢tolwote:

k1(€1,0)+ko(E, 0)+- - +kn(En, 0)+11(0,81)+12(0, )+ - -+ (0,&,) = (0,0)
H teAeutaia oxéon eival 10odUvapn pe ) oXEon

(k1€1 + koés + -+ + k€, 1EL + lo8a + -+ + L&) = (0,0)
ano v oroia ouvayetat apeoa ott

k1€ + koo + -+ kpén =0, 1181 +1laés+ -+ 1lmém =0

Ao ) ypappikn aveiaptnoia tov ouvodev By kat Be émetat o k; = 0,Vi =
1,2,--- ,nxatl; =0,¥j =1,2,--- ,m. Supnepaivoupe ot 1o cUvodo B eivat
YPAUMIKA ave§aptnto, Katl emopévag eivatl pia Bacn tou Vi X Vo, Téte opwg

dimK(Vl X VQ) = |B| =n-+m= ’31’ + |BQ’ = dimg V1 + dimg Vo
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Mapadeiypa 4.3.4 1. dimg(R x C) = 3.

2. H Ilpotaon 4.3.7 6iver iua aijin anodeiln tov tunov 2. tou Ilapadeiyua-
10¢ 4.3.2. Tpayuatikad avto mpokuntet ano 10 yeyovog ot K" = K x K x - - - x K
(n-mtapayovteg).

‘Aoxknon 4.3.5 'Eoww V 10 0Uvofo 10v AUCE®V ¢ yoauuikng e§iowong:
kixy + koxa + -+ - + kpzp =0
énAadmn:
V= {(w1, 22, wn) € R" [ kawy + kawa + - + koo = 0}

onou k; € R, 1 < i < n. Na npoobioprodei pia Baon kat n dwaoraon wou V.

Avon : Alaxpivouue SU0 TEPUTIDOELS :

1. Avk, =0,Vi = 1,2,---,n, 0te mpopaveg V = R". Emnouévwg
dimg V = n, kai tuyovoa Bdon, w.x. N kavovky, givai Baon tou V.

2. 'Eoww ou (k1, ke, -+ ,kn) # (0,0,---,0). Xepig BAa6n g yevucotniag,
unodétouue ou k; # 0. Tote and v Egpapuoyn 3.2.11 énctar ot 1o ovvoio
Stavvoudatev tou R™

Xl = (1707 70711707“' 70)7 Ty X’i—l = (0707 717li—1707'” 70)7
X’i-‘rl = (0707 707li+1717"’ 70)7 Ty Xn = (0707 707ln707"' 71)
omouv ot apduoi l; = IZ—Z Yj # i, eupavidovtar omv i-ovvistayuévn, givat éva

ouvofo yevvnidpwv tou V. Ba Seifoupe ot to ovvoo

—

‘B — {Xla"' 75\‘i717)\i+17"' ax’n}

elvar yoappika avefaptnto kat dpa anoteel pa Baon wov V. 'Eote p Xl +
/,LQXQ + -+ m_lXi_l + Mi+1xi+1 + -+ uan = 0. H tefevtaia oxéon
givar 1006vvapn pe v (fi1, f, -+ 5 i1, s i1, -+ fn) = (0,0,---,0), omou
wo= paly + polo + -+ + pnly. Terotupgva auviés or ox€oels OCUVETAYOUD OTL
w1 =+ = p, =0, kat dpa mpayuartt 1o ovvodo B eivar ypoauuca avedptnto.
Zuunspaivovue oudimg V =n — 1, 616t n Baon B ou V éxein — 1 groiyeia.

KAetvoupe v mapouoa rapaypado 1€ KATO1EG ONLAVIIKEG OUVETIEIEG TOV
00wV £xoulie arodei§el peEXpt twpd.

Ocopnpa 4.3.8 1. Avdimg V = n, 10te kdde yoauuucd aveEdoTnio umoouvo-
Ao tou'V éyet 1o moAv n otoyyeia.
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2. Avdimg V = n, dte kade avvofo yevunidpwv tou V éxet toufdyiotov n
otolyeia.

3. AvdimgV = n, 10te kdde ovvofo Savuoudiev 1ou V ue meploodtepa
ano n oroyeia givat ypoauuka eaptnuévo.

4. Av dimgV = n, 101 Kade ovvofo Savuoudiewv B tou V 10 omoio
weavonoet 2 ano g akodovdeg 3 1610tnteg givat Baon.

(a) To B eivar yoapuuca aveaptnro.
(b) To B mapdayet tov V.
(¢c) To B éxer axpibag n oroiyeia.

Anddefn: 1. Zupogwva pe 1o Ilopopa 4.2.5, kabe ypappikda ave§dptnto
uroouvoAdo F tou V emekteivetal oe pa Baon tou V. Enedry dimg V = n,
¢retat ou |F| < n.

2. Zupogeva pe o Iopioua 4.2.4, kabe oUvodo yevwniopev G tou V mepié-
XEl oav uroouvodo pa Bdaon wou V. Enedn dimg V = n, énetat ou |G| > n.

3. Tlpoxurmtel apeoa aro to 1.

4. Av 10 urtoouvodo B wkavorotei ta (a), (b), wte 1o B eival €& opiopou
Baon tou V. Av 10 urtoouvodo B wkavorotei ta (a), (¢), wte ano 1o (a) xat 1o
[I6piopa 4.2.5, 10 B enexteivetat oe pia Baon B’ tou V. Enedr) dimg V = n,
n Baon B’ éxe1 n 1o mMAfBog otoxeta. Enedry B C B’ xat |B| = n, énetat 6u
B = B’, xat dpa 1o cuvoro B eival Baon tou V. Av 10 urtocuvodo B kavorotei
ta (b), (¢), tote and 1o (b) kat to [Moplopa 4.2.4, 10 B niepiéxet oav urtooUvoAo
pia Baon B’ tou V. Enedr) dimg V = n, n Bdon B’ éxet n 1o nAnbog otoyeia.

Enedn) B' C B xat |B| = n, énetat 6u B = B’, xat dpa to ovvodo B eivat
Bdaon tou V. O
‘Aoknon 4.3.6 'Eoww B = {&1, -+ ,&,} wa Bdaon tou ravuouatikov xeopou V

unepave tou owuarog K. Na 6eifete o1t 10 ovvoo:
/ - - — — — —
B ={8,81+&,-- &1+ + - +E&n}

eivat emiong pa Baon wou V.
Avon: Enabn |B| = |B/|, olppova ue 1o @saypnua 4.3.8, apkei va beifoupe
ot 1o ovvofo B’ eivar yoauuka avelaptnro. 'Eote

k18 + kBl + &)+ k(G + S+ +8,) =0
Authy n oxéon elvar iwvodvvaun pue v

(k1+ko+ -+ kn)et+ (ka4 kn)a 4+ (kno1 + kn)&no1 + knépn = 0
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Emneibn 1o ovvofo{&1, - - - , &, } elvaryoauuuca avelapnro, énetar ot 9a Exovpe :
ki +ko+-+kp=ka+ - +thkp=-=kn1+kn=Fk,=0
Ot 1efleutaieg oxéoeig mpopavag Sivovv otk = - -- =k, = 0. 'Apa 10 ovvoio

B’ etvar yoauukd aveapnro.

Mapadeiypa 4.3.7 Mapadeiyuara Baoewv orov K, [t].
1. 'Eoww P(t) € K, [t] éva moAvovupo Baduov n. Tote 1o ovvoio

B = {P(t), P'(t), P"(1), - , P™) ()}

etvar pa Baon tou K, [t], 6mou P (t) eivar n napdaywyog k-taéng tou P(t).
Ipaypauka: Eneidn deg P(t) = n, énetar dueoa ou deg P'(t) = n — 1,
deg P"(t) =n—2,---,deg PV (t) = 1, deg P (t) = 0. Ano 10 Hapddeiyua
4.1.5 énetar 6u 1 ovvofo B eivar yoaupuca avelaptnro. Enedn |B| = n + 1
enedn ano to Hapabderyua 4.3.2 gyovpe dimg K, [t] = n + 1, ano 1o Bsapnua
4.3.8 énetar o 10 ovvoflo B givar Baon tou K, [t].
2. 'Eoww a € K. Tote 10 ovvoio

C:= {1,(t—a),(t—a)2,-~ ,(t—a)"}

eivar wa Baon wou K, [t].

Epyalousvot ontwg¢ kat oto 1., emedr) 10 mAndog 1oV SiavuoudTev TOU OUVO-
Aou € givarn + 1 = dimg K, [t], and 10 O@ewpnua 4.3.8 énecrar ou wo ovvoio C
etvar Baon tou K, [t].

Epotnon: [Moiég eival ol ouviotdoeg Tou Tuxdvrog noAuwvduou P(t) € K, [t]
otV napandavw paon;

Anavinon: Xpnowonowviag tov twno tou Taylor and tov Ameipootiko
Aoyiouo, énetar ou 1o rovavupo P(t) yoagetar povabdika wg e&rig:

P p pn)
P(t) = P(a) + ff‘>(t—a)+ 2('a)(t—a)2+~-+n'(a)(t—a)"
Kal EMOUEV®E Ol OUVIOTWOES glvat: %, 0<k<n.

IIpoxeipn Aoxkipacia
Na e€etaobei av ta napaxkdate vrioovvora tou K, [¢] eival Baceg tou K, [t]:
{1, 1+t 14+t 4+t 1+t +t2 - 1)
2. {14t t+ 2, 4L ),
3. {1,1—t,(1—t)2-- (1 —-t)"}.
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4.4 Awdotaon Ynoxopwv

Av W givat évag unoxopog evog S1avuouatikou Xopou V Urepdve T0U 0OPAToS
K, tote onwg £xoupe He1 0 W e toug replopiopoug v mpageav tou V eivat
évag davuopatkog xopog uriepdve tou K, kat eropévag opidetat ) diaotaor
tou W, 6tav autdg sival merepacpéva napayopevog. Tinv rnapovoa evotnta
Ya peldetjooupe ) ouprnepipopd g Hidotaong evog H1avuoPATIKOU XHOPOU
TIETIEPAOIEVTG H1a0Taong 08 OXEOT HPE TOUG UMTOX®POUS TOU.

Apxitloupe pe v akoAoubn mipotaocn 1 omoia Heixvel ot 1 1610TNTA EVOG
SlavuopatikoU XOpou va eival Menepacévng 81a0taong KAnpovopeital otoug
UTIOX®POUG TOU.

IIpétaon 4.4.1 'Eotw Vi £vag S1avvouatikdg Ypog Tenepacuevns 61dotaong
umepdve tou oopatog K, xair éotw W gvag undxwpog tou V.

1. O undyxwpog W éxel menepaousvn didotaon.
2. dimg W < dimg V.

3. dimgW =dimgV avv W="V.

Anodeiln: 'Eoww dimg V = n < oo.

1. - 2. Zupowva pe 10 Oewpnpa 4.3.8, kabe ouvolo davuopdtev tou
V., kat dpa xkat tou W, pe meprooodtepa aro n + 1 otoikeia sival ypappikda
eCaptnuéva. Apa 1o mAA00g TV Ypaupika avegaptiev diavuopdtev tou W
8ev propei va eivat peyadutepo 1 n. 'Eow € := {&1,- -+, &y} 10 urtoovvodo
tou W pe to peyalutepo mAnbog ypappika aveiaptqiov Stavuopdtewv. Tote
ta Savuoparta tou € eivatl mpodpavag ypappikd ave§dptna Sewpoipeva g
Siavuopata ou V, kat dpa m < n. ‘Eowe § € W- t6te 10 ouvodo CU {y} =
{&1, - ,&m, ¥} é&xert m + 1 oroeia xat Gpa arno v kataokeur) ou C eivat
ypapuika sgaptnuévo. Ao ) [pdtaon 4.1.5 énetat 6t 1o § eival ypappikog
ouvbuaopdg v Savuopdtev tou C, kat apa to ouvodo € eival éva ouvodo
yewnopev tou W, kat pdAiota sivat pia Baon tou W agou sivat ypappika
ave§aptnro. Emopéveg o W eivatl nenepaopéva nmapayopevog, kat pdAiota, 1
diaotaon tou eivat dimg W = m = [C| < n = dimg V.

3. Ipogavag av V = W, t6te dimg W = dimg V. Ymnobétoupe ot
dimg W = dimgV := n xat éoww € pa Baon tou W. Toéte 10 ouvoro €
MepPLEXel n draviopata ta oroia eival ypappika avedapinia og diavuopata
tou W, dpa kat og daviopata tou V. Ao 1o Ocopnua 4.3.8 énetatl ot 1o
ouvodo € eivat kat Baon tou V. Autd dpeg onpatver ou V = (€) = W. O
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Zx0Aw0 4.4.1 1. Zuugwva ue m Ipotaon 4.4.1 undxweol Slavucuatikov xer-
PV TEMEpaocuEvng H1aotaong EXouv menspaousvn didotaon. Ano t@wpa Kat oto
efne¢ 9a xpnowonolovue avto 10 ONUAVTIKO anotéAsopua Xwpic mepaitép® ava-
@ood.

2. H éidotaon tov pnbevikov undxwpou {0} eiva, dnwg 9a nepiusve kaveic,
ion ue 0. Auto mpokUTIEL amod 10 yeyovdg Ot 1o kevd ovvoo () sivar wa Bdaon
0U {(_)'}_) Avtiotoopa av W eivatr évag vnoxwpog tou V kat dimg W = 0, tdte
W = {0}.

To axkodoubBo anotédeopa xapaktnpidel 1o eubU abpoilopa VTIOX®P®V oU-
vapthoet 1810t IeV ¢ §1A0Taong TV UNOXOPMOV.

IIpdétaon 4.4.2 'Eoww Vi évag S1avuouaticig Y wpog Tenepacuévns 1aotaons
unegpdve tou oouatog K, xkat éotw Z wat W 6vo unoywpotr tou V. ToOte ta
axofovda eivar wobvvaua:

1. To adpoioua vnoywpwv W + Z sivat eudu.

Anobeiln: 'Eow C = {é1, - ,€,} pa paon ou Wxrar D = {&1,- -+ , &} ma
Baon tou Z.

1. = 2. Eneidfj o d6poopa W + Z eivatl ubu, énetatl €€ opiopou ot
WNZ = {6} @a deifoupe 611 1o ouvoro CUD = {é,- -+ ,€,,81,** ,Em}, 1O
oroio elvat mpopaveg urtoouvoro tou W+ Z, eivatl pia Baon tou W+ Z. 'Eote
k1€1+ - A ko1& - Al = 0, 0mou ki, l; € K, 1 <4 <ny1 < j <m.
Tote 9a £xoupe 1o0oduvapa I oxeon :

kier+ -+ knén = (L)1 + -+ (—lm)ém (1)

To 1peto pédog g (1), wg ypappikog ouvduaonodg Siavuopatey tou W, a-
vhkel otov unioxepoW. Tlapdpoila 1o deutepo pédog tng (T), g ypappikog
ouvduaopdg Sravuopdtev tou Z, avrkel otov UnOX®PO Z. Er[opsvo)g Kat
8U0 1£An mg J[) QVIKOUV OtV TOur WNZ={0}. Apa k1& + -+ kpé, =0
kat (=11)&1 + -+ (=lm)ém = 0. 'Opeg wa davvopata {61, <€} Ka
{&1,- -+ ,&n} etvar ypappikd aveidpita kabog anotedovv Baocelg v W kat
Z avtiotowxa. Apa ky ==k, =0xatly = --- = l,;, = 0. Autd opwg on-
naivetl ot 1o ouvoro CU D sivar ypappika avefapmro. 'Eotw wpa £ € W+ Z
éva tuyov didvuopa tou unioxewpou W+ Z. Tote untapyouv Stavuopata W € W
xalt 7 € Z étor wote & = W + Z. Eneidry 1o ouvoro C sivar Bdon tou W, Sa
éxoupe W = k1€1 + - - - + kné€y,, 0mou k; € K, 1 <4 < n. Iapopoia eneidr) 1o
ouvodo D etvat Baon tou Z, Sa éxoupe 7 = 1161 + - - - + L€, 0m0U I; € K,
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1<j<m.ToweZ=w+2zZ=keée + - +kpé,+101E1+ -+ lpEm, 10 onoio
onpaivetl 6t to ouvodo C U D mapdyet tov unioxwpo W + Z. ‘Apa 1o ouvodo
C U D armotedei Bdon tou W + Z kat emopéveg 9a éxoupe:

dimg (W +2) = |[CUD| = n+m = €| + |D| = dimg W + dim 2.

2. = 1. 'Onwg kat oty anodegn tou 1. = 2. BA{roupe 6Tl 10 oUVOAO
CUD napayet tov unioxopo W+ Z. Xpnowornowviag v unodeon da £xoupe
|CU D] = dimg Z + dimg Z = dimg (W + Z), kat enopévag aro to @sdpnpa
4.3.8 9a £xoupe ot to ouvoro C U D eivar pia Baon tou W + Z. Topa ya va
deifoupe 1o 1., apkei va deifoupe st WNZ = {6} EotwZ e WeZ. Tore ¥ €
W, kat apa enedn o ouvodo C = {é7, €, } eivat pa Baon tou W, 9a éxoupe
T=kie1+ - +kney onouk; €K, 1<i<n. Emlong ¥ € Z, xat dpa eneidn
10 ouvodo D = {&7, &), } eivar pa Baon tou Z, Oa éxoupe T = 111+ - -+ lmém,
ornou lj eK 1<j<m. TowexX=Fkei1+ - +kpe, =01+ 4+ InémN
wobuvapa k1€ + - 4 k€ 4+ (1)1 4 - - - + (=lm)&n = 0. Enedn, 6nog

dei§ape maparndve, to ouvodo {€1, -, €n, 1, -+ ,En} eivar Bdon tou W + Z,
Sa éxoupe k; =0 =1;,1<¢<n,1<j < m. Auto opeg onpaivet 6t & = 0.
Apa WNZ = {0}, xat enopévag to dBpotopa W + Z eivat eubu. O

‘Acknon 4.4.2 'Eotw ta akdjlovda vroovvoia tou Ry [t]:
Vi={P(t) € Ru[t]| P(t) = P(=1)}

W= {P(t) € Rolt]| P(t) = —P(-t)}

Na é6¢ifete ta unoovvofa V kar W eivar undywpot kar wyver: Ry[t] =V @ W.
Towa givar n aoraon tou V kat wowd tov W;

To akoAoubo Bswprnpa neptypadet pia onouvdaia 61otta v ornoia Ka-
VOTIO10UV 01 H1avUopatikoi X@wpot, Kat 1) oroia Seixvel 0Tt Kabe UTIOX®POG EXEL
EVaV «OUPIMANPEIATIKOG» UTOX®OPO ®G IIPOG To £UbU abpoiopa UnoX®pav.

Ozopnpa 4.4.3 'Eotw Vi £vag menepacuéva napayousva 6avuouatinog xXo-
poc¢ utgpave tou owuatog K. Tote yia kade vnoxwpo W tou V, undpyet (tou-
Aaytotov évag) undxwpog Z tou 'V tot wote: V=W P Z.

Anobdeiln: Eow dimgV = n < co. Ano wnv Ipdtaon 4.4.1 énetat ot o
unoxwpog W éxet menepaopévn 6iactaon dimg W = m < n = dimg V. 'Eotw
C={&1, - ,&n} ma Baon touW. Anoé to Iopiopa 4.2.5 énetat Ot UNAPYEL
éva ouvodo dlavuopatev D = {&,41, -+ ,&,} tou V, £tol Gote 10 oUvodo
B:=CUD ={&1," ,Em,Em+1, "+ ,En} va eivat pia Baon twu V. @étoupe
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Z:= (D) = (Em+1,- - ,En). Enedn) to ouvoro D eivar ypappika avedpnto
urtoouvoAo tou V (wg urtoouvodo g Baong B), éretar ot 1o D eivar pa Baon
tou Z. @a 6eioupe otV =W P Z. Eow £ € V. Eneidr) 1o ouvodo B sivai
Baontou V, énetat 6 T = k114 - -+ hkmEmthmt1Eme1+- - - +Eknén. Oftoviag
W= ki1 4+ kmEm kA1 2 = kpyyyp1Em+1 + - - - + knén, Kal Xpnowponoioviag
ouW = (&1, ,&n) ka1 Z = (€41, ,En), tnetat 6u W € W kat 2 € Z.
Enopéveg to tuxov Siavuopa & € V ypagetat og £ = W + 2, orou W € W
kat Z € Z. ApaV =W + Z. Enedry dimgV = |B| = n+m = |C| 4+ |D| =
dimg W + dim Z, ané v INpdtaon 4.4.2 énetat ou to abpoopa W + Z sivai
£uby. Enopévag 9a éxoupe V=W & Z. O

Mapatipnon 4.4.4 O vnoywpog Z mou uag efacpaiifer 10 Oswpnua 4.4.3
bev glvar kat' avaykn uovadukog. To axofovdo mapdbdeiyua Ogiyvet Ot v
yéver umdpxouv dmeipol 10 TANdog Siapopetikol UTOXwEoL . TOU KAVOTOOUY
10 Ocwpnua.

‘EotoV = R? kat éotwo W = {(z,0) € R?| z € R} o undywpog tou R? mou
napayetar ano o bavvopa (1,0). Eivar evkofo va beydei 6u ta akojovda
ovvoda Z, = {(xz,nz) € R?|z € R}, n > 1, sivar avd &vo Stapopetikol
unoywpot ou R? kai emimpoodsta: R2 =W P2 =WPH 2y =WDH 23 = ---
(NA TO AEIEETE £AN ATKHEH).

IIpbxepn Aoxkipaocia

'Eotw Vi évag Siavuopatikog Xwpog Iernepacpévng 1aotaong Urepave Tou
oopatog K, xat ¢otw Wi, Wo, --- . W,, unidxeopot tou V. Na eiete 6m ta
akolouBa eival 1oobuvapa:

1. To aBpotopa vnioxwpav Wi + Wy + - -« + W, elvar eubu.

2. dimK(Wl + W2 + .-+ Wn) = dlmK W1 =+ dimK W2 + .-+ dimK Wn
IIpbxepn Aoxkipaocia

Av V1 xat Vs eivat 6Uo unidxepot diactaong 2 evog diavuopatikou xopou &,
iaotaong 3, va deikete 6t Vi N Vo # {0}.

Edv 1o abpotopa o unioxmpwv dev eivatl eubu, o tunog 2. otnv Ipodtaon
4.4.2 dev 10xUel (NA BPEITE ANTITIAPAAEITMA). O 1UTI0G TTOU ouvdeet 11§ Sraota-
0€1g 8U0 UTIOX®WPWV 08 OXEOT) HE 11§ dlaotdoelg 1ou abpoiopatog Kat tng ToRng
toug Sivetal anod 1o akoAoubo Osmpnpa, to oroio yevikeuet v [1potaon 4.4.2.
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Osopnpa 4.4.5 'Eotw Vi évag Stavuouatikog xwpog menepacuévne diaota-
ong¢ ungpave tou owuatog K, kat éotw Z wartW 6vo unoywpot tou'V. Tote woxvet

o £€n¢ wmnog:

| dimg (W + 2) = dimg W + dimg 2 — dimg (WN 2) |

Anodeiln: Eoww C = {ﬁ, e ,f;;} ma paon tou unoxwpou W N Z. Eneidn o
WNZ etvar unidxwpog tou W, and to [Iopopa 4.2.5, 10 ypappikd ave§aptnto
ouvodo C enekteivetat oe pia Baon tou W: undpyouv diavuopata {1, - - - €, }
tou W étot dote 1o oUvoro D = {fi, e ,f;;, €1, - €n} va etvar aon tou W.
IMapdpoia emedr) o W N Z eivatl kat unoxepog tou Z, and 1o [Hopiopa 4.2.5,
10 ypappika ave§dptnto ouvodo € emekteivetat o pia Bdaor tou Z: unapyxouv
Siavuopata {1, - - - £, } tou Z €101 ®ote 10 ouvodo € = {ﬁ, cee ﬁ;,é’l, e Emt
va eivat Bdon wou Z. ZNPEE®VOUHE OTL HE TG MAPAIIAVE KATAOKEUEG KAl
ermdoyeg Sa €xoupe:

P

. dimg(WNZ)=1C| =k.

2. dimg W = |D| =k +n.

3. dimg Z = |€| = k +m.

4. dimg W+ dimg Z —dimg(WNZ)=(k+n)+(k+m)—k=k+n+m.
Yxkorog pag eivat va deioupie 6t 10 0UVoA0

Bi={f1,- fr €Ly CnrEl,- - Em}

etvat pia Bdon tou W + Z, 816u dte 9a éxoupe: dimg(W + 2) = |B| =
k+n+m = dimg W + dimg Z — dimg (W N Z) n onoia eivat n oxéon mou
9édoupe va beioupe.

‘Eote 6u yia kdrnotoug apiBpoug A, pj, v € K, 1 < i <k, 1 < j < n,
1 < r < m, 1oxvel n akoAoubn oxéon:

Toéte Sa £xoupe wooduvapa T oXEon
(1)E1+ - pnln = (M) fi o+ () fo b (—v)E + -+ (—vm)Em (2)

To mp&to pédog tng (2) aviket otov unoxepo W kat to Seutepo pédog avrket
otov unidxewpo Z. Apa katl ta 6vo (ioa) pédn avhkouv otnv topryy W N Z.
Eneib1) 1o ovvodo {f1, -+, fr} etval pa Bdon tou unoxepou W N Z, énetat
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ot unapxouv apBpot p1, - -, pi € K étot oote: py)ey + - -+ + pnén = plf_i +
-+ p fr. looduvapa 9a £-xoupe ) oxéon:

pLfut e pifi+ (Fm)E + -+ (—pn)én = 0 (3)
Ene1dr] ek’ KAtaoKeUg 10 oUVOAO {fl, e ,f;;, €1, €n} elval pua Baon wou

W, énetat ot p; = 0= pj, 1 <i <k, 1 < j < n. Tote 6peg and i oxéon (1)
Ya &xoupe
Afit o+ Aefe t il + -+ UmEm =0 (4)

Eneidr) ek’ Kataokeunig to ouvolro { fl, e f;;, €1, Em} elval ma Baon tou
Z, an6 m oxéon (4) énetar ou Ay = 0 =y, 1 < i <k 1 < j < m.
KataAnyoupe 61t 6Ao1 01 GUVIEAECTEG \;, f45, Uy eivat oot e 0 Kat dpa 1o cUuvolo
B eival ypappika ave§aptnto. Mévet va deifoupie 011 1o ouvodo B rmapdyet tov
uroxepo W + Z. Auto mpokurttel apeoa, kabog onwg deifape otnv anodedn
g Ilpotaong 4.4.2, n éveorn piag Baong tou W kat pag faong tou Z eivat
éva oUvoAo yevwntopev tou uroxepou W + Z. a

‘Aoxrnon 4.4.3 'Eotw Cg évag Siavuouatinog xwpog Umepdv® 1o oopuatog K
ue dimg = 4, xat éotw V,'W 6vo undxwpor tou € yia T0oU¢ OMOIOUG LOXUEL
dimg V = 2 xat dimg W = 3. Na vrofoyiodouv ot midaveg g mg 51dotacng
dimg (VNW) kat va eydeiou: VC W av-v dimg(VNW) = 2.

Avon: Ano v efiowon

dimg (V 4+ W) = dimg V + dimg W — dimg (VN'W)

ou Oswpriuatog 4.4.5, 9a gyouvpe: dimg(V+ W) =2+ 3 — dimg(VN'W) =
5 — dimg(V N'W). 'Ouawg 10 ovwofo V + W eivar unéywpog tou R?*, kar dpa
dimg (V + W) = dimg R* = 4. Enopéveage dimg(VNW) > 5 —4 = 1. Ané mu
aiin nievpa 1o ovvojo VNW eivar unoxwpog tou V, kat dpa dimg (VNW) <
dimg V = 2. 'Ewot 9a gyouvpe: 1 < dimp(VN'W) < 2. Eavdimg(VN'W) = 2,
tote enetbr; dimg V = 2 kat VAW C 'V, 9a éxouue VAW =V, 10 onoio onuaiver
ou’V CW. Avtiooopa av'V C W, 1dte mpopavag VNW =V kai emoucvag
dimR(V N W) =dimg V = 2.

‘Aoknon 4.4.4 'Eotw Ek €vag 61avuouatinig xwpog UTEpave 10U omuatog K
ue dimg = 7, xkat éotw V,'W 600 undxwpor tou € yia 10U¢ OMOIOUG 10X UEL
dimg V = 4 xar dimg W = 5. Na vrmoAoytodovv ot midaveg e me Siaotaons
dimg (VNW) kat va eydeiou: VC W av-v dimg(VNW) = 4.

‘Aoknon 4.4.5 'Eoctw g gvag 51avuouatinig x@wpog TEMEPATUEVNG SldoTaong
umgpdve tou oopatog K, kat gotw V, W, Z toeig umdxwpot tou €. Na beifete ot
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o) UEL 0 akOAoudog TUTOG :
dimg(VNWNZ) < dimg V + dimg W + dimg Z—

— dimg (V N'W) — dimg (V N Z) — dimg (W N 2) + dimg (VN W N 2).

4.5 BaObpida Aravuopatwv

Ztnv napouoa evotnta da pedetrjooupe pefodoug UoAoy1o0U tng Siaotaong
TOU UNIOX®POU O OIToiog Iapdyetal arnod éva IEMEPAoHEVO oUVOAo HoBévimv
Slavuopdtev evog Slavuopatikou Xopou.

Eoww K éva oopa xkat € évag Siavuopatikog XOpog UMEPAv® T0U OWHIATOS
K. YrioBétoupe ot dimg € = n, Kat £0t®

pta Baon tou €.
Bswpoupe éva nernepacievo cuvodo X diavuopdtev tou E:

X = {flanf" 7fm} C €

kat ewpoupe tov uroxwpo (X) := (1, Lo, -+ , Ty) U € 0 omnoiog mapdyetat
ano ta davuopata autd.

Opiopég 4.5.1 H BaBpida r(7;) twv Stavvoudiov T, T, - , Ty U € O
oiletar va elvar n didotaon tou UToxwEou Tou & 0 omolog mapdystal anod ta
dwavvopata avia:

r(Z;) := dimg (%1, Za, -+, Tpm)

Me dAla Adya n Babuida r(Z;) v Savuopdtev {1, Lo, -+ , T} pEPa
10 péyioto rAnfog ypappika aveiaptniov S1avuopdi®y ta oroia aviKouy oto
ouvodo Savuopdtev {T, Za, -+ , Ty }. Enedn dimg &€ = n kat 0 cuvodo
(Z1,%2, -+ ,Zp) elvat unioxwpog tou &, énetat ot:

Hapatfpnon 4.5.2 Znuesiovouue o1, ovupova pue mv Ipotaon ; n Baduiba
r(Z;) tou ovvdéfou twv avvoudateov X = {&1, T, -+ , Ty} Gev affaler av
extefiéooupe oto ovvofo X wa and ug otoiewwdeg npaeig (X)), (Ik), ra
(£M3) 71 yovta ouvbuaoud toug.
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Eneidr) to ouvodo B := {é}, €5, -+, €, } etvat Bdon tou &, ta Savuopata
tou cuvodou X ypdadovial Katd povadiko Tpeoro g YPappiKog ouvduaopog
10V ototxeiov g Baong B:

1 = a11€1 + a12€2 + - - + aipéy
To = a21€1 + a22€2 + - -+ + a2,€y
(*)
j’m = amlgl + am2€2 + -+ amngn

To akoAouBo kpitr)plo eivatl oAU XProto yia ToV UTIOAOY1010 g Babpi-
dag Gavuopatwv.

IIpotaon 4.5.3 Awarnpoviag 10U¢ Tapanavw ouU6oAIoUoUS, UTODETOUUE ETL-
igov ot 1oy Uet N akOAoudn ouvdNKN :

QA5 750, Vi=1,2,---,m Kat aij =0, Vi>j.
Tote ta Savvouata T1,To, - , Tm elval yoauuikd avefdoinia kai 161aitepa
I‘(fl) =m.
Anobaln: Eoww A\T1 + AoZe + -+ + Ap @ = 0. Tte amoé TG OXL0elg (*) 9a

exoupe: A\1(a11€1 + a12€2 + - - - + a1p€n) + A2(a21€1 + a22€s + - - - + agnép) +

—

oo+ A (@m1€1 + amaéa + -+ + amn€yn) = 0. H tedeutaia oxéon ypagetat
tooduvapa
(AMair + A2a21 + -+ -+ Apami) €1+

(AMaiz + Aaaga + -+ - - + Apam2)€a+

()\laln + )\2(1271 +---+ Amamn)gn = 6

Ao ) ypappikn aveaptoia tv €1, €a, - - - , €n, 9a £Xoups TG OXE0E1G:
A1ai1 + Agaz1 + -+ Apamy =0

A1ai2 + Agage + - + Apama =0

A1y + Aoagy + - + Ap@mn = 0

A6 v undBeor) OPG 01 IIAPATIAVR OXECELS YPAPOVIAL OGS £§1G:

)\10,11 =0
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A1aia + Agage =0

AGin + A2a2, + -+ + Apamm = 0

Xpnowornowwviag 6t a;; # 0, Vi = 1,2, - -+ ,m, ano 1g napandve oxeoeig da
éxoupe apeoa 6t A\; = Ag = -+ = A, = 0. Apa 10 ouvoro {Z1, T, -+ , T}
efvatl ypappikd avegdptto Kat enopéveg r(;) = m. O

Enpeioon 4.5.1 H napandve [Tpotaon 4.5.3 woxvet kat pue v unodeon :
a; #0, Vi=1,2,--- . m war a;; =0, Vi <}j.
H anobeiln eivar mapopoa ue mv anodein mg Ipotaong 4.5.3.

Mapadewypa 4.5.2 Bswpouvue évav Stavvouarikd xwpo & sidotaons b urepd-
vo tou oouatog K kai éoto B = {€1, €3, €3, €4, €5} wa Baon tou £. Bswpolue
ta axojlovda biavvouata tou E:

Ay =€) + 26 —4e3 + 3¢, + &5
Ao = 2¢ + 5éy — 3e3 + 4€y + 8¢5
A3 = 6€1 + 17e3 — 7e3 + 10ey + 22¢é5
Ay = €1+ 3ér — 3e3 + 2¢4

Xpnowonowwvtag v Ipotaon 4.5.3 9a mpoobiopicovpe mu PBaduiba r(A;)
avtov TV 61avUoUdTOU.

Zxnuatidovue tov axoAoudo Tivaka o OToiog TEPLYPAPEL TIC OUVIOTDOES TOV
Stavvouatwv otu Baon B:

(A [ A2 [ A5 | Ad |
1]2]6]1
2| 5|17 3
4| -3|-7]|-3
4|10]| 2
1|8 ]22]0

Extefoviag Siadoxika tig otoryelwdelg mpaels OTWS aivetatl 01o TapaKdie
oxnua
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(AL [ Ay = Ay — 24, | A= A3 —6A; | Ay = Ay — A,

I 0 0 0
2 1 5 1
4 5 17 I
-2 -8 -1
I 6 16 ‘1
| A [ Ay [ AF= A5 —5A) | Af= A} — A |
1] o0 0 0
2|1 0 0
4| 5 -8 4
3| -2 2 I
1|6 14 7

4 [ 4 [ A=A 14

1 0 0 0
1 o 0

-4 | 5 -8 0
3 | -2 2 0
1 6 | -14 0

Kat xonowonowwvtag v Ilaparnpnon 4.5.2 SAcmovue ote:
r(Ay, Ao, As, Ag) = (A, A}, AY)
'‘Ouwg ta dtavvouara
Ap =€) + 26 — 4e3 + 3€4 + €5
Al = & + 53 — 24 + 665
4 = —8¢3 + 2¢€4 — 1465

ucavorolov 1 mpiinodéoeis g Ipotaong 4.5.3, kat emopcvagr(Ag, A, Ag ) =
3. Apa:

I'(Al, A27 A37 A4) =3

IIpbxepn Aokipaocia
Na nipoodiopicete v Babpida tev dravuopdtov:

X1 =(1,4,-1,3), Xo=(2,1,-3,-1), X35=(0,2,1,-5)

ou R4,
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‘Aoknon 4.5.3 Na mpoodiopidel n Baduiba twv axdAovdwv 51avuoudt®v Tou
C*:
A= (1,4,1 414, —1)
Ag = (—1,0,2 — 4,1 +1)
Az =(0,-1,0,1)
Ay = (3i,—2 —i,—4 + 3i, —1i)

4.6 Aoxnoesig

‘Aoknon 4.6.1 Eivai ta napardi® cvvoia Siavvoudiov yoauuikd aveaotn-
1a; Ze kade mepintwon dukalofoynote g anavinoelg oag.

1. {1,7} C R unepave wou Q.
Adadog

2. {1,i} C C uvngpave tou R.
Adadog

3. {1,i} C C vnepavw wu C.

2010

4. {Z9, 74,76} C Vi Otav yvepifovue 6t 1o ovvoio { ¥y, Te, T3, T4, T5, Te} C
Vi eivar yoauuuca aveaotnro.

Addog
5. {¥1, ¥, T, %4} C Vi otav yvwpifoupe ou dimg V = 3.

Zwoto

‘Aoknon 4.6.2 '‘Ectew V évag Siavvouatxog xwpog unepave tou oouarog C
TV pyabikev apduov, kai eote {1, - - - , &, } pa Baon wou Ve. Na beifete otio
V unopei va 9ewpndei kat wg Sravvouaticdg xweog utepave tou R, kar pdadiota
10 ovvoflo {&1, -+ ,Ep, i1, -+ , iy} eivar pa Baon tou V. Na ouunepdvete
ot

dimgp V = 2dim¢ V

‘Aoknon 4.6.3 'Eotw V gvag Siavuouatindg xwpog utepdve evog aouatog K.
Na 6¢ifete 0t 0V axpibag 6o undywpoug av kat uovov av dimg V = 1.
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‘Aoknon 4.6.4 'Eotw V o undywpoc tou R? o onoiog napaystar ano ta Siavy-
ouara:

7 =(1,1,2,4), @2 =(2,-1,-5,2), @3 =(1,—-1,-4,0), 74 = (2,1,1,5),
Na npoobiopioete pa Baon tou V o onoia va enekieivete o€ pia Baon tou R*.

‘Aoknon 4.6.5 Ocwpouue 10 akéAoudo umoot vofo Tou R3:
V={(x,y,2) eR’|y =z}

Na 6eiete 61110V givar vag undywpog tou R? kai va mpoodioptodei udxwpoc
W 1ou R3 é101 dote: R2 =V @& W. Eivai o unéyapoc W povadikog ;

‘Aoxrnon 4.6.6 'Eotw V vag Siavvouatikog xwpog unepdve evog oopatog K.
Na 6éeifete 6w av {€1,- -+ , €, -+ ,€,} evar éva ypapuuca aveaptnto uroou-
vojlo tou V, 101¢ kat 1o ovvoo {€1,- - ,€ + A€}, -+ ,€n} elval va ypaupikd
avefaptnro urnoovvoio tou V, yia kade X € K kat i # j.

‘Aoxrnon 4.6.7 'Eotw V évag Siavvuouatikog xwpog unepdve evog owopatog K.
Na 6¢ifete 6ntav {€1,- - ,E;, -+ ,En} eival éva yoauuira aveSaptnro UTooUVO-
Ao ou V. Na beifete o ta axddovda sivar ioodvvaua:

1. To ovvoso
{é1+ér, ey +e3,--- €1+, +E1}

glvat yoappuuka avelaptnto.
2. Ton sivat mepTTog.
‘Acknon 4.6.8 Oszwpouus Tou¢ akoAoudoug utxwpoug Tou R::
V = {(x1, 29, 23, 24) € R*| x5 — 223 + x4 = 0}
W = {(z1, x2,23,24) € R4\ xr1 =4 KAl Ty = 2x3}
Z = {(z1,z2,x3,24) € R* | zo + x3 + 24 = 0}
X = {(z1, 20, 23, 24) € RY| 21 + 290 = 0 ka1 29 = 224}

Na Boedovv Baoceig kar n iaotaon tov vndxwewv: VW xat Z N X.

‘Aoknon 4.6.9 Na mpoobioptodei, yia tig Siagopeg tiusg ou A € R, n Baduida
TV S1AVUOUATOU !

Z=(-1,1,3), ¥=(5,-2,9), Z=(1,—A,2)\)
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‘Acknon 4.6.10 'Eoto M(;,5(C) o stavvopaticdg xopog tov 2 X 2 mudkov
unepave tou oopato¢ C tov uyadikov apiduov. Na eetacdel av 1o axoAovdo
ovvojlo mvakev { A, B, C, D} eivai yoauuika aveaptnro.

1 i i 0
a=(0d 5)oe= (60

0 —1 3 -2
C‘(o 1 > D_<—5+3z' —i )

‘Aoknon 4.6.11 1. Na mpoobioptodei n tur tou A € R, €10t wote ta Sravu-
ouara tov R?

1 1. _
57 75)7 T2 = (*

va givat ypauuuka avelaptnia.

71 = (\. — _ _
] (7 25 92

2. TNa moiég tpéc 1ov A, 1 € R 1a axdfovda dravvouata tou R?* sivar yoau-
ua eSapnueva;

(a’)
fl = (37 _25 _173)a 1_':2 — (1703274)) f& — (1)_37)\),“)

B
71 = (1,2,\,1), @2 = (\1,2,3), @3 = (0,1, 1,0)

3. Na mpoobiop10dei n tyuri tou A € R, érot wote ta dravvouata tov R|t]
Pi(t) =33 +1> 4t +6, Py(t) =3+t + 4t +4, P3(t) =3 —4t + )
va givat ypauuka eCaptnueva.

4. Na mpoobiopiodein tur tou A € R, érot wote ta biavvopara tov Moo (R)

1 2 1 -2 1
(1) e (ha) e (50
va sivat yoappka aveéapinia.
‘Acknon 4.6.12 Oswpovue ta akdAovda Saviouata tou R3:
r=(1,-1,2), y=(3,1,-2)

Na 6¢iere ou ta dtavvouara avid sivar yoauuukd avelapmnia kat akojovdwg
va mpoobioplodel o mpayuatikog apduog 1 ot wote 1o ovvoilo { T, Y, Z}, onou
7= (1,p,1), va eivar ua Baon tou R3,
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‘Aoknon 4.6.13 1. Na Bpedei ja Baon kat n diaotaon tov undxwpou V tou
R?, 6mou
V.= {($1,$2,l’3,$4 € R4 ‘ r, = l’3}
2. Na Boe&dei a Baon kar n Siaotaon tov unoxweou V tou R4, 6mou

V= {(21, 22, 73,74 € R4|:E1 + 2x9 + 3x3 + 4xy = 0}

‘Aoknon 4.6.14 'Eoww V cvag Siavuouaticig xwpog unepdve evog oouatog K.
'Eotw X = {Z1,Za, -+ ,Tn} éva yoapuuca aveapmnio ovvoio Siavuoudiov
ou V.

1. Na 6¢ifete 611 10 oUVOAO

{Z1 + T2, o + 73, -+, X1 + &, T + 71}

sivar ypauuwka aveéaptnro.
2. Na 6b¢ifete ot 10 oUVOO

{@1, ko1 + To, k31 + @3, -+, k181 + @, k1 + 2}

eivar yoappuxa avefapmro, Vk; € K, 2 < ¢ < n. Na efetacdel eav woxvet 10
avtiotpogo.

‘Aoknon 4.6.15 'Eotw V évag 61avuouaticdg xooos TEmepacusvng S1aotaong
unepave evog oouatog K. Av'W eivar évag vnoywpog tou V ue dimg W 4+ 1 <
dimg V, va 6¢ifete ou undpyet évag unoywpog Z tou 'V étot wote: W C Z C 'V
katW#£Z #£V.

‘Aornon 4.6.16 'Eoctw V évag 61avuouaticog xweos UTEQAV® V0§ TOUATOC
K. To unrog wa advoibag vnoywpav

WogCWy C--- CWi_1 CWy

opietar va eivar o apwduog k. Na 6eifete ot 0o V elvar mengpaouévng bidota-
ong av Kat uovov av UTAPXEL UEYIOTO ota unkn oAov tov dvvatov ajluoibov
unoywpwv tou V.

‘Aoxrnon 4.6.17 Na efetdoete eav ta akojovda moAvavuua
P(t) =1 —t>+3, Q(t) = 2t> — 5> + 3t + 10, R(t) =33 +3t> +t + 1

elvar ypapuka avefaptnta otov ravvouatiko yapo Rs|t].
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‘Aoknon 4.6.18 Na mpoobiopiodel wa PBaon tou vndywpou tou Mayo(R) o
omolog Tapdyetal ano ToUg TiVaKes

a=(43) e=(45)
o=(57) »=(5 )

‘Aornon 4.6.19 va beifete o1t 10 0UVOA0 TOAVWVUUDU :

Pyt) =1, Pi(t) =1+t Py(t) =1+t 412 -, P(t) =14+t + 124 1"
eivar pa PBaon tou ravvouatikov xapou K, [t]. Axofovdwg va Bpedovv o
oUVIOTWOES TOU TuYovtog mouwviuou P(t) = ag+ ajt+ - - - + ant™ og¢ mpog v

napanave faon.

‘Aoknon 4.6.20 Na mpoabioptodei 1 Sractaon tou undxwpou tou R™ o omoiog
mapaystatr ano ta dtavvouala:

7 =(1,1,0,---,0,0,0), #2=(0,1,1,---,0,0,0),
Zp—1=(0,0,0,---,0,1,1), &, =(1,0,0,---,0,0,1)

‘Aoknon 4.6.21 'Eotw V 10 0vvofo diev tov 3 X 3 mwdakov ungpdve tou R,

g HoPPNG:
0 b ¢
A=| -b 0 e
—c —e 0

Na 6¢iete ot 0 'V etvar évag unoxwpog tou Mz, 3(R), xar apov mpoobiopioete
wa Baon tou, va vrnofoyioete v Siaoctaon Tou.

‘Aoknon 4.6.22 'Eotw V 10 ovvoio 0w tov 3 X 3 mudkeov utepdve tou R,

g HOPPNG:
a 2c¢ 2b
A= b a 2¢
c b a

Na 6b¢iete 6t 10V eivar évag unoxwpog tou Mz 3(R), kat agov mpoobiopi-
octe pa Baon tou, va vnojloyioste tyv draotaon Tou.
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‘Aoknon 4.6.23 'Eotw S éva mengpaouévo ouvoio ue n otoiyeia. Oewpouue
tov Stavuopatiko xwpo F(S, R) vrepdve tou R 6w twv ovvaptrioewv f : S —
R. INa kade otoiyeio s € S Yewpouue v yapakmmpiotkny ouvaptnon

1, av t=s
Xs:S—>R,t|—>Xs(t):{0 av t;és}

Na 6b¢ifete 6n 10 ovvofo B := {xs| s € S} eivar jua Baon ov F(S,R). Iowa
elvar n dwaotaon tou Siavvouatucov xwpou F(S,R);

‘Aoknon 4.6.24 O:zwpouvue 1ov Sravvouatikd xopo A(R) tov akofouvdidv pe
ooy eia mpayuatikoug apduouvg, kat €0t p,q € R ue ¢ # 0. 'Eote

V= {(wn)nZO S A(R) |$n = PTn-1 + qmn—2}

0 UTIOX®POS TV avaywyikwv akojouvdwwv. Na becifete mpoodiopioste pia Baon
Kat v 6idaotaon ouv V.
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Ke¢dpalawo 5

I'PAMMIKEY ATIEIKONIZEIY

Zwnv dAyeBpa, kat yevikotepa ota Mabnpatikd, ormoudaio poAo oty pedén
plag évvolag 1 evog aviikelpévou diadpapartidel 1 oUYKPon g pe opoe1deig
€vvoleg 1] opoeldr) aviikeipeva. X1o apov KepdAaio Sa peletriooupie 1pomoug
ouykplong 6U0 H1avuopatkeOV XOPeV UNepdve evog ompatog K. 'Onwg sida-
e 1 Baowkr) dopn evog Sravuopatikoy xwpou kabopiletal ano v npadn g
npooBeong Kat 10U fabpwtou moAdardaciacpou. Enopéveg eivat guoiko va
pooTtabrjooupe va OUYKpivoupe 6U0 Hi1avuopatikoug XOpoug PEo® Pag a-
nelkoOviong 1 oroia anattovpe va Swatnpet v Baoikr Sopn toug, dndadr) tnv
poobeon kat tov Babpwetd nmoddamdactacpd. ‘Etol odnyoupaote otnv évvola
MG YPAPUIKIG ATIEIKOVIONG PEO® TG OT0iag OUOXETICOUNE KAl GUYKPIVOUNE
duo Slavuopatkoug X®WPOUS UTIEPAV® £VOG OMPATOG, AV KAl evdexopeva ta
otolxeia toug eival H1aPopeTIKNG PUONG.

5.1 Opopodg - Baowkég I10tnteg - llapadeiypata

A6 topa kat oto £§ng Sewpoupe éva oopa K kat §uo diavuopatikoug xmpoug
€ xar F unepdve tou owpatog K.

Opopdg 5.1.1 Mia anewcovion f : € — F kafeitar ypappiky av tkavomnolel
1a aKo0AoUdEG OUVINKEG:

LVEfe& f@+7)=f@+ 1)

2. VZ e & Vk e K: f(ki) = kf ().

[ptv mepdooupe oe mapadeiypata ypappikov aneikovioeov, 9a doupe Ka-
TTIO1EG OTOXEINOELG 1610TNTEG TOV YPAPIIKOV ATIEIKOVIOE®V O1 OTIO1EG ATTOPPEOUV
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OXETIKA Apeoa arno 1o optopo. H mapakdte nipotaocn Heixvel 611 pia YpappiKe
anekovion datnpel OAeg T1g £VVOleg KAl KATAOKEUEG O1 OTIOIEG ATOPPEOUV ATTO
TOV OP10110 TOU S1aVUoPaTIKOU X®POU.

IIpétaon 5.1.2 'Eoww [ : € — F wa yoauuxn ansucovion ustav v diav-
opaukav yopav Ex kat Fi.

~
g
~—~
=
N—
I
=t}

2. f(~1) = —f(), VZ € L.
3. f(@—y)=[f@) - f(y). VI, jeCL.
4.Yn>1, V&, B €& YA, A € K:

ST+ - 4 M) = A f(Z1) + -+ A f (@)

—

Anobeiln: 1. Enedn 0+0 = 0, ano ) ypappkomta mg f énetat on

— =,

S

F(0) = £(0+0) = £(0) + £(0). Enopévag 0 = £(0) — £(0) = [£(0) + f(0)] -
£(0) = £(0) + [£(0) — £(0)] = £(B) +0 = £(0). ) )

2. Xpnowporowviag ) ypappikowta g f 9a éxoupe: f(—0) = f((—1)0)
(—=1)£(0) = —£(0).

3. Xpnowonoloviag ) ypappikomta mg f kat to 2. 9a éxoupe: f(F —
y) = f(@+ (=9) = f(@) + [ (=) = [ (&) — f(7).

4. Xpnoporoiovpe snayoyt oto mAndog n > 1 teov Stavuoudtev Iy, Ta, - - -
H nepimwon n = 1 ouprirttet pe 1o 2. tou oplopou 5.1.1. Av n = 2, tote
aro tov opopd 5.1.1 9a éxoupe: f(MT] + AeZa) = f(MZ1) + f(Aada) =
M f(#1) + Ao f (Z2). YnoBéroupe 6t 0 10XUP1op6g 10XUEL yia n > 2 10 MAf-
Yog dravuopata. Tote, xprnoponoi®viag Vv eNAy®Y1Kn unobeon, Sa xoupe
fuzy + -+ AT + Ag1@ng1) = F(MT1 4+ - + Zn) + App1Zngr) =
Ant1f(Znt1). Enopéveg o 1oxuplopog 4. woxvet yia kabe n > 1. O

IIépiopa 5.1.3 'Ectw €, F vo Sravvuouatucoi ywpot unepdve tou oouatog K.
Mia ansucovion f : € = F eivar yoauuikn av kat uovov av:

FOZ + py) = Mf(@) + pf(y), VT, 7€ & VA peK

Amobeln: Av n f eival ypappiky, tote n {ntoupevn) OXE0n MPOKUIIEL ATIO
v Ipotaon 5.1.2. Av 1 mapandve oxEon 10XVl TOTE 1] Ypapupikotnta mg f
nipokurttet 9étovrag Sadoyika A = p = 1 kat u = 0 oy napanave oxéon.
O



5.1. OPIZMOZX - BAZIKEY IAIOTHTEY - IIAPAAEITMATA 107

Mapadewypa 5.1.1 'Ecww &, F 60 Stavuouaticol x@pot UTEpAv® TOU OOUATOS
K.

1. H undevikrj aniekévion Q¢ 5 : € — F, n onola opilerar wg e€ng: O 5 () =
0. givar TETPUUEVA YO AUULKN].

2. H raurorikrj aneikévion Idg : € — &, n onoia opilerar wg e€rig: 1de (%) = Z,
glvatl TEPUUEVA Yo UK.

3. Eow r € K évag otadepoc apiduodg. Ouobeoia ue Adyo r emi tou &€
Kafeitar n anewcovion fr 1 € — €, — f.(Z) = rZ. Hpopavag n f, evar wa
YOAUUIKY] TLEUovLon.

Hapatnpovue ot ya r = 1 éyovue f1 = Ide, kar yra r = 0 gyovue fo =
@373.

4. 'Eotw n anewoévion f : R3 — R2, f(z,y,2) = (v +y, 2). Toten f sivar
yoapun.

5. @zwpovue my anewcovion f : C — R n onoia opiletar wg &rig: f(a +
bi) = a, onov a,b € R. Tote n f eivar yoauuixn.

6. 'Eotw n > 1 évag euotkog apduog kar éotw K, [t] o Savvoparucog
X©pog tov moAuvovuuev ue Badud < n uvrngpave tou K. Tote n amewovion
f K" — K, [t] n onoia opifetar w¢ &g

f(a(),CLl,"' ,an)=a0+a1t+a2t2+...+antn

glvat yoapyprs).

7. H anegucovion D : R[t] — R[t] n onoia otéiver kade nofvwvuuo P(t) =
ag + art + ast? + - -+ + a,t"™ omu napdayoyo tou D(P(t)) = ay + 2ast + - - +
na,t" 1 sivar ypaupusn anewcovion. Ipopavag n D umopei va 9ewpndel kai
w¢ yoauurn arnsucovion R, [t] — Ry[t] 1 o¢ yoauurn arneicovion R, [t] —
Ry—1[t].

8. 'Eotw 0 € [0, 27| wa otadepn yovia, kar é0tw n aneucovion

fo:R?2 = R%, (2,9) — folx,y) = (xcos() — ysin(h), zsin(h) + y(cos())

Tote n ametkovion fy, n onoia avanapiotd otpoen emmédou Kard yovia 0, ivat
YoapuKn.

IIpoxeipn Aoxkipaocia

Armodeite 611 o1 anewkovioelg tou [apadetypatog 5.1.1 sival mpaypat ypap-
HIKEG.

IIpoxeipn Aoxkipaocia
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@swpovpe v anewkovion f : R — R2, f(z,y,2) := (z + 1,y). Eivatn f
VPAMHIKI)

Zx0Aw0 5.1.2 'Onwg gyouue bet undpyouv ouvofa ta omola elvar diavvoua-
Kol Y@WPOoL Utepav® 6U0 drapopetikodv oouatov. To mapakdie mapaderyua
Seixvel OTL ) Evvola NG YPaUUIKNG arsikoviong efaptdral ano 10 COUA UTEPAV®
TOU OTolov glvat OplOUEVOL 0L HS1AVUOUATIKOL X OPOL.

Bewpovue my aneuwcovion f : C — C, f(a+ bi) = b+ ai, onov a,b € R.
Av 9ewpnoouvue 10 C oav Savvuouatiko xapo vngpdve tou R, tote n f eivar
yoapuuxn. IHoayuatuxd: éotw z = a1 + b1i kat w = as + bei 6vo uryabdirol
apwbpol. Tote f(z+w) = f((a1+b1i)+ (a2 +b2i))= f((a1+az)+ (b1 +b2)i)=
(b1 4+b2)+ (a1 +a2)i = (b1 +a1i) + (ba +az2i) = f(2)+ f(w). Eniongavr € R,
wie f(rz) = f(r(a1+bii))= f(rai+rbii) = rby+rayi = r(by+aii) = rf(2).
Apan f: Cr = Cr elvat yoapuuxn. H f ouwg bev givar yoauuucr otav o C
Yewpndel wg Sravvouatikog xwpog Utepdv® Tou eavtou Tou. Ilpayuatikd ylia va
etvarn f : Cec — Cc yoauurn 9a mpénet va wyver f(zw) = zf(w), Vz,w € C.
'Opwgs f(zw) = f((a1 +b1i)(az +bai))= f((araz — +bibg) + (a1bs + biaz)i)=
(a1bo+braz)+(araz+bibe)i, karz f(w) = (a1 +b1i)(ba+az2i) = (a1ba—brag)+
(ar1ag + b1bo)i. I6waitepa Graféyoviag z = w = i BAémouue ou f(zw) # zf(w)

Kat emopevog N f dev givar yoauuun.

IIpoxe1pn Aoxkipaocia

Na 6eifete 6T n anewkovion) f : C2 — C, f(z1, 22) = 21+Z2, 610U Z cupBoAidet
1oV ouduyr)] Tou pyadikou aplBpou z, elval ypapikn otav ta ouvola C? ka1 @
9ewpnBouv wg dravuopatikoi xmpot uriepdve tou C, adAd dev eivarl ypappiky)
otav ta ovvoda C? kat € 9ewpndouvv g dlavuopatikoi xopot unepave tou R.

'Onwg €xoupe de1 kdBe oopa K prnopei va Sewpnbel oav dravuopatikog
XOPOG UTIEPAV® Tou eautou tou. Av € sival évag 81avuopatikog Xmpog UEPAvR
tou K, tote o1 ypappikég aneikovioeig € — K éxouv 181aitepn onpaocia kat Sa
pag anacyoArjoouv oto emopevo Kegpadato. I[Ipog to mapov avapépoupie tov
aroAouBo oplopo.

Op1opog 5.1.4 'Eotw € gvag S1avuouatinog xwpog utepdve tou owuartog K.
Mua ypapuxn arneucovion f: € — K kajeitar ypappuiky popdy emi wov €.
To oUvoo OAGV OV Yyoauuikeav uop@av i tou & ouubodiletar us E*.

Ot ako6AouBeg dUo mpotaocelg pag podiadouv pe pa PeydAn rnokidia ma-
PASEIYPATOV YPAP KOV ATIEIKOVIOEDV.
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IIpotaon 5.1.5 'Eotw K gva ooua.
1. 'Eowway,as,- - ,a, otadepoi apduol and 1o ooua K. Tote n anecdvion

[ K" =K, &= (21,22, ,2n) — f(Z) =a1x1 +agxa+ - + apzy

slvar ypappukn, dniadn sivar pua yoaupuikn popon.
2. Avtiotoopa av f : K" — K elvar pia yoaupuxn uopen, tte urdapouvv (Lo-

vabucoi) apduoi ay, az, - - - ,a, anod 1 ooua K, étor wote: f(xy,x, - ,xy) =
a1x1 + ago + - -+ + an¥y, V(1,22 -, Tp) € K.
Andbeaén: 1. Eow & = (x1,x2,+ ,&n), ¥ = (Yy1,92,+* ,yn) € K". To-

w: f(@+9) = f((x,22, - 20) + (Y1,92, 5 90) = flz1 +y1,22 +
Y2, T+ Yn) = ar(@1 +y1) + aa(r2 +y2) + -+ an(n +yn) = (@121 +
agxe + -+ + apxy) + (a1y1 + agye + - + anyn) = f(Z) + f(§). Apa -
oxUel ) ouvbnkn 1. tou optopou 5.1.1. Emiong av A € K, wrte: f(\T) =
fAM(z1, e, -+ yxy)) = f(Ax1, Axa, - -+, Axp) = a1 Az + agAza + - - - ap Az, =
Majzy + agxe + -+ 4+ apxy) = Af(Z). Apa 10xVet kat n) ouvOnKn 2. TOU
optlopou 5.1.1, kat eropévag n f eival ypappikr).

2. Eow [ : K" — Kya ypappiky aneikovion. @ctoupe ay == f(€1),az :=
f(&), -+ ,an = f(€,), omou &1 = (1,0,---,0),&, = (0,1,---,0), -+ , €&, =
(0,0, -, 1) etvai n xavoviky) Baon tou K”. Tote yia kabe & = (21, X2, -+ , &) €
K™, 9a éxoupe & = w1€] + x2€2 + - - - + Tp€,. Emopéveg, xpnotporomviag
v ypappikowta g f, 9a éxoupe: f(Z) = f(x1€1 + w2€s + -+ + xp€p) =
x1f<€1) +1‘2f(€2) +-- '+xnf(€n> =a1x1 +a2x2+: - -+ anx,. ATO TOV 0p10110
Toug ot apiBpot ay, az, - - - , a, €ival povadikot. O

Mapadewypa 5.1.3 Hanewoévion f : R = R, f(x,y,2) := 3z 4 2y — 5z sivar
yoapurn.

IIpotaon 5.1.6 'Eoiw K éva ooua kain,m € N. Av f : K" — K™ eivar jua
aneikovion, 10te ta akojovda givar wwodvvaua:

1. H f eivar yoauuuxn.

2. Yndpyouv m 1o wAndog yoauuikee uop@es fi,-+ , fm  K* = K ot
WOoTE:

f(f) :(fl(f)va(f)ﬂ T 7fm(f))

3. Ymapyouvv nm to mindog apduol {aw}}%gg ano 1o ooua K, €0t wote,
VZ = (21,29, - ,x,) € K"

fz1, 22, ,zpn) = (annz1 + -+ QinTpy -+, 1 T1 + -+ + QmnTn)
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Anodeén: 1. = 2. H anewkovion f nipoodiopiel povadikd m aneikovioetg
fi : K" = K, ¢émnou f;(¥) = n i-oot) ouvictwoa tou diavuopatog f(¥). Oa
deifoupe ou n f; sivar ypappwkn, Vi = 1,2,--- ;m. Eow 7,7 € K" ka1
A€ K. Tote fOAZ + pif) = (AT + pg), 20 + pg), -+ 5 f (AT + ).
Eneidn n f sival ypappikr 9a éxouue

fOZ+pg) = M)+ pf ()
= AMfi(@), (), fm (@) + pn(f1(), L), s [ ()
= (Ai@), A f2(D), - A (@) + (wfr(§)s 1 fo (), s 1 fim(9))
= (M@ + pfi(@), AM2(Z) + wfo(§), - s M (D) + 1Y)

Eropéveg fi( A+ uy) = Mfi(Z) +pfi(y), Vi =1,2,--- ;m, kat apa 1 f; etvat
ypappk).

2. & 3. Ilpoxurtet dpeoa and v [Ipdtaon 5.1.5.

2. = 1. Xpnolporoioviag tov opiopo TV MPAse®V 10U §1avuoatikou
xopou K™ kat mv ypappikotna v aneikoviosav f;, 1 < i < m, énetat
apeoa ot n f eival ypappikr). O

Mapadewypa 5.1.4 Ozwpovue Ti¢ anetkovioelg
fiR> =R, (x1, -, 25) = f(21, -+, 25) = (21—273, 405+84, 12— 3w5+621+573)

g:C* = C3, (z,y,2) — g(z,y,2) = (x +1iz,3iz — 2y + iz, 4y + 5i2)

Zuugpaeva ue v Ipdtaon 5. 1.6 ot ancikovioelg f, g elvat yoauuuceg.

‘Acknon 5.1.5 '‘Ecte A évag 0tadepoc n X n mivakag e otoyyeia ano éva ooua
K. @ewpovue tov sravvopatuco ywpo M, x,(K) tov m x n mvdkov vtepdve
tou K kat opilouue ancsucovion

[ Mpn(K) = My xn(K), M — f(M):=MA—-AM

Na e€etacdei eav n f eivar yoauuuen.

Avon: Xpnowonowwviag tg ototyelwdelg 1510tNieg mudkov and 1o Kegd-
Aawo 2, 9a éxoupe f(My + My) = (M1 + M2)A — A(My + M) = M1 A +
MyA — AM; — AM, = (MlA — AMl) -+ (MQA — AMQ) = f(M1> + f(Mg)
Eniong avr € K, wre: f(rM) = (rM)A — A(rM) = r(MA) — (Ar)M =
r(MA) —r(AM) =r(MA— AM) =rf(M). Apan f evar yoauuuxn.

IIpoxepn Aoxipaocia
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'Eotw A évag otabepdg m X n riivakag pe otoiyeia ano éva copa K. @sopoups
toug dlavuopatikoug xwpoug K, kat K, tov otnddv pe n kat m otoixeia
avtiotoiya, anod o copa K. Opidoupe pia areikovion

fa: Ky = K, X — fa(X):=AX

Na 6eiete 6t 1 f eival ypappikn.

5.2 TIIupnvag rat Eikova I'pappiking Aneikoviong

'Onwg eidape onv IIpotaon 5.1.2 pla ypappiky ansikovion datnpet ypap-
PKoug ouvduaopoug dlavuopdtov. Ly napovoa napdypago Sa dovpe ot
YEVIKOTEPA H1A YPAPIIKL] AMEIKOVIOn Satnpel unioxwpoug. Ermiong 9a pele-
T OOUPE €181KOU TUITOU YPAPHIKEG ATIEIKOVIOETG.

Opwopog 5.2.1 'Eow f : &€ — F wa yoauuxn ancixovion petalv v da-
vvouatikav yopov €, F unepave tou oouato¢c K. 'EotoV C &€ kW C F
tyovia vmoouvvoa.

1. Hewéva f(V) tov unmoovvdfou V péow g | opiletar va eivai 1o uroou-
voAo:

fV):={geTF[3reV: f(Z) =y}

2. H avtiotpogn ewkéva [~ (W) tou unoovvéov W néow g f opietar
va givat 10 utooUuvoAo:

FHW) = {Z e | f(2) e W}

Eneidn;, onag 9a oupe oe Atyo, ot unéxwpot f1({0}) kat f(&) rapou-
olwaouv peyddo svblapépov, adiouv 1daitepn pveia kat yu auto divoupe tov
axko6Aoubo oplopo:

Oplopog 5.2.2 'Eow f : € = F wa yoauukny aneucovion petat twv Stavu-
ouaukov yopov €, F vngpdve tou oouarog K.

1. Hewéva Im(f) mg f opilerar va ivai n etcdva v € péow mg f, énia-
on:
Im(f) := f(&) ={geTF|3T e f(Z) =y}
2. Onwpfvag Ker(f) g f opierar va sivai n avtiorpopn sixéva f~1({0})
tou unéevikov unoywpou {0} ou F péow g f, bniadn:

Ker(f) := f~'({0}) = {F € &| f(&) = 0}
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Mapadewypa 5.2.1 Oswpovue Ty ansucovion
R =R (2,y,2) = fz,y,2) = (z+y,9)

Zuugpeva ue v Hpdtaon 5.1.6 n f eivat yoauuikn. @a mpoobiopicovus v
ewcova Im(f) xar 1ov nupriva Ker(f) e f. 'Eow (x,y,z) € Ker(f). Tote
f(z,y,2) = (0,0) kat emopévas (x + y,y) = (0,0). Avto onuaiver oux = —y
kary = 0, kat dpa x = y = 0. Enouévog Ker(f) = {(z,y,2) e R3 |z =y =
0} = {(0,0,2) € R¥| 2z € R}. INpopavig o Ker(f) eivar o undyapog tou R? o
onoiog napayetar ano to bravvopa (0,0, 1) o onoio anoteei faon tou. And v
aAAn mievpa éote (a,b) € Im(f). Tote undpyer éva Sidvuoua (x,y, z) € R3
etorwote f(z,y, z) = (a,b), bndadn (x+y,y) = (a,b). Emopévagzr+y = a kat
y = b, 10 onoio ovvendyetai6uxr = a—>b. 'Erolm(f) = {(a—b,b) € R?|a,b €
R} ={a(1,0)—b(1,1) | a,b € R}. Hpopavag n eucova Im(f) eivat o undywpog
tou R? 0 onoiog mapdyetar ané ta Sravvouara € = (1,0) kai &= (1,1) ta onoia
amoteAovv Baon tou. ‘Apadimp Im(f) = 2 xat enerdn dimg R? = 2, 9a éyoupe
Im(f) = R? (puotka auto umopei va Siamotwdel kKat ausoa).

IIpétaon 5.2.8 'Eoww f : € = F wa yoauuxn aneixovion petalv tov Stavu-
opatkav yopav &, F unepdve tou oouarog K.

1. Av V givar évag unoxwpog tou &, 1ote n ewcova f(V) wu V péow g f
eivar évag vmoywpog tou F.

2. Av'W givar évag unéywpog tou F, 10te 1 avtiorpogn sucova f~H(W) tou
W péow g [ elvar évag unoywpoc tou €.

Anobeén: 1. Tapatnpoupe 6u eredr) o 'V eival unidxwpog tou &€, 9a €xoupe
0 € V. Erong enetd 1 f etval ypappiky), 9a £Xoupe f(ﬁ) =0.Apal € ()
Kat eropéveg 1o ouvoro f(V) eivat un-kevo. ‘Eowe 2, W € f(V), kat A\, u € K.
Tote unapyxouv Z, ¢y € V étot vote f(Z) = Z xar f(§) = W. Enedry 1o ovvoro
V eivat unoxepog tou &, énetal ou AT + py € V. Towe f(A\T + py) € f(V),
Kat emopé-veg enedn 1 f eivat ypappiky) 9a éxoupe: f(AT + py) = Af(Z) +
uf(y) = A2+ pdd € f(V). Zupnepaivoupe 6t to ovvodro f(V) eivar évag
uroxepog tou F.

2. Emnedn n f eivan ypqppum Sa sxoups f(@0 ) 0. kat eredn o W
etvat ur[ox(.)pog tou € 9a éxoupe 0eW. Apa 0€ f ( ) KAl EMOPEVRS TO
otvodo f~1(W) eivat pn-kevo. ‘Eote topa 7,47 € f~HW) kat A, u € K. Téte
f(@), f(¥) € W, kat enedr) o W eivar undxwpog tou F, énetat 6u \f(Z) +
wf(y) € W. 'Opoeg enedn) ) f etvat ypappky 9a éxoupe Af(Z) + uf(y) =
f(AZ + pgj) € W, 1o oroio onuatvel 61t AT + puif € f~1(W). Apa 10 civodo
F~1H(W) etvat évag unéxepog tou €. O
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Eneidr) 1o povoouvodo {0} eivar undxwpog tou F kat o xopog & eivat
UTIOX®POG TOU £AUTOU TOU, ATTO TNV MAPATIAVE® TIPOTACT £XOUHE TNV akKOAoubn
ouvérnela.

IIépiopa 5.2.4 'Ecwe f : &€ — F wa yoauuucr ansikovion ustalv tov Sravu-
ouatukov yopov €, F vngpave tou oouarog K.

1. O nuprjvag Ker(f) mg f elvar évag undywpog tou E.
2. H awova Im(f) mg f eivar évag vnoywpog tou F.

®a Soupe tOpa Ol pmia ypappiky answkovior) f : € — F endyet pa 1-1
Kat eri avtiotolyia avapeoa oe KAmola S1akeEKPIPIEVA OUVOAA UTIOX®OPRV TV
Sdavuopatukmv xopov & kat F.

IIpdétaon 5.2.5 'Ecww f : &€ = F wa yoauurn ancicovion petalv tov Sravu-
ouatkav yopav &, F ungpdve tou oouatog K. Tote n anewkovion cuvoiov

F : {unéyapor V 1ou € érotdote Ker(f) CV} — {undxwpor W tou Im(f)}

n onoia opifetat wg¢ F (V) := f(V) eivar 1-1 kar eni. H avtiotpogn ¢ F eivar
n ansuwcdvion F~1(W) := f~L(W).

Amndbeiln: Av 'V eivat £vag untoxepog tou &, tote amnd ) [pdtaon 5.2.3 énetat
ou f(V) eivat évag unioxwpog tou F, kat npogpavag 9a éxoupe (V) C Im(f) =
f(€). Emopéveg n anewovion F eival kadd opiopévny. Eoww Vi, Vo 800
urnioxwpot tou € ot oroiot epiéxouv tov ruptiva Ker(f): Ker(f) C Vi = 1,2,
kat vrobgtoupe ou woxvelt: F(Vy) = F(Va), 8ndady f(Vi) = f(V2). @Oa
Betgoupe ouu Vi = Vi, Eow & € Vi. Tote f(Z) € f(V1) = f(V2). Apa
unapyet § € Vs étot dote f(Z) = f(7), xat enopévag f(Z — 7)) = 0- 6nAady
7 —y € Ker(f). Enedy) Ker(f) C Vo, énetar 6u 2 := & — i € Vo. Tote
oueg 1o Siavuopa ¥ = Z + ¢ avikel otov unoxepo Vs. Enopévag Vi C Vs.
Aoulevoviag avadoya 9a £xoupe Vo C Vi, Apa Vi = Vs kat n anekovion F
etvat 1-1. 'Eote topa W évag unoxepog tou F £tor vote W C Im(f) = f(€).
@éoupe V = f1(W). Ané ) Ipéraon 5.2.3 énetat 6ut o V etvat évag
urnoxwpog tou E. Ba deifoupe ou Ker(f) CVrar F(V) =W. Av 7 € Ker(f),
e f(Z) =0eW. Apa & € f~H(W) = V ka1 enopévag Ker(f) C V. Ané tv
GAAn mieupd, €€ optopov mpokurtel apeoa ot f(V) = F(f~1(W)) C W. Av
w e W, tote W € Im(f) = f(€) xat dpa W = f(Z) yia xarow T € E. Tote €§
optopou 1o # aviret oto f~H(W) = Vratdpa @ = f(Z) € f(f~H(W)) = f(V).
Enopévag W = f(f~1(W)) = (V) kat auté onpaivet 6t F(V) = W, 8ndadn
n arcewkovion F etvar erd. O

Ba PEAETN)OOULE TOPA KATTO10UG £181KOUG TUITOUG YPAPHIKOV AITEIKOVIOEDV
ot ortoiotl 9a Sadpapaticouv ortoudaio pdAo ot CUVEXELD.
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Opiopog 5.2.6 'Eoww f : & = J wa yoauuucn aneucovion petalt twv dtavu-
ouatkov yopov €, F unspave tou oouarog K.

1. H f kadeitar povopopopionog av n f sivar 1-1, éndadn:
Vi, geé: f(@)=[fy) = Z=7
2. H f kaieltar empopplopnog av n f slvar anetkovion emi:
Vyed, 3zl f(¥) =9
3. H f rkafeitai woopoppropog av 7 f eivar 1-1 kai emi.

Oplopog 5.2.7 'Eoww € kar F 6U0 Stavvouatikol xwpot UTEpdv® ToU OOUATOS
K. 0t€ ka1 F kadovviai wedpopdot av urdpyet évag wwopoppioudg f : € — F.
Ze autn v mepintwon 9a yodagouue € = F.

[pogpavmg ot diavuopatikoi xopot € katr F eivatl 100popdot av-v urdpyet
évag wopoppionog g : F — €. ErmuAéov n oxéon 10opopdpiag = oto ouvoAo
1OV S1aVUoPATIKGOV X®wpev urtepdve tou K eival pia oxéon 1ooduvapiag onwg
delyvel n akoAoubn doknor).

‘Aoxrnon 5.2.2 'Eoww ou €, F kar § eivar Sravvouatikol yopol unepdve tou
oouarog K. Tote va 6¢ifete ta axofovda:

1. EXE.

2. EE2F avkatuovov av F = €.

3 AEETFrarF=G, woreE =G.

Na ovumepdavete ot 1 ox€on woouopPiag = 010 oUVOAO TV S1avUoUaTIKOU
Xopov vtepdve tou K eivar pua ayéon wodvvauiag.

ZupBoAionog 5.2.3 'Eotw [ : & — F wa yoauurn aneucovion petalt tov
Sravvopatucov xwpov &, F ungpdave tou owuatog K.

1. Avn f eivar povouopgioudg, avto 9a 1o ovpbodifouue wg efrig: f : € —
J.

2. Avn f eivar empoppiouds, avto 9a 1o ovubofifovue wg efrig: f : € - F.

3. Avn f givat ioopop@ioudg, auvto 9a to ouubodifouue wg efric: f : € N

Afppa 5.2.8 Eoww f : € = Frarg : F — € bvo yoauuikeg anekoviogie
uetalv v Savvouatikov xopov &, F unepdve tou oouarog K. Av woyvet

f og=1dg, 1012 11 g elvar povouopeiouoe karn f eivai empopPUOS.
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Anobeén: Eow Z,y € F rat unobétoupe ou ¢g(7) = g(y). Tote f(g9(7) =
f(9(¥)). xat apa eneidny f o g = Idg. 9a éxovpe T = (f 0 g)(Z) = f(9(Z)) =
f(g(@) = (f o 9)(%) = §. Apa n g eivat povopopgioposs. 'Eote thpa § € J.
Egappoéloviag 1o diavuopa ¢ ot oxéon f o g = Idg, 9a éxoune (f o g)(§) =
f(9(%)) = ¢. Enopéveg 1 f eivatl erupopdiopdg.

a

IIpétaon 5.2.9 'Eoww f : & = F wa yoauuuxn anccovion uetalv tov Stavu-
ouatkav yopav &, F ungpdve tou oouatog K.

1. H f givai povopopepropdg av-v Ker(f) = {6}
2. H f elvai empoppropodg av-v Im(f) = F.

3. H f slvai 100popplopog av-v undpxet yoauukn anekovion g : F — &
gtotote: fog =Idg kargo f = Ide. Ze avty ) nepintwon n ansucovion
f eivar avtuopéyn karg = f1.

Anobeiln: 1. 'Eow o6u n f eivat povopopgilopog, kat éotw & € Ker(f).
Towe f(Z) = 0, kar emewdy f(0) = 0, 9a éxoupe f(Z) = f(0). 'Opwg n
f eivar 1-1 xat apa ¥ = 0. Ene®n naviote 0 € Ker(f) oupnepaivoupe
ou Ker(f) = {0}. Avtiotpopa av Ker(f) = {0}, ka1 Z,7 € & éto1 Gote
(@) = f(7). we f(Z—7) =0, xat dpa & — 7 € Ker(f) = {6} Ernopéveg
Z = ¢ xat apa n f eivat povopoppiopog.

2. Tlpoxurttel Apeoa Ao 10V 0OPlopo.

3. YrmoBétoupue 6u n f eival woopoppiopdg. Tote, enedn n f sivar 1-1
Kal eIti, UTIAPXeL 1 aviiotpodry g amekévion g == f! : F — € n onoia
wkavortotel g oxeoelg: fog = Idg xat go f = Ide. Apkei va dei§oupe ot
n g elvat ypappkn. Eow 41,92 € F, kat k1, ky € K. Enedn n f eivar
1oopopP1oag, yia ta Savuouata 4, 2, k141 + katje € F unapxouv povadikda
dlavuopata 1, Io, I3 € € étot wote:

f(@) =1, f(Z2) =82, f(¥3)=ki+ ktp (1)
Egappoloviag tnv g otig 6Uo nipwteg oxéoeilg Sa €xoupe:
T =g(f(&1) = g(7h), T2 =g(f(Z2)) = g(2) (2)

Tote k1 f (1) = k191 xat ko f (x2) = kota. Enedr) n f eival ypappikr), ipoodé-
tovtag g tedeutaieg oxéoelg Sa éxoupe f(k1Z1 + kode) = k191 + katz. Egap-
neégovtag v g, 9a éxoupe g(f (k171 + ko@2)) = k11 + ka@o = g(k1dh + kaio).
AapBavovtag urt oy v (2), 1 tedevtaia oxéon ypagetat

krg(i1) + kag(92) = g(k1i1 + kati) (3)
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H oxéon (3) beixvetl 61 i arekovion g eival ypappiky.

Avtiotpoga av umdpyetl ypappiky arekovion g : F — € n omoia wkavo-
rnotel g oxéoeg: fog = Idg xat g o f = Ide, 16te n f eival 10opopPpiopog
OTIOG TIPOKUITTEL aro To Anppa 5.2.8. O

‘Aoknon 5.2.4 OzwpoUlE TNV YOAUUIKT] ATEKOVIoN
f : R3 — Rga f(xtha 333) = (1‘1,1’1 + xT2,x1 + T2 + x3)

Na 6¢eifete ouun f eivar wwopop@iopdg.

Avon: Eoto@ = (21,12, 23) € Ker(f). Tote f(&) = 0, bnadn f(x1, 2, x3) =
(0,0,0) 71 wobvvaua: (xi,x1 + x2,21 + 2 + x3) = (0,0,0). H tefsvtaia
oxéon bver: 1 = 0, x1 + a2 = 0, 1 + 22 + 3 = 0 n onoia sivar 1W006U-
vapn pue mu x; = 0, i = 1,2,3. Apa T = 0, kar emopcvag Ker(f) = {0},
éniaén n f eivar povouoppiouds. 'Eotw § = (y1,Y2,y3) € R3. @trovtag
T = (y1, 2 — y1,y3 — ¥2) € R?, 9a éxovue: f(L) = f(y1,y2 — y1,y3 — ¥2) =
(Y, +v2 — v,y + Y2 — 1 +ys —y2) = (Y1,92,¥3) = §. Apan f et
var emUopPlouos kar enoucveg n f eivar wouopgiouog. Iapatnpeiote ou n
1R = R opiterar wg e&nie: [ (Y1, y2,u3) = (1,42 — y1, 43 — Y2)-

IIpoxeipn Aoxipaocia
1. Na 6eifete 611 n ypappikn anetkovion
f:R3 = R% f(x,y,2) = (4z — 2y — 2,3z — 4y + 2)

etvat emmpopd1opog addd 6x1 povopopd1opos.
2. Na &eigete 0T 1 YPAPHIKYL] AIEIKOVIOT)

fiR* =R, f(z,y,2) = (22 —y,z + 2y,0)

eivatl povopopdPiopog addd Ox1 empopPiopog.

5.3 To Ochpnpa 'pappikng Enéktaong

To akéAouBo Sewpnjia, 10 oroio v cuviopia unootnpidetl 6Tl Pl YPappikn a-
neKOvion kabopidetal MANPp®g amo TG TIHEG TG o€ Pa Bdaon, eival Sepedimdeg
KaOoGg aro ) pia mAeupda divel pa 1oxupr pEB0d0 KAtaoKeung YPAPPK®V a-
TMEIKOVIOE®V KA1 ATIo TNV AAAnN MIEPYPAPEL Pid ATTO T1G OrTouda10TeEPES 16101 TEG
TRV d1avuopatikOV Xopav. AUTo o arotédeopa Sa XPproliloroleital OUVEX®DG
ota eropeva edagia.
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Ocsopnpa 5.3.1 [OGewpnua Moauuikrig Enékraong] '‘Eote f : € — F a yoau-
wikn anewcovion uetalt v S1avvouatikodv xopov €, F umepdvw ToU 0OUatog
K.

'Eotw B = {é1, ¢, ,€,} wa Baon v € kat éotw C = {w,Wa, - , Wy}
éva ovvofo Sravvouatov tou F. TOte umdpyel Lovadikn Yo aupikn amsucovion
f: &€ — T étor wote:

flé)=w;, Yi=1,2,--- n. ()
Andbeiln: 'Eoww T € € éva tuxov diavuopa tou €. Emeidr) 1o ouvoro B eivat
pa Baon tou €, KAtd ta yveotd, Urdpxouv povadikoi apiOpoi x1, T, - -+ , Ty €
K éto1 wote:

T =1xT1€1 + 296 + -+ + xTp€p (1)

Opiloupe pia anewkovion f : € = F wg &g
f:&€—=3 fl—>f(f)::$1w1+$21172+"'+1:n117n (2)

Ba 6¢eifoupe 6t 1 f eival pia KaAd oplopévn YPAPHIKY, KAt ivat 1) povadik)
ypappikn anewkovion f : € — F n onoia kavorotel tig oxéoeig (k).

Kat apxrv anoé v povadikotnta mg ypapng evog dSiaviouatog tou € g
YPAPHIKOG ouvbuaopog tng Bdong B, énetat dpeoa ot n f eival kaAd opiopévn
anewkovion. Erumdéov i f kavonotet g oxéoeig (). Ipaypat Sa éxoupe:
e; =0e1+0es+---+1e;+---+0e,, Vi =1,2,--- ,n. 'Etot ano tov opiopd mg
f énetar ou: f(€;) = Wy, 1 < i < n. Eow wpa &, § € & xat k,l € K. Téte ta
dlaviopata 7, i kat kT + 1 ypagoviatl povadikd og ypappikog ouvbuaopog
twv Savuopdtev g Baong B:

T =216 + T2€2 + - + Tp€y (3)
Y= Y1€1 + Y22 + - - - + ynep (4)
kZ 41y = z1€1 + 2060 + - - - + zp€y (5)

Ao ug (3) xkat (4) énetar Gpeoa ou kX + 1y = (kxy + ly1)ér + (kxa + ly2)€a +
<o+ (kxy + lyn)€n, kat dpa anod ) povadikétta g ypapng EXoupe: z; =
kx; +ly;, 1 <1 < n. Ano mv dAAn mdeupd, oupgeva pe tov optopo g f, Sa
gxoupe:

f(&) = Wy + xoWa + -+ - + zpWy,

() = W + Yoty + -+ + Yy,
f(kf-i- lf) = (kxl + lyl)wl + (kxg + lyg)ng + -+ (kl’n + lyn)u'fn
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[IpooBetoviag 1ig 6Uo mpoteg Sa £xoupe
kf(Z)+1f(y) = k(z1W1 + oW+ - - + W) ++1(y1W1 + Yoz + - - - + yn )

Eropéveg f(kZ + 1Y) = kf(Z) + 1f(¥), ka1 dpa n f eival ypappiky.

Eow wpa g : € = F pia dAAn ypappiky Areikovion 1) omoia 1Kkavortolei
ug oxéoeig (x). Eropévag 9a éxoupe f(€;) = w; = g(€;), 1 < i < n. Tote
A6y NG YPAPHIKOTNTAg g ¢, aro v oxéon (1) 9a éxoupe: ¢(¥) = g(r1€1+
o€+ -+ xp€y) = x19(€1) + x29(€2) + - -+ xng(€y) = z1W1 +T2Wa +- - -+
TpWy, = f(Z), 6nAady f(¥) = ¢g(Z). Enedn o T € & eivat tuydv, énetat onl
f = g. Apa n f eival n povadiky ypappiky answkovior f : € — F n onoia
Kavorotei ug oxéoetg (*). O

Mapadeiypa 5.3.1 Zrov Stavvopartko yeopo R? unspdve tou R, 9ewpovue 1a
buavvopara € = (1,1,0),é&, = (1,0,4),65 = (0,0,—1). Eivar evrxofo va
bel kaveig on 1o ovvofo B = {€], €, €3} elvar ypauuuca aveéapnio kar dpa
anotefel wa Baon tou R3. Xpnowornowwvtag 10 Oswpnua 5.3.1 9a deifovue
on umdpyel povadikny ypauukn arnemcovion f : R3 — R érot gote f(é1) =
2,f(gg) = -7, kat f(gg) = —1.

‘Eoww ¥ = (x1, 22,23 € R3. Zuugwova ue 1o Ocopnua Fpappkng Enéktaong
yia va vnofoyicovue mu tun f(x1,xe, r3) 9a mpémer va yodwouue 0 T w¢
yoauuuko ovvdvaouo mg Baong B. Evxoia BAsmouue Ott:

T = (21,22, 23 = 261 + (x1 — x2)€2 + (da1 — 4o — 363

Enousvewg ovupova pe v anobdeiln tov Oevpnuatog 5.3.1, 9a éxovue: f(x1, x2,x3 =
209+ (=7)(x1 — x2) + (—1)(4wy — dwg — x3) = —11x1 + 1329 + 3. EnOpévag
n rovuevn yoapukn answkovion eat f(x1, x9, x3) = —11lxy + 1329 + 3.

Iépiopa 5.3.2 'Ectw f,g : & = F bvo yoauuucée ansucovioeg, omov &, F
givar Stavvouatkol xapot tenspacugvng 61aotaons utepave ou oouarog K.
Tote f = g av kat uovov av f(€;) = g(é;), Vi = 1,--- ,n, énov {€1,- - ,€n}
eivat wa tyovoa Baon tou E.

I6waitepa [ = Q¢ 5, dnAadn n f eivar n undevikn yoauuun aneucovion, av
wat puévov av f(&) =0,¥i=1,--- ,n.

Zx0Aw0 5.3.2 Zuupwva ue 10 Bcwpnua Hoauukng Enektaong, pia yoauuikn
aneucovion f : € — F wadopilerar povabikd ano tig tueg g ota diavvouara
wag, twyovoag aiid otadepric, Baong tou E. Auty 1 mapatrpnaon pag oonysi
TOAAEG EOPES 0TO va opiloUUE e YOAUUIKY ATLEKOVION TLEPLYPAPOVIAg TG TYLES
mg¢ ota dwavvouata mg Baong.

Zta endpeva eddgia 9a doupe OAAEG ONPIAVIIKEG EPAPPOYEG TOU Bewpn-
patog F'pappikng Enéxktaong.
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5.4 H OespeAiwdng Efiocwon Awactacswv

Zuv napovoa evotnta da arodei§oupe v depehiddn e§iowon Sraotacewv
N oroia ouvoBeUEl Pld YPARIIKY ATEIKOVIOT HETASU S1aVUOHATIKGOV XOPWV
nenepacpévng Sidotaong, Kat 9a PeAET)COUNE KATIOEG OTIOUdAieg OUVETIELEG

mge.

Opwopog 5.4.1 'Eoww f : € — F wa yoauukn ansucovion pstalt tov Sravu-
ouatkov yopwv & kar F unepdve tou owuarog K. Av ot ywpot € kar F €xouvv
nenegpaouévn Sidotaon, tote n Badpida e f opiletar va sivar n Sraotaon tou
unoxwpouv Im( f) kat oupboiferar ue r(f):

r(f) := dimg Im(f)

Ocopnpa 5.4.2 [OGeuehwdng E&iowon Aiaordocewv] 'Eotw € kar F 6vo Sravu-
OUATIKOL Y 6POL TIEMELACUEVNC ldataonc umepave tou oouatog K. Av f : € —
F elvar pia ypaupikn ansucovion, 10te woyvel n axoovdn eflowon :

dimg & = dimg Ker(f) + r(f) ‘

Andbein: Emedny o xopog € €xel memepacpévn 61a0tacth KAt 0 TUprvag
Ker(f) eivatr unioxwpog tou &, énetar ou o xopog Ker(f) éxer menepaopé-
v &waotaon, BAéne v Ipdtaon 4.4.1. 'Eow k := dimg Ker(f) xat é-
ow C = {é1,8, -+ ,er} ma Bdon wu Ker(f). Zupeeva pe 1o Mopopa
4.2.5 undpyouvv davvopata €x41,--- ,6, € € €0l Gote 10 ouvodo B =
{€1,€2, -+ ,€k,€Ekt1, "+ ,En} va eivar pia Baon tou €. Tote dimg € = n, xkat
apxkei va dei§oupe ou r(f) = dimg Im(f) = n — k = dimg € — dimg Ker(f).
[a va 1o &ei€oupe autod, apket va deioupe 611 10 GUVOAO

D :={f(€kt1), -, f(€n)}

etvat pa Baon tou unoxepou Im( f), kabog téte r(f) = dimg Im(f) = |D| =
n—k. Ipogpavag ta Stavuopata tou ouvodou D avrkouv otov unioxwpo Im( f).

To ovvofo D givar yoaupuxa aveéapmro: 'Eotww lgy1,- -+ , 1, € K £€tol dote
va wxVel L1 f (1) + - - -+ 1 f(€,) = 0 1y 1008Uvapa ASye g ypappiko -
tag S f) f(lks1€ke1 + -+ 1n€n) = 0. Auté 6peg onuaivet 6t to Srdvuopa
lk+1€x+1 + - - - + 1€, avriket otov ruprva Ker(f) wg f, kat enopéveg Sa ypa-
@etatl povadika wg ypappikog cuvbuaopog g Baong C. AnAadr) unapyxouv
apOpoi Iy, - - - , I € K €to1 wote:

lkt1€hp1 + -+ lnép =ler + - + ke
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1) wooduvapa:
(1)@ + -+ (~lk)Ek + le1Ghs1 + -+ 1nn =0

Tote opwg Iy = - =l = lgy1 = -+ = 1, = 0, 61611 10 ovvoro B =
{€1,82, €k, Chi1, " ,En} €lval ypappika ave§aptto og Baon wu €. E-
nopévag to ouvolro D eival ypappika ave§dpnto.

To ovvojlo D mapayer tov undxwpo Im(f): Eoww § € Im(f): tote undpyxet
Z e & f(¥) = y. Enedn 1o ouvodo B eivar Bdon tou &, Sa éxoupe ¥ =
lheér+ - +1ger + k1611 + - - - + 1n€h, Y1a rarmoloug (povadikoug) apibpoug
l; € K, 1 < j < n. Téte, Xpnotponoloviag ) ypapuikomnta mg f kat ot ta
Siavuoparta €1, - - - , €} avirouv otov rupnva g f (apa f(€;) = 0.1<i<k).
Sa éxoupe: § = f(7) = f(lhér+- -+l +lrp 1€y +- o) = L f(€1) +
oAl f (k) F i1 f(Erar) +- - ln f(€n) = g1 f(Eryr) +- -+ 1nf(€r). Apa
10 ouvodo D napdyet tov undxwpo Im( f).

Tuvoyioviag Sa £xoupe 61t 1o ovvoro D = {f(€ky1), -, f(En)} eivar
ma Baon wou Im(f), xat dpa r(f) = dimg Im(f) = |D| =n — k = dimg € —
dimg Ker(f). Enopéveg dimg € = dimg Ker(f) + r(f). O

Mapadewypa 5.4.1 OswpoUue TV YoAUUIKY ATEUOVLoN :
[R5 R, (2,y,2) = f(2,y,2) = (2 +2y,y — 2,7 + 22)

Ba mpoobiopicouue v Baduiba r(f) e f kKadwg kai pa faon 1oL UTOX WPV
Im(f) xatKer(f).

Enedni (z,y, z) € Ker(f) av kai uovov av f(x,y,2) = (x + 2y,y — z,x +
2z) = (0,0,0), énetar on o1 oUVTETAYUEVES T, Y, 2 TOU SravUouatog (x,y, z) evat
Avoeig tou ovotiuatog:

z+2y=0, y—2=0, z+22=0

Evxoa Bismouue ot ot AUOEIS TOU Tapandve CUCTHUATOS TTEQLYPApOVTAl amno
10 ovvofo {(—2t,t,t)|t € R}. Emousvws Ker(f) = {(—2t,t,t) € R®|t €
R} = {t(—2,1,1) € R3|t € R}. Auvmj n meptypagr 10U mUprva uag &
mpénet va bovue aueoa ou to bidvvoua € = (—2,1,1) givar pa Baon tou
Ker(f) xat enopcvwg dimg Ker(f) = 1. Ano v 9euefivrdn eiowon siaotaoe-
wv dimg R3 = dimg Ker(f) +r(f) 9a éxoupe 161 3 = 1 + v(f), kar emouévog
r(f) = 2. ®a mpoobiopicouue wa Baon tou unoxwpou Im(f). Ba éxovue:

Im(f) = {f(z,9,2) | (z,,2) € R’} = {(x + 2,y — 2,2+ 22) | (x,, 2) € R’}

= {(m,y,x) + (2:1/, —z+ 22) ‘ (.’L‘,y, Z) € RS}
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— {(@(1,0,1) + y(0,1,0) + y(2,0,0) + 2(0,~1,2) | (z,, 2) € B?} =
= {2(1,0,1) +y(2,1,0) + 2(0, —1,2) | (z,y, 2) € R%}
Enopévog Im(f) = (&1, 9, &3), omou
g1 = (1,0,1 , £9 = (2,1,0), g3 = (0,—1,2)

Evuxoia BA¢mouue ot ta bravvouata €1, €5 elvar yoauuika avefaotnia kai
napayouv tov urnoxwpo Im( f) 61oués = 28] —£&5. Enopévag to ovvofo {1, 5}
etvar wa Baon ou Im(f). 'Oneg kar taparnave saniotovoupe our(f) = 2.

‘Acoknon 5.4.2 '‘Eoto B := {€1,é, €3} wa Bdon ou R3 (Ox1 kat' avayknv n
Kavovikn)), kat éotw [ : R3 — R3 n povadlkn YPauuikn ameikovion yla v
omola 1oy veL:

f(€1) =e1 —éex+e3, f(ez)=2¢1, f(€3) = e+ ez + 263

Na 6¢ifete oun f eivar 1oopop@ioudg.

Avon: Oa mpoobiopicovpe mpwta mu [ rkar axofovdwg oV TUpHva Tg.
'Eote ' éva tuxov diavvoua tou R3. Tote 10 & yoagetar povadkd g yo ApUUKoS
ovvbvaoudg g Baone B: ¥ = x1€1+xees+x3e3, omovx; € R, 1 < i < 3. Tote:
f(Z) = f(x1€1 + x2€2 4+ x363) = x1f(€1) + 2 f(€2) + 23 f(€3) = x1(€1 — €2 +
€3)+x2(2€1)+x3(€1+€2+2¢3) = (x14+2x2+x3)e1+(—x1+23) 2+ (21 +213)E5.
Emouévog n f opiletar (wg mpog ) Baon B) ano tov twmo:

f(Z) = f(x1€1+ 2280 +2363) = (214210 +23)E1+(—21 +23)e+ (21 +223) €3

Ba mpoobiopicouue tov tuprva g f. 'Eotw & = 1161 + 122+ x3€3 € Ker(f).
Tote f(Z) = (x1+2x2+x3)e1 + (—x1 +a3)€2r+ (21 +223)€3 = 0, kat emopusvag,
enedn) ta €1, €, €3 elvar ypauukad avefapia, 9a Exouue:

1+ 29 +23=0, —x1+230, x1+223=0

Avvovtag auto 10 oUoITNUa &¢ mpog 1, T, T3, SAEToune eurofa ot Exel pova-
sucr) Avon &1 = w9 = x3 = 0. Tote duws T = 0 xar emoutvoe Ker(f) = {0}.
I6waitepa n f eivar povopoppiopdg kar dimg Ker(f) = 0. And v 9epueiiodn
efiomon draotaoeov dimg R? = dimg Ker(f) + r(f) érnetar 1é1e 6u 3 = r(f).
Me difa Adyia dimg Im(f) = 3. Auvté dueg ovvenaystar ou Im(f) = R3,
6niadn n f eivar empopioudg. Enoucvag n f eivar 10opuoppioudg.

To uroAoro TuNHaA g mapovong evotntag Sa adpiepwbel otnv PeAtn v
ouvernelwv g Oepediwdoug ESicwong Alactacenmv kat 1idiaitepa otnv PeAénn
mg Badbpidag pag ypapikng aneikoviong.
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Apxtloupe pe 1o akoAoubo oroudaio Oswpnpa to oroio divel €éva ardo
Kpltrplo yla to ndte §uo Sravuopatikoi xopot nenepaocpévng daoctaong eivat
oopopgot.

Ozopnpa 5.4.3 'Eoww & kat F §vo Savvouatikol xwpot menspaousvng Sia-
otaong ungpave tou owparog K. Tote ta axdAovda sivat woodvvaua:

1. £=7.

2. dimg & = dimg F.

Anobeén: 1. = 2. 'Eow [ : € — F évag 10opopdiopdg, kat €ote dimg & =
dimg Ker(f) + r(f) n 9epedivdng etiowon dwaotdoswv wg f. Enedn n f
etval povopopgiopsg, amnéd v Mpstacn 5.2.9 9a éxoupe Ker(f) = {0} kat
apa dimg Ker(f) = 0. Eniong n f eivat empopgiopog, dnradny Im(f) = F,
kat apa r(f) = dimg Im(f) = dimg F. Zuvoyidovtag 9a éxoupe dimg & =
dimK F.

2. = 1. YroBéroupe 6udimg € = dimg F := n, xaréow B = {e1, -+ , €}
kat C = {&1,- -+ ,&,} Paoeig wv € kat F avtictoa. Tupgeva pe 0 Beopnpa
Fpappikng Enéktaong 5.3.1, untdpxouv povadikeg YPAPHUIKEG ATIEIKOVIOELG

f:€—=F, étormoe: f(€)=¢;, 1<i<n
g:F =&, éonaote: g(&) =6, 1<i<n

®a beifoupe 6t n f eival 1oopopPlopog pe aviiotpodn Vv g. Oswpoupe Vv
ouvleon go f : € — &€ n ornola mpodaveg sival pla yPAapupiKky aneikovior.
Mapampovpe ot (g o f)(€) = g(f(€)) = g(&) = €. 1 <1 < n. 'Opeg katn
tautotiky anewkovion) Idg : € — € sival ypappiky] Kat tkavorotel g ox£oelg
Id(e;) = €;, 1 < i < n. Apa arnod 10 Kkpuplo povadikdtrag oto Oshpnpa
Fpappikng Enéxktaong 5.3.1, énetat ou g o f = Ide. Evalldoocoviag toug
poAoug v Savuopatikev xwpev € kat F, da £xoupe pe mapdpolo TPOIo
ou fog = Idg. Enopéveog and tnv Ilpdtaocn 5.2.9 énetar ou n f esivai
100H0PP1o0G e aviiotpodn v g. Apa ot xwpot € kat F eivat wodpopgot. O

Emeidr) o Stavuopatikog xopog K7, onwg éxoupe bet, £xel diaotaon n, Sa
EXOUE WG AJIE0EG CUVETIELEG TOU MAPATIAVE Be®prjiatog ta akoAouba onpav-
TIKA mopiopata.

IIépiopa 5.4.4 'Ectw € gvag S1avuouankog xwpog umepdve tou oouatog K
ue 6waoraon dimg € = n. Tote o xwpog & eivar wopuopgog ue tov K™: € =2 K.

IIépropa 5.4.5 'Eotw K éva oopa, karn, m > 1 dvo euoucoi apduoi. Tote 1a
akojlovda givar iwoodvvaua:
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ZX0Aw0 5.4.3 Ta Ilopiouata 5.4.4 rat 5.4.5 sivar moAv onuaviikd. To uev
TPTO 6101, KAdWS LOOUOPPOL XWEOL EXOUV Tig 10Leg Baocikeg 1810tnteg, avayet
MU UeAE TV S1avUoUaTIKOV XOP OV TEMEPACUEVNS S1A0TA0NS UTEPAV® EVOG
owparog K (tov onoiwv ta otoyeia evdéyetat va ivar tojuovuua, ouvaptnoeig,
nivareg ki) ot peemn v Stavvopatikav yopwv K™, n > 1 ot omoiot pag sivat
moAU mo mpoowtol. I't' autd 1o Aoyo amoteflovv puovtéAa tov S1avuoUatiK@v
Xopwv nenepaousvng diaotaong. To be bevtepo mopoua uag efaopanilel to
«avaifoioTo ¢ Siactaong SlavuoUaTIKOV X OPKV TEMEPACUEVOV aKoAoUdIV.

®a doupe topa pa drapopetikr) anodeign tou Oewprjpatog 4.4.5 pe xpron
mg Ospediwdoug ESiocwong Atactacenv.

Osopnpa 5.4.6 'Eotw € cvag 5i1avuopuatikog xwpog Tenspacucvng S1aotaong
umepdve evog owparog K, kat éotw V kar W dvo umoywpot tou €. Tote 1oy veL o

eéne wnog:

| dimg (V + W) = dimg V + dimg W — dimg (V1 W) |

Amndbeiln: Bewpoupe tov Sravuopatikod xopo V x W kat tov urnioyopo V + W
tou €. YrevBupiloupe ot oupgmva pe v [pdtaon 4.3.7, dimg (V x W) =
dimg V + dimg W. Opidoupe pia aneikovion &g eENG:

f:VXW = V4+W, (Z,9) — T+

Eivatl eukolo va deixBei (BAére v emopevr Aoknon 4.3.7) ou ) f eivar ja
YPauuiky aneikoviorn). Ermiong eivat mpogavég ot n f eival srmpopgpiopdg,
kat apa r(f) = dimg(V + W). Enopéveg n Sepedindng eg§iowon diaotacemv
ya myv f éxer myv popony: dimg V + dimg W = dimg Ker(f) + dimg (V + W)
1 wodvvapa dimg (V + W) = dimg V + dimg W — dimg Ker(f). Etot apxet
va &ei§oupe ou dimg Ker(f) = dimg (VN'W). 'Opeg

Ker(f) = {(Z,7) € VxW|f(@7) =0}

Ewt av (Z,7) € Ker(f), t6te £ = —j. Enedny V> ¥ = —y € W, énetat 61

Ker(f) ={(Z,—2) e VxW|Z € VN'W}
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Enopévag propoupe va opiooupe pla Arelkovion)
g:VNW — Ker(f), & — g(¥) = (%, —7)

Ioyupilopaote 611 ) g eival woopopPlopog. Ipaypatika eivat moAu eUkoAo va
bel kaveig ot 1 g eivat ypappikn. EmmAéov ) g eivat iocopopdiopog 610t eivat
npogavag e, kat 1-1 8wou Ker(g) = {# € VAW |g(@) = (0,0)} = {Z €
VAW|(Z —Z) = (0,0)} = {0}. Enopévag o1 xopot VNW kat Ker(f) eivat
1oopopgot, 8laitepa 9a éxoupe dimg (V N'W) = dimg Ker(f). O

IIpoxelpn Aoxkipaocia

Na 6eiete ot n anewovion f: V x W =V 4+ W tou Bswprpatog 5.4.6 civat
VPARHIKI).

‘Aoknon 5.4.4 'Ectw € évag Siavuouatkog xwpog MEMEPATUEVNG SLldoTaong
ungpdve evog oouatog K, kat éotw V kar W 6vo vnoywpot tou E. AvVNW =
{0}, va 6eigete 6u:

VxW =2 VoW

Ba dcdooupe TWPA KATOW XPHNOPa KPUTHPLd yid T0 MOTE P YPAPUIKI)
AMEKOVIOT) €1val 100110pP1O}10G.

IIpotaon 5.4.7 [Koimipia loouopgiouol] 'Eotw € kar F 6vo dtavuouaticoi xar-
001 TeMepacuevng idotaong utepdve tou oouatog K. Av f : € — F elvar jua
Yoauuikn amsucovion, tote ta akofovda sivat ioodvvaua:

1. Avdimg € = dimg F karn f eivar povouop@ioudg, 1te n f eivar iwoopop-
@LOUOG.

2. Avdimg € = dimg F ka1 n f elvar empoppioudg, tote n [ elvar .oopoppi-
ouog.

Anobeidn: 1. Enedn) 1 f eival povopopgiopog, Sa éxoupe Ker(f) = {6} Kat
apa dimg Ker(f) = 0. Enopéveg n 9epedindng egiowon Siaotdoewv da £xet
v popon dimg € = r(f) = dimg Im(f). Ano v unébeon dnwg Sa éxoupe
kat dimg F = dimg Im(f). Tote ano wmy [pdraon 4.4.1 énetat ou F = Im(f)
Kat enopéveg 1 f eivat emi. Apa 1 f elvat 1oopoppiopog.

2. Enedn) ) f elvar erupoppiopog, 9a éxouvpe Im(f) = F kat dpa r(f) =
dimg Im(f) = dimg F. Enopéveg n Sepedindng e§iowon diaotacenv 9a £xet
v popon) dimg € = dimg Ker(f)+dimg F. Eneidr) and myv unobeon exoupe
dimg & = dimg F, éretar 6u dimyg Ker(f) = 0 1 wobuvapa Ker(f) = {0},
Kat dapa n f eivat povopoppiopdg. Enopévag i f eivatl woopoppiopog. O
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‘Aokrnon 5.4.5 'Eotw £ gvag Stavuouatikog x@eog unepdve tou oouatog K kat
éotw B = {€1, &, 3} wa Baon wu €. Bcroviag Wy = €1 — € + €3, Wy = 2€7,
Kar Wy = €] + €3 + 2€3 ot0 Oeapnua IHpauuikng Enéxtaong 5.38.1, énetar ot
unapyet povaducr] ypauuikn ansucovion f 1 & — € étot wote:

f(&1) =é —é +és, f(é) =261, f(e3)=er+ e+ 2és.
Na 6¢ifete o n f eivar woopop@iopdg.
Avon: Oa npocdilopicoupe tov tuno g f os oxéon pe v Bdaon B.
IIpdxelpn Aoripaocia

'Eote € évag diavuopatkog Xwpog MEMepacpévng 81a0tacng urepdve tou om-
natog K, xat éotw f: € = € kat g : &€ — &€ &0 ypappikég aneikoviosig yia
1§ oroieg woxvet: f o g = Ide.

Na 6eifete ou o1 anewkovioelg f kat g eival woopopdiopoi katr pdliota
g=f"

5.5 H ‘AAyeBpa tev I'pappik@dv ANEIKOVICEDV

Ztnv napouoa evotnta Sa PeAET|ooOUE TV AAyeBpd TOV YPAPUHPIK®OV AIEIKO-
VioE®V PETagy H1aVUOHATIKOV XOPKV UMTEPAVE® £VOS OMIATOSG.

And 1wpa kal oto €¥g otaBeponololue éva ocwua K.

SupBoAiopog 5.5.1 Av & kar F sivar Stavvouatikoi ywpot vnepdve tou K, 9a
ovuboifouue ue

Homg (E,F) :={f: & = F | n f elvar yoauuuen}
70 OUV0A0 OA®V TV Yoauutkov anetkovioewv ano tov € otov F.

Txkomnog pag etvat va dei§oupe ot to ovvodo Homg (€, F) eivar diavuona-
KOG Xwpog urtepave tou K. Ermopéveg mpérnet va opicoupie mpota mpdielg
poobeong Kat BabpeToy MoAAAMAAC1a010U YPAPIKOV ATIEIKOVIOEDV.

Eow & ka1t F U0 davuopatikoi xopot uriepave tou ocopatog K, kat éote
f,g9: & = F 6Vo ypapuikég ansikoviosg.
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IIpooOeon: Opiloupe 1o dOpotopa f + g v f Kat g va gival n anewkovion
f+g:€=3, T (f+9)&):= f(Z)+9(Z)

Agixvoupe 6t n anewovion f + g eival ypappike.

Eow Z,y € € katk,l € K. Tote (f+g)(kZ+1y) = f(kZ+ 1Y)+ g(kZ +
1)) = kf(Z) +1f () + kg(Z) +19(§) = k(f(Z) +9(Z)) +1(f(7) +9(¥)) =
KI(f +9)@)] + U + 9)(@)].

BaOpwtog IMMoAdandaciaopog Mpappirav Ansikovioewv: Av k € K, tote
opidoupe tov Babuetd modrardactacpd kf tng f pe o k va sivar n
ATIEIKOVION

kf:&€—=3F, v (kf)(@) :=kf(Z)
Asixvoupe 6t 1 anewovion kf eival ypappikay.
Eow Z,§ € € xat u,v € K. Tote (kf)(uZ + vy) = k[f(uZ + vy)] =
J (

klnf (2) +v f(§)] = kpf (2) + kv f(§) = pkf(Z) + vk f(§) = pkf)(@) +
v(kf)(@).

Oewpnpa 5.5.1 Me g napanave npdfelg mpoodeong kat faduwtov moAda-
nAaotaouov, to ovvojo Homk (&€, F) elvar évag Sravuouatikog x@pog unepdve
tou K.

Emmigov av ot € kar F éyovv mengpaouévn didotaon, 10te kKat 0 Slavuoua-
ukog xwpog Homg (€, F) éxer nenepaopévn diaotaon kar udaiota:

dimK HOmK(E, 97) = dimK E- dimK F

Amnobeiln : YrnevBupidoupe amno to Kegpdlaio 1 6t av V eivat évag S iavuopartt-
KOG X0pog urtepave tou K kat S eivat éva tuxov ouvolo, tote to ouvoro F(S, V)
O0AwV eV aneikovicewv f 1 S — V e npdgeig onwg opiobnkav anod tg oxéoelg
(2.1) xat (2.2) tou Kepadaiou 1 (kat ot oroieg oupriirntouv pe 1ig napanave),
elvat évag dravuopatikog xmpog urepave tou K. Emopéveg 9étoviag S = €
kat V = F, énetatl 6u pe g napandve mpdgelg to ouvodo F(€,F) oAav tav
anekovicewv (0X1 Kat avayknv ypappikev) f : € — F eivar évag davuopa-
KOG X0Opog unepave tou K. @a beifoupe éu to unoovvoro Homg (€, F) tou
F(€,F) 1o onoio arotedeital and 6Aeg TG YPAPHPIKEG arelkovioelg etvat évag
unioxwpog tou F(&,F), kat dpa eivat évag dravuopatuxog xwpog. IMpaypatt:
onwg £ibape mapandve n nPOcHeon YPAPHIKOV ATIEIKOVIoE®V KAO®MS Katl o
Babpwtég moAdarndaciaopog aplBpov Pe YpappiKy anetkovion eivat emiong
Ypappikn anewkovion. Emnpoobeta H pndevikn anewoévion Qg g : € — T,
T 0g 5(2) = 0. 1 oroia eivat 1o pndeviko otolxeio Tou dlavuopatikoy Xo-
pou F(&,F), eival mpodpavidrg ypappikey) Kat EMOPEVOS AVIKEL OTO UITOCUVOAO
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Homg (€, F) ou F(&,F). I6waitepa Homg (€, F) # (). Enopéveg to uroovvo-
Ao Homg (€, F) tou F(€,F) eivar évag unoxepog tou F(&,F), kat dpa eivat
évag Savuopatkog X0pog.

YroBétoupe topa ot dimg € = m kat dimg F = n. @a dei§oupe o XOPOg
Homg (€, F) éxer menepaopévn diactaon kat padiota: dimg Homg (€,F) =
mmn.

‘Eow B := {é1, -+ ,&,} ma Baon wu & xat C := {&1,- -+ ,&,} ma Pdaon
tou F. ZtaBeporotovpe 8vo beikteg i kat j pe 1 < ¢ < mxar 1 < 5 < n. Tote
oupgwva pe 10 Osopnpa Fpappikng Enéktaong uvrapxetl povadikn ypappike
aneikovion

fij : € =3, étovoote: fij(€r) =0i€j, 1 <k<m (%)

AV T = 21€1 + o+ Tl = > op T, TOTE:
m
Fi (@) = O )&
k=1

'Etol anoktoupe nm ypappikég anewovioeg fi; € Homg (€, ). Oa Seifoupe
0Tl T0 OUVOAO

Bhome(e,5) = {fij [ 1 <i<m, 1 <j<n}

etvatl pia Baon tou davuopatikou xwpou Homg (€, F).
To 0Uvolo Bromy (¢,5) elvat yoapura avedapmnto: @e@poune nim 1o mn-

90g apBpovg {a;j| 1 <i<m, 1 <j <n} ano o oopa K £wor ote:
m n
Z Z aijfij = Qg
i=1 j=1

Eme1dn pia ypappiky aneikovion eivat 11 Pndevikr av Kat Povov av oteAvel
KdGOe Siavuopa g Pdong oto pPndevikd Sidvuopa, 1 mApaAndve oxEor eivat
ooduvapurn) pe v oxéon:

m n m n
DO agfil@r) =D aifij(é) = Oeg(@r) =0, 1<k<m
i=1 j=1 i=1 j=1
Tupgeva pe ) oxéon (*) n tedeutaia oxéon ypagetal og e§1g:

i zn:aijaikgk =0, 1<k

i=1 j=1

IN

m
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1 ortoia eivatl 10oduvapn pe v akoAoubn):
n
Zakjgj:o, 1<k<m
j=1

'Opwg enedn) to ovvodo C = {&1, -+ ,&,} elvar Bdon tou F, Sa éxoupe du
Vk=1,2,---,m:
kij=0, 1<j<n

Ernopévag ot apBpot {a;; | 1 <7 <m, 1 < j < n} eivar oot pe pndév, kat
Apa 10 OUVOAO YPAPHIKGOV ATIEIKOVIOE@V BHomK(E’f}“) elvat ypappika avegaptn-
10.

To 0UvoAo Byom, (¢ ) mapdyet tov xopo Homg (€, F): Eotwe f : € — T jua

ypapuiky aneikovion. Epappoloviag v f oe kaBe Siavuopa €; g Baong

B tou &, yvepioupe o6 n upn f(€;) eivar ypappikog ouvbuaonog g Baong
C={&, - ,&,} wu F. Etot undpxouv (povadikoi) ap®poi {a;;| 1 < i <
m, 1 < j<n} and o oopa K étot oote:

n
f(&) =) aygj, 1<i<m (1)
j=1
Ioxupilopaote ou f = Z:’il Z?Zl aij fij. Avt n oxéon etval pa oétta

petady ypappikov aneikovioeov. Enopéveg n 1ox0Ug g eival 10oduvapn,
oupgeva pe 1o ITopiopa 5.3.2 pe tv 10XV g akoAoubng oxéong:

F@) =[] aiyfiy] (@), Yk=1,2,---,m (2)

i=1 j=1

®a éyoupe, Yk =1,2,--- ,m:

[Z Z aij fij] (€)= Z Z a;j fij(€x)
i=1 j=1 i=1 j=1
= DD aidad;
i—1 j=1

n
= D aré
7j=1

= f_(gk)
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Apa 1 {nroupevn oxéon (2) 10xUel Kat EMOPEVOS 1) TUXOUOA YPAPHIKY] Artet-
Kovion f etvatl ypappikog ouvbuaoiog oV YPapPIKGOV anetkovioeov fij. Lu-
voyidovtag, éxoupie 6Tt T0 OUVOAO Byygy, (e 9) TIapayet tov xopo Homg (€, F).

Etot 10 00vodo Byom, (¢ ) eivatl pia Baon tou xopou Homg (€, F), war
eMONEVeS entetdn) [Biomy (¢,9)| = nm, éxoupe:

dimg Homg (€, F) = mn = dimg € - dimg F

O
®¢toviag € = F oto @sopnua 5.5.1 Sa £xoupe 10 akdAoubo mdpiopa:

IIépiopa 5.5.2 Av & civatl €vag 61aVUCUATIKOS XWDPOC UTLEPAVG TOU COUATOS
K, ote 10 ovvoio Homg (€, &) twv yoaupukov areucovioswv € — & eivar évag
Sltavvouatikog xwpog urepdve tou K.

Emmiéov av o xapog € éxel mengpacuévn iaotaon, 10t Kai 0 Si1aVUOUATE-
ko¢ xwpos Homg (€, &) éxer memepaousvn dwdoraon kar pafwora:

dimyg Homg (€, &) = (dimg &)?

Yrievbupidoupe 6t Sewpoviag 1o owpa K oav Siavuopatiko xopo urepave
TOU £QUTOU TOU, £XOULE TV aKOAoUOn dpeorn cuveneila t1ou Oswprpartog 5.4.2.

Iépiopa 5.5.3 Av € eivar gvag Si1avuoUatikog x@Pog UTEPUV® TOU OOUATOS
K, wte 10 ovvoio Homg (&, K) givar évag Stavuvopuaticog xopog unepdvo tou
K.

Emmiéov av o xapog € éxel mengpacusvn Staotaon, 10te Kai 0 Si1avUoUatt-
Kog xwpog £ = Homg (&€, K) éxer nengpaouevn bidotaon kar pajota:

dimg Homg (€, K) = dimg £* = dimg €

IIépiopa 5.5.4 Av € civai évag 51avuouatiKog X weog TENEpacUevns 1aotdong
unepave tou oouatog K. Tote o yapog € elvat 100puop@og ue tov Suiko Tou Y weo

&rr E=En

Amodeiln :Anio 1o Tloplopa 5.5.3 €xoupe 61 o1 xopot € xat £F €xouv v i6a
bwaotaorn. 'Etol 1o {ntovpevo nipokuItietl amno 10 Oswpnpa 5.4.3. O

Zx0Aw0 5.5.2 Avkat 1o [I0ptoua 5.5.4 uag eCaopaiilel ot kade Sravvouatikog
xopoc € memepaousvng diaotaong vrepave ou K elvat io0uop@og pe v duiko
ToU xwpo E*, autd 1o anotéflecua Sev eivar TANpog tkavoromtiko. O Adyog
elvai ot o 1oouop@ioudg f : € = ex efaptaral bpaotikd, OO TPOKUTITEL Ao 10
Bczapnua 5.4.3, and v emifoyn Baong otov xwpo €. Enoucvag aidiayn Bdaong
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otov € opilet Kkat véo 10ouopPiouo ustalt tov € kat . 'Etot 0 100U0pPLOUOC
bev givat «@uotkog bnAadn bev divetar amo évav TUTO o onoiog givat aveapinTog

mg emiloyric Baong.

Extég and v npoobeon kat tov fadpetd rmoAdarmiaociacpd ypappikev
ATIEIKOVIOE®V, O€ KATIOlEG TIEPUTIWOELS, HUIOPOUHE va Ye®PrOOUPE Kal pid
AAAn mpddn petalu ypappikev anewkovioswv. Ipaypauxka av f @ € = F
kat g : F — G eival ypappikég anekovioelg, tote opietal kat n ouvOeon
gof:& =G wgetng: (go f)(&) := g(f(¥)). Tt au myv, 6x1 maviote
op1opevn mpdgn, 1woxvet 1 akoioudrn Ipdtaon.

Mpétaon 5.5.5 (o) H ovvdeon ypoauuikav aneucovioewv (0tav avtr opiletay)
slvar ypappikn amsmovion.

(8) 'Eotw ou &, F ka1 § eivar tavvopatikoi ywpor ungpave tou K, kai éotw
othi,hy : H— &, f:E&— F,ratgr,92 : F — G elvar yoauuikeg ancucovioeig :

hi ! g1
" & F 7 G

H
Tote woyvovv ta e£ng:
1. (h1+he)of=hiof+hgof.
2. folnt+g2)=fog+fog.
3. Idgyo f=f= folde.
4. gio(foh1)=(giof)oh.

(YVAvf: &= Frarg:F — G civar yoauukeg aneucovioerg, kar k € K,
01€:

(kg)o f=go(kf)=Fk(gof).
Anodeién: H anodedn agrjverat og Aoknorn 5.5.3 otov avayveotr. O
‘Aornon 5.5.3 Amnodeifte mu IMpdtaon 5.5.5.
Av oy naparntave [Mpdtaon 9écoupe &€ = H = F = G, tdte n ouvbeon
8U0 01VEAMOTE YPAPPUIKGOV ATIEIKOVicE@V aro tov € atov € opiletatl mavia.

Ernopéveg o Siavuopatkog xopog Homg (€, E) éxet erumpoobeteg 1816tnteg
Kat dopn.
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SupBoAlopog 5.5.4 Av € civat évag S1avvouatikog xWpog UTEQAV® TOU OOUA-
to¢ K, t01e 0 Stavvopatucog xopog Homg (€, €) 9a ovubofiletar pue Endgk (&),
1a 6¢e aroyeia tou evéopopepropot tou E.

AnAabn évag evbouopgioudg tou & eivar pa ypauukn ansucovion f: € —
E.

Ao topa kat oo &g, av f 1 € — & egivar gvag evbouop@ioudg tov & kat
n > 1 eivai évag euotkdg apduog, 9a ocvubodifouue pe f : € — € m ovvdeon
m¢ yoauuukns answcoviong f pue v eavto mg n gopég. Andadn f(Z) =
PG £)))(&) omov 1 f epapuoferain popéc. Tia napdSewyua (i) =
f(f(f(@))). Na Adyoug ovubaons 9étoups fO = Ide.

EX0Aw0 5.5.5 Ano mu napandve [pdtacn £netat Ot yla tuyovteg VG0UOP Pt
ououg f,g,h : € = &, kair tuyov gtoeio k € K, woyvouvv ta e&ng:

. (fog)oh=fo(goh).

2. (f+g)oh=foh+gohwrafo(g+h)=fog+foh.
3. k(fog)=(kf)og=fol(kg).

4. 1deof=f=folde.

~

'Evag Stavuouatxog xwpog utepave evog oouarog K, emni tou omoiou €xet opt-
0dei wa mpagno : Ex & — &, (f,g9) — f o g (n onoia kafeitar moAdania-
oaouog), €10l WOotE va tkavomolovvtal ol tapanave owtnieg 1. - 4. kajeital
K-aAye8pa 1) adys6pa vrgpdave tou K.

Enousvag yla kade dravvouatko xwpo € unepdve tou owuarog K, to ov-
vojo Endk (&) v evbouoppiouav tou € (ue mojdaniaciaoud mv ovvdeon
anetkovioewv) eivar pia afyebpa vngpave tou K.

Zx0Aw0 5.5.6 'Eotw € évag Siavuouatinog xwpog utepdve tou oouatog K, kat
éotw f, g 6vo oroyceia e K-daiye6pag Homg (€, €), 6niadn f,g : € — &€ elvar
6v0 yoauukcée aneucoviogls (evbouopgiopotl tou €). Agv givat yevuca aindég ot
wyvet: fog = go f. INa napaderyua éotw & = R? kai éotw o1 ypauuukés
ATmEKOVIOELS :

f : RQ - R2a (S(J,y) = f(l’,y) = (—y,SC)

g: R2 - RQ? (.T,y) = g(:c,y) = (37, _y)

Tote yia kade (x,y) € R?, éyouue:

fl9(z,y)) = f(z,—y) = (y,2) # (—y, —x) = g(~y,2) = 9(f(z,9))

Enouévag yevika toxvet:

fog#gof



132 KE®PAAAIO 5. TPAMMIKE AIIEIKONIZEI

Mia K-aAyeBpa R ta ototxeia tng oroiag tkavoroouy v oxéon f o g =
g o f radeitar avuuetadetkn K-aAyeBpa. Ta mapddeypa o Siavuopatkog
X0pog tov pyadikav apibucov C unepdve tou oopatog R tov mpaypatkeov
appov sivat pua avupetabeuxn R-adyeBpa. H Sewpia tov adyeBpov sival
MOAU eKTeTapéV KAt EePevyet anod 1a maiold autiv ToV ONPEINOE®Y, ETTOUE-
vag 6ev 9a pag armacXoAfosl TEPATEP®.

5.6 BaOpida 'pappikng AnelkOvViong

Ztnv tapouoda evotnta 9a PEAETT)COUHE IO AVAAUTIKA TG PACIKES 1810TNTEG TNG
Babpidag piag ypappikng aneikoviong. Idaitepa Sa pag anacyoArost nwg
petaBadAetal n Babpida wg rpog 51adpopeg MPALElg YPARHIIKOV ATIEIKOVIoEDY,
OTIOG 1 OUVOEeODT), 1] TIPOO0OECT], Kal 0 BaBpwtog moAAardaciacpog. Ot 1810tnteg
1§ oroieg Ya arodeifoupe oto rapdv e8aPlo Sa £xouv onuAvVIIKEG ePaPPOYES
otV dewpia Badbpibag mvakev.

[Ipwv mepacoupe otig 1610tnteg g Pabpidag Sa doupe karoieg 1810tnTEG
NG £1KOVAG Plag YPAPHIKAG ATIEIKOVIOTG.

IIpdétaon 5.6.1 'Ecww €, F ka1 G 1peig Sravvouatikol xwpov utepdve oV 0o-
uarog K.

1. Av f: € = F elvar jua yoauuikn ansucovion, kark € K, k # 0, tte:
Im(kf) = Im(f)
2. Av f,g: € = T eivar 6vo yoauuukée ancucovioeig, T0te:

Im(f + g) € Im(f) + Im(g)

3. Avf:&>Frarg:F — G elvar bU0 yoauuikeg ansucovioerg, 10te:
Im(g o f) € Im(g)
4. Av f : € — € glval pa yoapuikn aneucovion, tote:

~- CIm(f"*) CIm(f") € -+ C Im(f?) C Tm(f)

—

Anobaln: 1. Av § € Im(f), e f(Z) = ¢ yia kanowo & € €. 'Opag § =
kf(%a?') 8ot k # 0, kat auto onpaivet ou ¢ € Im(kf). Apa Im(f) C Im(kf).
Av g € Im(kf), wte ¥ = (kf)(Z) = kf(Z) = f(k¥) € Im(f). Apa Im(kf) C
Im(f), xat eropéveg Im(f) = Im(kf).
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2. Eow ¥ € Im(f + ¢g). Tote ¥ = (f + g)(%), yia karowo & € €. Tote
y = f(Z) + g() € Im(f) +Im(g). Apa Im(f + g) € Im(f) + Im(g).

3. Eow § € Im(g o f). Tote ¥ = (g o f)(Z) = g(f(¥)) yia xarowo & € €.
AUt 6peg onpaivet o § € Im(g). Ermopévag Im(g o f) C Im(g).

4. Eival apeon spappoyr) tou 3. (W

‘Aoknon 5.6.1 Awawwneote kat anodeifte 1g avdioyeg 1610tnieg e Ipdtaong
5.6.1 ywa tov nupnva ypauuikng anetkoviong.

‘Aoknon 5.6.2 '‘Eotw € kar F 6U0 Siavuouatikol x@potl UTEpave ToU OOUATOS
K, kat éotw B = {é1,---,€,} wa Baon v E. Av f : € — F evar wa
yoauuikn aneikovion, va beifete ou n Baduiba r(f) eivar ion ue mv Baduiba
tov tavvouateov f(€1), -, f(€y):

I‘(f) = r<f(é’1), e 7f(€n)>

Avon: Ymevdupiloupe ot r(€y), -, f(€,) = dimg(€1), -, f(én), rar
doa yia va beifouue mu rovuevn oxéon apkel va beifovue ou Im(f) =
(€1),- -+, f(€n). MpopavasIm(f) D (€1), -, f(€n). Eoww Z € Im(f). Tote
unapxer T € € ot wote: f(¥) = Z. Eneibn 1o ovvofo B eivar ja Baon tou
&, umopovue va yodwouue povabikd £ = x1€1 + -+ + Tnp€y,, omov x; € K,
1<i<n. Tote Z = f(f) :xlf(gl)+"'+xnf(€n) € <€1)7 af(€n> Apa

] BAZIKEE IAIOTHTEE BA®MIAAL \

1. 'Eow & xkat F 600 Sravuopatikoi xwpot rerepacpévng 61aotaong urepave
tou oopatog K, kat éote f : € = F ma ypappiky anekovion.

(a) Ioxuet n ak6Aoubn oxéon:

x(kf) =x(f), Yk €K\ {0} (1)

Anéde€n: Ano ) Ipotaon 5.6.1 £xoupe Im(kf) = Im(f). Haip-
vovtag Sraotdoeig 9a éxoupe r(kf) = dimg Im(kf) = dimg Im(f) =
r(f).

(b) Ioxuet n akodoubn oxéon:

x(f) < min{dimg &, dimg F} | (2)

Anéden: Ernedry Im(f) C F, maipvoviag Saotaoceg €xoupe
r(f) = dimgIm(f) < dimgJF. Eniong anod wmyv Sepediondn e-
iowon Swaotdoewv éxoupe r(f) = dimg € — dimg Ker(f). Apa
r(f) < dimg € xat eropéveg r(f) < min{dimg &, dimg F}.
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2. 'Eow € kat F 6Uo Savuopatikoi xwpot rerepacpévng 61dotaong unepave
tou oopatog K, kat ¢ote f,g : € = F 8U0 ypappikég ansikovioeg:

IoxUel n akoAoubrn oxéon:

[r(f) —x(9)| <x(f +9) < x(f) +r(g)] (3)

Anodedn: Ano ) Ipdtaon 5.6.1 éxoupe o Im(f + g) C Im(f) +
Im(g). Haipvovrag dractdoeig 9a éxoupe: r(f+g) = dimg Im(f +g) <
dimg (Im(f) + Im(g)). Xpnowornowoviag v mponyouHevy aviootta
Kat 1o Osopnua 5.4.6 9a éxoupe:

r(f +9) < dimg(Im(f) +Im(g)) =
dimg Im(f) + dimg Im(g) — dimg (Im(f) NIm(g)) <

r(f) +r(g)

Enedn f = f+ g+ (—g), epappodloviag v napandve avioou)a yia
ug anewkovioeig (f 4 g) xat (—g) xabog xkat myv womta (1), 9a éxoupe:

r(f)=r[(f+9)+ (=g)] <r(f+g)+r(—=g) =r(f +g) +r(g)

Ernopéveg: r(f)—r(g) < r(f+g). Evaddacoovtag toug pdAoug tov f kat
g. 9a éxoupe xat: r(g) —r(f) < r(f+g). Apa |r(f) —r(g)| < r(f+9).
Zuvoyioviag 9a éxoupe tedwka: |r(f) —r(g)| <r(f+g) <r(f)+r(g).

3. Eow &, F xat G 1peig Sravuopatikoi xopot nerepacpévng didotaong ure-
pdve tou copatog K, xat éotw f: € — Frarg : F — G Vo ypappikég
ATEIKOVIOEIG :

f

e 5 Y.g

(a) Ioxuet n akoloubrn oxéon:

x(g0 f) < min{r(f),x(g)}] (4)

Anédedn: Ao ) Ipdtaon 5.6.1 éxoupe 6u: Im(go f) C Im(g).
Enopévag naipvoviag diactdoetg, 9a éxoupe: r(gof) = dimg Im(go
f) < dimgIm(g) = r(g). Xpnoworowviag auw) v avico-
mra kat ) depedwdn eflowon dlaoctdoewv yla v ArEKoOvion
go f:&— G, 9a éxoupe:

dimg € = dimg Ker(go f) +r(go f)
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Emiong ard ) Sepedimwdn e§iowon diaotdoswv yla tnyv areikovion)
f: &= F, 9a éxoups:

dimg € = dimg Ker(f) +r(f)
Yuvbuddoviag tig napandve e§lonoelg Sa £xoupe:
dimy Ker(f) + (/) = dimg Ker(g o f) + r(g o f)
1) wooduvapa
r(go f) - r(f) = dimg Ker(f) — dimy Ker(g o f)

‘Opaeg Ker(f) C Ker(go f). Mpaypat: av @ € Ker(f), tote f(Z) =
0 xat dpa g(f(Z)) = g(0) = 0. Ew @ € Ker(g o f). Téte dpog
dimg Ker(f) < dimg Ker(g o f). Enopéveg n tedevtaia e§iooon
¢xet oav ouvénela our(go f) —r(f) <0, 6nrady r(go f) < r(f).
Zuvoyidoviag 9a éxoupe: r(go f) < min{r(f),r(g).

(b) Ioxuet n ak6loubrn oxéon:

r(go f) =r(f) & Im(f) NKer(g) = {0} (5)
(c) Ioxvel n akdAoubn oxéon:
r(go f)=r(9) & Im(f)+Ker(g) = F| (6)

(d) Ioxuet n akodoubr) oxéon:
(g0 f)=1(f) =1(9) & F=TIm(f)@Ke(g)| (7)

‘Aoknon 5.6.3 Anoébeifte ug wobvvauiss (5), (6) rxa (7).

‘Aokrnon 5.6.4 'Eocww f,g : £ — & 6vo yoauuikeg anecovioeg, onouv € glvat
évag Sravvouatcdg xweog urepave ou oopuatog K pe dimg € = n. Na beifete
ot av n g eivat IOOUOPPLOUOG, TOTE

r(fog)=r(gof)=r(f)

Avon: IMpayuau ypnowonowviag v oxéon (4) kat to 6u n Baduiba evog
1oouop@iopuov givat ion ue dimg € = n, 9a éyovue:

r(f)=r(fogog ) <r(fog) <r(f)
r(f)=r(g togof)<r(gof)<r(f)

Enopévag:

r(f)=r(fog) war r(f)=r(gof)
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5.7 Aornosig
‘Aoknon 5.7.1 Ioig anod g mapaKdal® anetkovioels eival Yyoauuikeg ; e kade
epintwon dtkaloAoynote Ti¢ anavtyoslg 0ag.
1- f : RQ — RQ! f(xvy) = (2$ - y,.%')
Adgdog
2. [ R = R% fz,y,2) = (2,2 +y).
Adgdog
3. fiR2 o R2 f(a,y) = (a2,7).
o
4. f:R—=R? f(z)=(2z,—2x).
Addog
5 f:R—R% f(z)=(1,-1).
6. f:R2—=R3, f(z,y) = (zy,y,7).
o
7. R = R% f(z,y,2) = (|z],0).
oo
8. [ Mnxn(R) = Miun(R)., f(A) = A2

2010

9. f:Muxn(R) = Myxn(R), f(A)=A+ X, onov X eivar évag otadepog
n X n mvakag.

Zw0ot0
10. f:R,[t] = R,[t], f(P(t)) = P(t)P'(t).
Zw0oT10
‘Aoknon 5.7.2 Ozwpouvue Tig akoJOUIES YO AUUIKES ATLEIKOVIOELS
fi:R3=R% fi(z,y,2)=(x+y+2z2+7y)
fo: R 5 R2 fo(z,y,2) = (22 + 2,2 +7)
f3: R = R, fa(w,y,2) = (2y, @)
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1. Na 6¢eifete ou 1o vnoovvoio F = {fi1, fa, f3} tou Sravvoparucov ywpou
Homg (R3, R?) t0v yoauuukeov areoviosov : R? — R? sivar ypapuurd
avelaptnro.

, , , . . 3 ™2
2. Na efetaoete av 10 umoovvofo F eivar Baon tou xapov Homp (R, R).

‘Aoxrnon 5.7.3 'Eoww ag,ai,- - ,a, Oakekougva otorela evog ooparog K.
Na 6¢ifete ot n anekovion

fKalt]l = K" P() = f(P(1) = (P(ao), P(a1), -, P(an))

eivat yoaupuikr. Emiong va efetaotel av n f eivat ioopop@iopdg.
‘Acrnon 5.7.4 Na Bpedouv Bdoeig g etkovag Kat 1ou mupnva yla kdde ua
and ug yoapprés ansuoviosig f; : R3 — R? e napandve Acknong, i =
1,2, 3.
‘Aornon 5.7.5 Oczwpovue 1 Baon

B:={e1 =(1,2,3), éa =(2,5,3), €5 = (1,0,1)}
tou R? kai 1a dwavvuouata

Wy = (1,0), We = (1,0), w3 =(1,1)

tou R%. Na mpoob6iop108¢i 1 povadikr) yoauuucr; ansucovion f : R? — R? o
oote: f(€) =w;, 1 <i<3.

‘Aornon 5.7.6 Oczwpovue 1 Baon
B:={&1=1,é =t, &5 =1t}
tou Ro[t] kat ta Sravvouara
Wi =1+t We=3—1t> ws=4+ 2t— 3t>

tou Ra[t]. Na mpoobiopodei n povabducr yoauukn areucovion [ : Ra[t] — Ra[t]
etot wote: f(€;) =w;, 1 <i<3.

‘Aoknon 5.7.7 '‘Eoww f : V - W a yoauuikr ansucovion, omov V,'W givai
Sravuouatiol Ywpot Temepacuevng Stdotaong urnepave evog couarog K. Na
b¢iete ou ta axkofovda sivar wobvvaua:

1. H f eivat ioopop@ioudg.
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2. H f otéflvet ua tyovoa Baon tou 'V oe wa Baon tou W.

‘Aoknon 5.7.8 'Ecte f : R" — R" n uovadun yoappuxn ansucovion n onola
otéflver ta Sravvopata mg kavovucrc Baong B = {€1,és,- - ,€,} tou R" ota
dwavvoupata

1171 :(0707 7070)77172:(1707"' 7070)77173:(0,27"‘ ,0,0),"‘ ,11771:(0,0,--~ ,Tl—l,O)

MnAabn f(€;) = Wi, 1 < i < n. Na 6eifete 6u [ = 0 kar axofovdwg va
npoobiopioete Baoeig yia tov nupriva Ker(f) rxar tnu eucéva Im(f).

‘Aoknon 5.7.9 ‘Ecte f : € — & wa ypauuikn arnsucovion, onou € slvar évag
S1avuouatiKog XwPog TEMEPATUEVNC S1A0TAoNS UTEPAV® evo¢ owuatog K. Y-
nodétoupe ou f* = 0, kar f*1 % 0 (0 eivar n unSevikn yoauuukn ansucovion
1€ — E). Av X € &, 1te va b¢eifete ou ta axkofovda sivar wwoSvvaua:

1. H " (%) £ 0.

2. To unootwofo Savvoudtev {Z, f(Z), f2(Z), -, [ HF)} 1ou V evar
yoauuka ave§aptnro.

‘Aoknon 5.7.10 Na Bpedei n Baduida kadw¢ kat n didotaon Tou TUprva mg
YOAUUIKNG ATLEOVIoNG :

fRYS RS flry,z,w)i=(x—y+z+w,z+2y—2z+w, 3y —22)

‘Aoknon 5.7.11 Eoww f : € — & wa yoauuucr ancucovion, omov € glvai
évag 61avuouatiKog YWPog TEMEPATUEVNG S1A0Taons UTEPAV® evog owuarog K.
Yrodéroupe éur(f) = r(f?). Na ésifete 6u € = Ker(f) @ Im(f).

‘Aoknon 5.7.12 'Eoww f : € — & wa yoauuucr aneucovion, omov € glvai
évag 61avuouatikog YmPog TEMEPATUEVNS S1A0Taonsg UTEPAV® evog owuarog K.
Yrodétoupe ou dimyg Ker(f) = dimg Ker(f2). Na ésifete ou € = Ker(f) @
Im(f).

‘Aoknon 5.7.13 'Eow f : € — € wa yoauuukn arnsucdvion, onou € eivat évag
Slavvopatkog xwpog utepdave evog oouatog K, kat éotw o € K\ {0}. Av
wyvel f2 = af, va 6eifete ou & = Ker(f) @ Im(f).

‘Acoknon 5.7.14 'Eoto B = {1, &5, 83,84} wa Bdon tou RY. Na Boedei n tiun
wou A € R, 1ot dote n povaducr; yoauuucr anewoévion f : RY — R* yia mu
omola oy UeL:

f(E1) =&+ Aéy, f(&) =281+, f(E3) =28+ 65, f(Eh) =285+ ¢Ey

va givat 100Uop PLoUog.
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‘Aoxnon 5.7.15 'Eotw K éva ooua kar f : K,[t] — K,[t] n aneicovion n
onola opiletar w¢ e€ri¢: f(P(t)) = P(t+ 1). Na b¢ifete oun [ eivar ypauuucn
Kat axofovdwg va efetdoete eav n f eival 100popPLopdg.

‘Aoknon 5.7.16 Na Bpedei n Baduiba kadwg kat n didotaon ToU TUPHVA TG
YOAUUIKNG QTLELKOVIONG :

f:R* 5 R3 fz,y,z,w) := (x — 24 2w, =2z + y + 22,y + 4w)
EmnAcov:

1. Na éeifete o 1o 6ravvoua (1,3, k) avriker ot eucova Im(f) g f av kar
uovov av k = 5.

2. Iowi ovvdnkn mpémnel va ucavomoouy ta a,b € R ot dote 10 Sdvvoua
(1,a,1,b) va aviket arov rupriva Ker(f) g f;

‘Aoxknon 5.7.17 Eoww f : € — & wa yoauuukn ansucovion, omov & glvai
évag S1avuouatikog xwpog TEnepaopévng 61aotaons Urepdve evog oouarog K.
Ynodérouue ot f2 = 0. Na beiete 1a axoovda:

1. Im(f) C Ker(f).
2. dimg Ker(f) > %.
3. H aviootta tou 2. givar wooma av kar povov av Im(f) = Ker(f).

‘Aoxrnon 5.7.18 'Eotw f,g : &€ — K 6vo yoauuikeg ancucovioeie (yo apuiicég
uoppég), omou & elvar évag 61aVUOUATIKOS XWEOS UTEpdv® €vog oouatog K.
Opilouue pa véa anekovion og §Ng:

h:€— K% h(ZF):=(f(Z),9(2))
Na 6¢ilete 1a akofovda:
1. H aneucdvion h givar yoappurn.
2. Ker(h) = Ker(f) N Ker(g).
3. Im(h) = K2 (6nAaén n h eivar empoppioudg) av kar uovov av f # 0 # g.

‘Aoxrnon 5.7.19 'Eoto f,g: & — & 6Uo yoauuikeg ancucovioeig, onou € givat
évag Slavuouatikog Yweos urepave evog owpatog K. Ymodérouvue ot dimg € =
n, kat éotw ou f + g = Ide. Na 6eiete oue:

r(f)+r(g) = n



140 KE®PAAAIO 5. TPAMMIKE AIIEIKONIZEI

‘Aoknon 5.7.20 Eow f : & — & wa yoauuuxn ansucovn, onou € givar évag
Slavvopuatikog xwpog Tenspacuévns dtaotaong unepave evog oouarog K. Na
Seifete o unapyetm > 1, €tot wote:

€ = Ker(f™) & Im(f™)
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Ke¢dpalaio 6

AYIKOI XQPOI KAI XQPOI ITHAIKA

Yto ntapov Kepdlaio 9a peletrjooupe ev ouviopia §Uo onpavikd Sspata g
Fpappikng AdyeBpag. Tnv Sewpia TOV YPAPPIKOV HOPpPOV KAl TV SUTKOV
X0p®V, Kal v dewpia 10V Xoponv rmniikev. H Sewpila t0v duikav xopov oe
ouvaptnon pe v dewpia Babpidag ypappikev ansikovicenv Sa eivat onpav-
Tk ota enopeva KepaAaia onou Sa pedetrjooupe v Sewpia mvaKav.

6.1 Avikoi X®pot

Ztnv napouoa evotnta otabeporiolovpie £va oopa K, kat ouvrBeng 9a Sewpou-
pe 10 K og Stavuopatiko Xxwpo urepdve Tou eautou Tou.

YrievOupidoupe o6tt av € sival évag Siavuopatikog xmpog urepdve tou K,
T0Te pa YPAppiky popoén eri tou € eival pia ypappiky) aneikovior) f : & —
K. Ermiong urnievbupidoupe 01t 10 0UVOAO OAGV TV YPAPHUIKGOV LOPPOV ETT TOU
K oupBoAietat pe

& ={f:€ =K |n f eivar ypappkn}
Kat eivat évag dravuopatkog xwpog urepave tou K.

Mpétaon 6.1.1 'Eotw B = {é}, ey, ,E,} wa Baon touv savvopatikot xo-
oou & unepave tou oouatog K. Tote 1o ovvoio

B* = {0,097, 9"}

%

givai n povadikn yoauukn ansuwovion 9' : € — K,

ﬂi(é}-)z{l’ a”:"} 1<j<n

onov Vi =1,2,--- ,n, 9
yla v onoia X UEL:

0, av i #j
eivat wa Baon tou duikov xwpou E.
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Anobaén: Enedr) to ouvodo B eivar Baon tou &, amod 1o @sopnpa Cpapt-
kng Enéxtaong 5.3.1, ya kabe ¢ = 1,2,--- ,n, undpxel povadiky ypap-
PKn anewovion, dnAadn ypappiky popgrn, ¥ @ € — K ftor dote va -
oxvel ¥i(e;) = 1 xat ¥(€j) = 0, Vj # i. Emopéveg av & € & ka1 & =
K1€1 + - -+ + Kndy, eival n povadiky ypadt ou T g mpog tyv Baon B, tote
9a éxoupe V(%) = ki, 1 < i < n. Oa 6eifoupe 0Tl T0 GUVOAO TV Ypay-
pkov popdov B* = {9192 ... 9"} eivar pia Baon tou Suikol xodpou E*.
Eotw k19! 4+ kot? + -+ + K = 0. YroAoyidovtag v mapandve 1ootn-
1a YPAPHIKOV AMelkovicemv oto didvuopa €; € B, kat Aapbdavovrag urt’ oy
ou ¥4(&) = 1 xav ¥4(€;) = 0, Vj # i, 9a éxoupe k; = 0, Vi = 1,2,--- ,n.
Eropévag ot ypappikég poppés ¥, 1 < i < n, eival ypappikd avefaptn-
1eg. 'Eote topa £ pia tuxovoa ypapuikn popdrn. Tote yia kdbe Sidvuoua
T € € 1o oroio €xel povadikn ypadt) £ = K1€1 + -+ + Kp@p @G IPOG THV
Baon B, 9a éxoupe {(Z) = k1£(€1) + -+ + Kr&(€,). 'Opwg and tov oplopd
T0UG, 01 Ypappikég popdég ¥ 1kavoroouv Tig oxéoeig ¥ (7) = ki, 1 < i < n.
Apa §(T) = ki€(€1) + -+ + Kpé(En) = 5(51)01@?) + o+ E(ER)I(T) =
(E(E)I9" + -+ + £€(€,)9™)(Z). Emopévag ernedn 1o Sidvuopa T eivat tuyov,
9a éxoupe & = £(&1)9 + - - + £(€,)9™, BnAadn 1 ypappikn popdr € etvat
YPAPRIKOV oUuviuaopog TV YPAPHIKOV 10pheV {191, -+, 9"}, Zuvowioviag
9a éxoupe 611 o GUVOAO ypappikav popepwv B* sivar pia Baon tou Suikou

Xopou E*. O
Opopdg 6.1.2 'Ectw B = {€1,8,,- - ,€,} wa Bdon tov siavuouaticov xo-
pou € unepdve tou oouatog K. Tote n Baon B* = {91, 92,--- 9"} tou Suikov

xwpou E* n onoia kataokevdotnke otnu [pdtaon 6. 1.1 kaeitat n Suirn Baon
me B.

ATo v KAtaokeur g ta otoixeia g duikng Baong B* g B opiloviat
w¢ £&16: 'Eotw & € €. Tdte 10 T ypapetal Katd povadiké tporo og ypappikog
ouvbuaopdg twv dlavuopatev g Baong B: T = x1€1 + x2€5 + - -+ + Tp€h.
Tote Vi = 1,2, -+ ,n, 9(%) = z;.

Ano v Ilpdtaon 6.1.1, kat 1o Osdpnpa 5.4.3 enetatl apeoca 1o akoAoubo
ITopopa.

IIépropa 6.1.3 Av dimg € < oo, Wte dimg € = dimg €. Ibwaitepa kade
Srtavvouatiog xwpog € temepacuevng Siaotaong utepdvw evog oouatog K eivat

LOOUOPPOG Ue TOV BUIKO Tou xwpo E: € = £,

Zx6Aw 6.1.1 To [Tdpioua 6.1.3 bev 1o vl av o xwpog € gxel aneion didaotaon.
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Ene1dr) n kataokeur] tou SUTKOU X®POoU 10xUEeL yid KAbs diavuopatiko Xo-
PO, propovpe va Sewpriooupe Kat 1ov SUiko xopo (E*)* tou Suikou xopou X
tou €. O Savuopatikdg xmpog (EX)* 9a cupBodidetat pe £ kat 9a kadeitat
0 8umAd 8uikdg XHpog tou €. Ex Kataokeurg ta ototxeia tou Siurdda Suikou
X0pou EX* gival ypapuikeg popgeg (arekoviosig) ¢ : EF — K.

Xpnowornowwvtag 1o Iopiopa 6.1.3 Sa €xoupe v akoAoubn dpeon ouve-
mela.

IIépiopa 6.1.4 Av dimg € < oo, 101e dimg € = dimg EX*. I6waitepa kade
Srtavuopatucog xwpog € nemepaouévng didotaong umepdve evog oopatog K eivat
1000 PO¢ Ue Tov btid uiko tou xwpo E7F: € = £,

O Savuopatkog xmpog € Kat o durmAd duikog tou E*F ouvdéovial péon
H1lag YPAPHIKNG AEIKOVIoNG 1 omoia opidetal pe puoikd tporo. Ilpaypart,
Yempoupe Vv ATEIKOVIOT)

L: & — & T (D)
orou «(¥) eivat n ypappikr popdn :
UZ) : & = K, £ u(Z)(€) = &(D).

Osopnpa 6.1.5 Avdimg € < oo, 10te ) anetkovion ¢ : € — E** vag 10ouop-
@LOUOC S1AVUOUATIKOV X WP OU.

Anoben : Enedn) o1 xopot € kat E* éxouv v 161a Sidotao, yla va dsifoupe
ot 1] ¢ eivat 1opopPlopog, oupgava pe v [potaon 5.4.7 apkel va deifoupe
Ot 11 ¢ eivatl povopopdopog. Asiyvoupe npwta ot 1 ¢ eivat ypappiky. ‘Eote
K1,ke € K rat Z1,272 € €. Tote yia kabe ypappikn popor € : € — K,
8nlabdr otoieio tou Sravuopatikou xopou X, 9a éxoupe t(k1Z1 + kaZ2)(§) =
E(r1T1 + koTa) = K1€(Z1) + K26(T2) = K1u(Z1)(§) + r2t(T2)(§) = [k1e(Th) +
kot(T2)](€), ral enopéveg eneldr) n ypappiky popdn € eival tuxovoa, Sa
éxoupe (k1T + Kole) = K1L(T1) + kot(T2, dndadn n amewkodvion ¢ eivat
ypappiky. 'Eow wpa Z € Ker(t), xat éotw & = z1€] + - -+ + x,€),, 60U
B = {é1, -+ ,€,} eivat ma Bdaon tou €. Tdte yia KAOs ypappiky Hopor)
£€: & = K, 9a éxoupe +(Z)(€) = 0. Enopévag yia 1§ YPAPHIKEG NOPPES
¥, 1 < i < n, émou B* := {¥,.-- 9"} eivar n uixy Baon g B, Sa
éxoupe: 1(Z)(¥) =0, 1 < i < n, 6nAadh V(&) = x; = 0. Enopéveg & = 0
xat apa Ker(r) = {0}, 6nAady n ¢ eival povopopplopdg xat cuvertakéiouba
10010pP1OPNOG. O
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Zx06At0 6.1.2 To yeyovdg ot evag Sravuouatikog xapog € pe menepacuévn Sid-
otaon unepave ou K eivat 100uop@og e tov simida 6uiko tou £ mpokuniet
onw¢ eibaue kar ano 1o Iopwoua 6.1.4. 'Ouwg o ouopiouds € = £ tou
Iopiouatog 6. 1.4 opiletai, Onwg sival gavepo ano to I1opoua 6.1.3, uéow wag
Baong tou €, kar emouévag efaptatar and mu enioyn g Baong. Avtideta o
100UOPPIOUOG L : € N Bcwpnuarog 6.1.5 sivar avelapnrog g ent-
Aoyne Baong kat emopveg givat TEPLOOOTEPO «@UOLKOG» Ue Ula Evvota 1 omoia
umopet va yiver avotnpen, adid e@evyel ano ta 0pla TV Tapovt@dV ONUELDOEDD.
Ovotaotika 1 1000UOPPIoUSS L Opiletal e Tov 610 TUTo yia kKade diavuouatiko
X®PO0 KAl CUUTLEPLPEPETAL OUASIA OE OXE0N UE T YOAUUIKES ATLEIKOVIOELS.

6.1.1 Mndeviotig

Zinv mapovoa umoevotnta 9a PEAET|O0UNE TNV CUNPTIEPIPOPA UTIOXDPRV KOG
nipog toug Huikoug XWPOoUG.

"Eow € £évag d1avuopatikog Xmpog urepdve tou oopatog K kat éote V C €
évag umoxwpog tou E.

Opiopog 6.1.6 O pndeviotig V° v vnoywpou V opiletar va eivat 1o ako-
Aouvdo uroovvoo tou Suikou ywpou E:

Vei={¢e & | &) =0, VZeV}

IIpdétaon 6.1.7 'Ectw & vag Sravvouatikog x@pog Unepdve tou oouatog K
rxat eotw V C &€ gvag umdywpog tou €. Tote o unbeviotric V° twou V eivar évag
UmOxwpog tou buikov ywpou E* tou E.

Emmnigov av dimg € < 0o, 101e:

dimg & = dimg V + dimg V°

Ano6e1ln : Xpnoponolovpe v Ypappiky anewkovion ¢ : € — E 7 — (X))
nou opioape maparnave. Ta kdOe didvuopa £ € V, opiletat n ypappikn
popon) L(Z) : £ = K, & — o(Z)(§) = £(Z). Mpopavag tote da éxoupe:

Ve = D Ker(u(Z))

Enedr) o mupnvag piag ypappiKAg Arelkoviong €ival UoX®POog KAt 1) TOWr)
UNOX®PGV elval uroxmpog, £rmetal aro v napandve neptypadr) ot o pnde-
viotig V° tou 'V eivat évag unoxmpog tou £,
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Eoww ou dimg € = n kat dimg V = r. EmAéyoupe pia tuxovoa Bdaon
By = {é1,--+ , €.} ou V xat mv ouprAnpodvoupe os pia Baon

BE == {517"' 7€T7€T+17"' 7€n}
tou €. BePOUNE ermiong Vv enayopevr duikn Bdaorn
= {9t 9m 9t )

tou €*. @a eifoupe ot 10 ouvodo € = {¥"FL ... ¥} eivar pia Baon tou
unioxwpou V. 'Eoww & = 1€] + - - - + €, &va Siavuopa tou V. Bswpoviag
10 £ oav §61avuopa tou €, autd da ypapetar & = x1€1 + - -+ + x,€ + 0841 +
-+ 4+ 0€, oav ypappikog cuvduaopog tng Paong Be tou €. Tote yia kabe
i =7r+1,---,n, 9a éxoupe: V() = 0. Apa ot ypappikég popdig U,
r+ 1 < i < n, pndevidouv dAa ta Siavuopata tou unoxepou V Katl emopéveg
avfikouv otov unidxwpo V°. Emeidr) to ouvolo ypappikeov popdpwv Be sival
ma Baon tou € kar V° C &*, rdbe ypappikn popen € € V° Sa ypagpetat
HOVadIKA ©g YPappikog ouvBuacuog g Baong Be: & = A\t + - - + A0 +
X197 4o N, 097, bmou dmeg eibape Aj = &(€5), 1 < j < n. Enedn
oueg ta Siavuopata €, - - -, €. avhKouv otov uroxeopo V, da éxouus A; =
@) =0,Vi=1,2,---,7r. Apa & = N1 1 + - + X097, xat emopéveg
10 OUVOAO ypappikeav popdpav € rapayet tov uroxopo V°. Ao v dAAn
mAeupd 1o ouvodo € eival ypapppikd ave§dptnto @G UTIOGUVOAO TOU YPARHIKA
ave€aptmrtou ouvodou Be. Apa 1o € eival pia Bdon tou V° katl snopéveg
dimg V° = n —r = dimg € —dimg V. Zuvoyilovatg Sa £xoupe tyv {nrovpevn
oxéorn: dimg € = dimg V + dimg V°. O

IIpdétaon 6.1.8 'Eciw & évag S1avuouatikog x@wpog Tenepacuévng S1aotaong
unepave tou ooparog K kat eotw V C € vag undywpog tou €. Tote undpyet
&vag 10oUoPPLOUOG:

6V = Ve

Anodeiln: Ano v Ilpdtaon 6.1.7 Sa £xoupe:
dimg € = dimg V + dimg V°

Avtuikabiotoviag toug Srtavuopatikoug xwpoug € kat V° C E* pe toug Siavu-
opatkoug xwpoug £ kar V°° C £, and v i6a Ipotaon Sa €xoupe:

dimK & = dimK Ve + dimK vee

Erme1dny ano 1o [Tépiopa 6.1.4 £xoupe dimg € = dimg €%, énetat 6ut: dimg V+
dimg V° = dimg V° + dimg V°°, xat apa dimg V = dimg V°°.
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TéAog 1 ypappiky anekovion ¢ : € — E*, & — 1(Z), nepopiletat oe pa
YPAuuIKY anewkovion vy : V — V°°. Mpdypauka: ya kabe diavuopa & € V
Kat kaBe ypappiky popon £ € V°, 9a éxoupe: 1(Z)(§) = (%) = 0. Auto
onuaiver 6w 1(Z) € V°° = {¢ € & | ¢(€) =0, V€ € V°}. Emedr) n vy = ¢ty
elvat o TePoP1oog TG ¢ OToV UTIOX®PO V, Kat 1) ¢ eivat povopopplopog, £netat
ounty : 'V — V° 8a eivat eriong povopoppiopdg. Eneidn) opwg oneg eibape
oxvel dimg V = dimg V°°, ano ta kpurpla woopop@iopey, BAéne Ipotaot
5.4.7, 9a £éxoupe Ot 1 Ly €ival 10OPOPPIOPOG. O

6.1.2 H Avikn puag Fpappikng Aneikoviong

Znv mapouoda UTIo - eVOTNTa 9a PNEAETHOOULLE TV OUNIIEPLPOPA TRV YPAPHIKOV
AMEIKOVIOE®V OE OXE0T HE TOUG SUTKOUG XOPOUG.

Eow f : &€ — F pma ypappiky Ameikovion petadl tov 81avuopatikov
xopwv € kat F unepave tou copatog K. Eival guoiké va 9écoupe 10 potnua
av ot duikoi xwpot &* xkat F* cuvdéovial péon Piag YPappiKyg anetkoviong (
1 OIOiA PUOIKA TIEPTIEVOUE va e§aptatat arod tny f Je KATo10v Tporto). Auto
mpaypatt oupbaivel av Kat 1 Qopd g YPAPHIKNG AEIKOVIONG 1) OItoid Toug
ouvbéet ivat avtibetn pe mv gopd g f.

Optidoupie pla anekovion

I — &6 = (g = fog

[1ep1006TEPO TTAPACTATIKA 1] ATIEIKOVIOT] f opiletal og e€ng:

el g

ff(g)-gk\ lg

K

AnAadr) n anewovion ' f otédvel pa ypappikn popgn € oty ovvOeon g pe

mv f. Mapatnpoupe ot n arekdvion ¢ f(€) = £o f etval pua ypappikn popgn
81011 eival ypappiKe arneikovion og oUvOeon YPAPHIKOV ATEIKOVIGERDV.

Opiopog 6.1.9 Eoww f : & — F wa yoauukn ancuovion uetalv wwv dia-
vuopatkov yopov & kar F. H ansucovion 'f : F* — X kaeitar n 8vikg 7
avaotpodn aneikovion g f.

[Mapatnpoupe o1t PUIOPOULE Va 0picOUHE Kal v SnAd 8uiky) aneikovion
()« & — F* g f wg mv duiky anewévion g if : F* — E*. Xapw
armétnrag 9a oupBodidoupe {(Uf) = tf + £ — F**,
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@sopnpa 6.1.10 Eow f : € — F wa yoauuikny ansucdvion petalt tov da-
vuopatkov yopov & kar F. Tote n duikn anscévion 'f + F* — & sivar
yoauuuen).

Emmigov av i : € = E kar vy : F — F slvar ot ypauuukée amneuco-
vioeig tou Bewpnuatog 6.1.5 yia toug Stavvouatucovs ywpoug € kat F, 1te ot
ovvdéoeig Ly o f : & — F* karUf o 1g : & — F* tavtifovtar:

“forg=150f (t)

—

AnAadn yia kade Sidvuoua T € &, wyvet: Uf (1e(T)) = 15(f(Z)).

Anobaln: 'Eow £, € F* 6o ypappikég poppég unepdve tou F kat £0te
Kk, X € K. Téte ano6 tv pétaon 5.5.5 éxoupe: ' f(kE+A() = (kE+ () o f =
() o f +(A) o f = K(E0 ) + A(C o f) = K F(€) + A F(). Enopévos 1 'f
eival ypappikn. Eoww & € & 16te, €€ oplopoy, yla KOs ypappiky Hopor)

& € F erd tou F* 9a éxoupe:
“flee(@](€) = e (@) o "1(€) = te(@)("F(€)) = te(€ 0 f) = (€0 f)(F)
= £(f(@)) = w5 (f(2)) (&)

Enopéveg f[1e (Z)] = t9(f(Z)), VT € &, xat dpa 'f o1g = 150 f. O

8y

ZX06Aw0 6.1.3 H oyéon (1) oo Bewpnua 6.1.10 unopei va katavondei mepilo-
00TEPO Tapaotatlkd Ue 10 Tapakdi® Oldypauua yoapuuikov anstkovioswv

& —5 e (t1)
if J{ttf
F tg Frx

Tote n oxéon (1) elvat wobvvaun pe v avuuetadetikdmia v S1aypaupuaTog
(t1). AnAaén ot 6vo buvaroi OToL Va TAUE UEC® YO AUUIKOV ATLELKOVIOEDV Ao
Tov Sravvouatiko xwpo € otov Siavvouatko xwpo F** cuumintov.

Eotwo f: & — F pa ypappiky anekovion Kat éote f : F* — E* n duikn
mg. H endpevn mpotaorn pag divel évav 1poro urmoAoyiopou Tou Iupnva g
VPAPHIKG ametkoviong f .

Afppa 6.1.11 'Eotw f : & — F a yoauuur ansicévion kai éote 'f : F* —
&* n buikn mg. Tote woxvel n axdAouvdn oxeon:

Ker('f) = Im(f)° C F*
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Anobeln: Eowe & € Ker(lf), 6ndadn € : F* — K etval pia ypappikn popon
erii Tou F éto1 wote (f(€) = £o f = 0. Tote yia kabe idvuopa T € € Sa
éxoupe (€ o f)(Z) = £(f(F)) = 0, xat autd onpaivel 6T 1 YPAPPIKY) HOPOL
& pndevidel k&Oe Hiavuopa 1o oroio avrkel oty ewkova g f. Enopéveg
€ € Im(f)°, xat dpa Ker(!f) C Im(f)°. Avtiotpoga av & € Im(f)°, téte yua
KdABe Sravuopa Z € &, 9a éxoupe (f(F)) = 0 1 wodvvapa (€ o f)(F) = 0,
VI € €. Tote dpag & o f = 0 1) 1wodvvapa ! f(€) = 0, dnAadr) € € Ker(lf) xat
dpa Ker(*f) D Im(f)°. Zupnepaivoupe éu Ker(tf) = Im(f)°. O

Eipaote wwpa oe 9éon va datunidooupe kat va arodei§oupie 10 akdAoubo
Yempnpa 1o ornoio Ya 1o Xpnotporor)jcoupe oty Jewpia MVAKGDV.

®csopnpa 6.1.12 'Eow f : € = F wa yoauukn aneucovion petalv v dia-
vuouatkev yopov & kar F, kai éote if : F* — €% n Suikn amewdvion g f.
Avdimg € < 0o katdimg F < 00, 101e:

r(f) =r(f)

Anodeiln: Bewpouie v Oepedindn Eiowon Alaotdoenv yia v ypappiky
anewovion if 1 FX — E*:

dimg 7* = dimg Ker(*f) + dimg Im(*f) = dimg Ker(*f) + r('f)

Ao 1o Afjppa 6.1.11 éxoupe Ker(!f) = Im(f)° xat dpa dimg Ker(if) =
dimg Im(f)°. Enopévaeg, enedry and to IMopiopa 6.1.3 éxoupe dimg F =
dimg F*, and v napandve sgionon £netat ot :

r('f) = dimg F* — dimg Ker(*f) = dimg F — dimg Im(f)°

TéAdog and v [podraon 6.1.7 éxoupe dimg F = dimg Im(f) + dimg Im(f)°,
Kat apa:

r(*f) = dimg F — (dimg F — dimg Im(f)) = dimg Im(f)) = r(f)

6.2 Xopot IInAira

Ztnv tapouvod evotntd 9a PEAET)COUHE 1d ONAVIIKT] KATAOKEUT OtV dempia
S1avuopatkeOV XMp@V: TV KATaoKeur Tou diavuopatukou Xopou nindiko & /V
£vog dlavuopatkou xmpou € @g 1pog évav urnoxwpo tou V C €. 'Eva amo
epaUpata ta oroia amnetédeoav Kivrtpo yia PeAét) g KATAOKEUNG TOU XOPOU
nnAiko ftav Kat 1o €&§1g:



6.2. XQPOI ITHAIKA 149

«Aodgvtoc Slavvouatikoy xwpou & kai evog unoyepou V C &, umdoyxet
Sravvopatkog xopos F kar yoapukn aneucovion 7 : € — F érot wote Ker () =
Vo

®a douvpe o011 1 anavinon £ival Katadatiki Kat emrA€ov o d1avuopatikog
Xopog F Kal n yPappiKy arneikoviorn eivatl povadikeg.

Ao topa Kat oto £§1g otabeporolovpe £vav S1avuopatiko Xopo € urepd-
v evog ooupatog K, kat évav uroxwpo V C €.

Oplopog 6.2.1 'Eva oupmdoxo 1ou undxywpou V emi tou xwpou & eival éva
oUVOSI0 NG HOPPNG:

Z4+V:={Z4+0|veV} C &
omou T € & eivar éva 6iavuoua tou €.

Mapatfpnon 6.2.2 'Eva ouunioko g uopeng & + V, onou T € &, ouvndwg
bev glvar uUOxwpPog. AUTO To omolo Loy UeL elvai 0Tt ta akoovda givatl .oodvvaua :

1. To ovumAoro T + 'V eivar évag umdxwpog tou &.
2.2V kartwier+V="Y).

Hpaypatca: av o ovumioko & + V eivar évag undywpog tou &, e 0 € T+ V
Kat doa vrapyxer y € V étol wote: 0=27+ y. Tote ouwg, emedr; oV elvai
umoxwpog, da éxovue: £ = —y € V. Avtiowogpa av £ € V, 10t moopavag
Z+V =Y kat doa 1o ouunoro T + V eivar evag undxwpog tou E.

To mapakdte® Afjppata meplypadouV KAToleg PaoikEG 1610TTeg 1@V OUP-
MAOKQV.

Afjppa 6.2.3 'Eoww T,y € E. Tote ta akoovda givatl w0obvvaua:

1L Z+V=§+".

2. xey+V.
3. ¥—yeWV.
Anobaln: 1. = 2. @a éxoupe: L=+ 0€Z+V =7+ V.
2. = 3. Gaéxoupe: £ € y+V = W eV:T=y+ W. Enopévag

.= 1. @agxoupe: T—y €V = IWeV: T—y=uw €V, gat dpa
T=y+u. Toteopwg: £+V =y+wW+VkaapaZ+V =y+7V, 616u
ouupeva pe Vv naparnave Napatpnon 6.2.2, 9a éxouue W+ W = W 616u
we V. O
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Afppa 6.2.4 'Eoww Z,y € . Tote ta ovunioka £ + V wat § + V eite 9a
tavtifovtar 1 9a sivar Eéva. Anjadn:

gite: T+ V=y+V.
n: (T+V)N(G+V)=0.

Anobeidn: Ynobétoupe ot (£ + V)N (7+ V) # 0. Tote unapyer 2 € (£+ V)N
(7 + V) ka1 eropéveg arno 1o napanave Afppa 6.2.3 9a éxoupe:

1. Z€T+V = F4V=F+V
2. 7€G4+V = Z4+V=g+V

Apa 7+ V =g+ V. 0

ZupbBoAlopog 6.2.1 Ano wopa kat oto eEn¢ eva oUUTAOKo ¢ uopers & + 'V,
onou ¥ € &, 9a ovuboAiletar w¢ e&r¢:

@] =+ V={Z+7| 7€V}

Xpnotpornowwviag Tov maparnave cupBoAiopd kat ta Afppata 6.2.3 kat
6.2.4, 9a £xoule ®G APEoT) OUVETEld TO AKOA0oUBo

IIépiopa 6.2.5 To oUv0A0 OAGV TOV CUUTAOK®V ToU UToxweou V &Nl TOU Xa-
pou € opiet wa Srapépron tou cuvddou &, bnAadr woyvouvv ta axdfovda:

1. & = Uy 7.
2. Av [Z] # 9], ote: [Z] N [y] = 0.

Oplopog 6.2.6 'Eotw & gvag Siavuouatindg xwpog utepdve tou oouatog K,
rat éotw V C & évag undywpog ou €. O xwpog nnAiko & /V 1ou ywpou € wg
mpog tov udxwpeo V opiletat va ivat 1o oUvoAo 04w tev ouutiokov tou Veri
tou &:

e/Vi={#lce|zet}

Baoikdg oxondg pag eivat va dei§oupe ot o xopog nndixo & /V eivat évag
dlavuopatkog xopog uriepave tou K, kabwg kat va avalvooupe KATOEg
Baowkég 1610tn1eg ToU. [Ipiv mepdooupe Op®g o authv v avdaduon Sa doupe
pia Stapopetiky), aAdd 1006Uvapn, IPOCEYY1oT OTOV OP10H0 TOU X®POU INAiKO.
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HMapatipnon 6.2.7 Awampoviag Ti¢ Tapandve UT0SETELS Kat CUUG0AoU0UG,
opilouue oto avvoflo € wa axéon Ry w¢ efne:

VI, je&: F=j(Ry) — F-FeV

Ioxupwopdg: H oycon Ry elvar pia oxéon wwodvvauiag oto ovvoio € kai ot
Kiaoeig woobvvauiag e Ry cuumintovv ue ta ovumioka touv undxwpou V emni
toU ywpou E.

TMpayuatikd xpnouonowutag tov opioud g oxéong Ry kat 1o yeyovog ot
0V cwar unoywpog, 9a Exouus:

AvaxAaotiky Iiétnra: 7 = Z(Ry) Gwoui—£=0¢c V.

Zuppetpiry ISwotnra: Avi = §(Ry), e d—ye€V = §—7 €V ratdpa
7= Z(Ry).

—,

MetaBatiky I&6tnta: Av 7 = §(Ry) kar ¥ = Z(Ry), we ¥ — § € V kxar
y—Z2ZeV. Tote duwg (£ —y) + (§—2) = & — 7 €V rkar emopévag:
7= Z(Ry).

Opidoupe npageig poobeong kat Badpwtoy MoAAArAactacpoy ooV X®WPo
rindiko €/V wg e8ng:

Mp6oBeon: Av (7], [y] € €/V, téte opiloupe 1o dOpotopa [Z] + [§] wv [Z] kat
[¢] va eivat to oupmioko:

7]+ 9] = [£ + 4]

H napanave npadn eivat kadd oplopévn 6ot av eniong éxoupe [Z] =
[P xat [y] =[], we Z+V =2 +Vkary+V = ¢ + V. Enopévag
T—7 eVrag—y € Vxadpa (T+7y) — (¥ +7) €V 10 onowo
onpaiver ou (Z+ ) +V = (& +§) + V., énradn [ + 7] = & + 7.

Babpwtég MMoAdanmAactaopdg: Av (7] € £/V kat k € K, tote opidoupe tov
Babpwtd moAdardaciaopd k[Z] tou cupriddkou [Z] pe tov apidpo k va
eival to CUUITAOKO :

k[Z] := [kZ]

H napandve npdgn eivat kadd opiopévn d16u av eriong éxouvpe [Z] =
[@], e £+ V =7 +V xatapa & — &' € V. Enopéveg k(T — &) €
V = k¥—\¥ € V10 onoio onpatvel éu (kF) +V = (k7’)+V &nhadn:
k7] = [k7].
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Ocwpnpa 6.2.8 'Eotw & vag S1avuouatinog x@pog Umepdre 1o oopatog K
rat éotw 'V C & évag unoywpog tou €. Tote 1o ovvofo € /V tov ouuniokwv tou
V eni ou €, epobiacuévo ue g mapandve mpdlelg mpoodeons Kat Baduwmtou
noAAanAaociacuou, ivar évag dtavuouatikog xwpog urnepdve tou K.

Amnoberén: H anodeln eival eUKoArn kat adrjveral g ATKHEH OTOV AVAYVOOT).
Inuewvoupe povo ta ggng: To pndeviko Siavuoua 65 /v U & /V etvat 1o
ovpriloxko V, 8ndabdn: 65/\7 =[0] =04V = V. Eniong av [#] € &/V, téte 10
avtifeto tou [7] eivat 1o ouprmioko [—Z. O

®a dovupe twpa ot 0 XOpog € kat o xwpog rndiko €/V wg mpog évav
uroxepo V C &€ ouvbéovral Héom 1iag YPAPUIKEG Arelkoviong 1) oroia £xet
ONPaviikeg 1610t TeG.

Opioupe pia aretkovion &g eEng:

my: €= &V, T my(F) = [7]

Oplopdg 6.2.9 H ancuxovion my : € — €/V kafeitar n Ravovikn npoBoAn
tou xapou € otov xapo nndiko £/V. '‘Otav bev undpyet Kivduvog oUyxuong
yoagouue anda T avti yia my.

@copnpa 6.2.10 1. H anewcovion 7 : € — £/V elvar évag empuopPiouds pe
nupnva v undywpo V: Ker(m) = V.

2. Av o yapog € éyel menepaouévn biaotaon, wie kat o xwpog £/V éxel
nenepaouévn Siaotaon Kat eMLALOV :

| dimg €/V = dimg € — dimg V

Anobeiln: 1. Ilpopavag n ameikovion 7 mpodavag eivat Kald oplopévr.
Eniong amnd v Kataokeun g n 7 eival aneikovion eri. Enopéveg apket va
deifoupe ou n 7 eivat ypappiky. ‘Eote 71, %2 € € kat k € K. Tdte ano tov

optopod g rpoobeong Sa éxoupe: (T + To) = [T1 + To] = [F1] + [@2] =
7(Z1) + (Z2). Eniong ano tov opiopd tou Babpwetou roddaridactacpou Sa
¢xoupe: w(ki#) = [k¥1] = k[¥1] = kn(Z1). Zupnepaivoupe 6u n 7 sivat
YPAHHIKE KAl apd ermMpopdiopog S0t eivat erti.

2. 'Eoww dimg € = n xat é¢oww B = {é€1, - ,€,} ma Baon wu &. Eow
[©] € €/V éva tuxov davuopa tou €/V. Enedny T = k161 + -+ - + kpé,, yia
kanowa povadika ki, -+, k, € K, 9a éxoupe: [7] = [k161 + -+ + kn€y] =
ki[€i] + -+ - + kp[én]. Zupepaivoupe ot to ovvoro C = {[€1], -, [En]} eivar

éva TIEMePAoHEVO OUVOAO YEVVIITOP®V Tou Slavuopatikou xopou & /V kat apa
and 1o Mopopa 4.3.2 énetar ou dimg €/V < oo. Enopéveg propoupe va
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epappooouyie v Oepehindn ESiowon Ataotdoswv, BAéne Oswpnua 5.4.2, ya
MV ypappiky anewwovion 7 : € — E/V:

dimg € = dimg Ker(7) + dimg Im(7) (1)

Enedn n 7 eivat ermupopdiopdg 9a exouvpe Im(m) = €/V katdpa: dimg Im(7) =
dimg €/V, 6nhadn

dimg € = dimg Ker(m) + dimg £/V (2)
Meévet va nipoobilopicoupe tov mupnva g 7. @a €xoupe
Ker(n) ={Z € &|n(@) =7 =[0)=V}={Zfc&|FcV}="V

Enopévag 9a éxoupe dimg Ker(7) = dimg V, xat apa and myv oxéon (2) 9a
gxoupe:

d

IIépiopa 6.2.11 'Eoctw € £vag Stavuouatikog xwpog unepdve tou owuatog K
rat éotw V C € évag umdyxwpog tou €. Tote n ancucdvion cuvOAwv

11 : {Unéxa)pm Wrwouv € gtot wote V C W} — {Uno'xa)pm S tou 8/\7}

n onoia opiletar wg II(W) := m(W) = V/W eivar 1-1 kai eni. H avtiotpogn tng
I eivar n ansuwcévion I1-1(G) := 771(9).

I6waitepa kade umoywpog tou E/V eivar g uoppric W/V, omou W eivar
évag unoywpog tou & ue VC W,

Anodderfn: H anodeidn eivar apeon aroppola tng [potaong 5.2.5, diot 1
arnewkovion 7 : € — €/V eival erupoppiopog. O

‘Aokrnon 6.2.2 'Eoctw € gvag 61avuouatikog xwpog Utepdve tou owuatog K.
1. Acicte ou: £/{0} = €.
2. Asife ou: &/& = {0}.

Ba kAeloouE TV TIAPOVOoA EVOTNTA PE KATIOEG ONUAVTIKEG 1610TNTEG Ypap-
PKQOV aneikovioenv ot ortoieg oxetidoviat pe v Sewpia 10v XOpwv rniiko.

Eow f : &€ — F ma ypapuikn anewkovion. Tote énwg éxoupe bet 1)
ewova Im(f) eivar évag unioxwpog tou F. ZupBodidoupe pe p : Im(f) — F
Vv Kavoviky) £ykAeton ouvodev 1 (y) = ¢, Vi € Im(f) n onoia eivat popavag
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évag povopopdlopog. Emrmpoobeta opidetal kat 1 ypappiky arnekovion € :
& — Im(f), émou &(%) = f(¥).! Mpopavadg n € eivat évag empopPiopdg Kat
N YPauuiky aneikovion f eival ouvOeon tov € kat u, 8nAadn 1o akoAoubo
dlaypappa ypappiKev arelkovioe®v eival avilpletabetko

——= Im(f)
NI

H napandve avaluon g yPapuikhg arneikoviong f og ouvleon evog povo-
HOPPIOP0U Kal VoG ETIPOPPIo1I0U, Kadeital kavoviky avaduon g f.

Ao v aAAn mieupd yvopidoupe 6t o uptivag Ker(f) etvat évag unoxe-
pog tou &, Kal ernopévag opidetat o xopog ninAiko €/ Ker(f). ®a doupe topa
Ha onpavuky W8otta tou xopou &/ Ker(f).

3

f=noe

IIpdtaon 6.2.12 'Eotw € kat F Svo Savvouatikoi y@por utepdve ToU ow-
uatog K, kat éotw f : € — F wa yoauukn amnetxovion. Av 'V eivar évag
unoxwpog tou € o onoiog mepigyetar otov uprva mg f: 'V C Ker(f), e v-
napyet povabikn yoauukn ancwovion f* 2 E/V — F ot wote f = f* oy,
onou Ty : € — &)V elvar n kavovukn mpo6ojr. Me difda Adya 1o axoioudo
Siaypapupa yoapUiKk@v anstkovios®v ivat Avtiuetadetiko:

e— ¢V
X\ ﬁ*
F

I6waitepa unopovue va draiéfoupe V = Ker(f).

f=fomy

Amnobeiln : Opidoupe pia aneikovion g eEng:
fro8y — F, (@) = f(@)

1. Asixvoupe dun f* eivai kadd oplopévn. Av [T1] = [Za], tote F1—T2 € V.
Enedny V C Ker(f), énetat 6u &) — &> € Ker(f) kar apa f(Z; — 7o) = 0, §
wobduvapa (1) = f(Z2). Téte opog e§ optopov f*([#1]) = f*([2]) xat dpa
n f* eivat kadda opiopévn.

2. Asiyvoupe ot n f* eival ypappike Kat tkavortotet v {ntoupevn ox£or
f = ffomy. Eow [71],[72] € &/V rat éowo ki,ky € K. Téte and tov

'Ot anewovioeg f : € — Fxate : € — Im(f) av kat éxouv tov 1610 TUrO OpPLOOY, eival
drapopetikég 610t yevika F # Im(f).
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optopd g f kat my ypappikowta mg f, 9a éxoupe: f*(ki[Z1] + ka[Zs]) =
[r([k1@1] + [k2@2]) = f*([F1T1 + koZ2]) = f([l1d1 + kad2]) = k1 f(Z1) +
ko f (Zg)) = k1 f*([71]) + k2 f*([72]). Zuprepaivoupe 6t n f* etvar ypappuxr).
Erniong yia kabe 7 € € 9a éxoupe (f*omy)(Z) = f*(my(Z)) = f*([7]) = f(Z).
Enopévag f = f* o my.

3. Tédog deixvoupe 6t n f* eivar n povadiky) ypappikn arekovion €/V —
F étorote f = ffomy. Avg: E/V — F eivat pia ypappiky aneikovion 1ot
®ote va woxvet [ = gomy, tote yia kabe diavuona [T] € €/V, xpnopornoloviag
ot my(Z) = [] 9a éxoupe g([7]) = g(my(T)) = (g o mv)(Z) = f(Z) = f*([7]).
Enedry aut) n oxéon 1oxvet yua kabe [Z] € £/V, énetat ou g = f* kat Gpa n
f* eivat povadikn. O

‘Aornon 6.2.3 Na efetaodei av oyvet 10 avtiotpopo g Ipotaone 6.2.12.
AnAabn av f @ € — F elvar wa yoappuxn aneucovion, V eivar évag undywpog
v &, kat f*: £/V — F elvar pa yoapuucr arneucovion étor wote f = f* oy,
va efetacdei av wyver ou’V C Ker(f).

To ak6Aoubo onNPAVIIKO AMOTEAeoHaA eival Yveoto &g [TPeTO ®EQPHMA Iro-
MOP®IZEMOY Y1d 81aVUOPATIKOUG X®POUG.

O@zopnpa 6.2.13 'Ecww € kat F 6vo Siavuouaticol x@pot Utepdve ToU OOUa-
¢ K, kat gotw f : € = F wa yoauuukn ansucovion.

1. H f enaye évav wouopgious f1 tou yapouv nniixo & / Ker(f) pe wv
unoxwpo Im(f) wou F:

(a3

f1o€/Ker(f) — Im(f), [#— f1([7]) := f(@)

2. H ypauuikn ansucovion f : € — F ypaperar o¢ ovvdson po fio TKer(f)
T0U EMUOPPIOUOU Tker(ry = € — &/ Ker(f), tou 100uopgiopov o
&/ Ker(f) = Im(f), xat ou povopoppiopov 1 : Im(f) — F. Ania-
6nf=poflo TKer(f) €lvat n oUvvdeon:

TKer(f)

e L5 — ¢ g/Ker(f) L Tm(f) 25 7

Andbeln: 1. @swpoupe Vv ypappiky arewovion f* : €/ Ker(f) — F g
[Ipdtaong 6.2.12, érou f*([Z]) = f(¥), kat éotw

&/ Ker(f) Im( ) fr=poft

N,

F



156 KE®PAAAIO 6. AYIKOI XQPOI KAI XQPOI ITHAIKA

1 Kavoviky avdaduon g f*. Oa deifoupe 6 n fT eivar wopoppopds. Ex’
kataokevnis n f1, Siverar anoé tov wno f1([7]) = f(&), eivar ermpoppiopdg
Kat woyvel f* = po fT, BAéme Vv oudfnon npiv and v Ipdtaon 6.2.12.
Ernopéveg apket va deifoupie 1 fJr etvat povopopgiopds. 'Eow [Z] € Ker( fT)
Tote f1([Z]) = 0 kat enopévag f (&) = 0, ndady 7 € Ker(f). Auté BéBata
onuaiver 6u [#] = [Ker(f)] = 68/ Ker(f)» ONAadn to &iavuona [7] eivat 1o
Hndevikod Hiavuopa tou xwpou £/ Ker(f). Avtiotpoga av [Z] = [Ker(f)] =
65/Ker(f), 6niady 7 € Ker(f), wee f1([#]) = f(Z) = 0. Supnepaivoune
ot Ker(f1) = {[Ker(f)]} = {65/ Ker(f)} Kal apa n fT eivar povopopgiopds.
Emopéveg n f t etvan 10010PP1O0G.

2. 'Exoupe 118y 8eiget ou n anewovion p : Im(f) — F eivar povopop-
@onog, n anewévion f1: €/ Ker(f) — Im(f) eivar 1oopopgiopdg, kat n
amewévion mger(f) © € — €/ Ker(f) eivar empoppiopog. Erurdéov yia ka-
9e Brdvuona 7 € &, 9a éxoupe: (10 1 0 Tier() () = p(f M (Ticer(r) (@) =
pw(f1([Z]) = u(f(Z)) = f(Z). Enedn o1 anewkovioeg f, MOfTOWKer(f) =7
naipvouv g 181eg Tpég, éretar 6u f = po flo TKer(f)- O

To akoAoubo eival apeon ouvénela t1ou Aewprpatog 6.2.13.

IIépiopa 6.2.14 'Eotw € karF 6U0 Stavuouatikol x@pot UTepdvem ToU OOUATOS
K, kat eoww f : € = F wa yoapuuucn anewkovion. Av n f eivar empuoppioudg,
10te 1 f 0pilel Evav 10oUCPPIOUO :

fr&/Ker(f) — 7, [7] — f([7]) = f(@)

IIpotaon 6.2.15 'Eotw € évag S1avuouatikog Yweog Utepdvw tou oouatog K,
rxat éotw V kar W 6v0 unoywpot tou €.

1. H amewkovion
f:& — &/VXEW, &+ f(T) :=(mv(Z), m7w(Z))
elvai pa yoauuikn aneucovion ue tuprva tov urnoxwpeo V N'W:

Ker(f) =VnNW

2. AvV +W = €, dte n anewxovion f elvar empuop@lopog Kat enAyet vav
LOOUOPPLOUO :

Fre/VNW = e/Vxe/W, & —s f([F]) :=(my(D), w(Z))
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3. AvV @ W = €, tote n anetkovion [ elvat 100poppiopuog:

o

f:&€ — E/VXEW, & — f(Z) = (my(Z), m7w(T)

Amodeln: 1. H anddeidn 6u n f eival ypappikn sival dpeorn anoppoia tev
0p1oPGV Katl adrjvetatl g AZKHEH otov avayveortr). Asixvoupe ot Ker(f) = VN
W. Av Z € VN'W, 161e ene1dr) ano 1o @eopnua 6.2.10 énetat 6u Ker(my) =V
kat Ker(my) = W, 9a éxoupe my (%) = 65/V kat m (%) = 65/W. Enopéveg
f(@ = (O¢ /V,Gg /W) To oroio, omeg éxoune Set oto Kegpddatwo 1, eivat to
pndevikd Hiavuopa tou Sravuopatkou xwpou E/V x E/W. Apa VNW C
Ker(f). Avtiotpopa av & € Ker(f), tote (my(Z), mw (%)) = (6g/v,65/w) Kat
apa: my(%) = O /v Kat my(T) = O /w- Ot tedeutaieg oxéoeig eivat puokd
1006Uvapeg pe g akdloubeg oxeoeig ¥ € Vrar & € W. Apa £ € VN'W xat
enopévag Ker(f) € VNW. Zuvoyidoviag Sa éxoupe v {ntoupevn oxéon:
Ker(f) =VNW.

2. Zuugeva pe to Iépiopa 6.2.14 apkei va 6eioupe 6t n f eival srmpop-
eopos. 'Eow ([7], [2]) € £€/V x E/W. Toéte ¥/, Z € € kat apa and v undbeor
E=V+W, Sa éxouue: ¥ = ¥ + Wy rat Z = Uy + Ws, 610U U1, U2 € V Kat
W1, We € W. Téte otov xopo & /V 9a éxoupe [y] = [0+ | = [01]+[wh] = [1]
dwou [vh] = O /v ®abog v1 € V. Tapopoa otov xopo €/V 8a éxoupe
[Z] = [th + Wa| = [th] + [We] = [th] 6161 [wg] = 0¢ /W Kabog wy € W. Emoné-
vas ([y], [2]) = ([wh], [t2]). Oftoviag & = W) + U2, 9a éXoupe €K KATAOKEUNG
f(@) = ([7], [7]) = ([0 + 2], [w1 + 12]) = ([@1] + [02], [W1] + [02]). "Opeg
(W + U] = [wh] + [v2] = [W1] otov Xdpo E/V &ou [tia] = Og /v xaBoS 2 € V.
Hapépowa [wh] + [Te] = [Wh] + [th] = [U2] otov xepo E/W &wou (W] = Gg/w
<abog 7 € W. Enopévag £(7) = ([, [7)) = (@), [72)) = (71, [2) xen dpa
n f etval empopgiopdg.

3.AVE=VEW, t6te VNW = {0} ka1 € = V + W. Enopévag cuppova
pe 10 2. Kat to yeyovog ot €/ {6} = €, 9a éxoupe 61 1 f eival 100poPP1o10G.
O

‘Aoknon 6.2.4 '‘Eotw € gvag Siavuouatikog xweog unepdve tou oopuatog K,
Kat éotw V kat W 6v0 undxwpot tou €. Na beifete ot av’V W = €, 1o1e:

ENV =2W ka E/W =XV
Yrodewln: Acite ou o1 anetkovioelg
[:E/VoW, [Z] = f([Z]) =2 kar ¢g:E/W =V, [Z] — g([7]) =7

glvar kafd oplopeves Kat eMMALOV gival LOOUOPYIOUOL.
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KAeivoupe 10 mapov Kepddato pe 10 akoAouBo amnotédeopa, yvootd ©G
TPITO ®EQPHMA [SOMOP®IZMOY yla H1avUopATIKOUG X®WPOUG.

Oewpnpa 6.2.16 'Eotw & évag S1avuouatindg xwpog UTEpdvw Tou oopatog K,
rat éotw 'V kar W vo unoywpot tou €, étot wote: V C W, Tote o ywpog nnAiko
W/V eivar undywpog tou xwpou tniixo £/V kai undp)et £vag 1OOUOPPLOUOG :

E/V/W/V = &/W

Amnodeiln: Eival eikodo va deixBei (6eite 1o oav ATKHEH) O0TL 0 XOPOG MNAIKO
W/V C &/V eivat undxwpog tou xwpou nndiko £/V. @swpolpe v KAvoVIK)
nipoBoAn

mw:& — E/W, T +— f(Z)=[7]

1 oroia yvepidoupe ot eivatl ermpopgiopog pe nuptiva Ker(my) = W. Enedr
V C W, and wmyv Ilpotaon 6.2.12, énetat 011 Undpxel Povadiky] YpapupiKy
arewovion 1y : E/V — E/W o dote: 7wy o my = my. Enedn n my
eivat empuoppilondg, énetat dpeoa Ot Kat n my eivat empoppiopds. Amné v
Ipétaon 6.2.12 n arnekévion ) opidetat wg e&ng: (7)) = mw(Z) = (7],
&nAadn n 7y, otédvel oupmhoka tou & @G MPOg Tov Unoxmeo V oe oUpmioka
tou € wg 1pog tov undxwpo W. Zupgwva pe 1o [Hopiopa 6.2.14 apkei va
beigoune ou Ker(m5) = W/V. 'Eow [Z] € W/V, éndabdn [Z] € £/V pe & € W.
Tote my([7]) = [2] = 65/W o & € W. Apa W/V C Ker(r5). Avtiotpopa av
[7] € Ker(n3), wote m5([2]) = [7] = O¢ /W Kat auté oupBaivel av kat povov av
Z € W. Auto 6poeg onpaiver ou [Z] € W/V xat enopévag Ker(my) € W/V.
‘Etot tedikd 9a éxoupe Ker(mj) = W/V xat 1o Ilopiopa 6.2.14 oAokAnpmvet
v anodedn. O

H axoAouBn ‘Aoknor) neptypddet £€va arotéAeo}ia 1o OItoio ival yvooto ®g
AEYTEPO ®EQPHMA [SOMOP®IEMOY y1a 81avUuopatikoug X®Poug.

‘Aornon 6.2.5 'Eotw & évag S1avuouatkog xwpos UTEpdve Tou oouatog K,
Kat éotw V kar W 6vo undxwpot tou €. Tote o W eivar unoywpog tou V + W,
0oV N'W eivar undxwpog tou V kair udpxet £vag 100UOPPLOUOS SIAVUCUATIKGU
XOPWU:

V+WW = v/vnw

6.3 Aornosig

‘Aoknon 6.3.1 'Ecte f : & — F wa yoapuuxn ancucovion petalt wwv dtavu-
ouatikav yopav € kat F unepave evdg oouarog K.
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Avolkta Akadnpaika Moanuata

Navenotuo lwavvivwv

TéAocg Evotntac



Xpnuotodotnon

* To nmapov ekMaLdeUTIKO UALKO €xel avarmtuxBel ota mAaiola Tou ekmaldeuTIkoU €pyou
Tou &lddaokovta.

* To épyo «Avolkta Akadnupaika Madnuata oto MNavemotquio lwavvivwv» €xel
XpnuotodotnoeL povo tn avadlapopdwon Tou eKMALSEUTIKOU UALKOU.

* To €pyo vlomoleital oto mAaiolo tou Emixelpnolakou Mpoypdppatog «Ekmaidevon
Kot At Biou Mabnon» kat ouyxpnpotodoteital amd tnv Euvpwmaikn Evwon
(Eupwmaiko Kowwviko Tapeio) kat amod Bvikoug mopouc.

KﬂAIAEYZH KAl AIA BIOY MASHZH : EznA
< .n STV UV TNE yYwone = g
YNOYPTE AL KAl BPHIKEYMATON

Eupumuu(q Evwon
I e
Ryl Me tn ouyxpnuarodérnon e EAAaSac xat e Evpwnaixdc Evwong

ZNMUELWHOTO

Inueiwpa Avadopag

Copyright Navenotipo lwavvivwy, Addokwv: Kadnyntri¢ NikéAaog Mapuapidng
«Fpappky AAyeBpa I». Ekdoon: 1.0. Iwavviva 2014. AwaB<oipo and tn diktuakn StevBuvon:
http://ecourse.uoi.gr/course/view.php?id=1225.

Znpeiwpa Adelodotnong

* To mapov UALKO SlatiBetal pe Toug 0poug TnG adelag xpriong Creative Commons
Avadopad Anptoupyou - Mapopota Atavopur), AteBvr¢ Ekboon 4.0 [1] A petayevéatepn.

@O0

[1] https://creativecommons.org/licenses/by-sa/4.0/.
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Kepalaio 7

ITINAKE> KAI  PAMMIKEY
ATIEIKONIZEIZ

Yta niponyoupeva Kepalata €xoupe opioet T v €vvola ToU Tivakd, 1) oroia op-
YAV@VEL PE EMOTTIKO TPOII0 APKETEG MANPOPOPIES, Kal £XOUpE avartugel v
Yewpia TV ypappikov aneikovicewv. Lto napov Kepalalo Sa peAetriooupie
TV OXEON HETASU YPAPIIKQOV ATIEIKOVICE®V HETASU S1aVUORATIKGOV XWOP®V Tie-
niepaopévng Sidotaong urepdve evog oopatog K kat mvakev pe ototkeia and
10 K. ®@a doupe 8aitepa o611 ¢ auto 1o mAaioio n dewpia mvakeov Kat ypap-
PKQOV arekovioe@v eival ouostaotikd ooduvaprn. H xprion tov ypappikeov
ATEIKOVICEWV £ival TeP1o00TeEPO KATAAANATD yia e§aywyr) empnuikev arotede-
OPATI®V, KAl 1 XPHon MvAK®V £ival MEP1oo0TeEPO KATAAANAD yid UITOAOY100Ug
KAl IIPOOPEPEL IKAVOTTIOINTIKOTEPT) ETTOTTTIELd.

7.1 Baowkég IS10tnteg MMvarwv

Zinv apouvoa evotnta, adpou uneviupicoupe v €vvola £vog rivaka, 9a pe-
Aetfiooupe Baoikeég 1610TNTEG MTIVAKGDV.

A6 twpa kat oto e§ng otabeporolovpe éva copa K.
YrievOupidoupe 6tt av m, n € N eival 6Uo guowkoi apiBpoti, tdte évag m X n

riivakag A pe otoxeia and 1o oopa K, sivat ma &iatagn m - n apBuov ano

161
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10 oopa K tng poporng:

ailr a2 - Al vt Gl
az1 Gz -+ Q2 - A2p
A=
ail aiz “ .. aij .. ain
Aml Am2 *°° Qmj - amn
ZtiAeg Ta kabe j = 1,2, - ,n, n j-otiAn tou niivaka A sivat n akéAoubn
Sratagn m apOpov:
a1;
a2j
A =
Ay
Qmyj
‘Etot o m x n rivakag A arnotedeitat ané n otyheg AL, A% ... | A™ kaBe

pia and ug onoieg artoteAeitatl ano m aplBpoug.

Tpappég Ta kabe ¢ = 1,2,--- ,m, n j-ypappn tou mivaka A eivail n axo-
Aoubn 81atagn m apOpov:
A= (an ag - ay - ain )

'Etot 0 m X n mivakag A arotedeitat ano m ypapueg A, Ao, - -+, Ay,
KAaBe pia amod TG oroieg arotedeital amno n apOpoug.

[Mapatnpolpe ot 10 otoixeio a;; Tou mivaka A Bpioketat oy “topn” g -
ypappng pe v j-otin. ‘Etotl opidoune 1o otoixeio a;; va eivai to otoixeio
Tou rivaka otV ¢j-9¢on.

ZupbBoAlopog 7.1.1 Xdpw ouvtoupiag évag m X n mivakag A Onw¢ Tapandvw
9a ovpbofiletar wg e&ic: A = (aij;).

ZupBoAidoupe pe M, «p, (K) to 0Uvodo tev m X n-ruvakev pe otoieia ano
10 ooua K:

Mpxn(K) ={A = (a;;) | a; €K, Vi=1,2,---m, Vj=1,2,--- ,n}

YrievOupidoupe 6t oto ouvodo M, ., (K) éxoupe opioet tig akoAoubeg ripdgetg
nipooBeong kat fabpwtou noAdarndactacpou:
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1. MpdoBeon: Av A = (a;j), B = (bij) € Myxn(K), téte A+ B eivat o
m X n-rivarag (a;; + byj). TXNPRATIKA

A+B =

a1
a21

alj
agj

S N 7]

Aml Qmyj

ail + b1
as + by

a;1 + b

m1 + b1

Aln
a2n

Amn
ayj + bij
azj + bgj

aij + bij

@mj + b,

b1 b1,
bo1 ba;
bi1 bij
bml bmj
ain + bin
a2y + bap
@in + bin

mn + bn

bln
b2n

2. BaBuwrég Moaniaciacpds: Av A = (ai;) € My, xn(K), kat k € K, téte

k- A etvat o m x n-riivakag (ka;;). Sxnpatikd:

an
a21

k-A=k-

am1

IIp6étaon 7.1.1

alj
az;

CLZ']'

amj

aln
a2n

Qin

Amn

kau k:alj
kasy kas;
k‘aﬂ kaij
kaml k:amj

k‘aln
kaon,

k in

kamn

To 0vvoo M, «r (K) 10V m X n-mudakev pe ototyeia ano éva

ooua K epobiaouévo ue tig mapandve mpatelg mpocdeong kar faduwtov mto-
Aardaowaouou, gival évag Stavvouatikog xwpeog ntave ano 1o K. To undevuco
Suavvoua tou My, (K) eivar o m x n-nivaxag 0 0ia ta otoyeia tou onoiou

glvat ioa pe 0:

0
0

0
0

0
0

0
0
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To avtideto bwavvopa tou m x n-mivaka A = (a;j) elvat o m X n-mivakag

—A = (—aiyj):

—a11  —aiz2 - —ai; . —alp
—a21 —Q - —Qg; - —a2p
_A=
—Q;1 Qi v —Q ccc —in
—aml —Gm2 - —Amj . —0mn
Arnobeiln: BAéne 10 Iloplopa ;;. O

®swpoue toug m - 1 1o MANBog mivakeg Fij, 1 <i <m, 1 < j < n, énou
o mivakag F;; éxet oty (7, j)-9éon 1 kat aviou aAdov 0. AnAadr:

00 --- 0 --- 0
Ej=|0 0 1 0
00 - 0 0

ornou 1o 1 epgavidetal otnv Toun g J-0tNANG HE TV i-YPAHUL).

IIpotaon 7.1.2 To ovvofo twv m X N TVAK©OU
B:={FE;j|1<i<m, 1<j<n}

elvat pa Baon tov Sravvouatvikov xwpou My, x,, (K). Eropévog

dimg M5 (K) =m - n

Anoddeién:
O

O1 ar0A0uUBeg £181KEG MEPUTIWOELG TIVAK®V dda £lval ITOAU ONPAVIIKESG yld
1A EMOPEvVA :

Opopog 7.1.3 'Eoww K éva ooua kat éotw n,m > 1.
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1. O x®pog otndav us m oroeia and 1o owua K opiletar va eivar to
otvoo My, «1(K) kar oupboiletar pe ¥, (K):

I
L2

S ={| = | |meK 1<i<m)

Z;

Tm

2. O x®pog YPappov ue n otoeia anod o ooua K opifetar va sivar 1o
ovvoio M« (K) ka1 ouuGofiterar e Iy, (K):

Fn(K)::(xl Ty e X e Ty ) | z; €K, 1<j<n}
H endépevn napatr)pnon mpoKUITiel Ajlecd Ao T0Ug 0PloRoUg :

Hapatipnon 7.1.4 1. O ywpog omAwv 3, (K)eivar woépuoppog pe tov savu-
ouatko yaopo K™ uéowm tou 1oopuop@iouov

fIKm%Em(K),f:(xl,xg,'--’xm)ni(;pl Tro - l‘j :En)

2. O xapog yoauuav I'y, (K) elvar io6popgog e tov siavvoparuco xopo K"
UEO® TOU L1OOUOP PLOUOU

gKn%Fn(K), (1171 H A xn) '£> ($1,.T2,"‘,$n)

Aapéoou v 1oouop@louav | Kkat g ouvndwg tauvtifouue toug S1avuouati-
koug xwpoug X, (K) rxar 'y, (K) ue toug Stavvouatucovg yaopoug K™ xar K"
avtiotorya.

Ba 6oupe THPA OTL O PEPIKEG TIEPUTINOELS PITOPOUHE VA OplooUPE pia
AAAn onpavuky npddn Petadu mvAakev N oroia kaieitat moAAandAactacyiog n
YIWOUEVO TTIVAK®V.

MoMaraciaopodg Mvakwv: Eoto A € My, xn (K) xkat B € M, (K). Tote
opidoupe 10 ywvopevo tou m X n mivaka A pe tov n X r mivaka B va givat o
m X r niivakag A - B tou oroiot to otoeio oy (4, 7)-9éon eivar:

n
Cij 1= a“blj + (li2b2j + -+ ambnj = Z aikbkj
k=1
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"Evag eUKOAOG TPOITIOG ATTOUVIJIIOVEUCTG TOU YIVOIEVOU IMIVAK®V £ival 0 e5ng.
To otoixeio ¢;; oty (4, j)-9¢on, 6mou 1 < i < m xat 1 < j < 7, tou mivaka
A - B nipoxkurttet ané tov akoAoubo «rtoAdandaciacyiédr mg i-ypapus A; tou
rivaka A pe my j-omAn B’ tou nivaka B:

blj

bgj

Cij = AZ . B] = ( a/il ai2 e a‘ij PO ain ) . sz g

bn;
= aj1b1j + aizbaj + - - - + inbp;

HMapatfipnon 7.1.5 To ywouevo A - B 6vo mivdkov opietat av-v 0 apidudg
oV omAov ou A elvail idog pe tov apdud teov yoauuov tou B. 'Etot av
A € My, xn(K) kat B € My, (K), t61e 10 yrwopevo A - B opilerar av-vn = k.
Tapduoia 1o ywouevo B- A opiletat av-vr = m. Enouévog ta yivoueva mudkov
A - B xat B - A opifovtat av-vm = n = r = k, éniabn av-v o1 mivaxeg A kat
B givai terpayovikol ibag taéng.

YrievBupigoupe 6t 1o oupBodo tou Kronecker d;; opietat g efng:
S — 1: avi=y
Y10 avi# g
Mapadewpa 7.1.2 INa kadei,j = 1,2, -+, n, Yewpolue T0U¢ TEPAYOUIKOUS
nivakeg Fij = (055) € Myxn(K). Tore:

’Eij * Egr = 0 Eir

IIpoxe1pn Aoxipaocia
Mapadewypa 7.1.3

HMapatipnon 7.1.6 Av A xat B eivai 6vo mivakxeg £tot wote ta ywwdueva A - B
Kxat B - A opifovtai, 1dte 8ev eivar anapaitnio va woyverou: A-B = B-A. TNa
Tapadelyua £0tw oL 2 X 2 mivakeg MPAyUakov apldpuov:

=(52) s=(1)

10 0 0
A'B_<0 0>7é<0 1>_B'A

Tote:
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H axoAoubrn) nipotaon nieprypdget 11g° Paocikeég 1810tnteg tou rmoAAardaoia-
OpoU MVAK®V KAl MG AUTY] CUPIEPLPEPETAL OG IIPOG TV MPOobeon Kat Tov
Babumto moAAanAactacpo mvakey.

Ipétaon 7.1.7 'Eoww A, B ka1 C 1pei¢ nivakeg ue otoiyeia anod 1o coua K,
ratk € K.

1. Av ta ywdueva mwakeov A - B kar B - C' opifovtat, 1te opilovtat kat ta
ywoueva mwakov A - (B - C) kait (A - B) - C kar pajhota:

(A-(B-C)=(A-B)-C|

2. Av 1a ywiueva mwakov A - B kar A - C' opifovtai, tte opiletar kat 1o
ywouevo mwakov A - (B + C) ka1 pajwota:

[A-(B+C)=A-B+A-C

3. Av ta ywoueva mwakov A - C kar B - C opilovtai, tote opiletai kat 1o
ywouevo mwakeov (A + B) - C ka1 pajwota:

(A+B)-C=A-C+B-C

4. Av 10 ywouevo mwakeov A - B opiletai, 1012 opilovial kat ta ylwousva
mwakev (kA) - B, kat A - (kB) kar pajwota:

(k(A-B) = (kA)-B=A-(kB)]

Amnobeiln: O
Yrievbupidoupe ot, Vn > 1, o povadiaiog n X n mivaxkag pe ototyeia anod
to K eivat o mivakag:

10 0 0
0 1 0 0
=10 o 1 0
00 --- 0 --- 1

H enopevn npdtaon neprypddetl onpaviukeg 1810teg tou povadlaiou rii-
vaxda.
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Ipdétaon 7.1.8 'Eoww A € M,,xn(K) kat kat B € M, xx(K), 6vo mivareg
Tote:

A1, =A xa In.BzB\

I6waitepa C-1,, = C = I,,-C, yia kade tepayovikd n x n nivaka C' € M, x,, (K).
Anoddeiln: O

Opiopdg 7.1.9 'Evag mivakag A € My« (K) kafeitar avaotpépipog av
unapyet tivaxag B € M, (K), 1ot dyote va wyver:

A-B=1,=B-A
Tote o mivakag B kasitar avtiotpodog tou A rkai oupbofifetar e A~

Mpétaon 7.1.10 1. 'Eotw A € M, «,,(K) évag avtiotpéyiuog nivarxag. Tote o
avtiotpo@og ToU gival povadikog Kat £ivat MIONS AVTIOTPEWIUOS UE AVTIOTPOPO
Tov mivaka A:

(AH =4

2. 'Eoww A, B € M, x,(K) 600 avtiotpéyiuor nivarxeg. Tote o mivaxag A- B
elval avnoTPEWIUOS KAl 10YUEL:

(A-B)"'=B71.47L
Anodeién: O
IIpoxe1pn Aoxkipaocia

b
Eotw A = CCL d € M, o(K). Na beigete 611 0 A eival avuotpéyipog av-v

ad — bc # 0. Av auto woxvet va deigete ou:
1 _d _=b
-1 _ d—b d—b
A — < aicc a a C >
ad—bc  ad—bc

ZupbBoAiondg 7.1.4 'Eoww A € M, (K) évag tetoayovucog n X n mivaxag.
TOte opiletar 1o ywouevo A - A, kar emopévag, ovgpova ue mv Ipotaon 7.1.7,
opifovtar kai 1o ywouegvo A-A-A-- - - A (k gopég, Vk > 1), 0 omoiog oupboAiletat
ue A*. Mpopavaog 9a éxouus AF - A = AR+,

IIpoxepn Aoxipaocia
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0 A
n A" pAnTt
v=(0 ")

IIpdxelpn Aoripaocia

1
Na &eifete 6t av A = < A > , TOTE:

Na 8eigete o1t av A eival évag avuotpewipog n X n rmivakag, t0te yla Kabs
k > 1 o mivakag AF givat avuotpeypog. ITowdg eivatl o aviiotpopog Tou Ak

Ba Sovpe TwpA Pla KATAOKeUT) 1] oroid, §00£viog evog m X 1 Tiivakd, pag
opiletl évav n X m mivaka.

Opwopog 7.1.11 'Eotw

a1l ai2 e a1j e A1n
a21 a2 T @24 T A2n
A = (aij) = € M xn(K)
a’Zl a”L2 “ e a/Zj e aln
Gml Am2 - Amj - amn

évag m X n mvakag ue otoryeia ano 1o coua K. O avaotpodpog tou A opiletat
va ivai o n X m mivakag A tou omoiou ot ypauusc sivai ot otrifeg Tou mivaka
A xat ot otjfeg toU givar ot ypauueg tou wivaka A:

aip a1 - A v Gml
a2 a2 -0 A2t Gm2
th _ : : .. : : :
A= (a)=| ) | € Muxm(K)
a‘l] a]2 o« o e ajl o« o e am]
Aln Ap2 -+ Qi - Apm

H enopevn mpodtaon meptypdgetl 1ig Kuplotepeg 1610tnteg g petdBaong
arno évav mivaka otov avaotpodo Tou.

Mpdtaon 7.1.12 'Eoww A = (ai;), B = (bij) € Mpxn(K) 600 m x n mivaxeg
kat C = (cij) € Mpxr(K) évag n x r nivakag ue oroyeia and éva oopa K.
Tote yia kade otoryeio k € mbK, woxvouv ta efg:

1. A+ B)='A+'B.
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2. Y(kA) =k tA.
3. 4A.-C0)=t=1C 1A
4. 1(*A) = A.

5. Av D = (d;j) € Mpxn(K) elvar évag avuorpéyiuog n x n mivakag, ote
Kat 0 avdotpo@og ou D sival avTioTpéyipog Kat 10y UeL :

(D)™ =4(D7)
Anodeiln:
H napanave mpotaon €xel tv akoAoubn apieon ouvenela:
IIépropa 7.1.13 H ameikovion
¢ Myxn(K) — Muxm(K), A +— ¢(A) = ‘A
glvatl £vag 10oUOPPIoOUOS UE AVTIOTPOPN TNV ATEKOVION
Y Myxm(K) — Myun(K), A — ¢(A) = A

EmnAdgov av m = n (0mOte 01 EUTAEKOUEVOL TTIVAKES glval TEPAYDUIKOL Kat
¢ = 1), 101 N amercovVIon P OTEAVEL AVTIOTPEWIUOUS THIVAKES OE AVTIOTOEWIUOUS
nivakeg kat wyveL: ¢ = Idpy,, ., (k)

7.2 O IIivarag prag Fpappikng Aneikoviong

Zinv napovoa evotnta da aviotoliooupe oe Kabe YpapuiKy AmelKoOvion He-
1adV Slavuopatkev XwpeVv nernepacpévng didotaong évav rmivaka o0 oroiog
EPTIEPIEXEL OAEG TIG 1010TNTEG TS VPAPMIKIG arelkoviong. Emumpoobeta Sa
dei€oupe 6t autr) n avuotolia eivat 1-1 kat eri.

Ao wpa kat oo e§rg Sewpovpe dvo davuopatikoug xwpoug € kar F
unepave tou oopatog K, kat pua ypappiky aneikovion

f:&€ — F
EmunipooBeta unobétoupe ot :
1. dimg € = n kat ¢oww Be = {€1, €, , €, } pa Bdon tou €.

2. dimg F = m xat éoww By = {€1,&5, -+ , &} ma Bdon wou F.
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@cwpoupe g ewkoveg f(€), 1 < i < n, wv Slavuopdtev ng Baong Be da-
péoou tng areikoviong f. Emnedr) ta dwavuopata f(€;), 1 < ¢ < n avrxkouv
otov dravuopatuko xopo F kat to ouvoro By = {£1,85, -+ , &} pia Bdon tou
F, énetat 6u kdBe éva and ta f(€;) Sa ypdperal povadikd og ypappikog ouv-
duaonog tov Siavuoudtev g Baong By. Emopéveg 9a éxoups tig ak6Aloubeg
OXE0EG:

f(é1) = anér +agné + -+ an€ + -+ amiém

f(€2) = a12€1 + ageésr + - - - + aj2€ + - - - Am2€m
f(€)) = a1j€1 + agjér + - - - + @€ + - - - + amj€n

f(gn) = alngl + a2n€2 +- ainé + -+ amngm

O1 mapanave oXEoelg YpApovial CUVENTTUYHEVA KOG €516 :
m
i=1

Oplopog 7.2.1 O mivarag g f : & — F w¢ mpog tg Bdaoeg Be kat By tov
& kar F avtiotoyca, opiletar va givar o m X n mivakag ototyeiov tou K:

a1l ai2 te Q14 to Q1n
a1 a2 e a2j T A2n

Mg, 5, (f) = =~ o (%)
NPT all az2 . e alj P azn
Gml Gm2 " Gmj -~ Qmn

Av & = F kar empéfovue B := Be = By, 101 0 mivakag m¢ [ w¢ mpog Tg
Baoeig Be kar By kadeitar o nivaxag mg f w¢ mpog tnu Baon B kar oupuboiletar
wg Mg (f).

Mapatipnon 7.2.2 1. Vj = 1,2,--- ,m, n j-omin wov nivaka Mg, 3, (f)
anotefleltar and 1oug ouvtefeotés tou dravvouarog f(€;) otav avtd exppaocdel
®C YOaUUIKOg ouvduacuog v dtavvouatov me Bdaong By tou F.

2. H 6wabuwcaoia v onoia axojlovdouue yia va oxnuaticovue tov mivaka
wag yoapukng aneucoviong f 1 € — F wg mpog ug Baoceig Be = {} kat By
v & xat F avtiotoya, sivat o efng: epapuolovue v f oe kade Sidvuoua
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€;j mg Baong Be rar akofovdag exppalouue 10 ddvuoua f(€;) wg yoauuko
ouvduacuo 1w dravuoudiev mg Baong By tou F - 10te ot ouvotwoeg tou f (é})
amotefovv v j-omjn v mivaka Mg, 3, (f).

3. O [ivaxag piag yoauung ancuoviong f @ € — F elvar terpaywuikdg
av-v dimg € = dimg F.

4. 'Onwg glvar eavepod amo tov optouo o mivarag g [ efaptdtar anod tg
Baoeig tic onoisg emiAgyovus. Ia mapdbdetyua éotw f 1 € — € wa yoauuikn
aneucovion, kat £0tw B, Bo 6vo Bdoeig tou €. Tote umopouvue va oxnuatiocovpe
woug nivaxeg MBl,Bz (f)’ M32,31 (f)’ MfB1,B1(f)’ Kat M‘B2,Bz (f) I'evika ot
Tapandve mivakeg givat S1apOpETIKOL.

Mapadewypa 7.2.1 'Ecww € évag Stavuouatikog X@pog UTEPAVE TOU OOUATOS
K pe dimg € = n, kat éotw k € K. BOzwpovus v yoauuxn ametkovion
(opodeaia pe Aoyo k):

fe:& — &, X — fk(f):kf

Av B glvai ua tuyovoa Baon tou &, tote:

Mps(fe) =1 . . :

®érovtag k = 0, éyouue ou fo = 0 elvar n unbevikn yoauuikry ameucovion,
Kat dpa o mivakag g undevikng yoauuukng ancucoviong 0 @ € — & wg¢ mpog
twyovoa Baon B tou € elvar o unbevucdg n X n mivakag.

Emiféyovtag k = 1, éxoupe ou fi = Ide eivar n tavtotucn yoauuikr aneiko-
vion, Kat dpa o mvakag mg¢ Tavtotikng yoauukng ansucoviong Ide : € = € wg¢
mpog tuyovoa Baon B tou € elvar o povadiaiog n X n mwivarag I,.

Hapadewypa 7.2.2 'Eotw n yoapukny answcovion f: R? — R3, (z,y, 2) —
f(z,y,2) = (z,z +1,0). Oewpovue 1c axéAovdeg Bdoeig Tou R3:

Bl = {51 = (17070)552 = (Oa 1a0)7€3 = (ana 1)}
BQ = {gl = (]-7 170)’52 = (Oa 1a 1)753 = (]-a ]-a 1)}
Tote:

2 1 2
, Mg, 3, = 1 1 1
-1 -1 -1

Mg, 3,(f) =

O =
S = O
o O O
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0 0O 0 00
Mg, 3,(f)=1 0 0 0 |, Mg,z =0 00
0 0O 0 00
Ipayuatxa:

Mapadewypa 7.2.3 'Eoto n yoapuxn arnswcovion f: R3S — R2, (z,y, 2) —
f(z,y,2) = (2x 4+ y,y — 2). Bewpovue ug axdovdes Baoels TV R3 xar R?:

B, :={e1 =(1,0,1),é5 = (—1,1,0),e3 = (0,1,2)}

Bg = {gl = (170)a52 = (07 1)}

MBLEQ(f) = ( _21 _11 _11 >

Tote:

Ipayuatuxa:

To akoAouBo Baciko Sewpnpa avaduet v 0X£0T HETAEU YPARHIIKGOV ATteEl-
KOVIOoE®V KAl IMIVAK®V Kat eival Sepedindeg otnv I'pappkr) AAyeBpa.

Ocopnpa 7.2.3 'Eotw € kar F U0 Sravuouatikol x@pot UTEpAav® ToU OOUATOS
K xai coww f : € = F ua yoapuucn ansucdvion.

Yrodétovue ot dimg € = n kardimg F = m, kair otadeponoiovue pa fdaon
Be tou € kat By wa Baon tou F.

Bewpovue tov bravvopatko ywpo Homg (€, F) tov yoauukov aneucovios-
ov f: € = F, kar ov Sravvopatiko xwpo My, xn(K) tov m x n mvakov ue
otoiyeia ano 1o ooua K.

Tote n anercovion M 1 oroia otéAver tu yoauuikn aneucovion | otov wivarxa
me Mg, 8. (f) wg mpog tig Baoeig Be kar By 1ov € kar I avtiotowca, sivar évag
LOOUOPPLOUOG SLAVUOUATIKOV X OPOV:

M:HOIHK(S,?) i men(K)> f — M(f) = MB£>B£T(f)

Amnobeiln: O

H axkoAoubn mpotaon pag divel mog and mivakeg petabaivoupie os ypap-
P1KEG ATIEIKOVIOELS, X®OPIG va YVepi{oupe €K TOV MPOTEPOV OTL Pag £Xouv 600l
KAIO101 CUYKEKPIEVOL S1avuopaTiKol XWpot.

Mpotaon 7.2.4 'Eotw A = (a;j) € My, «n(K) évagm x n mivarag pe oroiyeia
ano 1o owpa K. Tote n aneucovion:

fa:2,(K) — 3,,(K)
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n omola opiletar w¢ e€Ng fa ()Z) =A-X, éniadn:

T aipr a2 - ai; -+ Q1n z
Z2 a1 azz - agzj - G2p z2
7a fa
X = .
Z; ;1 agp v Q5 Qin, T
T, Aml Am2 - Qmj - Qmp T,

glval pia yoauuiKn ansikovion Kat o mivakag g O¢ TPog TG KavovikEG BAoeEIG
By, (k) ®at By, (k) 10v Stavvopatikev xopwv %, (K) xat ¥y, (K) eivai o A:

M32n<K>=an<K)(fA) =4

Amnobeiln:

‘Aoknon 7.2.4 Na beifete 011 ) anekovion :

G :Myxn(K) — Homg(X,(K),%,(K), A — G(A):= fa
glvai €vag 100UoPPIoOUOC S1aVUOUATIKOV X OPD.
Mapadewypa 7.2.5

®a deifoupe tOpa Ot 0 10OPOPPIOPROS ToUu Bewprjpatog 7.2.3 otédvet v
OUVOEOT YPAUHIIKGOV ATIEIKOVIoE®V PETady S1avUOPATIKOV XOPKOV OTO YIVOHLEVO
TV IMIVAK®V TOUG G IIPOG KATIOEG ETMAEYHEVEG BACELS TV XDPRV.

®csopnpa 7.2.5 'Ectw &, F kar G tpeig Sravvouatkoi xwpol utepdve Tou

oouarog K kat eotw

e Ly 5 9, g

6v0 yoauuucée ancucovioelg. Yrnoderouue ot dimg € = n, dimg F = m, kat
dimg § = r, kat otadeponowovue pia Baon Be tou €, wa Baon By tou F, kar
wia Baon Bg tou §. Tote o mivakag g ovvdeong go f : € = G wg mpog tig
Baoeg Be kar Bg wov € kar § eivar 10 yiwouevo tov mvdkov TV Yo apuuikev
aneucovioewv [ kat g wg mpog 1t Baoeis Be war By, kat By war Bg avtiotoya:

Mz, 55(g0 f) = Mg, 34(9) - M, 5,(f)

Anoddeién: O
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7.3 AAAayn Baong krat Zuvictwoov

Ztnv tapovoa evotnta 9a doupe Evav TPOTo 0 Oroiog Pag EIMTPEIIEL va Tie-
pacoupe amd pia Paocn evog Slavuopatikou Xopou ot pia dadAn Bdaon tou
161ou xwpou. Emiong 9a doupe nwg adAadouv ot ouviotdoeg £vog diavuopatog
otav aAddagoupe Baon, Kat eg addddet o mivakag pag YPAPHUIKYG Areikovi-
ong otav aAdagoupe Baoceig oToug Hravuopatikoug XWPoug 0Toug Ortoioug ivat
OP1OHEVT ] YPAPHIKT] ATIEIKOVIOT.

Eow € évag diavuopatikog xopog uriepave tou K. Eoww ot dimg € = n
Kal €0t

ﬁlaé’27"' agn}
9 yEn}

B:={
B = {

I
oy
Oy

1,

duUo tuxovoeg Baoeig tou E.
Téte kaOe S1avuopa g Baong B’ ypagetal katd povadiko 1pono og ypap-
HKOG ouvduaouog tewv davuopdtev g Baceg B:

e~

1 =a11€1 +az1€2+ -+ ani€n
€9 = a12€1 + ax€2 + - - - + an2éy

En = A1n€1 + a2p€2 + -+ - + apnéhn

1] IIEP1O00TEPO AVAAUTIKA :
n
Vi=1,2,---,n: &= E a;j€;
i=1

Opiopdg 7.3.1 O mivakag petaBaong and tnv faocn B ownv Baon B’ opi-
{etar va givat o TePayeVkog n X n mivakag:

ai;p a2 - Aln

a21 a2 - a2n
Ma 5 =

anl QAp2 -+ Qnpp

[Mapopola kabe idvuopa g Paong B ypdgetal Katd povadiko Tporo &g
YPaupikog cuvduaopog tov Stavuopdtev g Bacsig B':

€1 =b11€1 +baca + - -+ bp1&y
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—

€y = b19&] + baoéy + -+ + bpah

gn = blngl + b2n52 +-+ bnngn

1] TIEP1O000TEPO AVAAUTIKA :

3

Vi:1,2,---,n: é'j: bki_’k
k=1

Oplopdg 7.3.2 O mivakag petdaBaong and tnv Bacn B’ otnv Baon B opi-
{etai va givai o 1e1payLIKO¢ N X N Tvakag:

bir bz - bip

bar baa -+ bay
Mg/ﬁ = .

bnl bn2 e bnn

Mapadewpa 7.3.1 'Eote ot axdiovdeg Baoeig tou R3:
1
B= {éi = (27070)762 = (_37 _110)753 = (0727 5}

B ={& = (1,-1,0),& = (1,0,1),& = (0,1, -2}

Tote o mivakag petabaong ano mv Baon B’ omv Baon B eivai o e&ig:

90 B _ 27

2 2

Mg}g/ = 1 4 -9
0 2 -4

IIp6xepn Aoxipaocia

Na Bpebei o mivakag petdBaong Mz ¢ yia g Baoceig Tou mapandave mapa-
detyparog.

Mapadewypa 7.3.2 Oswpovue tv kavovwkn fdon
B = {gl = (1707 a0)7€2 = (0717 70)7"' agn: (0707 71)}

tou dravvouatikov xapou K". @swpovue emiong pia dtagopetikn tuyovoa Baon

—

B ={&1 = (a11,021, ** ,an1), &2 = (@12,022,** ,ap2)," + ,En = (A1n, A2, " - -

»ann) }
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tou K. Téte o mivakag petabaong ano v Baon v kavovikn Bdaon B otu
twyovoa Baon B’ eivai o n x n mov mpokUmter av petarpéyouvus ta Sravvouata
&; oe otnieg:

ail a2 v Glp

a21 a2 - a2n
M&g/ =

Gn1 Aan2 - dpn

Eivat evdoyo va avapontfoupe 1t ox€on £€XoUv ot mivakeg petdBaong pe-
tagu 6Uo Bacewv evdg Siavuopatkoy xwpou. Trnv amavinorn ty divel 1o ako-
Aoubo Sewpnpa.

Ocopnpa 7.3.3 'Eotw &€ vag dravvouattkog ywpog urepdave tou K, kat éotw
B :={e1,ez, -, en}

B/ = {517527 e 7gn}

6vo twyovoeg Baoegig tou E. Tote o mivakag pstabaons Mg g ano mu Bdon
B omu Baon B’ eivar avtiotpéyiuog kar 0 avtiotpogog tou givar o mivakag
petaaons Mg  ané mv Baon B' omnv Baon B:

—1
Mg p = MB,B’

Amnobeiln: O
'Eote, onwg kat riptv, € évag 61avuopatikog X®Pog UIEPAVE® TOU 0OIATOS
K, xat éotw
B = {617627 T 7671}

BI = {517527”‘ 7571}

8v0 Baoeig tou €. Tote kaBe Biavuopa T € € ypadetal Katd povadikod Tporo
©G YPAUUIKOG ouvduaondg tev Stavuoudtev tov Bdosov B kat B':

n
T =1x1€1 + 2262 + - + Tp€), = E ;€
i=1

—

/ /
$1€1 —+ $2

z
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®ewpoupe ta davuopata otrAeg:

T2 xh
X = X' = , (7.1)
T, xl

1a oroia KaAouvial ta $1aviopata-ctHAEg TOV CUVIGTOOMOYV T0U T 0§ ITP0G
TG Baoeg B xar B’.

H enopevn mpotaon neprypadel nwg addadouv ot ouviotmoeg Tou diavu-
opatog T og pog tig Paocsig B xatr B.

IIpotaon 7.3.4 Ioyvoouv ot akoAoudeg OxEelg:
X’ZM!B/’B‘X:Mg,lg,-X Kat XZM&B/-X/:M%T,%B-X/

ITeproootepo avaAvuka:
n n
Vk=1,2,---n: xp = E aki:n; ZE‘;C: E brix;
i=1 i=1

omov: Mg 5 = (a;j) kar My 5 = (bij).

Amnobeiln: O

7.4 Iocoduvvapotr rat ‘Opotrot ITivakeg

Ztnv tapouoa evotnta 9a peAetr)ooupe g aAAddet o rivakag piag YPapiKng
arnekoviong otav addadoupe Baoerg.
Ao wpa kat oto €8¢ urtobetoupie Ot pag £xouv 800l ta akoAouba:

1. € sivat évag davuopatukog xopog urepdve tou ocopatog K pe dimg € = n,
kat éotw Be kat B 6vo Bdaoerg wou:

N - A —/

= o - r .
BS = {617627"'7671}7 & = €1,€9,  ,€,

2. JF eivai évag dlavuopatikog xmpog urepdave tou oopatog K pe dimg F = m,
kat éotw By kat Bl 6vo Baoerg wou:

R - I ot o )
Bff = {817827“' 75m}7 F = {617527'”75771 )
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3. f: & — JF eivar ma ypappiky aneikovion.
YupBoAiloupe pe:

4. A= Mz, 3,(f) tov nivaka g f og rpog ug Paces Be kat By tav € kat
F:
A= (aij) = M‘BS,BT € men(K)

5. A = MB’S,B’?(f) tov rtivaka mg f wg rpog tig Bacerg B xar By wov & kat
F:
A= (a;j) = MB’S,B’? € Mixn(K)
6. P= MB@,B/S tov ivaka petaBaong ano v Baon Be oy Baon B:

P = (pij) = M‘BS,B:S € Mnxn(K)
Tote arod 10 Behpnpua 7.3.3 yvepiloupe 6t o nivakag petabaong ano
mv Baon Bl oy Baon Be eivat o P!, 8nAaby: P! = MB,’S,Be'
7. Q= Mg?’gff tov rivaka petdBaong ano v Baon By oty Baon Bl

Q = (4i5) == Msp, 37, € Mpxm(K)

Tote a6 10 Bewpnpa 7.3.3 yvepioupe 6t o nivakag petaBaong arno
mv Baon B oy Baon By eivat o QL 6nAady: Q! = Mgfj’gj_.

Txornog pag etvat va deifoupe du A’ = Q71+ A- P. TV autd 1o okomo
Xperaddpaote KATOd MPoEPyaoia.

Eow T € € éva tuxdv diavuopa tou €, 10 omoio 1o ekppaloupe wg ypap-
, , , , /.
K6 ouvbuaond v Slavuopdiev 1oV Bdosav Be xat Bl:

n
T =1x1€1 + 2262 + - + 1€, = E T;i€; (7.2)
i=1
n
= ! =/ ! =/ ! =/ —/
Tr=x1€] +Toy + -+ 1,6, = E T;€; (7.3)
i=1

ZupBoAidoupe pe X kat X' ta dlavuopata-otALg TV OUVIOTROWY TOU T
wg 1pog tg Baoceig Be kar BY omwg oty oxéon ?7. Tote and myv Iporaon
7.3.4, £xoupe 11§ OXEOEIG:

—

X=P. X, X'=p1.X (7.4)
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Egapudloupe v ypappiky aneikévion f oto didvuopa Z kat éote i =
f(&). Ev ouvexeia ekppddoupe 10 i ©g ypappiko ouvduaopo tev Stavuopdteov
wv Bacewv By kat Bl

m

F@) =F=né +pét ot ém = ) @i (7.5)
i=1
m

F(@) ==& + s+ Fypén =D @i} (7.6)
=1

ZupBoAidoupe pe Y ka1 Y’ ta Slavuopata-otrAeg IOV CUVIOTOO®OV TOU §f =
f (&) og mpog g Baoeig By kat B 6riwg oy oxéon 77, Téte and my Ipotaor)
7.3.4, £Xoupe TG OXEOEG:

Y=0Q Y, Y=0Q'Y (7.7)

Afjppa 7.4.1 Ta 6iavuopata-otiaeg X ka1 Y 1ov ouniotwoidv tov Swavuoua-
v T kar§ = f(Z) wg mpog ug Baoceg Be war By w € kar F avtiotoiya,
ovvbdéovtal e Tov akoAovdo TUTo:

—

Y=A4.-X (7.8)

1] TTEPLOOOTEPO avautika:

m
Vi=1,2--- ,m: y =anx1+air2+ -+ ainTn = Zaz‘j%‘ (7.9)
j=1

Anoddeiln:
(]

Ocopnpa 7.4.2 'Ecte f : € — F wa yoauuikn ansucovion uetalv Stavvoua-
UKoV Ungpdve evog oouatoc K. Emiigyouue 6vo tuyovoeg Baoeig Be rat B%
v &, kat 6Uo tyovoes Baoeg By kar Bl wou F. 'Eotw A o nivarag mg f wg
npog g Baces Be kar By kar éotw A’ o mivaxag mg [ wg mpog ug Baoceis B
rat Bly. Téfog éotw P o mivakag petabaong and mv Baon Be oy Baon Be
v &, kat éotw Q o mivarag petabaong and mv Baon By oy Baon Bl wou F.
Tote 1wox Vel 0 akoovdog TUTog:

A=Q'-A.P
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Amnobeiln:

To Bewpnpa 7.4.2 pag odnyel otov akoAoubo oplopo.

Opiopdg 7.4.83 'Eotw A, A" € M« (K) 600 m x n mivaxeg ue otoiyeia and
éva oopa K. Ot nivakeg A kar A’ kafovviar woodbvapotl av undpyet £vag
avuorpeyipog n X n nivakag P € M, (K) kat évag avtiotpéyipuog m x m
nivakag Q € My, xm (K), étor dote:

A=Q 1t AP

@copnpa 7.4.4 Avo nivakeg A, A" € Myun(K) elvar wobvvauor av-v ei-
var mivaxeg piag yoappkng anekoviong f : € — F, onmov dimg € = n kar
dimg F = m, w¢ mpog Stapopetikeg Baoelg tov € kat F.

Anodeln:
O
Yriobétoupe wopa ou € = F kat 9étoupe Bg = By xar By = B, owa
naparnave dsdopéva. Enopéveg éxoupe pia ypappiky answkovion f 1 € — €
kat 8vo Baoeig tou E:

(o o - I ol ot )
BE B {617627'.‘ 7671}7 g = 1€61,€2, "€

rn

'Onwg niponyoupévag, éotw A = Mg g(f) o mivakag g f oty Baon B xat
A" = Mgy 3/(f) o mivakag g f omv Baon B’. Emiong éoww P = Mg s
o mivakag petdBaong anoé v Bdon B oy Baon B’. Téte, oupdpeva pe 10
@zwpnpa 7.3.3, o nivakag petdbaong Q = My g ano v Baon B’ oty Baon
B eivar Q = P~!. Enopéveg, oupgeva pe 0 Ocdpnua 7.4.2, 9a éxoupe
A" = P71 A. P. Autj n oxéon TEPAYOVIKOV MIVAKGV 110§ 08nyei otov
akoAoubo oplopo.

Oplopdg 7.4.5 'Eotw A, A" € M, xn(K) V0 tetpaywvikoi n X n mivakeg pe
otoiyeia and éva ooua K. O mivaxee A kar A’ kafovvtar époror av undpyet
évag avuotpéyiuog n X n wivakag P € M, (K)étor oote:

A=pP1l.A.P

H napnidve avaduon pag odnyet oto akoAoubo Baociko @smpnpa, 10 01oio
etvat 181k niepinmoon 1ou Oewprpatog 7.4.4.

@csdpnpa 7.4.6 Avo etpayovicol tivakeg A, A’ € M« (K) eivar dpowor av-v
eivar mivakeg pag yoauuucng anewoviong f : € — &€, onov dimg € = n, wg
mpog Stagopetikeg Baoeig ou E.
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Amnobeiln:
a

Mapadeiwypa 7.4.1 'Eotw f : R? — R3 5 ypauukn arneixévion n onoia opide-
al ¢ eEng:

R3S R (2,9,2) — f(z,y,2) = (z,z +y,0)
Bewpovue 1c axdAouvdesc Baoeig ou R3:
By :={ée1 =(1,0,0),é> = (0,1,0),é3 = (0,0,1)}
By :={e] = (1,1,0),& = (0,1,1), _’é =(1,1,1)}
onwg oto ITapaderyua 7.2.2.
210 0Uuvodo M, «p (K) opidoune pia oxéon ~ wg edng:
VA, B € Mxn(K): A~ B <= otmnivakeg A, B eivat 10o6uvapot

&ndadn: A ~ B av-v unidpxel évag avuotpéyipog riivakag P € M, ., (K) xat
évag avuotpéyipog m X m mivaxkag Q € My, xm (K), étotdote: B = Q- A-P.

Mpétaon 7.4.7 H oxé0n ~mxn lvat mia oxéon wobvvauiag oto ouvoio My, ., (K)
IOV M X N TWAK®U.

Amnobeiln: O
[ep1op1do1ievol O TETPAY®VIKOUG 1 X N THVAKEG £XOUNE avAAoya 1OV aKo-
Aoubo oplopo kat v akoAoubn mpotaor).
210 ouvodo M, x,, (K) opidoupe pia oxéon ~p,xn g eE1g:

VA, B € My5n(K) : A ~pypn B <= ot nivakeg A, B eivat épotot

8nAadny: A ~pxn B av-v uniapyet évag avuotpéyipog rivakag P € M, ., (K)
¢totgote: B=P~ 1. A.P.

IIpotaoyn 7.4.8 H oy£0m opoidtniag ~nxn €lvat pia oxeon toodvvauiag oto
ovvoio My, xp (K) v n x n mvdakov.
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Amnobeiln: O

Zupoeva pe tg Ipotdoelg 7.4.7 kat 7.4.8 1 oxéon ~pyxn Olapepidel 1o
ouvodo M, x, (K) oe xKAaoeig 1008uvapiag (1008Uvapey rmvakey), Kat 1 oxeon
~nxn Olapepilel o ouvodo M, ., (K) oe xAaoeig 100duvapiag (dpowev rmva-
K®V). AvUo aro toug Bacikdtepoug okoroug tng Fpappikng AdyeBpag eivai:
(a) n evpeon OV MALOV ArMAGOV aVUIPOoEI@V o KAbe KAdon wobuvapiag 1)
opowottag, kat () n evpeon 1810WIOV MVAKGV 01 OMoieg 10XVOUV yia KdOe
mivaka o omoiog avikel og pla dedopévn kAaon ooduvapiag n opoiotntag.
Zta enopeva Kepddata Sa §oUpie kAToEg anod auvteg Tig 1810t teg.
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Avolkta Akadnpaika Moanuata

Navenotuo lwavvivwv

TéAocg Evotntac



Xpnuotodotnon

* To nmapov ekMaLdeUTIKO UALKO €xel avarmtuxBel ota mAaiola Tou ekmaldeuTIkoU €pyou
Tou &lddaokovta.

* To épyo «Avolkta Akadnupaika Madnuata oto MNavemotquio lwavvivwv» €xel
XpnuotodotnoeL povo tn avadlapopdwon Tou eKMALSEUTIKOU UALKOU.

* To €pyo vlomoleital oto mAaiolo tou Emixelpnolakou Mpoypdppatog «Ekmaidevon
Kot At Biou Mabnon» kat ouyxpnpotodoteital amd tnv Euvpwmaikn Evwon
(Eupwmaiko Kowwviko Tapeio) kat amod Bvikoug mopouc.

KﬂAIAEYZH KAl AIA BIOY MASHZH : EznA
< .n STV UV TNE yYwone = g
YNOYPTE AL KAl BPHIKEYMATON

Eupumuu(q Evwon
I e
Ryl Me tn ouyxpnuarodérnon e EAAaSac xat e Evpwnaixdc Evwong

ZNMUELWHOTO

Inueiwpa Avadopag

Copyright Navenotipo lwavvivwy, Addokwv: Kadnyntri¢ NikéAaog Mapuapidng
«Fpappky AAyeBpa I». Ekdoon: 1.0. Iwavviva 2014. AwaB<oipo and tn diktuakn StevBuvon:
http://ecourse.uoi.gr/course/view.php?id=1225.

Znpeiwpa Adelodotnong

* To mapov UALKO SlatiBetal pe Toug 0poug TnG adelag xpriong Creative Commons
Avadopad Anptoupyou - Mapopota Atavopur), AteBvr¢ Ekboon 4.0 [1] A petayevéatepn.

@O0

[1] https://creativecommons.org/licenses/by-sa/4.0/.
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Kepalaiwo 8

BaeMmIAA TTINAKA

Xto tapov KepdAatio Sa peAetriooupe tnv Babuida evog mivaka e otoixeia and
éva oopa K, kabog kat 1ig kupidtepeg 16101nteg tng. H évvola ng Pabuidbag
etvat avddoyn wng évvolag tng Padpidag piag ypappikng Ameikoviong, Kat
9a dabpapatioet onuavuko podo ota snopeva Kepddaia mou apopouv v
Yewpia 0p1louoHV Katl YPAPHPIKOV CUCTHHATOV.

8.1 Opopodg xkat Baoikég I&1otnteg

Ztnv rtapouvoa svotnta otabeportoovpe éva oopa K.

‘Eote
a1l ai2 te a1j te Qln
asi @z - Qg - Ggp
A = (aij) = € M xn(K)
ail ai2 o .. aij o .. ain
Aml Am2 *°° Qmj - amn

évag m X n mivakag pe ototxeia arnod to oopa K.
YrievOupidoupe ot pe:

1. ¥,,(K) oupBoAidoupe tov xopo otndev pe otoieia arod to K.
2. I',(K) oupBoAigoune tov xwpo ypappov pe ototxeia and to K.
Bswpnviag TG otAeg tou mivaka A, BAénoupe ot o mivakag A opilet ta

185
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akolouba Slavuopata tou Xopou otnAev X, (K):

ail ai2 Aln
az1 a22 a2n
Al = ' , A2 = ' yoee, AT = | € Yn(K)
il a;2 Qin
Gm1 Am?2 Qmn,

[Mapépota dewpaviag g ypappeg tou mivaka A, BAénoupe 6u o mivakag A
opidet ta akodouba dravuopata tou xopou omav Iy, (K):

Ay =(a11 arg -+ arj -+ awn), Ay =(az azp -+ ag; -+ agn), o,

—

Am :(aml Am2 -~ Gmy - amn) € Pn(K)

Opiopdg 8.1.1 'Eotw A = (a;j) € Mpyxn(K) évagm x n mivarag pe oroceia
amno 1o ooua K.

1. O x&pog otnAcdv tou mivaka A opiletal va eivar o undxwpog X(A) tou
Ym(K) o omoiog mapaystar ané ug n omjeg AL, A%, --. | A" 10U mivaxa
A.

2. H BaBpida otnAav o(A) tou mivaka A opiletar va eivar n iaotaon tou
xapou omiov X(A) tou mivaxa A:

o(A) = dimg X(A)

AnAaén o(A) eivai 1o ugyioto TAndog yoauuika avefapiniov otniou tou
nivaka A, 9ewpoviag tig otieg 1ou A w¢ Sravvouara 1ou xopou otnAav

S(A).

3. 0 xopog ypappav tou mivaka A opiletar va givar o undywpog I'(A) tou
I',,(K) o onoiog mapayetar and tig¢ m yoauueg A1, Ag, - -+, Ay, tou mivaka
A.

4. H BaOpida ypappov (A) tou mivaka A opiletar va eivar n 6idotaon 1ou
xwpou ypauuwv I'(A) tou nivarxa A:

v(A) := dimg I'(A4)

Andabén v(A) evar 1o pgyoto TANdog ypauuika aveCaotniov Yoauuemv
tou mivaka A, 9ewpaviag g yoauues tov A w¢ dtavvouata v xepou
yoauueov T'(A).
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Mapatfpnon 8.1.2 'Eotw A = (ai;) € My,xn(K). Hapatmpovue ou eneidn
Y(A) € ¥,(K) kat dimg ,,,(K) = m, 9a gpouvpe: 0(A) < m. Iapouoa
eneton I'(A) C I'),(K) katdimg I', (K) = n, 9a éyovue: v(A) < n.

Mapatipnon 8.1.3 'Eotw A = (a;j) € My, x,(K). Tote:
o(A) =~("A)

Tpayuatikd avto mpoky TIel dUeoa and Tov 0ploud kadwg ot otiAss Tou ‘A siva
ot ypauuéc tou A kai ot ypauuéc tou tA sivai o1 otrifec tou A

'Evag and 1toug Bacikoug oKomoug Tng rapouong evotntag sivat va 6ei-
Soupe o woxvel: o(A) = v(A). Iponyoupéveg Gpeg Xpelaldpaote KAMoa

pospyaoia.

Afjppa 8.1.4 '‘Eoww A = (aij) € Mpxn(K), kat éotw n emayousvn yoauuucr
aneovion v onoia opifet o A:

fa: 30K — ZnK), X — fa(X):=A4-X
Tote: r(fa) =0(A).
Amnobeiln: o

Afjppa 8.1.5 'Eoww A = (aij) € Myxn(K), kat é0te n enaydusvn yoapuusr
amsucovion mu onoia opilet o avaotpopog ‘A tou A:

Fia : Bn(K) — Sp(K), X — fig(X):='4- X
Tote: r(fiq) = o(A) = ~v(*A) < min{m,n}.

Anodeln: U

8.2 BaOpida I'pappirig Anciroviong Kat IIivaka

YrievBupidoupe ot av € xkat F eivat diavuopatikoi xopot nenepacpévng H1d-
otaong urepave evog oopatog K, kat f 1 € — F eivatl pa ypappikn anet-
KOVio1, T0Te opioape v Badpida r(f) g feg v didotacn tou UNOXGEOU
dimg Im(f). Zwuv napovoa evotra 9a avaducoupe v ox£on petady g
Babpidag g f kat mg Babpidag ypappov 1) otndev tou mivaka mg f g
pog tuxouosg Baoceig v & kat F.
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Ocwpnpa 8.2.1 'Eotw € kat F U0 Siavuouatikol Yot UTEPAV® V0§ OWUA-
to¢ K, xai éotw dimg € = n kardimg F = m. Av f : € — F elvar ua yoaupuxn
anewcovion, tote vrapyel wa Baon Be tou € kar wa Baon By tou F, érar cote
o mivakag g [ oug mapandve Bdaoeig va givat g Hopeng:

0 0 1710 O 0
MB&,'BS"(f): 0 O 0 O 0
0 0 00 O 0
0 0 0j]0 O 0
omou :
1 0 - 0
o1 - 0
I, = € M;x(K)
00 - 1

elvat o povadiaiog r X r mivaxag karr = r(f).

Anobeaiin: 0
O m X n nivakag 1ou Oswprpatog 8.2.1 ypadetal epiooOTEPO CUVOTTIIKA

WG €81G: |
Iy Orx(n—r) >
( O(m—r)xr ‘ O(m—r)x(n—'r')

0mou 0, () €lvat o pndevikog rx (n—r) mivakag, O(m—r)xr €lvar o pndevikog
(m —7) x r mivakag, kat 0y, —y)x (n—r) &ivat o pndevirdg (m —r) x (n —r)
nivaxkag.

Ipdétaon 8.2.2 'Eoww A € M, x,(K) évagm x n mivaxag ue otoryeia and to
ooua K. Tote o A eivar 10065Uvauog ue évav mwivaka e Hop@ng:

I
< r ‘ Orx (n—r) > , omou 7 :=0o(A)
0(m—7“)><7" ‘ O(m—r)x(n—r)

AnAadn umapxet évag avtuotpeyuog n X n mivarkag P kat évag avtiotp£yiog
m X m mivaxag Q) €101 Oote:

Q‘l.A.P:<O L | Ox-n )

(m—r)xr ‘ O(m—r)x(n—r)
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Amnobeiln:
O

Ocopnpa 8.2.3 'Eotw A, B € M4, (K) U0 m x n mivakeg ue otoiyeia ano
10 ooua K. Tote ta akofovda eivar woodvvaua:

1. O mivakeg A kar B eivat ioodvvauot.

2. Oumivakeg A kar B gyouv vy i61a Baduiba otmAov:

Amnobeiln: O

YrievBupidoupe 6t av € katr F eival Siavuopatikol xopot menepacpévng
d1dotaong unepdve evog owpatog K, xat f @ € — F eivar ma ypapuiky
AIEIKOVIOT), TOTE OPIoAIE TNV AVACTPOPT ATIEIKOVIOT] HETACU TRV SUTKOV XOP®V
F* ka1 &* wg €81

FrI s & f(E) =¢€of

TUpgeva pe 1o Oshdpnua 6.1.12 ot anewovioeg f kat 'f éxouv v i61a Pab-
pida:

r(f) =r(f)
YrnoBétoupe ot:
1. dimg &€ = n ka1 dimg F = m.
2.
Be := {1, éa, ,En}
eivat pa Baon tou €, kat €0t
Pa={h o 0
elvatl n 6uiky g Bdor tou E*.
3.

By :={&1,&2, - ,&n}

eivat pa Baon tou F, kat éotw
1 2
§::{£7§7"'75n}

elvat n 6uiky g Bdon tou F*.
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Eivat etdoyo va avapetnBoupe av o mivakag g avaotpodpng Areikoviong
'f g Tpog T1g uikég Paoelg B% xat By oxetiGetat pe tov nivaka mg f g mpog
g Baosig Be xkat By, Trnv andvinon divel n akoAoubn mpdraot).

Ipétaon 8.2.4 '‘Eow A = (a;;) = Mg, 8,(f) o mivakag g f : € = T wg
mpoc ti¢ Baoeic Be wat By tov € kar F avtiotoya.

Tote o mivaxag B := (b;;) = Mgy 31 (*f) e avdorpogng amsucoviong Uf
F* — &* eivar o avdotpogog tou A, nAadn B = 'A 1 nepioodtepo avafutkad :

Mg 3: ('f) = "Mz, 5, (f)
Anoddeién: O

@copnpa 8.2.5 'Eotw A € M, «,(K) évag m X n mivaxag ue otoyeia ano
gva ooua K. Tote n Baduiba ommAwv tou A eivar ion pe v Baduiba yoauuov
tou A:

Amnobeiln: O

Opiopdg 8.2.6 'Eotw A € M, x,,(K) évagm x n nivarxag ue otoyeia anod éva
ooua K. H xown tun o(A) = v(A) kadeitar Ba®pida tou A kar oupboiletar
uer(A).

@copnpa 8.2.7 'Eoww A, B € M, (K) 6v0 m x n mivaxeg pe otoyeia ano
éva owpa K. Tote ta axofovda sivar icodvvaua:

1. O1mivakeg A kar B sivat i0o6vvauot.
2. r(A) =r(B).

3. O mivakeg A kai B elvatr i0o6vvauot ue tovm X n mivaka:

< I, ‘ Orx(nfr) )
O(m—’r’) X7 ‘ O(m—r) X (n—r)

Av A € M, (K) eivat évag tetpayovikog n X n mivakag, tote yvopidou-
pe ou r(A) < n. To akoloubo Bedpnpa xapaktnpilel 10Ug TEPay@VIKoUg
nivakeg TV onoiewv 1 fadpida AapBdvet v péyiotn duvatr) Tr).

Ocopnpa 8.2.8 'Eotwo A € M, (K) évag tetpaywvicos n X n mivarxag pe
otoiyeia ano gva ooua K. Tote ta akofovda sivar iwoodvvaua:
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1. O mivaxag eivatr avtiotpYiog.
2. r(A) =n.
3. O mivakag ivatl i10odvvauog ue tov povadiaio n X n mivarka I,.

ISiaitepa 6U0 teTPay®@LIKOL AVTIOTPEWOL TLIVAKES gival Tavta 1006UVauoL.

Anoddeln: O

'Onwg éxoupe Seiget ) Babpiba evog mivaka A € M, (K) ouprtirteet pe
mv Babpida g ypappikng anekoviong f4 : L, (K) — X, (K), énetar on
n Babpida mivaka €xel 1ig 161eg 161011EG TIG OMM0ieg €Xel ) Pabpida mivaka.
Enopévag ouvoyidoviag ta anotedéopata rnepi fadbpidag ypappikng aneiko-
viong ta oroia arodeiape oty evotnta ;; KABOG KAl Ta arotedéopata autou
tou KegpaAaiou, 9a £éxoupe 11ig akoAoubeg 1610tnteg:

1. Eow A € M, x,(K) évag m x n mivakag pe otoixeia and éva oopa K.

a. loxuel n akoAoubn oxéon:

r(kA) =1(A), Vk € K| (1)

Anodeldn: Oa
B. Ioxuel n akoAoubn oxéon:

’r(A) < min{m,n} ‘ (2)

2. A, B € M, xn(K) 0o m x n miivakeg pe otoieia and éva oopa K. Ioxvet
1 akoAoubrn oxéon:

[[r(4) —r(B)| < r(A+ B) <r(A) +1(B)] (3)

3. Eow A € M, x,(K) évag m x n nivakag xat B € M, (K) évag n x r
rnivakag pe otoeia amno éva oopa K.

a. loxuel n akoAoubrn oxéon:

(A~ B < min{r(4),r(B)}] (4)

B. Ioxuet n akoAoubrn oxéon:

’r(A -B)=r(A) avo B sivat ClV‘[lO‘[pélpl}lOg‘ (5)
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g. loyuel n akoloubn oxéon:

’r(A -B)=r(B) avo B sival ClVIlO‘[pélpl}lOg‘ (6)

8. Ioxuel n akoAoubn oxéon:

x(A-B) >r(A) +1(B)—n| (7)

8.3 M¢£6006o1 Eupsong Babpidag

YKOIOG 1ag Oty mapouod evotnta £ivatl va avamntuioupe Karoieg peboddoug
UTIoAOY10110U 11§ Babnidag evog mivaka.



Avolkta Akadnpaika Moanuata

Navenotuo lwavvivwv

TéAocg Evotntac



Xpnuotodotnon

* To nmapov ekMaLdeUTIKO UALKO €xel avarmtuxBel ota mAaiola Tou ekmaldeuTIkoU €pyou
Tou &lddaokovta.

* To épyo «Avolkta Akadnupaika Madnuata oto MNavemotquio lwavvivwv» €xel
XpnuotodotnoeL povo tn avadlapopdwon Tou eKMALSEUTIKOU UALKOU.

* To €pyo vlomoleital oto mAaiolo tou Emixelpnolakou Mpoypdppatog «Ekmaidevon
Kot At Biou Mabnon» kat ouyxpnpotodoteital amd tnv Euvpwmaikn Evwon
(Eupwmaiko Kowwviko Tapeio) kat amod Bvikoug mopouc.

KﬂAIAEYZH KAl AIA BIOY MASHZH : EznA
< .n STV UV TNE yYwone = g
YNOYPTE AL KAl BPHIKEYMATON

Eupumuu(q Evwon
I e
Ryl Me tn ouyxpnuarodérnon e EAAaSac xat e Evpwnaixdc Evwong

ZNMUELWHOTO

Inueiwpa Avadopag

Copyright Navenotipo lwavvivwy, Addokwv: Kadnyntri¢ NikéAaog Mapuapidng
«Fpappky AAyeBpa I». Ekdoon: 1.0. Iwavviva 2014. AwaB<oipo and tn diktuakn StevBuvon:
http://ecourse.uoi.gr/course/view.php?id=1225.

Znpeiwpa Adelodotnong

* To mapov UALKO SlatiBetal pe Toug 0poug TnG adelag xpriong Creative Commons
Avadopad Anptoupyou - Mapopota Atavopur), AteBvr¢ Ekboon 4.0 [1] A petayevéatepn.
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[1] https://creativecommons.org/licenses/by-sa/4.0/.
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