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IHHPOAOI0OXY

To BipAiio mov Kpatdte ot YEPLA oaC TEPAAUPAVEL TV VAN Tov Mobnuotikoy,
Om®G TPOPAEETAL OO TO TPOYPUUUO GTOLOMV NG BOetikng kot Teyvoloyikng
KatevBvvong mg I tééng tov Eviaiov Avkeiov.

To B1piio avtd TponAle amd avaudpemaon tov Bifiiov tov Mabnuatikov g 2ng
Kot g 4ng déopung e I taéng tov Ievikod Avkelov kot amoteleitol and dVO
pepn.

¢ To mpmTo péPoc, mov pépet Tov Titho AATEBPA, amoteleitat omd dvo KeQAALOL.
— To mpdTOo KepdAiowo omoterel o gwoaymyn otn Oeopio tov [Tvikov,
n omoio petald GAlwv eivar éva epyodeio yio ) perétn tov eopetpikdv
Metaoynuoticpumv Kot tov [poppikdy Zuetnudtov, 1o oroio LEAETOVIOL GTO
010 kePAAaLO.

— To devtepo kepdrato €16dyel oTovg Mryadikovg ApiBpovg, ot omoiot givat
npoéktaon Tov [payuatikdv ApiOudv. Ot Mryadikoi AptBpoi avakaAdednkay
v mepiodo g Avayévvnong oty mpoondbeln emiivong elomdoewv TpiTov
Babuod. Opmg, otovg amveg OV aKoAOVONGOV amodeiyTNKE 1| LEYAAN onpacio
TOVG Y10, TAPO, TOAAG TTPOPAN LOTO, TNG LOOMLLOTIKNG EXIGTAUNG KOL TOV EPUPUOYDY
me.

To xepdiaio ovtd &£xet Anebel amd 1o Piprio tov Mabnpoatikdv OeTikng
Katedbvvong B” tééng Eviaiov Avkelov tov cvyypapéov: Adopdmoviov A.,
Biokadovpdxn B., 'afard A., [Toivov I kot Zpépkov A.

e To devtepo PéPog, mov pépet Tov titho ANAAYXH, amotereitar amd tpio KeQA-
Ao

— To mpdTo KePdAaio onuatodotel Eva véo Eexivnpa. Eival to mépacpo amd Tig
TMEMEPAGUEVEC TPAEELS OTIS «dmelpeg dladikaciecy. Ta oméppata g Evvolog Tov
opiov VILAPYOVY ACPUADC LLE TOAD GOPT KOl CUYKEKPILEVO TPOTO GTA YPOTTH TOL
Apyiundn. H avémtuén, Opmoe, antng g £vvolag £Y1ve 6Ta Xpovia TG AvayEvvnong
KoL £KTOTE KATEYEL KEVTPIKT BEOM 0TOV KOGHO TOV HOONUOTIKAOV EVVOLDV.

Kat’ apydg oto ke@dAaio avtd Topovctaloviol Pucikés — Kot 101 YVOOTEG GTOVG
nabnTég — €vvoleg TV GUVOPTNGE®DY, KAOMDC Kol HepIkéG akOun Puctkéc Evvoleg
™G Avdivong. Ztn cvvexeln el6dyetal 1 €vvola Tov opiov 610 X R, N évvola
TOV 0piovL GTO +00 KOl GTO 00 KOl SIVOVTOL O1 7O YOPUKTNPLOTIKES 1O1OTNTEC TOV.
Téhog, divetarl m €vvola NG GLVEXEWG LOG GLVAPTNONG Kol Tapovcldloviot ot
Boaokdtepeg 1010TNTEG TNG.

— X710 d€0TEPO KOl TPITO KEPAANLO TAPOLGLALOVTOL Ol EVVOLES TNG TALPOYDYOV KoL
TOV OAOKANPDOUATOG OVTISTOLYMG Kot YIVETAL YP1OT TOV EVVOIDV QVTOV GE TOAAEG
epapuoyéc. H mapdymyoc Kot to oAokApmpa eival Katd kdmolo tpdémo ot 5o
SLPOPETIKES OYELG TOL 1010V VOUIGHOTOC. X Ll0 EKPPOCT) TOVG glvar 1) KAlom g



EPOATTOUEVTS Kot TO EUPadOV, GE GAAN 1) TAXOTNTO KO TO UHKOG TNG TPOYLAS EVOGC
KvNnTov KTA.

Av16 10 BipAio w¢ avBpdmivo dnpovpynua dev ivar téieo. O pdvog tpdmog
Yo VoL £YOVUE OTO GYOAEID LG DOTEPU OO LEPIKA XPOVID VO KAADTEPO UEGO
dwackariag glvat o viiedAlog kot eAe0BgPOG d18A0YO0G, TOV OTTOL0 1) EXIGTILOVIKY|
napddoon &yl kabepdoel Yo aidveg Topa. [V avtd 10 AGY0 M GLYYPUPIKY
onado pe aitepn wavomoinon o d€xetar oydAMo Kol TOPUTNPNCES YO TO
Biprio and omolovonmote — cuvadel@o, uabntn N Ao ToAitn — evilopEPETOL
v to (nmpoto g modeiog. Ta oxdMa Kot Ol TOPATNPNOELS LITOPOLV Vo,
oamootéAlovionr oto Tlawaywykd Ivotitovto, Mecoyeiov 396, 153 10 Ayia
[Mopaockevn).

Ot Xvyypapeic
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OPIO -
2YNEXEIA XYNAPTHXHY

1.1 IPATMATIKOI APIOMOI

To ovvoio TV TpayuatTik®dy oplOuvy

YrevOopilovpe 6t t0 60voro R tov mpaypatik®dy aptBudv omoteleital 0md Toug pntode
KOl TOVG GPPNTOVG aptBUoVg KOl TOPIGTAVETAL [E Ta. onueio evog d&ova, tov déova
TtV Tpaypuotikov aptfuaov. (Zyx. 1)

3 e @?

X 5 4 3 2 -1 0 1 2 3 4 5 x

Pntoi apBpoi Aéyovtat ot apiBpoi mov £xovv 1] HTopovY Vo, TAPOLVY T1 LOPPT ﬁ, omov a,

S axépatot pe f# 0. To chvoro tav pntodv apBpdv copfolriletot pe Q. p

Q{E

YrevBopilovpe 6Tt T0 GHVOLO TOV OKEPOL®V APOLMV EVOL TO

Eivat, dniaodn,

a, B axéponot pe B # O}

Z={-,-3-2-10,123,..},
EV® TO CHVOAO T®V QUGIKAOV aplOUdV givat To
N={0,1,2,3,...}.

I'a ta ovvora N, Z, Q kot R woydet:

NC Z<Qc<R.

To cvvora N—{0}, Z—{0}, Q—{0} xou R—{0} ta
cvpporifovpe svvtopdtepa pe N, Z', Q kR avti- @ 7 Q

GTOLY WG,
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Ilpaéerg kat owaraén oto R

>10 ovvoro R tov mpaypatikdv aplbuov opictnray ot tpd&elg e tpdcobeong Kot Tov
TOAMOTAOCIOG OV Kot pe T Borfeid Tovg 1 apaipeon kat 1 dwaipeot. Ot 131OTNTEG TMOV
TPAEEMV AVTOV gival YVOOTEG 0 TPOTYOUUEVEG TAEELS. 2T GLVEXELL OpIGTNKE 1) EVVOld
™G 610T0ENG, Ol GTTOVOALOTEPES OLOTNTES TNG OTOl0G ElvaL OL:

1)Av a>p ko >y, 1618 0>y

2y a2 a+y=>f+y

o= p<ay>py, 6tav y>0

3) <evd

o> ay< Py, dtav y<0

Av azf ka 290, tdtea+y> B+
azf kot y=0

Av Kot , T0TE QY 2> 0.
o,pf,y,0>0

4)

5) Av a,f >0 kot ve N, 1618 16081 1 160dvvapio:

6) %20@(aﬂ20 kar f # 0)

7) Av aff > 0, tote 1oYvEL 1] LIGOdVVApia

aZﬁ@lSl.

o p

AlocTiuato TIpayuoTIKOY aplOuay

® Av o, €R pe a < f, 16te ovopdlovpe oraoTpROTO
pe dxpa ta a, f kabéva amd To TopaKAT® GHVOAL:

(o, B) = {xeR|a < x < B}:0VOIKTO draoTN N0

v

=P ™

[a, f] = {xeR|a < x < B}: KAELOTO SraoTnpO o

[a.p) = {xeR |a<x< B} KAELGTO-OVOLKTO OLAGTI L0,

v

Q
P

(@ f]= {xeR |a<x <f}: OVOIKTO-KAEIGTO SLAGTN AL
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e Av aeR, t61e ovopdlovpe pn @paypéva S106THRATE PE AKPO TO a Kabévo and ta
TOPAKAT® CHVOAL:

(a,+0)={xeR |x>a}

[a,+0) ={x eR |x > a} a
(—0,0)={xeR |x<a} ¢ a
(—o,al={xeR [x<a} ¢ a

Y7o popon| dteotipatog to chvoro R 1o cupforifovpe pe (—oo,+o0).

To onpeia evog dtootNuatog A, Tov gival daQopeTIKd amd ta GKpo. TOL, AEYOVTOL E6M-
TEPIKG onpueia Tov 4.

Amolvty Tyun mpayuotikov ap1Buov

H amoélotn Tipn evog mpaypotikod optBpod a, mov cvpPolriletar pe |a|, opiletor mg
edng:

a, av a=0
la|=
-a, av a<0

TeopeTpikd, 1 awOALTN TN TOV 0 TOPLGTAVEL TV AOGTAGT TOL 0ptOpod a amd To -

o la| ®

EVM M amOAVTY TN TOV & — B TOPLGTAVEL TNV OTOGTAGT] TOV UPLON®V & KoL f.

la =/ @

° >

X 4 3 p-=2 -1 0 la 2 3 4 «x

Mepikég amd TG factcég 1010t TeS TG OmOALTNG TIUNG £lvat ot EENG:
D |al’=a’ 2)va* =|al

3 —lal- 4) |4
) laB|=lal-| B )[),

_lal

|81

5) |lal-| Bl|<la+Bl<al+| B 6) |x—x,|<d = x,-d<x<x,+0, >0
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E®PAPMOI'H

Na ypa@odv vrd popen d10eTipaTog 1| EVOSNS S100TNRATOV TO GUVOLX:

i) A:{x|lsl} ii) A={x|l—2<1}.
X X
AYZH
i) Eivat | |
—<1le01--
X X
<:>0£x—_1
X

S x(x=1)>20 ko x#0
Sx<0fx>1

Apa A = (—0,0)U[l,+0).

i) Etvan 1 1
—2kle-1<—-2<1
X X
<:>1<l<3
X
1
<Sl>x>—.
3
Apa A—(l lj
p 3

1.2 XYNAPTHXEIX

H évvoia ™y mpoyuatikyg covaptiyons

H évvoua g cuvaptnong eivat yvmoty| amd Tponyovpeveg TAEELG. TNV TOpAypapo 0VTY|
vrevBopilovpe Tov optopd TG TPAYUATIKNG GLVAPTNONG e Tedio OPIoHOV EVva LTTOGV-
voho tov R, emavarappdvoope yvootég évvotes kot téhog opilovpe mpdelg petald tv
TPUYLLATIKOV GUVOPTICEWDV.
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OPIXMOX

‘Ecto 4 éva vmoouvoro tov R. Ovoudlovpe TPpaypatiki cuvaption e medio
opopov To A i dadikacio (kovovae) [, pe Ty onoia Kabe otoygio x € 4 avti-
otolyiletar og éva povo mpaypatikd aptdud y. To y ovopdleton Tipn s f 670 X
Kot cupPoriletan pe f(x).

INo va ekppdcoviie T d1ad1KaGio AVTY, YPAPOLLLE:

f:4->R
x = f(x).

— To ypéppo x, mov mapiotdvel omolodnmote ototyeio Tov 4 Aéyetor aveEapTnTn peTa-
BAnTY, VO TO YPALLO Y, TOV TOPLGTAVEL THY TN TG f 070 X, AéyeTon e€apTnuévn
petafint.

— To medio opiopod 4 g cuvdptnong f cuviBog cvufolrileton pe D, .

— To obvoro Tov €yel Yo ototyeia Tov Tig TEG TG f o€ OAa Ta X € A, Aéyetal 6VOVOAO
OV ¢ f Kot cvpPorileton pe f(A4). Etvatr dniadn:

f(A)={y|y=f(x) ywwkdnowo x € 4}.

MMPOXOXH
Yta enopeva Kot 6€ OAN TNV éktaot Tov PifAiov :

— Oa 0oX0AN00VUE HOVO LLE GLVOPTIGELS TOL EYOVV TESI0 OPIGHOV dLACTNNA 1| EVOOT
oluoTNRATOY.

— Orav Ba Aépe 6T1 “H ovvdptnon f givar opiopévn o’ éva cvvoro B, Oo evvooipe
0T T0 B €lval bYTOGUVOAO TOV TTESGIOL OPIGHOV TNG. XNV TEPimT®on avti pe f(B) o
cupPorilovpe 1o GHVOLO TV TGOV TG f og Kabe x € B. Eivat onAadn:

f(B)=1{y|y=f(x) yw «dnolo x € B}.

2vvrouoypagpia covaptyons

Eidape mopoandve 6Tt yio va oplotet e cuvaptnon f apket va doBovv d0o ctotyeio:

® 70 1edio 0pLGOD TG KoL

® 1 TN ™G, f(x), Yo kéOe x Tov TEGIOL OPIGUOV TNG.

Yovifog, OpmS, avoeepOUOCTE 0 (o cuvaptnon f divovtag Hoévo Tov TOTO e TOV
omolo exepdletar to f(x). Ze pa tétota mepintwon O bewpodue copfortixa 6t 10 TEdio

0poHoY TG f €lval To GOVOAO OA®V TOV TPAYHOTIKOV aptBpdV X, Y10 TOLG 0moiovs To
fx) égervonpa. 'Eto, yio mopaderypa, avti va Aépe “divetoin cvuvéptnon f:(—o,2] >R,
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pe f(x)=+4-2x" 0a Aépe “diveton n cvvaptnon f pe tomo f(x) =+/4-2x " 1, mo
amhd, “otveral  cvvapmon f(x) =+4—2x ”, N “diveton n cuvaptnon y=~+4-2x .

E®PAPMOI'H

Moo givon 10 TEGi0 OPIGHOV TG GLVAPTNONG f UE TOMO:

VX' 3x+2 ii) £(x) = V1-Inx

X

i) f(x)=

AYXH
i) H ocuvapton f opiletar, 6tav Kot povo 6tav
x> =3x+2>0 kou x#0.

To tpidvopo duwg x* —3x+2 £yxel pileg toug apuovg 1 xoi 2. ‘Erol, n avicwon
x* =3x+2>0 alndedet, dtav kol uoévo dtov

x<1nx=2.
Emopévag, to medio opiopol g f eivor 1o chvoro A = (—0,0) U (0,1]U[2,+00).
ii) H cuvapton f opiletat, 6tav kot pdvo otav
I-lnx>0.
Eivat 6pmg
I-lnx>20 < Inx<1

< Inx<lne
< 0<x<e.

Emopévag, 1o medio opiopov g £ eivar to cuvoro 4 = (0, e].

I'pagixny wopactacy covaptons

‘Eoto f o cvvaptmon pe medio opiopod A4 kot Oxy €va GOGTIO, GUVIETUYUEVOV GTO
eninedo. To ohvoro TV onueiov M(x, y) yio ta omoio toyvet y = f(x), dnAadn to GHVOAO
Tov onueiov M(x, f(x)), x € A, Aéyetal ypagukn apdctact ¢ f kot cvpPoriletan
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owvibog pe C,. H eSiowon, Aowmdv, y = f(x) emainOedetor pdévo amod to, onueio TG C.
Emopévac, y =f(x) givar 1 e&iocwon g ypaQIKng mopdoTtoong g f.

Eneidn kabs x € A avriotoyiletar og éva povo y € R, dev vmépyovv onpueio g ypo-
QKNG Tapdotaong g f pe v o teTpumpévn. Avtd onpaivetl 6Tt kabe KoToKOpLEN

evBela €xet pe ) Ypopiky mapdotacn TS f 1o ToAd €va koo onueio (Zy. 7a).

'Etot, 0 koKhog dev amoteAel Ypapikn Tapdcotact cuvaptnong (Zy. 7p).

YA y @
e C
] |
| !
CASRrRRERE N
(@) 7

Orav divetotl 1 YpouQikn TopacTooT C, mag cvvaptnong f, tote:
a) To medio opiopod g 1 givar to 6hvoro 4 tov TETUNpUEVOY TOV onpeioy g C,.

B) To obvoro Twdv g f givar to 6ovodo f(4) tev tetaypévev v onueiov mg C,.

v) Htym g f oto x, € 4 eivaun tetaypévn tov onpeiov Topng g gudeiog x = x, kot
me C, (Zy. 8).

X 0| X 0| Xo X
%) (»

Orav diveton n ypagin napactacn C,, (g covapmons f pnopoipe, eniong, va oxedt-
GLOOVLLE KOl TIG YPAUPIKES TOPUGTAGELS TOV GUVOPTNCE®Y — kot | f | .
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a) H ypaogwm mapdotaocng e cuvaptnong
— f etvan cvppeTpikn, og Tpog Tov déova
xx, NG YPOPIKNG TapdoTaomng g f; yorti
amoteheltan and ta onueto M’ (x, — £ (x))
oV gtvol cLPUETPIKA TV M(x, f (X)), ©G
TPog Tov acova x'x. (Xyx. 9).

B) H ypagwkn mopdotacn g | f| amote-
Aetton and ta tppoata mg C, mov Ppi-
GKovTal Tve and Tov Gova xx Kot arnd
TO. CUUUETPIKA, MG TTPOG Tov d&ova x'x,
tov tunpdtev mg C, mov Ppickoviat
kGt and Tov afova avtdv. (Xy. 10).

Mepixég faoikés ovvaptijoelg

N

N

\
y=IAON

\\y =—f(x)

/.
/y=f(x)

/

/0/

=Y

21V mapdypapo ovT| SIVOULE TIG YPOPIKES TUPOUCTACELS LEPIKOV PUCIKAOV GUVOPTICE-
@V, TIG OTOIEG YVMPICALE GE TPONYOVUEVES TAEELS.

H molvovopkn cvvaptnon f(x) = ax + .

©

y

pd

7

N\

N

/0

=

o

C

a>0 a<0 a=0
H molvovopiki covaptnon f(x) = ax’, a = 0.
y i
(0] X
0 X

a>0
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H molvovopuki cuvaptnon f(x) = ax’, a = 0.

y

<

>0

=y

a<0

=y

H pnmj ovvéptnen f(x)= %, az0.

y y

y =

>0 a<0

Orvovvaptiosg f(x) = \/)_c, gx)= \/m

y=ix y=4/Ixi

\/;,x<0
Jx »x20

KAGdovg. O évag eivar 1 ypapikn mapdotaon g y = Jx Kot 0 GAAOC 1) GUHMETPIKT TG
®¢ TPog Tov GEova y'y.

Eneidn g(x) ={ , M YPOQIKN TapAoTacn TG ¥ =4/ | x| omoteleitar omo dvo
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O Tprymvikég cvvaptiosic: fix) = nux, fix) = ovvx, flx) = e@x.

y1 @
“““ T “““““‘W“"“"'
40 Tf\—/lzn \_/x
-1
y=nux | (@)
y
______ 1_______________ e — — — — —
|
n |
/ F \\n/ [211 X
_______I _____________ e e e e e e N .
Jy=0uvx (m
| | y‘ | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
! : : ./
/ ! /2, o0 2/ 3w2 x
I I I |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
| | | |
y:g(Px (7)

YrevOopilovpe 0T, 01 GLVAPTNGELS f(X) = Nux Kot f(X) = cuvx gival TEPLOSIKES pE
nepiodo T'=2x, evd 1 cuvaptnon f(x) = epx eivor meplodikn pe mepiodo 7= 7.

H gx0gtiknf sovaptnon f(x) = a*, 0<a=1.

; ; ®
77 S
|
1 ! 1
_/ : ar-—-
Py Py
0 1 X (0] 1 X
a1 (a) O<a<l1 (%))
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YrevBopilovpe ot

ava>1, tote: @ <@ Sx, <X,
EVOD
av 0 <a<1,tote: 2" <o ox, >Xx,.

H hoyapr@piki suvépnon f(x) =logx,0<a=1

Y y

Q

P

S
=

Q
Re-=
=

o>1 () O<a<1 7))

YrevOopiloope ot

1) log, x=yoa'=x 4) log,(x1x;) = log,x; + log,x,

X

2) log,a" = x ko '*®** =x 5) log,,{ J:logaxl —log,x,

2
3) log,a=1 korlog,1 =0 6) logaxf = klog,x,
7) ava > 1, tote: log, x,<log,x, & X, <X,
EVO)
av 0 < a <1, téte: log ,x, <log ,x, < x, > X,.
8) a* = "™, agot a = ™.
Ot mopomdve TOTOL 1YHvOLV e TNV TPoHmOOesT OTL TO. XPNCLLOTOLOVUEVE GOUPOAN
£Youv vompua.
Me 1t Pondelo TV TOPUTAVO YPOPIKOV TUPUCTACEDY UTOPOVLE VO GXESLACOVUE TIG

YPOQIKEG TOPACTACELS €VOG HeYGAOV aplflod cuvapTNoE®V, OMWOG GTNV TOPUKATH
EPAPUOYN.



22 1 OPIO —XYNEXEIA XYNAPTHYHXY

E®PAPMOIH

No nopacToETE YPOPIKA KOOE pLo ol TIS TOPUKATO GUVUPTNGELS:

i i 1 1

) fx)=Ix|, ii)gx)=-—, ii)hx)=—-—.

x| |x—1]
AYZH
1) Apyucd TopIGTAVOLLE YPAPIKE T GLUVAPTNON yi |
p(x) =x kot énerta v f(x) =] p(x) |. y
y=Ix| ,’y:x
7
7
7
/ »>
/10 X
/
/7
4
4
7
4
7/

il) ApyKé TOPIGTAVOVLE YPAPKH TI CLUVAPTY-

1
on @(x) — Ko énerta v g(x) = @ (x) |.

iii) Emedn A(x) = g(x — 1), n ypoon mopd-
GTOON TNG /1 TPOKVTTEL, OV LETATOTIGOVUE
T YPOQIKN TopdoTocn TG g Kotd o
povéda Tpog ta 6e&id.

Iootyra ovvaptioewy
‘Ect® ot cuvoptioeig:

X +x
x*+1

kot g(x)=x.

J(x) =
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[Hopatnpodype otL:
— 0L GLVOPTACELS f KOl g £xovV Kovd medio opiopov 1o civoro 4 =R kot

— 7y kGBe x € A 1oyvet f(x) = g(x), apov
3 2
x +x  x(x"+1)
f(x): 2 = 2 =x=g(x)'
x"+1 x +1
Yy mepintoon ovtn Aépe OTL 0L GLVAPTNHGELS f Kot g givat ioeg. [Nevika:

OPIXMOX

Avo cuvaptoelg f Kot g Aéyovtal iceg OTav:
® &yovv o 1010 Tedio optopov A4 Kot
® vy kabe x € 4 wydetr f(x) = g(x).

INo va dnAdoovpe 6tL 600 cuvapTicElg f Kot g etvat ioeg ypdpovpe f= g.

‘Ecto topa f, g Vo cuvaptioelg pe media
opwopov 4, B avtictolymg kot I €va vro-
ocbvoro TV 4 Kot B. Av ywo k4be x € I’
woybel f(x) = g(x), tote Aépe O6TL 0L GVVAp-
moelg f ko g givon iceg 6T0 cvvoro 1.
(Zyx. 22)

Io Topddetypio, o1 GLVOPTHGELG

x -1 X’ +x
S(x) = ko g(x) = ,
x—1 b

7ov &yovv media opiopov ta cuvora 4 =R — {1} ka1t B =R —{0} avtictoiymg, eival ioeg
o610 cOvoho I =R —{0,1}, apo? yio k4Be x € I woydet

f()=g)=x+1

Ilpdéeig pue ovvaptioels

‘Eocto ot cuvaptioelg
J@=V1-x, gl)=x

Kot ot

0,(x) =1—x +/x, () =J1-x —/x, &) =1 —x V/x, p,(x) = Vi/‘_x .
X

Hopatnpodpe otL:

a) To medio opiopov twv ¢,, @, Kot @, ivar To cvvodro [0,1], mov eivor n Topn TV Tedinv
opiopod A =(—0,1] kou B =[0,+0) tav f, g, evd t0 nedio opiopod g @, eivar To
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ovvoro (0,1], mov eivar 1 Topn TV A, B ov eEapECOVLLE TOL X Y10 TO. 0Toia 1oy OEL 2(x)
=0, ko

J(x)

gl

Tig cuvopthcelg ¢, @, @, Ko @, Tic Aéue GOpoioua, dapopd, yvouevo Kot mnAiko
avtiotolyws tov f, g. Fevikd:

B) ¢, (x) =f(x) + g(x), 9,(x) = f(x) — g(x), 95(x) = f(x)-g(x), 9, (x) =

Opilovpe wc GBpowspa f + g, Sropopd f— g, yivopevo fg kot mniiko i Yo cuva-
PTNOE®V f, & TIC GLUVAPTNGELG PE TOTOVG

(/+ @) =1(x) +gx)
(/= 8)x) =f(x) - gx)
(/8)(x) = f(x)g(x)

S _ S
( )() g(x)

To medio opiopov t@v f+ g, f— g kot fg eivar n top] 4N B tov nediov optopod 4 Kot

B tov cuvoptioemv f Kot g ovTiotoiymg, evd To medio optopod g — &ivar to AN B,
e&APOVUEVOV TOV TIL®V TOL X oV Undevilovy Tov Tapovopastn g(x), dniadr To chVoAo

{x|xed xow xeB,pe g(x)=#0}.

2VvOeson ovvaptijcewv

‘Eot® 1 ovvéptnon ¢(x) =vx—1 H tiuf mg ¢ oto x umopel va opiotel og 600 @Acelg
oG &gNG:

a) 210 x € R avtictoyifovpe Tov aptBpd y = x — 1 Kot ot cuvéyeto

B) oto y = x — 1 avtiotoryilovpe tov apOuo \/; =+/x—1, gpdcov y=x—-1>0.

&of @

X y=x—1 f\/ﬁ

21 dwdkocio ovt epgavilovtal 00 GLVOPTHCELS:

a) N f(x) =x — 1, mov €yer medio opiopov 1o ohvoro A =R (a” paon) kot
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Byn g(») = \/;, 7oV el medio optopov to chvoro B =[0,+0) (B’ pdon).
‘Etot, n Ty g ¢ 6710 X YpAQETOL TEAUK
9(x) = g(f(x)).
H ocvvépton ¢ Aéyetar ohvBeon g f pe v g kot copforiletat pe go f.

To medio opiopod g ¢ dev givat oAdKANpo To medio opiopod 4 g f, aArd Teplopi-
Cetar ot0. x € 4 Y10 Ta omoia ) T f(X) avijkel 6To TEdio optopov B g g, dnrodn
gtvat To oovoro 4, =[1,+0). 'evikd:

OPIXMOX

Av f, g givor 600 cuVaPTAGELS e TEI0 0ptopov 4, B avTioTolyms, T0Te ovoudlovpie
ovvleon TG fue v g, kot ) cvpPorilovpe pe geo £, T cvvaptnon pe TOTo

(g f)x)=g(f(x)).

To medio opiopod g g o f amotedeiton omd OA Ta GTOLELD X TOV TESIOV OPIGHOV TNG f
v To omoia To f(x) aviKeL 6To TEdio oplopov TS g. Aniadn eival to chHvoAo

A ={xeAd| f(x)eB}.
Eivow pavepd 6tin go f opiletarav 4, # D, dnhadn av f(A)NB = J.

IMPOXOXH

311 cvvéyeto Kot 6€ OAN TV €ktacn tov BiAiov, Ba acyoinBolue HoVO e GUVAPTNOELS
7OV 01 GVVOEGELG TOVG EYOVV TEDIO OPIGHOD SLAGTNNE 1] EVOGT SLUGTNIUATOV.

E®PAPMOI'H

"Eotm ot ovvapticsels f(x) =Inx ko g(x) = Jx.Na Bpeite TIg oLVAPTIGEIC:

i)gof i) fog.
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AYXH
H ovvapmon f €xet medio opiopod 1o D, =(0,+), evdn g to D, =[0,+x).
1) ' va opiletor n Ttopdotoon g( f(x)) npénet:

xeD, Ko f(x)eD, (1)

x>0<:> x>0<:> x>0<:> -
x_ 2
f(x)=0 Inx>0 x>1

dnAadn mpémer x > 1. Enopéveg, opiletoann go f kou givon

1M, 1G0dVVOLLAL,

(go Hx)=g(f(x)) =g(Inx)=+/Inx, yia k@Oe x €[1+0).
i) ' va opileton n mtopdotoon f(g(x)) npémet:
xeD, xu g(x)eD,

1, 16odHvapa,

x>0 x20 x>0
Pt = < x>0,
g(x)>0 Jx >0 x>0

dnraodn mpénel x > 0. Enopévog, opiletonn fog kot givor
(f02)x) = £(g(x) = f(Nx) = InVx, 1ot ke x € (0+00).
YXO0AIA

® YNV Topamdve epoproY Tapatnpovue 0Tl go f # fog. I'evikd, av f, g givatl 600
GLVOPTHGELS Kot opilovtat ot go f kot fo g, T0TE QUTEGIEV EIVOL VTOYPEWDTIKA
ioec.

e Av f, g, h glvar tpelg ovvaptioelg kat opiletor n ho(go ), 10te opiletar kot M
(hog)o f katoybdel

ho(gof)=(hog)ef.

Tn ovvdptnon avt ™ Aépe ovvbeon tov £, g kat i kot ™ cvpPoriovue pe hogo f. H
GVVOEGT) GLVOPTICEMV YEVIKEVETAL KOL Y10 TEPICCOTEPES OO TPELG GLVAPTNGELS.
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AXKHYEIY
A" OMAAAX
1. ITowo givar o mEdio 0pPIGHOD TV TOPAKAT® GUVAPTNCEDYV;
1) f(x)zzx;z, i) f(x)=Yx-1+2-x
x —3x+2

NI

i) f(x)= iv) f(x)=1In(1 - ¢

2. To moteg Tipég tov x € R m ypagikn mopdotoon g cvvaptnong f Ppioketan
whvo omd Tov afova xx, OTov:

D) f(x) = x> —dx + 3, ii) f(x)=1+—x, iii) f(x) = e — 1.
—X

3. T moteg Tég Tov x € R 1 ypagikn mapdotacn g cvvapmong f Ppioketal
TOV® Ao TN YPOQEIKN TOPACTACT] TNG CLVAPTNONG g, OTAV:

i) f(x)=x+2x+1 Kot gx)=x+1
i) f(x)=x +x-2 Ko gx)=x"+x-2.

4. Ot avBp®mTOAdYOL EKTILODY OTL TO VYOG TOL OVOPMOTOL diveTal amd TIG GLVO-
PTNOCELG:

A(x) = 2,89x + 70,64 (y1o Tovg Gvdpeg) Kot
I(x) = 2,75x + 71,48 (y1o T1g yovoikeg)

OTOV X GE EKATOGTA, TO UIKOG TOV Ppayiova. Xe pio avackaen pédnke éva 0otd
amo Bpoyiova pnkovg 0,45 m.

o) Av Tpoépyetotl and Gvopa oo NTAV TO VYOS TOL;
B) Av Tpoépyetal omd yuvaika TOlo TV TO VYOG TNG;

5. Z0ppa pnkovg £ =20 cm kdPetor oe GV0 KOPPATIO e uiKn x cm Kot (20 —x) cm.
Me 1o mpdTo Koppdtt oynuatitovpe TETpaymvo Kot e TO deVTEPO LGOTAEVPO
tpiywvo. Na Bpeite to d0potopa Tmv epfaddv Tov V0 GYNUATOV ¢ GLVAPTNON

TOVL X.

6. No mopactoeTe YPaPIKa T GuVApPTNoN:
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) S =, i) () =x]x1,
_jmx+3 0, x<1 .
iii) f(x) = el ol iv) f(x)=|Inx]|.

Kot amd ) ypapikn topdotact vo Tposdlopicete 10 GHVOAO TV TIU®V TG f
o¢ kabed mepintmon.

7. No efetdoete o€ moleg amd TIg TOPOKATO TEPWMTOOELS eivar [ = g. XTig mept-
TTOGELS IOV givol f # g VO TPOGIIOPICETE TO EVPVTEPO SVVATO VTOGHVOAO TOV
R o70 onoio wyvel f(x) =g(x).

) f() =\ g =(Vx)

i) f(x)=# Ko g()c):l—L
X" +[x]| | x|
) o) war  g(x)=~/x+1.

Jr-1

8. Atvovtot o1 GuVapPTNGELG

1
F()=1+— kot g(x)=——.
X I-x
Noa Bpeite T1c cvvaptioelg f+g, f—g, fgkat i .
g

9. Opolwg Yo TIc GLVAPTAGELS
1

f(x)=&+i Kot g(x)=f—\/;.

Jx

10. Noa mpocdiopicete T cvvapmmon go f, av

D) f(x) = x ko g(x) =x, i) £(x) = nux kon g(x) =V1—x

i) f(x)= % Ko g(x) = eqx.

11. Aivovton ot suvaptiosts f(x) =x"+ 1 kar g(x) = vx—2. Na tpocdiopicets Tic
GLVOPTNGEG go f Kol fog.

12. Na ekppdoete T cuvapton f og cHvOesn 000 1) TEPIGGOTEPMV GLUVAPTHGEWV,
ov
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i) f(x) = Muee + 1), if) f(x) = 2 ni3x + 1
i) /() = In(e* - 1), V) f(x) = e 3x).
B OMAAAX

1. No mpocdiopicete ) cuvapTnon f g omoiag 1 YpaQikn TopacTact ivat:

A
n iy ° iiiy 1°
2¢--
|
|
1K~ I I—
N /N [T
> s o—p
o 1 > ol 1 > o 1 2 3 4=

2. 'Eva xovti kolvdpikod oyfipoatog éxst aktivo Baong x cm ko oyko 628 cm’. To
VAMKS TV BAcEmV KooTICEL 4 AeTTA TOV EVP® Avd cm’, VG TO VAKO TG KUALV-
dpicnc emeavetog 1,25 Aemté tov supd avd cm’. No ekppAGETE TO GUVOALKO
k66T0G ¢ cvvaptNon Tov x. [16c0 Kootilel éva kovti pe aktiva dong 5 cm;

E A

3. Z10 dumhavo oynua etvor 4B = 1,
AI'=3 ko 4 = 2. Na ekppdoete
70 eUPadSV TOV YPOLLLOCKIOGLLE-
vou ympiov ®¢ GLVAPTNCT TOL
x =AM, étav 10 M dwrypdoeet To
evBvypappo tpuqpa A7 .

4. 'Evo. opBoydvio KAMN dyovg x
cm etvon gyyeypoppévo og éva
tpiyovo ABI" Bdong BI'= 10 cm \
Kot vyoug A4 = 5 cm. Na ek- N E M
opaoete 10 guPadd E kot Vv
nepipetpo P tov opboymviov mg &
GULVAPTIGT TOV X. B K A ) T

5. No mapactioete ypapikd tn cuvéptnon:

i) f(x)z%, ii) f(x)zw, x <[0,2z].
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Amd 1 ypagikn mapdotacn g f vo Tpocdlopicete T0 GHVOAO TIUAOV TNG OF
KkaBed mepintoon.

6. Na Bpeite cuvapmnon ftétoln, ®OTE va IoYvEL:
i) (fog)(x)=x"+2x+2, 710 k60 x €R, av g(x) =x + 1
i) (fog)(x)=v1+x*, y10 k60 x eR, av g(x) =—x°

iii) (go f)(x) =| ovvx |, yia kébe x €R, av g(x) =+1-x>.

7. Aivovtat ot cuvoptioelg f(x) =x + 1 kot g(x) = ax + 2. ['a wowo Ty tov a€R
oyvel fog=gof.

8. Atvovtot o1 cGuvapTHoELS:

f(x)= O(;C_—l-ﬁ pe f# —o’ ka g(x):x—Z\/;-i-l.

a b
Noa amodeiEete 0Tt

o) f( f(x))=x, yKébe x eR —{a} ko

B) g(g(x)) =x, yukébe x e[0,1].

9. Ot ToAe0dOUOL pIaG TOANG EKTLHOVY OTL, OTaV 0 TANOVGHOG P g TOANG gival x

EKATOVTASES IMAdEC Gtopa, Bo vITapyovy oty AN N =104/2(x” + x) yhddeg
avtokivnta. ‘Epevveg deiyvouv OtL 6g ¢ £ amd ofuepa 0 TANBVGHOG TNG TOANG

0o eivan \/t +4 ekoTovtadeg ylddeg dropa.
1) Na ekppdoete tov aptBpd N T@V auToKIVATOV THG TOANG MG GLVAPTIGN TOV £.

it) ITote Ba vépyovv oV TOAN 120 Y1Addec avtokivinTa;

1.3 MONOTONEX XYNAPTHXEILYX -
ANTIXTPO®H XYNAPTHXH

Movorovia covapTnong

2,

e Ot évvoleg “yvnoimg avéovoa cvvdptnon”, “yvnoing ebdivovca cuvaptnon” sivol
YVOOTEG 0O TPOTYOUUEV TAET. ZVyKeKpEVD, Labaple OTL:
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OPIXMOX

Mua cuvépmon f Aéyston':
® YVN6im¢ 00E0V60 G’ éva d1d ot o A Tov TESGIOV OPIGHOV TNG, OTAV Y10l OTTOL0-
ommorte x,,x, € 4 pex, <x, woydst:

SGx) <f(x) Ex. 0)
e ywnoiong @Bivovoa ¢’ éva didotnua A tov nediov opiopod g, OTav Yo
OTOONTOTE X, X, € A UE X, < X, IYVEL

S(x) > f(x,) Ex- B)

g ®
A
FED N\
20
| .
;c O I X sz . ;c
4 (a) 4 %)

To va. Snidoovpe 6t f gival yynoing avéovoa (avtiotoiyng yvnoing edivovca) oe
éva daotnua 4, ypaoovpe f 14 (avtiotolywg f|A4).

o mopadetypa, 1 cuvaptnon f(x) = x™: yT

— givar yvnoing advéovoo oto [0,+0), apol
vy 0<x, <X, éovpe xl2 < xj, dnrodn \ /‘

S(x) <f(x,)

— eivat yvnoiong ebivovca oto (—,0], apov
v x, <x, <0 éovpe 0<—x, <—x, onodtE 0 >

0<x; <x;,mhadn
Sx) > fx).

Av o cuvaptnon feival yynoiog advéovoa 1 yvnoing ebivovoa ¢’ éva dtdotnpa 4 tov
7ediov OpPIoUOD TNG, TOTE ApE OTL 1| [ gival Yvnoimg povotovny 6to 4. Xty nepintmon
7OV T0 TEdi0 0plopov ¢ feival éva ddotnua 4 ka1 f givatl yynoing povotovn 6’ avto,
to1E B0 Aéple, amhmg, 0TI feival yvnoiog povotovr.

D Mo cuvaptnon f Aéyetatl, onA®G:

e avEovow ¢’ éva didotnpa 4, 6tav yio omoledNmoTe X, X, € 4 pe x| < X3 1oYVEL
Sx) < f(xy).

e 9Bivovca ¢’ éva didotnua 4, 6tav yio omoladNmote X, X, € 4 pe x| < X, 1oYvEL

S ()2 [ (xy).
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Akporara covapTnong
Orévvoteg “Uéytoto”, “eAdyloTo” cLUVAPTNONG EIVOL KL OVTEG YVOGTEG OTO TTPOTYOVLEVEG
Ta&elg. Xuykekpipéva padaple ot

OPIXMOX

Mia cuvaptnon f pe medio opiopov 4 o Aépe otL:

e [Tapovoidlel 6to X, € A (0Akd) péyreto, 10 f(x,), 6TAV
f(x) < f(x,) o kébe xe 4 (Zy. 27a)
e [Tapovoialel 6to x, € A (0Akd) eErdyroTo, T0 f(X,)), OTAV

f(x)= f(x,) yiaxabe x € 4 (Zy. 27p).

p @

(@) 05
INo mopdderypo:

— H ovvéptnon f(x) =—x" + 1 (Zy. 28a) napovotdler péyioto oto x, = 0, t0 f(0) =1,
agov f(x) < f(0) ywn kébe x €R.

— H ovvapmon f(x) =|x—1| (Zx. 28B) napovcialet erdyioto oto x, =1, 10 (1) =0,
apov f(x)= f(1) ywkébe x eR.

}’1‘

/\] 41

0] X

(@) 2
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— H ovvapmon f(x) = nux (Zyx. 29a) mapovcidler péyioto, 10 y = 1, oe kabé-

va amd To onpeia 2k7r+§, k € Z xou ghdyioto, t0 y = — 1, o kabéva and to onpeio
2k7r—%, keZ,apov -1 <nux <1 yio kdBe x €R.

— H cuvéapmon f(x) = x* (Zy. 29PB) dev mapovsidlel ovTe PEYIGTO, OVTE EAGYITO, POV
eivat yynoiog advéovoo.

A
y 3

—n/2 3n/2 /T\ X 10} X

(@ ()

Onwg ldape kol 6To TPONYoLUEVA TTaPAdElyaTa, GALEG GUVAPTNOELS TAPOVLSLALOVY
poévo péyloto, GAAeg pOvo eAdyloTo, GAAEG KoL PEYIOTO Kot AAYIOTO Kot GAAeG ovte
LEYIoTO 0UTE EAGYIGTO.

To (0Ad) Péy1oTo Kot TO (0AKO) EAGYLOTO HitG GLVAPTNONG [ AEYOVTOL OAKE OKPOTATA

mg f.

2vvaptnon 1-1
1
‘Eoto 1 cuvapmon f(x) =—. [apoatnpodue 6t yuo
X i
oToOWONTOTE X,, X, # 0 1GYXVEL 1] CLVETOYWYN:
“Av x, # X, 10tE f(x,) # f(x,)”, SO
J(x2)

OV GNUOIVEL OTL:

“Ta. Swapopeticd ctoyeia x,,x, € D ' €YOVV MAVTOTE
SL0QOPETIKES EKOVES”.

1
Abdym g TELEVTOiNG 1310TNTOG | GVVapTHON f(X) = —
Aéyetar cuvaptnon 1-1 (éva mpog éva). I'evicd: x

OPIXMOX

M cvvaptnon f: 4 — R Aéyeton suvaptnon 1-1, 6tav yio omotodnmote X, ,x, € A
LGYVEL 1] GUVETOY®YN:
av x, # X,, 101€ f(x,) # f(x,).
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Me anoywyn € ATono arodetkvieTol OtL:

Mia cuvéptnon f: A = R eivor suvaptnon 1-1, av kot povo ov yio omoladnmote
X,,X, € A 1oydel | cuvenayoyn:

av f(x,) = f(x,), To1€ X, = X,.

"Etot yio mopadetypo:

— H ovvapmon f(x) = ax + B, pue a# 0 elvar cuvaptmon 1-1. (Zy. 31a, B)

Ay ‘y @
Fx) £ T
o i L

0] / X X )C= X 0 )ICI )ICZ .
pd
(@) 1) »

agov, av vrobécovpe 0TL f(x,) = f(x,), TOTE £ovpe dradoyd:

ax1+ﬁ:axz+ﬁ

X, = ox,
X, =X,
— H ovvdpmon f(x) = f dev eivar cuvaptmon 1-1 (Zy. vy @

31y), apov f(x,) =f(x,) = f Yo omowadnnote x, X, R. \ y=x

— H ovvaptnon f(x) = x* (Zy. 32) dev eivor cvvaptnon
1-1, agod f(—1)=£(1)=1 av kou sivou —1 = 1. S S

XXOAIA

® A7 TOVIAPATAVO OPIGUO TPOKVITELOTL LKL GLVAPTNON
fetvan 1-1, av ko povo av:

— T kabe otoryEio y Tov GLVOLOL TILMOVY TG M e&loman f(x) =y &xel akpIPdS piat Avon
®G TPOG X.

— Agv vrdpyovv onueio TG YPOPIKNAG TG TapAoTAcNS He TNV ido TeTaypévn. Avtd
onuaivel 6t kaBe opildvtio gvbeia TépveL TN YpaPIkn mapdotacn g f 1o moAD €

éva onpeio (Zy. 33a).

® Av po cuvaptnon ivat yynoiong povotovn, tote mpoeovag, lvat cuvaptnon "1-1".



1 OPIO —XYNEXEIA YYNAPTHYHX

35

"

/ 0 X -

ocuvapton 1-1

‘Etot, o1 cvvaptioelg f,(x) = ax + B, a=0, f,(x) =
o', a 20, f,(x) =0, 0 <a#1xu fi(x)=logx, 0
< a # 1, givan ovvaptioeg 1-1. Yrdpyovv, d6uwG,
GLVOPTAGELG TTOL gival 1—-1 aAld dev gival yvnoimg
HOVOTOVEG, OTTMG Y10l TOPASELYLLOL T GLVAPTHON

x <0

gx)= (Zy. 34).

%= =

x>0

AvtioTpoopn ocvvaptyon
e 'Eoto o ovvapmon f: 4 — R. Av vrnofécov-
pe ot ot givar 1-1, tote yuoo kGO otoyygio y
TOV GLVOAOL TIUAV, f(A4), TG [ VIGPYEL LOVAdTKO
oTotElo x TOV TESiIOV OpLopov TG A Y1 TO 0ol
wyvel f(x) = y. Emopévac opiletar po cuvaptn-
on

g:f(4)—->R
pe v omoia ke y € f(A) avtiotoryiletor 6to
povadtkd x € 4 yio o omoio oyvet f(x) = y.
Ao TOV TPOTO TOL OPIGTNKE N g TPOKVTTEL OTL:

— &yl medio op1opov T0 GHVOAD TIHAV f(A4) g
/.

— £€yet oOVOAO TIHAOV TOo Tedio opiopod 4 s f
Ko

— oYOEL N tIoodVVaLioL:

S =y < g(y)=x.

Vv
e B
| :\-_—-
| :
I I
X o X2 x

guvaptnon oy 1-1

yl

y=g(x)

y=f(x)

4
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Avtd onpaiver 6t av 1 f avtiotoryilet to x A

610 Y, 10Te N g avtiotoyilel T0 ¥y 0TO X Kot A
avTioTpOe®c. Andadn n g etvar n avtioctpoen

f
Swdwkasia g f- [ to Adyo avtd 1 g Aéyetan
ovticTpo®n cuvaptnon g f Kot copPolrileton ‘ '
pe £ Emopévag éxovpe

8

f@®=ye f(y=x

omoTE

@) =x,xed «xu  fO)=y, yef(A).
INo mapddeypa, éoto n ekbetikn cvvaptnon
f(x) = o". Onwg givor yvwoto 1 cuvaptnon ovt R (0,40)

eivar 1-1 pe medio opiopov to R kot cdvoro
TV 10 (0,+00). Enopéveg opileton 1 avti-
otpogn cvvaptnon f ' ¢ £ H cuvépmon
OVTY], GOULPOVO LE 00O, EITAUE TPOTYOVUEVKG,

— ¢&yeLmedio opiopov to (0,+ o)
— &yet ohvoro Tdv o R kot
— avtiotoyilet kabe y € (0,4 ) oto povadikd x € R yia to omoio woydel o' = y. Enedn
OU®OG

o' =y x=log, y

0o eivar £ ' (v) = log,y. Emopévars, n avtictpoen g exbetikng cuvapmong f(x) = o,
0 <a #1, etvon n Aoyap@uikr| cuvaptnon g(x) = log x. Zuvenmg

loga'=x,xeR  km o™ =x, xe(0,+)

® Ac mdpovpe Todpa po 1-1 covaptnon f kot

ag Bewpnoovpie TG Ypapikég Tapactdcelg C Kot Y M(a.p) @
C'tov fxar g f ' o0 1810 cvotua afdvov =
(Zyx. 37). Emedn S

M1p,a)
f@=y e 0=, / % ’

av éva onuelo M(a, f) avikel ot YpAPKN >
napdotoon C g f, tote t0 onueio M'(S,a) Oa N C’
avikel 611 Ypagikh mophotacn C'me £ ko

y=x ]
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avtioTpoems. Ta onpela, OLwS, avtd etvar cuppeTpicd wg Tpog v gvbeio Tov dryotopet
TG Yovieg xOy ko x'Oy'. Emopévag:

Ot ypogikég mapaoticelc C kat C' TV GUVOPTAGE®V fKaLf ' &ival GOUUETPIKEG (G
pog TV gvbela y = x mov dryotopet TI¢ yovieg xOy ko x'Oy'.

‘Etot, o1 ypagukég mapactdoels tmv cuvapticemy f(x) = a' kot g(x) = log x, 0<a #1,
€lVOlL GUUUETPIKEG WG TTPOG TV €Vbeia y = x.

E®PAPMOIH

No amodeyytei 6TL N cuvaptinon f(x) =2e
™me.

2+ 1 givan 1-1 ko va Ppedei n avtiotpoen

AYZH
—'Eoto x,,x, € R pef(x)) =f(x,). Ou deiéovpe 61 X, = x,. [Ipdrypott xovpe dradoyucd:
S =f(x,)
28797 4 1=2e"7 41

-2 n—2
263)(3, — 2e3x_

3x,-2 3x,-2

e =e
3x,-2=3x,-2
3x, = 3x,

X, =X

— TN va Bpodpe v avtiotpoen g f 0étovpe y = f(x) kot Aovovpe g tpog x. Exovpe
Aowmov:

f)=y <2 +1=y
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<:>3x:1ny7_1+2, y>1

1 -1 2
<:>x:—lny—+§, y>1.

Enopévag, 1'(y) = %lnyT_l + %, y>1, omdte n avtiotpoen g f eivol n cuvaptnon

f’l(x):%lnxT_l+§,x>1.

AXKHXYEIY
A" OMAAAX
1. No Bpeite moteg amd TIC TOPUKATO GLVOPTHCELS EIVaL YWNGIMS aEOVGES KOl TTOLES
yvnoing edivovoeg
) f(x)= J-x i) f(x) =2In(x — 2) — 1
iii) f(x) =3 + 1 i) f(x)=(x-17-1, x<1.

2. Na Bpeite moleg amod TIc TapaKdT® cvvaptioels eivat "1-1" kot yro kobepio o’
avTéG va Bpeite Ty avticTpoen g

1) f(x)=3x-2 v) f(x) =In(1 —x)
i) f(x) =x"+ 1 vi)flx)=e*+1
i) f(x)=(x - DH(x-2)+1 vii) f(x)= -
e +1

iv) f(x)=1-x viii) f(x)=|x—1].
3. Aivovtat ot YpuQikéc TOPaCTAGELS TV GLVAPTNCEMY f, g, ¢ Kot .

y y

y=£(x) y:g(7
(0] X / 0] X
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y=¢(x) y=p(x)

Noa Bpeite moteg 0md TG GUVAPTNCELS f, g, @, W YOV AVTICTPOEN Kot Yo kabepio
am’ aTEG va YopaEeTe T YPOPIKY TAPACTACT TNG AVTICTPOPNS TNG.

4. Na dci&ete Otu:

1) Av po cuvaptnon feivat yvnoiong avcovca o€ Eva dtdotnua 4, TOTE 1) GLVAP-
on —f eivat yvnoing ebivovoa 6to 4.
ii) Av 800 cvvapticels f, g elvat yvnoimg avéovoeg og éva ddotnpa 4, tdte n
ocuvaptnon f+ g elvar yvnoing avcovca 6to 4.
iii) Av dVo cuVOpPTHOELS £, g eival ywnoing avéovoeg og éva dtaotnua A Kot 16Y0-
el f(x) >0 xon g(x) > 0 yia kGbe x € 4, TOTE M GLVAPTNON f2 €lvar Yvnoimg
av&ovoa oto 4.

AvILOoYO CUUTEPAGLLOTO SLOTVTIOVOVTAL, AV Ol f, g gival yvnoimg eBivovceg oe
éva dtdotnpa 4.

1.4 OPIO XYNAPTHXZHZ XTO x,cR

Ewoaywyn

H évvoia tov opiov yevwnOnke oty mpocndfeia Tov PadnUOTIKOV VO AITaVTHGOVV GE
EpOTNUATO OTWG;

— Trovopdalovpe otrypiaio ToydnTa EVOG KvnTob;
— T ovopdlovpe epamtopévn Hog KapmOAng og Eva onpeio e
— Trovopdlovpe epfadd evog PIKTOYPOLLLOV Y@piov;

2116 mapaypdeovg mov axorovBobv, apyikd tpoceyyilovpe v £vvola Tov opiov “drot-
oONTIKE”, 6T GLVEXELD SLUTLTTMVOLLE TOV OVGTNPO HadNUOTIKO 0PSO TOL opiov Kot
pepKég Paotcés 110TNTES TOL Kol TEAOG, EIGAYOVLE TNV £VVOLDL TNG GUVEXELNS LLOG GL-
véptnong.
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H évvoia tov opiov

e 'Ectm 1 cuvaptnon 2 f(f)
fon =221 2

¥l J)

H ovvéptnon avt €xetl medio opiopod 10 GUVOAO /
D, = R—{I} ko ypapeton /o

x+1,x#1.

=D

Emopévag, n ypaeikn g mopdotaon givor n gubeio y = x + 1 pe efaipeon to onpeio
A(1,2) (Zyx. 38). Z10 oympo 0T, TOPATNPOVUE OTL

“Kabdg t0 X, KIVOOUEVO [le OTOLOVINTOTE TPOTO TAV® GTOV A&ova x'x, Tpoceyyilel Tov
TpayHaTiko apBpo 1, 1o f(x), Kivodpevo mave ctov dEova y'y, Tpoceyyilel Tov Tpoypo-
TK6 apBpo 2. Kot pahota, ot tyég f(x) etvor téco kovtd oto 2 6co BEAOVLE, Yo Oha TaL
x#1 mov glvar apkodvtog kovtd 6to 17,

21y tepintmon avty ypdeovue
linll f(x)=2
ko drafaovpe
“10 Op1o ¢ f(x), 6TOV TO X TElVEL GTO 1, Elvor 27,
Tevika:

Orav ot tipég pag ovvapmong f mpoceyyilovy 660 BELovpe Evav Ttpaypatikd aptiud £,
Kabdg T0 x mpoceyyilel e omotovoNmoTe TPOTO TOV APONS X, TOTE Yphpovue

lim f(x)="/
,\’—)XO

kot drafadovpe
“10 Op1o ¢ f(x), 6tav to x teivel 670 X, slvar £7 1

“10 6pro ¢ f(x) oto x, efvon £7.

Jx) f()i)
Jex)=1 !
+ +

JF(x) S(x)

—/ —/

Jx)p-----
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YXOAIO
Ao Ta TOPOTAVED GYLOTO TUPOTNPOVLE OTL:

— I vas avalnoovpie o 6p1o g fo1o X, mpénelm f va opiletar 660 BEhovie “kovd
610 x,”, MAad 1 f va elvan opiopévn 6° £va 6HVORO TG LOPPNG

(a,%0) W (xg, f) M (2, %) M (x, ).

— To x,, umopel va avijkel 610 medio opiopod g cvvdptnong (Xx. 39a, 39B) N va pmv
aviKeL 6° avTo (Zy. 39y).

— H mym ¢ foto x,, 0tav vrdpyel, propel va etvar ion pe to 6p16 g oo x, (Zy. 390)
1 drapopetiky and avto. (Zy. 39pB).

e 'Ectm, Tdpa, 1 cuvapTnon

x+1, x<l1

f(x)={

2
—x+5, x>1

NG omoiag 1 YPOPIKN TOPAGTUCT) ATOTEAEITOL Old TIg
Nuevbeiec Tov dmAavod oyfHaTOG.

IMopatnpodpue Ot

— Otov 10 x wpooeyyilel to 1 and apiotepd (x < 1),
101e oL TWWéG ™G f mpooeyyilovv 6c0 Bélovue tov
TPOYLOTIKO 0ptOpd 2. XNy mePinTon auTh YpAQovE:

lim f(x) = 2.

— Orav 10 x mpooeyyilet to 1 and de&1d (x > 1), 1ot o1 Tég ™G f mpooeyyilovv 660
0élovpe Tov Tpaypatikd aptOpd 4. v TEPINT®GCT VT YPAPOLLLE:
lim f(x)=4.
x—1*
Tevika:
— Ortav ot Tipég pag ovvaptnong f tpoceyyilovv 660 BEAove TOV TpaypaTiKd oplOpd

£,, kaBdg 10 x mpooeyyilel T0 X, 0md PIKPOTEPEG TULEG (X < X)), TOTE YPUPOVLLE:

lim f(x)=",

X—>X(

kot drefaovpe:

“10 0p1o NG f(x), 6TAV TO X TEIVEL GTO X, OO TOL APLOTEPGL, Elvan £,

— Orav ot Tég oG svvaptnong f mpoceyyilovv 6co BELovpe Tov Tpaypoatkd apdpd
£,, kaBdg 10 x Tpooeyyilel T0 X, 0md pEYOADTEPES TIHES (X > X)), TOTE YPAPOVLLE:

lim+ f(x)=1,

XX
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Kot drafadovpte:

“10 Op1o g f(x), 6tav 1o x Teivel 610 X, amd T de€id, etvon £,”.

A A Ay
' ' SOo)p-=--~ T
N N [ :
83 S \ 83 SR \ Jle)) Se— &\
I — - N — - I , !
= = g
(0] )IC—>xIO<—x X 0 )Ic—>x|0<—x X (0] )Ic—>xlo<—x X
@ ®) )

Tovg apBpovg ¢, = lim f(x) ko £, = lim f(x) Tovg Aépe mhevpkd 6pra g f 610 X,

X—X() xX—x)

Ko GUYKeKPULEVE TO £, aproTepd 6pro g f'oT0 X,, evd T0 £, 8e816 6p1o g foTo X,

Amd 10 TOpATAVE GYNLOTO QaiveTat OTL:

lim f(x)=/¢,av kot pdévo avlim f(x)= lim f(x)="¢
X—>X() N +

X—=Xx() X=X
lNo mapdderypa, n cvvépton f(x) = m (Zy. 42) dev Y
éxer op1o oto x, = 0, apov: x Fxr)=1p=——
|
— |
—yuxx<0£ivouf(x)=—x:—l, ondte lim f(x)=-1, S >
) X 0~ ! 0 x x
EVO l% —1=f(x)

. X .
—yw x>0 givan f(x) =—=1, omote lim f(x)=1,
X x—0"
Kot €161

lim f(x)# 1irr1 f(x)

Opioudc tov opiov 670 x, €R

® Y10 TPONYOoLLEVA YVOpicape TNV Evvola ToL opilov dacOntuca. Eidaue dtt, étav ypd-
eovpe lim f(x)= ¢, evvoovpe 0Tt ot Tipég f(x) Ppiokovtar 660 BEhovpe Kovd 60 £,
X—=>X0

v Oha oL x#x, oL omoia Bpickovon “apkovvtog Kovtd 6To x,”. I v STuTMGOVYE,
TOPO, TO TAPATAVO Ge Lobnuatikn yYAdooao epyaldpoacte og eENg:
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— 21 0éom g epdong “or Tyég f(x) Pplokovrat y y=£(x)
0c0dNToTE BELOVLE KOVTA GTO 7 YPNOWOTOWOOUE  pyppl o ___
™V VIOt TO

| f()-L]<e, (1 f()?
o0mov ¢ omotoodnmote BeTicog aptBpde. 0000 T2
— Xt 0éom g epaong “yuo OAOL TOL X # X, TOV
Bpiokovtal aprodvTeog KoVTé 6T0 X, XPNGLLOTOL-

ovpEe TNV avicdTNTa

Xo X
0<|x—x,]|<d, (2) 0 x(,I(s OmeL(S '

OmoL J glvat £vag apkovvTmg Pkpog Oetikog apdpdc. (H avicomra 0 <| x — x, | dnidvet
OTL X # X,).

— T va. cuVEEGOLLE TIC OVO AVTEG PPAGELG GOLLPMOVO LE TOV dlancnTikd oplopd Aéue
0T Y10, 0omotovONmote BeTikd aptbpod & pmopovpe vo fpovpe Evay Oetikd aplfud o tétolov

®oTe, av 10 X Kavorotel ) (2), tote 1o f(x) O wavomotet v (1). Exovpe onAadn tov
ak6A0L00 OpIGLO:

OPIXMOX*

‘Eoto po cuvaptmon fopiouévn oe £va cHVoro TG HopeTiG (a, x,) U (x,, f)- O
Aépe 6TLm f éxel oto x, 6pro £ € R, 6tav yio k6be £ > 0 viapyet 0 > 0 TéT010G, DOTE
Y10 KG0E x € (a1, x,) U (X, B), HE 0 <|x—Xx,| < 8, v oydet:

| f(x)—-t]<e

Amodeucvieton OtL, av [ cuvaptnon f éxel Op1o 610 X, TOTE AVTO Efvol LOVAdIKO Kot
cvpforiletat, Onmg eldape, pe lim f(x).
x—>x0

¥ ovvéyela, 6tav ypapovpe lim f(x) = £, Bo evvoodpe 6t vdpyeL To Opto G f 6To
I3 r X=X

X, kot ivo ico pe 4. !

YVVETELN TOV TOPOTAVE® 0plopod etvat ot akdrovBes 1odvvayties:

(@) lim f(x)=¢ < lim(f(x)-/)=0
(B) lim f(x)=¢ < limf(x,+h)=1(
X2X0 h—>0

e Av i cuvdptnon f etvor opiopévn 6e vl SO TG HOPPNS (X, ) KoL TNV avi-
oot 0 <| x—Xx, [<J TV OVTIKOTACTHCOVUE HE TNV X, < X < X, + J, TOTE £(OVUE TOV
opwopd Tov lim f(x), evd av 1 fetvar optopévn oe Eva draotnpa Tg Lopeng (a, x,) Kot

XX,
0
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mv avicomta 0 <| x — X, [< J TNV AVTIKOTAGTIGOVUE [E TNV X, — 0 <X <X, TOTE £XOVUE

Tov opiopo tov lim f(x).

X—>X()

Amodeikvoeton OTL:

Av i cvvéptnon f etvar opiouévn ce £var GOVORO TG oppng (a, X, ) U (x,, £),
TOTE 1GYVEL 1] LGOSV

lim f(x)=( < lim f(x)= 11m f(x)="1
X—>X()

X—x( x—)x

e Av o suvaptnon feivatl opiopévn o€ £va StdoTnio ya
™G HOPPNS (X, A), akhé dev opiletan oe StboTnpa TNG
Hopeni (a, x,), Tote opiCovpe: y=Vx
hm f(x)= hm f(x).
XA)VO
INo mapadetypa, 0 >
11m\/; = lim \/_ =0 (Zy. 44)
x>0
e Av nio cuvdpnon f eivat opiopévn oe €va Stdotnuo
™G HOPOTG (0, X,), aArG dev opiletan oe SiboTna TNG
HOPPNG (X, B), TOTE Opilovpe: yh
lim f(x)= lim f(x), y=+/-x
X=X X=X
INo mapdderypa,
hm V=x=1lim 4/-x =0 (Zy. 45) >
x—0" o X

XXOAIO

AT0odgIKVOETOL OTL TO hm f(x) elvan ave&dpmro TV

XX
axpov a, f Tov 81(xcmuomov (a, x,) xou (x,, B) oto
omoia Bewpode 6Tt eivat oplopévn n f-

"Etol yio mapddetypa, av 0éhovpe vo Bpodpe to dpio

1
1

™¢ ovvaptmong f(x) = | x= oo x, = 0, mepropilo-
%—

<

poote 6to vrosvvoro (—1,0) U (0,1) Tov mediov opt-
GOV TNG, 6TO 0TO{0 QLT TTAiPVEL T LOPEN

f="0D
x—1

Emopévec, 6mmg eaivetal Kot amd 0 Sumhovd oynuo,
10 {nrovpevo opio givon lim f(x) =—1.
x—0

=-1.

|
—_

—_——————

QS

<
1]
|
—

—— 0 —— 4
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XYMBAXH

2t cuvéyela, Otav AEHE OTL [0 GLVAPTNOT f EXEL KOVTEA 6T0 X, Lo 1odTtnTa P Oa gvvo-
0UUE OTL IGYVEL L0 OO TIG TUPOKATM TPELG GUVONKEG:

a) H 1 etvar opiopévn og éva ohvoro g popeng (a, x,) U (x,, f) Kot 6t0 chvoro avtd
€xet v WO TO P.

B) H feivoi opiopévn oe €va 6hvoro g popenig (a, x,), £xel 6” owtd Ty 1d1dtnTa P, adrd
dev opiletar o Ghvoro g popeng (x,, f).

v) H f elvon opiopévn oe éva 6hvoro g Lopenig (x,, f), £xel 6” antd Tnv 1010t TaL P, 0AAG
dev opiletar o€ ovvoro TG popeng (a, x,).

IN'o wapddetypa, 1 cvvapmon f(x) = il gtvor OeTir| Kovtd 670 x, = 0, apov opiletar
X

. T T , , .
0TO GUVOAO —5,0 U 0,5 Kot etvon Betikn o€ avTo.

Op1o tavtotikiiS - 6TAbepnS GVLVAPTGHS

Me 1t Bonfeto Tov 0p1G oY TOV 0piov ATodEIKVETAL OTL:

lim x = x, lim c=c
X—=>X( x—)xo
r I
f(f) —————————— |
S(xo)=yor—==-=- 7 y=¢

O e |

y=x

(@) )

H mtpd 16610 SNADVEL OTL TO OPLO TNG TAVTOTIKNG cLVAPTNONG f(X) =x (Zy. 470)
670 X, €lval {60 pe TV T TG 6TO0 X, EVO 1) SeVTEPN 160TNTA SNADVEL OTL TO OPLO TNG
otadepng cuvaptnong g(x) = ¢ (Xy. 47B) oto x, eivar ico pe c.
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AXKHYEIY

A" OMAAAX
1. Na Bpeite to lim f(x) kot 10 f(x,), EQOGOV LIAPYOLVY, HTAV 1 YPAUPIKY) TAPUCTO-
JC*)XO

omn g cvvaptnong f elvat:

y Ay
4
] * y=f(x)
| . N
y=f(b i
\ A~ X
o] M 3 X 0 2 x
xo=3 Xo=2
y yA
y=f(x) 7] E— ,ﬂﬁ,"’
f—s
x 0 1 2 3 X
x=1,2 x=1,2,3

2. Na yopd&ete ) Ypapikn Tapdotacn g cuvaptnong fKat e m fondeta ovtg
v Bpeite, epocov vdpyet, 0 lim f(x), otav:
X—=>X()

: sive x, x<l1
. x°—=5x+ ..
) f()=——F—, %=2 i) f(x)=41 » Xp=1
x—2 —, x>1
X
x4 x<l1 2
iil) f(x) = 5 =l iv) f(x)=x+ , X,=0.
—x+1, x>1 *

3. Opoing otav:
x+3x*-x-3

) £ = TT5 T =1 x =1

(x+1)V9x? —6x+1 .

1
3x—1 037

i) f(x)=
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4. Aivetoin cvvépnon f mov givatl opiopévn oto [—2,+00) Kot €L YPAPLKT Topd-
GTOGOT) TOV POIVETOL GTO TOPUKAT® oyNpe. No e£eTdoeTe TOLOL O TOVG EMOLLE-
VOUg oyvPLopons elvat aAndeic.

T VA
1) hm2 f(x)=2

4= ==--- o
ii) 1in1 f(x)=1 E

x—1 3 _________
if) lim £ (x) = 2 , /
iv) lim f(x) =3 N

V) lirr31f(x) =4

I
I
!
vi) lim £(x) =3 > ol 1

5. Aiveton pia cuvéptnon f opiopévn oto (a, X,) U (X, B), pe lim f(x) = -6

X—>Xx()
kot lim f(x)=A1. Na Bpeite g Tipéc tov A€ R, yio 11 omoieg vmdpyel to
x—>x§
lim f(x).
X—)XO

1.5 IAIOTHTEX TQN OPIQN
Op1o ka1 oraraén

I to 6pto kot ) didtaén amodetkvoeTat 6Tt IYHOLVV Ta TAPAKAT® BEPN AT,

OEQPHMA 1o

e Avlim f(x)> 0, 16t f(x) > 0 xOVTA 57O X, (Z(. 4801)
X—x()

e Avlim f(x) <0, tote f(x) <0 kovtd 670 X, (Xy. 48B)
t—x()

4 y

V=

(@)
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OEQPHMA 20

Av o1 cuvaptoelg f, g £xovv Oplo 6To X, Kat 1o)veL f(x) < g(x) KovTd 6T0 X, TOTE

lim f(x)< lim g(x)

X—>X(

Cy
-~ Cg
. /
X /| O
/

Opio ko1 mpaéeis

Ta dVo Pacikd Opo. lim x = x,, lim ¢ = ¢ kot 10 Oedpnpa Tov akoAovBel dtevkoAvvouvy

X—x( X—Xx(

TOV DTOLOYIGHO TOV OpimV.

OEQPHMA

Av VhpyOvV TOL OPLOL TOV GLVAPTAGEDV [ KOL g GTO X\, TOTE:
1. lim (f(x)+g(x)) = lim f(x)+ lim g(x)
X—X( X—X() X=X0

2. lim (xf (x)) =« lim f(x), Y10 k60 ctabepd ke R
X—)XO X—))CO

3. lim (f(x)- g(x)) = lim f(x)- lim g(x)

lim f(x)
4. lim PAC 20 epocov lim g(x) =0
=50 g(x)  lim g(x) ¥=Xo
X—>x0

5. lim | f(x)|=|lim f(x)

6. lim §/ f(x) = %/ lim f(x), epdcov f(x) = 0 Kovtd 610 X,
X—))(O X—)XO

O 110 1Eg 1 Kot 3 ToL BE®PNLLOTOG IGYVOLV KoL Y0l TEPIGTOTEPES OO SVO GLVAPTNGELS.
Apeon ocvvénelo avToL givo:

lim{ /()" =| fim /(0|

v
>

veN*
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INo mapadetypa,

lim x" =x;
X—xQ

— Eoto tdpa 10 moAvdvopHo
P(x)=ax"+o, x"'+.. +ax+a xmx,eR.

SOUQOVO [LE TIC TOPATAVE® OLOTNTEG EYOVLLE:
lim P(x) = lim (o, x" + o, ,x"" ++a,)
X—>Xx() X—>x(
= lim (¢, x") + lim (&, ,x"™") +-+++ lim
X—)XO X—)XO X—)XO

=a, limx" +a,, lim x"" +---+ lim o,

X*)XO X*)Xo x%xo
_ v v—1 _
=a,x, +a,x, +-+a,=P(x)).

Enopévac,

lim P(x) = P(x,)
X—>X()

INo mapadetypo,

lirr21(x3 —6x° +7x-2)=2"-6-2"+7-2-2=—4.

P(x)

— Eotw n pnt1| cuvapmon f(x) =——=, émov P(x), O(x) molvdvopa tov x kor x,€ R
ue O(x,)#0. Tote, o)

lim P(x)

XX P
lim f(x)= lim 2 _ o0 POn),
=07 S0 00 lim 0% O(xy)
Enopévac,
2
i A (%) , €660V O(x,) %0
=0 O(x)  O(x,)

INo mapddetypa,

. x'+4 2% +4 8

lim— == =—.

=2 x 42x+1 27 +2:2+1 9
XXOAIO

Otav O(x,) = 0, tote dev epopuodletar 1 WOt 4 T0V TOPATAVE Bewprpotog. XTnv
mepintwon ovt epyaldpacte OT®S oTNV pappoyn 1 ii), Tov akolovdel.
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E®PAPMOI'EXY
1. Na Ppebodv Ta mapokdTm épra:
3 &2 2 _
D Bm[( + D7 [xF —1]] i) lim 0% TOO g gy VXT3 22X
x—0 x—2 X _4 x—ol1 x—l

AYXH
1) Exovpe

lin(l)[(xz +1)° | x° —1|]=1irr01(x2 +1)° .1ir%|x3 —1

=[lim(x* +1)]" -[lim(x* —1)‘

=1°|-1|=1.

i) Enedn lin}(x2 —4)=0, dev PUmOpovLE VO EPAPLOCOVLE TOV KOVOVO TOV TNAIKOU

(W1m1ta 4). [Mopatmpovpe dpws 6Tt Yo x = 2 undevifovtat Kot ot dVo 6pot Tov KAG-
3 2
-5x"+6
opoartoc. Onote n cvvaptnon f(x) = %, YL x # 2, ypapetol:
x2 -
x(x* =5x+6) Cx(x=2)(x=3)  x(x-3) _ x? —3x
x=2)(x+2) (x—=2)(x+2) x+2 x+2

f(x)=

Enopévac,
x?=3x 4-32 1
lim f(x) =1lim = -
Hzf() =2 x+42 242 2

iii) [l x = 1 pndevifovtat ot 6pot Tov KAAGUATOG. XTNV TEPITT®ON ot EpYaldpacTe
oG &NG:

IoAhamhoo1alovpe Kol Tovg V0 Opovg ToL KAGGHOTOG e v/ x” +3 +2x Kol €161
€xovpe:

e (o)) () ey
JS(x) = x—1 ) (x_l)(erQx) =(x—l)(\/m+2x)

—3x 43 0 S3(x-Dx+D) =3(x+])

) (x—l)(\/m+2x) B (x—l)(ﬁ+2x) B \/E+2x.
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Enopévac,

3t ) lim(=3(x+1)) 6

lim £ (x) = lim = =

=l m+2x - 1in11(\/E+2x) Va2

2. Na Bpe0zi, av vapyel, To 6pro 670 X, = 1 TNG GULVAPTNONG

3Ix* -4, x<1

S(x)= 1

AYXH
Av x < 1, 1618 f(x) = 3x" — 4, om61E

lim f(x) = lim(3x* ~4)=3-1° ~4 =1

x—1

Avx>1,tote f(x) = —l, ondte
X
. . 1
lim f(x)=Ilim|——|=-1.
o1t x>l X
Emopévamg lin} f(x)=-1.

Kpitijpiro wapeufoing

YnoOérovpe 61 “kovid 670 X,” piol GLVAPTNOT
f “eyihoBiletar” (Zy. 50) avapeca ce dVvo ov-
VapTOELS A KoL g. Av, KaOdG To X TelveL 6TO X,
oL g Kot & £xovv Kowo Opto £, tote, Onmg Qaive-
Tt kot 6t0 oynua, 1 f Oa €xet to 610 6pio L.
Avtd divel v 13€a ToL ToPaKATO BEMPNATOC
oL etval Yvootd og KprTijpro mapepfoinc.

3.
2

a Xo

OEQPHMA 0

‘Ecto o1 cuvapticels f, g, h. Av
® /i(x) < f(x) < g(x) xovtd 610 X, Ko

e lim /(x) = lim g(x) =/,
xX—x() xX—x()

TOTE

lim f(x)="¢.
xX—>x(
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. 1
INo mapddetypa, lm(} (xn i —j = 0. [Ipdyportt, yio x # 0 égovpe
X X

S|x|n

1 1
mp—|=[x]-Mp—

X X
ondte

1
—|x|£xmu—<|x|.
X
Emedn lirré(—| x|)= 1irr3| x |=0, cOHPOVA LE TO TOPOUTAVED KPLTAPLO, EXOVLLE:
X—> X
| ( 1 j
lim| xnp—|=0.
x—=0 X

Tprywvouetpixa opia.

To kprrfpilo mapeprPoing eivat ToAH ¥PNGLO Y10 TOV VTOAOYIGHO OPIGUEVMY TPLYMVOLLE-
TPIK®V 0pi®V. ApyIKd amodekviovpe OTL:

[ npx|<| x|, yio k60e xeR
(n wotTa wydel povo otav x = 0)

ATIOAEIZEH® ¥4 @

— T x = 0 Tpopavdg 1oyvEL N 16OTNTA. M

— T xe [0, %j oo TO SIMAOVO GYNLLOL EXOVLLE

nux = (MM)) < (MA) < (toEMA) = x. o M, |A x
Apa

|r|ux|< |x , YW k@Oe x e (0,%] (1)

— T xe (—%,Oj glvan —xe(o,%), omdte MOy g (1) €yovpe, |nu(—x)|<|—x|

1, 1odvvapa, | nux|<|x|.

— T x¢ (—%,%} gtvort | x\2%> 12| nux |, omdte | nux|<| x|
Yg OAEC, AOTOV, TIG TEPITMGELS oYVEL [ Nx | <] x |, pe TV 160TNTA VoL 1I5Y0EL LOVO Yo
x=0. m

Me ) BonBeta g mapamdve avicdTnTas Kot Tov kptrnpiov mapeprfoing Oo amodeiCovpe
ot
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e lim npx =npx,
1 xX—>X0
e lim cvvx = cvvx,
xX—>x()
AIIOAEIZEH

® Apykd Bo amodei&ovpe OTL
limnpux =0 kot limovvx =1 (1)
x—0 x—0
Ipbryparti:
— ZOUQOVa [LE TV TPONYOVLEVT avicOTNTa £X0VLE | N | <] X |, omoTe
—[x[<mux <[x|.

Eneidn 1irrg(—| x])=0= lAirr(} | x |, cOpemva e To kprtiplo Topspfoins, fa etvar

lin(}nyx =0,
— I'vopilovpe 61t ovv’x = 1—np’x, ondte

ovvx = 4/1—mp’x, y1e KGO xe (—%,OJU(O,%)

Emopévag

. EET _ 2 — IR T 2 — — —
llirécuvx—gré\/l nuox \/l £1£r3nux 1-0=1

® Qu amodeifovie, TOPO, OTL xhj{}) N =N, . Hpdypatt égovpe
}gr){lo M = limmp(xg +4) = im(p, oovi + covx nik)
=MLy, 511_1)13 ouvh + cuvx, 111_1)13 nuh
m

=nux, -1+ovvx, -0 =npx, .

® Avdloya omodetkvieTon kot 0Tt lim cvvx =cvvx,. ®
X—>X()

2 ° ) lim MY

=0 x

o ) i ovvx —1 ~0

x—0 X
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ANIOAEIZEH*
—AvO<x< %, T0TE OO TO SUTAAVO GO TPOKVTTEL OTL y N @
epp(tpry OAM) < epf(top OAM) < euf(tpry OAN), v
omoOTE EYOVLLE SLUOOYIKA: A £Qx
|
1 11 e :
—lnqux<—x<—-1-gpx X\ b
2 2 2 0 M A x

nux <x < egpx

X 1
l<—x<
NUX  cuvx
oVVX < i < 1.
X

—Av —% <x<0,70te 0 < —x < %, omote £YOVpE GLV(—X) < nrEx) <1
Ko apo

ouvx < Ll <.

X
Emopévag, ya kGbe xe (—%,Oj U(O 2} oYvEL CLVX < —— LIPS E
X
nx
Emeidn hm ouvx =1, amd to KpLtNpLo mapeUPoANG TPOKHTTEL OTL 11113 =1.
X—> x
1
3n 2 ~—"1 0 T~—r o
B) Exovpe
i 2OV — 1 —lim (ovvx —1)(cvvx +1)
0y ¥=0 x(ovvx+1)
. owv x—1
=lim——
0 x(cvvx +1)
2
= lim—H T

=0 x(1+ cvvx)
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:_hm(n_”x.n_“xj
=0\ x  l+ovvx

= _lim M R

=0 x 204+ ovvx
=-1-0=0. 1
Op1o ovvOsTns covapTnong

Me T1g 1310TNTEG TOL AVAPEPOVLE LEXPL TOPOL LTOPOVLLE VO, TPOGIOPIGOVLLE TO OPLOL ATADY
GLVOPTHGE®DY. Av, Op®S, OELovpe va vtoloyicovpe to lim f(g(x)), g ovvBetg cuvap-
X—>x(

mong f o g oto onpeio x,, ToTE epyaldpoacTe mg NG

1. ®étovpe u = g(x).

2. YrohoyiCoupe (av vdpyet) o u, = lim g(x) kot
X—=Xx()

3. Yrohoyilovpe (av vidpye) to £ = lim f(u).
u—u(

Amodewcvoetat 0tL, av g(X) # 1, KoVt 670 X,, TOTE T0 {NToduEVo dpto eivar ico pe 7,
dradn woydet:
lim f(g(x))= lim f(u).
xX—>x( u—u()
MMPOXOXH
311 cvvéyeto Kot og OAN TV éktacn Tov Pipriov ta dpo TG popeng lim f(g(x)) pe ta
X—>Xx(

onoia Oa acyoAnBovpe Ba eivar té€tota, Gote va Ikovomoteitol  cuviniKn: “g(x) # u, kovid
670 X, Ko YU awtod dev Oa eAEyyeTaL.

TNo mapdderypo:

o) 'Eotm 611 0€hovie va vtoAoyicove to dplo
. VA
hmnu(x2 +—)~
x—0 4
. T, . . T T ,
Av Bécovpe u = x’ +Z’ t6te limu = lim [xz +Zj =7 omote

x—0 x—0

limnu| x2 +Z% | = lim nuu = z_\2

lim nu 4 )= = mp ===
4

B) 'Eotm 611 6€hovpe va vrohoyicovjLe To 6plo
. 3
lim JE2Y

x—0 X
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Eivan
Mu3x _ , mp3x

X 3x

‘Etot, av 6écovpe u = 3x, tote limu = ling 3x =0, onote
x> x—

fim Y 3 i MRS g R g

x>0 x x>0 3x u—>0 1y

AXKHXEIY

A" OMAAAX

1. No Bpeite ta 6pra:

i) ling(x5 —4x° —2x+5) i1) lin}(xlo—Zx3 +x-1)
iii) lim (x* +2x+3)" iv) 1in;[(x—5)3 |x? —2x-3]]
4 _ 2 _ _
v lim ™ +2x-5 ) lirn|x §x|+|x 2|
=1 x43 x>0 X +x+1

2
B8% TR 2 sy AT X2 -2
vii) lxlg}\l(x+2) viii) lim————.

ol x? +4x+3

2.'Ect® pa cuvéptnon f pe lin% f(x) =4.No Bpeite t0 lin} g(x) av:

. 2 .. [2f(x)—11]
1) g(x)=3(f(x) i) g(x) )11
iii) g(x) = (f(x)+2)(f(x)-3).
3. Na Bpeite ta opra
i) i & =10 ) it 2 el
x=2 x° —8 x—1 x =1
121
iii) lim—2 ) ugleere) =20
x—l x—0 X
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4. No Bpeite ta 6pla

x—0 X

iv)lhnEfiﬂﬂfj

7. Na Bpeite ta 6pio:

2
i) lim—E T
-1 ]+ ouvx

i) [—x* < f(x) <

1. No Bpeite ta 6puo:

9. Aivetoum cvvaptnon f(x) = {

1-41-x*

ii) lim——

x—0 X

o alx-2
iv) lim—————

x4 x? —5x 44

5. Na Bpeite (av vdpyet), To 6p1o TG [ GTO X, av:

: <1
i) f(x)= e Kot xg = 1
5x, >1
i) f={ o 5T !
ii x) = Kot xg == 1.
x? 41, -1 0
6. Na Bpeite ta 6pio:
i) Tim 3 i) 1lim 2%
x>0 X x>0 x

V) lim( ?wc }
=0 x" +x

1-ouvvix

ii) lim
nu2x

x—0

8. Na Bpeite to lin(} f(x),av:
i) 1-x* < f(x) <1+ x* yia k6Ps xeR

1 , T T
— ywokabe x| ——,—|.
GLV X ( 2 2)

Yo TG omoleg 1oyvEL lin} f(x)=10.

20x+ f, x<3
ox+3p8, x>3
B OMAAAX

cER) Tion 2
x—=0 nu2x

nudx

sx+4-2

vi) lim

x—0

iii) lim 2
x—0 nuzx

. Na Bpette tig yiég tov a, SR,
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R e - -(v+1
i) m> x3 X X v+Dx+v
x—2 x =8 x—1 x—1

T
1 xafx +4/x =2

2. Na Bpeite 6c0 amd T0 TapaKAT® dpLo LITAPYOLY

Vx? +10x+25 |x=5]+x*—4x-5

i) lim —— i1) lim
x—>=5 x+5 x5~ x=5
s 1o |X=5|+x*—4x-5 Cy xz—\/;
i) lim iv) lim .
x5 x=5 x>l \/; -1
3. Xto dumhavd oynpa to tpiyevo ABI ivat opHoydvio I
pe y = 1. No vroloyicete ta Opia:
1) lim(a— f), i) lim(a® — 87)
0>~ 0= a
2 2 ﬂ
iii) lim ﬁ
T
H—)E I
A 7=1 B
4. Na. Bpeite to lim f(x), ov:
x>l
i) lin11(4f(x)+2—4x)=—10 i) lirrllel)zl.
x—> x>l x —

1.6 MH IIEIIEPAXMENO OPIO XT0 x,cR

, . , . y
— X170 oynua 54 £xovpe T YPAPIKN TEPAOTOC

oG svvaptnong f kovtd oto x,. Hapoatmpoipue o1t

KOOGS TO X KIVOVLEVO LLE OTOLOVINTOTE TPOTO TAVED

otov G&ova x x TANG1ACEL TOV TPOYHATIKG 0ptOUO X,

oL TIES f(X) awEdvovTatl ameptoploTa Kat yivovTtot
UEYOADTEPEC ATO OmotovenmoTe OeTikd apdud M.  S(x)
Yy mepintoon avtn Aépe 6tLn cuvdptnon f Exet M
670 X, Op10 +00 KL YPAPOVLE

lim f(x) =+,

X—>Xg
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— Z10 oyfua 55 &yovpe ™ YpoeKn mo- VA @
paoTacT oG GLVAPTNONG f KOVTA GTO X,
[apatnpovpe 611, KaBMOS TO X KIVOVLEVO LLE 0
0TOLOVONTOTE TPOTO TAV® GTOV GEOVaL XX
TANG1GLEL TOV TPOrYUATKO 0ptOpd X, 01 TUHEG + -
f(x) ehattdvovtat ameptoplota Kot yivovtor  f(x)p--------4-- [
KPOTEPES 0O OTMOLOVINTOTE APVITIKO Opth-
pné —M (M > 0). Xty mepintmon ovth Aépe
ot ouvdptnon f €xel 670 X, Oplo —0 Ko
YPAPOLLLE

XXX X
T T

T
|
|

lim f(x)=—o0.
X—)XO

OPIZMOX*

‘Eocto pia cuvaptnon f mov eivat opiopév o€ £va GOVOLO TNG HOPPONG
(o, x,) Y (x4, ). Opilovpe

® lim f(x) = +oo, O6tav Yo k6O M > 0 vrdpyer 6 > 0 TéT010, MGTE Y100 KAOE

X—>X()
xe(a,xy)U(xy, ), He 0<|x—x,|<d vaioyveL
fx)>M

® lim f(x)=—o0, OTOV Y10 kKGO M > 0 vrdpyel 0 > 0 1010, HOTE Y100 KAOE

XX

x € (a,xy)U(xy,f), He 0<|x—x,|<d vaioxvel
fx)<-M

Avaloyot opiGpoi HTopovv vo, Statut@Bovy OTaV X —> X, KoL X —> X,.

yi / yi \
Cr G
0 Xo X 0 Xo X

I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
Cg\\ — | — /Cg
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I
I I

(a) ®)

Onwg 6Ny TEPITTOON TOV TENEPUCUEVOV 0pImV £TGL KL Y0, TO ATEPA OPLE GUVUPTCEDV,
nov opilovton o€ Eva GHVOLO TG LOPPNS (@, X, ) U (X, £), 10)XVOLY 0L TOPOKATO 1GOSVVALIES:
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lim f(x)=+0 < lim f(x)= hm f(x) =+

X—X() x%xo
lim f(x)=—» < lim f(x)= hm f(x)=-o0
X—=>x0 Xx() x~>x0

Me ) Ponbeta Tov 0PSOV OTOJELKVDOVTOL OL TAPAKAT® WOLOTNTEG:

e Av lim f(x) = +o0, 1618 f(x)> 0 KOVTA GTO X, EVD

X=>X()

av hrn f(x) =—oo, 1618 f(x) <0 KOVTE GTO X,,.

e Av lim f(x) = +o0, 101 lim (—f(x)) = —0, evid
X—X() X—>Xx(

av lim f(x) = —o, 10te hm( F(x)) =+oo.

X—X()

° Av hm f(x) =400 M —o0, 0t lim =0.

= f(x)

o Av l1m f(x) =0 xon f{x)> 0 xovtd 670 X, T0TE lim o
X*)XO x

=400, v av lim f(x)=0
X—x(

kat f{x) <0 kovtd o670 X, TOTE lim
=n f(x)

® Av lim f(x)=+o%0 1 —o0, 161¢ lim | /'(x)|= +o0.
X—X() XXy

e Av lim f(x)=+o0, 10t lim 4/ f(x) =+o0.
X—)XO X‘)XO
SOUQOVOL LE TIG IOLOTNTEG OVTEG EXOVLE:

1 1
lim —- = +00 kou yevikd lim —— =400, ve N (Zy. 57a)
x=0 x x=0 y Y

=y

(@) | ®)
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.1 .

lim — =400 kot yevikd lim ——— =+00, veN
xs0t X xo0t X2V
EVD

1
lim — = —o0 kot yevicd lim —— = -0, veN (Zy. 57B).

x>0~ X x>0~ X

Emopévmg, dev vmdpyet 6to undév 1o 6po g f(x) = veN.

2v+1 2
X

To ta 6pro. abpoicpatog Kot Yvopévov 00 GLUVAPTHGE®DY OTOIEIKVOOVTOL TO, TAPUKATM
Bewpnuaro:

OEQPHMA 10 (6pro a0poicpartog)

Avotox eR

10 Op1o ¢ felvan: aeR | aeR +00 0 +00 o0
KoL To 0p1o ¢ g stva: +00 0 +00 0 0 +00
TOTE TO OplO TNG f+ g Eivat: +00 00 +00 0 5 5

OEQPHMA 20 (6pro yivopévov)

Av oto x,€R,

0 6plo ¢ f

Lo >0 | a<0 | >0 | 0<0 0 0 400 | 400 0 e’0)
givat:

KOl TO Op1o TG g

; o0 o0 o0 [e¢] o0 o0 Q0 o0 Q0 o0
eva: + + + + +

TOTE TO OPLO TG

f-g etvon: +00 o0 o | +oo [ 3 5 | +oo o0 © | 400

Y1006 TVAKES TOV TOPUTAVE® Oe@pnHbTov, OTOL VITAPYEL EPOTNLATIKO, onpaivel 6Tt To Oplo
(av vrdpyet) eEoptdtor Kabe Popd and TIC GLVAPTNGELS TOV TOIPVOVLLE. LTS TEPUTTMOCELS
aVTEG AELLE OTL EYOVLE ATPOTILOPLOTI LOPPT). ANAAST, ATPOGIOPLOTES LOPPES Y10 TOL
opra 08poicpatog Kot Yvouévov cLVAPTNCE®V Elvat ot:

(4+0) +(—0) ko 0-(Fo0).

Enedq f—g=f+(—g)xm é =f- é, APOGOLOPIOTEG LOPPES Y10 T OPLO. TNG SL0POPEG

KOl TOL TNALKOL GUVOPTHCE®V givat ot:

+o0

(+00) = (+0) , (=) —(—0) KoL %’ +oo
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INo mapdoderypo:

. , 1 L,
— Qv TAPOVUE TIG GLVOPTHTELG f (X) = —— Ko g(x) = —, TOTE £YOVpE:
X X
lim f(x) = lim| L =-— li =1 ! =+
x—>0 = x—0’ x2 - ’ x{r(}g(x) - xgr(} x2 B

Kol 1 1
lim(f(x) + g(x)) = lim(—_z + _zj ~0
x—0 x—0 X X

EVD,
, , 1 1,
— av TAPOLLE TIG GuvapToels f(x) =— — +1 ko g(x) =—, 1018 EYovpe:
X X
lim f(x)=1 ! +1 limg(x) =1lim ! +00
= R —— = —OO, = —_—
Xli%f * xli% x2 ang * x—0 x2
. . 1 1 .
lim(f(x)+g(x)) = lim| ——+1+—- |=lim1 =1.
x—0 x—0 X X x—0

Avaroya mapodetypoto HmopodiLe Vo SMGOVLE KOt Y1 TIG GAAES LOPPES.

E®PAPMOI'EX
1. Na Ppeboiv Ta 6pra:
2
—Sx+ —3x+2
i) lim* ¥ 6 gy 1im3"—2 )
x—1 |x_1| x—)Z(x_Z)
AYXH
i) Enedn lirrll |[x—1]=0 xat | x—1]> 0 xovtd 10 1, eivar linll‘ 1 = +00,
xX—> X—> X —
Ene1dn emmAéov elvan lirrll(x2 —5x+6) =2, éovpe:
2
X 56 im| L (2 —5x46) |=+oo.
x—1 |x_1| x—1 ‘x_l‘
ii) Eme1dn lim(x — 2)* =0 kot (x —2)*> 0 kovtd 670 2, £ivar lin}( 2 = +o0. Enedy
X—> X—> X —

emumAéov givar lim(—3x + 2) = —4, égovpue
x—2

3x+2 .

im——= 1m{—2-(—3x+2)}= —00.
x—>2 (X—Z) x—2 (x_z)



1 OPIO —XYNEXEIA YYNAPTHYHX 63

2
-x+1

2.Na BpeBovv Ta mhevpukd 6pra TG suvaptong f(x) = %cro X, =2 Koot

X

ocvvéyero va e&etaosi, av vapyst To 6pro ™S f(x) oTo 2.

AYZH

— Enedn 1in21(x -2)=0xatx—2>0vywx>2,eivor lim =400,

x—2t X —
Enedn emmiéov lim (x> —x+1) =3, éyovpe
x—27F

2_
lim X=X lim[

x—27F X— x—2"F

(x? —x+l)}=+oo_
[

— Emeidn lin%(x -2)=0koatx—-2<0ywx <2,eivor lim 5 = —o0.
X x—>27 X —
Enedn) emumdéov lim (x>~ x +1) = 3, éxovpe

x—>2"

lim —— = lim

x—>2" X — x—>27

2 _

X —

[Hopatnpodpe 6TL T00 V0 TAELPIKA Opta dev ivarl ica. ETopévag dev vdapyet 6pto g
f oto 2.

AXKHXEIY

A" OMAAAX

1. Na Bpeite (av vapyet) To 0plo TG f 610 X, OTOV:

x+5 2x-3

D f(x)= xo=10 i) f(x) = xo =1

x*+3x%° 4x-1*"
iii) f(x):l—L, xo=0.
x x|
2. No Bpeite (av vdpyet) To 6p1o ™G f 670 X, OTOV:
. 3 4 .. x* +3x-2
) f)=——-—F,x=1 i) f(x)=——,xy=0
I-x 1-x x| x|

iii) f(x)= x2(1+l3], X0 = 0.
X
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B OMAAAX

-9

>4y fx —2x—44fx +8

1. Na Bpeite (epodGOV VIAPYEL) TO hm

2. No omodeitete ot
1) H ouvaptnon f(x) = epx dev éyel 6plo 6to %
i1) H ouvapmon f(x) = cex dev éxet 6pto oto 0.
3. Aivovtoi ot GUVAPTAGELS

(A— 1)x +x—2
21

X'+ 2x+p

f@)= kot g(x) =

Na Bpeite T1g TpéC TV 4, €R y10 116 omoieg vtdpyovy 610 R 100 dpra
lirrllf(x) Ko lirr(} g(x).

211 GLVEXELD, VOL VTOAOYIGETE TO TOPATAV®D OPLoL.

4. No Bpeite t0 lilrll f(x), otowv:

-4 . f(x)

i) lim>—" = 40 ii) lim
x—1 f(x) x~>1x+2

=—o i) lim| f()3Ex*-2)]=

1.7 OPIAXYNAPTHXHX XTO AIIEIPO

T TOPOKAT® GYNLOTO EXOVLE TIG YPAPIKES TAPACTAGELS TPLOV GUVAPTNCE®Y f, g, h o€
£va dtbotnpo g Lopeng (a, +o).

o) )

Hopamnpodpe 6Tt KaBMOG TO X AVEAVETAL ATEPLOPIOTA [LE OTOLOVONTOTE TPOTO,
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— 10 f(x) mpooeyyilel 660 O£ ovpE TOV TPy ROTIKO aplBud L. XNy mepint®won auth AEpE
oTLM féyel ato 400 6p1o 10 £ KOl YPAPOVUE

lim f(x)=/

X—>+00
— 10 g(x) av&aveTal amePLOPIoTO. TNV TEPINTM®ON VTN AEE OTL T g €YEL GTO +00 OpLo
TO +00 KOl YPAPOVE

lim g(x) =+

X—>+0

— 10 h(x) peioverat onepldplota. XNV TePInT®On avtn Aépe 6TL 1 A £(€L 6TO +00 Oplo
TO —o0 KO YpApovE
lim A(x)=—o0.

X—>+00

ITAPATHPHXH

Amd 0 Topandve TPoKOTTTEL OTL Yo Vo avalTHGOVLE TO OP1o HLoG GVVAPTNONG f 6T
+00, mpémelm f va givat opiopévn ce dStdoTnpe g Lopeng (a,+00).

Avdroyot opio ol pmopovy va, datvrnmholy, 0Ty X — —00 Y10 Lo GUVAPTNOT TOL Elval
0pIGHEVT GE OLACTNLOL TNG HOPPTS (—00, B). ETot, yia Tig cuvapoelg £, g, i Tov mapakdtm
SYMUATOV £XOVUE:

e .
0 X
N Au—— h l(x)
»
liry fx)=1¢ lirzl 2(x) =+ Ko lirp h(x)=—-.

o tov vToAOYIG O TOV 0plov GTO +00 1) 00 EVOG HEYEAOV aplOOD GUVOPTHGEMY YPELO-
{opaote ta mapakdto Pactcd opto:

. .1 .
lim x" =40 Ko lim —=0, veN
x =+ X—>+0 xV

. +00, av v dpTiog . 1 .
lim x* = ’ ] Kot lim —=0, veN_
x>0 —, OV V TEPLTTOG xo-—o x¥
INo mapdderypa,

. . . 1
lim x* =—o0, lim x*> =+ kot lim —=0.

X—>—00 X—>+0 X—>+00 X
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I o 6p1o. 6T0 +00, 00 16YHOVY 01 YVOGTEG 1310TNTEG TV OplwV 6TO X, PE TV TPOVTO-
Oeom ot
— Ol GLVOPTNOELS EIVOL OPIGUEVES GE KATAAAN A0, GUVOLD, KOt

— 3&V KOTOANYOLLLE GE OTPOGHOPITTN LOPON.

Op1o TolvWVOUIKNS Kal pYTHS GOVAPTHONS

¢ 'Ecto 1 cvvapmon f(x) = 2x’ — 5x°+ 2x — 1. Av papproGoupE TIC 130T TEG TV Opiov yia
TOV VOAOYIGHO TOV  lim f(x), KATOAYOVUE GE OMPOGOOPIGT LOPPT. TNV TEPITTOOT)

avt epyalopacte og eENG:
Tox # 0 épovpe

f(x)=2x" (l—i+%—LJ.
2x

Xt 2x’
Emeidn
. 5 1 1 . 3
lim|1-—+—F-—|=1-0+0-0=1 kot lim(2x")=+o0
X—>+00 Zx X 2x X—>+00
€yovpe
lim f(x)=+00 = lim (2x°)-
Tevika

I Ty ToAvovopky cuvaptnon P(x) = a x" + ocHx‘Fl + ...+ a, pe a, # 0 1oydeL:

lim P(x) = lim (e, x") xou lim P(x) = lim (e, x")

X—>+00

INo mapdderypa,

lim (4x° —3x* +6x° —x+7) = lim (4x”) = —o0.

xX—>—0

2
¢ Eotm tdpan cuvaptnon f(x) = —3x3 ol
S5x+x-7

TN x # 0 éxovpe:
1 1 1
3 l——+—— -+
( 3x 3x2j_3x2. 3x 3y

3 1 7
5x°| 1+ ! —L >x 1+72—73
S5x° Sx

Eme1dn
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Ko
2

lim 3x = lim i =0

X—>+0l 5x3 x40\ §x
€xovpe

2

lim f(x)=0= lim 3)‘3 .

X—>+00 X—>+0o0! SX
Tevika,

a,x" +o, X+ toxta,
Box" + By x* et Bix+ B

I'a ™ pnt cvvaptnon f(x) = ,o,#0,8 #0

1oy 0EL:

lim £(x)=lim | 2% | kv lim f(x) = lim | &2
X—>+0 X—>+00 ﬂKxK X0 X0 ﬂx"

K

INo mapdderypa,
. 5xT—6x+1 . 5x° 5
lim ————=lim | — [=—.
o 3x" 4 x—2 | 3x 3

Opia exlctixng - LoyapiBuikijs covaptnong
O]

Amodeikvoetatl’ otL:

e Ava>1(Zy. 60), tote

lim a* =0, lim o™ = +o0

X—- X+

limlog, x=—o0, lim log, x=+o
x—>0 X—>+0

o Av 0 <a<lI (Zy. 61), tote

lim o™ = +o0, Iim a* =0

X—>—0 X—>+00

limlog, x =+o0, lim log, x=—
x—0 X—>+00
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I emepaouévo opro axoiovbiag

H évvouo g akoAovBiag givat yvooth amd Tponyodpeveg TAEELG. ZVYKEKPIUEVAL:

OPIXMOX

Axohov0ia ovopdleton ke Tpaypatiky cuvaptnon a : N>R,

H gwcdva a(v) g axcorovdiog a copBorileton cvvnOmg pe a, evd 1 oxolovdio a coppo-

1 .
AiCetan pe (a ). o mapaderypa, 1 covapmon a, = Ve N givat o axorovbia.

Ene1dn 1o medio opiopon kae oxorovdiog, sivar to N'={1, 2, 3, 4, ...}, éxet vonuo vo
UEAETIGOVLE T1 GUUTEPIPOPE TNG Y10 TOAD pEeYdAES TIEG TOV v, dNAadT OTay v —> +00,
O opiopdg ToL opiov axkorovbiog eivotl ovaA0yog TOL 0pIGLOD TOV 0PioV GLVAPTNONG GTO
+00 Kot StaTvrdveTal O eENG:

OPIXMOX

Oa Aépe 6TL M akorovdia (a ) £xel 0pro to £ € R xon Bo ypapovpe lim a, = £, dtav
V—>0

I 7 i r v r 7
v ka0 & > 0, vdpyer vy e N 1€1010, OOTE Y100 KGO v > v va 1oydeL
la, —l|<e&

O yVOOTES IO1OTNTEG TOV OPIMV GLVOPTNCEMY OTAV X —> 400, TOL PLEAETICALE GTO TPOT-
yoOLEVa, 1oYLOLV Kal Yl TIG okoAovBieg. Me T fonbela Tov 1310t TOV 0VTOV PHTopodLLE
va vrohoyifovpe dpa akorovOdV.

T Tapadetyua,
peoeit 2 =3v+5 L 2vt ]
lim—————=lim—=—.
voe 4ty -1 vor 4yt 2
AXKHXEIY
A" OMAAAX
1. Na Bpeite ta 6pro:
i) lim (-10x’ +2x —5) ii) lim (5x° —2x+1) iii) lim 35
X—>+00 X—>—00 X——o x +8
. . x5 +2x-1 . 2x° +x-1 o x+2
iv) lim ————— v) lim ——— vi) lim ————
ot x0T —3x+2 w40 4x° —x% +2 it x "+ x+3
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i\ x2 41 x+2 x>0 X x+2

2 2
vii) lim( x 3 J viii)lim(x X +3].

2. Na Bpeite ta 6pia:

i) lim V4x> —2x+3 ii) lim vx? +10x+9

X—>+0 X—-0

i) Tim (V& +1+x* —3x+2) i) lim (Jx+a)(x+ B —x), a=p
v) lim (2x—1-V4x* —4x+3).

3. Na Bpeite ta 6pa:

) o S22 L i) lim (Vx? +1-x)
X—>+00

) i iv) lim (Vx* +1+x)
_ 2
v) lim 22X ©0 “xz“ vi) lim (xVx%+2x+2 —x?).
x40 X+

B OMAAAX

1. T T1g 518QOPES TPOYUATIKEG TILEG TOL L, VO, DTTOAOYIGETE TOL TAPUKAT® OPLoL:

1.3 2
i) lim (o +1+ ux) ii) fim (DX 2% +3
X—>—00 X—>+0 /Jx — Sx + 6

2. Na npoodiopicete 10 A € R, ®ote 10 lim (vVx* + 5x +10 — Ax) vo vrépyet 610 R.

X—>+00

3.Av f(x)= ol

2
+11 —ax+ f,va Ppeite Tic TWES TRV @, f € R, Yo T1g omoieg woyvet
X+
lim f(x)=0.

X—>+00

4. Na Bpeite ta 6po.:

) lim|x2—5x|+x ) T VxP+1+5-x 1) TH | x* — x|
i —— i —— i) lim .
x>0 x? —3x+2 oo 4 J4 4352 ¥t x—]
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1.8 XYNEXEIA XYNAPTHXHX

Opiouog ts ovvéyelog

"Eoto ot cuvapmioels £, g, 7 TV omolov ot ypapikés TopacTacElS divovTal 6Ta TopaKAT®
GYNLLOTAL.

V4 VA \yu

0] Xo X [0) Xo X 0] Xo X

(a) V) »

IMoapatnpodpue ot
— H ovvépton f eivar opiouévn 610 X, Kot 1oyveL:
lim £(x) = £ (x,).
— H ovvdptnon g etvar opiopévn 6o x,, oALd
lim g(x) # g(x,) -
— H ovvdptnon £ etvan opiopévn 610 x,, 0ALA dev LITAPYEL TO OPLO TNG.

ATO TIC TPELS YPOPIKEG TAPAUCTAGELS TOV CYIOTOG LOVO 1) YPOPIKN Tapdotacn g f de
dokonTeETAL 6TO X, Elvat, emopévmg, puotkd vo oVOLAGOVLE GUVEXT 6TO X, LOVO TN GL-
vapmnon f. F'evikd, €yovpe Tov 0kd6Aov00 0piopd.

OPIXMOX

Eoto o cvvépton f kot x, éve onpeio x, Tov mediov opiopod mge. Oo Aépe 6T
[ etvou ovveyng 670 X, dtav

lim /()= £ (x,)

INo mapdderypa, 1 cvvéptnon f(x) =| x| eivar cuveyng oto 0, apov

lim f(x) =lim [ x[=0 = 7(0),

ZOUQOVA [IE TOV TOPATAVE OPLGHO, Lo GuVAPTNON f €V £ivan cuvexng oe Eva onpeio x,
TOV TS0V OPIGUOD TNG OTAV:
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) Agv vrapyeL To Op1O NG GTO X, N
B) Yrapyet to 6p1o TG 670 X, aLd eivon Stopopetikd amd v T mg, f(x,), oTo onueio x,.

TNo mapdderypo:

) ¥+, av x<0 , , .
— Hovvapmon f(x)= dev etvar cuveyng oto 0, aov
2—x, av x>0

lim f(x) = lirr(}(x2 +D)=1,evd lim f(x)= lirré(Z -x)=2,
x—0 xX—> x—0" x—

omote dev vrdpyet To 6pto g foTo 0.

2
, x_l’ av x#1 , , ,
— Hovvapmon f(x)=1 x—1 dev elvat cvveyng oto 1, apod

3, ov x=1

lim £ (x) = lirr}w = lim(x+1) =2, evé /(1) =3,
X—> X—> x_ X—>

Mioa cuvdptnon fmov etvatl cuveyng o€ OAa ta onpeia Tov Tediov oploov TG, Ba Aéyetat,
amAd, GVVEYNS GLVAPTNON.

INo mapdderypo:

— Ka0g molvovopikn cvvaptnon P eivar svveyg, 0gov yia kabe x, € R 1oydet

lim P(x) = P(x,).

— Ka0g pntij suvapon £ givan suveyng, apov Yo Kae x, Tov TEdiov OpLGHOD TG 16)VEL

im P _ Plx)
=0 O(x) - O(x,)

— Ovovvaptiosig f(x) =npx ko g(x) = cvvx givan cvveyeis, apov Yo ke x, € R 1oyvel

lim npx =y, kot lim cuvx = covx,.

X=Xy X=X

Télog, amodeikvietat Ot

— Ovovvaptioceis f(x) =a” ko g (x) = log,x,0 < a =1 civar svveysic.
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Ipaéeirs ue ooveyeic cvvaptioels

Amd oV 0pIG O TNG CVVEYELNS GTO X, KO TG 1O10TNTEG TOV OpimdV TPOKVMTEL TO TAPAKATD
Oecdpnpa:

OEQPHMA

Av o1 cuvoptricelg fkar g eivar cuveyels 6To X, TOTE ivon GLVEEIS GTO X, Kat Ot
GULVOPTNCELG:

f+ g, cf, omov ceR, fg, f ] co ¥

pe v mpodmodOeom Ot1 opilovtar o€ Eval S1AGTNHA TOV TEPIEYEL TO X,

INo apdderypo:
— Otovvaptoels f(x) = epx Kot g(x) = 6x gival cvveyeic ™¢ TMAIKO CUVEYDY CUVAPTGEMV.

— H ovvdpmon f(x) =+/3x -2 eivor cuveyng oto medio opiopod rng[ ], aeod M
cuvaptnon g(x) = 3x — 2 eivat cuveync.

— Houwvapmon f(x) =] xnux | eivan cuveync, apod givar tng poperc f(x) =| g(x) |, 6mov
2(x) = xnux n omoia elvatl cUVEYNG CLVAPTNON MG YIVOLEVO TV GLVEXDV GUVAPTNGEWV
J,00) =x xon f5(x) = npr.

Téhog, amodeikvoetat 6Tt Yo Tr GHVOEST GUVEYDY GLVOPTHGEMY GYVEL TO akOAOVBO Bedpr o

OEQPHMA

Av n cvvaptnon f etvon cuvexNg 6TO X, Kol GLVAPTNON g Eival GLVEXNG 6TO f(X,),
10TE 1| GUVOEST TOVG g © f &ivar GuvexNg 6TO X,

Ta mapddetypa,  cuvapmon ¢(x) = nux* — 1) sivar ¥ > y=x 21

ouveyng o€ kabe onpeio Tov mediov opiopol ™S Mg
obvBeon TV cuveydv cuvapticemy f(x) =x" — 1
Ko g(x) = np.

o=nuy=nu(x’-1)

E®APMOIH
x’+2a, oav x<0

INa mora T Tov @ 1) suvapton f(x)= npx 0 givon oovemg;
—_— av x>
X
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AYZH

— 210 ddotnua (—0,0) 1 £ éxet TOmo f(x) = X + 2a Kol EMOPEVOS EIVOL GUVEXNC MG
TOADOVULLIKY.

310 didotnua (0,+0) M f éxel tomo f(x) = Lo EMOUEVG EIVOL GLUVEXNG G TNATKO
GUVEYDV GUVOPTICEWDV. *
Ia va etvor m f ovveyhe, apkel va eivor ovveynig kar 6to x, = 0, dniodn apkel

ling f(x)= f(0). Exovpe ouomg:
lim f(x)= lirrg(x2 +2a) =2a,
x—0 x>

npx

lim f(x) =lim— =1 kot
x—>0" x>0 x

£(0) =2a.

1
Emopévac, apkel 20 = 1 1), 1codvvapa, o = ;S

2vvéyela oovaptyons og drdotnua kol facikd Oswpijuota

[MoAAG amd ta Bepnpata TG AVIALGNG OVOQEPOVTIOL GE GLVOPTIOELG Ol 0Toleg glvat
cvveyeig oe duotnpate tov mediov opiopov tovg. Eivat, emopévag, amopoitnto va
yvopilovpe Tt evvoovpe tav Aépe 6Tt e cuvaptnon feival cuveyng 6” éva S1aeTN .

OPIXMOX

e Mia cuvdptnon f Oa Aéue OTL givar oUVEYNG 6 éva. AVOIKTO drasTnpa (a, f),
otav givar cvveyng o kabe onpeio tov (a, f). (Xy. 63a)

e Mo cvvapton f Oa Aépe 0TL elvan ovveg o€ éva KAew6Té draotnpa [a, f],
otav givat cuveyng o€ kaOe onpeio Tov (a, B) Kot emmAEoV

thim 79 = @i i e9)= 70 (Zx. 63p)

y y

// i A
N

&

3

[ A

=t---—--
=

0 5 Z’ 5 x 0
(o) 02)

Avdroyot opiopol dtotummvovtal Yo SlocTipaTe TG Lopengs (a, A, [a, f).
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Avo Bootkég 1010TNTES TOV GLUVEXDY GUVOPTHCE®V GE JCTNLOTO EKPPAlovTal omd Ta
mapakdTo Bewpnpota:

Ozopnpa Tov Bolzano

Y10 OwmAovO OYNUO. €XOVUE TN YPOPIKN "

TopAoTao HIOG GLVEYOVG cuvdptnong f

610 [a, f]. Enedn ta onueia A(a, f(a)) Kot JB)=mmmmmmmm s .B (B.SB)

B(f, () Ppiorkovtat ekatépmbev Tov d&ova |
1 , ’ . [ " |

X', M YpOQIKN Topactacn g f TEUVEL TOV a /\x(J X/

a&ova oe €va TOLAGYLGTOV oNpEio. S X
& X nu o[ 1 /% _/ ¥ X

I
ZuyKeKPLUEVE 1GYDEL TO TAPOKATO OedpNUe  f(q) |- 4 A(a,f(a))
TOV 07010V 1) OOdEIEN TOPUAEITETAL.

OEQPHMA

‘Eocto pia cuvaptnon £, opiopévn o€ €va kKAeloTo ddotnua [a, f]. Av:
e 1 feivatl cuveyng oto [a, B] kat, emmAéov, 1oydeL
* fla)yf(p) <0,
TOTE VILAPXEL £VOL, TOVAGYIOTOV, X € (a,f) T€T010, DOTE
f(x) =0.
Anrodn, vdpyet pia, TovAdytotov, pila g e&icwong f(x) = 0 oto avouktd S1d-
omuo (@, ).

XXOAIO

Amd 10 Bedpnpo Tov Bolzano mpokvmret Otu:

— Av o ovvépmon [ eival cuveyng o€ éva dtdotnpa A kat dg pundeviletar 6° awtd,
ToTE VTN 1 glvan Betikn yo k6Oe x € 4 1 eivor apvntikn yio Kabe x € 4, dnhadn dtarnpet
npooN o 670 ddotnua 4. (Zy. 65)

YA YA
| | ‘ s
o @ VS o ! %
(@) ®)

— M ovveyng cvvaptnon f diatnpel Tpdonpo o€ Kabéva amd TO SLUCTHLOTO GTO
omoia ot dradoykés pileg g f xmpilovv To mEdio opiopov NG,
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+ P2 pPs X

AVTO oG O1EVKOADVEL GTOV TPOGOIOPLIGHO TOV TPOSTHOV TNG f Y10 TIG SIAPOPES TYLEG TOV
X. ZOYKEKPIUEVA, O TPOGOOPIoUOS 0vTdG Yivetar ¢ €ENG:
o) Bpiokovpe tig pifec g f-

B) Ze kobéva and ta vrodactpata wov opilovy ot dadoyikég piles, emiéyovpe Evav
apBuod Kot Bpiockovpe to Tpdonpo g f otov aplfud avtd. To Tpdonpo avtd sival
KOl TO TPOGTLLO TN f OTO OVTIGTOXO JLAGTN L.

To mapdderypo, £ot® OtL 0ELOVLE VO BPOVLLE TO TPOG IO TNG GLUVAPTNONG

f(x) =nux — ovvx, x €[0,27].
Apyucd vroroyilovpe t1g piCeg g f(x) = 0 ot0 [0,27]. Exovpe

T, St
nux—onvx=0<:>npx=(mvx<:>sq)x=l<:>x=zn x=T.

"Etot ot pieg g fmpilovv to medio optopov ¢ 6T dStacTHLLOTO

0,E s E,S—ﬂj Kol (S—E,Zn}.
4 4 4 4

O mapaxdTo Tivakog deiyvel To AmOTEAEGILOTO TOV EAEYYOL TOV TPOSTHOV TNG f o€ KOs
StoTN L.

Aldotnpo O,EJ E,S—H (S—E,Zn}
4 4 4 4
Emuleypévog 0 r R4
apOudg x, 2 2
S(x,) -1 1 -1
[Ipoéonpo — + _

Sm
Emopévac, ota dtaotipota {0,%], (T’zﬂ:l elvar f(x) <0, evd 610 SdoTna.

n 5w
—,— |etvan f(x)>0.
(5,25 o o
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Oeopnuo evOLINECOV TIUOV

To emdpevo Bedpnua amoterel yevikevon tov Bewpnpatog tov Bolzano kot givat yvootod
®¢ Oedpnpo VOIGUECOV TIUOV.

OEQPHMA

‘Ecto pio cuvaptmon f, n onola eivon opiopévn o€ éva KAEIGTO ddotnpa [a, f]. Av:
e 1 f &ivor cuveyng oto [a, f] Kot
o f(a)=f(B)

to1e, Yoo K6Oe apOpd M peta&y tev fla) Ko f(f) vrapyet évag, TOVAAYIGTOV
x, € (a, B) tétotog, dhote

S(x)=n

AIIOAEIZH

Ag vrobécovpe ot f(a) < f(f). Tote Oa woyvet f(a) < n <f(f) (Zy. 67). Av Bewpncovpe
™ ovvaptnon g(x) =f(x) — n, xe[a,f ], mapatnpovpe Ot

yA
® 1 g givar cvveyng o1o [a, f] Ko
————————————————— B(p,

o g(a)e(f) <0, SB) / BSB))
apov U VN !
g(a) = (@)~ <0 xan LN o
B =AB)~1>0 oud U B TON O

HEVOG, CUUPOVE pE TO Bedpmua Tov Co | Lo
Bolzano, vrdpyst x,€ (a,p) tétolo, dote 0 al %, X X R x
8(xy) =f(x,) =1 =0, ondte f(x,)) =7n. A

YXO0OAIO
, , , 4
Av o cuvaptnon f dgv gival cuveyng oto
Seomua [a, B, t0te, OmoOg Qoivetol Kot JP)mmmmmmmmmm '
GTO JITAAVO GYNLLOL, OEV TALPVEL VITOYPEMTL- |
K6 OAEG TIG EVOLAUETEG TIUES. " ! '
| |
f(@)-= | i
|
| | |
0] a B x

e Me ) Bonfsia Tov BewpoTog eVOOUESOV IOV AmodEKVOETAL OTL:

H ewova f(4) evoc draompatog 4 p€cm oG cuvexovs Kot pn otafepic cuvapTn-
ong fetvan dtdotnpa.
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QAp-——+—--

B

(2]

2ty €01kN mepimTmon mov to 4 givan éva kKAEoTO Sdotnua [a, f], 1oydeL T0 TapaKAT®
Becdpnpo.

OEQPHMA (Méyiotng Kou EAayotng TIUNG)

Av f eivor cuveyng ocvvaptnon oto [a, f], tote n f maipvel 6to [a, f] pio péyiot
Ty M ko puo eddytotn T m. (Zy. 699)

Aniadn, veapyxovy x,,x, €[ot, B] tétown, dcTE, av m = f(x,) kar M = f{(x,), va. 1o)0eL
m=< f(x)<M,naxkabe x <[a, f].

XXOAIO

Amd 10 Tapandve Oedpno kot To Bedpnuo EVOIGUES®V TYLMV TPOKVTTEL OTL TO GHVOLO
TIHAV pLag cLVEXODS GUVAPTNONG f LEe Tedio opiopov to [a, B eivarl To KAeloTd ddotnua
[m, M], 6mov m n eldyytotn Tin Kot M 1 péylotn Tiun mg.

INo mapdderypa, n cuvdptnon f(x) = ux,
x €[0,27] éyer ovvoro tpodv to [—1, 1],
agov eivat cuveyng oto [0, 27] pe m =—1
kot M= 1.
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® Téhog, amodeikvoetat OTL:

Av o cuvaptnon f givar yvneimg 00&0voa kot GUVENS o€ £V, AVOIKTO OG0T L
(a, ), T0TE TO GVVOLO TIUAOV TNG GTO JAGTN O AVTO vl To ddotua (A, B) (Zy.
71a), 6mov

A=lim f(x) xau B= lir;rzl f(x).

Av, 6uwg, 1 f elvar yvnoiog eBivovea kot cuverig oto (a, f), T0TE T0 GVVOLO
TIL®OV TG 6T0 ddotnpo ovtd glvat To ddomua (B, A) (Zy. 71B).

INo mapdderypa,
— To obvoro Tipndv g f(x) = Inx + 1, xe (0,e), N omoia givar yvnoing avéovca kot
ouveyns cuvaptnon (Xy. 72), etvat to dtdotnpa (—wo,2), aeod

lim f(x)=-0 kot lim f(x)=2.
x—0" x—e

y /’@ y @

-
-

Ne——————

(0] ; N

I~
S -
| e -
.

1 o ! i

— To ovvoro tipdv g f(x) =—, x € (0,1), n onoia eivon yvnoiong poivovca Kot cuve-
X

NG ovvapmon, (Zy. 73) eivar to ddotuoa (1,4+0), apod
lim f(x) = +o0 ko linllf(x) =1
x—0" x>

Avaroyo coumepdooTo EXOVHE Kot OTAV [io, cLVAPTNOoT f eival cuveyng Kot yvnoimg
HOVOTOVY GE SGTHLOTA TNG LOPPNS [a, S, [a, B) xar (a, B].
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E®PAPMOI'H

Na dgyytel 6T ) e€icwon x + ovvx = 4 €yl pa, TovAdylotov, pila 6to Sdotnpa (7,
27).

AIIOAEIEH

Oempovpe T cvvaptnon f(x) =x + covx — 4, x €[n,2x]. Tote:

® H feival cuveyng oto [z, 27] 0¢ GOpoIGHO CLVEYDY CLUVAPTIGEDV.
® Eivar f(n)f(27) <0, apov

flry=n+ovwwr—4=nr-5<0«xo f(27) =27 +ouv2r—4 =27-3>0.

Emopévag, oopeava pe to Oedpnpa tov Bolzano vrdpyet éva, Tovhdyiotov, X, € (,27)
t€1010, MOTE f(X,) = 0, OMOTE X, + GLVX, — 4 = 0 KO GLVETMG X, + GVVX, = 4. Apa, ) €&i-
cmoMN x + ovvx = 4 €yel o tovAdytetov pila oto dtdotnpa (7, 27).

AXKHYEIY

A" OMAAAX

1. Xta mopaxdto oynuate divovtal ot ypopkés mapacTicelS SVO CLVAPTNCEMV.
Noa Bpeite 1o onpelo oto omoia avtég dev etvan cuveyels.

4y

y /

2. No PELETNGETE MG TPOG T1 CLVEXELD GTO X,, TIG TAPAKATMO GUVOPTHGELS:

X +4, x<2
. , OV X, =2
X , x2>2

i) f(X)={
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i 1) X +1, x<l .
i x)= , 0V X, =
V3+x, x=>1 ‘
X +x-2 S
i) f(x)=7 x+2 ’ ,avx,=—2.
-3 , x=-2

3. No pelemnoete ®G TPOG TN GLVEXELDL TIG TOPOKATO GUVOPTICELS KOl UETH VO
YOPAEETE TN YPAPLKY] TOVG TOPAGTUCT), OV

2x%, |x|<1 x*—5x+6 0
) f(x)=42 i) f()=1 x-2
) ‘X|>1
X 5 5 B=2
x , x<l . e’ , x<0
iii) f(x) = iv) f(x)= .
) /() {lnx , x>1 ) /) {—x2+1 , x>0
4. No LELETNGETE OC TTPOG T1] GLUVEYELD TIG GLUVOPTNGELG
2
= <
. 2x° -3 , x<l1 ) npx . x<0
) f(x)=9 x-1 o i) f(x)=9 x .
\/;_1 > X oovx , x=0

5. Noa amodei&ete OTL O TOPUKAT® GLVOPTHGELS EIVOL GUVEYELG:

i) £(x) = nu(cvvx) ii) £(x)=In(x*+x+1)

iii) f(x) = nu( ] iv) f(x)=e™

x+1
v) f(x)=In(Inx)

6. Na amodeiete 011 M e€iowon nux — x + 1 = 0 éyel plo TovAdyiotov Adon 6to
Sduaotnpa (0, m).

7. T kGBe pio omd TIC TAPAKAT® TOAVMVLUIKEG CUVOPTAGELS f, va PBpeite Evav
aKEPOLO o TETOOV, MOTE 6TO dtdotnpa (a, a + 1) n e&icwon f(x) =0 va €xet pia
TovAdytotov pia

i) f(x)=x+x-1 i) £(x)=x"+2x+1

iii) f(x)=x*+2x-4 iv) f(x)=—x’+x+2.




1 OPIO —XYNEXEIA YYNAPTHYHX 81

8. Na amodeibete 6T 1 e&lomon

ox = p)x =) + flx = Hx —v) +y (x =) - ) =0,

omov a, f, 7> 0 kot A < u < v, €yet dvo pileg avioeg, pa 6to dtdotnua (4, 1) Kot
pa oto (u, v).

9. Na Bpeite T0 TpoOGMUO TG GLVAPTNONG [ Yot OAES TIG TPUYLATIKES TYLEG TOV
x, OTaV:

NAx)=x"+2x"—x-2 i) f(x) =x* — 9’
i) f(x)= scpx—\/g, xe(-rm,m) iv) f(x) = nux + ovvx, x €[0,27].

10. Na Bpeite To GHVOLO TILDV TV GLVOPTICEDY

) f(x)=lnx—1, x €[l,e] i) f(x)=—x+2, x(0,2)
iii) f(x) =2nux + 1, x {0,%) iv) f(x)=€"+1, x e (-x,0].
B OMAAAX

(x—-x)(x+x) , x<2 , , ]

1.Av f(x)= , VoL TpocdlopioeTe 10 k, doTE M f Vo etvat
Kx+5 s 2

GLVEYNG OTO X, = 2.

a’x*+px-12 , x<l1

2. Av f(x)= 5 , x=1, va Bpeite Tig Twég tov @, feR yo Tig

ax+f , x>1

onoiegn f va efvon cuvexng oto x, = 1.

3.1) 'Eotw pia cvvapmon f n omoia eivon cuvexng oto x, = 0. Na Bpeite to f(0),
av yio kébe x € R 1oydet
xf(x) =ovvx—1.

ii) Opoiwg, va Bpeite o g(0) Yo ™ cvvdpTnon g mov eival cuveyng 610 x, = 0
Kot Yo kaBe x € R woydet

| xg(x) —npx| < x°.

4. Av ot cuvoptioelg f, g elvat opiopéveg kat cuveyeis oto [0,1] kot mAnpodv Tig
oyxéoelg f(0) < g(0) ko f(1)> g(1), va amodei&ete OTL LLAPYEL £V TOVALYIGTOV

£ €(0,1) této10 dote (&) =g(<).
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5. Noa amodei&ete 011 01 e&lodoELs:

ex

X4l X+l
=+ =]
x=2

€youv o, Tovidyiotov, pifa oto (1, 2).

o) 0 B)

+

x—1 x—1

6. Xe kabepid oo TIG TOPUKATM TEPITTOCELS VO, ATOdEIEETE OTL O1 YPOPIKES AP0~
OTACELS TOV GUVOPTNCE®Y [ Kot g £XOVV €va, akplBdG Koo onpeio

1) f(x) = €' ko g(x) :i

o) Na Bpeite t1g pilec g e&lomwong f(x) = 0.
B) Na amodeilete 6ti 1 f Sotnpel 1o Tpoon o g 6to ddotnua (—1,1).
v) ITotog pmopet va givat o TOTOG TG f KOt o0 1) YPOPIKT TG TAPAGTAON;

ii) Me avdloyo tpdémo va Bpeite Tov TOTO NG GLVEYOVG CLVAPTNONG f 6TO GV-

voho R, ya v omotia 1oyvet

f(x) =x* yia kéBe x e R.

8. Aivetat to tetpdywvo OABI tov dimha-

vou oynuatog kot pio cvveyng oto [0,
1] ovvéptnon f g omolag M YpauQIKN
mopdotacn Pploketar oAOKANPN HECO
GTO TETPAYWVO OVTO.

1) Na Bpeite 11c e€lodoelc TV dloym-
Vi®V TOL TETPAYMDVOL Kol

ii) No amodeiéete pe to Bedpnuo Tov
Bolzano 6m n C, tépver kot Tig 860
Slydvies.

9. Zto dumhavd oynpa n Kopumroin C etvorn

YPAOIKN TopdoTaon [Hag cuvapTnong f
mov etvar cuveyng oto [o,f] o To M (X,
¥,) €lvan éva onpeio Tov emmédov,

i) Na Bpeite Tov tOn0 TG 0MOGTACNG
d(x) = (M,M) tov onpeiov M(x,, y,)
amd 1o onpeio M(x, f(x)) me C, 1
Kk60e x € [a, B].

Inx

x—2

i1) f(x) = Inx xou g(x) = 1
X

. 1)’Eoto f o ovveyng cvvaptnon oto ddotnue [—1,1], yio tnv omoia toyvet

X+ 2(x) = 1 y10.k60e x € [-1,1].

=0

y A
7°(0,1) B(1,1)
\\\ ///
/x\
0(0,0) A10)  x
Ay
B(Bf(P)
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ii) Na amodei&ete TL 1) GuVAPTNON d €ivatl cuveyng oto [a, f] Kot 6T cuvE el OTL
vmapyeL v, Tovdyotov, onpeio mg C, mov anéyel and to M, Aydtepo amo
0TL améyovv Ta vorowa onpeio g kot éva, Tovdyotov, onpeio mg €, mov

anéyel and 1o M, neplocdTEPO 0md OTL AmEYOVY TOL VITOAOTO GTUElD TNG.

EPQTHYEIY KATANOHXHXY

I.
Ye koOgmd omd TIC TUPUKATO TEPUTTAOGELS VO, KUKAAGETE TO YPARpRA A, av
0 wyvpepdg givar aindnig kot to ypappo W, av o woyvpropnog eivor Yevong,

JITIOAOYAVTOG GLYYPOVAOS TNV UmAVTI|oN| GOG.

1. Av f(x) = Inx xou g(x) = e, tOTE

a) (go f)x)= ,erR A V¥
B) (fog)(x)=—x, xeR A
28 Avhnllf( )—leR,tére lirrllf(x)=0. A Y
X—> x_ X
, . 1 . . 1 . 1
3. Eivan hm[x( 5 H=hmx-hm 5 =0-lim— =0. A ¥
x—0 X +x x—0 x—>0x +x =0 x° 4+ x

4. Av f(x)> 1y kébe x e R ko veapyet to 11m f (%),

TOTE KOT® OVOYKN 11m f (x)> 1L A Y
. . 1

5. Ioybet: @) lim | xnpu— [=1 A Y
X—>+0 57

B) fim 1= 1. A VY

X+
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6. Av 0< f(x) <1 xovtd oto 0, TOTE lin(}(xzf(x)) =, A v

7. Av f(x)< x—lz , X € (o, +00), TOTE KOT  OVaryKn

Oo etvar lim f(x)=0. A A

x>+

8. Av vumapyet To 1ir161( f(x)g(x)), tote eivan ico pe f(6)-g(6). A v

9. Av lim | f(x) |=1, t0te Kat’ avdykn Oa etvon
X—)XO

lim f(x)=11 lim f(x)=-L A v
10. Av lim | f(x)|=0, tote lim f(x)=0. A b4
11. Avn f eivor cuveyng oto R kot yio x # 4
2
oy0et £(x) = Lx4+12’ 1618 10 f(4) elvon ico pe 1. A ¥

12. Avn feivar cvveyng oto [-1, 1] ko f(—1)=4, f(1)=3,
TOTE VIAPYEL TPpaypaTKOG oplOpog X, € (—1,1) Térotog,
wote f(x,) = A Y

I1.

No KUKADGETE T1] 6OGTI] UTAVTN O 6€ KAOEMLA OO TIS TUPUKATM TEPUTTMOCELG

1. Av lim f(x) =/, lim g(x) =m, I,m e R ko f(x) <g(x) kovtd 670 X, TOTE KOT’

X—>Xo

avaykn Oa givar:

A)l<m B)l<m TD)izm Al=m E)ym<lL

2\3
2. To 6p1o lim A-2x7) givou 6o pe:
xovo (x2 +1)°
A8 B)I o A) 4o E)-8.

3 2 3 2
o xT=x"—1|-x +x
3. To 11m| 2'

X—>+00 x

glvat ico pe:

A)+0 B)-o )1 A -1 E)o.




1 OPIO —XYNEXEIA YYNAPTHYHX 85

2
. X —x'=2x , ,
4. Avto lim ———— dev vmdpyel, T0TE:
X=X x3 —X

A)x,=0 B)x,=2 INx,=-1 A)x,= 1.
I11.
1. Aivovtot o1 GUVOPTNGELG

1
! +1 ko g(x) =

S0= G2y o1

And toug [Mapaxdro toyvpiopovg Adbog givar o:

A) 1 g eivar cuveyng oto 2
B) 1 feivar cuveyng oto 1
I') n g éxet dvo onpeia ota omoia dev Eival GUVEXNGS
A) X]irgof(x) =1l
2. Tow amd ta TopaKdTm Opla Vol KOAMG OPIGUEVL;

A) lirx(}\/xzo—x+1 B) ling\/xzo—x—l
) lim v3x° +x—1 A) lim +/3x° +x—1

X—>+00 X——00

E) lim{In(x’ +x +1)] 3T) lim{In(x’ +x—1)].

3. Atvetorn cvvéptnon f m omoia givatl cuveyng oto ddotua 4 = [0, 3], e

£(0)=2, f(1)=1xam f(3)=—1.

[To1og amd TOVG TOPUKAT® IGYVPICHOVG OV TPOKOTTEL KAT  aVAYKN amd
TIG VOOECELS;

A) Yrapyer x, € (0,3) tétotog, dote f(x,) = 0.
B) lim /(x)=-1.
D) lim f(x) = 7 (2).
A) [-L2]c f(4).

E) H péyiom ) mg foto [0,3] eivor To 2 ko 1) €EAdyioTn Tiunq g to —1.
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IXTOPIKO XHMEIQMA

H évvoia tys ovvaptnons

H évvowr tg ouvviptmong, og ékepacn Mg eEaptnong avdapeca oe dvo
OLYKEKPILEVEG TOCOTNTES, EppavileTar [’ Evav VTOVOOLLEVO TPOTO 1O Ao TNV
apyordtnTo. ‘Evo yopaktnplotikd mopdostylo amotehoby ol TIVOKEG YOPODY NG
“Alpayéomg”, tov ‘EAAnve pofnpotikod Kot aoTpovORoL TG OAEENVOPIVIG
neplddov Khavdiov [torepaion. X [io GTHAN 0VTOV TOV TVAKOV DITEPYOVY T
UMK TV T0E0V £vOG KOKAOL KOl 0TV GAAN To UK |
TOV AVTICTOY®V YOPOI®V. XPNOLUOTOIDOVTOG TV EVVOla A

TOV MWTOVOL GTOV HovVodlio KOUKAO HTopoluUE Vo

EKQPACOVLE AVOAVTIKA TN “GuVAPTNON” TOV TVAK®OV

tov [Trolepaiov og e&ng: -- 6 ---

ZOpdh TOEOL (x) = AB =2AM =2 nu% .

Me tov 1610 vmovoovevo TPOTO M EVvola TG CLVAPTNONG ENPavIfeTal GTOVG
AOYaPOLIKOVG TTIVOKES TOL KOTACKELAGTNKAV GTLG apyES Tov 170V adva.

Ta yeyovota mov €6mGOV OmOPACIOTIKY Mo otV avamrTuén g vvolag e
ouvaptnong NTov 1n dnovpyio ™M Alyepog (YpNon YPOUUATOV Kol E0IKMV
SUUPBOA®V Ylo. TNV OVOTOPAGTOCT) LOONUATIKOV TPAEEDMV, CYECEDY, UYVAOCTMV
K.AT.) KOl TNG OVOAVTIKNG YE®UETPLOG (¥p1on Tov oAyefpikod GLUPBOAGHOD GE
yeouetpikd mwpoPfAnuata). O Descartes, oto épyo tov “La Geometrie” (1637),
napovctalovtag tn HEB0d0 TPOGIOPIoUOL G KOUTOANG 0o Lo eElcmon mg
pog x kot y (to. omoiot eKPPALovy T LOVYPOLLLO TULOTO-GUVTIETOYLEVEG TOV
ONUEIOV TNG KOUTOANG), TEPEYPAYE VIO TPAOTN POPE TN SVVATOTNTO AVOAVTIKNG
aVOmTaPAoTAONG HI0G GYEOTG EEAPTNONG OVALESH G PETAPANTEG TOCOTNTES:

“Av Aowmov mapovue o1adoyika Evo. GrEPO
TANBOG O10QPOPETIKMY TIULDY VIO, TO TUUO. Y
70te Oa. Ipoxvyel Eva dmelpo TANOOG TV
VIO TO TUNUO X KOL ETOUEVOIS UL OTTEIPIO.
O10POPETIKAV anueiwv, ue t fonbeio twv
omolWV UTOPEL Va. ayediooTel 1 (nrovusvn
Koumoln”. =

O 06pog “ovvaptmon” (amd to Aatwvikd pnpo fungor, mov onuoaivel eKTEAD,
AELTOLPY®) EUPAVIGTNKE Y10, TPDTN POpa To 1673 6’ éva xelpdypapo tov Leibniz pe
titho “H avtiotpoen nébodog tmv epantopévav 1 mepi cuvaptioewv”’ (Methodus
tangentium inversa, seu de functionibus), oo omoio e&gtdleTat 0 VITOAOYIGUOS TOV
TETOYUEVOV Y TOV ONUEIOV LG KOUTOANG OTa ElVol YVOOTH KATOLo 1310TN T TOV
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avtictoy®v gpantopévav. O Opog TOg GPYLoE VO ATOKTA Ao EKEVN TNV ETOYN
po taitepn onpacio ylo TNV OVATOPACTOCT TOCOTHTOV OV £50PTMOVIOL Amd
GAAeg petofAntég moodTES, Waitepa 0TV 1M €EGPTNON LT Umopel Vo ThpEL
™ Hopo1 Hog avoAvutikig ékepacng. O J. Bernoulli £dwoe 1o 1718 tov endpevo
YEVIKO OpIoLO:

“Ovoudlw ovvaptnon evog petafintod ueyéfoug pia moootnta wov oynuotiletan ue
OTOLOONTEOTE TPOTO OO AVTO TO UETOPANTO uEYeBog Kar amd otabdepes”.

H avtiAnym g cuvapmmong og “avoAvTikng Ekepacng” Kuptipynoe yio vo. Leyolo
YAPOVIKO SIAGTN L0, GTT OLAPKELD TOV 0700V 1) podnpatiky avaivon opilovioyv mgm
YEVIKT EMOTNUN TOV LETAPANTOV KOL TOV GLVAPTNOEDY TOVE. O ETOUEVOG OPIGIOG,
7oV ToTiEL TNV éVvola TNG GLVAPTNONG LE OVTNV TNG “OVAAVTIKNG EK@pacng”,
d00nke amd tov L. Euler 1o 1748, oto épyo tov “Eicaywyn oty amelpootiki
avaivon”.

“Qovaptnon pog UETafANTHS TOGOTHTAS OVOUGLETOL 10, OVOADTIKY EKPPOCT) TOD
OYNUOTICETOL [UE OTTOI00NTOTE TPOTO OO QVTH TH UETOPANTH TOGOTHTO Kol Op1OUoDS
N orabepég moooTnTeS”.

H mapamépo e&EMEN ™G €vvolag TG ovvdptnong mponibe kuvpimg amd v
TpooTafeLa Lo LOTIKNG EPUNVEING PLOIKOV TPOPANUATOV, OTTMG TT.X. TO TPOPAN LA
LG TOAAOLEVNG YOPONG, OTEPEMUEVIC GTO OVO AKPO TNG. Z° AVTO TO TPOPAN LA,
OV ATAGYOANGE WOLOITEPA TOVS EMOTILOVES GTT dLdpKeLa Tov 18ov audva, {nteiton
VO TPOGOIOPLOTEL [Ito, GLUVAPTNOT TNG LOPENG ¥ = f(X, f) TOV TTEPLYPAPEL TO GYNLLAL
™G Yopdng o€ i dedopévn ypovikn otyun ¢ To €l60¢ OU®G TV GLUVOPTHGEDY
OV VTEIGEPYOVTAL G° aVTO To {TNHe ival TOGO YEVIKO, TOL OVAYKOGE TOVG Lo~
Onuatikovg va avabemprcovy Ty Kabiepopévn avtiinym otl kabe cuvaptnon
tavTileTot pe po avoAuTiKn EKepacn Kot vo avalnTiHoeovy YEVIKOTEPOVG OPLGHOVG.
O L. Euler, o1 and to 1755 datdnmoe £va TETO10 0pIoHO, OTOAAAYUEVO OO TV
GpLEesT) avaeopd 6TV EVvola NG “avaAVTIKNG EKQpaong’.

“Av kamoieg mooOTNTES ECOPTOVTAL OTO GAAEGC TOCOTNTES UE TETOLO TPOTO OTE,
otav o1 televtaies aldalovy ovufaivel To 1010 KoL UE TIC TPWOTES, TOTE Ol TPWTES
ovoudlovior oovopTioels Ty televtaiwy. AvTog 0 oplouds eivar ToAD evpog Kal
mepilapfaver kabe uéBodo ue v omolo. pio roootyTa Go uropovoe va mpocoiopiorel
oamo 0Aleg. Av Aoimov 0 X VTOONADVEL 10, UETOPINTH TOGOTHTA, TOTE OAES Ol
TOGOTNTEG OV ECOPTAOVIOL GO TO X UE OTOLOONTOTE TPOTO 1] TPOTOLOPILOVTAL ATTO
aVTO, OVOUGLOVTOL GVOVOPTHOELS TOV X .

Ot véeg avtég aviilqyelg odnynoav Pobuioioc oty €vvola TG GLVAPTNONG MG
avBaipec avtioTolyiog avApIESH GTo GTOEI GVO GLVOAMY, TOL OgV aKOAOVLOEL
VIOYPEMTIKA KAmoto “vopo”. O J. Fourier, to 1822, emonpave pntdé avtd 10 onpeio
pe v e&ng mapatpnon: “Ievika, n ovvapmon f(x) wapiotaver pio o1adoyn Tumy
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N TeTayuEvay, kobguia amo tig omoies ivai avBaipety. Av 000¢l o amepio tyudv
oty tequnuévn X, Qo vapyovy ioov wAbovg tetoyuéves f(x). Oleg Eyovv mpayuori-
KEG op1OunTIKES TIUES, OeTIKES N OpVNTIKES 1 Unoev. Aev mpovmobétovue ot aTES O1
TETOYUEVES DTOKEIVTOL O EVO. KOLVO VOUO OLAOEYOVTOL 1] [UIO. TV ALY LLE OTTOLOONTOTE
POTO Kol KOOEUIG OO QVTES JIVETAL OOV VO HTOY IO HOVOOIKT] TOTOTHTO. .

H évvoia tyg ovvéyeiag

Tnv mepiodo mov 1 évvole NG GLVAPTNONG
tavtilovtay e ouTHV TG “avOALTIKNG £Kepacns’, i
VINPYOV  JVO  JPOPETIKEG OVTIMNWELS YloL TNV
évvola ™G ovvéyeloc. H pla amd avtég, pe kabapd

|

|

I

I
YEOUETPIKN TPOEAELGN, eE€Ppale TNV WOLOTNTO LLOG i /
KOUTOANG Vo pun mopovctdlel “Otakomés” M GAAn, 0 / ol =
pe mpoérevon kuplog amd ™ Lok, eEéppale TV :
wiwmTo evog Qatvopévov va axkolovbel tov 1610 / i

I

“vopo”, v W10TTa oG cuvapTHoNG va dtatnpel
™V 1010 avoAvTiKny £KEpacn 67 0AOKANPO TO mEdio Acvvéygela 610 x, AOyo
opIopoy ™. X’ auTtAV TV TEAevTaio avtiAnym mepi BB |C w1 S of
ovvéyelog Goknoe évtovn kpirikf o A. L. Cauchy to (VT TO OTHELO

1844, onuewdvovtag to e&ng: “2ra épyo twv Euler

ko1 Lagrange, pio. oovaptnon ovoualetor cOVEXNHS Y]

N QOLVEYNS OVALOYa. e TO AV Ol OLOYOPETIKES TIUES :

aVTHS THS TVVAPTHONG DIOKEIVTOL 1 O)L GTOV 1010 VOUO, //;\
TPOKDOTTTOVY 1 OY1 OO wio. Hovooiky eCiowaon. Ouwmg '

aVTOS 0 OPICUOS TOAD améyel amo to vo. Bewpnbei < o \ *
HoOnuotid oxpifng ylati av o1 OlOQPOPETIKES TYES

HLOG OVVOPTNONG ECOPTOVTAL ATO ODO 1 TEPLOGOTEPES Acvvéyela 670 x, Aoyo
drapopetiéc eCiooels, timota dev uag eumodilel va netafoing e avorvTikig

. L ;
UELDOOVLE TOV aplOuUsd avTdY TV eCI0MoEMV 1j aKoun EKOPOONS O GTOTO OTIHELD

KOl Vo TIS QVTIKOTOOTHOOVUE a0 uia. omAl eClowot,

¢ omoiag n avaivon Qo pog E01ve o4eg Tig vmoloimes. Ewouévag, ov kaveis Oewpijoet
70V opioud twv Euler ko1 Langrange epapuooiio oe 010 0. €101 TV COVOPTHTEWY,
T0Te [ OTAN 0ALOYN TOV CVUPOALTIOD EIVaL TVUYVO. OPKETH Y10 VO, LETATYNUOTIOEL
Lo GVVEYT CLVAPTHON OE aoVLVEYN Kol avtiotpoga. Etol w.y., av to x ovufloriler pa
TPOYUOTIKI] LETOPANTH, TOTE N GLVAPTHON TOV 1GOVTOL e + X ) — X, aVaA0yo. Ue TO
av n uetofinty x eivar etk 11 opvnTIKI, TPETEL Yio, TO LOYO oTo Vo tomobetnOei
oY KAGON TV QODVEYDY GOVOPTHOEDY OUMS N 1010, covaption Oo umopoioe va

OewpnOsi ws avveyiic otav ypaget oty popeii NN x* .

U Etvan pavepd 611 0 Cauchy ypnoiponotet eda, yopic vo Ty ovopdiet, T cuvapmon amdAvT T,
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E701, 0 YopoKTHpag TS GOVEXELAS TWV CVVOPTHOEWY, Bewpoluevos omo 10 onueio
OOV Ol YEWUETPES OTOUATHOOY YIO. TPWOTH QOPa, Vol aoapns kai ofefoiog.
H ofefoiotnra ouws Oa elapaviorei, av otn Oéon tov opiopod wov Euler
QVTIKATOGTHOOVUE ODTOV TTOV EY® OWTEL 0T0 Kepalaio 11 Tov épyov pov “Aryefipikn

o

avalvon” ...”.

O opiopdg, otov omoio ovapépetar €0® o Cauchy, amotelel ovolaoTiKG TV
TPDTN OTOTEPO UEAETNG TNG EVVOLOG TNG CLVEXEWNG LE AOYIKH OLGTNPOTNTOL.
Amocuvdgovtag autiyv TV €vvola oo KaOE Ye®UETPIKY emonteio Kol e&dptnon
amd TV EVvola NG “aVOALTIKNG EKOPOONG”, TN LETACYNLOTICE G (o Kabapd
apOUNTIKY 131OTNTO TOV CLUVAPTNGEDY, TOL LUTOPEL VAL YIVEL AVTIKEIIEVO AOYIGLLOD.
O optopdc avtdg tov Cauchy, mov 666nke to 1821, €xel mg e&ng: (évav Topopolo
oplopo giye dmaoetl kot o B. Bolzano to 1817).

“Eotw f(x) wo oovaptnon e uetofintig x kot ag vwobécovue ot yio. kdbe T
T00 X 0 £V0, OOGLUEVO OLGOTHUA. 1] COVOPTHON ODTH EYEL TAVTOTE ULG. HOVOOIKT] KO
wemepaouevy T, Av 0oovuE oty UETOPANTH X Mo arelpoeldyioty adénon a, n
ovvaptnon Ba avénbetl kard ty orapopd. f(x + a) — f(x), n omoio elaptazor omo
VEO, UETOPANTH @ KoL TV Ti] IOV ELYE TO X. X auTiy TV TEPITTWON, 1] GOVAPTHON

f(x) Qo ovoudlerar ovexiic oto didoTnuae TS UETAPANTHS X, av yia kaOe Ty Tov X ¢

aVTO T0 OLAOTHUA, 1] OTOAVTY TYR TG Otapopds f(x + a) —f(x) urpaiver ex’ dreipov
wali i’ oty tov o. Me alia Loyia, n f(x) Oa wapauéver ooveyns wg mpog x, av uia
OTEPOELGYLTT ODENTN THG UETAPANTHS TOPAYEL TAVIOTE IO, OTELPOELYLTTH aDENTN
¢ L01ag TS oVApTNoNG .

H évvoia tov opiov

H évvoia g cuvéyetag kabdg ko opiopéves AALeG Paciiés Evvoleg TG ovalvong
mov O yvopicovpe oto emdpeva Kedioto (OT®MG T.Y. M TAPAY®YOS Kol TO
OLOKA PO TEPIETYOV, OTA TPMTO GTASAL TNG EEEMENG TOVS, OPIOUEVES OCAPELES,
oL 0QEiloVTIOY KLpimwg otV advvapio Tov LadnUatikoy vo, dtompoyplatevfovv
HE AOYIKT avoTNPOTNTO TV £VVOL0L TOV OEIPMOG LIKPOL KOl TOL OTEIP®S LEYOAOV.
Avt 1 advvapio odnyoHse TOAAOVS Vo apeiofntovy to Oepéa Tdve oo omoia
ompifoviov TO OWKOSOUMUO TNG MOOMUOTIKNG ovAALONG Kol VO GLUVOEOLV TOL
EVIVTOGLOKG, OTOTELECLATA TG LE OPIGUEVES LETOPVOIKES EPUNVEIEG.

Ot podnpotikoi TpoomdOncov va EEMEPACOVY OVTEG TIC OVCKOAIEG ELGAYOVTOG
v Wéa tov opilov, pe TNV omolo, apylkd, ekepafovtav M dVVOTOTNTO LG
petafaArlopevng mocotnTag Vo Tpoceyyilel en’ dnepov o otabepn TocodTNT
YOPig oV TpaypaTikOTTA VoL T eTavel Toté. O d’ Alembert 6pioe to 1765 avtiyv
v évvotla otV “Eykvkionaideia’” tov Diderot o¢ e&ng:

“Evo uéyeog ovouadletor 6pio evog aAAov 0tow To JeDTEPO UTOPEL VL Tpoaeyyilel TO
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TPATO OE IO, OTOTTOTH OCOONTOTE LKPH], AV KoL EvO. UEYEBOS OeV UTTOPEL Vo, CETEPVA.
7oté 0 uéyeBog mov mpooeyyilel ETol WOTE N OLOPOPO. ULOS TETOLOS TOTOTHTAS OO
70 OPLO THG VO. EIVAL EVIEAWDS QUEINTEDR” .

SOUe®Ve AoV |1 0uTOV TOV OPLGHO, TOV TEPIKAEIEL TNV £Vvola TNG KIiviiong ®g
po 01001KaGio TPOGEYYIoNG, 0 aptBpog 2 givat to dpto g akorovbiog 1,9 1,99
1,999 1,9999 ..., aAra 6yt 6pto akorovBiag 1,9 1,99 2 2 ... (ywati avt “etdver”
70 2), 001€ 6p1o g akorovBiag 1,9 2,01 1,9999 2,0001 ... (yrarti avtn Eemepva
70 2). O TpOTOG L€ TOV OTTOI0 OL PLOONULATIKOT XPTGLULOTOLODG OV TNV £VVOL0, QUTH TOV
opiov QaivETAL YOPAKTNPLOTIKG GTO EXOUEVO TaPGdELy e, 6To omoio o S.F. Lacroix

. , . ax
oamodeikvoet to 1810 6Tt lim =a
X—>+0 X + a

“Eotw ot divetou 1 ovvaptnon , oty omoio. vwobérovue Ot T0 X aVAve-

X+ao
o1 Oetika ywpic t€log. dioupavrag apiOunty kol TopoVouaoT] UE TO X, Ppiokovue

, éva omotéleaua oo oeiyvel kabopd. otL ) oovaptnon Oa Tapouével Tavrote
a
1+—
X

, , : , , , , , L a

HIKPOTEPY OTO TO 0. AAAG Qo mpoaeyyiler avvéyelo, avTNY THY T, APOD TO UEPOG —

X

TOD TOPOVOUATTH UEIDVETAL OAO KO TEPIOTOTEPO KO UTOPEL Vo, el Bel ooo OLove.

H diopopa. avaueoo ato doaiévo kAGouo. kai Tny Tius] o EKPPaleTarl g

ax o?

o — =
xX+oa x+o

KOl ETOUEVS PIVETOL OAOEVOL KL TLO LIKPH], OO0 TO X PIVETOL UEYOADTEPO, KOL UTOPEL
va. YIVEL HIKPOTEPY OO OTOLAONTOTE TOCOTHTO, OCOONTOTE UIKPY. XVVELWS, TO
000UEVO KAGOUA HUTOPEL Vo. TPoceyYilel To o 000 KovTa Bélovue: dpa o o ivar T0

0p1o THS CVVOPTNONG X ¢ TPog TV aopioty adénon Tov X,
xX+a

o va Tumomomoovpe oVTHV TNV HOKPOOKEA dwadikacio, ot pabnpotikol
TPOGTAONGAV VO ATOGVUVOEGOVV TNV £VVOLD TOV 0piov Ao THV £vvold TG Kiviomng
Kot va v opicovv pe KabBapd apBuntikods 6povg, £I61 OCTE Vo Yivel éva
avtikeipevo pobnpatikod Aoyioov. To anotéhesio ovThg TG TPooTdOelog vVanpEe
0 ONUEPVOGS “OTOTIKOG” OPIGHOG e T Ponfela TV avIcoTTOV Kot TG amdAuons
TING, oL SotvtdOnke amd Tov Weierstrass ota péca Tov 190v awdva. Me avtov
TOV 0plopd, 1 £vvola Tov opiov amoyvpvoddnke omd Kabe otoyyelo emonteiog aALd
€ywe €101 duvaTo va amodelyBolV e AoyKT] aLoTNPOTNTO Ol WIOTNTEG TOV OpimV
Kot v, Tomorotn0et 1) S10d1KaGio VITOAOYIGLLOY TOVG.
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2.1 H ENNOIA THX ITAPAT QI OY

2riymaia toyvTyTa

Ag BempricovlLe £va MO TOL KIVEITOL KATO UNKOG VoG GEova Kot ag vTobécovpe 6Tl S
= S(¢) eivar 1 TETUNUEVT] TOL CAOUATOG CVTOV T1| YPOVIKY GTIYUN £.

¢ — SO

. )
- A M, M s
0 S x=5()
S() -

H ocvvapmon S kabopiler tn 0Eom ToL GOUOTOG TN XPOVIKY GTIyU ¢ Kol ovopadetot
ovvapton 0€eng 1oL KvnToO.

Agvmobécovpe, TOPO, OTLKATOW XPOVIKT| GTIYHN £, TO KvnTo Ppicketar otn BEom M, ko
ot petd omd moapérevon ypdvov h, Niad ™ xpoviky otiyun ¢ = £, + &, Pploketon ot
0éon M. (Zy. 1). Zto xpovikd Stdotnpa amd £, £0G ¢ 1 LETATOMLGT TOL KIvNTov £tvan iom
ue S(1) — S(t,). Apa, 1 péen TadTNTE TOL KWNTOV 6 AVTO TO XPOVIKO StdoTna sivon

S(t)-S(t,)  mnetaromon
t—1, xpOVog

Ooo 70 ¢ givor mAnciéctepa 610 £, TOG0 M LéEST TadTNTO TOL KIvnTov divel e KaAvTe-
pn mpocyyion 10 pv Oud allayic mg Béong Tov KvnTov KovTh 61O #,. ' T0 Adyo
avTd TO Op1o TNG MEONG TaYLTNTOG, KAOMG TO ¢ TElVEL 6TO 7, TO Ovopdlovpe oTrypaio
TOYVTNTO TOV KIVNTOV TN XPOVIKT| oTtypr £, ko T cvpBoiilovue pe o(z)). Anhoodn:

o(t,) = lim S =5),

11, t—t,
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o mopédetypa, av S(7) = — £ + 4t eivar i suvaptnon Béong evog kvntod (Zy.2B),

=4
- =2

=0

O 1 2 3 4 x=5(1)

(@)

XA
1 ®
o 2 4 r
x=5(1)
5]

T0TE N oTrypia TadTNTO TOL KIvNTOY KOTh TIG XPOVIKEG oTiyuég f, = 1, ¢, =2 ko t, =3

etvan avtiotoiymg:

mS(t)—S(l) lim ~t* +4t-3 lim —(t-1)(t-3) _5

[ ] U(1)=ltl_)1 t_l - t_l = " t_l
- _p _ e B
° u(z):umS(’) SQ) -4 —=2)(=2)
=2 t—2 -2 t—2 12 =2

o 0(3)=lim3O=5Q) A3 D=

-3 t—3 13

XXOAIO

Otav éva ktvynto Kwveiton mpog tor 6e&id, TOTE KOVTA GTO £, 1oy0EL

-3

-3 t—3

S()-S,)
t—t,

>0, onod-

1€ etvar v(7,) 20, evd, 6ToV TO KIVNTO KIVElTOl TPOG TOL APIoTEPE KOVTA GTO 7, 15)DEL

S()-S(t,)
t—t,

Hlpofinuo spantouévyg

Eivar yvootd amd v Evikeidewn Tleopetpio oTt

<0, omote givon v(t,) < 0.

®

EQATMTOUEVT] €VOG KUKAOL og éva omueio Tov A4

ovopdlovpe v gvbeia 1 omola €yl pe Tov KOKAO éva

pévo kowd onpeio, o 4. O opiopodg avtdg dev pmopet
VO YEVIKELTEL Y10 OTOONTOTE KAUTOAN, yoTi, LE Evav
TE1010 OPIGHO | ToPa PO ¥ = x° Ba eiye 6T0 onusio A(1,
1) 800 epamtopeveg € kar & (Zy. 4a), v n y =x° dev Oa
elye oto onpueio A(1,1) kapio epoantopévn (Zy. 4p).
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—2
y= A(LL1)

y (@

Emopévag, mpénet va avalntioovpe évav GAlov
0popd NG EPATTOUEVIG TOV KUKAOL, O OmOi0G Vo
UTOPEL VOL YEVIKEVTEL Y10l OAES TG KOUTOAEC.

Oempovpe, Aowdv, éva GAlo onpeio M Tov KOKAOL
(Zyx. 5). Ta onuelo 4, M opilovv o TELVOLGO TOL
KOk ov, Vv gvbeion AM. Kabdg 10 onueio M, «i-
VOULLEVO TIOV® GTOV KOKAO mAncldlel oto 4, 1 Té-
pvovca AM eaivetar va £yl ¢ “oplakn 0éon” v
EQATTOUEVT] TOV KUKAOL GTO 4.

Tn damictwon avt Ba dovpe, TOPO, TOG UTOPOVLLE VO
TNV 0&L0TOWGOVLLE Y10 VO, OPIGOVLLE TNV EPATTOUEVT
G YPOUPIKNG TOPACTOOTG LLOG GUVAPTNONG OE €val
onpeio g.

y=x

93

g @
A(1,1)

0 X

M

M

BN

2

®

@vq

oto A

® 'Eotw f pio cuvaptnon ko A(x,, f(x,)) £va onuelo g ypaeikng TG TapacToonS.

yi y

o

(0]

)]

Av mdpovpe Eva oxoun onpeio M(x, f(x)), x # x,, TG YPUPIKNG TapdcTaong g f Kot
v gvbeia AM mov opilovv Ta onpeia 4 kot M, mopotnpodie OTL:
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Kafag 1o x teivel 610 X, pe x > x;, N téuvovco AM @aiveton vo moipver pio oplokm
0éon ¢ (Zy. 60). Tnv 1010 oplaxn Béon eaiveror va maipvetl kol étav o X TEivel 610
x, ne x < x, (Zx. 6B). Tnv opraxn 0éon g AM Oo pmopovcape va TNV OVOUAGOVLE
EQUTTOUEVT] TNG YPOPIKNG TapdcTacng TG f oto A. Enedn 1 khion tng tépuvovcag AM

J )~ f(x)

X=X,

etvon iom pe , €lvar hoyd var avapévovpe 6t n epoantopévn mg C, 6To

onueio A(x,, f(x,)) Oa éxel kAion to
)= f ()

X=X, X=X, ’

"Etot divovpe Tov Topakdte opiopo.

OPIXMOX

‘Eoto f wo cvvapmon ko A(x,, f(x,)) €va onueio mg C,. Av vmapyet 10
111‘n f(x)_f(xo)
X*)XU x —_ x()
pnévn mg C, oto onpeio g 4, v gvbeio & mov SiEpyetan amd To 4 Kot £xEL GLVTE-
Aeotn devbuvong 4.

Kot glvat Evog TpayproTikog aptdpog 4, tote opilovpe g Qamto-

Enopévag, n e&lomon g epantopévng oto onueio 4(x,, f(x,)) etvon

y _f(xo) = }'(x - xo);

A= lim £ =/ (%), 4 @

X=X X — xo

omov

o mopddetyua, £6Tm 1 cuvapTnon f(X) = X° Kol TO
onpeto g A(1,1). Enedn

2
- 2 y=x A(1,1
lim D =SD =1 (4.1
x—l x—1 x>l x—1
= lim(x+1) =2, 0 X

opiCetau epamropévn g C,oto onueio e A(1,1). H
EQPATMTOLEVT VT €xEL cLVTEAEDTT devBuvong 4 = 2
kot e&lomon y — 1 =2(x — 1).

Opiouds Tapayyov GovapTIGHS GE CHUELD
Yta Tponyov eV, 0L OPIGLOL TNG OTLY oG ToyHTN TG EVOS KV TOD KOl TNG EQOTTOUEVNG
G€ oNUelo (oG KOUTOANG LG 001 yNoay GE £va OPLo TNG LOPONG

=X X=X,
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INo v Wwitepn mepintmon mov 10 TOPATAve Oplo LILAPYEL Kot gival TPOyLOTKOS
apBpog, dtvovpe Tov akdlovbo opiopd:

OPIXMOX

Mua cvvaptnon f Aéue 6Tt etvon mapaywyiowun ¢’ éva onpeio x, Tov mediov opt-
600 NG, OV LILAPYEL TO
X=Xy X — xo

Kot Vot TpaypaTikog aptipoc.
To 6pro a6 ovopdletor Tapdymyog g f 610 X, ko cupPoriletar pe f7(x,).
Aniodn:

fl(xo) — 11m f(x) _f(xO) .

=X X=X,

o mopédetypa, av f(x) =x*+ 1, 1018 610 X, = | &Yovpe

GO LD AO NI el SN GV G )

x—1 x—1 -l x —1 x—l1 xX—

= lim(x+1)=2.

Emopévag, f'(1)=2.

Av, thpa, oty ieomra f'(x,) = lim RACNAC)
X=X X — xo

tim L G0t = f(x0)

h—0 h

Oécovpe x = x, + h, 16TE £Y0UVUE

f'(xo) =

IToAréc popég o h = x — x, cupPolriletan pe Ax, evd to f(x, + h) — f(x,) = f(x, + 4x) —
Sf(x,) cvpBoriletar pe 4 f{(x,), omdTE 0 TAPATAVED TOTOG YPAUPETOL:

vy g A ()
1) = im 278
o , . ) . df (x,)
H tekevtoio 106t 0dMynoe to Leibniz va cupporicst v nopdywyo 6to x, ue 7

. O ovpPolopdg f'(x,) elvar petayevéotepog Kat opeiretar otov Lagrange.

X=X,

. df (x)
" dx

Eivot govepo 611, av 1o X, eivon ecwteptod onpeio evog S1acTHaTog TOL TESIOV 0PIGHOD
mg f, Tote:

H 1 eivon mapayoyictun oto x,, av Kot povo av vrapyovy 6to R to opia

i LS o @)= /)

XX, X=X, XX X —X,

Ko gtvat iool.
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INo mapadetypa,

, x<0
, x>0

etvan Topayoyiown oto 0 pe f7(0) =0, apov

2

, —X
—mnovvapmon f(x) ={ )
X

f(x) f(O) lim_x2_0=0

x~>0 x—=0 x—0 X
Ko
2
Jim 2SOy =0
x—0" x—0 x>0 x
EVD \
x , x<0
— 1 GLVAPTNG X)=
n pmon f(x) {Sx X0

dev gival mapaymyion oto 0, apov

n{O=IO_y, X -0_,

\'—)0 xX— x>0 x
Kot
lim L= f(o) —im >0 s,
x—>0" X — x>0 x
TXO0AIA

ZOUPOVOL LE TOV TOPATOVED OPLGHO:

4
y=x'

0 x
y=-x,

! O,

y=5x
0 x
y:.X3

® H otrymoio taydtnto evog Kivntov, T Ypovikn oty 4, eivar n mapdywyog g 6v-

vapmong B€ong x = S(¢) T ypoviky otrypn £, Ankady, ivon
o(t,) = S'(z,).

® O cvvteleaTng S1EV0VVONG TG EPATTOUEVNG & TNG C, mag mapayoyicung cuvaptnong
J, oto onpeio A(x,, f(X,)) eivorn mapdymyog e f 6710 X,. AnAady, eivar

2=11(x,),

omtote N e&icwon Mg epanTouévng € glvat

y _f(xo) :fl(xo)(x - x())

Tnv khion f'(x,) Tng epamtopévng & 610 A(x,, f(x,)) Ba T Aépe ko khion T C, 670 4 1

Khion g foT0 X,
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Kazarxopopn epartouévny

® A dolpue, tdpa, ov PmOpoduE Vo opicovpe Y ®
EPOTTOUEV TNG YPOUPIKNG TOPAGTAONG WLIOG GL-
veyoUg ouvaptnong f'o” éva onpeio mg A(x,, f(x,)),
otav 1 f dev elvar mapoywyioiun oto X,

y=Alx
M(x f(x))

— 'Eoto yio Topdadetypo n cuvaptnon
f(x)=x =y 10).

H cvuvaptnon avtn eivatl cuveyng oto 0, aAld dev
elvan mapoayoyioym o’ avtod, apov

=Y

limM:hmﬁzth:Jﬂm, %0
x—0 x—0 x>0 x x—0 X

Hapampodpe dpmg otL, av M(x, fix)), x # 0, etvar éva onueio g C,, 101¢, KabdS 10 X
tetvet oto 0, N Tépvovsa OM @aivetol va Taipvel o oplakt| BEon v katakdpven evbeio
7oV mepvaeL omd to O, dnAadn Teivel vo GuumEseL Pe Tov aova y'y. Xty Tepintwon avtnh
®G €QATTOUEVT TNG YPAPLKNG Tapdotacns s f ato O(0,0) opilovpe v KatakdpLEN
evBeia x = 0.

— Eoto topa ko 1 suvéptnon

f@=x. Gl @/' ‘\CD

H ovvdpmon avtn givar cuveyng oto 0, aAAd dev
glval Tapaywyion o’ avtd, apov

M(x f(x))

lim 20 =SO N 2L
x>0 x—=0 x>0 X x—0 —X >
X
Kol
limM: 1im£: 1imL:+oo.
x—0" x—0 x=>0" ) x—0" \/;

apatmpodpe opmg kot edmd 0T, av M(x, f(x)), x # 0, elvon éva onueio g C,, tote,
kabmg o x teivel oto 0, 1 Tépvovca OM teivel vo cuuméoet pe Tov a&ova y'y. v mepi-
Tteon avth g epantopévn g C, oto O(0, 0) opiovpe v katakdpven gvbeio x = 0.
Tevikd: ‘
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OPIXMOX

Av o cuvaptnon f eivar coveyng 610 X,
Onkec:
a) lim S =fx) =400 (] —0)

X=X X — xo
B) lim 2P =F0) _ ot lim

x—Xy X — X, x5 X —
y) lim SO= /) =—o0 kou lim

XX, X —X, Xoxg xX—
Ogio x = x,.

G

ACS

101¢ opilovpe wg epamtopévn g C, ot0 onpeio A(x,, f(x,)) ™MV KaToKOpLEN €V-

KO LOYVEL Lo OO TIG TOPOKAT® GUV-

S (%)

%o

>

S _

%o

+00

>

INo Topddetypo, 1 YPOQIK) TOPACTOOT TG
ouvlpTNoNg

—=x, x<0
= Xy. 12
S (x) {\/; xzo(x )

oéyetar oto onuelo g O(0,0) kataxdpven
epantopévn, v x = 0, apod eival cuveyng
o710 0 Kot woyvet

(i S-S 1

lim —— = lim — =+

x—0 X— O x—0 X x—0 \/3
i J@-S© N L
x—0" X — 0 x=0" x x—>0" \/;

® Av pia cvvaptnon f dgv givar Topaywyi-
Gl GTO X, Kot OEV 16YVOVY 01 Tpovmodécelg
TOV TOPOTAV® OPLoHoV, TOTE dgv opilovpe
gpantopévn mg C, oto onpeio A(x,, f(x,)).
Mo Topddetypo, 1 YPOQIK) TOPACTOCT TNG
GuVapTNOoNG

X
f(X)={ 2
X

, x<0
, x20

>

dev éyet epamtopévn ato O(0,0), apoD

y‘\®@

y:

y=x
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n{OSO_yx

X~>0 X — x>0 x
EVD
. X 0 X
lim —————= S~/ ) =lim—=limx =0.
x—0" x_ x—0 X x—0

Hoapaywyog kar covéyeia,

‘Eoto n ovvapmon f(x) =|x|. H f etvar cuveyng oto x, v
=0, aALa dev etvan Topoayyioun o’ avtd, aeod

lim £~/ () f O jim* =1, evo

x—0" X — x>0 x

lim O =SO =X
x—0 x—=0 x>0 x

Mopatmpodue, dniady, 6Tt pia cuvlptnon f pmopel va eivan cuvexng 6 éva onpeio x,
xwpig vo etvon Tapoywyicun 6° avtd. Av, dumg, n fetvar mapaywyiciun oto x,, tote Ho
etvon Ko GuveEYNG 670 X, NAady 1oydeL 1o TopaKdTe Dedpnpa:

OEQPHMA

Av o ovvéptmon fetvor mopayoyicun o’ éva onueio x,, T0te efvar Kot Guveyng
070 oNuelo aTo.

AIIOAEIZEH

INa x # x,, £govpe

= fx) = LI
omoTE
Hm{f (o) /()] = lim | LS00 (o

X=X,

tim OG0 i ey

X=X X=X, X=X,
=/"(x)-0=0,

agob 1 f etvon mapaywyicym oto x,. Emopévag, 11m f(x)= f(x,), dnhodn n f elvon
GLVEYNG 670 X, M
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XXOAIO

Av o suvaptnon f dev sivor cvveyng 6” éva onpeio x,, T0TE, COUPOVO LE TO TPOTYOV-
uevo Bedpnpa, dev pmopel va ivar mapoywyion oto x,.

E®PAPMOI'H
2 2
TN woweg Tipéc Tov a € R, n ouvaption f(x) = { x3 tx+a, x<0 givan:
x +ax+1 , x>0
i) ovveync oto x, = 0; ii) mapayowyicpn oto x, = 0;

AYZH
i) H f elvar cuveyng oto x, = 0, av kot povo o
lim /(x) = lim f(x)= £(0)
1, 160dHVa,
a’=lea=1qa=-1
i) Altakpivovpe TG €€1g mEPMTAOCELS:
® Ay a # 1,1, cuvaptnon f dev ivatl GuveYNG Kot ETOUEVOG OEV EIVOL TOPOYOYIGLL.
® Av a =1, 1 cuvaptnon ypaeetal

X 4+x+1 , x<0

f(X)={

X +x+1 , x>0

— T x <0, éovpe

F()-/0) x*+x+1-1 x(x+1)
)C—O a X - X -

x+1,

onote

lim 2=/ O ey =1,
x_() x—0

x—0
— TN x > 0 éyovpe

f(x)—-f(0) _ X +x+1-1 :x(x2+1) Y
x—0 X X

onote
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Jim £ =/©) _ lim(x* +1)=1.
x—>0" x—0 x—0
Apa
i L= 1O _ S =(0)
x>0 x—=0 x—0" x—0

Kot emopEvag, Yo a = 1 1 f elvar mapaywyiown oto x, = 0.

® Av a =-1, 1 cuvdptnon ypaeetal
X+x+1l , x<0
S =9,
x—=x+1 , x=20
— TN x <0, égovpe

S (x)-£(0) _ ¥ +x+1-1 _ x(x+1) _

x+1,
x—0 X X
omoTE
lim L& =7O _ lim(x+1) =1.
x—0 x—O x—0

— T x> 0 €yovpe

J(x)—-f(0) _ ¥ —x+1-1 :x(xz—l) _

x—=0 X X

2
x -1,

onoTe

lim
x—0"

SOSO) oy
x—0 '

Apa
i SO =IO L ()= /(0)

x>0 x—0 x—0" x—0

Ko ETOPEVMGS, Yoo o = — 1 m f dev elvon mapaywyicun 6to x, = 0.

AXKHXEIY

A" OMAAAX

1. Na Bpeite v mapdyoyo g cvvépimong f oto onueio x,, otav

i)f(x)=x2+l,x0=0 ii) f(x):Lz,x():l
X

iii) f(x) =, x, = 0.
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. Na Bpeite (av vrépyer) v maplywyo g cvvapmmong f oto onueio x,, dtav

. Av n cuvaptnon f eivor cvveyng oto 0, va amodeiEete O6tL 1 cuvaptnon g(x) =

. AQoD EAETNOETE MG TTPOG TN GLVEYEID GTO X, TIG TOPUKATM GLVAPTNCELS, VOl

. Na Bpeite v efioowon g epantopévng me C, (av opitetar) oo A(x,, f(x,)) via

. Na Bpeite mv mopdymyo g ovvapmong f(x) =2—x+xnu| x| oto onueio

. Av yo pio svvépmon fioydet f(1+h) =2+ 3h+ 3k + 1,y kébe heR, va

—_ s <0
AV f(x)=91-x * , va amodei&ete 0TL opiletar epamtopévn ™G Ypa-

. No Bpeite v mapdywyo tng cuvaptnong f(x) = X ’ oto x,=0.

AV x+1< f(x) <x° +x+1, Y0 k60e x € R, va amodeifete otu:

) f)=x|x|, x=0 i) f(x)=|x-1], x,= 1
Z 1 x<0

a3 _1 . _ X Hx+l _o.

i) f(x)=|x"=3x],x, iv) f(x) . 20’ X,

xf(x) eivoun Topoayeyioyn oto 0.

eketdoete av gival TUPAYOYIGUES 6TO OMUEID AVTO.

241 0 y
;* ’x<0,0wx0:O i) £()=|x—1]+1, avx, = 1.

bl

) f(X)={

KGO pio amod TG GLVAPTNCELS TOV oK oEVY 1 Kot 2.

B OMAAAX

x,=0.

amodeifete OTL:
i) f(1)=2 i) f'(1)=3.
1

nux+1 , x>0
, . ; ; ‘ , T
Qun ¢ Tapdctacng oto onpeio 4(0,1) ko oynpotiCet pe Tov déova Tmv x yovio 1
1-ovvx

x#0

0 , x=0

1 A0)=1
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i) 1> >x+1, v x < 0 ko

S ()= f(0)
X

< fD=1©)

X

iii) £'(0) = 1.

<x+1, Y x >0

6. Av o cvvaptnon f etvon cuvexng 6to onpeio x, = 0 ko yio kde x € R 1oydet:

ex —x* < xf(x) <y +xt
va amodei&ete 0T
1) f(0)=0 i) f7(0) = 1.
S ( )

7. Av n ovvaptmon fetvar cvveyng oto 0 kot hm

1) f(0)=0 ii) f"(0) = 4.

=4, va omodeilete OTU

8. Na anodeifete 611, av pua cvvaptmon fetvar mapayoyicym oto x,, 10te

i G h) Sx) _

h—0

-/"(x)

Gt h) - f(xo h)

h~>0

i) 1 =2/"(x)).

9. Z10 mapuKAT® GYNLLO STVOVTOL Ol YPAPIKESG TAPACTAGELS TV GLVOPTICEWDY BECEWMS
TPUOV KIYNTOV oL KvnOnkKav Tave 6tov d&ova x'x 610 Ypovikd didotnpa omd 0
sec £w¢ 8 sec. Na Ppeite:

x=S()
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1) Iowo kivntd Eexivnoe and v apyn Tov dEova kivnong;
i) IToto xkvntd Kivndnke pdvo mpog ta de&i1d;

iii) IToto kivntd dAAa&e Popa Kivong TN ¥POVIKY GTLYUN £ = 2 Sec, TTO10 T1) (POVIKT
oTlypN ¢ =4 sec ka1 Tolo TN YPOVIKY GTIYUN £ = 5 sec;

iv) IToto kKvntd KiviBnKe TPog Ta aploTePd € OAO TO ¥POoVviKod dtdctnia omd 0 sec
€m¢ 4 sec;

v) IToto kivntd teppdtioe o Kovtd oty apyf Tov d&ova Kivnong;

vi) Ilowo kivntd d1dvuce T0 HEYOADTEPO OLACTN LA,

2.2 IHAPATrQri>XIMEY XYNAPTHXEIY -
HAPAT'QI'0Y XYNAPTHXH

® 'Eoto fLua cuvaptnon pe medio opiopol éva chvoro 4. Oa Aépe Ot

— H feivor mopayoyiciun oto 4 1, onAd, rapaymyiciu, dtav givol Topoy®yioun o
Ka0e onpeio x, € 4.

— H feivor mapayoyicun og éva avorkto daotnpa (a, f) tov nediov opiopod g,
otav givar Tapayoyicun o kébe onueio x, € (a, ).

— H feivar mapayoyioyn o éva khewotd dwdotnpa [a, f] tov nediov opiopov g,
otav glvot Topaywyioun oto (a, f) Kot emmiéov 1oyveL

lim —f(x) —f(@) eR xor lim —f(x) —/(B) eR.

x—at XxX—a x—p x—ﬂ

® ‘Eotw f o cuvdptnon pe medio opiopod 4 kot 4, 10 cuvoro Tov onueinv tov 4
ota onolo oty etvan mapaywyicun. Avtictoyilovtag ke x € 4, oto f'(x), opilovpe
GuvVapTHON
f':4 >R
x = f(x),

1 omoia ovopdletot TpATN Tapdy®yog TG f 1 anid wapdymyos g f- H mpdtn mopd-
af

yoyog g f ovopupoiiletan Kot e = mov drofaetan “vte e mpog vie . ['a TpaKTiKong
x

Adyovg TV mapdymyo cuvaptnon y =1 (x) Ba tn copPorilovpe kot pe y = (f(x)).
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Av vrobécovpe 6T1 T0 A4, eivar ddotnua 1 évoon dootnudtmv, TOTE M TAPEY®YOg
™mg f, av umapyeL, AéyeTon de0TEPN TOPAY®YOGS TG f Ko cvpPforileton pe £
Enayoyiké opileton  viooti mapdymyog ¢ f, we v >3, kar copPorileton pe .
Anadn

f(V) — [f(V—l)] Ly 3.

H ebpeomn g mapaydyov covaptnong, pe Paon tov opiopd mov dmcope, dev glvat
TAVTO. VKOAN. XN ouvéxewn Bo dovpe HePIKEG PACIKEG TEPMTOCELS TOPOUYADYIONG
GLVOPTHCEDYV, TOL Ba TIC ¥PNGUYLOTOOVLE GTNV EVPECT] TAPUYDYOL GLVAPTNCEMV (OVTL
VO (PN CLLOTOLOVE TOV OPIGHO KABE POopdL).

Hapadywyog uepikdv facikdv covaptice®y

® Ectm n otabepr| cuvapton f(x) = ¢, ¢ eR. H cuvdpton feivar mapaywyicn oto

R xat woyder f'(x) =0, dnhaodn
Ipéypott, av x, eivan £va onueio Tov R, t6t€ Y100 x # X, 10)0€L:

f0)-f@) _e=c _,

X=X, X=X,

Enopévac,

o SO= G

>
X=Xy X — xO

niodn (¢)'=0.1
® ‘Eotm n ocvvapmon f(x) = x. H cuvdpmon f elvar mopaymyioiun oto R kot woyvet

f'(x) =1, nrody
[@=1]

[pdypat, av x, eivon £va onpeio Tov R, totE Y100 X # X, 1GYVEL:

SO =1 () _x-3,

=1.

X=X, X=X,
Emopévac,
limM: liml=1,
X=Xy X — xo X=Xy

miodn (x)'=1. A
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® 'Eoto n cuvdptnon f(x) =x", v e N—{0,1}. H cuvdpmon feivor topayoyiciun oto R
Kot oyoer f(x) =wx"", dnhadn

(xv)! = wal

[paypoatt, av x, eivar Eva onpeio tov R, t0te Y100 X # X, 10)0EL:

)= f(x) _x"—xp  (emx) (X g

X=X, X=X, X=X,

_ vl v-2 v-1
=X XXy ey,

onote
v-1 v-1

. X)— X, . - - - = -
llmf( ) f( O)th(xv l+xv 2x0+__.+x(\; l)zx(\)/ l+x£)/ 1+_..+x0 :V_xo ,

X=X, X=X, X=X,
Miadh (x) =w''. m

® ‘Ecto 1 cuvapton f(x) = Jx. H ocuvaptnon f eival Tapaymyicn oto (0, +00) Kot
1
oyvet f'(x) = —=, dnhodn
2x

5
X

Ipérypott, av x, eivar £va onueio tov (0, +00), T0TE Y100 X # X, 1G)VEL

£ - £ _Nx =y _ (o )(Yr ) x—x, 1

o =% e (argn) o) (arn) Ve

onote

TG Gy O S
X=X x_x() X=Xy \/;_;’_ ‘x() 2 xO

’

smasi (Vx) :ﬁ.

Onog eidape oy mapdypago 3.1 1 f(x) = Jx dev sivan napoyyiciun oto 0. W

® 'Eotm cuvaptnon f(x) = nux. H cuvapmon f eivor mopoyoyicyun oto R kot woyvet
1" (x) = ovvx, dSnAadm

()" = cvvx
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Ipdyupartt, yo kéOe x eR kot i # 0 1oyvet

S+h) = f(x) _ nu(x+h)—npx _ npx-ovvh+oovx M —npx
h h h

h — h
.M_{_Guvx.&.

=nux

Emeidn
im ™ Z 1 o 1im OV =1,
-0 h h—0

€xovpe

lim f(x+ h)_f(x)

lim P =nux-0+cvvx-1=ocvvx.

Anrodn, (M)’ = covx. B

® 'Ecteo 1 cvvdptnon f(x) = cvvx. H cuvaptnon f eivor mapayoyioyn oto R Kot ioyvet
S (x) = = npx, nhadn

(oowr)' = npx

[pdyuatt, yo kaBe x €R ko k2 # 0 1oyvet:

S(x+h)—f(x) ovv(x+h)—ocovx  ovvx: covh—nux-nuh— covx

h h h
i1k B
h
omoTE
hmw —1im (wa . Lh_l} _ lim(nux . “_“hj
h—0 h h—0 h h—0 h

=ovvx - 0—mux -1 =—nux.
Aniadn, (cvvx) =—nux. W

XXOAIO

Ta 6pra

oovx —1

. X .
lim L~ s lim
x=0 x x—0 X

0,

ToL OTTO10L YPNGLOTOUGOLLE Y10 VO VTTOAOYIGOVLE TV TOPAY®YO TV GUVAPTHGE®V f(X) =
nwx, g(x) = ovvx eivar N Topdywyog oto x, = 0 TV GLVAPTAGE®V f, g AVTIGTOIMG, APOD
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Jim M — i TR0

x>0 x x>0 x—0

lim ovvx—1 lim cmvx—gwo — ¢'(0).

x—=0 X x—0 X —

® 'Ecto 1 cvvaptnon f(x) = €. Amodeikvoetar 6t 1 f eivar Tapaywyioun oto R kot
woybvel f'(x) = ¢, niadn

(eX)l = ex

® 'Estm 1 cvvdptnon f(x) = In x. Amodewkvdetor 6tin f gival topoayoyiciun oto (0,+0)

Ko woyvel f'(x) = 1 , ONA0dn
x

(Inx) = 1
X

E®PAPMOI'EXY

1. Ne Bpebei To onpueio g Ypoeukig Tapdotaong Tng cvvaptinong f(x) = Inx, oto
07010 1) EPUTTONEVT] NEPYETAL 0O TNV 0Py TOV 0EOVOV.

AYZH
1

Enedny f'(x)=(nx) =—, n e&icwon g gpamtopévng & g C ¢ €va onueio M(x,,
X

f(x,)) etvon Vi @

1
y—Inx, =—(x-x,).
XO || S

H evbeia ¢ diépyetar and v apyn tov a&dvav O(0,
0), av Kot povo av 0]

M
|
!
e

0-Inx, :xi(O—xO) o hy =1 x =e.
0

Apa, o (ntodpevo onpeio givar to M(e,1).
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2. Tro Surhavé oypa ot gvleieg &, ko g, givon ]
Ol EQUAMTONEVES TNG YPUPIKNG TUPAGTAGS TNG
. , B
ovvaptnong f(x) = nux ota onueio 0(0,0) km
A(7,0) avtictoiyme. No fpedoiv:
i) O e&isdoeic TOV &, Kl &, 0(0,0) A(m,0)
ii) To eppaddév Tov Tprydvov mov cynpatilovy o1 \ !
&, & K1 0 GEovog TOV X. éa &
AYXH

i) Emewdn) /' (x) = (Nux)' = ovvx, etvan f7(0) = 1 ko f'(7) = —1 ondte o1 ¢, &, £xOVV
eElomoelg

y=x Ko y=—(x—-1m)
OVTIGTOL ™G,
ii) Av Mocovpe T0 GOGTNHO TOV Topandve 00 e&lodoeny Ppickovpe 6TL ot evbeiec ¢, &,
, , T T
TéUvovtal 6To onpeio B 25 )

77,'2

T
Te—=—
2 4

N | —

Apa, 10 tpiyvo OAB &gt epPaddv E =

AXKHXEIY

A" OMAAAX
1. Na Bpeite v mapdyoyo g cvvapmong f oto onueio x, 6tov:
i) f(x) = x*%, xp =-1 i) £() =/x, xo=9
iii) f(x) = ovvx, X, :% iv) f(x)=Inx, xg = e

v) f(x) = e, xo = In2.

2. Na Bpeite, 6mov opileTal, TNV TOPAYOYO TMV GUVOPTICEWDV:

0 x?, x<l1 i)/ nw , x<0

1) f(x)= \/;,le 1) f(x) = I
X, x<2 x%, x<2/3

iii) /() = { iv) £(x) = { .
x",x=>2 x>, x>2/3
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3. Na anodsifete 611 dev vrépyovy onueia ™G TapaBoing ¥ = x° oto omoia ot
EPATTOUEVEG TNG YPAUPIKNG TopAoTaoT Va gival peta&d Toug mapdAinies. loyvet
10 1310 Y100 TN YPOPIKN TAPAGTAGT TS GLVEPTONG f(X) = X7;

4. No. TOpOCTACETE YPUPIKA TNV
TOPAY®YO TNG GLVAPTNONG f TOV
Surhavov oYM LOTOG.

5. No mopooctnoete  ypagikd 1

cwvaptmon f:[0,8] =R, n onoia y
glvat ovveyne, pe f(0) =0, kot g
omoiag 1 Tapdywyog TaploTdveTaL 5

5 Sumhovod oynua. 1 y=f(x)
YPOPIKA GTO STAAVO Gy Lo 1 - "i - I

ST 8 x
B OMAAAX
g a 7 q nux  ,x<7m
1. Na Bpeite T1¢ TIHES TOV a, S Y1 TIG omoieg 1| cuvdpTnon f(x) = S

gtvon mopaywyiown 61o x, = 7. ax+f,xzm

2. 'Ecto n ovvaptnon f(x) = Jx xat 10 onueio A, (&), & #0 g ypaeKng
napdotaons e f- Na amodei&ete 6t 1 gvbeia mov diépyetar amd To onpeio A(E,
() xau B(<, 0) epdmteton mg C, 670 4.

3. Na amodeifete 6TL 1 epamTopévn TG YPOPIKNG mapdotacnc g f(x) = x° o6&
omowodymote onpeio g M(a, o), a # 0 &yel pe ovTV Ko GALO Koo onueio
N ext6g tov M. X1o onueio N 1 khion g C, eivar tetpamdaoio g kKAong tg
610 M.

1
4. 'Eoto & 1 €pOomTOpéEV TG YPOPIKNG TapdoTtaons g cuviptnong f(x) = — og
X
1
éva onueio g M (é,g]. Av A, B gtvan ta onpuela oto omoia 1 & TEUVEL TOVG

a&oveg x'x Kot y'y avtiotoiyms, vo anodeitete Otl

i) To M elvon péco tov AB.

ii) To epPadov Tov Tprydvov OAB sivar otabepd, Snhadh aveédpmro tov & € R'.
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2.3 KANONEX HAPAIQr'IXHX

Hapaywyos abpoicuaros
OEQPHMA

Av ot cuvapmoelg £, g eival mopoymyiciueg 6To X, T0TE N Guvapton f + g eivat
Topay®Yicun 6To X, Kot 1oyveL:

(F+8)'(xo) =f"(x) + &'(x,)

AIIOAEIZEH

INa x # x,, wo)det:

(/+9))=(f+8)(x) _ f()+g()—f(x)=g(x) _ f()=/(x) gx)—glx)

X=X, X=X, X=X, X=X,

Ened) ot cuvopticelg f, g elval mopaymyioyleg 6To X, £XOVUE:

(f +&)(x) = (/ +8)(xy)

lim = lim f(x)_f(xo) + lim g(x)_g(xo) — f/(x0)+g!(x0),
XX, X—Xx, XX, X—x, xX—>xo X=X,
dnrodn

(F+8)(x) =f"(x) +&'(x)). ™
Av ot cuvapTioelg f, g eivar mapayeyioyleg o’ éva dtdotua 4, Tote Yo kabe x € A 1oydet:
(f+8)' @) =f"(x)+8' ).

To mapandve Bed@pnpa 1YDEL Kl Y10 TEPIGCOTEPES ad SVO GLVAPTACELS. ANAadT|, av f,,
Sy - fpr ElVOL TIOPOYOYiGIUES GTO 4, TOTE

(fi+fo++ £ () = [+ L)+ + fi(x)
INo mapddetypa,

(Mpx +27 + e+ 3)' = ()’ + () + (€)' + (3)' = ovvx + 2x + ¢,
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Hapaywyog yrvouévoo

OEQPHMA

Av o1 GVVapTHGELS f, g Efvon Tapaymyiciueg 6T0 X, TOTE Ko 1 cLVAPTNON f°g Elvol
TOPAy®YicuN 6TO X, Kot 1o veL:

(18)'(x) =S " (x0)g(x) +./(x,)g"(xy)

AIIOAEIZH

TNo x # X wydeu:
(/@)= (/- 2)x) _ S()g(x) =/ (%)g(x)
X=X, X=X,

_ S )EH) — f(%)8(¥) + [ (%)) — [ (x) & (xy)

X=X,

SOS) )4 g EOZEC)

X X=X,
Eneidn ov £, g etvar mapayoyioyieg, dpo Kot GuveYEiG 0To X, EXOVLE:

i OO =(-8)x) _ S =f ()
X,

X=X, X — xo X=Xy X —

lim g(x)+ £(x, ) lim £ &%)

o X xX— xo

= /'(x)g(x) + f(x)g'(xy)
oniadn
(/8)'(xg) = 1" (x,)g(xy) +f(x)g'(x,). W
Av ot cuvoptioElS £, g sival Topayeyioies 6” Eva ddotnua 4, ToTe yia kdbe x € A woydet:
(:8)'(x) =f" (¥)g(x) + f(x)g'(x).

INo mopdderypa,
! 1
(e"Inx)' =(e")Inx+e"(Inx) =e'Inx+e" —,x>0.
X

To mapamdve Bedpnua emexteivetat Kot ylo meplocodtepes and dvo cvvaptmoels. 'Etot,
Y0l TPELS TAPAYWYIGLLEG GUVOPTHGELS LoYVEL:

(F()g)A(x)" = [(F(x)g(x))-h()]" = (F(x)g(x))"h(x) + (f(x)g(x))-A'(x)
=[" (0)g(x) +f(x)g"(0)]1h(x) + f(x)g)h'(x)
=/ (@)g()h(x) +f(¥)g' ()h(x) + f(X)gC)'(x).
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INo mapadetypo,
(Voempr - ) = (V) e I+ () I+ Vo mpeec (Inx)
1

:Lm,uc-lnx+\/;'Guvx‘lnx+\/;~nux-? x>0.

2Vx

Av fgival Topoayoyiciun covaptnon ¢’ éva didomua 4 kot ¢ € R, engdn (¢)' = 0, odu-
pova pe to Bedpnua (2) £xovpe:

(cf(x) = cf"(x)

INo mapadetypo,
(6x)) = 6(x’) = 6:3x" = 18x".

Hopaywyog nniikov
OEQPHMA

Av o1 cuvapTiGElS f, g efvon mopoymyicuueg 6To x, kot g(x,) # 0, TOTe Karn GuVap-
mon g gtvon mopaymyioun 6to x, Kot 1oyveL:

!

f _ S(x0)g(xg) = f(x0)g ()
| (x)= >
g [g(x)]

H anddeén napaieinetor.
Av ot cuvaptioelg f, g efvar Tapayoyioues 6 éva ddotnua 4 kot yo Kabe x € 4 1oydet
g(x) # 0, to1e Y1 KGBe x € 4 €yovpe:

( fj (x)= L DEX) S ).

g [g()]’
INo mapddetypa,
X7 ) () Gx-D)-x*(Gx-1)"  2x(5x-1)-x-5
5x—1 (5x-1)* (5x-1)*
10x* —2x—5x>  Sx*—2x 1
= 3 = 2 X#*—.
5x-1) (5x-1) 5

XPNGIHOTOIDVTOS TIG TPONYOVUEVEG TTPOTAGELS LTOPOVLLE TOPO, VO, BPOVLLE TIG TAPAYDYOLS
UEPIKDV aKOUN BUCIKOV GUVAPTNCEMV.

® 'Ecto 1) suvapmon f(x) =x ", v e N". H cuvéptnon feivan mapayoyicin oto R* kot
woyveL £(x) = —wx "', dnhadn

(x—V) _ _vx—v—l
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Hpéypott, yia kGOe x € R* éyovpe:

’

A 1 (1) ,x - l(x ! ), — VX ! —v-1
(x ) :(_\/J = (x\))2 = va = -;
INo mapddetypa,
() =—4x =4x7 = —is, x#0.
X

Eidope, 6poc, mo mpv 6t (x°) = v, yio x4fe gvowkd v > 1. Emopévac, av
Kk € Z—1{0,1}, tote

) =
® 'Eotm 1 cvvdption f(x) = epx. H cuvdptnon felvat tapaywyiciun oto

R, =R — {x|ovwx =0} kot woydel f'(x)= %, dnhadn
ouv’x

(egx)’ =

GDVZX

[péyport, yo kébe x R, Eyovpe:

’

. ( mux (Mux)'ocvvx —nux(ovvx)’  GLVXGLVX + LML
(g(px) :( j = =

GUVX ouvix ouviy
ouVix +Mux | m
ouvix ovvix

® 'Eotm 1 cuvdptnon f(x) = opx. H cuvdptnon feival mapayoyicyn oto

R, =R — {xnpx = 0} kot woyder f'(x) = ———, nhadn
nw'x
, 1
(0px)' = ——
My’ x

EPAPMOI'EY

1
1. Na Ppebei n mapdywyog g suvaptiyong f(x) = x_mlc
X—



2 AIADPOPIKOX AOT'IXMOX 115

AYZH
"Exovpe:
, xInx (xInx)'(x=1)—xInx(x—1) (Inx+1)(x—-1)—-xIlnx
fi@)= - 2 - )
x—1 (x-1) (x-1)
_xlnx-Inx+x-1-xlnx x-1-Inx
(x=1)° (x=1)°

1
2. No amodELYDEl OTL 01 YPUPIKEG TOPAGTAGELS TOV GUVOUPTIGE®Y f(X) = 1 KOl
X+

g(x) =X’ —x + 1 &ovv KON £QamTOpéV) 670 KOw6 Tovg onpueio A(0,1) kon vo Ppedei
N g€iocmon g eQamTopévng aVTNG.

AYZH

Apxel va dgiéovpe ot f7(0) = g'(0). 'Exovpe:

’

, 1 ) (x+1)=1(x+1) 1
f(x):[x+lj - (xi—l)z( ):_(x+1)2
Kol
g =" -x+1)=2x-1,
onote
f(0)=—1kmg'(0)=-1.
Apa

J(0)=—1=¢g'0).

H e&iowon g epomtopévng oto onueio A(0,1) eivot:

y—l=-1(x-0) < y=—x+1.

Hopaywyog cbvOeTns ovvaptyons
‘Eote 611 (ntape vy mopdy@yo g cuvaptnong y = nu2x, 1 onoia givot cuvlecn g
2(x) =2x kot g f(x) = nux. Exedn nu2x = 2 npx-covx, £(0vpe
Mu2x)" = 2nuxovvx)’ = 2(Mux)'cvvx + 2nux(cvvx)’
= 20uv’x — 2N’y = 2(cvuvix — Nu’x) = 26VV2x.
[Mopoatnpodpe 6Tt N TAPAY®YOS TE ¥ = Nu2x dgv gival 1 cUVAPTNON ¥ = GLV2X, OTIMG

iowg Oo mepipeve Kovelg and Tov tHmo (Mux) = cvvx. Avtd enyeital pe T0 TOPUKAT®
Oedpnua:
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OEQPHMA

Av 1 ovvéaptnon g etvar topaywyioun oto x, ko f etvor tapaywyicun oto g(x,),
T0TE 1 GLVAPTNON f o g Efvon Topay®YicUN GTO X, Ko 1GYVEL

(f 2 8)'(x,) =1 "(8(x,))8'(x,)

levikd, av o cvvaptnon g elvor mapayoyicyn oe éva dtdotnuo 4 Kot n f glvot
napayoyicyn oto g(4), tote 1 cuvaptnon f o g eival mapoayoyicyn oto 4 Kot 1oyvet

(fgW)' = 1" (g(x))-g'(x).
Anrodn, av u = g(x), tote
@) =f"(u)-u'.
Me 1o cvpfoiopd tov Leibniz, av y = f(u) kot u = g(x), £xovpe TOV TOTO

b _ b du
A du dx

OV vl YvwoTdg MG KAVOVAS TG 0AVGIdaG.

ITAPATHPHXH

d
To cOpPforo d_y dev etvar TAlko. Xtov Kavova TG oAVGidog amAd CUUTEPLPEPETAL MG
x

TALKO, TTPAYLLOL TTOV EVKOAVVEL TNV OTOUVI|LLOVEDGT] TOV KOVOVOL.
Apeon GLVETELN TOV TTOPOTAV® Be@pnpatog eivar ta eENg:

® H cvvaptnon f(x) = x, a € R —Z givar mapayoyicun oto (0,+0) kot woydet f'(x) =
ax™", dnhodn

| (xa)/:axafl (1) |

Mpdypott, ov y = x“ = ™™ kat Bécovpe u = alnx, to1e £xovpe y = €“. Enouévac,
1 o
In s
y/:(eu /:ell.ufze(lﬂ\’.a._:x -_=ax
X

® H cuvapmon f(x) = o, a > 0 eivan Topayoyioiun oto R kot woyvet 7 (x) = a'lna,
OmAaon

| () = a'Ina

M Amodeucvietan 611, Yo o> 1 1 f givon mapayoyictum kat 6To onpeio x, = 0 koun mapdymyog g eivor ion pe
0, emopévag divetat and Tov id1o TVTO.
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Mpéypatt, av y = o = e “ kot O¢covpe u = xIna, Tote Exovpe ¥ = . Enopévac,
V' =(€")'=ée"“u' = e™"“Ina = o'Ina.

® Houvvépmon f(x)=In| x|, x € R givou mopayoyion oto R ko ioydet

, 1
(In]x[)" =~
X

pdypatt

1
—avx>0,10te (In]x|) =(nx) =—, evd

X
—avx <0, 161¢ In | x |= In(—x), omdTe, av Bcovpe y = In(—x) Kot u = —x, éovpe y = Inu.
Enopévac, ! 1 1
V=(nuy ==’ =—(-1) =~

u —x X

1
kot Gpo (In|x|) =—.
x

AvoKeEQOAOLDOVOVTOG, vV 1] GLVAPTNOTN U = f(X) givol TAPAYOYIGILT, TOTE EYOVLLE:

o o— 1
Wy =o' u’ eQu) = '
€pu) cLVu "
Wy == ) ——;
2u nwu
(M)’ = cvvu-u’ (") =e"-u'
(ovvu)' = —npu-u' (@) =a"Ina-u'
1
(Inju|) =—-u'
u

EPAPMOI'EY

1.Na BpeBovv o mapdymyor TOV cuVEPTICEMV

i) f(x)=(3x*+5) i) g(x)=e " iiii) A(x)= Invx? + 1.
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AYXH
i) Av 0écovpe u = 3x* + 5, ToTE N GLVAPTNON ¥ = f(X) YPAPETAL
y=i,
0oTOTE £XOVLE
y' = (ug)' =98
=9(3x" +5)*(3x* + 5)
=9(3x* + 5)"6x
= 54x(3x" + 5)".
Opoimg, £éxovpe
i) g'(x)=(e") =e " (=x” +1) (Oécape u=—x"+1)
—e (—2x) = “2xe

iii) 7'(x) = (In(Nx> +1)) = ! (Ve +1) (Oéoope u=x>+1)

x> +1
1 1
= -—-(x2+1)’
Va2 +1 24xr +1
1 X

= . x_ .
2(x% +1) X +1

2. Na Bpebei n e€icwon g e@anmTopnévng & ToV 7 @
kokhov C: X* +y* = p’ 610 enueio Tov M,(x,, ). C
P, A'(-p@/ 4(p0)
o X
Av Adoovpe v g&icwon Tov KOKAOL MG TTPOS V,
. . Mi(x1,1)
Bpiorovpe 6t €

y=Ap>=xav y>0koy=—/p’—x°,av y <0.

Emopévag, o kokhog C omoteleital omd To ONUEIN TOV YPUPIKDV TOPUCTACEDY TMOV
GLVOPTICEDV

Si(x) = m Ko fz(x)z—m
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ot onoieg elvat opioéVe 6TO KAELGTO dtdoTnpa [—p, p] KoL TOPUYOYICLLES GTO OVOIKTO
dopa (—p, p).
Av, TOpa, pe y = f(x) ovpPoiicovpe eketvn omd TIC TOPATAVE® GLVOPTIGELS GTNV OTOia
avikelt To M (x,, ¥,), T0t€ Oa 1o)0et
A=f"0x) () ko X +fx)=p’ 2)

'Etot, pe mopoydyion Kot tov 600 peldv g (2), Exovue

x+2f(x)f'(x)=0
onote, Yo x = x,, O 1oydet

x Hf(x) f'(x)=0.
‘Etot, Adyo g (1) Ba éxovpe

x, +y4.=0
onote, Yoy, #0, Oo etvan
J, =
N

Apa, n epomtopévn € £xel e&lomon:

X,
Y=0 :__l(x_xl)’

N
1 omoio YpAgeTaL SL0d0YIKA:

W=V = ]
XX+ =y
xx, + 9y, = pz, 3)

apob x + ). =p’.

Av y, = 0, mov ovpPaivel 6tav To onpeio M (x,, y,) etvan 10 A(p,0) 1 T0 A'(—p,0), o1
€0KOLoL 0modetkvOETOL OTL 01 eQamtopeves Tng C, oo onpeio awtd eivat oL katakOpLPeg
evbeieg

X=p K XxX=-p

avtiotoiywe. Kot o1 dvo owtés e€iomoelg divovron and tov mopamdve tomo (3) v (x,, y,)
= (p, 0) ko (x,, y,) = (=p, 0) avricToiymC.

Me avdAoyo tpdmo PBpickovie TNV e&icwOOT TNG EPAUTTOUEVNC OTOLOGINTOTE GAANG
KOVIKNG TOUNG.
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AXKHXEIY

. No Bpeite v napdymyo TV cuvapTioE®V

. Opoing tov cuvaptnoemv:

. Opolmg tov cuvapticewv:

. Na Bpeite, 6mov opiletal, TV TOPAYOYO TOV GUVOPTIHCEDV:

. No Bpeite o onueio g YpoQIKAG TOPAGTUGNG TG f, GTO 0010, Ol EPATTOUEVEG

. Av f(x)=

A" OMAAAX

i) fx)=x"—x*+6x—1 i) f(x)=2x"+Inx—/3
iii) f(x)=x7:—§+§—x iv) f(x) = cvvx —Bnpx + In3.

b /)= (@ - 3) i) (0 = s
i) /() =1 iv) /()= TEEO
1+x 1+ covvx

V) f(x) = x* quxcvvx.

x

D S)=1— if) f(x) = &ox + opx
i) () =" ) fly=21 2
x+1 x-1

2x* +3x , x<0

12dx+6x , x>0

X Hnux , x<0

) f(x){ ii)f(X)={

, x>0

glval TopaAAniec otov a&ova TV x, dtav

D =xes i) )= i) S =T

X

24D (x)_\/§+1+\/¥—
x-1 g S Jx-1 x+d

!

g’ loyoer f" =g';

, v, Bpeite T1g cuvaptioelg [,
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7. No amodeifete OTL 01 EPONTOUEVES TOV YPUPIKOV TOPACTAGEWDY TOV GUVOPTI|-

ceov f(x) =x" kar g(x) = ZL +% 670 Kowo omnpeio toug A(1,1), elvon kdOetes.
x

+
8. Aivetain ovvaptnon f(x) = axta
X+a

, a € R’. Na Bpeite T1c TG TOV 01, Y10, TIG
omoiec M KAion g C, oto onueio g A(0,1) eivan ion pe %

9. No Bpeite To onpeio ™G YpaQIKiG TopdoTacng TG suvaptong f(x) = x° — 3x
+ 5, oto omoia 1 epamTopévn givat:
1) mapdAANAN Tpog TV gvbeio y = 9x + 1

il) k@Betn TPog TNV evbeio y = — x.

10. No Bpeite v e€lomon g QATTOLEVNC TG YPAPIKNG TapAcTaonS TS f(X) =
x> 1 omoio Gyston omd To onpeio A(0, — 1).

11. Aiveton ) svvépmon f(x) = o’ + fx + 7, a, B,y € R. Na Bpeite T1g TIpéC Tov
a, B,y €R yw 1ig omoieg n C,, diépyetar amd to onpeio A(1,2) kot epdmreTon
g gvbeiog y = x otV opyn TOV afOvmv.

12. Na Bpeite TV Topay®Y0 TMV GLVOPTHCEDV:

1) f(x)= (3x4 + 4x3)’2 i) f(x)=(x— 1)2/3
i) () = nn [ > ) ) f(0)=In (ij
1+x X
V) f(x)=e .

13. No Bpeite v napdymyo g cuvdptnong f 6to onpeio x, otav:

i) f(x)=x"N1+x°,x,=2 i) f(x) = (2x)" + (2%, x,= 4
i) f(x) = X'ni(y), x, = ! iv) f(x)= el s X = 3.
6 2—x

14. Na Bpeite v mopdymyo TV GUVOPTNCEDV:
i) flx)=x" i) f(x)=2%"

iii) f(x) = (Inx)’, x > 1 iv) f(x) = nux-e™"
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15. Av f(x) = nu’x, vo amodeiéete 6tL " (x) +4 f(x) =2.
B OMAAAX

, . . . , 1
1. No amodeifete OTL Ol YPOPIKES TOPACTAGELS TOV GUVOPTHCE®Y f(X) = — Kot
X

g(x) =x* —x + 1 &xovv £&va Povo Koo onpeio, 6To 0moio 01 EPATTONEVES TOVG
elvat KaOeteg.

2. Noa amodeitete 0tL ) evbela y = 3x — 2 €yel pe T YPOPIKH TOPAGTOCT] TNG
cuvaptong f(x) = x* 800 Kot onueio. Kot EQATTETOL AVTAS GE £Vo. oMb TaL
onueio avTé.

1
3. Aivovtoi ot cuvaptioelc f(x)=ax’ + fx+2 ko g(x)=—. NaBpeiteta a, f €
X
R v 0 omoia o1 ypapikég TopacTAGELS TOVG £XOVV KOV EQATTOUEVT] GTO
onuelo pe tetumpévn x, = 1.

4. Aivovtou ot cuvaptioelg f(x) = e' kot g(x) = — x* — x. Now amodeifete 6111 £pa-
mropévn g C, oto onpeio 4(0,1) epdnteton ko oty C,.

5. Na Bpeite moAvdvopo tpitov Babpov tétoto, dote f(0) =4, f'(-1)=2, f"(2)
=4« fI1)=6.

6. No amodei&ete 0Tt dev vIApyEL TOAV@VLLO f dgbTEPOL PBabpod Tov omoiov N
YPOPIKN TAPAGTACT VO EPATTETOL TOV VOeIdY ¥y =x + 1 ko y = 3x — 1 o100
onueia 4(0,1) kot B(1,2) aviietoiyms.

7. Av pio ovvépmmon f:R— R elvor nopayoyioun oto onpeio x, = o, va omo-
deikete OTL

Y=/ @ _ oo
X—o

i) lim

X—o

ESD=EF@ _ 4oy + £1(@)).
xX—a

i) lim
8. Na Bpeite o onpeio e YpoQIKNAg TapdoTacns TS GLVAPTNONG
£(x) =nu2x — 2u’x, x €[0,27],

G7T0. 07010, 1 EQATTOWEVT TG Elval TAPAAANAN 6TOV GEOVa TV X.

9. Na Bpeite v Topdy®Y0 TOV GLVOPTHGEDV

i e =x, i) f(x)=x*
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Kot ot cvvé et v eSicoon g epontopévns g C, oto 0(0,0) o kabepa
nePInTOON YOPIOTA.

10. 'Eoto f o tapayoyicun oto R cuvaptnon yo v onoia woyvet f'(1) = 1 kon
g 1 cuvdptnon mov opiletar amd ™V woémTa g(x) = f(x* +x + 1) — 1, xeR.
No amodeifete ot n epantopévn g C, oo A(1, f(1)) epdmreTon g C, oto
B(0, £(0)).

11. 'Eocto po cvvépmnon f, mapoyoyicyn oto didotnua (—1,1), yio v omoia
eyl
f(nux) = €" ovvx, yuu kabe xe(-x /2, /2)

i) Na Bpeite v f'(0)

ii) Na onodeiCete 0111 epantopévn g C, oto onueio 4(0, /(0)) oynuatiCet
e TOVG AEOVES IGOGKEAES TPIY®VO.

2.4 PYOMOX METABOAHY

2V apyn TOL KEPAAAIOL 0VTOV, OPIGALLE TN OTIYULOL0 TOYVTITA EVOG KIVITOD T1 YPOVIKT|
oTIYUN £, G TO Op1o
. S-S
lim S5OSO _ gy ).
11, t—t,
To 6pto avtd 10 Aépe Kol prORO peTafoing g TeTUMUEVNC S TOV KIVNTOL G TPOG TO
xPOVO £ N ypovikh otrypr £, 'evika,

OPIXMOX

Av 000 petafAntd peyédn x, y ocvvdéovton pe m oxéon y = f(x), 6tav f eivor puo
GLVAPTNON TOPAy®YIoIUN GTO X,, TOTE ovoudlovpe puOpud perafoig Tov y wg
TPOG TO X 6TO SNUEio X, TV TapAyyo f'(x,).

TNo mopddetypo, o poOUdg petafoAng g TayxdTNTOG 0 MG TPOG TO YPOVO ¢ TN YPOVIKT|
oTiyun £, etvon n mopdywyog v'( 1)), ™G TOXVINTAG D WG TPOG TO XPOVO ¢ TN YPOVIKY
oty £, H mopdymyog v'( ¢,) Aéyeton emTdyyvvon tov KivnTov T XPOVIKY) GTLYUY £, Ko
ovpPoliletan pe a(t,). Eivor dnladn

a(t) =o'(t) =S"(z,).

X1y owovopia, To K6ctog mapayoyns K, n elonpatn E kot to képdog P ekppalovtot
GULVOPTAGEL TNG TOGOTNTAG X TOV TapayOpevov mpoidvtog. Etotl, n nopdywyog K'(x,)
TOPLOTAVEL TO pLOUO peTaBOANG TOL KOGTOVG K (G TPOG TNV TOGHTNTO X, OTOV X = X, KOl
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Aéyetan opLakd KO6TOG 670 X, Avroya, opiCovtol kot o1 £vvoleg oproki siompaln oto
X, KO 0PLoKO KEPHOG 6TO X\

EPAPMOI'EXY

1. ‘Eva pétoaio wov piyxveror o€ pio Aipvn Tpokoiel KVKAMKG Kvpatiopé. Mia ov-
oKeVN PETPIIONG BEiYVEL 6TL TN YPOVIKY] GTIYUT £, TOV 1] AKTIVO ¥ TOV KVUATIGNOV &i-
var 50 cm, 0 pvOpég petapoing g r eivar 20 cm/sec. Na fpedei o pvOnég petapoing
70V epfadod E mov mepikieieTor amd 10 KUKAMKO KOpa, T ¥poviKy oTiypn £,
AYZH
Eneidi) E = 77 ko1 1 aKTivo 7 £ival GuvapTion Tov ypovou £, £YOVuE
E(t) = m(1),

onote

E'(t) = 2mr(f)-r'(¢).
Enopévac,

E'(1,) = 2m(1,) -7 (1,) = 27:50-20 = 20007 (cm’/sec).

2. Av T0 GLVOLIKO KOGTOG TAPAY®YNS X HOVAS®V €VOS Brounyavikov TpoidvTog ivor
K(x) ko1 n ovvolki] giompaln and v tdINoN T0Vg givan E(x), 1ote P(x) = E(x) —

. C . x) . o
K(x) givar o 6vvoliko képdog kar K, (x) = givor To péoo K6GTOC.

i) Na amodci&ete 611 0 pvOpodg petafoing Tov kEpoovg undeviletar 6tav o pvOnég
RETABOMS TOV KOGTOVGS Kol 0 pvOpoS petafoing g sicmpalng ivan icot.

ii) Na amodci&ete 61 0 pvOPOS peTafoing Tov pécov K6GTOVS PNdEVILETUL OTAV TO
péco KOGTOG £ivar ico pe TO 0pLOKO KOGTOC.

AYEXH
1) O pvOuode petaforng tov k€pdoug etvar
P'(x) = E'(x) — K'(x).

Emopévac,

P(x)=0< E'(x)-K'(x)=0 < E'(x)=K'(x).
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i1) O pvOude petaforng tov pEcov KOGTOVGS etvat

K (1)~ K0 x=K@).

u x2
Enopévag
K (x)=0< K'(x)-x-K(x)=0

= K'(x):@
x

& K'(x)= K, (x).

AXKHXEIY

A" OMAAAX

1. M cpapikn pmdia yroviod apyilet va Advet. H axtiva e, mov ehattdverar,
dtvetar 6e cm amd Tov TOmO = 4 — £, 6TOL £ 0 YPOVOC Ge sec. Na Ppeite To
pLOUS petaforng g empdvelag E kot tov 6ykov ¥ g undiag, 6tav £ = lsec.

(@vundseite 611 E = 4 ko V = ?mﬁ ).

2. O 6yKkog V evdc opatptkov pumaiovioh Tov ovckdvetl avEdvetat pe pudud 100
cm’/sec. Me 010 puBud omEGVETaL 1) oKTivVoL TOV 7 1 YPOVIKY GTIY L f,, TOV QTN
gtvat ion pe 9 cm;

3. To kdéotogmopaywyng, K(x), kain tiun tdAnong, 771(x), x povadmv evog Bropmnyo-
VIKOV TTpoiovTog divovtar and tig cuvaptioelg K (x) = lx3 —20x" +600x +1000

3
kot [7(x) = 420x avtiotoiyms. No Bpeite moTe 0 pLOUOG HETAPOANG TOV KEPOOLG,

P(x) = I(x) — K(x), elvat BeTidg.

Boppa:
4. Avo mhota 17, xar I1, ovoywpobv cuyypdveg and G

éva péve 4. To mhoio 11, Kiveiton ovotorkd pe
toota 15 km/h ko to 17, Bopeta pe toydnTal d=d()
20 km/h.

X

i) Na Bpeite 116 ovvaptmoeg Bécemg tav 17, Avarodij

Ko [7, A 11,
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ii) No amodei&ete 6Tt n andotoon d = (I1,/1,) twv dvo mholwv ovElvetor pe
6tabepd puOLd TOoV 0moio Kot VoL TPOGHIOPICETE.

5. 'Eva xtvntd M Egxvd amd v apyn Tov afOvov Kol Kveitonl Katd UiKog e
1
KOpmoAnNg y = sz, x 2 0. Xe oo onpeio g KapmdAng o puBuods petafoing

™G TETUNEVIG X TOL M glvat 160G e To pLOUO HeTAPOANG TNG TETAYLEVTG TOVL
v, av vrotebel 6t x'(£) > 0 yro kéBe > 0.

B OMAAAX

1. Avn em@dveio pog ceaipag avéavetot pe podud 10 cm’/sec, va Ppsite To pub-
po pe Tov omolo av&dvetat 0 6YKog ot 0tay # = 85 cm.

2. 'Eoto T 10 epfaddv tov tptyd@vov OAB mov opilovv ta onpeio O(0,0), A(x,0) kor
B(0,lnx), pe x > 1. Av 10 x petafdireton pe pubuod 4 cm/sec, va Ppeite o puOuod
petafoing tov eppadov 7, 6tav x = Scm.

3. 'Evog avOpomog ompdyvel €va
KOLTI 6TN PAWTE TOL SITAAVOD
GYNMOTOG KOl TO KOLTI Kiveitan
pe toyvtta 3 m/s. No Bpeite
OGO YPNYOPO OVOYMVETOL TO
Kovti, SNAadn To pLOUO petafo-
ARG TOL V.

4. 'Eva oagpootato A agnvel 1o
£00a.pog o€ omodotactn 100 m and
évav mopoatnpn 11 pe taydn-
ta 50 m/min. Mg moto pvOud
av&avetol 1 yovia 6 mov oyn-
patifer n AI1 pe 10 €3apog
YPOVIKN OTLYU Kotd v omoio
T0 UmoAAOVL BpickeTal o VYOG
100 m.

5. Mia yvvaika Oyovg 1,60 m amo-
pokpovetor and tn Pacn evog
QOvVooTATN VYOLS 8 m e TayD-
mra 0,8 m/s. Me ot tayvtnta
av&avetat o i6K10G TNG;
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6. 'Eva meputoMkd A Kwveitor kotd KOG NG R 4
1
KOUTOANG y=—§x3, x <0 mAnowlovtag v

KT Kot 0 Tpoforéag Tov pTilel kKatevheiov

EUTPOG (ZyMpa). Av o puBuog peTafoAng g te-
TUNUEVNG TOV TEPITOALKOD SIVETUL 0O TOV TOTTO

o/'(t) =—o(?)

va Bpeite 10 puOUd peTafoANG TNG TETUNEVIG —
Tov onpeiov M g aKTG 6T0 0Toi0 TEPTOLV Ta SReMoSHES X
POTO TOL TPOPOAEQ T1| YPOVIKY| GTIYUN KOTE TNV Axcar]
omola TO TEPMOALKO £)EL TETUNUEVT —3.

7. Mio okdha pnkovg 3 m givor tomoBetnuévn o’
évav toiyo. To kGtm LEPog ™G GKAANG YALOTPA-

€l 610 ddmedo pe puduod 0,1 m/sec. Tn ypoviky l
oTLyUN ), TOL 1) KOPLQT] THG OKAANG OTEYEL 0O
T0 ddmedo 2,5 m, vo Ppeite: y 3m

i) To pvBud petaforng g yoviog 6 (Zynua).
ii) Tnv taydTo pe TV omoia TEPTEL 1| KOPLOT|
A ¢ oKGAOG. o x 9Y\B—»

8. 'Eva kvntod Kveitar og KukAky Tpoyid pe eéicwon x° + y* = 1. Kabdg mepvist
, , 1 V3 . , . .
and to onueio A > | N tetayuévn y elattdverat pe puoud 3 povadeg to

devteporento. Na Bpeite to puOpo pHetafoing g TETUNUEVIG X T XPOVIKT| OTLY-
W1 TOL TO KV Ttd TEPVAEL 0O TO A.

2.5 TO OEQPHMA MEXHY TIMHX

Yy mapdypago ovt Oa yvopicovpe évo amd ta mAéov Pacikd Bempripoto Tov
Awpoptkod Aoyiopol mov givat yvootd og @edpnpa Méong Tyung. Apyud datvnod-
voupe to ®edpnpa tov Rolle, To omoio eivar ek mepintwon tov Oewpnpatog Méong
Twng kot 6N cvvéyeta dtatvdvoLve To Oedpnua Méong Tyung, To onoio amodekvie-
Tan pe T Pondeta Tov Oempnpotog Tov Rolle.
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OEQPHMA (Rolle)

Av o cuovaptnon f eivot:
e GLVEYNG 0TO KAELGTO dtdotnpa [a, ]
® TOPOY@YIoUN 6TO 0VOIKTO dtdotnpa (a, f) Kot

o f(@)=f(h)

TOTE VWAPYEL £V, TOVAAYIGTOV, & € (o, B) TETO0, DOTE:

f'©=0

l'eopetpcd, avtd onpaivel 6TL VILApYEL €val, ya
TovAdylotov, & € (a, B) T€tolo, MGTE 1 £Qa- MES()

mropévn g C, oto M(E, f(<)) va eivar ma- |
péAAnin otov GEova TmV X. CAef) N B(BS(P)

=y

o « ¢ s B

INo mapddetypo, £6T® 1 GLVAPTHON
f(x)=x"—4x+5, xe[L,3]. (Zy. 19)

AR /
Enreidn n f elvan cvveyng oto [1,3], moapoyo- \ /
’ y _ _ \ /
viown oto (1,3), pe /' (x) = 2x — 4 xon f(1) = \ A B/
2 = £(3), obppwva pe to Bewdpnuo Rolle, Ha 2= N
vrapyet évog apBuog & € (1,3) térolog, wote ! M
11 (©)=0. I
|
T v €bpeomn tov apBpod &, Exovpe: |
1

FiE)=0 & 26-4=0 < E=2.

OEQPHMA (Méong Twunig Ategopukod Aoyicpod @.M.T.)

Av o cuvaptnon felvor:

® GUVEYNG 6TO KAELGTO ddcTnpa [a, £ Kot
® TOPOYOYIGIUN 6TO avolKTo dtdotnua (a, f)
TOTE VWAPYEL £V, TOVAGYIGTOV, & € (o, f) TETOW0, DOTE:

S(B)~f(@)
04

f'@= 5
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l'eopetpucd, oavtd onuoaivel 611 vedpyel €va,
TovAdyoTov, & € (o, B) T€T010, MOTE 1| €QO-
TTOUEVT TNG YPOQIKNG TOPACGTOONG TNG f 6TO
onpeio M(E, f(§)) va givatl TopdAinin g gv-
Oeiag 4B.

INo mapdderypa, £6T® 1 GLVAPTHON

S @) =x, xe[0,4]
Enedn n feivar cuveyig oto [0,4] kot mapayo- 4 @

1

yiown oto (0,4), pe f'(x) =——=, ovupovo —Jx
2 =)

ue 1o Bedpnua uéong Tiung, Oo vapyel Evag M(1,1)

apOpog & € (0,4) tétotog, dote

S@-fO) _1 000 1 i
4-0 2

T v €bpeomn tov apBpod & Exovpe:

1=

EY = 11 _ _
AGE ©2@-2©J51©§L

N | —

EPAPMOI'EXY

1. Na OmodELYTEL OTL:

i) H ouvapton f(x) = ix’ + xX* — (A + 1)x, AeR’, wavonoiei Tic vodiceig Tov
0zwpnpatog Tov Rolle 6to draotqpa [0,1].

ii) H e&icoon 34" + 2x — (A + 1) =0, AcR’" &g pa, TovAdyeTov, pila 6To did-
otnpo (0,1).

AIIOAEIZEH

i) H cuvdptnon f wavonotet 11 vrodéoeig Tov Bempnpatog Rolle oto [0,1] apod
e cival cvveyng oto [0,1] ®g ToAv®VVLUKT
e civor mapayoyicym oto (0,1) pef’ (x) = 34" + 2x — (A + 1) ko
® wyvel f(0)=f(1)=0.
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i) AQob, Aowdv, yia ) cuvaptnon f(x) =x* +x* — (A + 1)x, 1 € R 1oydovv ot vobécelc
10V Oswprpatog Rolle, Oa vidpyet & € (0,1) tétot0, Mote f(&) = 01, 16odvuvapa, 34E° +
2&—(A+1)=0. Enopévag, 1o & € (0,1) 0o sivon pilo ™ eéicmong 34x* +2x — (A + 1) =0.

2. Na amodeytei 6TL Y10 TN SVVaPTNON f(X) = ax’ + fx + 9, a# 0 Kol Y10 07TOL0S]-
mote dwaeTnua [x,, X,], 0 apOpig x, €(x;, X,), TOV IKAVOTOLEL TO GUUTEPUOHA TOV
Ocopiparog Méong Turg, eivan 10 Kévrpo Tov daoTpaTog [X,, X,|, Onhadn sivor

g 5
2
AIIOAEIZEH

H ouvéptnon f(x) = ax’ + fx + y givar cuveyng 670 [x,, X,] ©G TOAGVOHIKY KoL Topoyo-
yiowm o1o (x,, x,), ue f* (x) = 2ax + f. Emopévog, coppova pe to Bedpnpo péong tiung
VIapyeEL X, € (X;,X,), TETO10, MGTE

)= S)

Xy =X

J'(x0) (1

Eivon dpomg:

f(xz)_f(xl) _ Ofxz2 +ﬁx2 +7_ax12 _ﬁxl —-7 _ a(xz _Xl)(x2 +x1)+ﬁ(xz _Xl)
Xy =X Xy =X Xy =X

_ Oy —x)lax +x,) + ] =a(x +x,)+p.

Xy =X

Enopévag, 1 oxéon (1) yphoetot:

X, + X
2ax, + f=a(x, +x,)+f < x, =—"—=.

3. Eva ovTokivnTo duvuse pio dradpopn 200 priopéTpov og 2,5 apec. Na amoder-
%9¢l 6T KGO YPOVIKY GTIYUN, KATA TN OLAPKELX TNS SLAOPOUIG, 1] TAYVTTA TOV
ovtokiviyTov fTav 80 yuudpetpa TV Opa.

AIIOAEIZEH

‘Eotw x = S5(¢), t €[0, 2,5] n cvvdptnon B£omg tov Kivntod. Apkel va det&ovpe Tt vdp-
xer t, €[0, 2,5], tétown wote o(t) = S'(¢,) = 80.

H ovvaptmon S elvar cuveyng oto [0, 2,5] ko mapaywyicun oto (0, 2,5). Enopévec,
ocoppova pe to Ocopnuo Méong Tipng vrdpyet 7, € (0, 2,5) t€t010, OGTE

5(2,5-S(0) 200-0
2,5 2,5

v(t,) =S'(t,) = = 80 yMOUETPO TNV DPO.
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AXKHXEIY

A" OMAAAX

1. No e&etdoete moleg Amd TIC TOPUKATMO GUVOPTHCEL IKOVOTOLOUV TIG VITOBEGELG
tov Beopnuartog Rolle oto dtdotnpo mov ava@EépeTal, Kot GTI GUVEXELX, Yo
ekelvec mov 1oyveL, va Bpeite Ola ta & € (o, B) yia ta omoia woyvet 7 (€) = 0.

i) flx)=x"-2x+1,[0, 2] i) f(x) =nu3x, [0,%”}
iii) f(x) =1+ covv2x, [0, 7] iv) f(x)=|x|, 1, 1].

2. Na g€etdoete, oG 0o TIC TAPAKAT® GLVOPTHCELS IKAVOTOLOUV TIG VTOOEGELC
o0V Oewpnpoatoc Méong TN 610 S1AGTNH TOL AVOPEPETAL KOL GTN GLVEXELX,
v ekeiveg mov oyvEL To Bedpnua, va Ppeite ola to & € (a, B) Yo ta omoia

wyben 1&)=L B _S@
B «a
i) f(x)=x"+2x,[0,4] i) f(x) = 3nu2x, [0%}
2x+2 , x<-1
iii) f(x) :{ X [3.2]
X —-x , > -1

3. Av a <p, vo amodei&ete O6tT1 01 cuvapTNoels f(x) = " kat g(x) = Inx tkavomotovy
T1g vrobéoelg Tov .M. T. 610 didotua [a, f] Kot ot cuvéyelo OTL:

B
o

il 5 1<lnﬁ—lna<l

e
<e Ko —

p—a Jij - a

Tt suvaptnon g(x) = Inx vrobétovpe emmAéov 011 0 < a < f.

B OMAAAX
1. Aivetoim ovvéptnon f(x) =x*—20x’ —25x" —x + 1

1) No amodeifete 6t 1 e&iowon f(x) = 0 éxel pia, TovAdyiotov, pilo 610 did-
omua (—1,0) kot pia, Tovkdytotov, oto ddotnua (0,1).

ii) No amodeifete 6111 e&icmon 4x” — 60x” — 50x — 1 = 0 £xg1 po, TOLAGIGTOV,
pila oto dotnua (—1,1).
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2. Atvetoum ovovapton f(x) = (x — Dnux. No amodeiEete Ot
i) H e&lomon f'(x) = 0 éyet puo, Tovddyiotov, pila oto avowktod dtdomua (0,1).

i) H e&lowon epx = 1 — x €yet pua, TovAdyiotov, pila oto avorktd dwaotnua (0,1).

3. 1) Aiveton po ovvapon fue f'(x) #1 yo kdBe x e R. Na anodeifete 6t n
eklomon f(x) = x €xet 1o TOAD o Tpaypatikny pida.

X
ii) No anodeitete 611 e&icwon WE =X aAnBedel povo yo x = 0.

. r 4 x r
4. 1) Na omodei&ete 011 T2 <—, yw kéOe x €R.
+x

i) Av feivon pio ovvaptnon mapoaywyiown oto R, pe f'(x) = L , V0L O0dEl-
Eete O0TL Y10 OMa T @, B € R 1oyvet: I+x*

|f(ﬂ)—f(a)|s%|ﬁ—a|.

5. 'Eoto po cuvdptnon f m omoia eivar cuveyng oto [0, 4] kot woyder2 < f'(x) <5
v k4B x € (0,4). Av f(0) = 1, va amodeiEete 61 9< f(4) <21

6. 'Eoto o ovvaptnon f n omoio sivar cvveyig oto [—1,1] kot woyver f'(x) <1
v k60e x € (—1,1). Av f(-1)=—1 ko f(1) =1, vo amodei&ete 611 f(0) = 0,
epapuolovrag o O.M.T. yio v f og kabéva and ta duomuata [—1,0] kot
[0,1].

7. Noa anodeitete pe 10 Oedpnpa Tov Rolle 6Tt 01 Ypopikéc TopacTIoES TV GL-
VOPTHGEDV
f(x)=2"kong(x)=—x"+2x+1
&yovv axpiPag dvo kowd onueia ta A(0,1), B(1,2).

2.6 XYNEIIEIEX TOY OEQPHMATOX
THX MEXHX TIMHX

To Oeodpnuo Méong Tymg tov dapopikod Aoytopov Bewmpeital plo and T1g omovdot-
OTEPEG TPOTAGELS TNG AVAAVLONG, Aoy pe TN Ponfeid Tov amodetkvoovTol ToALd GAAL
Beopnuata. Oa ypnoyoromoovpe Tdpa o @.M.T. yuo va amodeifovpe Ta emdpeva d00
Boaocikd Bewpnpoto.
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OEQPHMA

‘Eoto pa cuvaptnon f opiopévn o€ €va dtaotnpo 4. Av
e N f elvar cuveyng oto 4 ko

o /f'(x)=0ywKkdbecomwtepikd onueio x Tov 4,
tote M f givar otobepn Gg 6o To dtdoTnpa 4.

AIIOAEIEH
Apxei va anodeibovpe OTL yio omoadnmote X, X, € A woydet f(x,) =f(x,). [Ipdypatt
® Avx, = x,, 10T IpoQavag f(x,) = f(x,).

® Av x, <x,, t0T€ 0T0 ddoTnpa [X,, X,] N f kavomolel 11 vroBécelg Tov BewpripoTog
uéong tung. Emopévag, vrdpyet & € (x,, x, ) 61010, OOTE

f(xz)_f(xl)
—x .

Xy =X

7= @)

Eme1dn 1o ¢ eivan ecmtepkd onpeio tov 4, wyvet f(€) = 0, ondte, Aoyo g (1), glvar
J(x)) =f(x,). Av x, < x,, Tt opoing amodeucvoetar 0TL f(x,) = f(X,). X OAeG, Aowmov, Tig
nepuTOoElS eivor f(x,) =f(x,). M

MHOPIXMA

"Ecto 6vo cuvaptoels f, g oplopéveg o€ €va didotnua 4. Av
® o1 f, g eivol cuveyeig oto 4 Kot

®f'(x)=g'(x) yia kGbe ecwtep 1Kk O onueio x Tov 4,
to1e VIAPYEL oTABEPE € TETOLN, DOTE Yo KGO X € A va loyvEL:

J(x)=gx)+c

AIIOAEIEH
H ovvapton f— g elvar cuveyng oto 4 Kot yio yi @
KGOe ecmTePIKd onpeio x € A 1oyvel

y=g(x)+c
(f-g)'x) =f"(x)-g'(x)=0.

Emopévag, copeova pe To Tapandve Bedpnuo, 1 y=g(x)
ouvvaptnon f— g sivar otabepn 610 4. Apa, vILap-
xel otafepd C tétown, dote Yo kKGbe x € A va
wyvel f(x)—g(x)=c,ondote f(x)= g(x)+c. N
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XXOAIO

To mapandvm Bedpnpa KOS Kot T0 TOPIGLLE TOV 10DV GE SIAGTNLLO Kot OYL € EVOoT
StuoTnUaTOV.
INo mapdderypa, £6T® 1 GLVAPTHON

-1, x<0
1, x>0

f(X)={

Iopoatnpodpe ott, av kot f'(x) = 0 yio kde x € (—0,0) U (0,+0), evtovtowgn f dgv givar
otafepn| oto (—0,0) U (0,+0).

E®PAPMOI'H

AiveTol pia cuvapTnen f yio TV 0ol 16y vEL

f'(x) =f(x) 1o kG0e xeR (1)

X)
givan oTaBepn) ko

X

i) No amodsiytei 0TL | GLVApTHON P(X)=
ii) Na BpeBei o TOmog g £, av diveran emumiéov 6T f(0) = 1.

AYXH

i) T kdBe xR €yovpe:

C”'(x)—[f(jc)jl _ f'(x)e .—{(x)e‘” _ f'(x):f(x)(;)o,
e (e*) "

Emopévamg, n ¢ elvat otabepn oto R.

i) Enedn n ¢ sivai otabepn), vrdpyet c € R tétoro, dote p(x) = ¢ yuo k6be xR 1, 160-

JS(x)

x

e

dvvapa, = ¢ yw ké0e xeR. Emopévog
f(x)=ce yia kabe xeR.
Enedn f(0) =1, éyovue 1 = ¢, onote

f(x) =¢€" yue kdbe xeR.
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Movorovia cvvaptyons y=x V4 @
‘Eoto 1 cuvapmon f(x) = x*. Tlapatnpodpe 61t \ /‘
oto dtdotua ( 00,0), oto omoio 1 f givan yvn-

olog pbivovoa, oyvet f'(x) = 2x < 0, evd 670 Jt-
aotnua (0,4+00), oto omoio N f glvan yvnoing av- F(x)<0 £1(x)>0
Eovoa, oyvet f'(x) = 2x > 0. BAémovpe, dnrady, ’
OTL VTAPYEL 0. OYECN OVOLESO OTI LOVOTOViO >
K0l 6TO TPOGNLLO TNG TOPUYDYOL TG GLVAPTIOTG.
Yuykekpipéva 1oybvet:

OEQPHMA

‘Ecto pio cuvaptnon f, n omola eivat oo vey ¢ oe éva dtdotnpa 4.

o Av f'(x) >0 oe kiBe cowTepikd onueio x Tov 4, TotE N f gival yynoing ov-
Eovoo g OA0 TO 4.

o Av f'(x) <0 ocekbBe ecwrepiro onueio x tov 4, tote M f givar yvnoiong @Oi-
vovoa 6g 6o T0 4.

AIIOAEI=ZH

® Amodeikvooupe To Bedpnua oty Tepintwon wov givar [ (x) > 0.

‘Eoto x,,x, € A pex, <x,. Ouodetéovpe 6t f(x,) < f(x,). lpayuar, oto didomua [x,,
x,] m f wavomotel Tig mpovmobicelg Tov ®.M.T. Enopévag, vrapyet & € (x,,x,) t€t010,

WoTE JAGE w, omOTE £XOVLE

J(x) = f(x) =1 (O)(x, = x))
Eneon f(€) > 0 xonx, —x, > 0, &yovue f(x,) — f(x,) > 0, ondte f(x)) <f(x,).

® YV mepintwon mov givar 7 (x) <0 epyaldpacte avardyos. M

TNo Topddetypo: d

— n ovvéptnon f(x) =\/;, elvan yvnoiog y=+x
avéovoa oto [0,+0), apod sivar cuveyfc

oto [0,+00) kat woydel f'(x) = L >0 Y
K60¢ x € (0, + 00). 2/x .
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— 1 ovvéptnon f(x) = x° — 2x sivou yvnoi- y @
o¢ avéovco oto [l,+0), apod eival cuvexng
oto [l,+ ) wat f'(x) = 2(x — 1) > 0 yio k4Be
x € (l,+ ), evd eivar yvnoing @bivovoa oto
(—0,1], agov eivor ocuvveyng oto (—oo,1] wan
S (x)=2(x—1) <07y kabe x € (-0,1).

—— = —

1

— 1 ovvdpmon f(x)=— elvar yvnolog @oi-
X

vovoa og Kobéva amd ta Stactnpato (—oo,0),

kot (0,+00), apov f'(x):—Lz<0 vy k6Og
X

x € (—0,0) Kot yuo k4Be x € (0,+ o).

XXOAIO

To avtictpoo TovL Topamdved Bewpnpatog dev
wyveL. Aniadn, av 1 f elvar yynoing avéovca Vi @
(avtiotoiymg yvnoiong edivovsa) oto 4, 1 Topd-
Y®YOG NG 08V givarl voype®mTIKG OetTikn (avTi-
GTOlYMG OPYNTIKY) GTO ECOTEPIKO TOV A. y=x
o wapddetypo, 1 cuvaptnon f(x) = x°, av Kot
etvat yynoiog advéovca oto R, evtovtorg €xet ma- 0O X
paywyo ' (x) = 3x° n omoia dev eivan OeTiky ot
o6ho 10 R, agov /7 (0) = 0. Ioydet duwg f'(x) >0
v kéBe x € R.

EPAPMOI'EY

1. No Bpedolv Ta SraoTipoTa oTa omoia  cuvaptnon f(x) = 2x’ — 3x* + 1 givan
Yvnoing avéovoa, Yvnoimg gdivovooa.

AYZH

H cuvépmon f eivar mopaymyioym pe 17 (x) = 6x° — 6x = 6x(x — 1). To wpdonuo mg 1"
Sivetal 6ToV TopUKAT® VoK

1) + 0 -0 +
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Emopévac, n cuvdpton f:

— givan yvnoing advéovoa 610 (—0,0], apov givar cuveyng oto (—0,0] Kat wydet f7 (x)
>0 o10 (—0,0).

— gtvan yynoing pbivovoa oto [0,1], apod eivar cuveyng oto [0,1] kot wyvet f* (x) < 0
oto (0,1).

— givar yvnoing av&ovca oto [1,+ ), apov givar cuveyng oo [1,+0) Kot wydet f* (x)
>0 oto (1,+ ).

To mpoéonuo g [’ Kot 1o €idog povotoviag g f ota doothuate (—o,0], [0,1] ko
[1,+ o) CUYKEVIPAOVOVTOL GUVOTTIKA GTOV TOPAUKAT® TIVOKOL:

X 0 0 1 +o0
f'(x) + 0 0 +

0
o A >\ /v
A1)

2. i) Na amodeyytei 6TL N ouvapmon f'(x) = x — ovvx — 2, x<[0, 7] givon yvnoeing
00v&ovca Ko vo. Bpeite TO GUVOAO TIHAY TNG.

ii) No amoocrytei 61 1 e€icmon ovvx = x — 2 éyel axkpifpdg o Aoon oto [0, z].

AIIOAEIEH
i) Etvan
f'(x)=(—ovvx—2)' =1+nux >0,y kéBe [0, 7].

Enopévag, 1 f etvar yvnoing avéovsa oto [0, z]. Eredn n f elvan cuveyng kot yvnolog
avéovoa, cOLP®VA e TNV Topaypaeo 1.8, to chvoro TpdVY g etvar To dtdotnpa [ /(0),

S =[3,7—1].
i) 'Eyovpe:

cuVx=x—-2< x—ovvx—2=0,

1
< f(x)=0, xe[0,7]. ) y=cuvx Y=x-2

pa [-3,7—1], mov mepiéyet To 0, Ba vdpyet Eva 0 02 32
ToVAdyIoTOV X, € (0,77), TéT010 MoTE f(x,) = 0.
Enedn emmhéov 1 f eivarl yvnolog avéovca
oto [0, 7], n x, eivon povadikn pila mg f(x) =
0 oto drdotnpa avtd. H pida avty, 0nmg eai-
VETOL KOl 6TO Gynua 28, glvat 1) TETUNHEVT] TOVL
onpeiov Topng G y = x — 2 KO TG ) = GUVX.

Ene1dn to ovvoro Tipnmv g f eivat to d1dotn- Yo T,
|
|
|
|
|
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AXKHXEIY

A" OMAAAX

1. Av y10 TIg GUVOPTNCELS f, g LOYVOLV:
1(x) = g(x) ko g'(x) = — f(x) Yo kGOe x €R,

vo. amodeiete 6t suvapmon o(x) = [f(x)]* + [g(x)]’ ivor oTabepy.

2. Na Bpeite to SL0GTHLATO LOVOTOVIOG TMV GUVOPTICEWDV:

i) f(x)=x+3x—4 i) f{x)=2x"-3x"— 12x
i) /() = =~
x +1

3. Opoing TV GLVOPTHCEWMV:
4-x* , x<l1

x+2 , x>1

i) f(X)={ i) f(x) =|x" 1|

4. Opoimg TV GUVOPTHCEMV:

i) f(x):e% i) f(r)=Inx—x i) £(x)=nux+|nux]|, x[0,27].

5. Atvovtar ot cuvoptioelg f(x) = x° + 5x — 6 ko g(x) = 2Wx+x-3.

1) No amodeiEete O0tL o £, g etvon yvnoing adEovoed.
ii) Na Bpeite 10 6OVOLO TIHLOV TOVG.

iii) No amodei&ete 0Tt o1 e&lodoels:
X +5x—6=0km2/x+x-3=0

&yovv axpag pia pifoa mv x = 1.

6. No amodei&ete ot
i) H ouvapmon f(x)=¢"— 1 + In(x + 1) givar yvnoing avovoa.

i) H e€looon ¢" =1 —In(x + 1) éyel axppog pio Avon v x = 0.




2 AIADPOPIKOX AOT'IXMOX 139

B OMAAAX
1. Av yio pia cuvaptnon f mov givat optopévn 6 640 10 R oyvet
| f(x)= f(») S (x=p)’ yo Ohota x,y €R,
vo amodeifete 0tTL T f givar oTobepn.
2. i) Na amodeifete 6T n cuvaptnon f(x) = X° — 3x + a sivar yvnoing pbivovsa
o710 odotua [—1,1].
i1) Na Bpeite o chvoro TydV ¢ f 610 ddotua [—1,1].
iii) Av—2 <a <2, vo anodeifete 6T M eéicwon x° — 3x + a = 0 &yel axpPhdg pio
Aoon oto dwaotnpa (—1,1).
3. H 6éom evog kivntod mave o évav d&ova N ¥povikn otiypn ¢ divetor and )
cuvVapTHON:
x=8() =1 -8 +18/—16¢+160,0<¢<5.
Noa Bpeite v taydTTO KoL TNV EMTAXVYOT TOL KIVITOD Kol GT) GUVEYELD VL
OTOVINOETE GTO. akOAOVOO EpOTN AT
1) [T6te T0 KIvNTo €xEL TOYOTNTO UNOEY;
i1) I1ote o KIvnTo Kiveiton Tpog ta deLd Kot TOTE TPOG TO. 0PLOTEPE,

iii) [T6te 1 TorhTNTO TOL KIVNTOD AWEAVETAL KO TTOTE LEIDVETAL,

4. H wym V (og evpd) £vOg TPOoidVTOC, ¢ UNVES LETE TNV TaLpary®YN Tov, divetat amd
TOV TOTO
25¢7
_ m
No amodeifete 0Tl T0 TPOIOV GLVEXMG VITOTLATOL XOPIG, OUWOG, 1 T TOL Vo
pmopet va yiver iikpotepn amd To GO TG OPYIKNG TIUNG TOV.

5. Na amodei&ete ot

3 p—
1) H ovvapmon f(x)= al > ox
-

glvar yvnolog advéovca oe kabéva amd ta dt-

acTHLOTO TOL TEGIOV OPIGLOV TG Kl Vo Bpeite TO GUVOLO TOV THAV TG f
oe Kaféva amd To SlueTNHATO VT

ii) H efiomon x° — o’ — 9x + & = 0 sivon 160d0vopun pe ™y f(x) = a kot 6T
oLvEéxeLn, OTL EYEL TPELG TTpayaTIKES pileg yio kbbe a e R.

6. Na Bpeite 11 Tiuég Tov o € R y1a T1¢ omoieg n ovvépmon f(x) = ax’ + 3x* + x
+ 1 givar yvnoimg avgovoa 6o R.
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7. Noa amodei&ete otu:

1) H ouvéptmon f(x) =nux — xoovvx gival yynoing adEovca 6to KAEGTO dtdoTno
0.2
2
.. , T
ii) nux — xovvx > 0, yio kKGbe x € [0, EJ

iii) H ouvapmon f(x) = Y van yvnoing eBivovsa 6to avolktd ot

b3

8. Na amodei&ete ot

i) H cuvapton f(x) = 2nux + gox — 3x, x € [O, %j gtva yvnoing avgovaoa.

i) 2nux +eex >3x, Yo kKabe x € [0, %J

2.7 TOIIIKA AKPOTATA XYNAPTHXHX

H évvoia tov tomikod axpotdtov

270 SuTAOVO GYNLOL EXOVUE TN YPOUPIKY]  y4
napdotaon oG cuvipmmong f o’ éva

dtaompa (a, f]. Mapatnpodue 61t 610
onuelo x = x, N TN ™G GuVapTNONG
glval peyolvtepn omd TV TN NG |
ce K@Oe “yertovikd” onuelo tov Xx,. !
v mepintwon avty Aéue o6tL M f |
TaPOLCIALEL 0TO X, TOTIKO péyioto. To " 4 Yo X X ﬁ':
010 cupPaivel kot oTo oMpeia x; KoL x,.
Tevikd éyovpe Tov akOA0VH0 Oplouo:

A(x0,/(x0))

A

OPIXMOX

Mia cuvéptnon f, ue medio opiopod 4, o Aépe 611 Tapovsidlel 610 X, € A TOmTUKO
péyeTo, 6TaY VITAPYEL 0 > 0, TETO10 OGTE

f(x) < f(x,) yuakébe x € AN (x, —3,x, +95).
To x, Méyetar Oéon 1 onpeio TomkoV peyicTov, evid 10 f(X,) TOTIKG péyroto Tng f.
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Avnavicotnta f(x) < f(x,) woydet yio k60 x € 4, 10Te, OnMG £ldape 6TV TAPEYPAPO
1.3, 1 f mopovcialel 610 x, € A ohkéd péyieto 1| amhd péyreto, 1o f(x,).

Y10 dwmhavd  OYAUO  TOPATHPOVLE
01l o6t0 onuelo x = x;, N TWA NG
ouvaptNoNG etvatl pKkpodTeEPT Amd TNV
T G o€ kaBe “yertovikd” omueio
TOV X,. ZTNV TEPITTOOT 0VTH AEpE OTLN
Jf mopovcitalerl 6To x, TomKO eAEIGTO.
To 310 cvpPoiver ko oo onueia x,
kot . Tevikd, €govpe tov axkodAovbo
oplopo:

OPIXMOX

y

™mge f

Mio cuvaptnon f, pe medio opiopo A, 6o Aépe 6t Tapovstdlel oto X, € A Tomko
ELaYL6TO, OTOV VTLAPYEL 0 > 0, TETO10 DOTE

f(x)2 f(x,), Vi k6be x € AN (x, —5,X, +0).

To x, Aéyetar BO¢om 1 onpeio TomikoD ehayicTov, Evd T0 f(X,) TOTIKO ELAYLGTO

Avnavicomrta f(x) > f(x,) woydetyua kabe x € 4, T10Te, ONTMG £IdALLE GTNV TAPEYPUPO
1.3, frapovcialet 610 X, € A 0Mkéd erdyroTo 1| amhd eEAGI6TO, TO f(X,).

To Tomkd péyloto kot TomKd eAdylota TG f AEyoviol TOTIKE OKPOTATA 1), OTAL,
oKpOTATA VTG, VO Ta onueia ota onoia 1 f mapovctdlet TOmKAE aKpOTOTA AEYOVTOL
0015 TOMKAV 0KpoTATOV. To LEYIGTO KL TO EAAYLOTO TNG f AEYOVTOL OAMKE OKPOTUTA

OVTAG.
IN'o wapdderypa, 1 cvvaptnon
, oavx<l

R av x >1

)C2
S(x)= 1
X

mapovolalet:

i) o710 x =0 TomKo eAdyLoTO, TO f(0)=
0, To omoio ivat kot 0ALKd EAGYIOTO
Ko

ii) oto x = | Tomd péyoro, to f(1)=1.

H ocvvdpmon fav kot mopovctdlel Tomkd Péyloto, evionTols dev Tapovatilet (OMKo)

péyioTo.
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XXOAIA

1) 'Eva tomucd péyroto pmopet va glvar pikpdtepo and éva tomko eldyioto (Zy.32a).

Y

AN

[y A ——

0

I
I
I
I
L
/0| x X2 X3 X4 X

ii) Av e cuvaptnon f mopovctdlel péyioto, tote avtd Ba gival to peyaddtepo and ta
TOTKG PEYIOTA, EVAD OV TaPOoLGLalel, EAAyLoTO, TOTE To Oa ival T HKPOTEPO amd TaL
Tomikd eAdytoto. (Zy. 32B). To peyodldvtepo OUMG 0o T TOTIKG PEYIGTO [LiOG GUVAPTNONG
dev elvar mavtote péytoto owthg. Emiong 1o pukpdtepo amd to tomikd eAdyota piog
Guvaptnong dev gival mdvtote EAGYIGTO TG GVVApPTNONG (XY 320).

Ilpoooropiouds twv TomKkay axpoTaTwy

Me pio TPOGEKTIKY TOPATHPNON TOL oyNpatog 32B PAémovpe 0Tl av 6 €va E6MTEPIKO
omnuelo x, evog S106TNHATOG TOV TESIOV OPIGLOY TGN f TAPOVGIALEL TOTIKO OIPOTATO KO
emmAéov etvon mapaywyicun oto onueio ovtod, Tote 610 omueio A(x,, f(x,)) N epamTopévn
™mG YPuPIKNG Tapdotacng g feivar optlovtia, dniadt wyvet f* (x,) = 0. Avto emPePou-
@vetal omd To TapakdT® Bedpna, TOL Eivol YVmoTd ¢ Osdpnpa Tov Fermat.

OEQPHMA (Fermat)

Eoto o cuvapmon f opiopévn 6’ éva Stotnpo 4 Kot x, £Vo E6OTEPIKO onpieio
00 4. AV f TOpovslalel TOTIKG aKpOTATO GTO X, Kol EiVOL TOPOYOYIGIUN GTO
onueio awtd, tote:

S'x)=0

AIIOAEIZH

Ag vrobécovpe OTL 1 f Topovctalel 6To X, TOMKO
uéyoto. Emedn 1o x,, efvon ecmwtepikd onueio tov 4 4 @
KoM f Tapovctdlel 6° oVTO TOMKO HEYLOTO, VITAPYEL

0> 0 této10, GoTE S&o)f--- 7\\/?

(x,—=0,x,+90) = A xan / i

F) < f(x,), naxbe x € (x, —8,x, +8). (1) I

O| X¢=0 Xy X¢+6

=y
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Enedn, emmiéov, n f elvon mapoywyicipn oto x,, 16y 0€L

SO~ f ) o 0= f ()

/'(x,) = lim
XX X=X, x=xg X=X,
Emopévac,
—av x e(x, —0,X,), 1018, Moym g (1), Oa eivorn MZO, ondte Oa Eyovpe
X—Xx,
fr(xo) — llm f(x)_f(xo) 2 O
X=Xy X=X, (2)
—av x €(x,,X, +9), 1018, Moy g (1), O elvan MSO, ondte Ha Eyovpe
X—X,
Fl(x) = im L =G0 3)
X X=X,
‘Eto1, and Tig (2) ko (3) éovpe f'(x,) = 0.
H anddeén yo tomikd erdyioto eivor avaroyn. ]

XXOAIO

2Opepva Le To Tponyovuevo Bedpnua, To. EmTEPIKA onpeio tov 4, ota onoian f* elvon
SlopopeTikn amod To UNdLy, dev etvar BEcelg Tomikmv axpotdtmv. Emopévac, dnwog paivetot
kot ota oynpata 29 kot 30, ot wifavég Béoeig TOV TOTIKDOV OKPOTATOV P0G
ovvaptong f ¢’ éva dudotnpa 4 givat:

1. To ec®@TEPIKA onpueia Tov 4 6T0 omoia 1| TOPAYy®Y0S TS f undcvileTon.
2. To ec@TePd onpeia Tov 4 610 omoia 1 f ogv mapaywyileTal.

3. Ta axpa 100 4 (v aviKovv 610 Tedio OptGHoD TNG).

Tocowrepira onueia tov 4 ota onoian f dev mapaywyiletat | n mopdywyds g lvor
ion pe to undév, Aéyovtal Kpicipo enpeio g f oto didomua 4.

INo mapdderypa, £€6T® 1 GLVAPTHON

A
: g
X , x<l1

X)= .
S {(x -2y, xx>1 Cy
H f eivatr cuveyng oto R kot mopaywmyi- 1
o o€ 6A0 10 R extog and to 1, pe:
, 3x , x<l1 o 1 2 ;
S'(x) = :
2(x=2) , x>1

O1 piCeg g " (x) = 0 givar o1 0 Ko 2.
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Emeidn n f' undeviCeton ota onueio 0 kot 2, evod dev vrdpyel oto 1, To Kpiowo onpeio
™mc f eivar ot apBpoi 0, 1 kot 2. Opwe, 0Teg paivetat 6to oy, to onpeio 1 kot 2 givae
Béoelc Tomkady akpotdtev, eved To onpeio 0 dev ivar BEom Tomkob axpotdTov. Apa dev
gtva Oha T Kpiowa onpeia Béoelg Tonikdv akpotdtav g f. Emopévac, ypetaldpacte
£voL KpLTNPlo To 07oio va pag TAnpoeopel mota awd ta Kpicwo onueio mg f eivor Oéoelg
TOTUKAV 0KPOTATMV AVTNG. ZYETIKA LOYVEL TO TOPAKAT® Bedpn Lo

OEQPHMA

‘Ecto o cuvdptnon f mapayoyioyn o’ éva dwaotnpa (o, B), pe eéaipeon iowg Eva
onpeio Tov x,, 610 omoio 6pwg N f elvor svvexne.

1) Av f'(x) > 0 670 (a, x,) Ko f'(x) < 0 670 (¥, f), TOTE TO f () EIVOL TOMKO [LEYIGTO
mg f. (Zx. 350)

ii) Av f'(x) < 0 o70 (@, x,) ko f'(x) > 0 670 (x,, f), TOTE TO [ (X,) EIVOIL TOMIKO EAGI-
xoto g f. (Xy. 35B)

iii) Avn f"(x) Suumpel mpéonpo oto (a, X, ) U (x,, B), T0Te 10 £ (¥,) dev eivar Tomid
axpotato ko m f givon yvnoiog povotovn ato (a, ). (Zy. 35v).

AITOAEIZH
i) Emedn) ' (x) > 0 v xd0e x € (a, x,) xoun f eivon cvveync 6to X, N f elvor yvnoiog
avgovoa 610 (@, x,]. Etol égovpe

S(x) < f(x,), Yo k60e x € (a, x, |- (1)

Emedn /7 (x) < 0y k60e x € (x,, B) war n f elvar cvveyng oto x,, N f eivar yvnoing
¢Bivovoa 610 [x,, f). 'Etot ovpe:

S ) < f(x,), yiokéOe x €[x,, B). 2)
y y
/TN
: foxo) |
o a X p X 0

Enopévag, Aoym tov (1) kot (2), oydet:

S(x) £ f(x,), yioxébe x € (a, f),

mov onpaivel 611 1o f(x,) etvar péyteto g f o710 (o, B) Ko Gpol TOTKO PEYIGTO OTNG.
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i) Epyalopacte avoloymg.

o

iii) 'Eoto 611

S (x)>0, yia kéOe x € (a,x,) U (x,, ).

I

I

I 1
Ol a Xo Y] x 0] a Xo B X
Emeidn n fetvon cuveyng oo x,, Oa tvar yvnoing abéovsa oe kabe Evo and to Stoctpato
(o, x,] xou [x,, f). Emopévog, Yo x, < x, <x, woyde f(x,) <f(x,) <f(x,). Apa 10 f(x,) dev
etvar Tomkd akpdtato s f- Oa deibovpe, Topa, 1L 1 f eivar yvnoiong avcovca 610 (a,
B). Hpbypaty, éotw x,,x, € (o, B) pex, <x,.
— AV x,,x, € (a,x,], enedn n f eivar yvnoiog od&ovoa oto (a, x ], Oa woyder f(x,) <f(x,).
—Av x,,x, €[x,, ), enewdn n f eivar yvnoiog avéovoa o1o [x,, B), Oa 1oyver f(x)) <f(x,).

— Téhog, av x, <x, <x,, 101 Omwg eldape f(x,) <f(x,) <f(x,).

Enopévag, og 0Aeg T1g mepuntdoelg woydet f(x,) <f(x,), onoten felvor yvnoimg avovca

o710 (a, f).
Opoiwg, av 1" (x) < 0 yio k@be x € (o, x,) U (x,, ). A
o mopddetypa, £6tm 1 cvvapton f(x) = x* — 4x’ mov sivan opiouévn oto R. H feivon

mapayoyicun oto R, pe f'(x) = 4x — 12x%. Ot pilec e f'(x) = 0 givan x = 0 (Suthn) 9 x
=3, 10 de TpdoNpo G /'’ PaiveTol GTOV TOPUKATM TivaKoL:
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X —© 0 3 +00
S(x) - 0 - 0 +

Oue@ve pe To Topamdve Kputhiplo, 1 cuvdptnon f eivar yvnoing @bivovcso oto
Stbompa (—0,3], yvnoiog avéovca 6to ddoTnue [3,+0) Kot Tapovctdletl éva povo
TOTIKO OKPOTOTO, GLYKEKPIUEVO OMKO eAAyloTo Yo .x = 3, t0 f(3) =-27.

YXOAIA

® Onog cidape oV amoddelln 10V TopPandve Be®PLOTOG GTNV TPATN TEPITT®ON TO
f(x,) gtvou n péyromn Tiun mg foto (a, f), evd otn devtepn mepintwon 1o f(x,) stvoun
erdyot Ty g f'oto (a, ).

® Av po cuvaptnon f etvar cuveyng ¢° éva kKAeoTo ddotua [a, f], dnog yvapilovue
(@sopnpua § 1.8),n frapovcialetl péyioto kot eldyioto. [ v e0peom Tov HEYIGTOV Kot
eMdytotov epyaldpacte wg eENg:

1. Bpiokovpe Ta kpioypa onpsia g f.
2. Ynoloyiloope Tig TIHES TG f 6TA ONUELX QVTH KO 6TA AKPO TOV SLUGTNNATOV.

3. Am6 avTég TIg TIREG 1] PEYOADTEPT] EIVOL TO PEYIGTO KOL 1] LIKPOTEPT] TO ELAYLOTO
™mgs f.

o wapddetypo, £o6tm 1 cuvaptnon f(x) = 2x° — 15x° + 24x + 19, x €[0,5]. 'Exovpe

f'(x) = 6x* — 30x + 24, x €[0,5]. Ot piCec ¢ f(x) = 0 eivar ot x = 1, x = 4. Emopévac,

ta kplowa onpeto g f etvortax =1, x =4. Ortpég g f ota kploya onpeio kot ota

dxpa Tov dractnpatog [0, 5] etvan

A(1)=30, f(4)=3, f(0)=19 o £(5)= 14.

Apa,  péytot T g foto [0, 5] etvon ion pe 30 ko mapovotdletor o x = 1, evod n
erdyotn Ty g f etvar ion pe 3 xou mtopovotaletal yo x = 4.

® [0 vo. EPOPUOCOVIE TO TPONYOOUEVO Bedpnuo. amatteital vo, TPpocdlopicovpe 1o
npoonpo g f' exatépwbev Tov x,. Otav o mpocdlopiopods owtdg dev eivor gdkorog
1N eival addvartog, T0TE T0 TOPaKAT® Bedpnio, TOL omoiov 1 AmOdEEN TapaAeineTaL,
umopet va pog TAnpo@opfcet av o x, eivar 06om tomikod axpdToTOL.

OEQPHMA

‘Ecto o cuvapmon f mopaywyiciym oe éva stiotnuo (a, f) kot x, évo onpeio Tov
(a, p) oto omoio M 1 €ivort dLO POPES TOPAYDYICLUN.

® Av f(x,) = 0 kar [ (x,) <0, t61€ T0 £ (*¥,) ElVaL TOTIKO PEYIGTO.

® Avf"(x,) = 0 ko 1 (x,) > 0, t6t€ T0 f (X)) EIVON TOTIKO EAGYIGTO.
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INo mapdderypa, £ot® 6Tt OEAoLLE VO BPOVLLE Ta TOTTIKE OKPOTATO TG GLVAPTNONG

f(x)=x+20vvx, x €(0,27).
"Exovpe
f(x)=1-2nur kot f"(x)=—2cvvx,
. , . T St
om6te ot pileg g f* givar ot < Ko o
T, nl 7 , St o[ S
T x:g,swou f g =—/3<0,evod Yo x:?,ewal f ? :\/§>0.

"Etot épovpe

o) f’[%j =0 ko f”[%j <0, omote 10 f(%j gtvat Tomko Péyloto g f.

5 (5
B) f'(s?ﬂj =0 kot f”(%j >0, ondte t0 f [%j givo Tomko gldyioto g f.

EPAPMOI'EY

1. Na Bpebei To x e [0,\/3] £T01, AOTE TO
0pBoydVIo ABIA Tov Si1mAa VoV GYILATOG VO y
&yl péyroto guPaodo.

AYZH /
vy A

To guPado tov opboymviov eivat

E(x) = (AB)(A4) = 2x(3 — x°) = — 2x° +6x. 0
B(-x,0) |  Ax0)\ x

"Eyovpe E'(x) = — 6x° + 6 = — 6(x + 1)(x — 1).
Opifec g E'(x) =0 givanotx=—1,x=1.H
povotovio Kot Tt akpdtoTo g £ eaivovrat y=3-x
GTOV TOPUKAT® TIVOKO

X 0 1 J3
E'(x) + 0 _
4
E(x) / max \
0 0
min min
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Apa, 1 péytot T tov epfadov eivar ion pe 4 kot mapovoidletan 6tav x = 1.

2. Ecte n ovvéptnon f(x)=x—1-Inx. y @

i) No peretn0ei og mpog ™ povotovia kot to
aKpoTOTA.

ii) Na amodeyytel 6Tu Inx < x—1, Yo kGOg x > 0.

AYZH

. 1 -1
i) 'Eyxovpe f'(x)=1-—= x—, x €(0,+0). H g&i- /
X ox

owon f"(x) =0 éyet pia povo piCa, v x = 1.
H povotovia kat ta akpotato g f eaivovrol
GTOV TOPOKATO TIVOKOL:

X 0 1 +o0
S ) - 0 +
0
min

i1) Emedn 1 fywo x = 1 mapovordlet omxd erdyioto, ya k6Oe x € (0,+0) oyvet:
f(x)=2f(1) < x—1-Inx>0
S Inx<x-1.
H woémta ioydet povo otov x = 1.
3. Mia Propnyavia kaBopiler Tnv Tipn tOInong I1(x), 6 VPO, KGOE povadag evog
TPOIOVTOS, GLVOPTNGEL TOV TANOOVG X TOV POVAS®V TUPAYOYNS, CORPOVAE NUE TOV
1010 I1(x) = 40000 — 6x. To k66TOg TOPUYOYNG HLOG povadag givar 4000 svpd. Av
Propnyavio aAnpavel @opo 1200 svpd yo kKGOE povado Tpoiovtog, vo. fpedel mooeg
HOVADES TPOTOVTOG TTPETEL va mapdyer 1) Propnyavia, @GTE Vo £XEL TO PEYIOTO OVVOTO
KEPOOG.
AYZH
H eionpaé&n amd v TdANoN X LovAd®mV Tapaymyng eivat
E(x) = xIT(x) = x(40000 — 6x) = —6x° + 40000x.
To kd0T0g amd TNV TOPOYOYT| X LOVAS®V gival
K(x) =4000x.

To oAikd KOGTOG PETA TNV TANP®LUY TOV POPOL lvat:

K,,(x) = 4000x + 1200x = 5200x.
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Enmopévac, 1o képdog g Prounyaviog etvor
P(x) = E(x) - K ,(x)
=—6x" + 40000x — 5200x
=— 6x” + 34800x.
‘Exovpe P'(x) =— 12x + 34800, ondte n P'(x) = 0 &xet pilo v x = 2900.

H povortovia kat ta axpdtota e P oto (0,+0) eoivovial 6Tov Topakdto mivoko:

X 0 2900 oo
P'(x) + 0 —

50460
P(x) / max \

Enmopévac, 1o péyioto képdog mapovataletar dtav 1 Propnyovio mapdyet 2900 povédeg
amo to TPoidv ovtd Kot ival ico pe 50460 yibdeg evpd.

AXKHXEIY

A" OMAAAX
1. H mopdywyog pog cuvaptmong feivat
() =30 - 1) (x—2)°(x - 3).

INa moteg Tipég Tov x M f Topovctdlel TOTKO PEYIGTO Kot Yo TOlEG TaPoLGLalet
TomKd eAdyIOTO;

2. o) No HELETNOETE OC TPOG T1| LOVOTOVIO KO TOL OKPOTATA TIG GUVOPTNGELS:
i) flx)=x -3 +3x+1 i) g(x) =x" —3x +2
iii) A(x) = 2x° - 3x* — 1.
B) Na Bpeite to0 TAN00g TV TpayHaTIKOV pLLdV TOV eEloDoEMV:

X=37+3x+1=0, ¥-3x+2=0, 2 -3x"—1=0.
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10.

. No peletnoete o¢ TPOG T LOVOTOVIO KOL TOL 0KPOTATA TIG GUVOPTNGELS:

. No peletnoete ¢ TPOG T LOVOTOVIO KOL TOL 0KPOTATA TIG GUVOPTNOELS:

. No Bpeite Tig Tés tov a, B € R Y10 11 omoieg ) cuvépmon f(x) = ax’ + fx°

. No omodei&ete 011, amd 6Aa T0 0O1KOTEDA GYNLLOTOG opBoymviov pe gpfado 400

. Me ovppatdémieypo pkovg 80 m OEAovie vo teptppdéoviie 01kdOTESO GYNULATOG

. Mio dpo petd ) Ayn x mgr evOg aVTUTLPETIKOY, 1 Leiman g Oepprokpaciog
3

. Alvetor tetplymvo ABIA tov Sumhavod GYNUATOS HE A

2, x<1

X x*=2x+1 , x<l1
el—x

xP—4x+3 x>1

) f(x)= { i) g(x) = {

, x>1

) f(x)=¢"—x i) f(x)=x",x>0.

—3x + 1 mapovoidletl tomikd akpotota oto onpeia x, = — 1 ko x, = 1. Na ko-
Bopicete 10 160G TOV AKPOTATMV.

m’, 10 TETPAY®VO YpeldleTon T pkpdTEPY TEPiQPOLN.

opBoymviov. Na Bpeite Tig S106TAGELS TOV OUKOTESOL OV £XEL TO LEYOADTEPO
euPadov.

gvog acbevovg dtvetar amd tn cvvapmon T(x) = x° — XT’ 0 <x<3.Na Bpeite

ToL0, TTPEMEL VAL £ivat 1 OGN TOV AVTITVPETIKOD, MGTE 0 PLOUOG HETABOANG TG
peimong g Beplokpaciog Mg TPOGS X, VoL YiVEL LEYIGTOG.

mAgvpd 2 cm. Av 1o tETpdymvo EZHEO &ygl TG KOPLEEG
TOV OTIG TAELPEG TOL ABIA,

e
1) va ekppacete TNV TALPE EZ GUVOPTAGEL TOV X.

i) va Bpelte 10 x €t01, Oote 10 eUPadov E(x) tov EZHEO 4

va yivel eAdyLoTo.

To KOGTOG TNG NUEPTIOLOG TAPAYMYNG X LOVAd®V EVOG Plopmyavikod TpoidovTog
1

eivon K(x) = §x3 —20x” +600x +1000 gvpd, y1o. 0 < x <105, evéd 1 iompaén

oo TNV TOANGN TV X pHovadmy sivar E(x) = 420x — 2x” eupd. No Bpebei n npe-

PNOL0. TAPAYMOYN TOL EPYOCTOGIOV, Y10 TNV 01Ol TO KEPOOG YiveTal UEYIOTO.
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B OMAAAX
1. Aivetarm ovvapton f(x) =2nur—x+ 3, x€[0,7]

i) No pehemoete v f ®G Tpog T LOVOTOVia Kot akpOTOTO.

i) No anodei&ete 6t M e&icwon nux = %x —% €xet axpPag pia piCo oto (0, 7).

2. 1) No pelemoete ©¢ TPOG TN LOVOTOVIO KOl TOL 0KPOTOTO T1) GLVAPTNON
f(x)=Inx+x—1

Kot va. Bpeite Tig pileg Kot 1o TPOHOUO TNG.

ii) No HELETNOETE OC TPOG T LOVOTOVIO KOl TOL 0KPOTOTA TN CLUVAPTNON

p(x)=2xInx +x —4x +3

iii) No amodei&ete 0Tt 01 YPUPIKEG TAPACTAGELS TMV GLVOPTICEDV

g(x) =xInx kot h(x) = —%xz +2x—%

£€Youv éval LOVO KOO onpelo 6To 0moio £Y0VV Kot KON EQATTOUEVT).

3. Na amodeifete 011 yio kKGO x > 0 1oydel

a)ye>1+x ii)oc)(mvx>l—%xZ
x 1, il 4
B) e >l+x+5x B)mlx>x—gx

ia)y(l1+x)">1+w,veNpuev>2

=D

B) (1+x) >1+vx+Z % veNpsv23.

4. Noa amodei&ete 0TL, v Yo o cuvaptnon f, mov glvat mapayoyioyn oto R,
oy0EL
277°(x)+6f(x)=2x+6x+1,

totE M [ OV ExEl akpoTATAL.
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5. Z10 durhavo GyN Lol EYOVLLE TIG YPOPIKES
TOPAcTAcE 000 TAPAY®YICIU®OY GL- 19
vaptioemy f, g 6° éva, dtdotnua [a, B]. ‘

To onueio & e(a,B) etvar to onpeio

6TO OTOl0 M KATAKOPLPN OTOGTOCN g(d
(4B) petadp tov C, ko C, moipvel
peyoAdtepn Tyu. 0
No omodei&ete 0TL Ol EQATTOUEVEG TOV

C, ka1 C, ota onpeio 4(E, /(&) kon B(S,

2(%)) eivar mapdAinies.

6. No amodeifete 6T 1| GLVAPTNHON

f)=@x-a)x-p'x—p’, pea<f<y

£xel Tpla TomKA eAdytoTa Kot 000 TOTUKd PEYIoTOL.

7. Mg éva oOppo PKovg 4 m KotaoKeLAlove Eva IGOTAEVPO TPIY®OVO TAELPAS X
m Kot £vo TETPAY®mVO TAELPAG y m.

1) No Bpeite 10 dOpotcpa tov epufaddv Tov dV0 GYNUATOV GUVOPTHCEL TNG
TAELPAG X TOV LGOTAEVPOV TPLYDVOV.

ii) [lo ot Typn Tov x 1o gpPadov yivetal eEldyioTo.

8. Aivetar m cvvaptnon f(x) = Jx katto onpeio A(%,Oj.

i) No Bpeite 10 onueio M ¢ C, mov améxel omd o oNpeio A4 TN WKPOTEPN
amdoTOON.

ii) Na amodeifete 6t n epomropévn mg C, ot0 M eivon kéBetn oty AM.

9. Onwg yvopilovpe, o 6Tifog TOL KAAGUKOV
abAntiopov amoteleitat amd Eva opboydvio
Kat 600 nukdKAa. Av 1) TEPILETPOG TOVL
otifov eivar 400 m, va Bpeite Tig SooTd-
GELG TOV, MOTE TO £UPadoV Tov opHoywviov
HEPOVG Va yivel péytoTo.

E(x)

10. H vadroon pog kpovallépog amaitel cuppetoyn tovAdytotov 100 atopmv. Av
dniavovv axpPdc 100 dropa, To avritipo avépyetar oe 1000 evpd to dTopo.
INo kéBe emmAéov dTopo To avTiTiLo ovd dTopo peidverat katd 5 evpd. I[1éca
ATOpO TPETEL VAL ONADCOVY GULLLLETOYT|, DOTE VO £OVLLE TO TEPLGCOTEPA £G0,;
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11. '‘Ecte E 10 eufaddv tov KOKAMKOD S0KTLAIOL TOV
Sumhavod oyHoTog. YmoOETOVHE OTL T YPOVIKT
otrypr) 1= 0 gfvon 7, = 3 cm ko 7, = 5 cm ko 1L Yo .
t> 0 axtiva 7, avéaveton pe otabepo pvud 0,05
cm/s, v 1 axtiva 7, avéaveton pe otabepod puouo
0,04 cm/s. Na Bpeite:

1) ote Bo undeviotel 10 EUPUSOV TOL KUKALKOD S0KTLAIOL Kot

ii) mote Ba peyioromomBei to epPaddv Tov KLKAKOD daKTLAIOV.

12. @éhovpe vo KOTOOGKELOAGOLUE VO KOVOAL TOL
omoiov M kéOetn datoun ABIA @aiveror 6To dt-
TAavd oYL

1) No amodeifete 0Tt T0 guPadov g StaTopng
ABIA gtvon ico pe

E =4npd(1 + ovvb)

ii) ['lo Tota Ty tov 8 to epPaddv ¢ KABETNG StaTOUNG HeyIoTOTOLEITAL;

13. "Evog kolvpupntig K Bpicketototn OGAacca
100 £t poxpié améd 1o TAnciéctepo onpeio X
A pog evfhypoapng oKTig, EVO TO GTTiTL TOV
2 Bpiloketar 300 ft pokpud omd to onueio
A. YnoBétovpe 0Tt 0 KOAUPNTG popet va ;
z - z A=)

KoAvpproet pe toydra 3 ft/s kot vo tpéet ) 300 fi
oTNV 0Kt pe tayvtnTo S ft/s.

100 ft

1) Noa amodeiEete ot yia va dtavicel T dtadpopn KM tov Smhavod GyfLaTog
ypewaletar xpovo

100* + x? . 300—x
3 5

i1) [ ota Ty tov x 0 kohvuPnng Ba xpelaotel T AydTEPO dLUVATO YPOVO
v va @OGGEL 6TO OTTiTL TOL;

T(x)=

14. 'Evog epyordfog embopei va yricet g {
éva omitt 610 OpOHO TOL GULVOLEL 2
dvo epyootdota E, kot E, ta omoia (.—T]rl R &K
Bpiokovton oe amdotoon 12 km kA T X b
EKTEUTOVV KOTVO pe mopoyés P xon 12 km g

M1 ft = 30,48 cm
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8P avtiotoiymg. Av 1 mokvotnTa TOV Komvoy o€ o andotacn d amnd éva
TETOL0 €PYOCTAGLO €lval avAAOYN TG TOPOYNG KATVOD TOV €PYOGTUGIOV Kot
avTIoTPOO®S AVAAOYY TOV TETPAYDOVOL NG amdotoong d, va Ppeite o€ mola
amodoTacT X and TO £PY0cTaclo £, mpémel o epyordfog va yticel to omitt
vy va €xet ) Ayotepn dvvarh pvmaven. (Iapoyn xamvod pog kamvodoyov
€VOG £pY00TAGIOV AEYETAL 1| TOGOTNTO TOL KOMVOD TOL EKTEUTETOL OO TV
Kamvod0yo oTr| Lovada Tov ¥pdvov).

2.8 KYPTOTHTA - XHMEIA KAMITHY XYNAPTHXHX

Koila - kvptd ovvaptions

® 'Ecto ot suvoptioels f(x) = x” kar g(x) = +/| x| (Zy. 38).

y y4
yf&) y=g(x)
o X o x
@ ®@

Ot mAnpoeopieg Tic omoieg pag divel 1 TPOTN TOPAY®YOS Yo T GLUTEPLPOPA KABE
Hog omd TG VO GVVAPTNCELS, OnmG PaiveTat Kot 6to oynpa 38 eivar idteg. AnAadn ot
GUVOPTHCELS,

— givan yvnoing eBivovoeg 610 (-0, 0]

— etvan yvnoiog avgovoeg oto [0,+ o)

— mapovotdalovv Tomkd eAdyioto Yo x = 0, To omoio gival ico pe 0.

Ouwmg, ol GLVOPTAGEIS AVTEG EYOVV OLUPOPETIKES YPOPIKEG TAPACTACELG. ANAndT,
“avépyovtarl”’ Kot “KaTEpyovTarl” e SPopeTIKd TPOTo og Kae Eva amd To SLOCTNHATA
(—0,0] xau [0,+ ). Emopévac, ot mAnpopopieg mov pag divel to TpdoNUo TS TPDTNG

TOPAy®YOL deV glvat IKOVES Yo T ¥Epatn TS YPOEIKNS TAPAGTAONS LLOG GLVEPTNONG.

Ag Bsopncovpe TOPO TIG YPUPIKES TOPACTACGEL TOV TOPUKAT®O GLVOPTNCEMV GTO
Stotnpa [0,+ ).
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y=+x

X

A 2
9 X ‘\/
O
® \\ Kofdg 10 x ow&dvetat &
—>

n epoantopévn ™me G
GTPEPETAL KOTA T1) Oe-
(@ 1) popd. B

Iopatnpovpe 6Tt KabdS To X av&bvetat:

Kabdg to x av&avetat
N epantopévn g G,
GTPEPETAL KATO TNV
OPVNTIKN QOPa

—n kAion /' (x) g C,av&avetar, dntadn n f” eivar yvnoing avéovoa 610 (0,+ ), eved

— n kAion mg g'(x) g C, elattdvetal, dnradn n g’ eivan yvnoiog gbivovsa oto

(0,+ ).

Yy Tpdtn mepintwon Aépe 6Tt 1 cuvaptnon f oTpéPet Ta KOIAW TPOG TO GV GTO
(0,4 ), evd o devTepN mepinTmon Ape OTL 1 g GTPEQEL TO KOTAX TPOG TO. KAT® GTO

(0,+ ). T'evikdtepa, divovpe TOV TOPAKAT® OPLOUO:

OPIXMOX

eowteP1k o TOL A. Oa Aépe Ot
yvnoing ad&ovco 6to o TEP LK O TOL A.

vt yvnoing eBivovcsa 6to eagmw tep 1k o TOL A.

‘Eoto pia cuvapton f coveyrnc o’ éva diomnuo 4 kol zapayw yiciun 610
e H cuvdaptnon f otpéeel 1o KoL TPOS TA VM 1 ivat KupTi) 6to 4, av 1 [’ glvan

e H cuvaptnon f otpéeel Ta KOiAa TPog To KATM 1) gival Koidn cto 4, avn [ &i-

Emontikd, pia cvvaptnon f eival kupth (avtiotoiywg koiln) og éva didotnua A4, otay
éva kvnto, Tov Kveiton méve ot C, yia vo dwarypayet 1o 100 TOL AVTIoTOLYEL GTO J1d-
omua 4 mpénel va otpaei Kotd ) Oetikn (avtiotolymg apvnTikn) eopd. (Zy. 40)
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INa va dnhdcovpe otov Tivaka HeTaformv OTL e suvaptnon f etval kuptr| (AVTIGTOl ™G
KoiAn) o€ éva ddcTnua 4, ¥pNGLLOTOIOVUE TO GUUPOAGUO \ A (AVTIGTOIY®G MY).

XXOAIO

ATOdEIKVOETAL OTL, AV Lo GVVAPTNOT f glvar KVPTN (AVTIGTOY®S KOIAN) 6 éva StdcTn o
A, TOTE M EPATTOUEVT TNG YPOUPIKNG TapdoTacns g f o€ kKabe onuelo Tov 4 BpickeTon
“Kato” (avTiotolymg “nave”) amd ™ ypaeikn g mapdotacn (Zy. 39), ue eEaipeon 1o
onpeio ETOENS TOLVG.

® H pehém pag cuvapmmong ¢ mpog To Koila kat Kuptd dtevkoAdvertar pe T Bordeia
TOV EMOUEVOV BEMPNIATOC, TOL Elval GIECT) GVVETELD TOV TPOTYOVLEVOD OPIGHOV KO

TOL Bg@pPNLOTOg povoToVviag.

OEQPHMA

‘Eoto o cuvdpmnon f ooveyxns o éva didotnpa 4 Kot Jvo PopES Topay@yioun
CTO E0WTEPIKO TOL A.

® Av f"(x) >0 yio kGbs ecwTep ik o onueio x Tov 4, Tote N f eivar kKupth 6T0 4.

® Av f"(x) <0y kGbs ecwTepiko onueio x Tov 4, 1ote N f eivor Koikn oto 4.

o mopadetypa, 1 ouvapmon f(x) =x° (Ty. 41), y

— givat koidn o100 (—0,0], apod [ (x) = 6x <0, yw
x € (—0,0) koun f eivar cuveyng oto (—o,0] eva, 3

— givar kvpth oto [0,+00), apod [ (x) = 6x > 0, yio >

x € (0,+o) koaun f eivar cvveyng oto [0,+ ). o *
XXOAIO
To avtiotpogo tov Bewpnpartog dev woyvet. I'a mapd- "

detypa, €0t 1 cuvdpmon f(x) = x* (Zy. 42). Eneidy
N £ (x) = 4x’ eivon yvnoiong avéovoa oto R, 1 f(x) = x*
etva kupt 670 R. Evtovtolg, n " (x) dev elvon Betikn 4
oto R, agov f”(0)=0.

Znucio kaumng
21 ypogikh Tapdotacn e cuvapmong f(x) = x°
(Zy. 41) mapanpodpe o1,
(a) oto onueio O(0, 0) | YpaPIKN TAPAGTACT) TG
f éyel epomtopévn Kot
(B) exatépwbev tov x, = 0, N KLPTOTNTO TNG KOUTOANG CALALEL.
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Yy mepintoon avti Aépe 6t n Ypoeikn mapdotacn g f “kaurtetar” oto onpeio O(0,
0). To onueio O Aéyetor oNUEio KOPTNG TNG C,. T'evica divovpe ToV TAPAKAT® OPIGHO.

OPIXMOX

‘Eoto o cuvaptnon frapayoyicym o’ éva didotua (a, B), ue egaipeon iocwg éva
onpeio Tov x,. Av

e 1 f eivor Kupti| 670 (@1, X,) Kot Koikn 670 (X, £), | AVTIGTPOPAS, KOl

o 1 C, &yel epomtopévn oto onpeio A(x,, f(x,)),
t61e T0 onuelo A(x,, f(x,)) ovopdleton oNueio KAPMG TG YPAUPIKNG TAPUCTUOTG
mg f.

Orav 10 A(x,, f(x,)) eivar onpeio kopmng g C,, t01€ Aépe dTL M f mapovedlel 670 X,
Kopmn Kot 10 x, Aéyetat 0€om enpeiov kopmg. Zta onueio kapmng n epantopévn mg C;
“dramepva” v KapmOAn. Amodetkvietatl, emmAEOV, OTL:

OEQPHMA

Av 10 A(x,, f(x,)) etvon onpeio kopmg g ypopikng nopdotacng mg f kon f eivor
dvo popég mapaymyiowun, tote f” (x,) = 0.

2Oupevo pe To mopamdveo Bedpnud, To ECOTEPIKA y
onpeio evog daotuatog 4 ota omoio m f” elvan
Stopopetikn amd to pundév dev etvan Béoelg onpeimv
kopmic. Emopévag, o1 mifoavég Oéoeig onueiwv
Koumwng pogouvaptong f o’ éva didotua 4 givat:

y=fx)

1) To E6OTEPIKA oNpuEio Tov 4 oto omoio n ' pun-
ogviletal, Ko

ii) TO €0MTEPIKA onpeia Tov 4 6T 0TOid HEV VG-
pxevm f" (Zy. 43). ol 1

INo mapdderypa, £6T® 1 GLVAPTHON

BE--—---
=
S
=

x’ , x<l1

(x=2)* , x=1 (. 44)

f(x)={

H f eivat 800 popég mopaywyicun oto R —{1} pe

_— -2
[\
=Y

6x , o x<l1 0

f”(x):{IZ(x—2)2 EETS)
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"Etot éyovpe Tov mapakdto mivako:

X —0o0 0 1 2 —+00
£(x) -0 + + 0 +
fx) KoiAn KupTy KLpTH KLpTH

Eneidn n f" undeviCeton ota onueio 0 kot 2, evd dev vdpyel oto 1, ot mbavég Béoeig
TV onueiov Kopmng etvor ta onueia 0, 1 kon 2. Opwe, 6mwg poaivetonr 6ToV TOPUTAVED
nivako kol 6to oynua, ta onueio 1 kot 2 dev givarl Béoelg onueimv Kapmng, agov o’
avtd 1 f dev oAhalel kuptdTNTO, VD TO onueio 0 eivatl BEon onpeiov Kaumg, apov 6To
0(0, f(0)) vrapyer epantopévn g C ko foto 0 aAralel koptomro. Tlapatnpodue
Aomov Ot and tig mbavég 0éoelg onueinv Koumne, 0éon onueiov kapumng eivol udvo to
0, exatépwbev tov omoiov N f” aAlalel mpoonpo. [evikd.:

‘Eoto o cuvaptnon f opiopévn 6’ éva dtdotnua (a, f) kot x, € (o, ). Av
® 1 /" aAAdlel mpdonpo ekatépbeY TOL X, Kot
® opiCetar epamtopévn g €, 610 A(x,, f(x,)),

167€ 10 A(X,), f(,)) €lvar onpeio Kapmg.

E®APMOI'H
No Tpocdropis0ovv To S1UGTINOTO GTA 0TOIN 1) GLVAPTI G
fx)=x'-6x*+5,
givor kupT 1 Kol Kot va BpeBolv Ta onpeio KOPmTNG TG YPOQIKIG TS TOPAOTACNGC.

AYZH

1) H fetvon 800 popég mapayoyioym oto R, pe f"(x) = 12(x — 1)(x + 1). To mpdonpo g
f" paivetar 6Tov okdAovBo Tivaka:

X —© -1 1 +o0
1) + 0 - 0 +

g 0 o~ 0 U
Jtx) K K

Emopévag, n f eivat kupti| og kaBéva and to dtootiperta (—oo,—1] kot [1, +00) Kot Koiln
ot0 ddotnua [—1,1].
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Eneidn n " undevilerar ota onpeio —1, 1 ko exatépwbev arrdlel mpoono, To onpeio
A(-1,0) ko B(1,0) eivar onueia kapmig me C,. Ta cvunepdopata avtd katoywpodvtal
GTNV TEALELTAIO YPOLLLT TOV TOPATAV® TIVOKCL.

AXKHXEIY

A" OMAAAX

1. Na Bpeite to SIGTAOTO GTO OO0 Ol TOPUKATM® GLUVOPTNHGELG Eival KUPTEG I
KOIAEG KO VO TPOGOI0PIGETE (OV VITAPYOLV) TO. GNUELD KOUTNG TOV YPAPIKDOV
TOVG TOPOUCTAGEWDV

3x* -2
i) fx)=3x" —5x*+2 i) g(x) ="
X
2. Opoimg yo TIg GVVAPTNCELS:
i) f(x)=xe"™ ii) g(x) = x’(2Inx — 5)
—3x% +1 x<0
i) A(x) = ’ .
) 1) {—x3+3x2+1 , x>0
3. Opoimg ywo TIg GVVAPTNCELS:
D f=e” if) g(x) =£px, x < (—ﬁ,ﬁj
2°2
iif) 4(x) = x| x| iv) p(x) = x|

—\/; , x<0

V) v/(x)={ = g

4. X710 TOpoKATO GYNLO SIVETOL T YPOUPIKN TAPAGTACT THG TOPAYdYOL Hiog GLVEAP-
mong f oto ddotpa [—-1,10].
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Noa mpocdiopicete o dtootpate oto omoia 1 f glvat yvnoing avgovoa, yvi-
ciog eivovsa, Kupt, KoiAn Kot Tig BECEIC TOTIKMOV OKPOTATOV KOl CNUEIDV
KOUTNG.

. . . x=5(1)
5. Zto dumhovd oynpo Sivetal 1 YpPOoEIKN

napdotacn C g cvvhptnong Bécemg x x=S(f)
= 8(7) evdc KtvnTov mov Kveitol Thve e
évav afova. Av 1 C mapovctdlel Kopmm
TIG XPOVIKEG OTLYHEG £, KoL £, Vol Bpeite: o

1) [I6te 10 KMo Kiveiton katd T Oeti-
K1 QOpE KO TOTE KOTA TNV OPVNTIKY POPEL.

it) [Tote N ToyhTNTO TOL KIVNTOV OVEAVETOL KOt TTOTE LELDOVETOL.

B OMAAAX
1. No Bpeite To onpeio KOUTNG TG YPUPIKNG TOPAOTAGTG TNG CUVAPTNONG:

X
x*+1

JS(x) =

Kot va. omodei&ete 011 dV0 amd QVTA EIVOL GUUIETPIKG G TPOG TO TPITO.

2. No amodeifete 0TL 1| YPUPIKN TOPAGTOGT TG GVVAPTNONG:
f(x)=2e"—x

€xet yuo kKaBe Tyun tov a € R, akpiog éva onueio kapmig mov Ppicketat oty
mapoforny y = — x> + 2.

3. Na amodeifete 6T yi0 k60 a € (-2,2) 1 suvapmon f(x) = x* — 2a0 + 6x° + 2x
+ 1 givat kvptr| o€ 6A0 10 R.

4. Aivetonm cuvapmon f(x) =x° —3x° + 2.
1) No omodeigete 60TL M f mapovctalet éva Tomikd PHEYIOTO, EVOL TOTIKO EAGYIGTO
Ko €vo onpeto kopmg.

i) Av x,, x, etvar o1 0ce1g TOV TOMKOV 0KPOTATOVY Kol X, 1| 0£om TOV onpeiov
Kopmng, vo anodeifete 6t Ta onpeio A(x, f(x))), B(x,, f(x,)) ko I(x,, f(x,))
elvat cuveLOELOKEL.
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5. 'Eoto f o cvvaptmon, dvo gopég mapaymyicn oto (—2,2), yio v omoio
lepqital

) -2f(x)+x*-3=0.

Noa amodeifete 6Tin [ dev €xet onpeia Kopmg.

2.9 AXYMIITQTEY - KANONEX DE L’ HOSPITAL

Acbuntwreg

® 'Ecto 1 cuvaptnon f(x) = 1 (Zy. 45).
X

Onawg eldape:

. .1
lim f(x)= lim — = +o0.
x>0 x—0" x

Avto onpaivet 6T, Kabmg to x teivel oto 0 amd OeTikég
TIEG, 1 YPAPIKN TOPACTOOT TG f TEIVEL VO CUUTECEL LIE
v evbeia x = 0. Xt nepintmon avtn AEpe 6t 1 gvbsia
x = 0 eivon kataképoen acvprteT S C,. N'evued:

OPIXMOX

Av éva TovAdyiotov and to oplo lim f(x), lim f(x) etvon +0o0 1 —c0, T0TE M €VOETDL
XX,

X—Xq

X = X, AEYETOL KOTUAKOPLQN 0GVUTTMTY TG YPOUPIKNG TAPACTACTG TG f-

® "o TV 10100 CLVEPTNON TAPATNPOVUE OTL:

. .1
lim f(x)=lim —=0.
X—>+00 X—>+0 X
Avtd onpaivel 0tt, KoBmG To X TEIVEL GTO +00, 1| YPAPIKN TOPAGTOCT TG [ TEIVEL VO
oounécet pe v evbeia y = 0. Xty nepintoon ovt Aépe 6tin gvubeio y =0 eivor opriévtia
asoprte ™S C 670 +0.

Eniong mapatnpodpue 6t

. .1
lim f(x)= lim —=0.
X—>—00 X—>—0 x
Avto onuaivetl 0T, kKoBOG TO X TEWVEL GTO —o0, 1| YPAPIKY Tapdotacn g f Teivel va
ovunécet pe v evbeia y = 0. Xty nepintoon avt Aépe 6t gvubeio y =0 eivar oprlévria
acvprret MG C, 670 —o0. I'evika:
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OPIXMOX

Av lim f(x) =/ (avtictofywg lim f(x) = {) , tote M gvbeia y = £ Aéyeton opriovTio

UCVPUTTAOTN TNG YPOUPIKNG TOPAGTOONG TNG f GTO +00 (OVTIOTOIY®MG GTO —o0).

® 'Ectm n cuvaptnon

1
fx)=x-1+—
X
Kot 1 gvbeia

gx)y=x-1 (Zy. 40).

Enedny lim[f(x)—g(x)]= lim l =0, xobdc 10
X—>+00 X—>+0 x

x 1glvel 6To0 +o0, Ol TWWES G f mpooeyyilovv Tig o 1 x
TIWEG ™G g AnAadn, n ypaeik) mopdotoon g f -1
npoceyyilel v evbeio y = x — 1. v mepintoon

avt Aépe 6t m evbeio y = x — 1 givar acdpmtomTy (TAdYIR) TG C, 0610 +o0. I'evikd:

OPIXMOX

H evbeia y = Ax + f Aéyetol a6OUTTOTY TG YPAPIKNG TAPAGTACNG TG f GTO +00,
OVTIOTOYMG 6TO —00 , OV
lim [ f(x) - (Ax+ )] =0,

AVTIOTOlY®G

lim [ f(x) ~ (Ax+ )] = 0.

Hoaocountotm y =Ax + feivaroprlévria ov =0, evd av A # 0 Aéyetar wAdyto acOUTTOT).
["o Tov TPOGAOPIoUO TV ACVUTTOTOV LG CUVAPTIONG LoYVEL TO TUPUKAT® Oedpnia,
Tov omoiov N anddeEn TapaieineTat.

OEQPHMA

H gvbeia y = Ax + f elvon acOUmTmd™) TG YPOPIKNG TOPACTOONG TG [ GTO +00, AVTL-
OTOLY®G GTO —o0, OV Kot LOVO 0V

lim ﬁzl e Rxot lim[ f(x)-Ax]=pB R,
x40 x X—>+00

aVTIoTOlY ™G

limM=lelRKou lirflw[f(x)—/lx]=ﬁe|R.

X—>—00 X
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2XOAIA
1. Amodeikvietan OtL:

— Ot moAvovopkés cuvaptnoels Pabpov peyodvtepov i icov Tov 2 dev €youvv
OCVUTTOTEC.

P(xi , e Pabpd tov apBun P(x) peyolbtepo TOLALIGTOV
X

— O1pn1éc GUVOPTNGELS
Kkatd 300 Tov PBabLov TOV TAPOVOUAGTY, OV £XOVV TAAYIES OCVUTTOTES.

2. ZOUQOVA E TOVG TOPATAVED OPIGHOVG, OGVUTTOTES TNG YPUPIKNG TOPAGTUCNG LG
ocuvaptnong f avalntodpe:

— 210 AKpO. TOV SL0GTNUATOV TOL TEdon 0ptoHov TG ota omoia 1 f dev opiletat.

— Xto onueio Tov mediov optopo TG, 6T0 omoia 1 f dev glvat cuvEXNC.

— 10 +00, —0, EPOGOV 1] GLVAPTNGT| Eival OPIGUEVT GE SLAGTNILO TG LOPPNS (or, +00)
avTioTolyws (—m,a).

E®PAPMOI'H

No Bpedodv or acOpunTOTES TNG YPUPIKNS TOPAGTAGNG TNG GUVAPTNONG

1
f()=x+ x
AYXH
Enedn 1 f éxel nedio opiopod 1o R* kar eivar cuveyrc o avtd, Oo avalntioovue
KOTOKOPLEN AGVUAT®TN 670 0 KOl TAAYIEC GTO —00 KO +00.

Eivan

lim f(x)=+00 kot lim f(x)=—o0,

x—0" x>0
Apa, 1 evbelo x = 0 gival KaTakdPLEN ACVUTTMOTH TNG YPAPIKNG TAPACTUONS TNG f.
E&etdlovpie, Tdpa, ov VILAPYEL GTO +00 AGVUTTOTN THG LOPPNS ¥ = Ax + B. 'Exovpe:

2
. X .ox+1
lim & = lim >
X—>+00 x X—>+00 x

=1, ondte A =1 xon

2
lim (f'(x) - Ax) = lim (x +1—xj: 1iml:O,on:éTS[)’=0.

X400 X x>+
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Emopévac, n evbela y = x glvar mAdylo acOUTTOT TG YPUPIKNG TapdoTaonS TS f 6To
+00,

Avdroya Bpickovpe 6t gubeia y = x etvar TAGyLo 0cOUTTOTN TNG YPAPIKNG TOPAGTAONG
™¢ f KO GTO —0.

Kavoveg de L’ Hospital

e —1

‘Ectonovvdpmon f(x) = . T va e&etdoovpie av 1 evbeio x = 0 givol KOToKOPLET

acvuntot g C,, ypetdaletot va VToAoYiGOVUE TO

et -1
lim
x—0 X

)

Hopoamnpodpe 6t1, av epapudcovpe tov Kavove Tov opiov mnAikov, mapovotaletot
0
QPOGIOPIGTIO TG LOPPNG 0 Ot 1€00601 TOL EPUPLOCALLE GTO KEPALOLO TOV OPIO Y10

™mv Gpomn g ompocdioptotiog (amdomoinomn KTA.) dev epaprolovial 6To To Tave Op1o.

0 4o
T T 6p1oL TALKO TTOL 08N YOVV GE UmPOGIIOPLGTES LOPPEC 0 1o’ 10XV T ETOpEVD
0

Becopnpata (n omddelén Tovg TopaAeineTAL), TOV EIVOL YVOOTH OC Kavoveg de I’ Hospital.

OEQPHMA 10 (uop(pl’] %)

Av lim f(x)=0, lim g(x) =0, x, €R U {—o0,+ o0} kar vrépyet to lim S (me-

XX, XXy g'(x)
TEPAGLEVO 1) ATEPO), TOTE:

lim & = lim & .
= g(x)  n g'(x)

"Etot 1o mapamdve opro (1) vroroyiletarl mg e&ng:

"Exovpe:
lirr&(ex -)=0, lingx3 =0
Kot
. X _1 ! . X
hm(e 3 ) =lim e2 = 400
x—0 (x )’ x=0 3x
Enopévac:
. et -1
lim —— =+,
=0 x

7oV onpaivel 6t M gvbeio x = 0 gival KOTOKOPLPT AGVUTTOTN TG YPOPIKNG TAPAGTACNG
ms S
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OEQPHMA 20 (popoii fi’)
T 00

Av lim f(x) = +oo, lim g(x) =+o0, x, € R U{-00,+ 0} kot vrdpyet to lim / ,Ex;
XXy XXy =% g(X

(memepooévo N amelpo), TOTe:
tim £ = fjim L&)
X—>X) g(x) X=X g (x)

x

. e
INo wapdderypo, o vToAoyopdg tov lim — yiveton g eERc:
x>+ x

‘Exovpe:
lim " =+o0, lim x =40
X—>+®0 X—>+0
Ko
. eX ’ eX
lim = lim — =+
X400 (x)’ |
Enopévac:
e)[
lim — = +o0
X—>+0 x
YXO0AIA

, . , 400 —o0 —00
1. To Bsdpnua 2 1oyveL KO Yo TIC Hoppég — , —, —.
-0 400 —00

2. Ta mopomdve Bempfpoto 1yHovy Kot Yo TASVPIKA OpLo. Kot LTopoVLLE, av ypetdleTat,
VoL TO EPUPLLOCOVLLE TTEPITTOTEPES POPEG, APKEL VO TANPOVVTOL Ol TPODTOHEGELS TOVG.

EPAPMOI'EY

X

1. Aiveran 1 ovvaptnon f(x)=x+2- je
e+

T No omwoderytei 6TL:
i) H gvbgia y = x + 2 givan acdprnroty g €, 610 —©
i) H gvbgia y = x — 2 givan asopnroty g €, 670 +0.
AIIOAEIEH
1) Apkei va dei&ovpe oTL

lim[/(x)~(r+2)] = 0.
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[paypartt, £xovpe

Hm /() (x+2)] = lim e _ A0 _
=" +1  0+1
i) Apketl va deiéovpe 011
lim [ f(x)-(x-2)]=0
[pdypati, £xovpe
. . 4e* .

lim[f(x)—(x-2)]= lim | 4 = lim =0.
X—>+0 X—>+400 eX +1 X—>400 e:c + 1

2. Na BpeBovv o1 0CVUTTOTES TGS YPUPIKIS TOPACTAGNS TNG CLUVAPTN OGNS
X
S(x)=—.
e

AYXH

Eme1dn n ovvépnon f elvar cvveyng oto R n ypagikn g mapdotacn dev €xel Kato-
KOPLOEG 0oVUNTOTES. Ba avalNTHGOVLLE, ETOUEVOS, AGVUTTMOTEG GTO —o00 KOl GTO +00.

f()

® [ vo eivorn y = Ax + f acOumtmtn g C, 010 —0, apkel o Optot A= hm

f( )— lim e =400, 1

xX—>—0 xX—>—0

B = lim[f(x)—Ax] va eivar mpaypoatucoi appol. Enedny lim

C, dev £yeL acHUNTOTN 6TO —o0.

® [a va givarn y = Ax + f acbpntom g C, 610 +w, apkel ta opla A = lim —— flx )
B = lim[f(x)—Ax] vo eivon mporypatikoi apt@pot "Exovpe: e

A= 1im <) _ fim

x—>+0 oy x>+ oF

— =0 kot

B = lim[f(x)—Ax] = lim =
X—>+0 X+ o7

(E] i (x)'

@) (Kavévag De L Hospital)
X—>+0 e

= limizo.

x40 o*

Apa, 1 evbeia y = 0, Sniadn o afovag xx, eivar acdpmte G €, 6T0 +00.
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AXKHXEIY

A" OMAAAX

1. Na Bpeite (av vTapyoLV) TIG KATAKOPLOES ACVUTTMOTEG TOV YPOPIKOV TOUPUCTA-
GEDV TV GLVOPTNGEWMV:

i)f(x)=xi2 ii) f(x)—S(px,xe(_%’%j
2_35492 x , x<0
iii)f(x)z% iv) f(x)= 1 a0
X

2. Na Bpeite 116 0p1lOVTIEG ACVUTTMOTEG TOV YPUPIKDV TOPUCTACEDY TOV GLUVOPTIGEMV:

i f(x)=xxf—jl” i) £ = 1.

3. No Bpeite T1g 0oOUTTOTEG TOV YPUPIKAV TOPUCTAGEDY TOV GUVOPTICEDV:

i) f(x)= xox-2 i) f(x)= -3 iii) f(x)=+x*+x.

x—1 x—2

4. No vtoAoyicete T0 TapaKiT® Opia:

IR g coy g =
LSS ii) llmﬂ iii) lim |
=0 In(x+1) =0 x 0] —ouvx
B"OMAAAX

1. Aiveton 1 ovvapnon f(x) =Vx’ +2x+2 kot ot gvbeicg g1y =-x-1xu
&,: y=x+ 1. No anodeifete Ot

i) He, eivar acopmtmTn g C, 010 —00, £Vl N &, eivan acvunTO™ ™G C; 670 +o00.

ii) T k60e x R 1oyt x* +2x +2 > (x +1)* > 0 Ka1 611 cVVEKELD Vo omodeiete
otin C, Ppioketon mve amd v &, KOVTE 610 —0 Kol TAVE Ao TV &, KOVTd
GTO +00.
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2. No Bpeite T1¢ AGVUTTOTEG TNG YPUPIKNG TapdoTacns ™G f Otav:

2
X Inx

D) )= i) f(x)=—

X

3. Nao Bpeite 11¢ Tipés tov a, B € R, ®ote 1 cuvaptnon

nwx+oa , x<0

f@) ={ o

, x>0

va, etvar mapoywyiown oto x, = 0.

Xlnx O<x=1
4. Atvetaum oovdpmon f(x)=< 1—-x .
-1 , x=1
No anodeitete otL:
1)n f eival cuveyng i) f'(1)= —% .
5. Aivovtor ot GuVOpPTNGELG
In(x* —2x+2) x’ , av x<I
— , av x=#1
JS(x) = x—1 Kot g(x)=9  Inx :
I+— , oav x>1
0 , av x=1 X

Noa anodeiete ot
1) H fetvon cuveyng kot mapaywyioym oto x, = 1, evo

ii) H g efvon cuveyng oAAd un mapayoyicym oto x, = 1.

6. Aivetarm cvvéptnon

f@=1° e
X)= .
(I-e)Inx , xe(0,1]
1) Na vmoAoyicete ta Opta
im=¢"  «a limxlnx
x—0 5% x—0

ii) Na omodeilete 0Tin f elivar cuveyng oto 0.

iii) Na Bpeite mv eSiowon g epantopévng g C, oto onpeio O(0,0).
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2.10 MEAETH KAI XAPAZEH THX 'PA®PIKHY
THTAPAYTAYHY MIAY YYNAPTHXHY

Xy mapdypao outh o Sove TG, pe T Porfela TV TANPOPOPLOV TOL ATOKTNGOUE UEXPL
TOPO, LTOPOVLLE VO XAPAEOVLLE TN YPUPIKT TAPEGTOGT) LIS GUVAPTNONG LLE IKOVOTONTIKY|
axpifeto. H mopeio v omoia axolovBobpe Aéyetar pehéTn TG 6LVAPTNONG Kot TEPIAOUPAVEL
TO TOPOKATO PripoTo

1o Bpickovpe to medio opiopo g f-
20 E&etdlovpe ) ovvéyeta g f'oto medio opiopod .

30 Bpiokovpe tig mapoaydyovg [ kot [ Kot KoTaoKeLALOVLE TOVG TIVOKEG TMV TPOCTI UMDY
Tovg. Me t Ponbeto Tov Tpoonpov g [’ mTpocsdiopilove Ta SOUGTHLOTE LOVOTOVING
KOLL TOL TOTIKG 0kpOTOTo, TG f, VO Le T Ponbeta Tov mpoonpov ¢ f” kabopilovpe ta
oot oto omoia 1 fetvat Kupth 1 KoiAn Kot BpicKovLLE To onueio Koumng.

40 Mehetob|le TN “CUUTEPLPOPE” TG GLVAPTIONG OTO AKPA TOV SLOGTNUATOV TOL TEGIOV
0pIoOL TNG (OPLOKEG TILES, OCVUTTMTES, KTA.)

50 ZvyKeVIpMOVOLLLE TO TAPATAVE® GUUTEPAGLOTO G VO GUVOTTIKO TIVOIKO TTOV AEYETOL KoL
mivakog petafordv g f kot pe  fondetd Tov YapEGGOvLE TN YPOPIKN TAPAGTOoT TG
J- T kokbtepn oyedioon g C; katackevalovpue évay mivoka TiHdY TG f.

XXOAIO

1) Onwg eivor yvootd, av e cuvapton f pe nedio opiopod 1o 4 eivarapria, 0ten C;
&yeL 6Eova cvppetpiog Tov agova yy, eve av eivarep iz, C, £XELKEVIPO GOUUETPIOG
mv apy tov advav O. Emopévac, yio tn HeAétn (og TETolS GuvEapTNoNg LToPOVLLE VO
meploploTovpe ota x € A, pe x > 0.

2) Av o ovvapton f eivorTepiodikn pe mepiodo T, tote meptopilovpe T HeAETN TG
C, o’ éva dibompa mrdrovg 7.

EPAPMOI'EY

1.Na pereTn0ci ko vo Topaotadel Ypa@kd n ovvaption

f(x)=x'—4x’+11.
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AYXH
1. H f éye1nedio opiopov 1o R.
2. H f eivar cvveyng oto R m¢ moAvmvopk.

3.’Eyovpe

f1(x)=4x" - 12x% = 4x°(x - 3).

Ot pieg g f* eivarotx =3, x = 0 (dutAn) Kot T0
TpooN o TG divovTal 6To SumAavo mivaka, amd Tov
omoio Tpocdiopilovpie To SIOGTALATO LOVOTOVIOG
KO TOL TOTUKGL 0KPOTOTOL.

"Exovpie emiong

f(x) = 1267 = 24x = 12x(x - 2).
Ot pilec g f" eivarotx =0, x =2 Kot T0 TPOSN IO
g divovtat 6To duThavo Tivaka, omd ToV 0Toio

npocdopifovle Ta SLOGTNHATA 6TO oTToioL 1) feivat
KLPTH 1 KOIAN Kot BpICKOVLLE T OMUEID KOUTNG.

x —0 0 3 400

S x) -0 -0 +

(%) \—16/

TE.

X —0 0 2 40
77(x) + 0 - 0 +
fw | NS I

K. ZK

4) H cuvaptnon f dev éxel aoOUTTMOTEG GTO +00 KOl —o0, POV EIVOL TOADMVLUIKY TETUPTOV

Babpo?v. Eivar dpog:

lim (x* —4x° +11) = lim x* = +o0

X—>+00 X—>+o0

Kot

lim (x* —4x* +11) = lim x* = +0.

X—>—0 Y-

5) Zynpatiovpe tov mwivako HeTafoAdv ™G f Kol YepACCOVLLE TN YPOUPLKY TUPAGTAON

w™mg f.

X | = 0 2 3 +00
'(x) -0 - — 0 +
1) t 0 - 0 + +

/00 \> 1 >\
K. s

K -16
T.E.
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2. Na peretn0ei ko vo Topaotadel Ypagikd n cvvaption

f(x)zm

x-1
AYXH
1. H 1 éye1medio opiopon o R —{1}.

2. H f eivatl cuveyng og pnt.
3.'Eyovpe

’

X —x+4 _ Rx-D(x-)-x"+x—-4 B x2—2x—3.
B (x-1? N

x—1

f'(X)=(

Ot pilec g f* eivar—1, 3 kot 1o TPOGNUO TG | - ] | 3
divovtot 6to dumhavo mivako, omd Tov 0moio () T 0 - o +
TPocd1opilovE TO SIUCTHILOTO LLOVOTOVIOG

KoL To. aKkpOTOTOL. fx) T_13\/I\ \ 5 7/

+00

"Exovpe emiong LE.
- 2x—2)(x—1)" =2(x—1)(x* —2x -3 8
() = X ( - ) _ .y
(x=1) (x-1)
H f" dev éxet pileg kot to Tpodonpd g divetat oto Y | —» 1 o
SumAavo mivako, omd Tov omoio mpocsdiopilovpe Ta ) _ T

Swwotnpata oto omoia 1 f glvat KopTi 1 KOIAN.

A RN

4) Enedn lim f(x) =+, lim f(x)=—o0, n evbeio x = 1 givar kotaxdpuen acOUTTOT
x—>1" x>l

™mg C,.

E&etdlovpie TP oV VITAPYEL GTO +00 AGVUTTMTN TNG LOPPTS ¥ = Ax + . Exovpe:

2
lim L) 2 X+4

X—>+00 x X—>+0 x2 x

Ko

1, omote A =1

X—>+0 x—1 x40 ¢ — |

2 —
lim (f(x)— Ax) = lim (x—“‘l - xJ ~ lim —— — 0, on6te f=0.

Enopévag, n evbeia y = x eivan acdpntwm mg €, 610 +o0.

Avadoya Bpickovpe 6L 1 evbeia y = x eivan acvpmtot ™me C, Kot 610 —o0.
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Emiong éyovpe:
. . X —x+4 . . X —x+4
lim f(x)= lim % =—o0 Kot lim f(x)= lim XXt +00.
X—>—0 X—>—00 x —_ X—>+0 X—>+00 x —

5) ZynuoriCovpie Tov mivoko LETOBOADY TG f Kol YUPAGGOVLE TN YPAPIKT TG TapAeToo.

'
X —0 -1 1 3 +00
S ) 0 - - 0 +
/@) - [ - + ]+
+00 +00
1) -3 \
! f. T.M. L 5 J -
—00 —00 T.E. X
AXKHXYELY
A" OMAAAX

1. No pehetnoete Kot Vo TaPAGTHGETE YPOPIKE TIG GUVOPTHCELG:

x+1

i) f(x)=x"—3x" - 9x +11 ii) f()c):—1 iii) f(x)=x"—2x".
TP
2. Opoimg Tig GLVOPTHCELS:
2 f— a—
) )= 7t i) f)=2 "2
X x—1

3. No HEAETNOETE KOl VO, TAPUCTNGETE YPOUPIKA TN cuvaptmon f(x) = x + nx oto
dtotnpa [, x].
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I'ENIKEY AXKHXEIY

I'" OMAAAX

. 1
1. i) Na anodeifete 0T1 01 YPUPIKEG TAPUOTAGEL TOV GLVAPTHoE®Y [ (X) = — Ko
X

g(x)=x"—3x+3, x € (0,+o) &ovv Kown epamtopévn 6to onusio 4(1,1).

ii) No Bpeite m oyetkn B¢on tov C, kon C, 010 drdotnua (0,+ ).

2. Avf, g eivar mopaymyicileg cuvaptnoelg 6to R, pe
£(0)=g(0) kot /" (x) > g'(x) ylo. kabe x € R,
va anodeitete Tt

f(x) <g(x) oto (—0,0) ko f{x) > g(x) oto (0,+ ).

3. Ioookehéc Tpiymvo givar eyyeypoapévo o€ KOKAO pe oktiva 1. Av 6 givorn yovio
HeTOED TV Io®V TAEVPOVY TOV TPLYMVOL, Vo, arodeiete Tt to euPadov Tov ival £
= (1 + ovvO)nub. Na Bpeite v tipm g yoviag 6 € (0,7) yio v onoio epfaddv
TOV TPLYMVOL LEYIOTOTOETOL.

4. 'Eva cOppa pixovg 20 m drotifetot yia
v mepippadn evog avOOKNTOV GYNIATOG
KukAkoV topéa. Na Bpeite v aktiva G r

TOV KOKAOL, av ETLOVLOVLE VOL EYOVLLE TN

HEYOADTEPT] SLVOTH ETLPAVELD. TOV KNTTOV. v
+— lm —>
5. Avo d1adpopot mAdtovg 1 m tépvovrat Ké- A
Beta (Zynpa). Na Bpeite to peyoidtepo \
duvaTd UNKOG oG GKAANG TOV UTopEt, ___O>
av petogepOei oplovtia, va otpiyel ot r 0, T
yovio. i Im
A| O\ B l
Ynooeien:

i) Na gkppdoete ta OA4, OB cuvaptioel g yoviag 6, 0 <0 < % .

1 1
i) Na amodei&ete 011 (AB) =——+ = f(0).
nué ovvd
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174
iii) Na Bpeite nv tipn g yoviog 8, yuo v ontoio 10 AB yivetat eAdyloTo.
6. 1) No PEAETNOETE KOl VO TOPOGTIGETE YPAPIKA T1 cuvaptnon f(x) = -
ii) No amodeifete 6t a™" > (a+ 1) y1a k6be o> e.
iii) Na amodeitete 6tiytox >0 oydel 2° = x° < f(x) = £(2) ko oT1 GuVEKELL
vo. omodeifete 6L ebiomon 2° = X &gl dVo axpadg Moewg, Tigx, =2, x, = 4.
7. 1) Ava, f>0koiyiokdfe x e R ioyvet a* + 7 > 2, va anodeiéete otLaf = 1.

ii) Av a >0 koryio kéOe x eR woyver a* > x +1, va amodeitete 6tLa = e.

i) No anodeifete 6T1 M cvvaptnon f(x) = e" givar kuptn, evod 1 g(x) = Inx givar

KoiAn.

8.
ii) Na Bpeite v epontopévn mg C, oto onpeio A(0,1) ko mg C, 670 B(1,0).

ii1) Na omodei&ete Ot
a) e >2x+1, xeR B)yInx<x-1, xe(0,+x).

[161€ 1o00VV OL 160N TESS

iv) H C, Bpioketon mave amd my C,.

9. 1) Na Bpeite v eAdylot TIU TG GLVAPTNONG
fx)=¢"—Ax,1>0.
ii) Na Bpeite ) peyoldtepn iun tov A > 0 yo v omoia toyvet
e' 2 Ax,ywkabe x € R.

iii) T v T Tov 4 mov Ba Ppeite Topandve va amodei&ete 6TL M gubeio y =
AX QATTETAL TNG YPAPIKNG TOPACTOONG TG CLUVAPTNONG g(X) = €.

1

2

xnmu— , x#0
10. Aivetoin ovvaptnon f(x) = s X .
0 , x=0
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Noa anodei&ete o1

i) H feivar mapaywyicyn oto x, = 0 kot 6t cuvéxeto 6t m gvbeioy =0 (o
agovag x'x) eivon n epoamropévn mg C, ot0 O(0, 0).

i) O d&ovagx'x éyel pe v C, amepa kowd onueio, moporo mov epantetar mg C,.

iii) H evBeio y = x eivan acvpntot mg €, 610 +o0 Kot 6T0 —w0.

11. A.’Ecto (o cuvdptnon ¢ tétot, dote

»(0)=0, ¢'(0) =0 kot 9" (x) + p(x) = 0 yio. k60e x € R (1)

Noa anodei&ete ot
i) H ovvapmon w(x) = [¢'(x)]* + [p(x)]’ eivar otabepii oto R ko va Ppeite Tov

TOmOo NG,
i1) ¢(x) =01y xéBe x € R.
B.’Ecto 300 cuvaptnoels f kot g TEToleg OOTE:
f(0)=0, f"(0)=1 karf"(x) + f(x) =0 yia kBe x € R
2(0)=1, g'(0) =0 ko g"(x) + g(x) = 0 yio. kPe x € R.

Noa anodeitete ot

i) Otovvapmoetg o(x) = f(x) — N Kot w(x) = g(x) — GLVX IKAVOTOLOVV TIG VTTO-

Béaeic (1) Tov epoTpaTOC A.
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12.

13.

14.

i) x

i) f(x)=nux kot g(x) = ovvx yio kGbe x € R.

210 Suthavo oynpo o KOKAOG £xet aktiva 1 cm
Ko 1 € epantetal o€ avtodv 610 onpeio 4. To
10&0 AM givon 0 rad ko To €v0. Tppa AN givan
6 cm. H gvBeio. MN tépvel tov dEova x'x 610 0 A(1,0)

onueio P(x, 0). No deifete otu: P(x0) 0 / I3
_ Oovvl —po

s =x(0) ii) limx(9) = 2.

M _s N(1,0)

"Evag meComdpog 11 Eekivder amd évo onpeio 4

Kot Bodiler yOpw oo pio KOKAKE Alpvn oKTivog

p =2 km pe toayotnro v =4 km/h. Av S givar A
10 ufiKog Tov To&ov Al kar ¢ To pfKog TG

andotoons A1 tov nelondpov and To onpeio

EKKIVNO™NG TN YPOVIKN OTIUN £

A) No amodeitete 6L
. S 0 .
1) 9=E Ko £=4nu5, ) S=41,0=2t wouu (=4nps.

B) Na Bpeite to puOpod petafoing mg andotoong £ og mpog tov xpovo . [loog
gtvat o puOpog petafoing g amodctacns £ g TPog Tov XPovo ¢, dTov
2r

a) 0 T, B)o=rx Kol 7)9:4%;

"Evog aypdtg 6€het va tpocAdafet epydreg yio va poléwouy 12500 kidd viopdTes.
Ka6¢ epydng palevet 125 kihd v dpa kot TAnpmdveTaL 6 eopd v dpa. [ 1o
GLVTOVIGUO KOl ETIGTAGIO TV EPYATOV 0 aypOTNG B TposAdPet Kot Evav emoTdTn
tov omoio Ba mAnpdvet 10 gupd v dpa. O aypdng, emmAéov, Ba TANPMOGEL GTO
cOUATEL TOV EPYATOV E1I0POPE 10 gVpd Yio TOV EMoTATN Kot KABE epydrn. Na
Bpeite mOGOVG epydteg mPEMEL VAL TPOSAAPEL O OyPOTNG Y10l VO TOV KOGTIGEL TO
gMdytoto duvatdy Kot oo Ba givat To EAAYIGTO KOGTOG.
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EPQTHXEIY KATANOHXHXY

L.

Ye koOepnd amd TIC TAPUKATM TEPIMTAOGELS VU KUKADGETE TO Ypappa A, av o
16 VPLo P0G givar ain g ko to ypappa ¥, av o 1oyvpLtopnog eivar Wyevodng otkat-
0LOYADVTAG GLYYPOVOG TNV amdvINoeT GOG.

1. Avn ouvaptnon f eivar cuveyng oto [0,1], Tapaywyioun oto (0, 1)
Kot f'(x) # 0 yu 6ha ta x € (0,1), tote £(0) = £(1). A Y

2. Av n ovvaptnon frapoyoyiletot oto [a, f] ne f(f) <f(a), tote
vrapyeL x, € (e, B) tétoto, dote f'(x,) <O. A VY

3. Av ot f, g eivarl cuvapTnoels mapaymyiotues 6to [a, f], e fla) = g(a)
kar f(B) = g(p), tote vmdpyel x,, € (, B) TéT010, DOTE GTOL oNpEian A (x,,
Sf(x,) xou B(x,, g(x,)) ot epomtopeveg va ivar TopGAAAES. A VY

4. Av f'(x) = (x— 1)’(x - 2) yia xé0e x € R, 018!

a) o f( 1) eivar Tomkod péyioto g f A VY
B) to £(2) eivor Tomikd erdyioto TG f A ¥

5. a) H ypooikn mapdotacn LG TOAV®OVUUIKNAG GUVAPTNONG APTIOV
Babpov £xet mavrote oplloVTIO EQATTOUEVT). A VY

B) H ypaoikn mopdctacn Hiog TOAOVUUIKNG GLUVAPTNONG TEPLTTOV
Babpov &xel TavTote 0ptlOVTIO EQATTOUEVT. N

6. H ouvapmon f(x)=ax’ + " +yx+d pe a, B,7,6 € R xon o #0
Exermavrta £va onpelo Koumng. A Y

7. Av o1 GUVOPTNGELG f, & £X0VV GTO X, ONUEID KOUTNG, TOTE Kot
N h=fg £ye1 670 X, oNUELO KOTTC. A VY

8. Atveton 6tim cvvaptnon f mapaywyiletor 6to R Kot 6TL T YPOQIKT| TG
nmopdotoon ivor Thvm omd Tov dEova x'x. Av vdpyetl Kamoto onpeio
A(xy, f(x5)) MG €, 0V omoiov N amoéGTacH 0Id TOV Gfova x X givar
péyot (1 erdylotn), 10t o€ a6 T0 oNpeio N epamropévn g C,
glvon opriovra. A Y
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9. H gvbeia x = 1 gival Katakdpuen AGOUTTOTY TNG YPAPIKNG TOPAGTUCNG TNG

GLVAPTNONG:
2
W) f(x)= HS w2 A Y
x—1
2
x"—=3x+2
P gt ="
10. Av ypo@iki TopacTaoT TG GVVAPTNONG f OIVETAL 0O TO TOPUKATO
oyNuo., TOTE:
yl
o 1 4 X
. , . L
1) T0 €010 OPIGLOD TNG 7 gtvarto (1,4) A Y
ii) T0 medi0 OPIGHLOV TNG % glvar 7o [1,4] A VY
iii) f"(x) > 0y kéOe x € (1,4) A VY
iv) vmapyer x, € (1,4) : f'(x,) =0. A V¥

11. H ovvdpmon f(x)=x’ +x+ 1 ést

o) pa, TovAdytetov, pila oto (0,1) A V¥
B) wa, axppac, pita oto (—1,0) A Y
v) TPELG TpayaTikéG pileg A VY

12. Av o Tig mapayoyiciues oto R ocvvaptnoelg £, g loyvovv
fl0)=4, f'(0)=3, f'(5)=6,8(0)=5,g'(0)=1,g'4) =2,
T0TE (f2g)'(0) =(g° /)'(0) A ¥
II.

Y& Ko 0o TIS TUPUKATO TEPITTAOOELS VO, KUKAAGETE T1) 6MGTI UTAVTION
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1. To lim 1OOVTOL [LE:
h—0 h
3 4
A) g B) 3 N3 A)O E)=.
1 J—
2. To limm 1OOVTOL [UE:
h—0 h
1 2 1 2
A) — 3 p— i) =— A) -Z E)0
X X X x

3. Avf(x)=5"16te M f(X) 1000TON g

89

A) 3x5*! B) I)3-5*

3In5
A)3-5% E) 5¥In125

4. Av f(x) = ouv’(x + 1) 161e 1 f' (%) 160VTON LLE:
A) 3ovv(z+ Dnu(r + 1) B) 3ouvi(z+ 1)
I 3ow(z+ Dnuz+1)  A)3nouv’(z+ 1)
5. Av f(x) = (X’ — 1)’ 161e 1 £BSopn mopdymyog avTic 6To 0 160VTOL LIE:

A)l B) -1 o
A) 27 E) dev vmdpyet.

6. Av o1 sQanTOpNEVEG TOV GLVOPTHGEDY f(X) = Inx Kat g(x) = 2x” ota onpsio pe
TETPNUEVN X, Efvon TapdAAnAeg, TOTE TO X, etvat:

1 1
A)0 B) — r — A) 1 E)2.
) )5 ) 3 ) )
7. Av f(x) = €™, g(x) = ™ xon (@J = &, TOTE T0 [ G GLVAPTNOT TOL &
1600TOL [LE: g(x) g'(x)
2
A) a—21 B) a ) atl
a a+l1 a
a’ a’
A E .
) a’-1 ) a—1

8. Av f"(x) >0y kéBe x e[—1,1] ko f(0) =0, ToTE:
A) f(H)=-1 B) /(-1)>0
I f(1)>0 A) f(-1)=0.
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I11.

1. Na avtiototyicete Kobepid amod T cLVOUPTHGELS a, B, 7, & o€ ekeivn and TIg Gv-
vaptioelc A, B, I, A, E, Z mov vopilete 61t eivo n mapdryoyog .

y (@) B
1
x 0] X
y (2] (0)
0 -
(o) X
y A) vt (B) y (I
(0] X (0] X \0< / X
-1
y ) yh (E) 1 )
0 = 0 = 0 E
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I2XTOPIKO XHMEIQMA

H évvoia tys mapaymyov

Ot apyoiot EAANveg ovopalov epamtopévn oG KOUmToAng Ty gubeia mov €yet éva
povo Kowvd onpeio W avtyv, xopig va Ty TEUVEL Kat TV Kataokevalav pe Bdon
YEOUETPIKES IOIOTNTEG TOV ATOPPEOLY AT’ AVTOV TOV 0pLood. ‘Etot ntav yvootdg o
TPOTOG KATACKELNG EPATTOUEVOV GTOV KOKAO KoL TIG KOVIKES TOMES (EAAEWYN, TTOpO-
BoAn, vepPfoin). Eniong, pe mpocpuyn og kivnuatikég pebddovs, o Apyyumdng eixe
enwonoel LEH0SO KATUTKELNG TG EPATTOUEVNG oG KOUTOANG OV €ivot GrHEPQL
YVOOTH O¢ “EMKa Tov ApyLumon”.

H endpevn e&EMEN 6to Otnpo avtod €yve oTig apyEg Tov 1700 adva, 0Tav GpyLeE
1 CLGTNUATIKN EPAPLOYN aAyeRpiKdV HeBdd®V ot Yempetpio. To exdpevo mapd-
detypo dgiyvel Tov Tpomo e Tov omoio 1 AAyeBpa epapoletal 6ToV TPOGOoPIGHO
NG EPATTOUEVNG LLOG TTOPUPOANG.

"Eoto y = f(x) =x" 1 e&icoon pog mopaBorig
LE KOPLOT TNV apyr| TV aovev kat M(x,, y,)
éva onpeio g, 610 omolo {nreitat va KoTo-
okevootel Lo epantopévn €. H kataokeun
T Umopel va yivet ov Tpocdlopicovpie Eva
GALO YOPOKTNPIOTIKO oNElD TNG &, OGS T.Y.
t0 onpeio 7 6to omoio Téuvel Tov dEova TV
TETUNUEVOV.

Oewpode Eva aAho onpeio ™G Tapaforns, To
N(x,,,), TOA YEITOVIKO TOL M, TETO10 MOGTE X,
=X, T h (10 h Oewpeiton 30 wo amelpoeldyi-
ot petafoln Tov X,). Xty mepintmon oty ta. opboyadvia tpiywve MPT kon NXT

pmopovv va BempnBolv Kotd TpocEyyion Opota Kot apo Ba 1oyvel Katd Tpocsyyion

NX 2T
N avoroyioo —— = ——. Av Bécovpe TP = s, 10T€ d10.00) 1K Oar 1oyveL:
MP TP

y, S+h h), h,
— = My =y | 1+= |y —Y =Y —1
yO S S

To TpdTO PEAOG ALTNG TNG KATA TPOGEYYION 1GOTNTUG YPAPETAL:
SOD-f() _ S+ =) _ (o +1)' —x5 _ x5 +2xh+1 —x;

=N _ W
2 ==2 (1
- . (D

= = = 2x0 A h
h h h h
karétorn (1) yiveron 2x, +h = %o Av Topa Bécovpe, OTws o1 podnpatikol Tov 170v
awwdva, h =0 Bpickovpe amd v terevtaio 0t1 2x, = Yo ns= 2, I'vopilovrag
s 3,

Aowmov o onpeio emapng M(x,, v,), tpocdiopilovpie omd Ty Televtaio. To pnkog 7P = s
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7oV pag divel apécms to onpeio 7. H evbeioa MT givar ) tntodpevn epamtopuévn g
napafoAnc. H mponyodievn dradikacio ntav Evog omd Tovg SpOLovg ToL 0dNyncay
10TOPIKA, GTNV £VVOL0l TNG TOPOLYDYOV.

Kavoves mapayoyiong

310 d€0TEPO IGO0 TOV 170V CLdVE, Ot pobnpoTIKol g0y KOTOPOMGEL VoL LETATYNUOTIE-
GOVV OAT T1] LOKPOGKEAT S1ad1KAG IO TAPAYDYIONG GE EPUPLOYT OPICUEVOY KAVOVMV
KoL TOTOV, [E T Bondeta kaTtdAAnia entkeypévav coporav. Iipmtondpot Tpog
avtv v katevbuvon vmp&av ot I. Newton kat o G. Leibniz. O Leibniz copfoile
TNV OTEPOENAYIOTN LETOPOAN LLOG TOGOTNTAG X LE dX (S1aPOPIKO TOL X) £TOL, .Y,
Y101 T1 GUVAPTNON Y = X TOL TPONYOVLEVOL TOPASEIYIATOC, | AVTIGTOYN HETABOAY
7oV ¥ (S1aPOopLKd TOL y) NTOWV:

dy =d(x*) = (x + dx)* = x* = x* + 2xdx + (dx)* — x* = 2xdx + (dx)’.

[opoisimovrag ™V moAD pikpy (GUYKPWVOLEV LE TIC GALES) TocOTTAL (dX)’ TPOEKD-
nte M dy = 2xdx (€0 M TOPAYDOYOS 2x OVOLALOVTOV “Ol0pOPIKOC GUVTELEGTNG) KOl
TEMKE M % = 2x, évag GLUPOMGHOG oV drartnpeital LEYPL CTHEPL, YOPIS OLLOG VO
€xervonpo tmAikov. Me tov tpomo avtod o Leibniz anédeie to 1677 tov kavova yio
TOV DTOAOYIGHO TNG LETAPOANG TOV YIVOLEVOL dVO HETOPANTAOV X KOL Y, TTOV OTOTE-
Ael o “mpoTdyovn” HOPeN TOL GTLEPIVOD KOVOVO TNG TAPUYDYOL EVOG YIVOUEVOD
GUVOPTNGEWV

d(xy) = (x + do)(y + dy) —xy
=xy +xdy + ydx + dxdy — xy
=xdy + ydx + dxdy.
IMopaieirovrag kot €60 TV TOAD pikpn TocodTnTa dxdy, Toipvovpe T oyéon
d(xy) = xdy + ydx.

Me v gioaymyn Kot KaBEpmon ovTdv TV Kavovay Kot cuBoloudyv, n évvota
™G Tapay®@yov eEeliyOnke 6’ éva eEapeTIKA 0moTeEAESHLATIKG EpYaAEio Kot dlevpuVE
o€ peydro Babpo tig epappoyés g padnpatikng avaivongs. [Hapdiinia dpmg, ot
OGGOELEG TOV EMICT|LAVALE OTOTEAOVGAV LU0 SLOPKN TPOKANGCT| Y10 TOVS pLobnLLoLTt-
KOUG OV AVTIHETOTILOV LLe KPLTIKO Tvepa T Ogpédta TG emotung tovg. O TpdTog
aVGTNPOG OPLGHOG ALTNG TG EVVOLAS, TOL otnpileTal oty €vvola Tov opiov, 600nKe
vy TpdTH Popd to 1823 amd tov A.L. Cauchy:
“ Orav n ovvaptnon y = f(x) mopouével ooveyng o’ éva O1aothiLo. TS UETaPANTHS X Kal
000¢i o’ owti] T peTOPANTI [0, TI] TOD GVIKEL 0 0DTO TO JLGTTHUA, TOTE KGOE Omelpo-
eldyiotn ovénon e pETafANTHS TaPAyEL Lo OTEIPOELGYIOTH ADENTH THS COVOPTHONG.
2vvenag, av telel Ax = i, T0t€ 01 dVO OPOL TOV TNATKOD JLOPOPDOV

Ay _ fa+i)- ()

Ax i
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Oo etvau ameipoelayiotes moootntes. AALG eva awtoi o1 dvo opot Bo wpoaoeyyilovy ex’
ATEILPOV KL TODTOYPOVO. TO OPLO UNOEV, TO THAIKO UTOPEL VO, GUYKAIVEL TPOS KATO10
aAho opio, Betiko n apvyTiro. AvTo T0 OpLo, OTAY DIGPYEL EYEL UIG. OPICUEVY T PIO.
KabBe ovyKeKpLEVO X, 0AAG ueTOffdrAeTar noll (e To X.

H popon g véag aovaptnons mov o exppaler to opio tov 1oyov

Sx+)-f(x)

l

Oo. eCopraror amo t popen e 0oouévng aoveptnong y = f(x).

Lo vo. Eeyapioovue avtny v eéaptnon, divovue oty véa GuVOPTHON TO OVOUO. TAPaG~-
ywyog covaption kai T copfolilovue, ue w fonbeia evog tovoo, y'n f(x)”.

Me agetnpia ovtdv Tov 0picpd, o Cauchy VTOAOYIGE TIG TAPAYDYOLS TOV PACIKOV
OLVOPTNOEMY Kol anédelEe TOVG KaVOVEG TNG mapaydylong. ILy. yia tov Wdoitepa
OTLOVTIKO KOvOVa TNG TOpayDYOV Liag cUVOETNG GLVAPTNONG, £0MGE TNV 0KOAOVOT
amodeEn:

“Eotw z pio. 0e0TEPN GUVAPTNGN TOV X, GOVOEOUEVI] e TV TPt V = f(X) péow tov
tomov z = F(y). H z n F[f(x)] eivau avtij mov ovoudetar ocovaptnon uiag coveptnong
NG UETOPANTIG X KOL OV 01 OTEPOEACGYLOTEG KOL TOVTOYPOVES QVENTELS TV X, Y KOL Z
ovuforiorody ue Ax, Ay, Az avtiororya, tote Qo eivar

Az _Fy+Ay)-F(y) _ Fy+Ay)-F(y) Ay (1)
Ax Ax Ay Ax
AT6 00TV, TEHVOVTAS TTO. OPIaL, EYODUE

Z=F()-y'=FIf(9]-f "

’Eva adbvoto onueio avtig ™mg omddeiéng, mov agopd ™v wwoma (1), eivor 6Tt yo pikpéc, um
IMdeVIKeS TIHES Tov Ax, umopet va toydet Ay = f(x + Ax) — f(x) = 0.




OAOKAHPQTIKOX
AOI'2MOX

3.1 AOPIXTO OAOKAHPQMA

Apyikn ocovaptyon

[ToAAéc popég oty mpdén mapovsidlovtat TpofANAT, TOV 1) AVGT TOVG amattel Topeia
avticTpoen g Tapaydyiong. Tétola Tpofinpata eivat yio Topddetypo To TOPOKATE:
— H gvpeon g B€ong S(£) evog Kivntod T XpOoVvIKT| GTiypn ¢, ov Elval yveot 1 ToyOTnTd
oV 0(f) oL, drwg Yvopilovpe, eivol N Tapdywyog g cuvapTnong Béong x = S(¢).

— H &0peon g toyxvmTag v(f) evdg Kivntod TN xpovikn oTiyun ¢, ov efvor yvwoti n
EMTAYLVOT TOV Y(f) IOV, OGS Yvmpilovpe, eivar 1| TaPAy®YOS TS cLVAPTNONG U = v(7).
— H &bpeon tov mAnbucpod N(7) pog kowoviog Baktnptdioy ) xpoviky otiyun £, av
gtvat yvootdg o pubuog avénong N'(£) tov TAnbucpov.

To Koo yapaKTNPLETIKO TV TPOPANUATOV aVT®V gival OTL, diveTat [io GuVAPTNOT f Kot
{nteiton va Bpebel o GAAN cvvaptnon F yio v omoia va oyvel F'(x) = f(x) og éva
dtdotnpa 4. Od1yodHacTE £TCL GTOV TOPOKAT® OPLoUO.

OPIXMOX

‘Eoto f o cuvaptnon opiopévn o€ éva dtaotua 4. Apyiki cuvapTnen 1 mopa-
yovea TG f 6710 A ovoudletar kGOe cuvaptnon F mov givon Tapaymyioun oto A
KoL 10y 0EL

F'(x) =f(x), yio. xébe x € A.

M Amodeucvibetar 6Tt KGOE cuveyig cuvapTon oe Stdotnua 4 £XEl TAPEyOVGA GTO SBGTNHA OVTO.
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o mopadetypa,  cvvapmon F(x) = x° sivon pia mapdyovsa g f(x) = 3x° 610 R, 0pod
(x*)" = 3x*. Mapotpovpe OTL Kot OAES Ol GUVAPTAGELS TG HopeNg G(x) = x° + ¢ = F(x)
+ ¢, 6mov c R, sivar mapdyovssg ™ £ 610 R, agov (x* + ¢)' = 3x”. Tevikd 15y0etL 0
TapakdTo Bedpnpo:

OEQPHMA

‘Ecto f o cuvaptnon opiopévn og éva dtdotua 4. Av F givat puo mapdyovso g
fot0 4, to1e

® OAEC 0L GLVOPTICELS TNG LOPPTG
G(x)=F(x) tc,ceR,
elvar Topdyovces g f'oto 4 Kot

® KkGOe GAAN Tapdyovca c € R g foto 4 maipvel T Lopen
G(x)=F(x) +c,ceR.

AIIOAEIEH
® Kdabe cuvapmon g popeng G(x) = F(x) + ¢, émov c € R, givar i mapdyovoa g f
670 4, 0pov

G'(x) =(F(x) + ) =F'(x) = f(x), Yo K4Be x € A.

® 'Ecto G eivar pa GAAN mapdyovso g f oto 4. Tote yio kdbe x € A woyvovv F'(x) =
f(x) ko G'(x) =f(x), ondTE

G'(x) = F'(x), yio kGO x € A.
Apa, cOUP@VO, [1e TO TOPLGLO TG § 2.6, VITapyEl oTadepd ¢ T€Tola, DOTE

G(x)=F(x)+c,yuukabe x e A. 1

AopieTo oroxinpoua,
To chvoAO OA@V TOV TOPAYOVOHOV UIaG cuvaptong f 6 éva dtdotnuo 4 ovopdletat
a6p1oTo 0hoKAMpOpa TGS foTo A, cupPorileton I S (x)dx ko dwfdaleror “olokAnpopo
€ Tov X vTE X Anhadn,

If(x)dsz(x)+c, ceR,
omov F e mapdyovsa g foto 4.

INo mopdderypa,

jcuvxdx: NUx + ¢, aEov ()’ = covx.
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Amd ToV TpOTO TTOL OpioTNKE TO AOPLOTO OAOKANPOLL TPOKVTTEL OTL:

INa kabe cuvaptnon f, mapayoyicun oe Eva Stdatnua 4, 16YvEL

jf'(x)dx=f(x)+c,ceR

H dwadikacio ebpeons tov adPLoTOov OAOKANPOUATOS Elval avTioTpOPn Topeia TG
TapAyOYLoNG Kot Aéyetat ohokMjpwon. H otabepd ¢ Aéyetar 610.0gpd ohokipmonc.
And tov Tivaka ToV Topaydyov PacIKOV CUVAPTNCEMV BPICKOVLLE TOV TOPOKAT® TV
aOPLOTOV OAOKANPOUATOV.

Ot 10701 TOL TivaKa CLTOV 16YVOVY Gg KAOE H1AGTNIE. GTO 0TTOL0 Ol TUPACTAGELS TOV X
oV epeavifovtoat £xouv vonua.

HINAKAX AOPIXTQN OAOKAHPQMATQN
1. dex =c 6. Inuxdx: —GuVX +C
2. J‘ldx—x+6 7. j ! dx=8(px+c

- ouv’x

1 1
3. j;dx:1n|x|+c 8. Inuzxdx:_G(Px+c
xa+l
4. “dx = 4 z= =l 9. “dx = e
jx o ca Ie e+c
5. vavxdx=npx+c 10. J.axdx= 2 e
hnha

YVVETELD, TOV OPIGLLOD TOV AOPLGTOV OAOKANPALATOS KOL TV KAVOVOVY TOPUYDYLoNG eivat
ot &Nc dVo W1OTNTEG:

Av o1 cuvapticelg f Kot g Exovv mapdyovca 6” £va dldoTnpe 4, Tote

. j/l F(x)dx = lj f(x)dx, Ae R’

o [(f(0)+ g =[ f(x)dx+ [ g(x)x

ZOUQ@OVO [LE TOVG TOPATAVE® TOTOVS EYOVLLE Y10l TALPALOELYLLOL:
x3
j4x2dx = 4_[x2dx = 4?+ c

I(3np.x —2e")dx = J.3npxdx —J-2exdx

= 3Inwcdx - 2jexdx
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=-3cvvx—2e" +c

J‘%dxzj‘%dx—‘[%dx

= 3I x%dx —I x%dx

e
23?—T+C=2X —2x?% +c.
2 2
E®APMOTEX

1. Na Bpedei suvaptnon f TéTor0, OGTE 1| YPUPIKI TG TAPAGTAGT VO SLEPYETAL OO
10 onpeio A(2, 3) ko va woyveL f'(x) =2x — 1, yia k4Be x eR.

AYZH
Emedn 1 (x) =2x— 1, égovpe dradoyucd:

j F(x)dx = j (2x—1)dx

f(X)+¢ =x"—x+c,5 ¢,c, eR
f(x)=x*—x+c,—c, ¢,c, €R
f(x)=x"-x+c, ceR.

o va S1épyeton | famd to onpeio 4(2, 3) mpémet kar apket f(2) = 3 1, 16odOvaypa, 2° —2
+c=3,miadf c = 1. Emopévarg, f(x)=x"—x+1.

2.H giompaln E(x), amwd TNV TOA 61 X povad v £vog mpoiovrog (0 < x <100) pog
Propnyaviag, perafdarretor pe poOpd E'(x) = 100 — x (o€ y1hddeg evp® avd povado.
TPOIOGVTOG), EVM 0 pLONOG pETAPOAIG TOV KOGTOVS TOPUYMYNS £ivOL 6TAOEPOS KOt L10VTOL
pe 2 (o€ uddes evp® ava povada poiévrog). Na Ppedei To kEpdog TS frounyaviag
om6 v wapayoyn 100 povadmv Tpoidévrog, vroBitovras 6TL TO KEPSOG Eivar unodév
otav 1 propnyoevio dev Tapayel Tpoidvra.

AYZH
Av P(x) glvor to képdog kat K(x) eivot 1o KOGTOC TOpOYMYNG Y10, X LOVAOES TTPOTOVTOG, TOTE

P(x) = E(x) - K(x),
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omote
P(x)=E'(x)—K'(x)=100-x—-2=98 —x.
Aniodn
P'(x)=98 —x,
onote
jP'(x)dx =j(98 —X)dx
Ko gpo

2

P(x)=98x—%+c,ce[R.

Ortav 1 fropnyavia dev mopdyel Tpoidvta, To KEPSOG eival undév, dniadn oyvel P(0) =
0,0md1e ¢ = 0. Emopévag,

2

X
P(x)=98x——.
(x) 3
Apa, o k€pdog amd 100 povadeg mpoidvtog eivat

2
P(100) = 98-100— 20

=9800 — 5000 = 4800 (ot y1hddeg gVPD).

AXKHXEIY

A" OMAAAX

1. Noa vroloyicete Ta OAOKANPpOLOTA

2
i) I(x3+nux+cvvx)dx ii) ILmdx
X
\/’ X +8

i) | 3x+/xd i d

) J. X~/ xdx V) jx+2 lx

V) j(e"—§+m)v2xjdx vi) J( 12 - 12 jdx

X oUV X MU X

vii) j

x+3dx.
x+2




190 3 OAOKAHPQTIKOX AOT'IXMOX

2. Noa Bpeite T cvvaptnon f, pe medio opiopod to dtdotnua (0,+ o), yio v omoia
ey qital 1

f’(x):ﬁ kon f(9)=1.

3. Nao Bpeite T cvvaptnon f, yio v omoio woyvet f"(x) =3, f'(1)=6 ka1 f(0)=4.

4. Na Bpeite ™ cvvaptnon £, yio v omoio toydet f(x) = 12x” + 2 kou n ypagixt
g mapdotacn oto onueio ™ A(1, 1) €xet khion 3.

5. O mnbBvoudg N(1), og ekoToppiplo, Hog Kovaviag faktmpidiov, avédvetat pe

/20

1
pvOuo N'(¢) = %e avd Aentd. No Bpeite v avénon tov TAnbvopod ota

npmta 60 Aentd.

6. Mo Bropmyavio €xet dSomiotdoet 0Tt yio fdopadiaio Tapaymyn x E0PTNUATOV
gyE1 0pLaKd KOGTOS X~ + 5x (supdd avél povédo mpoidvtoc). Na Bpeite T cuvaptnon
KOGTOVG TG efdopadiaiog Tapaymyngc, av eivol yvaotd ott to otadepd efdopadiaio
£Eoda g Propmyaviog, 0tav dev mapdyel kovéva e&dptnua, givat 100 (gupd).

7. Muwo véa yedtpnon eEmpuéng metpelaiov £yl puOud dvtinong mov divetar amd Tov
wmo R'(t) =20+10¢ —%tz , 6mov R(1) etvor o aptBpog, o€ y1Addeg, Tav Bopeidv

OV AVTANONKAY GTOVG f TPATOVG P veS Aettovpyiag . Na Bpeite mtoca Papéiia
Ba £yovv avtinbet Tovg 8 TpdTOVG UNVEG AetToVPYiOG TNG.

B OMAAAX

1. H Oeppokpacia T evdg GONLOTOG, TOL TEPIPAALETAL OO £VO YLKTIKO VYPO,
ghatTdveTal pe pudpd — kae ', dmov a, K sivon BeTiKéC GTOPEPEC KoL £ 0 YPOVOC.
H apyum Oeppoxpacio 7(0) Tov copatog etvar 7, + a, 6mov T}, ) Ogppokpacio
TOV VYPOV M OTOld L KATAAANAO Unydvnuo dtatnpeitatl otabepry. No Bpeite
BepLokpacio TOL GOUATOG TN YPOVIKN GTIYUN L.

2. 'Evog Bropmyovog, o omoiog emevdvet x yIAMAdeG evpd 6T PerTiom TG Topay@yns
TOV €PYOCTAGIOV TOV, AVOUEVEL VO EYEL KEPDOG P(X) YIAAdES EVPD Ad QLT TNV
emévoLo. Mia avaivon g mapaymyng £detée 6Tt o puBUdg petaforng Tov KEPSOLG
P(x), mov opsiketar ot enévdvon auti, divetar amd Tov Tomo P'(x) = 5,8¢ . N
Bpeite To cuVOAKS KEPSOG TTOV opeileTarl o avénon g enévévong omd 4.000.000
gvpd o€ 6.000.000 gvpo.

3. Amo v TdANoN £VOG VEOL TPOTOVTOGC oG eTatpeiog dSamotdinke 6Tt o puOuods
petafoAng tov kdctovg K(7) divetar amd tov tomo K'(f) = 800 — 0,67 (c& gupd TV
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nuéPa), eved o puBuog petafolng g eiompalng E£(f) 6to téhog TV f nuepmv diveton
and tov Tomo E'(f) = 1000 + 0,37 (ce evpd v nuépa). Na Bpeite 10 cuvorkd
KEPOOG NG eTapeiag amd TNV TPiTN £0C KoL TV EKTN NUEPO TOPAYWYNS.

4. 'Eocto f, g 600 cvvapmoelg pe f(0)=g(0), f(1)=g(1)+ 1 kot f"(x) = g"(x) ywn
kG0e x € R. No anodeiete otL:
i) f(x)=g(x)+x, yio kébe x € R.

ii) Av 1 cuvaptnon g €xet dvo pilec a, f pe a <0 < f, 101 ) cuvapToN [ €xEl
Ho TovAdyotov, pifa oto (a, ).

3.2 ME®OAOI OAOKAHPQXHY

O Tivakag TV 0OPIETOV OAOKANPOUATOV, TOL dOCOLE TOPATAVO, OEV EIVOL APKETOS Y10, VO
VIOLOYIGOVLE TO OAOKAP®LLOL LG OTTOLOGONTOTE GUVAPTN GG, OTWG TL.). TO. OLOKAT POLLOTOL

I2x\/ x” +ldx Ko J.xe‘“dx. Ye TETOLEC MEPUTTMGELS O LITOAOYIGUAG YiveETOL OTAOVGTEPOS LLE
) Pondelo TV TapaKkdTo Heddd®V 0OAOKANPp®OTC.

MEBodog 0A0KANPWEGNS KATA TAPAYOVTES

H péBodoc avtn ekppdaleton pe tov tHmo:

[ f0g' ()dx = £ (x)g(x)— [ £(x)g(x)ekx

OV VOl GUVETELD TOV KOVOVO TAPOYDYLGNG TOL YIVOLEVOL §D0 TUPAYOYIGIL®Y CUVOPTHCEDV
1, g o€ éva dtdotnpa 4.

pdypartt, yio kGbe x € A, Exovpe

(f(x)g(x) =/"(x)glx) + 1 (x)g'(x),

omoTE
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J)g'(x) = (f(x)g(x) —f'(x)g(x).
Enopévag

[ 7' dx = [(/(x)g(0)de= [ f(x)g(x)d

1, 160dVVaLLaL,
[ /(0 ()dx = f()g(x)+e [ 1'(x)g(x)ex. (1)

Ene1dn 1o oAokAnpopa Tov dgutepov pérovg g (1) mepiéyet pia otabepd oAoKA PO,
10 ¢ punopel va taparewpbel, omdTe Eyovpe Tov Tapamdve Tomo. M

O Topamdvm TOTOG YPNGULOTOIEITOL Y10 TOV DITOAOYIGHO OAOKANPOUAT®V e TNV Tpodmdheon
071 T0 OAOKAN PO TOV B HEAOVG VITOAOYILETOL EVKOAOTEPO.

TNo Tapddetypa, oG VTOAOYIGOVLE TO OAOKANPMLLOL Ixexdx. "Eyovpe:
jxe"dx = Ix(e")'dx =xe' — J‘exdx =xe' —e" +c.
Av, TOp0, SOKILAGOVLLE VL VTTOAOYIGOVE TO TOPATAV®D OAOKANP®LLL, AAAALOVTAG TOVG

Olove TOV X Kal €', Bpickovpe
2

J.xe"dx = I(%ZJ e'dx = %e’“ —I%e‘rdx.

To televtaio, Sp®C, ohokANpmua gival o cuvOeTo ard To apPyLKd.

E®PAPMOI'EY
1. Na VTOAOYIGTOVV TO. OLOKANPAONATA
) [x’etdx ii) [ xnp2xdx
iii) [ (@x" +1)inxdx iv) j e nu2xdx .
AYZH
1) Exoupe

J-xzexdx = Ixz (") dx=xe" J.(xz)’exdx =x’e" I2xexdx
=x’e" —JZx(eX)'dx =x’e" —2xe" +.[2exdx

=x’e" —2xe" +2e" +c.



3 OAOKAHPQTIKOX AOT'IXMOX 193

Me 1ov 810 Tpdmo vToroyilove OAOKANPOLATA TNG LOPPTIG

[ P(x)ed

6mov P(x) moAvdvopo tov x ko o € R,
ii) ‘Eyxovope
IxnuZxdx = lJ‘x(—(mv2x)'abc = —leDVZx + lJ‘cn)vaabc = —lXGDVZX + lnuZx +c.
2 2 2 2 4

Me 1ov 1510 Tpdmo vToroYilov e OAOKANPOLATO TG LOPPONG

j P(x)nu(ax)dx, j P(x)ovv(ax)dx

6mov P(x) moAvGdVLLo Tov X Kat o € R
iii) Exovpe
‘[(4x3 +1)In xdx = _[(x4 +x) Inxdx = (x* +)c)1nx—.[(x4 + x)ldx
X

4
=(x* +x)lnx—J.(x3 +1)dx = (x* +x)1nx—x7—x+c.

Me 1oV {510 Tpdmo VITOAOYILoVLE OAOKANPOLLATO TG LOPPNG

jp(x) In(ax)dx,

6mov P(x) moAvdvopo tov x kat o € R
iv) @étovpe [ = Iexn (2x)dx, omote Exovpe
1= J.(ex)'nu(2x)dx =e'nu(2x) - 2J. e*ouv(2x)dx
=e'nu2x) - 2I (e") ouv(2x)dx
=enu(2x)—2e ouv(2x) — 4_[ e'nu2xdx

=eMu2x)—2¢e"ouv(2x)—41.
Emopévac,
51 = e u(2x) —2e*ouv(2x) + ¢,
omoTE

1= %e"nu(Zx) —%e"cnv(Zx) +c.
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Me tov 510 Tpdmo vroroyilove OAOKANPOLATA TNG LOPPTG

I e“nu(Bx)dx, .[ e ouv(fx)dx

, *
omov a,B eR.

2.0 amBvopog P(1), 0 < ¢ < 20, mog Toing, Tov TPoékvye amd cvyydvevon 10 kot-
vOTNTOV, av&aveTol pe puOpod (o€ dropo ava £1og) wov divetor amd tov Tomo P'(f) =
te""’, 0 < t <20, é6mov £ givar 0 aplOPéG TOV ETOV petd ™ ovyydveven. Na Ppebzei o
M 0Bvepoc P(7) Tng moAG 7 ypovia PHETE T GLYYOVELGT, av Yvepilovpe 6T1 0 TANOVGNOC
Nrav 10000 kdToukor KOTA TN GTIYHI] TIG GUYYDVELOIG.

AYZH
"Exovpe
[ P'(eyae = [ te"dr
=10 j (")tdt
=10¢""-1=10[ " dr
=10t =100 +c,
onote

P(f) = 10te""" — 100" + ¢, y1a kGmoto ¢ € R..
Ortav t =0, 0o TAnOvopog givar 10000. Xvvendg:
P(0) =10000 < 10" -0-100€’ + ¢ =10000 <> ¢ =10100 .
Apa, 0 TANOLVGUOS TG TTOANG, £ XPOVIO, LLETE TN GLYXDVELGT, Elvat
P(f) = 10te""° — 100" + 10100.

Oloxlpwon ue avtikotdotoocn

Me ™) pébodo avt) vroroyilovie OAOKANP®UATE TOV £XOVV 1] LTOPOVV VO TAPOLV TN
Hopot| I f(g(x)g'(x)dx. H ué00d0g ohokApmong e avTikatdotaon ekppaleton pe Tov

oakoAovo TOTo:

[ 720 () = [ fu)du,

omov u = g(x) kot du = g'(x)dx

O mopomdvm TOToG ypnolponoteital pe v TpobndHecn 6Tl To OAOKA PO .[ f(u)du tov
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dguTépov LELOVG VITOAOYILETOL EVKOAOTEPOL.

H amddeién tov 1Hmov avtov ompiletol 6To yvootd Kovove Tapay®d@ylong cOvOeTng
ovvaptnong. [pdypott, av F eivar pio topdyovca g f, tote

F'(u) = f(w), O]
omote
F(g(x) =1(g(x))
Ko Gpo

[ £(g)g ()dx = [ F'(g(x))g'(x)x
= [(F(gydr  (apos (Fg(x)'=F(gk)g'x))

= F(g(x)+c
=F(u)+c, (6mov u = g(x))
= [ /)t (oyo mg (1) m

o Topaderypa, og VIToroyicovpe To OAOKApmua J.2x\/x2 +ldx. ®étovpe u =x"+ 1 ko
du = (x* + 1)'dx = 2xdx, omdTE T0 OLOKAPOLA YPAPETAL:

jzx x> +1dx = Ix/;du
:J.ul/zdu

2
==u+c

=§(x2 +1)% +c

= %\sz +1)° +ec.

EPAPMOI'EY

1.Na VT0A0Y16000V TA 0OLOKAN pONATO

i) J‘ﬁdx ii) [egxdx.
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AYXH
1) ®étovpe u =1+ €', onote du = (1 + €")'dx = e'dx. Emopévac,

* d _ 1
J.(lf7)zdx=ju—?= Iu zdu:—;+c:—1+ex

+c

i) Exoope japxdx = .[ Y Emopévag, av Bécovpe u = cuvx, ondte du = (cuvx)'dx
oLVX
=—nuxdx, EXOVLE:

[ spxdx —jldu:—1n|u|+c=—1n|owx|+c,
u
2. Na VT0A0Y16000V TO 0LOKANpONATO.
. T . 1 2 4199
i 2x +— |dx ii) | —dx iii) | x(x” —1)" dx.
)jw( 6) By ) [x(x*-1)

AYZH

’

1) @¢tovpe u = 2x+%, omote du = (2x+%j dx =2dx.

Emopévac,

J.np(2x+ jdx—— jnu(2x+ 6) de:%jnuudu

1 1 4
=——0oVWu+c=——0ovuvv| 2x+— |+c.
2 2 [ 6}

i) @étovpe u = 1 — 2x, omdte du = (1 — 2x)'dx = — 2dx.

Enopévac,
1 1
j = —j du= —In|ul+c =——In|1-2x|+c.
1 2x 2 2
iii) @étovpe u = x> — 1, omdte du = 2xdx. Apo.
1 1"
2 99 99 100
x(x*=1)"dx=—|u du=———+c=
I ( ) 2'[ 2100 200( D
3. Na VoA0YI6000V TO 0LOKANpONOTO
2x+1 +
; J- : x dx i Jx -3x 7
x'=5x+6 X - 5x+6
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AYXH

. , 2x+1 , , , .

1) H ouvépmon f(x) = 7 sris €xermedio optopov to R —{2,3} Kot ypdoetot
X +

2x+1
(x=2)(x-3)

Avalntodpe Tpaypotikovs apdpovg 4, B €161, ®OTE va 1oy0eL

Jf(x) =

>+l _ 4 B , 710 k60e x €R —{2,3}.
(x=2)(x-3) x-2 x-3

Me amado1pr] TOPOVOLAGTOV £YOVE TEMKA:
(A+B-2)x=34+2B+ 1,y kdPe x eR —{2,3}.

H tehevtaio iodtta 1oydet yo kébe x € R —{2,3}, av kot pdvo av

A=-5

A+B-2=0
B=17

N, 1600VVOLLOL,
34+2B+1=0 1 : {

Enopévac,
IzZXH :J-(—SJF 7]“[ -5 dx+j 7
x°—5x+6 x—2 x-3 x—2 x-3

=—5In|x—2|+7In|x=3|+c.

Me 1oV id10 Tpdmo £pyalOIOGTE Y10, TOV VITOAOYIGUO OAOKANPOUATOV TNG LOPPNG

J- Kx+A

————dx, e f—4ay>0
ax + fx+y

ii) Av ekteEdécovpe ) daipeon Tov TOAmYOROL X — 3x + 7 pg T0 TOAGVLLO X° — S5x

+ 6, Bpickovpe 611

XX =3x+7 2x+1
=1+

X =5x+6  x*—5x+6
Emopévac,
?-3x+7
jﬂ—xdx=jldx+‘|‘22x—+ldx
x*=5x+6 X" =5x+6
=x-5In|x-2]|+7In|x-3]+c¢ (AMOy® tov (i)).

Me tov id10 Tpdmo vroroyilovie OAOKANPGLLATO TNG LOPPTG

[P
ax” +px+y

6mov P(x) ToAvGVLLO Tov X Bafpod peyakdtepov 1 icov Tov 2 kat S — 4ay > 0.
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AXKHXEIY

A" OMAAAX

1. Na vroloyicete ta oOAOKANpOOTO

i) [xPed if) [(3x® - 2x+ 1) dx iif) [ %" Inxdx
iv) J 2x"u2xdx V) I4xcvv2xdx vi) jlnxdx,
. (Inx . .
vii) |—dx viii) I e*ovv2xdx ix) "'exnuxdx
X

2. No vmoAoyicete To. OAOKANpOLLOTO

i) j nu3xdx ii) j (4x* —16x+7) (x — 2)dx
x+3 . X2
111) Imdx IV) J‘mdx

v) Ix\/x +1dx.

3. Na vrohoyicete To OAOKAN PO LT

x 1
) [enuedx ii J ¢ iii dx
) [ernu o P )jx —
|
& nu ;
iv) j—dx v) X dx.
(" +1)In(e" +1) X
B’ OMAAAX

1. Na vroloyicete Ta OAOKANpOLLOTO

) jnu—zi dx i) I epx - In(ovvx)dx iii) I ouvx-e™dx.
l1+ovv'x
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2. No vohoyiceTte 10, OLOKAT pPDLLOTO

3. Na vmoAioyicete T0. OAOKANPOLOTO
i) Ixz In x*dx ii) j(ln 1) dt iii) je cvve”

4. Noa vroloyicete T0 OMOKANPOLLOTO

1) _[&pxdx K(HJ‘ X

GDsz

ii) j O i wcan I—dx““l’vx
nplx nu’x

iii) J‘mﬁxdx Kol .[cuv3xdx .
5. Mg ) Pondeia TV TOTOV
2 1-ovv2a 1+ovv2e

2
o=———— KOl oV a =
ny ) )

VO VTOAOYIGETE TOL OAOKANPOLLOTOL:

6. Mg ) Pondela TV TOTOV
2npacovf =nu(e = )+ e+ f),

2cvvacuvf = cuv(a — )+ oov(a + f)
2nuampp = owv(a - B) — oov(a + B)
VO VTOAOYIGETE TO, OALOKAT PDLLOTAL:
i) [ nuxouv2xds i) cuv3xouvsxdx i) [ nu2xmpdxds
7. Noa vrohoyicete T0 OLOKAN pOLOTO

2x-3 3x+2
D | —5———dx i)
x*=3x+2 X2 —3x+2

3_
i) | ——— 2
x“+3x+2

9 x3+1 1 0g X 2
i ——dx i1 dx iii) | xIn(x* +1)dx.
I e et

i) Inuzxdx ii) Icvvzxdx iii) Inuzxcvvzxdx.
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3.3 AIADPOPIKEY EZIXQXEILY

I'svika

210 mponyovpevo Kepdiato eldape 0TL, 0tav yvopilovpe ) cvvéptnon Béong y = S(¢)
€VOG KIYNTOV, UTOPOVLLE VO BPOVLLE TNV TOYVTITA KOL TNV EXLTAYXLVOT] TOV KiviTov. [ToAAEg
Popéc, OUMG, ivatl yvoot 1 tayvtnta v = v(f) N M emTdyLVoN a = a(f) TOL KNToD Kot
{nteiton n Béon Tov. [ Topdadetypa:

— Av éva Kvnto Kiveitot evBuypappmg pe otabepn TodTNTA ¢, Y10 VO TPOGOIOPIGOVLE
™ 0éom 1oV ¥ = S(¥), apkel vo Abcovpe @¢ Tpog y TV e&icwon

y'=ec (1

— Av o¢ éva copa palag m ackeitar dbvaun F = F(f), tOte T0 cOUA Kveitot e EMTAYLV-

on a = a(t) n omoio, COLE®VA e TO 20 VOO TNG UNYXOVIKNG, dlveTat and Tov TOTo F = ma

1, wodbvapa, F=my", 6mov y = S(f) n cuvaptnon Béong tov copatog. Emopévmg, yo va
npocdlopicovpe ™ Béom y = S(¢) Tov cdpatoc, apkel va Avcsovpe v e&icwon

my"=F. 2)

E&iomoeig 6mamg ot (1) kot (2) Aéyovrat drapopikég eéiodaoers. [evikd,

OPIXMOX

Awogopiki) eEiomon Aéyetar kbbe e&iocwon Tov mePEyEL T LETOPANTY X, Lol AyVO-
o1 cuvaptnon ¥ =f(x) Kot KATOolEg 0o TIG TAPAYDYOLS TG Y, ¥, ...

INo mapddetypia, ot E1I6MGELS
V'=26y"=2p,y"+y=0

elvat d10popikég e1I0DCELS.

H peyoldtepn and 11c t6Eelg Tov mapaydymv mov speavifoviat oty e&icwon ovopdle-
Tt TaEN g Sopoptkng e&lomanc. ‘Etot ot e&lodoetg y' = 2x kot )’ = 2y etvor Stapopikég
eElomoelg TpaTNG Taéeme, evad 1 " +y = 0 givon devtépag TaEems.

Ké0e cuvapmnon y = f(x) mov emoinBevet ) dapopikn e&icmon Aéyetar Avon g e&i-
GmOONG.

o mopddetypa, 1 cuvapton ¥ = x° eivan pa Aon g dtapopiknig e&icoong ' = 2x,
0¥ ' = (x)' = 2x.

To 6VUvolo OA®V TV AMGEMV [aG dLapopikng e&iowong Aéyetat yevikn Men g e&ico-
ong.
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o mopddetypa, 1 yeviky Aon g eéicmong ' = 2x eivar n y = x° + ¢, ceR. Tvyvd
Ontape exeltvn  Aon ¥ = f(x) g d0popikng e£icmong mov Kavomotel o apytkn
ouvOnkn y, = f(x,). I'ia va Bpodue tm Avon avty, Bpickovpe mpadTa T yevikh Abon g
e&lomong kot pe ) Pondeta g apykng cuvOnkng Tpocdtopilovpe ) {nrovpevn Vo).

INa mopaderypa, 1 Aon ¥ = f(x) g dapopikng e&lomong y' = 2x, Tov Kavonotet Ty
apykty cuvOnqkn f( 1) =2, eivarn cuvépmon y =x° + 1, 0pod omd ™ yeviky Aon y = x°
+c,youx=1xkouy=2¢elvarc=1.

21 ovvéyeto Oa aoyoAnBovpe LOVO e SO EOKEG LOPPES SLOPOPIKDY EEICMGEDY TPO-
g tééemc:

® Tig eliomoelg pe yoplopeveg petafAntég kot

® Tig ypopKES dLaPOoPLKEG EEIGMGELS TPMTNG TAEEWG,.

Arapopixés eE16006¢E1S pe ywpi1lopeves petafintés

"Exet amodeiytel mepapatid, 6t o puOudc petafoing, mg pog to ypdvo, Tov TANBLGHo
y = P(f) jmog kowvoviag, 1 omoia dev ennpedletat omd e&mteptcong mapdyovtes, sival
avaAroyog tov TANBLcLoY. Andadn, wydet

P'(t) = aP(2),
o010V a etk oTobEPA.
Av o opykég minBuouog g kowvaviag eivar Py, dniadon P(0) = P, yo vo Ppodpue tov

nOvoud P(t) botepa amd ypovo ¢, Bo Abcovpe v Toparndve dtapoptkn e&icwon.

Enedn y = P(t) > 0, n e&lomon ypdoetal

P _
P(1)

0TOTE OAOKANPOVOVTOG KL TOL SVO LEAN TNG, EYOVLE SLASOYLKAL:

_‘-mdt: ja dt
P(2)

In P(t) = at+c,

E)

P(Z) — equ,

P(t)=ce”, pe c=e".
Eneon P(0) = P, elvon ¢ = P, omdte

P(f) = Pye™’.
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H noapandve dapopikn e&icwon Aéyetar dtopopikt| eElcmon e yopiopeveg petafin-
1ég. ['evika,

OPIXMOX

Awgopikn e€icmon pe yopriopeveg petafintéc Aéyetar kabe eEicmon g pop-
g
a(y) - y' = p(x) (1),

omov y = f(x)  ayvootn cuvaptnon, a(y) cuvaptnon Tov y Kot B(x) cuvaptnon
TOU X.

I'a va Moovpe v e€icmon avt oAoKANpdVOLLE Kot Ta 800 HEAN TNG OC TPOG X.
"Exovpe

[a)ydx =] pax.
Eneidn y =f(x), eivar dy = f" (x)dx = y'dx, ondte égovpe

[a(dy = [ px)ax. @
Av A(y) givar pia mapdyovoa a(y) Kot B(x) pa mapdyovoa g S(x), tote n (2) yphoetan

A(y) =B(x)+c, ceR. 3)
Amd ™V tedevtaia e&icmaon mpoodiopilovpie T yeViKN Ao TG dtapoptkng e&lcmaong.
YXO0AIO

H womta (2) pog entrpémet va ypdpovpe ) dtapopikn e&icwon (1) oy “dromn’” popen
me
oy)dy = p(x)dx

KO VO OAOKANPOVOLVLE TO PLEAT TNG, TO LEV TPAOTO LEAOG TNG MG TPOG V, TO O& OEVTEPO
LEAOG TNG MG TPOG X.

E®APMOI'H

Na Av000v 01 dropopikég eEloMoelg
2y-xp'=0, x=0 xkny>0

i) y' =2xy”, y#0

iii)x+yy'=0, p>0.
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AYXH

i) Xe kabéva amd ta druotpata (—0,0) kot (0,+ o), n e&icwon ypaeetat:

1, 2
;y =; 71 c=2 @
1dy 2 -
vy dx x |

o= —
ldy=gdx. 2
v x

0

1 2 ¥z ,
_[—dyz.[—dx 0 x
v X

_ _ 2
Iny=2In|x|+c,=Inx"+¢,, ¢, € R
2 2
y=€e" = v " =cx? 0> 0.

Apa, o€ kabéva amd To Sracthpato (—oo,0) kot (0,+ o) givor y = cx’, émov ¢ > 0

ii) H e&lomon ypdopetar: VA
dy 2
-9
dx W
p o
—); = 2xdXx.
y
J.d—)z} = IZxdx
y
N
y
Apa, y = ————, 6mov ¢ e R (Zy. 2).
X +c
iii) H e&lomon ypapetat dtadoyikd
dy
x+y—=0
7 dx
ydy = —xdx
I ydy = —I xdx
2 2
r_2.,
2 2
X7+ y2 =c,c>0

Apa, y=+c—x*,6movc>0(Zy. 3).
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I'pappixés orapopixés e€166&EIS TIPOTHS TALEWS

And ™ Duon yvopilovpe 6Tt 610 duThovd KOKA®- L @
pa wybvet o kavovag tov Kirchhoff. Aniaodn, \QQQQ/
di(t
120 R0 v ), M r 1y
I'o va pocdiopicovpe v évtaon, 1(¢), Tov pedpa-

TOG OV SloppéEL T0 KOKA®MUa, Elval avaykn va Av- @
covpe t dpopikn| e&icmon (1). H e&icmon vt

Aéyetar ypapukn dagopikn e€iocmon npmtng tae-

. IN'evikd:

OPIXMOX

Cpoppiki) Swogopiki) eEicmon TpATNG TAEEMS AéyeTal KAOE EEIGMON TG LOPPTG
Y+ ax)y = p(x),

omov y = f(x) eival n dyveotn cuvaptnon Kot o(x), f(x) GLVEPTNCELS TOV X.

To v enthvon g elomong avTng:

— Avalntobpe pua mwapdyovso A(x) TG cuvapTnong a(x) Kot £TELTo

A(x)

— IMoAlamhaciblovpe ta péAN g e&lomong pe e

"Etot, éyovpe Sradoyucd
Ve + a(e'y = fx)e
Y+ A"y = fx)e
Y+ () y = fe
ey = pye"
J ey dx = [ px)e"
ye' =B+ c.

6mov B(x) pia mopdyovsa e A(x)e’ .

E®APMOIH
1. Na 2o0si 1 dwopwki| e€icwon

y +2y=2.
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AYZH

Enre1dn g mapdyovoa g a(x) = 2 etvor n A(x) = 2x, toAAamrloctdlovpie Kot To 0o LEAT
g eficmong e . Etot, £xovpe Srodoyikd

y'e™ +2e™y = 2™
(yer)y — (eZX)I
yer —_ e2x +c

y=1+ce™, ceR.

AXKHYEIY

A" OMAAAX
1. No Moete T1g S10popikég E1I6MTELS:
i)y’ =—4xy’, y>0 i) y'y =x, 5> 0

| . ,
i) —y' =2 iv) ' = e”oovx.

2. Noa Aoete Tig d1apopikég eEloDoELS:
)y +2y=3 i)y +2y=¢"

iii) y' +y=2x v) y' +2xy =x.

3. Na Bpsite T Mon g Stopopikig eéicmong ¥’ = 2x°y’, y < 0, ¢ omoiag 1 ypo-
Q1| Tapdotacn oEpyetol and o onueio 4(0, —3).

4. Na Bpeite ) Adom g dtapopikng e&icwong )’ = 2 — 3y mov KavoTotet T cuv-
onin »(0) =2/3.

5. Noa Aoete Tig dtapopikég e5l0DCELS:

o, 1 1
)y +——sy=—"5-,vy(0)=-3
oLV X OoLVV X

i) (x+ 1) +y=Inx, av y(1)=10.
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B OMAAAX

1. H évtoon tov nAekTpikod pevpotog I 6g Evo NAEKTPIKO KOKAMLLOL TKOVOTOLEL TNV
di
e&lomon E+ I =nuz. Av 1(0) = 0, va Bpeite v évtaon (7).

2. Na Bpette ™ Abon g dwpopikr|g e&iowong ye” ' y' = €™, n onola SiépyeTon omd
to onueio 4(2, 2).

1
3. Na Moete ) dwpopikn e&icmon y'——y = x, x > 0.
X

4. H chion mg epantopévng piag ypapung (€) pe e&icwon y = y(x), y > 0 oto on-
peto M(x, y) etvan ion pe xy. Na Bpeite v e&icwon g (C), av givar yvooto ot
diépyetan amd to onpeio A(0, 1).

5. 'Eoto o, B,4 €R otabepéc, pe o> 1> 0.

i) No Mvoete v eéicoon y' + ay = fe .

ii) Av y = y(¢) etvon po. Avom g eEicmong, vo, omodeifete 0Tt ioyvEL ,lirﬂo »(#)=0.
6. 'Eyet anodetytel mepapotikd 6Tt o puBudg petafoing mg Beppoxpasciog 6 evog

ohpartog, 0t avtod Ppedei oe mepfdrrov otabepng Beprokpaciog 7' pe 6> T,
etvon

ﬁ:—k(Q—T), k> 0.
dt
No Bpeite T Oeppokpacio 0(¢), av 6(0) = 0.
7. O mnBvouds P = P(f) [wog yopog petavaotedel pe otabepd pubuo m > 0.

Atvetat 60Tt 0 puBudg avénong Tov TANBLCHOL P, av dgv VIPYE N LETAVAGTEL-
on, Ba ftav avdroyog tov P.

1) Na dwkatoloynoete 6Tt 0 TAinBvopog P ikavornolel v e&icwon P’ = kP — m,
k> 0 otabepa.

ii) No Bpeite T ovvdpton P = P(f), av P(0) = P,
iii) No anodeitete Ot

— Av m < kP, t6te 0 mTANBvopdg ovEdvetar.
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— Av m > kP, t61€ 0 TANOVLGUOG LEIOVETAL.
— Av m = kP, 16t€ 0 TANOVGLOG Tapapével TadEPOC.

8. 'Eotm y = y(f) 10 Ywog kot V= V(f) 0 6yKog Tov vepov LG dEEUEVNG T (POVIKT
otypn ¢. H defapevn adetdlel omd o kukAikn omn epfadod o mov Ppicketon
otov mobpéva g, Zopemva pe to vopo tov Torricelli o puOude petaforng tov
OYKOVL TOL vVEPOL glvat

‘;—V =—a+2gy,g=10m/s’.
t ~ TN
\/
i) Av 1 de€opevy eivar kolvdpikr pe Oyog 3,6 m, L
axtiva 1 m kot n aktiva g onng etvan 0,1 m, va il ‘:
amodeifete 0L T0 y kavomotel v e&fooon || T T ‘
Y5 40 ¢
y'= ——\/; (®) ¥
50
ii) Na Bpeite 10 vyog ¥(¢), av sivar yvootd 6Tt T "'—;—\\

ypovikn otrypn ¢ = 0 1 deapevn rav yepdn.

iii) [16c0og ypdvog Ba ypetaotel yio va adsibost teheimg 1 de€apevn; (Atveton 0Tt
0 dyKog TV KVAIVEpoV eivar V= m7v).

9. 'Evag Pnuatodotng amote-
Agiton omd po pmatapion Ko
évay TUKVOTN, EVO 1M KoOp-
i mailer to poho TG avti-
6TOONG, OMMG QOIVETOL GTO
oynuoe. Otav o dwkdntng
S Pploketon ot Béon P, o
TUKVOTNG  QopTileTtar &vo,
otav Pploketatl otn Béon O,
0 TUKVOTNG ekopTileTal Kot
poKkorel MAEKTPIKO €PEDL- o)
opa otV Kapdd. Katd m -
apketo vt otV Kapdd epapudletat nhektpeyeptikn dSvvan £ mov ikavorotet
v e&lowon

(%)

dE 1
—=——E,t,<t<t,
dt RC

omov R, C otabepéc. No Bpeite v E(7), av E(t)) = E,.
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10. Zvpeova pe tov kavova tov Kirchhoff yia to R
KOKA®LO TOV SUTAavOD GYLLOTOS 1o VEL VWA
LY\ R1=EQ). <E> L
. dt
) AVR=120Q,L=4H,E=607, 6,\

o) va Ppeite v évtaon I(f) Tov pevpa-
TOG, f seC LETH TO KAEIGILO TOV KUKADUOTOC.
B) va Bpeite to lim I(¢). Tt ovpmepaiverts;
t—>+o0

ii) Av 610 KOKA@UO ovTi Yoo pratapion Tov divel otabept) NAEKTPEYEPTIKN
dvvaun E ypnoyomomoovpe o yevviTpla mwov divel E(f) = 60nu3s, va
Bpeite v évtaon I(f).

3.4 OPIZEMENO OAOKAHPQMA

Eupfoaoov mapafoiixod ywpiov

"Eoct® 611 Béhovpe va Bpovpie To ufadov Tov ympiov 2 mov mepikieietat amd T YpoeIKn
TOPAcTaGT NG GLVAPTONG f(x) = X%, Tov dfova Tav X Kat Tig sudsisg x = 0 kot x = 1
(ITapaporkd ympio Xy. 5).

’ /© ’ ./ ®

y=x y=x

X o L 2... | X
v v

Mia péfodog va mpoceyyicovpe to {nrovpevo epufadov eivat n e€Ng:

1
Xopilovpe to dbotua [0,1] oe v ioounkn vrodlacTipaTo, WHKOVG AX = —, LE AKPO
To onpeio: v
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209

< |

1
x=0, x, =5 2=

® >ymuatifovpe to opfoydvia pe PACELS TO VTOSIACTILOTO CVTE KOt VYT TNV EAGYLOTY
TN g f o kabéva and avtd. (Zy. 6). Mo npocéyyion tov gpfadov mov {ntape eivor

o0 dBpoiopa, &

el

:, =f<0>1+f( ]1+f(3j1+
1% 1% V)V

1
14

<

1
V3

[1P 427+ -+ (V=1)]

1L (v=D-v@v-1) 2v*-3v+1
v 6 o'

® Av, tdpa, oynpaticovpe to opboydvia pe Pé-
GELG TO TOPATAV® VTOSUGTHHLATA Kot DY) TNV LE-
yio TN ¢ f oe kKabéva an’ avtd (Zy. 7), tote
o dBpoicpa

X C:

TV gufaddv tov opboymviov avtdv gival o

o[ (2T 5]

KON TPocEyyion tov {nrovpevov epufadov. Eivor ~__

TV euPfaddv Tov Tapandve opboymviov. Aniadr, To:

o

v—1

14

Opwg,
\'DA% v)v vV

SORGEEE]

0

<|—

<[

viv+D)(2v+1) v +3v+1

1 2 2 2 1
=—0"+2"++v’) =—
v3( ) v? 6

6v?
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To {nrodpevo, opwg, epfadov E Pploketon petad tov & ko E. Anladf ioydet
g, <E<E, ondte

lime, <E<lmE,.

Vo0 V0

. . 1 1
Eneidn limeg, =limE, =3 &yovpe E =3

V—0

® Av, tdpa, oynuaticovpe to opboydvia

pe Pdaoelg To TOPOTAVE® VTOSLOGTILOTOL 7 -,
[x_,x] c=1,2, .., v ko Oyn mv Tuf e

NG GLVAPTNONG GE OTOLOONTOTE EVOLAUEGO L i

onueto &, x=1,2,...,3, ..., v, kabevog d1- 7Z

aoTHOTOC, (Zy. 8), TOTE TO ABpOotcH

S, =L reyr L e+ e
A% \% \%

|

S -=-==- A

TV euPfaddv Tov opfoyoviov avtdv gival TR

Hio akoun Tpocéyyion Tov {ntodevou ep- IHHE
Padov. Emerdn f(x, ) < f(5,) < f(x,) na ol&s ... & ... &l x

k=1,2,...,v, 0a civan

Lray<trer<tre.
\% Vv A%

omote Ba 1oyveL

Etvan 6powg, lime, = lim £, = E. Apa 0o woyvet lim S, = E.

V>t v —©

Opiouog sufadod i

‘Eoto f o cuveyng cuvaptnon oe €va
Stompa [o,f], pe  f(x) >0 vy kéOe
x €la, B] xar Q 10 ywpio mov opileTan
amd TN YPOPIKN TopdoTacT TS f, ToV
a&ova TV x kot TG gvbeieg x = a, x = f.

)

N
(/

\
X

|\-/
|
: )

Q
= _____
&

o f——————

7| /(&)

I va opicovpie To epPaddv Tov yopiov
Q (Zy. 9) epyaldpocte OTOS GTO TPON-
yobpevo mapadetypo. Aniodn: )

| X
Xpoow Xoa EXFf

1 1
0=X0 & X1 & Xpeew Xp
I

A=~

i
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B-o

\%

® Xwpilovpe to ddotnpa [a, f] o€ v 100pNKN VIOSACTAHOTO, HKOVG Ax =
ta onpelo o =x,<x, <x,<..<x =p.

, e

® ¢ 1dle vmodidotpa [X,, x, ] emdéyovpe avbaipeta £va onueio & ko oynpatilovue
0. opYoydvia ov £xovv Bdon Ax ka1 vyn o f(<). To dOpoispa v euPfaddv Tov op-
Boyoviov avtdv givar

S, =/(EAx + () Ax + .+ f(E)Ax = [[(E) + ... + /().
® Yroloyilovpe to lirrg0 S,.

Amodeucvoetar 61t T0 lim S, vrapyet oto R ko eivon ave&apmro amd v emhoyn| tmv

onueimv &. To 6pro owtd ovopdletar epfadov tov emmédov yopiov 2 kot cvpBoiileton
pe E(2). Etvat gavepo ott E(€2) > 0.

H évvoia tov opiouévov oiokinpouarog
‘Eoto wo cvvaptnon f oo vey ¢ oto [a, fl. Me ta onpeic oo = x, <x, <x,<...<x =

S yopilovpe to dtdotua [a, f] 6€ v IGOUNKT VTOSOCTLOTO KKOVG Ax = f-a .
v

' @

A :\\V?f(x)

N
é\ffk v/

Il
ola=x & x1 &x U Y Xa & xB

“"X\.

X

Y1 ovvéxelo emdéyovpe avlaipeta éva & e [x, ,,x, ], v kd0e k €{1,2,...,v}, xat oyn-
patifovpe o Gpotopo

S, = f(E)Ax+ f(HAx + o+ f(Ax + .+ f(E)Ax

10 onoto cupPoriletal, cvvtopa, MG eENG:

S, =3 f(E)Ax "

W 1o afpotopa avtd ovopdletor éva aBpotocpo RIEMANN.
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Amodeikvieton 0Tt

“To 6pro Tov abpoicupatog S, dniadn to lim(z f (fK)AxJ (1) vmépyet oto R ko glvon
y—00 —

ave&apTnTo and v emAoyn Twv eviiduecmv onueiov & .

To mopandve 6pto (1) ovopdletar 0pLopévo OAOKANPONIE. TG GLVEYOVG GLVAPTONG f

£
a6 1o o 670 f, cuuPoiileton pe j [ x)dx ko drafaletar “olokAnpmpo g fomd 10 o
610 7. Anhadn,

ﬁfmw=@iiﬂamﬂ

To ovpforo Impsi?»erou otov Leibniz kot ovopdletar sopforo olokinpmonc. Avto &i-
Vol EMPAKLVGT) TOL apytkol ypaupatog S g AéEng Summa (dOpotcpa). Ot apBpol a
kot S ovoudlovtot 6pra g olokAnpmong. H évvota “opra” edd dev €xet v 1d1a Evvota
TOV 0piov TOL 20V KePoAaiov. XtV EKQpacn Lﬁ f(x)dx 1o ypppo x givar puo petaPan-
T Kot puopet va avtikotootodel (e omolodnmote dAro ypaupa. ‘Etol, yio mopddetyua,
0l EKQPAGCELG Jj f(x)dx, Lﬁ f(®dt copPorilovv 1o 1610 opioUéEVO OAOKA PO Kot givarl
TparypoTikos apuoc, o avtifeon pe to I f(x)dx mov givar £va GHVOLO GUVOPTIHGEMV.

Eivat, dpoc, xpf|o1Lo va emeKTeiVOVLE TOV TOPUTAVE® OPLGHO KOt Y10 TIG TEPIMTAOCELS TOV
glvara > N a=pf, oceknc:

() Ij f(x)dx = —.[; f(x)dx

° j F(x)dx=0

A7 T0UG 0pIoHOVG TOV POV KOL TOV OPIGHEVOD OAOKANPAOLOTOG TPOKVATEL OTL:
Av fB(x) 2 0y kG0e x €[ot, B], T0TE TO OAOKAP®- yT @
po J. f(x)dx diver to epPaddv E(Q) tov ywpiov L

7OV TEPIKAEIETAL amd TN YPOPIKN mopdotact g f
Tov aova x'x kot Tig evbeieg x = a ko x = f (Zy. 11).
Aniodn,

[ reoax = Bc@).

Enopévac,

Av f(x)>0, t01¢ J-ff(x)dxz 0.
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EPAPMOI'H

No amwoderydsi 611 I P edx = c(p-a), no. oworodnmote ¢ € R.

AHOAEIEH

i) Av a = B, tote j:cdxzo:c(a—a):c(ﬂ—a).

i) Av a < S, tote, emedn 1 f(x) = ¢ eivor cuveyng oto [a, £, Exovpue

Lﬁ cdx = I: f(x)dx
= Hm[(f(§)Ax+ /(&) Ax +---+ f(G,))Ax]

B-a

\%

=1lim
V—0

LfE)+7(S)++ f(&,)]

:lim(ﬁ_a(c+c+---+c)j

iii) Av o > f, tote

Ifcdx: —j;:cdx =——c(a-B)=c(pf-a).

2XOAIO
Av ¢ > 0, tot€ 10 jp cdx ex@paletl To epPadov evog ] @
opBoymviov pe Baon S — a kot vyog ¢ (Zy. 12). y=c

e
=

[N T T .~

1010THTES TOV 0PIGUEVOV 0LOKINPOUATOS

Me ™ Bonfeto Tov 0pIGHOV TOV OPIGHEVOL OAOKANPDLLOTOG OITOSEIKVOOVTOL TO, TOPOK(L-
T Oempnuota.
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OEQPHMA 1o

‘Eoto f, g ovveyeic ouvaptioelg oto [a, f] kot A, u €R. Tote woydovv

o ["2f(de=4] ﬂ F()dx

o ['Lre)+e@an=[" redn+ [ gy

KO YEVIKA

o LS+ ugCeds = 2[] () + ] o)

OEQPHMA 20

Avn fetvorovveyijc og Sidomua 4 Kat o, B,y € A, TOTE 10)YDEL

[/ reoax =[] reods+ [ rod

INo mapdderypa, ov Ij f(x)dx =3 ko .f: f(x)dx =7, 10t¢
[ rax=[ fydc+ [ fyde == fedv+ [ fx)de=-3+7=4.

XHMEIQXH

Av f(x)20 xawa <y <pf (Zyx. 13), 1 tapondve 1010- y4 @
mro dMNAdvel OTL

E@Q) = E@) + E(Q,) \v\/ry-{/

E@)= [ f(x)ds, E(@2) = [ f(ds

Kot
o

aQov

E@)=[" f(x)x.

OEQPHMA 30

‘Ecto [ o ovveyng ovuvapmon oe éva dwotnua [af]. Av f(x) >0 ywo kébe
x €[a, f] ko cvvdptnon f dev givon mavtov undév 6o drdoTna aTo, TOTE

[ ﬁ F(x)dx > 0.
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AXKHXEIY

A" OMAAAX

1. Av Il4f(x)dx =9, ij(x)dx =11 kot LS f(x)dx =13, vo Bpeite 10 OAOKANPO-

nota:
D [ S ii) [ f(@)dx
iii) [/ ()ds iv) LS F(x)dx.
2. No onodeiGete 61t

[“mar = J’l In % d.

3. No vroAoyicete 10 K £T61, OCTE

K 42 1
.[xz 4dx—J. 2 =3
1 x°+1

kX +1
3
4. Av J-ls F(x)dx =5 xon .‘-1 g(x)dx = =2 va, vmohoyicete T0. OAOKANPpOUOTA:

) f (2 (x) = 6g(x))dx ii) j: (2 (x)— g(x))dx.

3.5 HZXYNAPTHZH F(x)=] f(t)dt

O VTOAOYIGHOG EVOG OAOKANPOLATOG Iﬁ f(x)dx xatevOeiav amd tov oploud eivar cu-
vfog pio dVoKoAn Kot TOAD KOTOGTIKY dtadtkacio. Xty mapdypapo ovty Oa avo-

mmoovue TpOTO VTTOAOYIGHOD OAOKANPOUATOVY YOPIG TN ¥PHON TOV OPIoHOoD. X’ avTd
Oa pag Bondnoet 10 yvwotd, oc depucliddec Oewpnua 100 0L0KANp@TIKOD
Aoyiouov. H anddei&n tov Bewpnuatog ovtov otnpiletal oto enduevo Bedpnua, 0
omoio pag e&aopailel v VmapEn TOPAYOVCOS LIOG GLVEXOVS GuvApTNoNG [ o8 €va
Sionua 4.
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OEQPHMA

Av feivan o cuveyng cuvaptnon o éva ddotnpe 4 Kot a givat Eva onpeio Tov 4,
t0TE M GLVAPTNON

F(x)= j F(0)dt, x € A,

glvat pa Tapdyovoa g foto 4. Ankadn woyvet:

’

(.[:f(’)d’) = f(x), Y10 k6Be x € A.

INo mopdderypo
(j:mftdt) =’y Kot (lelntdt) =Inx.
YXO0AIA
® ETonTiKG TO GUUTEPOCLLO TOV Topamdve Bemprpotog tpokimtet (Xy. 14) mg e&ng:
x+h y
Fx+h=Fx)=["" f@adt | y=f)
= EpPadov tov yopiov Q | :
[ |
~ f(x)-h, ywo ppd h > 0. ! | !
Apa, yio pikpd i > 0 eivar i 1x) iQi i
| ) [ |
FatW=Fe) _ oo | ] :
, h ol « x x+h B
omote

F'(X) _ %Ilngw = f(x)

® And 10 mopomdve Bedpnpa kot to Bedpnpo wo-
paydyLong GVVOETNG GLVAPTNONG TPOKVTTEL OTL:

([ rar) =rigon - g0,

He TV TpodTOHEST OTL TOL XPTGLLOTOLOVUEVE GOUPOAN EXOVV VOT|LLO.
INo mapdderypa,

!

( j l” In zdz) =(nx*)-(x*) =Blnx)3x* =9x° Inx

OEQPHMA (Ogpeh®dcs Oe@pnpa Tov 0LOKANPOTIKOD AOYIGHOV)

‘Eoto f o cvveyng cuvaptnon o’ éva dtdotnua [a, . Av G givat puo mapdyovsa
mg f oto [a, B], tote

[ r@di=6(8)-G@)
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AITIOAEI=EH

2Opemva e To Tponyovuevo Bedpnua, n cuvdptnon F(x) = J.x f(®)dt eivan o mopd-

yovoa ¢ foto [a, B]. Enedn koun G etvon o mopdyovsa g fo1o [a, f], Ba vrapyet
c €R térolo, dote

G(x)=F(x) +c. (D

Amo v (1), yio x = a, égovpe G(a)=F(a)+c = Ia f(®)dt+c =c, ondte ¢ = G(a).
Emopévac, ’

G(x) = F(x) + G(a),

OTOTE, Yo X = 3, £YOVLLE

G(B)=F(p)+G(a)=[ f()dr+G(a)

Kot apa

[/ rwdr=6(p)-G(a). m

[ToAAEG POpEC, YO VO ATAOTOMGOVLLE TIC EKPPAGELS [LaG, cVpPoAilovpie T dtapopd G(S)
- G(a) pe [G(x)]g, OmOTE 1) 1GOTNTO, TOV TAPATAVED BEMPALATOC YPAPETUL

! rede=1600p =[] rees] |

INo mopddetypa,
2 3
9 1
_[3xdx= 22y
! 2 2 2
.[0”11 pxdx =[—ovvx]j = —cvvr +ovv0 =2

la’x:[lnx]f =lne—Inl=1.
1 X

EPAPMOI'H

1. Aiverar n ovvaptnen F(x) = I;\/tz - 1dt
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i) Na Bpe0¢i to medio opiopov g F.

ii) No peretn0si g mwpog T povotovia kot to akpotata n F.

AYZH
i) H suvapmon £(t) =t* —1 g1 tedio opiopod 1o 6hvoro
(—OO’ _1] o [1’ + OO)

To va opileton m F, mpémet ta dkpa 1, X ToOL OAOKANPOUATOS VO AVIKOVY GTO 1010
ddotnua Tov mediov opiopov g f. Apa, mpénet x € [1,+ o), omdTe TO TEdI0 OPIGHOD
™mg F givon to ghvolro [1, + o).

i) o x €[1,+ ) &yovpe:

’

F(x) =(L\/ﬁd¢) —J 1.

Enmedn n F eivar cuveyng oto [1,+ ) kot woyvel F'(x) > 0y kébe x € (1,+ ), n

ocwvaptnon F eivar yvnoing av&ovca 6to [1,+ o), omdte mapovoidlel eAdyioto O
F(1)=0.

MéBodor oroxinpwong

® O TOTOG TNG OAOKANPMGNG KOTH TOPAYOVTES Y10 TO OPIGUEVO OLOKATPMLLOL TTOIPVEL TN
Hopon

[" g @ =17 g - [ rgeods,

omov f', g' elvan ocvveyeig cvvaptnoelg oto [a, B].

/2
INo mapdderypio, oG vToloyicovie To oAoKApopa [ = IO xovvxdx . Exovpe:

I= fom x(np)'dbe = ]2 - jom (o) mpweelx

= [xn ux]’” 2_ J‘Oﬂ/znuxdx

0

/2

=[x px];’/ 2+ [cvvx]c
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® O TG OAOKANP®OONG L ARy LETAPANTHG Y10 TO OPIGUEVO OAOKANPOLLO TOpPVEL
™ Hopen

[ 7(gng s = [ fad,

omov f, g’ etvar ovveyeic ovvaptnoelg, u = g(x), du = g'(x)dx xor u, = g(a),

u, = g(p).

[Na Tapaderypa, ag vroroyicove To olokApoue I = I Inx dhx.
X
‘Exovpe:

I= jf In x(In x)'dx

Av 0écovpe u = Inx, 01 du = (Inx)'dx, u, = Inl = 0 xar u, = Ine = 1. Enopévag,

u21 1
1= J-ua’u— =—.
2 2

0

E®PAPMOI'H

Na vroroyis000v Ta 0LOKANPORATA.
2 2 _ 4 +
i) I xrxl ii)J' i js\x—2|dx.
1 X L Ax -1
AYXH

i) Exovpe le” L j—dx+j X — dx

21
—j xdx+j ldx — j Zdx

1 X

2
X2 1 5
:|:7} +[x]12—[lnx]12 :2—E+1—ln225—ln2,

4 4
i) "Exovpe j x—ﬂdx = J “dx+ de = .r:x”zdx+ J-?x’l/zdx
1 1

Jx Jx LJ}
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[ 2] ] a2

3/2) |1/2

)E 6,| 2| 2_x’ xSZ ,
111) Emeon | x—2|= , &povue
" x=2, x=22 KO

j|x 2|dx = J'(z x)dx+j(x 2)dx—{2x—§}l+{x—;—2x} =%+%=9.

2

AYXKHXYEIY
A" OMAAAX
1. No vroloyicete To OAOKANPOLOTOL
2 “Jx+1
i) [ 3x*—2x+1)dx ii) j dbx
! e
Lo (2 (. 1Y
iii) _[ (ovvx — 2nux)dx iv) J. x+—| dx.
0 1 X

2. No amodei&ete 0T

3. No amodeifete 0Tt

2" £ @ = (F(B) - (S (@)

4. Avn ypa@ikn Tapdotacn g ovuvaptmong f dépyetat and ta onpeio A(0,0) kot

B(1,1), va Bpeite v Tiun o0 OAOKANPOHATOC I f'(x)dx, epdoov 1 [ givor
ocvveyng oto [0,1].

5. Na Bpeite T1¢ TAPAYDYOLS TOV GLVOPTICEDV

1 avv@

i) Fx)= j}m 1-£2dt i) F(x)= I
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i) No Bpeite ™y mapéywyo g cuvépmong f(x) = In(x++/x* +1)

2

dx = In(1++/2).

. r r 1
i) Na amodeitete o011 J.

1
o\]1+x2

B OMAAAX

1. Av J: tg(t)dt = x* + x° yia xabe x € R, va Bpeite 1o g(1).
x+1
2. No anodei&ete 6111 ovvaptnon f(x) = _[ ™' dt sivan otadepn.

x2 ¢ , , . g
3. Av f(x)= jo o dt, va mpocdlopicETE TOL SILGTHHOTO LLOVOTOVIOG KOIL TOL TOTILK(,

axpdtoTa TG f-

4. Av F(x)= I Ox xf(t)dt, va Bpeite v F'(x).

1
1+7

x vx ]
5. Na amodei&ete 0TiM cuvapon F(x) = J. dt+ J- v dt givar otabepn
1 1 +

o710 (0,+ o0) Ko v, Bpeite Tov TOTO NG,

.12
6. No Bpeite 0 £1n(}zj‘22 "S5+ idr.

7. No voloyiceTe T0, OLOKAN pDLLOTO
/2

i) jj \/xzx—_4 dx ii) Jgnu(cuvx+ )N —np(ovvx+x)]dx.

8. Noa vroloyicete Ta OLOKAN pOLOTO
. 2 . b4 X,
D [ (= x-1])dx i) " fGodx,av f(x)=
’ *” np,

i) [2*~3x+2]d.

9. Noa vohoyiceTe T0, OLOKAN PDLOTO

“Inx |
1) —dx i) | xe “dx
| = J

1 /2
iii) [ xIn(9-+x*)dx iv) jo e ouv2xdx.
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n /2
10. Av /= J.O /zxnuz xdx, J = IO XLV xdx , va vToAoyiceTe To. OAOKAN pHLLALTOL
I+J, 1I-J, I, J
11. 'Eoto o cuvépton f pe f” cvveyn Kot yuo v omoio 1oydel

[7(F G0+ 770 = 2.

Av f(x) =1, pue ™ Pondeto TG OAOKANPOONG KATA TOPAYOVTES, VO VITOAOYi-
oete 10 f(0).

12. 'Ecto ot cvvaptiocels f, g, pe f”, g" cuveyeig oto [a, f]. Av f(a) = g(a) = 0 xor
f(B) = £'(B), vo. amodeitete 611

I= Lﬂ (f(0g" ()~ f"(X)g(x))dr = g (B S(B)~2(B)).

3.6 OEQPHMA MEXHY TIMHY TOY
OAOKAHPQTIKOY AOT'EMOY

Me ) Pondeia tov BepeMddovg Be®PLOTOG TOV OAOKANPOTIKOV AOYIGHOD HTOPOVLLE,
TOPO, Vo amodeiEov e To mapaKdT® Bedpnua Tov glval yvootd o Ocwpnua Méong
Tiung Olokinpwtikod Aoyiouod.

OEQPHMA

Av e cuvaptnon f eivar cuveyng oto [a, S, 10t LIAPYEL £Va, TOVAGYLGTOV,
& e(a, B) tétoto, hote

[" reds=r&B-a

AIIOAEIZH

Oempovpe T cvvaptnon F(x) = Ix f(H)dt. H ocvuvaptmon avtn elval Topaymyiciun 6to
[a, B] ko woyvet F'(x) = f(x). Emopévac, chupava pe to Bedpnpo PEoNS TUNG TOL do-
@opikov Loylopob vrapyet & € (a, B) étolo, dote
, F(B)-F(a
prey - FB)-F@)
fra (1)

Eivon 6pmg,

F'@ =19, FB)=[ @i xon Fa) =" f(ydt =0.
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B

j F(o)dt

Emopévemg, n wootnra (1) ypaeetar (&) = "‘ﬁ— 1, 16odvvapa,
-«
[[ sy =r&p-a).m
XXOAIO
[" r(ax

O opOuodg f(€) = “ﬁ? Aéyeton péon Ty TG

suvaptnong foto [a, f] Kot copPoriletar pe 7

leopetpikd, n péon tun 7 HLOG UM OpVNTIKNG
ouvapmong f oto dtdotnua [a, f] Taplotdvel To Vyog
oV opBoymviov wov €xel Bdon to [a, ] kot epPpaddv
00 e to guPadov Tov ywpiov 2 Tov TEPIKAEiETOL 0O
N YPOPIKN Tapdotocn TG f, Tov afova x'x Kot Tig
evbeieg x = a ko x = (Zy. 15).

E®APMOI'H
‘Eoto n svvaptnon f(x)= Jx .Na Bpebsi & € (0,9) étordote f(&)=f.

AYZH

9\/— 2x3/2 ’
_ jO xdx - 3 . 18
9

"Exovue f =
xovpe f 5 5

Emopévac, apkeivo Bpebel & € (0,9) étol, dote f(&) = 2. Exovpe
fE)=2o\E=2c¢&=4

Apa, to {nrovpevo & givat to 4.

AXKHXEIY

A" OMAAAX

1. No Bpeite ™) péon T} £ g ovvexolg suvaptong foto dibotnua [0,1], av
Siveron 611 jol (f(x)=1)dx =0.
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B
2. Avn feivar ovveyng oto [a, £, k otobepd Kot I (f(x)—x)dx =0, va amodeifete
otL M péom Ty g foto [a, f] etvat k.

3. No Bpebein péon T g petapintig x oto ddotua [a, S].

B OMAAAX

1
1. Atvovtou ot cuvapticelg f(x) =x" kot g(x) = — > OPICHEVEG G~ €va SlaoTnua [a,
X

S, o> 0. No vroloyicete Tig 7, g Ko v anodeiéete 6t f-g > 1.

. H taydvmt G ipotog o’ £ { ~
2. H taydtnta v tov aipoatoc o’ éva ayyeio

~N
aktivag R xat pnkovg /¢, og andotacn r (R \l' r I)_u(r)
and tov KevIpkd aEova Tov ayyesiov sivat

u(r):i(R2 —r?), 6mov P n Sagopd A B
4nt

TEGE®G PETOED TV Akpov 4, B Tov ayyeiov kot 7 1o 1EMOEG Tov aipatog (otadepd).

a) Na Bpeite ™ péon taydnta tov aipotog, 6tav » € [0,R].

B) No Bpeite T néytotn ToydTNTO KOl VOL T GLUYKPIVETE WE T HEGT Tay DTN TO

3. 'Eoto f i mopaywyion oto [0,1] cuvaptnon, pe ‘[01 f(x)dx=f(Q1).

No amodeilete 01in C, £gl pio, TOVAGIGTOV, OPLLOVTIO EQATTOUEVT.

3.7 EMBAAON EIIIIEAQY XQPIOY

® YtV mapdypaeo 4.4 idape 611, av po A
cuvaptnon f elvar cuveyng o€ éva didotua [a,
Blxon f(x) >0y kO x € [, §], TOTE TO EPPar-
56V oL Ympiov 2 mov opiletat and TN YPUEIKY|
mapaoTocn e £, Tig evbeieg x = a, x = f Kot Tov
a&ova x'x (Zy. 16) etvan

E@)=[" f(x)d
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I mapdderypa, to epPadov tov ywpiov mov nepucheietar
and ™ ypaeikn topdotoon mg f(x) = Jx, tov a&ova
xx ko Tig evfetecx =0, x =1 (Zyx. 17) eivon ico pe

1

J‘l\/;dxzjlx]/zdx:[zxz’/z} :%. !
0 0 3

o 3

A

y=+x

o

I
I
I
|
1

v=

® 'Ecto, Tdpa, Svo GLVAPTNGELS [ Kol g, GuveXEls oto dtdotnpa [a, ] pe f(x) > g(x) =0
v kGbe x €[a, B] xar Q 1o ywpio mov mepKAEiETOL ATTO TIG YPAPIKEG TAPUCTAGELS TOV f,

g ko1 TG evbeieg x = a ko x = f (Zy. 18ar).

yi i
y=1(x) y=1(x)
I : : y=g(x)
| | : .Ql : | |
y=g(x) a2
ol @ 7 o 5 o a 7 x
@) ) ¢

IToapatnpovpue 611

E(@)=E@)-E@,)=[" fdv~[" gdv=[" (/) - g(x))eb.

Emopévac,

E@)= [ (/) - g(x))ex

INo mapdderypa, o epPfadov tov ywpiov L mov
nepucheieTar and Tig YpapiKés mapacTIGEL TOV
cuvaptioenv f(x)=—x+2 ko g(x) =x* (Zy.
19) etvau ico pe:

E(Q) = [ [/ ()~ g(x)dx

= [ (x+2-x)dr

(1

8
2
y=x
02
PN\ y=—x+2
|
0 1 N oox
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® O tomnog (1) Bpébnke pe v npovimdBeon ot
(1) f(x) = g(x) yia ke x €[a, f] ko
(i1) ot f, g eivon pun apvntikég 610 [a, B

Oa anodeiovpe, TOpa, 6Tt 0 TOTOG (1) woyvel Kot yopig v veodbeon (ii). [Ipdypartt,
eMELON Ol GLVAPTNGELS f, g elvan cuveyelg oto [a, f], B vadpyet apOudc ¢ e R tétotog
wote f(x)+c¢ > g(x)+c¢ >0,y kabe x €[a, B]. Eivar pavepd o1t t0 yopio Q (Zy. 20a)
&xe1 1o 1010 epPadov pe to yopio Q' (Zyx. 20B).

yA y
I \)}:&C)Jr/c?
E Q I
! w E i
| Q /:} | y=g(orte |
; G R a0 VI
r=g(x)
(@) (05))

Enopévag, coppova pe tov tomo (1), Exovpe:

E(Q)=E(@) = [ (/) +0)~(g()+ v = [ (£(x) - g
Apa,

B(@) = (/) - g()x

® Mg 1) BonBsia Tov TPONYOLEVOL THTOV HTOPOVLLE VO VITOAOYIGOVLE TO ELPOOOV TOVL
xopiov Q mov mepikieieTon amd Tov dEova x'x, ™) X
YPOPIKN TAPAGTAON HLOG GVVAPTHONG L, e g(x) <0 7 @
v kdOe x €[a, B kot tig gubeieg x = a ko x = B (Zy.
21). Ipaypartt, emedn| o d&ovas x'x gival n ypapkn 'IB d
mapdotacn TG cvvdptnong f(x) =0, Egovue :

|

|

|

|

B(@) = [/ (f()- g0

= Lp [—g(x)]dx = —Lﬁ g(x)dx . /\/y:g )

Enopévag, av yia e cuvdptnon g woybder g(x) <0 yio kabe x €[a, B], tote

S~

E@)=-[ g@)ds
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, , , y ®
INo mapdédetypa, to epfaddv tov yopiov 2

TOL TEPKAELIETAL OO TN YPAPIKT TAPACTACT
™e g(x) = x> — 1 ko Tov dlovoa x'x (Zy. 22)
tvot ico pe y=x*-1

E(Q):—.[j](XZ_l)dx:J.jl(l—xz)dx -1&/1 X
{ X T 4 -1
= x—— = —
e

® Otav n dapopd f(x) — g(x) dev dotmpei
otafepd Tpdomn o oto [a,f], OTwe 6To Zynua
23, 161€ 10 guPfaddv Tov yopiov L2 wov
TEPIKAEIETOL OO TIG YPUPIKES TAPAUCTACELS i

TV f, g ki Tig evbeieg x = a Kot x = f givat :

ico pe 1o aOpotopa Tov epPfouddv twv yopiov O & 7 \/ 4 g x
Q,, Q, xon Q,. Anhady,

E(Q)=E(Q)+E(@Q,)+E(Q,)
= L (F—gndr +[ ()= fend+ [ (f(x)- gl
=1 =g+ 1 /(0 -g () de+ [ /() - g(x) | ds

=170~ g(x) | dx

Emopévac,

E@)=["| f(x)-g(x)| dx

Mo mopddetypa, ag vroloyicovpe to guPfadov

oV Ywpiov 2 oV TepKAEiETUL 0T TIC YPUPUKES
TOPUGTAGEIS TOV GUVAPTHGEOY f(X) = X7, g(x) =X y=x
Ko TG evbeiegx = — 2, x =1. (Xy. 24).

i
=

Apywcd Bpiokovpe tig pileg kot To TPOSHIO TNG
drapopdg f(x) — g(x) oto ddotua [-2, 1].

Emneidon
S(x) -gx) =x" —x=x(x’ = 1) =x(x— D(x + 1),

——— e N O
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€yovpe Tov akOAovbo Tivako:

x -2 -1 0 1
J(x) —g() - 0o+ 0 -0

Aoppavovtag, Tdpa, VITOYTN TOV TOPATAV® TIVOKOL, EXOVIE

E@)=["| /@)~ |= [ (g~ f)ds+[ (/()- g+ [ (g(x) = f(x))dx

-1 0 1
= le (x—x)dx + Jll (X —x)dx+ IO (x—x")dx
{xz x‘ql {x“ xz}o {xz x‘ql 11
= | A= == ==
2 4, |4 2], |2 4 4
YXOAIO

B
ZOUPOVAL LLE T TOPATEVE TO I £ (x)dx etvon y @

100 e To GOpotopa TV EUPAdDY TV YOPimY
7oL Ppickovtal Tave amnd Tov a&ova x'x peiov
10 GOpotlopo TV EUPAdDV TOV YOPIOY TOVL
Bpiokovtat két® and tov aEova xx (Zy. 25)

E®PAPMOI'EY

1. Ne Bpedei To epPadov Tov yopiov 2 mov mTEPKAEIETOL OO TIS YPUPIKES TOPUCTAGELS
TOV cUVOPTNGE®Y f(X) =N, g(x) = cuvx kot Tig gvbeieg x = 0 ko x = 27.

AYZH
Apyd Bpiokovpe Tig pileg kot to Tpdonpo  y _
™G dapopdg f(x) — g(x) oto didotnua [0, Sl
e o I
27]. 10 S160TNU AVTO £XOVLLE ! 1 S5m/4 /.; x
f(x) = g(x) ©npx = covx o w4 \\>:</211:

Sepx =1
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Emopévac, yio 1o mpdonpo g dtaeopds f(x) — g(x) = nux — cuvx €yovpe Tov akdAovHo
mivokoL:

— 2n

=N ESE
N~

(%) —gx) -

Aopfavovtag, Tdpa, VITOYN TOV TIVOKE AVTOV, £XOVLLE
2r
E(@)= "] f()-g(x)| dx

= KM (—Mux + cvvx)dx + _[5:/4 (Npx — ovvx)dx + J-SZ”/4 (—Mux + ovvx)dx

/4 Sr/4

= [vax + nwc]U +[—cvvx—npx]”/4 +[vax +npx]§,’§,4

=2-1+22+1+/2 =42,

2. Na Ppebei To epPadév Tov ywpiov Tov TEPIKAEIETAL OO TN YPUPIKY] TOPACTOO
™S f(x) =Inx, Tov GCova TV x ko TV epantopivy TS C, 670 onpeio A(e, 1).
AYXH

H gkiowon g epomtopévng g C, 610 onusio y @
Ale, 1) givan ‘

ey—1=f"e)(x—e). (1) |

Eneidn f'(x)=(nx)" = l, &yovpe f'(e) = l
X e
Emopévac, n (1) ypaoeetat:

1 1
y-l=—(x-e) & y=—x. y=Inx
e e

To {ntovpevo euPadov E etvar ico e to epfadov tov tprydvou peiov o epfaddv Tov ympiov
mov opiCetar omd ™ C, tov dova x'x kar TG gvbeieg x = 1 karx = e, dnhadn

e e 2 7]¢ ¢
E:j lxdx—J. In xdx = 1x —([xlnx]le_j xldxj
, € 1 e 2| X

1] . . e—2
:{;71—[xlnx]l+[x]1: .

2
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3. No vroroyiotei 0 epPadov E Tov KUKAIKOD dickov x* + y* = pl.

AYXH
To nuikvxkiio C, givatl ypa@ikn TopacTact TG y
GuVapTNONG P —
y=4p" —x
f(x)z\lpz_xza xe[_PaP], (Cl)
19
a@ov yia y > 0 givan p ' P
1 o T X
X +yl=pP e y=4p—x. \ /
\ / (c2)
N 7
Av E,| etvar To epfadov Tov nukvkiiov, tote £ = ~~l -
—p

2E,.Enedn f(x) = 0 yia ke x € [-p, p], éxovpe

E, :pr\/pz — x*dx. (1)

Eneidn —p <x < p, égoope —1< L) Emopévemg, vtapyet 0 € [—%,%:l 11010, OOTE
P

X
—=nuo. (1
Yol

‘Etot, épovpe x = pnud, 0 [—% , %} , omote dx = pouvldl. Emmiéov, yio x = — p givat

0= —% Koyt x =p etvon 0 = % . Emopévag,
/2

nl2
E = J._m Jp = p o - poovdo = p* J._,,/z‘” —Nu’é -cuvld.
mi2 w2
= pzj.i 2\/01)\/2(9 -owl@dO=p’ Jl /zcuvzﬁdé’ (Emewdn cuve > 0)

w2 7i2 2
:/32.[ 1+01)v249d9:p2[€+nu28} _7r/2)
-/2

-2 2 4 Ty

Apa E=2E = mp’.

2 2
Me 7ov {810 Tpomo amodeikviovpe 6L 0 ePPadov ™G EMAEWMG —5 + y—z =1 eivarico pe wop.
o
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AXKHXEIY

A" OMAAAX

1. No vroroyicete T0 euPadov Tov Ywpiov Tov TEPKAEETOL OO TN YPUPIKY| TOPAGTACT|
™G ouvaptnong f(x) = x> — 2x + 3, Tig eubeiec x = 0, x = 2 KoL TOV GEOVA TOV X.

2. No vroAroyicete To eUPaddv TOL YmPIOL TOV TEPIKAEIETOL OO T YPAPIKT TAPAGTUCT
g cuvaptNoNg f, Tov a&ova Tev x Kot Ti¢ evbeieg mov divovral kabe eopd:

1

,x=0, x=—.
2
oLV X 3

) f)=3x,x=0,x=27 ii) f(x)=

3. Noa vroAoyicete To eUPfaddv TOL Y®PIOL TOV TEPIKAEIETOL OO T YPAPIKT TAPAGTUCT
™G suvapToNG f(x) = X* — 3x Kat Tov AEOVa TOV X.

4. No vroloyicete 10 eufaddv Tov yopiov mov mepikieieTal and TIG YPUPIKEG
TOPAGTAGELS TV GUVAPTAGEDV f(x) = X Ko g(x) = 2x — X

5. No vroAoyicete 10 gUPadOv TOL Y®PIOL TOV TEPIKAEIETAL OO T1| YPAPIKT TOPACTUOT
™G cuvapTnong f(x) =4 —x° ko1 v evdeiox —y —2 = 0.

B OMAAAX

1. ‘Eoto 1 cuvépmon f(x) = 3x>
i) No Bpeite mv e€icwon g epantopévng me C, oto onpeio e A(1, 3).

ii) Na vroroyicete 10 pfaddv Tov ywpiov TOV TEPUKAEIETAL OO T YPOPIKY
TOPACTOCN TNG f, TNV EPUTTOUEVT] TNG GTO A KOl TOV AEOVA TOV X.

2. NovroAoyicete o elfaddv ToL ympiov TOL TEPIKAEIETOL MO T YPAPIKT TOPACTUOT

—x*+3 , x<lI

22x o, x>1

, TG evbeieg x =— 1, x = 2 Ko Tov GEovo TV x.

mg f(x) ={

3. No Bpeite 10 gufadov 1oL YOpiov TOL TEPIKAEIETOL OO TN YPAUPIKN TOPACTOCT

, x> +4x-3 , x<2 ,
mg ouvaptnong f(x) = s - KoL Tov GEova TmV X.
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4. No vroloyicete 10 eufaddv Tov ywpiov mov mepikieieTal and TIG YPUPIKES
TOPACTAGELS TV GLVOPTICEDV

f(x)=+x-1 ko g(x) :XTH.

5. 1) No vroloyioete to eufadov, £(4), Tov yopiov mov TEPIKAEIETOL 0O TIC YPUPL-

. , , € a
KEG TOPACTAGELG TOV GLVOPTHGEWY [ (X) = —, g(x) = Inx, Tov GEova TV X Kot
v evbeiox =1, 1> e. x

i1) Na Bpeite 0 6plo A1im EQ).

4 /y=3x v 4
6. No vroAloyicete to eufaddv Tov

YPOUULOOKIAGHEVOD Y®Piov TOv y=3
SmAavod oYM UoTog.

=Y

7. No vrmoAioyicete to eufaddv Tov
YPOUUOCKIAGHEVOD Ywpiov Tov
SmAavoL oYM IHOTOG.




3 OAOKAHPQTIKOX AOT'IXMOX 233

8. Aivetoin ocvvaptnon f(x) =npx
i) Na Bpeite 115 e€lomoelg tov
epamtopéveov mg C,ota onueia O(0,
0) ko A(x, 0).

i1) Na Bpeite 10 eufadov tov yopiov X
OV TEPIKAEIETAL OO TN YPOPIKY| 0(0,0) A(m0) >
TOPAoTOoN TG f KOL TIC EQOMTOUEVES ’ ’ \
ota onueio O kot 4.

9. i) Na vroroyicete 10 efadov TOL Y®PIOL TOV TEPIKAEIETAL OO TN YPOUPIKT

TopacTOcT TG cvvApTNoNg f(x) = Jx, mv gpomtopevn g oto onueio (1,
1) kot Tov dEova TeV X.

ii) Na Bpeite v evbeio x = a, | omoio yopilel 1o yopio avTd 68 dV0 1oepPadikd
xopio.

10. No vroroyicete 10 EUPadOV TOL YOPIOV TOV TEPIKAEIETAL OO TIG YPAPIKEG
1

TOPUCTAGELG TV cuvaptioemv f(x) = Inx, g(x) =In— kot v gvbeio y = In2.
X

11. i) Na Bpeite cuvaptnon f g onoiag 1 Ypoeiky Topdotact SEPYETIL Ao TO
onpeio A(0,2) kot n khion g oto onpeio M(x, f(x)) eivar 2x — 3.

i) Iow eivar to eufaddv tov ympiov wov opitovv n C, kat 0 GEOVaG TOV x.

12. 'Eot® n ovvéptmon f(x) = (x—1)(x —3).

i) Na Bpeite t1g e£l0DCEL TOV EPATTOUEVDV TNG YPOPIKNG TOPAGTOONG TG [
ota onpeio 4, B mov n C, tépveL tov aova TV x.

i) Av I"eivar 0 onpeio TOUNG TOV epantopévay, va anodeitete otin C, xwpitet

2
10 Tpiy@vo ABI og 300 ywpio TOV 0 AOYOS T®V EUPAdDY TOVG Eivart o
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I'ENIKEY AXKHYEIY

I'" OMAAAX

1. i) No ypnGUOTOWGETE TV AVTIKOTAGTOOT U = 7T — X Y10, VO, 0TOOEIEETE OTL

Jo of ey = 2 [ f (o)

e

ii) No vroAoyicete T0 OAOKANp@LLL J 5
o 3+Mux

dx

1/2
2. 1) Na vrmoroyicete T0 olokAnpoua j By
0o X~

/2

i1) No vroAoyicete T0 OAOKANp@LLQL I —dkx.
w3 TIHX

3. No vtoloyiceTe T0 OAOKANPOLLOL

j v
u+D(u+2)

KOl GTT) GUVEYELD, TOL OMOKANPOLLOLTOL:

X

) [— i) j 2
j(nux+1)(nm+2) (e +D)(e" +2)

1 42v+l
——dt,veN,
ol+1¢

4. Av IV:I

i) No vrohoyicete to d0powopal +1, ,ve N

ii) Na vroloyicete Ta ohoxkAnpoporta f, 1, 1,.

5. Av n cuvaptnon f eivar cuveyng oto R, vo omodeifete 0Tt

jo F(u)(x—u)du = jo( jo f(t)dt)a’u.

6. Aivetoin ovvaptnon F(x) = Lx f(t)dt, bnov f(t) = JT Vu* —1du.
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1) Na Bpeite 10 medio optopov TV cuvaptoeny f kot F.

i1) No omodei&ete 0t n F gival yvnoimng adéovoo kot Kupt.

7. Atvovtat o oAoKkANpOHOTO
F(x)= I: e'owv’tdt xon G(x)= '[OX emp’tdt, x eR.
1) Na vmoAoyicete Ta oAoKANpOLOTO
F(x) + G(x) xou F(x) — G(x)
KoL 6T GLVEYELD TOL OAOKAN POt F(x) kot G(x).
ii) No vroAoyicete To oAokANpOLLOTO

I :J.Me’m)vztdt kot J = J'Me’nuztdt.

8. To ywpio mov mepIKAeieTaL OO TN YPAPIKT TOPAGTACT] TG GLVAPTNONG f(X)
= x>+ 1 xou v evbsio y = 5 yopiletar and ™y evbeio y = o + 1, a > 0, o8 dVo

toepPadikd yopio. Na Bpeite Tnv tiun tov a.

9.1) No Bpebet 1o epPadov E(4) tov yopiov mov mepticheieton amd ) Ypoky TopdcToo

1
™G ovvapmong f(x) = —, Tov dEova tov x kol T1g evleiegx = 1, x =4, 1> 0.
X

ii) No BpeBodv ot Typég tov 4 €161, wote E(A) = R

iii) Na Bpedoiv ta 1;33 E(A) xan }im E(Q).
10. 'Ecto £, g 300 cuvopthoelg cuveyeis oto [a, f]. No omodeilete ot
B B
) AV f(x) 2 g(x) yakade x efa, f],tote [ f(x)dr> [ g(x)dx.
i1) Av m n ehdyrom ko M n péyotn Ty g f oto [a, f], tote
B
m(B-a)< [ f(x)dx < M(B-a)
iii) Me ) BorBeta g avicdTog €px > X Yo Kabe x € [0,%) , va. amodeifete

ot ouvaptnon f(x) = L , XE (0,%) etva yvynoiong edivovoa kot o
x

GLVEYELD VO 0OdEIEETE OTL:
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T X

3 , T
<— yukéfe x €| —,— | Ko
2 V4 [6 3}

/3
B) gg j g L

16 X 2

. r r 7 — 2 I3 4 ’.

iv) Na amodeifete 6T1 1 cuvdptnon f(x)=e " &ival yvnoiong eHivovsa 6to
[0,+ o) Ko oTn cLVEYKELD, pEe T Pondeia TG avicoTnTag e” > 14 x Yo kéOe
x € R, va amodeifete ot

@) 1-x* <e™ <1 ywkade x e[0,1] ko

2 I_xz
B) 5sjoe de <1.

EPQTHYEIY KATANOHXHY

L.

Y& KOsl 0o TIG TAPUKATO TEPITTMGELS VO KUKADGETE TO YPAPIA A, 0V 0 16YVPL-
oog ivar aAn0ng ko To ypappa ¥, av 0 16upIeR6g VoL YEVOG OTKOLOAOYDVTOG
SVYYPOVOS TV UTAVTI|GT] GOC.

1. toyoen [ (f(x)+g(@dc = [ fx)de+ [ g A v
2. Togoe | ” f()- g = | ” f () | ﬁ 2(x)dx A v
3. Ava=p,16t [ f(x)dr=0. A y

4. Av If f(x)dx =0, t0t€ Kor’ avaykn Oa givar /(x) =0 yia

kale x €a, B]. A b4

5. Av f(x) =0 yi0.k60¢ xe[a,ﬁ],tétsj.:f(x)dxzo, A ¥
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6. Av J-p f(x)dx >0, tote Kat’ avéykn Oa eivon f(x) =0

vy kabe x €la, f]. A b d
7. Jla (x* +1)dx < f (x* +x* +1)dx, Y1 k60g o> 0. A ¥
/4 /4

8. IO In(1-nu’x)dx = 2.[0 In cuvxdax. A b d

9. [ f()dx=xf (x)— [ f (x)dx. A ¥
e 1 1

10. [ Inxdx [ 'in-dr. A V¥
1 e t

1. AV [ (f(x)~1)dv =0 t6te f =1. A y

12. AVJ-ﬂf(x)dXZO,’E(’)TSf(§)=OYI(XK(i7IOlO Ee(a,p). A v

13. Av J.ﬂ f(x)dx =0xoun f dev elvan mavtod pndév oto [a, 4],

t01E M f MalpVEL dVO, TOLAAYIGTOV, ETEPOCTLEG TULES. A b d

14. To oAoxkAnpopa jll (x* = x)dx mapioTavel 1o epPaddv Tov
X®PLOL TOV TEPIKAEIETAL ATTO TN YPAPIKY TOPACTACT
™G cLVApPTONG f(X) = X° — X KoL TOV GEOVOL TV X. A b4

II.
Yg Kofgpma amé TIC TOPIKATO TEPITTAOGELS VU KUKAMDGETE T1) 6MGTI) andvTnon

1. Av f"(x) =nuax kou f(0)= 0, t6te T0 £ (1) 1GOVTON IE

A) _19 B) la F) __2a A)
v/ T T

kl.lw
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. To ohoxApmpo j4 !

1 2
. To oloxAMpopa J.(x——j dx o610 (0,+00) &ivotico pe
X

. To oAoxAnpmuo J. 11 x* —1|dx givon ioo pe

4 4
A) —, B) 0, r) ——, A) —, E) -
) 3 ) ) E ) )
. To ohokMpopa I In xdx eivon ico pe
2 3
Nire,  BEIi Daxim-Die A DX,
x

. 'Eoto f, g 5v0 mapayoyicyles GUVOPTHGELS e GUVEXEIS TapaydYOVg 6T0 [a, f].

dx o10 (4,+ ) etvarico pe

A)In(4—-x)+ec, B)—-In(4 —x) +c,

T) In(x — 4) +c, A)—In(x—4) +c.

1)3

L

A) (—"m B) 2(x—1)(1+i2j,
X

3 X
_ 3 3
I) M+c, A) x——l—2x+c,
3 3 x

Av f(x) < g(x) yakéBe x €[a, B], 10T Ko’ avaykn o woyvet:
A) f'(0) < g'(x), x €, B, B) [ f(ndv< [ g(x)x

D) [f@dr<[g@)de. xelapl. A [ f@)ds< [ g(x)ar.
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7. To gufaddv Tov YPOUUOGKIAGUEVOD X®Piov y
TOL OTAaVOD Gy LaTOG Eivar iGo e
N X
5 -3 R A
) [ rds. B[ feode "] :

D [ f@de= [ fodv, ) [ f@de+ [ f(xd.

8. Av f'(x) = g'(x) yia kdBe x € [-1,1] xan f(0) = g(0) + 2, T6t€ y10. k40e x € [—1,1]

oYVEL:
1
A) f(x)=g®) -2, B) [ (/(x)—g(x)dv =4.
I f(x)<g(x), xe[-11] A)O1C,, C, éxovv kowd onpeio oo [-1, 1].
9. '‘Ect® n cuvdpmon F(x) = LX f(@)dt émov f VA
1 GLVAPTNON TOL dTAavoD oynuatos. Tote 2l---
n F'(1) etvon ion pe !
i G

A0, B, D2 AL !

2 ; .

0 1 3 x

10. 'Eoto 1 cuvépton f tov duthavod oyiiLotog.
Av

E(Q)=2,E(Q,)=1 xa E(Q,)=3
TOTE TO .[5 f(x)dx etvou ico pe

A) 6, B) 4, )4,

A) 0, E)2.

11. ‘Eoto n cvvdptmon F(x) = Jl: f(@®)dt, émov f VA

1 GLVAPTNOT TOL duTAavoV Gy aTog. Tote k==
A) F(x) =%, |
|
2x, 0<x<l1 '
B) Fy={ " =, | x
2, 1<x 15) 1
X, 0<x<l x’ 0<x<l
I F(x)=4" "~ A) F(x)=4{"" .
) {Zx, 1<x *) 2x—-1, 1<x
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I11.

1. TToto amd To TOPUKAT® GYNLLOTE OVTITPOCMTEVEL TN YPOUPLKY TOPEOTACT LLLOG
Adong g drapopikng e&iocwong xy' =y, pe x, y > 0.

y t

y
O/ X /
0 X OT X
(A) (B) T
yl
y
(0] X
(0] X
(A) (E)
2. oo amd To TOPAKAT® OAOKANPOUATA EVOL KAADG OPLGLLEVAL;
A) I‘ L g B) [ nuve D) [ eqrds
—ax, X,
f— P o
11
8) [ nxdy, B) [ V-2, Z)I —dx.
0 0 0ox+1

3. No gvronicete 10 AAB0G GTI TAPAKAT® TPAEELS:
jldx = j(x)'ldx = x~l— jx(l] dx
X X x X
=ll= jx(—%)dx
X
=1+ J'l dx.
X

Apa jldx:1+jldx, omote 0 = 1!
X X
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4. No gvromicete 10 AAB0G OTIG TAPAKAT® TPAEELS

.[_L]du
1+— w

| 11
I:J dx:j
1+ x7 -1 1

2
u

1
=—J ! Sdu=—1. (@écausle ondte dx:—izdu).
-1l+u u u

Apa I =—1onote [ =0. Avtd, O, etvor dTomo, Aoy

1
1=J L_a>o,
11+ x

EMELON > >0 ywkébe x €[-1L1].
+x
5. Oswpolue ) cuvaptnon YA Cy
x 4|l-----——————-
F(x) = jo F(t)dt- i
2b——- [
6mov f 1 GuVAPTNOT TOL SUTACVOD GYNLLOTOG. Nat Lo !
GUUTANPDOCETE TO, TAPAKAT® KEVA. o I
(0 2 3 4 6 X

Foy=L], Fo)="1, F3)=L1], F@4)="L], F6)= L.
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I2XTOPIKO XHMEIQMA

Apyikn covaptyon - AopieTo oLokinpwua

H avtovont onpacio tov tpofAnudtov mov GuvogovTal Le ToV VTOAOYIGHO epPaddv
Kot ot Wraitepeg SuaKoAieg OV TAPOVSIALOVY, 03 YNGAV TOVG LAONLATIKOVS OTd TNV
APYOLOTNTO OTNV EMVONOT YEVIKOV HEBOd®V pETpnons UPaddv, WO10LTEPA ETUPAVELDY
oV TepkAeiovtal amd KapmvAes. Kabopiotikn oto {ytnpa avtd vanpée n cupfoin
TV apyaiov EAMvev kat waitepa tov Apyipdn. Ot 1déeg Tov Apyyndn Tave
670 TPOPAN U Tov gpPadov vepEav N apeTnpio TG dNULOVPYING TOL GVYYPOVOL
OAOKANPOTIKOY A0YIGLO0Y. XOPOUKTNPIOTIKO TOPAOELYLLOL OTOTEAEL O TPOTOG VIOAOYIGLLOV
OV gUPadod LING ETPAVELNS TOV TEPIKAEIETAL OO £VaL TUM O TOPAPOANG Kot Eval
gvBVYpappo T pa (TapaBoiikd yopio).

‘Eoto éva mapafolikd ympio
ue Baon 4B kot kopven O (to
onueio ™ mapafoing mov Exet
™ péY1oTn amdoTacT oo T
Baom). O Apywndng, pépvovag
TG 0pdéc OA xar OB, dnpovp-
vel dvo véa mapoaforkd ywpio
ue Baoeig OA4, OB Kot KOPLPES
0,, O, avticTotya. Xt GUVEYELD,
APNOLUOTOLDVTOG YEMUETPIKES
1016t TEG TNG T pAPOANC,
OTOdEIKVVEL OTL Y10, TO EUPadd
TV P10V Tptydvev OAB, 0,40 kar O,B0 1oydetn oxéon

(OAB) =4[(0,40) + (0,BO)]. )
Yvveyilovrag v dta dradtkacio ota véa Tapaoikd ympia, Bpicket 6Tt
(0,40)=4[(0,40) + (0,0,0)] @
Ko
(0,BO) =4[(0,0,0) + (0,BO,)] ©)]

Me tov 1pdmo avtd, 1o epPaddv E tov mapafoiikol yopiov puropei va tpoceyytotel
(“e&avtAnBel”) amod éva dOpotopa epPaddv eYYEYPOLLEVOV TPLYOVOV OG EENG:

E=(04B) +[(0,40)) +(0,0,0)] +[(040,) + (0,0,0)] + [(0,0,0) + (O BO,)] + ...

= (OAB)+%(0AB) +%(01A0) +%(0230) fLoco
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=(04B) +%(0AB) + i[(OlAO) +(0,BO)]+-+-

=(0A4B)+ i(OAB) +(i} (OAB) +---

Omnwg etvar povepd, Tpokettat yo to dfpotcpo tov (ansipov) opov [og edivovsog

YEDUETPIKNG TPOOSOV LE TPMTO 0p0 T0 &t = (OAB) Kot AOYyo A = 1 . To aBpotcpa
aTo SiveTol GNHEPD OO TO YVOGTO TOTO 4
AB) 4
_a _(©AB) 4 (OAB).
-2 1 3
4

To gufaddv Aomdy tov Tapafoiikod ympiov givatl ico pe ta % oV gpufadod
TOV TPLYdVOL TOV 0pilovV To dKpa TG PAong Kat 1 Kopvey ™G Tapafornc!”’

Orwg ata mpofANuaTe oKpoTaT®Y Kol EPATTOUEV®Y ETOL KO 0TO TPOSANU, TOV 000D,
01 10égg TV apyaiwv EAAvov yvaopioay mopamépo. eCEMEN teTa Ty avamtoln e
Alyefpag kar iy epapuoyn e e YeMUETPIKG. TPOoPARuOTA. 2T J1dpKeLo. Tov 1700
a1V, 010miaT@OnKe 0Tl 0 DTOLOYIOUOS TV EUPOODY UTOPEL VoL YIVEL LLE 10, OLOOIKOTL
aVTIoTPOQN TPOG OVTHY THG TOPAYDYLONG.

Opiouévo oroxinpwua - H évvoila tov gufiadov

XapakTnplotikd mapadetypa g véag nebodov avtipet®dmions tpofAinpdtoy
VTOAOYIGHOV gnPaddv katd Tov 170 atdva amoterel 0 TpOTOG L ToV 0moio o J.
Wallis avaxdivye 1o 1655 po véa avaivtikn Ekppoo yio o epfaddv Tov KhkAov
Kot Tov aptiuo 7.

' H Srotomwon 610 £pyo Tov Apyundn “Tetpoymvicuoc opboymviov kdvov Topis” etvat: “mov Tid-
po meptexopevoy vrd evbeing Kot opHoymviov KOVOL TONAG EMITPLTOV EGTL TOL TPLYMVOL TOL BAcLY
£YOVTOG TOV QTAV KoL VYOG (o0v T Trdpatt”. O Apyuidng oty TPoyUaTIKOTTO EPYACTNKE AlyO
SLLPOPETIKA OTOPEVYOVTAG TNV EVVOLOL TOV ATEIPOV, XPNOLLOTOINGE TETEPUGHEVO TANOOG OP®V TOL

ToPOTAvVe aOpoicpatog kot £0e&e 0Tl To (nTovpevo epfadd wovtat pe g (OAB) amoxkieiovtog (pe

OOy YT GE ATOTO) TIG TEPUTTMGELS VAL Efvat PeyaldTEPO 1 WKPOTEPO AT OVTO.
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O Wallis Bedpnoe éva npuucdkAto
dapétpov 4B = 2R, y®pLoE TNV
aktiva tov OB cg {co Tunpata
unkovg a kot and kabe onueio
dwaipeong vywaoe o kaBetn (PA.
oynua). Onwg sival yvootd omd
v Evkieideln yeopetpia, kabe
po amd avTéG TIg Kabeteg elvat o
péom avaioyn t@v 800 TUNUGTOV 4 R O I E 6O B
o10 omoia ympilel tn didpeTpo AB.

ILy., yio v kaBetn 14, Tov glvatl VYOS TPog TV LITOTEIVOVGA TOV 0pBoy®Viov
Tprycdvov AAB, 1oybdel

TN =AI - TB=R+0)(R-a)=R—0o’

MA. T'A=+R? —a*. Opowa mpokvmter EZ =V R* —4a’, HO =V R* —9a’ «.0.K.
A@ob vToAdYIGE g TOV TPOTO aVTO OAES TIG (TEMEPAGHEVOL TTAO0VC) KaBETES TOV
“e&avtAobV” to TeTapTNUOplo OMB, o Wallis mpaypotonoinoe o “petdpoon cto
AmEPO” Pe ToV €ENG GLALOYIGUO:

“0 Loyog tov abpoiouatog OAwv avt@y TV Kabétwy Tpog To dlpoioua Twv UEeyi-
OTOV TV TOVG (ONA. TV aKTIVWY) EIVaL I010G 1E TO LOYO TOV TETOPTHUOPIOD (TO
omoio “elavtlovv”’ avTég 01 KABETES) TPOGS TO TETPAYWVO UE TAEVPA TV AKTIVA, (ONA.
70 TETPaywvo OMAB, o omoio “elovtiovv” o1 aKTives-TPoEKTATEIS TV KabETwY) .

Awtonopévo o€ GLUPOAKT YADGGM, TO cupmépacia avtd tov Wallis yivetat
L

VR =0 + JR* - +VR> —4a’ +--- _ tetapmuoplo(OMB) 4 7
R+R+R+-- 18TpdyOvo(OMAB) R? 4 @

7R?

Av16 10 piypa 'eopetpiog, AdyeBpag Kot “TpOTOYOVOL” amTELPOSTIKOD AOYIGILOV,
100OVLVAEL OVGLAGTIKA LLE TN GUYYPOVN GYEoN

I;xll—xzd :%'

Mpdypatt, av empicovpe R = 1 (SnA. o povadiaio kokho x* +y* = 1) kou Stoupécovps

v axtiva (dnA. to dtbdotnua [0,1] oe v ioa TuipoTo pKovs o kabéva 1 , TOTE TO
TPOTO PEAOG TNG Tponyodevns tedtntog (1) yiveton v

RCREOREORSECI)

A6 Sp®G 6mg Ba doVLE TOPUKAT® EIVOL TO KATMOTEPO AOPOICLLA TG GUVAPTNONG

f(x)= V1= x? (mov mpokbTEL 0md TNV £EIGMGN TOV KOKAOV), OC TPOG THY TTPOTYOVLEVN
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dwapépion tov dactnpatog [0,1], kot To 6pd Tov 6tav v — +oo, efvar To
1
IO V1-xdx.

H évvota tov 0A0KANp®L0TOG, OTTmG Kot 01 GALEG OepelMddELg Evvoles TG avaAivong,
EYLVOV OVTIKEILEVO GUOTNUOATIKNG KPLTIKNAG KO OPIGTNKAY [LE AOYIKT QLGTNPOTNTA
o1 ddpketo Tov 190v adva. H €vvolo Tov 0AOKANP®LOTOG TTOV YPNCIULOTOLOVLE

B
oNuEPa 6To oYOAEl0, oTnpileTar 6ToV ETOEVO 0PLoU TOL GVEPOAOV I f(x)dx mov
é0woe o B. Riemann to 1854:

Ocwpoiue pio axoAovdio TUOY X, X,, ..., X, TOV PPICKOVTOL AVAUETO. GTO. 0L KoL 5
KOt oe1pa ueyéBoug ko coufolilovue xéprv GoVIouiag to X, —o Ue d,, T0 X, —X, UE 0,
... T0 =X, e 0, kou T yvijoia Oetikd kidoporo e €,. Tote n tiun tov aldpoiouatog

S=0,fla+teo)+0,fx, +e0,)+0,f(x,+e0,)+ ..+ flx , +¢&0)
Oa. eCaptarar amd TV EKAOYH TV OLAOTHUATOV 0, KOL TV TOCOTHTWY €, AV Exel Ty
1010TTO, AVECAPTHTOS TS EKAOYHS TWYV 0, KAl €;, VO TELVEL TPOS Evar 6Talepd opio A
K0S 6A0L T O, YIVOVTOU OTEIPOEAGYIOTO, TOTE 1] TN ODTI OVOUBLETOL Iﬂ f(x)dx. Av

eV Exel avth TV 1OLOTHTO, TOTE TO I 1 (x)dx dev Eper kavéva vonua”.
a







YIIOAEIZELY - AIIANTHXEIY AXKHYXEQN

B’ MEPOX (ANAAYXH)

1 OPIO — XYNEXEIA XYNAPTHXHY

§ 1.1-1.2 A" Opédog

1.i) A=R—1{1,2} i) 4=[1,2]

iii) 4 =[1,0)U(0,1] iv) 4 = (-,0).
2.1) x € (—0,1) U (3,+x)

i) x e (=1,1) ii))x>0.
3.)x>0 ii)x> 1.

4.a)200,69cm f) 195,23 cm.

2
5.15(x):i+£
16 36
x €(0,20).

6. i) f(4)=1{2,0}

(20— x%) pe

i) f(4)=R

iii) f(4) =[2,400) iv)f(4) =[0,+).
7. 1) elvon iogg oto [0,+0)

i) efvat {oeg ot0 R”

iii) etvan {ioeg oo [0,1) U (1,+00).
8. Etvan

_ 2
(f+2)0) = —— (/- @) = =2,
x(1—-x)

x(1—-x)

_ 2

() = [i]u):l R
-x \g X

9. (f+ )0 =2Wx , (f~2)) =%,

2 —
ey =21, (1J<x)
X g

_x+l1

x—1
10. i) (go f)(x)=|x|, xeR
ii) (go f)(x) =|ovvx|, xeR

iii) (go f)(x)=1, xeR.

1L (go f)(x) =x" -1,

x € (—oo,—1]U[l,+ »®)
(feg)x)=x-1, x €[2,+x).

12. i) Eivan cbvOeon tov h(x) = x* + 1 kot

g(x) = npw.

ii) Eivat odvOeon tov A(x) = 3x, g(x) = nux

Ko (x) = 2x7 + 1.

iii) Etvon obvheon tov cuvapticenv i(x) =

2x, g(x) = €' — 1 kot ¢(x) = Inx.

iv) Eivat o0vbeomn tov cuvapmoemv A(x) =

3x, g(x) = N kat p(x) = .

§ 1.1-1.2 B" Opadoag

L 3 -x+1, 0<x<l1
'l)f(x)_—x+2, 1<x<?2
<x<

.. 2x,
/™ :{—2x+4, l<x<2
xe[0,)U[2,3)

ves — 1’
i) f(x) —{0, xe[l,2)U[3,4)

2. K(x)=8m? + 2007
etvon 3007 = 942 hentd = 9,42 gupo.

x2, 0<x<lI
2x—1, 1<x<3’

3. E(x) :{

4. E(x)= -2x>+10x,0<x <35,
p(x)=20-2x, 0<x<5.

-x, x<-1
5.1) f(x) =11, -1<x<1 kot
X, x>1
(A) =[1,+0).

, X > 0 ka1 10 KO6TOG
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ii) f(x)z{”” nooxellal

0, xe(z2x]
fA)=10,1]
6. ) f0)=x2+1 i) f(x)=+1-x
i) f(x) = qux M f(x) = —nux.

7. o=1.

8. o) mpdceig P) mpatelc.

9. i) N(£) = 10y 2(¢ + 94/t +20)

i) 16 ypovio.

§ 1.4A” Opadag

LD lim f(x) =0, /(3) =2

i) lim /(x) =2, /(2) =4.

iii) Agv vmépyel 6pro ot x, = 1, x,=2, f(1)
=1, dev opiletann foto 2.

iv) Aev vmépyel 0pto ota x, = 1, x, = 2 evd
lingf(x) =2, f(1)=1, f(2) =2 ko dev
x>

opiletar oto 3.
2. 1)-1 i) 1 iii) dgv vapyEL

iv) dev vmapyet.

§ 1.3 A" Opadag

3. i) 4 w2 i1) dgv vITapyEL.

1. 1) f yvnoiong edivovca cto (—oo,1]
ii) f ywoiog avéovsa 610 (2,400].
iii) f ywmoiong divovsa oto R.

iv) f ywoing ebivovsa oto (—oo,1] .

2. i) Eivon 1-1 ko /7 (x) = x;—Z ,

xeR.
ii) Aev givat 1-1.
iii) Aev givon 1-1.
iv) Eivar 1-1 ko f'(x) = 1 —x°, x > 0.
v) Eivou 1-1 ko f'(x) =1 — ¢, x € R.
vi) Eivan 1-1 xon £ (x) = 1nﬁ, x> 1.

vif) Eivar 1-1 xon £~ (x) = 1n1+_",
—X

xe(-11).
viii) Agv gtvon 1-1.

. Ot cuVOPTAGELS £, @ KOL I OVTIGTPEPOVTOL,
EVO M g 08V AVTIGTPEPETOL.

. 1), ii), 1i1) Vo EQUPLOGETE 1010TNTEG TV OVI-
GOTNTMV.

4. i)yeodng  ii) yevdng  iii) yewdng
iv) AMnOng V) yeudng  vi) AAnOnc.

5..=394=-2.

§ 1.5A” Opadag

1.))5 i)-1 iii)2* iv)0 v) —%
vi)2  vii) /9 viii) 0.

. 3
2.1)43 i) — i) 6.
) ) 7 )
3.1) 8/3 ii) l iii) l iv) 27
. 5 5 .

3 1
4.1) 1/6 ii) 1/2 iii) = iv) —.
) ) ) S ) B
5.1) dev vmdpyet ii) 2.
6.1)3 i) 1 iii)2 iv)0 v)l
vi) 4.
7.1)2 ii) 0 iii) 1/2.
8.1) 1 ii) 1.
9.a=4/3 xan f=2.
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§ 1.5 B Opadag

1.1)7/12 i) 0 iii) 1/2.

2.1) dgv vmapyer i) 5 i) 7 iv) 3.
3.1)0 i) 1 iii) 1.

4.1)-2 1ii)0.

§ 1.6 A" Opadog

1. i)+oo 1ii) —oo iii) dev vmdpyet.
2. 1) devumdpyel  ii) Ogv LELAPYEL

iii) dgv VITAPYEL.

§ 1.6 B" Opadoag

1. —o0.

2. 1) Amodei&te 611

limepx = +oo Kot limepx = —oo.
- +

T T
X—o>— x>—
2 2
ii) Opoimc.

3.Twi=2,limf(x)=3/2.
x—1
lNow=0,limg(x)=2.
x—0

4.1) 0 i) —oo iii) +o0.

§ 1.7 A" Opddag

1.i) —0 i) —o0 iii)0  iv) +o0.

V)12 vi)0  vil)0  viii) 2.
2.i) 40 i) 40 i) +00 iv) +o0
v) 0.

3.1 i)0  dii)—1  iv)0
v)—1 wvi)+o0.

§ 1.7 B" Opadoag

Li)Tw u<1, lim f{x)=+o,
X——®

w>1, lim f(x) =—o,
X-%

u=1, lim f(x)=0.
X—>—00
i)Twe=1, lim f(x)=2,
X—>+0
u=0, lim f(x)=+0o ko
X—>+00

LY RS

2. TwA<1 lim f(x)=+oo,
X400

2>1 lim f(x)=+0 xat

X—>+0

A=1 lim f(x)=5/2.

)
'chrsxl_i)riloO f(x) veapyet oto R
povo av A =1

3. a=p=1.

4. i) 1 i) 341 iii) +o.
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§ 1.8 A" Opadoag

1.1) Lii) 1.
2. 1) ouveyNg ii) GuveNG iil) GLUVEXNG.
3. 1) Mn ovveyng oto — 1.
i1) Mn cuveyng oto 2.
iii) Mn cvveyng oo 1.
iv) Zvveyne.
. 1) Mn ovveyng oto 1 ii) cvveyng.

. Eivaw 0)eg ovveyeic og ouvBeon ocvveymv
GUVOPTNOEMV.

. Ta ) ocvvdpmon f(x) = nqux — x + 1 va
epapuooete 0 Oedpnuo tov Bolzano 6to
[0, 7].

Da=0 i)a=—1 ii)a=1

iv)a=1.

. No epappocete d1050y1Kd T0 Oedpnpo. Tov

Bolzano ota [4, ] xou [u, v].

. Epyocteite 60mwg 610 oydAo tov Oswpn-

patog Bolzano.
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10.9) [-1,0] ii)(0,2) iii)[l,2)

iv) (1,2].

§ 1.8 B Opadog

l.x=—1.
2.(a=4f=1)(a=-3,4=8).
3.1) f(0)=1limf(x)=0
x—0
ii) lim g(x) =1, lim g(x) =1, omdte
x—0" x>0
£(0) =lim g(x) =1
x—0
4. Egappocete Oemdpnpo Bolzano yio ™ ov-
vapmon d) = f(x) ~ g) oto [0, 1].

5. a) ®edpnuo Bolzano ya ™ cvvéptnon f(x)
=(x-2)x*+ 1)+ "+ D(x—1)oto0[1,
2].

B) Opota yo T cvvéptnon
f(x)=ex-2)+(x—Dlnx.

6. 1) Na amodeitete 6T 1 e€icwon f(x) = g(x)
o710 (0, +00) et pa axptBmg Adon.

ii) Na amodei&ete 6T e&icoon f(x) = g(x)
610 (0, +00) éxet P axpiPaog Ador.

7. D)) x=171-1
B) Hovvapmon f oto(—1, 1) dev un-
deviletar Ko ivor cvveyng.

7 f)=V1-x" xe[-L1]%
fx)=—1-%* xe[-11]
ii)o) x=0
B) n foto (—oo, 0) cuveng kot dev pun-
deviCetar. Opoiwg kot oto (0, +00) v)
J) =x 1\ flx) =-x N f()=[x| "
Jx)=—|x|.

8. 1) OB:y=x, Al":y=—-x+1.
ii) Na omodei&ete Ot 01 e€lomoelg f(x) — x
=0«ko f(x)+x—1=0octo[0, 1] éovv
KAmota AVGT).

9. 1) d=d(x)=(x—x,) +(f(x)-3)’ ,
xela,p].

ii) No epoppocete 1o Oedpnpo PEYIGTNG Kot
eMdytog TG Yo Vv d oo [a, f].

2 AIAPOPIKOX AOT'IZMOX

§2.1 A" Opadag
1.0 i)-2 ii)0

2. 1) 0 i) Aev mapaymyileton
iii) 1iv) 1
3.2'(0)= 1(0).
4. 1) Aev givan cuveyng oto 0 kot dpa dev mo-
payoyileto
ii) Agv mapaywyiCetol oto 1.
5. A6 v doxnon 1

Hy=1 i)y=—2x+3 iii))y=0.
And v doknon 2
i) y =0 1i) Aev opiletar

i)y=x+1liv)y=x+1.

§ 2.1 B" Opadag

1. £'(0)=—1.

2. f'(1)=3.
3. £(0)=1.
4. f1(0)=1/2.

5. Mg xpuplo mapepPoing Ppiockovpe Ot
f(0)=1.
6. )l{i_r)r(l)f(x) =0, onote f(0) =0 wou pe kpurn-
pro mapepPfoing Ppiockovpe f (0) =1
7.1) )l(ig(l)f(x) =0, ondte f(0)=0.
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8.1) Elvan
S o =M= f(x) _ S+ (=h) = f(x)

h -h
K.T.A.
ii) Etvon
S +h) = f(x,—h) _
h
_S G R = F06) = g = 1) + /(%)
h 9

K.T.A.
9. i)t0B. ii)t0T.

iii) t =2 aAAGler 10 B, t =4 10 4 Ko
t=5t8B

iv)tod v)to B vi) 10 4.

§2.2A° Opadag
1. i) -4 i) 1/6

iii) —% iv) /e v)2.

2. 1) Aev mopayoyiletoar oto 1.

i) () ovvx, x<0
ii X) = .
1, x>0
iii) Agv mapaywyiCetot 6to 2.
iv) Agv mapaywyiletotl oto 2/3.
3. f'(x) = f"(x)) & x;, = x, Gromo  aod
X, # X, , EVO Y100 TV f(X) =x* vmapyovv

3 3
o (xp,X]), (=x,=x7).

I, xe(-2,0)
-2, x€(0,2)
4. f'(x) = 0, xe(2,4).
4, xe(4,6)
-4/3, x€(6,9)

5. Ev. tunqpa pe khion 2 yo x € [0, 2], gvbo-
YPOapUo T pa pe KAlon — 1, yiox € [2, 4] ko
€v0. Mo pe kKiion 1y x € [4, 8].

§ 2.2 B" Opadag
l.a=-1, p=m.

2. H e€io. epont. g C, o0 (&, (<)) eivan

Ve

1
y=——x+-——1 onoia dEPYETOL OTO TO
2Je 2
B(=¢,0).
3. N(=2a, - 8a) xar f'(-20) =4 f'(a)).

4. i) Eivon 4(2¢, 0), B[O,éj Kol M(f,é).
i) 2.

§ 2.3 A" Opadag

Li) f)=Tx"-4x"+6
i) /'(x) = 6x* L
X
i) f'x)=x"- x*+x-1
iv) £(x) = —npr = 360vx
2. ) fi(x)=3x*-6x—1.
ii) f(x) = e'(nux + ovwx).

4x

iii) f(x) :(1;7)2'

i) ) = 1 —npx + cvvx .

1+ cnvx)2

v) f'(x) =x(p2x + xovv2x)

(=)
el Inx——
N X
3.0 flx) = (lnx)z .

e —4ovv2x
i) f'(x) =——F—.
- 2x

i) f'(x) = SR

X

4(x* +1)
(=

v) f'(x) =
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4x+3, x<0

40 f1(0)= [\/;HJ x>0,

v ogv mapaywyiletar oo 0.
x<0

1, x>0

2x 4+ ovvx,

i) f'(x) = {

5. 1) (=2,-4) ko (2, 4).

ii) (1,1)
e

iii) (-1,-2), (1,2).

6. f()—(_4)2,erR—{1} Ko

gx)=——=

o 4 b x €[0,+ ) — {1}

Ot cuvapmoels f*, g’ dev eivar ioeg apod dev
£yovv 1o {610 TEFI0 OPIGHOV.

7. F(Hg'(1) =2 L— %J =1,
8. a=2.
9. 1) (-2, 3) ke (2, 7).

) [2 3 —10\/§+45J
i) | ——,————— | Kot

3 9

(_ﬁ 10\/§+45]'

379

10. y=2x-1 kot

y=-2x-1.
l.a=1,=1,y=0.

o —24(x+1)
12.1) f'(x) = ———=.

) /) x'(3x+4)°

x € (1,40) .

e 2
ii) f'(x) = ﬁ >
iii) f'(x)= GUV(
+

1 ] —2x
1+x* ) (1+x%)?

—(1+x%)

iv) f'(x) —ﬁ~

V) () = e (<2x).
13.1) £1(2) = 20.

S
ll)f(4)—6

6+\/§7z
m)f(] 12[ 48 ]
iv) f(3)=5.

14.1) f'(x) = ™20 x
X
i) / (x) =2%"5In2.
iii) f'(x) = (In x)x[ln(lnx) + Lj .
Inx
iv) f1(x) =™ (ovvx — nux).

15. f'(x) =mu2x xou

f"(x) = 200vv2x, ondTE 1OYVEL 1 1IGOTNTO.

§ 2.3 B" Opadag

1. To kowo omuelo givar to (1, 1) Kot woyvet

S (yg)y=-1.

2. To xowd onpeio etvon (1, 1)
Kot (— 2, —8).
H y=3x-2 epdntetar oto (1, 1).

3. a=0, f=—

4. Hy =x+ 1 epanteton mg C, 610 onpeio
(_ la 0)

5. f(x)=x"—4x* - 9x + 4.

6. 'Ectm 0TL vmépyet 10 f(x) = ax’ + fx + v kot
KOTOANYOULE G 0 dHVATO GVGTNLO.

7. 1) IpocOétovpe kot apaipovpe otov optd-
unt v mocdTo X f( ).
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ii) [IpocOétovpe kot aparpovpe ctov opd-
mmm mv mocomto ef(a). No AdPete

X a

VoYY 0Tt T0 lim
xXoa X—Oa

Y®Y0G ™G h(x) = €' 670 a.

glvon  mapd-

o 23 /xz
9. i) f'(x)=
3x

Ceton 010 0. H g&icmon g epamtopévng
o710 (0, 0) elvou x = 0.

g 4x

i) f'(x) = N x#0wxon f7(0)=0. H &&i-

3x?

, x#0 kot dev mopaymyi-

oo g gpantopévng oto (0, 0) etvarn
y=0.

10. H efiowon mg epantopévng mg C, oto
A(L, f(1)) elvoan y=x—1+f(1) mov epd-
mreton g C, oto (0, g(0)).

11.1) £/(0) = 1.

ii) H e&lowon g epantopévng etvor n y =
x + 1 mov oynuartilerl pe tovg dEoveg 160-
OKEAEG TPIY®VO.

§ 2.4 A" Opadoag

1. E'(1) = — 48m cm’/s
V(1) = — 727 cm’/s

2. i cm/s.
8z

3xe (20—\/%, 20+\/ﬁ).
4. 1) x(t) = 15, () = 201.

ii) d'(1) = 25 km/h.
5.2, 1).

§ 2.4 B" Opadog

1.425 cm?s.

2. (2In5 + 2) cm?s.

3.0,75 m/s.
4. 0,25 rad/min.

5.0,2 m/s.
6.2 LOVASES KOVG
"7 povéada gpdvov

7.1) _ L rad/sec.
25

8.34/3 mss.

§ 2.5A" Opadag

. T, T
1. 1)1 i) — M —
) ) s 13
TR 4 . ,
iii) B iv) dgev 1oyVEL.
. T
2. 1)2 i) —
) )4

iii) & e (-3,-1) k&= 1.

3.’Eyxovpe g'(x,) = 1 _Inp-lna Kol
X, p—-a

, 1 1 1
0<a<xy<pfomndte —<—<—.
Xy o

§ 2.5 B" Opadag

1. 1) ©. Bolzano oto dwotuata [— 1, 0] ko
[0, 1].

ii) ©.Rolle 670 [x, x,] 61OV X, X, 01 pileg g
foto dwwotpata (— 1, 0) ko (0, 1).
2. 1) ©. Rolle o710 [0, 1].

ii) epx =1-x < f'(x) = 0 mov &yt pia o0
0, 1).

3. 1) Ymobétovpe ot 1 e€lomon f(x) —x = 0
éxer 2 pileg x,, x, ko gpappdlovue O.
Rolle ywr ™ ovvapmon g(x) = f(x) — x,
X € [x,x,].

ii) Epappoyn tov epotipotog i) pe

X
f(x)= nu;
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X
1+ x?

4. 1) S%©(|x|—1)220.

ii) ®.M.T. o710 [a, f].
5. 0.M.T. o10 [0, 4].
6. Agi&re 61t f(0) <0 ko f(0)>0.

7. YmoOétouvpe 611 yovv tpia. Kowd onpeio pe

TETUNUEVEG p, < p, < p, KoL EQapuolovpe ©.
Rolle yio v ¢(x) = f(x) — g(x) ota dwoth-
pozo [pp pz]: [pza P;]

§2.6 A" Opadag

1. ¢'(x)=0, x € R, ondte p(x) = c.
2. 1) T'vieiong avéovsa oto R.

i) 'vmoiog avéovoa oto daotpata (—oo,
— 1], [2, +00) kot yvnoing eOivovca 610
Swwotnua [—1, 2].

iii) I'vhoilog avéovoa oto [-1, 1] Kot yvnoing
ebivovca ota Swothpata (—oo, —1] kot

[1, 400).

4. 1) I'vnolwg adéovoa oto didotnua (—oo, 1]
Kat yvnoiog edivovca oto [1, +00).

ii) I'violmg avéovoa oto (0, 1] ko yvnoing
@bivovoa oto [1, +00).

iii) I'vnolog ad&ovoa oto [0,%} yvnoing
@bivovca 6to [%,n} Kot otabepn e T
undév oo [z, 2x].

5.1) f'(x) = 5(* + 1) > 0 ko
g'(x) =%+1 >0, xe(0,40).
x

ii) H 1 éyel ovvoro tudv 10R, gvd n g 10
Sdtdopa (-3, +00).

iii) To 0 avnKel 6TO0 GUVORO TIUDV TV GLVOP-
THoEOV Kot givat yynoing av&ovoec.

6. i)f’(x):ex+;>0.
1+x

ii) f(0)=0«xoin f ywmoing avcovaca.

§ 2.6 B" Opadag

1. Me gpoappoyn tov kpunpiov mopepPoing
Bpiokovpe otL f'(x9) =0, x, €R.

2.1) f1(x) =3~ 1) <0y k60¢ x € (-L1).
i) [a—2,a+2]

iii) To 0 avikel 6TO0 GUVOLO TILAOV TNG f Kot
gtvan yvnoimg ebivovsa oto (— 1, 1).

3. i) t=11t=4.

ii) Aplotepd otav ¢ € (0,4) ko de&id dtav
t € (4,5).

iil) H toydmnta avédveror ota dtootipata [0,
1] ko [3, 5] Kot peidveTaL 6To dSAoTN L

(1, 3).

4 V() = -2
(t+2)
lim V' (¢) = 25 kot to cbhvoro Tiudv g V ei-
t—+©

vai to (25, 50].

5.1) f’(x):%>0 Yo ke
(x"=D
xeR-{-1L1}.

ii) Otav x aviketl og kabéva TV Steotnud-
tov (—o,—-1), (=1, 1), (1,+o)nfroipver
Tpéc oto R xon emedn ) e&iowon yphpe-
to1 1odvvapa f(x) = a pe a€R, éyet 3
pilec.

6.02>3.
7.1) ff(x)=xnux>0,x e [0,%}

i) Ioyver f(x)>f(0),x (0,%} apo? f

. , T
yvnoing avéovca 6to [0,5}
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GUVX - X — MY

iii) f7(x) = S <o
X

AOY® TOL EPOTNUATOG 1i).

(ovvx —1)*(200vx +1) 50

8. 1) f(x)=

w
wxe|0,—|
! ( zj

ii) Emedn f(0) =0 ko n feivar yynolog ov-
Eovoa 6to [0,%} woyvel f(x) = f(0).

GDsz

§ 2.7 A" Opadag

1. Ztox=110omKo pPé€y1oTo Kot 670 X = 3 TomKd
eAdy1oTO.

2. a) i) T'vnoing avéovca 6o R.

ii) Tomwd péytoto to g(—1) = 4 Kot Tomikd
eMdyoto to g(1) = 0.

iii) Tomwd péyioto 1o 4(0) = — 1 Kot Tomkd
eMdyoto to A(l) =—2.

B) i) M pila o610 R o¢ cuveync kot yvnoing
av&ovaoa.

ii) M pia oto (—o0, —1], o oto [-1, 1]
Kot pa oo [1, +00).

iii) M pita oto [1, +00).

3. 1) To f(0) = 0 Tomko6 ehdyioto, 0 (1) =1
TOTKO HEYIOTO.

i1) EAdyioto 10 g(2) =—1.

4. 1) Erdyoto o f(0)=1.

1
il) EAéyioto to f] [l) = [l)e .
e e

5. a=1, =0, tomud péyroto 1o f(— 1) =3 ko
Tomkd ehdyoto (1) =—1.

6. Eivar p(x) = 2[x + ﬂ), x> 0 kot eEMdyoTo
X
70 p(20) = 80.

7. Eivou E(x) =—x” + 40x, x € (0,40)
kot péyioto 1o E(20) = 400.

4
8. — mgr.
3 me
9.1) (EZ)* = 2x* — 4x + 4. ii) 1.

10. 30 povadec.

§ 2.7 B" Opddag

1. 1) I'vhoiog avéovca 6to [0,%} KoL yvnoimng

@Oivovoa 6T0 [%,7{}

il) Mu axpipag pifo oto (%, .

2. 1) H fetvor yvnoing av&ovoa oto (0, +00).

ii) I'vmoiog ebivovca oto (0, 1] kot yvnoimg
avéovoa oto [1, +00). EAdyioto to ¢(1)
=0.

iii) Kowé onpeio (1, 0), kown epamtopévn

mvy=x-—1.

3.)) ) H f(x)=¢"—x — 1| givaw yvnoiong av-
Eovoa oto [0, +00) omote f(x) > f(0).
X I ;
B) H g(x)=¢ —1—x—5x etvar yvnoiog

avéovoa 610 [0, +0).

i) o) Av f(x)=covx—1+ %xz, to1E () =

—ovvx + 1 ondte n f' yvnoing adéovoa
oto R.

Apa f'(x) > £'(0), ondte kou f yvnoimg
avéovoa oto R.

B) Me t Pondeta Tov epOTHLATOG

1
o) Bpickovpe OtL M g(x) = npx+gx3 -,
xeR
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givar yynoiong avéovoa oto [0, +00).

iii) a) Avf(x)=(1 +x)"—1—vx, x>0 tote
S@ =V 0" =110,

B) Me ) Ponbela tov epOTHATOC o)
Bplokovpe 6TL 1 GLVAPTHON
g(x)=1+x) —l—vx—v(VT_l)xz

etvo yvnoimg avéovsa oto [0, +0).

4. H f'(x) = 0 givon advvat oo R.

5. @gwpodue v A(x) = fx) — g(x), omdTe
F (=g ue ¢ e (x,x,).

6. Eivan 1" (a) =f"(B) =f" (y) = 0 xou ©. Rolle
ota dothpata [a, S ko [, y].

7. ii)x:%(9—4\/§) = 0,75 m.

2
8.1) (MA)* = (x 73 +x Kot M(4, 2).
ii) 2, =— 1.

9. 200 o 100.

T
10. O elomphéerg eivor
E(x) =x(1500 -5x).
E'(x) =0, ondte x = 150.
11.1)t=200s1ii) = 55,6 s.

12. 1) E:M-HB, omov HB hyog
tpaneCiov. Etvar HB = 2npé koaw HI
=2cvvh.

" T
i) 0 =—.
) 3
13.1i) 75.

14. H mokvotnto tov kamvod eivon
r=rtr,

pz +k'8—p2, k eR.
X (12-x)

Xe 4 km omd 10 £pyocTdoto E,.

§ 2.8 A" Opadag

1.1) Koiln oto (—o0, 1], kvupt oto [1, +00)
kot 70 (1, 0) onpelo kopmg.
ii) Koiln ota (—oo, 2], (0, 2], kupt ota [-2,
0) ko [2, +00), evd o onpeio Kopmng ei-
o —2,—2 Ko |2, i .
4 4
2.1) Koiin oto (—o0, 2], xvpt o710 [2, +0),

2
EVO TO [2,—] elvor onpeio Kopmc.
e

i1) Koiln o710 (0, €], xupth 670 [€,+00), EVD
10 (e, —3¢°) sivau onpeio Kaumg.

iii) Koikn oto (—o0, 0], [1,4+00), kvpt ©70
[0, 1], kou Ta (0, 1), (1, 3) onueio Kopmc.
2 2
3.1) Kvpm ota [— w,—g:l > {gd‘wJ >

V2 \/5}
ERIEE KO Tol

KOiAN 610 | —
) [ :

2

[_ﬁ 61/2] [ﬂ -1/2

) ) ,e ](mpsia KOUTNG.
.. , k4 , T
ii) Koiin oto (73 O} KOl KUPTH GTO [0, Ej’
evo 10 (0, 0) eivar onpeio kopmg.

iii) Koiin oto (—00, 0], kupt o710 [0, +0) Kot
70 (0, 0) onpeio Kapmng.
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iv) Koiin oto (—o0, 0], xupt| 670 [0, +00) Ko
70 (0, 0) etvon onpeio Kopmng.

v) Kvpt oto (—oo, 0], koiin oto [0, +00) kat
70 (0, 0) onueio kapmc.

4. e - yynoing avéovca ota [-1, 1], [4, 8].
- yvnoing ebivovca ota [1, 4], [8, 10].
e - KoiAn ota [0, 2], [5, 6] xat [7, 10].
- xvpt ota [—1, 0], [2, 5] ko [6, 7].
e - Ta 1, 8 givar Béoeig TOMIKOV pEYIGTMV.
-Ta—1, 4, 10 givor Oéce1g TOMIKOV EAaYioTOV.
e-Ta0,2,5,6,7 eivan O¢celg onpei®@v KOUTNG.

5.1) Otav t€ [0, £,] xwveiton apiotepd Kot 6TV
te [t,, +o0) 36

ii) H toydmro av&aveton oto didotnua [7,, 1]
KO LELOVETOL 6€ KaOEVA ot T SLOGTNLLO-
o [0, £,] ko [t,, +00).

§ 2.8 B" Opadag

. A[— J’,—é], B(0, 0) ke I” {ﬁ,g}

To A4, I" éxovv ovtifeteg GUVTETOYUEVEC.

2. (a, 2 — o).
3. f"(x) > 0y k60e x € R.

4.1) Tomkod péytoto 10 f(0) = 2, TOmMKO NG
1670 70 f(2) = — 2 Ko oMpEl0 KOUTNG TO
(1,0).

i)A,=1,=-2.

r

5. H f" dev undeviletan oto (-2, 2).

§2.9A° Opadag

. . b T
1. ))x=2. 11)x:—5, x:E.
iii) dgv vrapyovv iv) x = 0.

2. i)y=1.ii) y =0 oto +o0.
3. Dy=x,x=1.
ny=x+2,x=2.

1
i)y = x+z(5ro +00 Ko

|
= —X—— OTO —00.
7 2

1
4.9) 1) . iii) 0.

§ 2.9 B" Opadag
L1 lim (f(x)-(-x-1)) =0,
lim ( f(x)—(x+1))=0.

ii) H feivar kopt) oto R kat dpo Bpioketon
OV O TNV €, KOVTE GTO —00 KoL AV
amd TV &, KOVIH GTO +00.

2.1)y=0.i) y=0.
Joa=1p=1.

4. Xpnowomnoteiote tovg Kavoveg de L Ho-
spital.

5. Xpnowonoteiote tovg kavoveg de L Hospital.

6.1)1,0. iii)x=0.

§2.10 A" Opadag

1.1) Etvar f"(x) = 3(x" — 2x + 3), /" (x) = 6x
— 6 KoL Vo KAVETE TOV TVOKO PUETOROADY
mge f.
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2

i) f'(x)= —W 5

" 4
S(x) = = 1)3 > OCVUTTOTEG
y=1,x=1 xot va kévete oV mivoko pe-
taforav g f.

" 2
2.9) f'(x) = s S = —» oodumToTes
x =0 kot y = x Ko vo. KAVETE TOV Tivaka
petaforav g f.
i) Opoimc.

3. f"(x) =1+ ovvx, f7(x) = —Mix KoL Vo, KAVETE
Tov Tivako petafordv mg f oto [, 7.

TENIKEX AXKHXEIX
20v KE®QAAAIOY

I'" Opddog

L) f7(1)=g'().
ii) Na mdpete ™ daeopd p(x) = g(x) — f(x)
ko vo. e€eTdoeTe T0 TPOSTLO TNG.
2. Na wapete ™ cvvapon g(x) = f(x) — g(x).

3. E'(0) = ovuv20 + cuvl.

3
Méyioto 1o E (ﬂ] \/_

3 4

1
4. To epPaddv tov topsa givar £ = 5r29 1

E(r) = 10r — 7. Méyioto 10 E(5) = 25.

5. iii) 0 =% KOl TO WAKOG TNG OKAAOG &tvor

23/2=28m.

lnx 2lnx -3

l)f()_ f”()—x— Ko
VoL KAVETE TOV Ttivaka PETABOADY TG f-

ii) H f eivar yvmoiong @divovoa oto [e, +0),
omote

fl@)> fla+1) = a®!

> (o +1)*

iti) Na AoyapiOuioete v womta 2° = x°.
H f etvon yvmoiog adéovoa oto (—0,e],
omdte maipvel MV TIU X = 2 pio @opd.
Opoimg o710 [e,+00) maipvel TNV TP X =
4 o eopda.

7. i) No mdpete ™ ovvapmon f(x) = ' +
£ ko vo gpappocete to Bedpnpo Tov
Fermat.

ii) Na ndpete ) cvvapmon f(x)=a —x —
1 ko va epappodcete to O. Fermat.

8.1) f"(x)=¢e">0, g"(x)= —iz <0.
x

iy=x+lxuy=x-1.
iii) n f elvon xoptn, Evd N g lvan KoiAn.

iv) Na mapete ™ dapopd f(x) — g(x).

9. )A(1-1In2). i)i=e

iii) Oempeiote T daPopd g(x) — Ax mov &i-
vorn f(x).
o, .. 1 .
10.1) f(0)=01ii) x=—, ke Z".
KT
i) lim (f(x)—x)=0 «ot
X—>+0
lim (f(x)-x)=0.
X—>—0
I1. A. ) y'(x)=0,xeR, ondte y(x)=c

i) '(x) = 0 kot p(x) = 0, x e R.
B. ii) No Adfete vadyv to epdTnua 4.
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12. 1) det(PM, PN) = 0.

ii) No epappoocete tovg kavoveg de L

Hospital.
13. A. 1) Av O4 7o dyog tov Tpry@vov OIIA,
/
TOTENU— = —
s 2 4

il) S=vt, omote S =4t
B. I'(f) = 4ovvt.
a)2km/h  B)0km/h  y) -2 km/h.
14. Xvvolkod KOGTOG
K(x)= 6004—@4—10()64—1).

[pénel va mpocidafet 10 epydrec.

3 OAOKAHPQTIKOX
AOI'’XMox

§ 3.1 A" Opadag
4
X
1. 1) T—cvvx+npx+c

2
i) 12+x+1n|x|+c
iii) 85124

5

3
iv) §+x2+4x+c

M 1
V) e—3ln|x|+5nu2x+c
vi) gpx + opx + ¢

vii) x+In|x+2[+c.

2. f(x)=24/x -5.
3. (%) :%xz +3x+4.

4. flx)=x*+x*-3x+2.

5. 19 exar.

3 2
6. K(x)="—+2 1100,
30 2

7. 352 yih.

§ 3.1 B" Opadag

1.7() = ae " + T,
2.9.976 gupo.

3. 814,4 gvpo.

4. f'(x)=g'(x) + ¢, x.T.A

§3.2A° Opédag

1. i) —e (P +2x+2)+¢
ii) ‘l‘ez’((6x2—10x+7)+c

iii) %x4 Inx —%+ c

iv) (-x* + 1/2)ovv2x + xnu2x + ¢
V) 2xnu2x + oov2x + ¢

vi) xInx—x+c¢

Inx 1
—-————+c
X X

vii)
U B
viii) ge (ovv2x +2np2x) +c¢
o1
iX) Ec"(nux— ouVX)+C.
. 1
2. 1) —Ecvv3x+c

1 2 4
i1) —(4x" —=16x+7)" +c¢
)32( )

-1
111) ——— +¢
) 6(x* +6x)°

iv) %(2 +x)24e

V) 1—25(x+l)3/2(3x—2)+c.

3. i) —ovve' +cii) In(e*+ 1) + ¢
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iii) 2yInx +¢ ii) %x—%nu2x+ c.
i X+ +
iv) In(In(e” + 1)) + ¢ i) Lx—Lnuaxe
1 8 32
V) cv—+c.
* 1 1
6. 1) —ovvx——ouwv3x+c
2 6
§ 3.2 B" Opadog

1 1
i) —Mu2x+—nu8x+ ¢
1. i) -In(l+ovv’x) + ¢ 4 16

1 | ’ 1 6
ii) —E[ln(csuvx)]2 +c iii) Znu xfanu xre

iii) e™ + c. 7. 1) In|x* =3x+2|+c
X
3/2 i) — - _
(P41 i) =5In|x—1|+8In| x-2|+¢
2. 1) —— 3 +c 2
91 x iii) 573x+ln|x+1\+4ln\x+2|+c
.. -1
i) Vxi+l+c iv) In|2—|+c.
X+
L1, )
111)E(x +D[In(x"+1)—1]+c.
3 e
. 2 § 3.3 A" Opadog
3.0 Zna?—Syre
3 3 |
i) 1(Inf)* - 2¢lnt + 21 + ¢ 1. i) y=— i)y’ - x¥*=c¢
2x“ +c
iii) e'mpe” + ovve* + c. )
iii) y =ce" iv) y = In(nux + ¢).
4. 1) —In|ovvx [+¢ kot 2. i) y:7%+cez" ii)y:e_x+ce_2“

xe@x +In | ovvx [+ ¢ -
¢ | | ili) y=2x+ce " +2

.. 1
il) ———+c¢ Ko iv) y= ce'+1/2.
nex
-3
3. y=—5—
—G@x—L+c 4 2x%2 +1
nex
2
3 4. y=—.
..., OLV'X 3
1ii) —GOVVX+C Kol
5.1) y=1- 4
3 QX
npx e
nex— +c.
3 .. xlnx—x+21
i) y =—"-—-——.

5 .)1 1 ) x+1
1) =X —— X+c
SYTm
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§3.3 B’ Opadag

1. 1(t) = %(nut —ouvt) +%ef’.

2. y*=2x.
3. y=x"+cx.
2

4. y=67.

p 1 c
5. y(t) Zm'y‘f'g.

6. 0(t)= T+ (8,-T)e ™.

7. i) (%) =£+(p0 —ﬂje", K> 0.
K K

. dV
8. 1)L =1007)'
)dt ¥

2
ii) y(t):[—%t+6j

iii) £=1204/5 sec.

-t

9. E(t)=Eye .

10. D) I(t)=5+—, B)S5
e

i) 1() = %(mﬁt — Guv3r) +e% .

§3.4 A" Opéaodoag

1.i)-11 )4 iii)-2 iv)l5.
2. ln% =Inl—In¢t.
3. k=4.

4.1)22 ii)-12

§3.5A" Opadoag

L6 ii)3——= iii)—I iv)%.

Ve

2. Epapuolovpe 1010mteg.

4.1
. . owx
5.4) mmp | i) T
1
6.1)
x2+1

ii) ypnoonoteiote to (i).

§3.5 B" Opdoog

1. 10.
2. f'(x) = 0.

3. Tom. ghdyioto to f(2) = 0.

4 j F()dt +xf ().
0
5. Fx)=0, xe(0,+»).
6. De 1’ Hospital.
7.0) 42 =243 i) - cuvl.
L5 N} |
8.1) — 1) 2——  iil) —.
) 3 ) 2 ) 6

9. iy4 i) =2
e

9 | T
iii) 5In10—=In9——, iv) ——("'~ +1).
) 5 5 ) 5( )

~ 1 21 = 1
10, —, —, —+—, ———.

8 2 16 4 16 4
11. f(0)=1.

12. xatd mopdyovTes.

§3.6 A" Opddag

1. f=1.

ﬂ .

~i

[

+

3.

2
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§3.6 B" Opadog
2 2
- a +af+ _ 1
| jLeraps 1
3 af
PR? PR
2.0 v,.,=——-.
) 6nl P) by 4nl
§3.7 A" Opdodog
14
1. —t..
3 n

5
2. 1) %t.u. ii)\/gr.u.

§3.7 B" Opadog

1
1. y=6x-3, E=—r1.1.
y 4 [T

2. 4+§\Et.u.

5.i)1 +e(InA=1) ii) +o.

3
6. — +—1.u.
In3 2 H

7
7. —1T..
i
2

8.1)) y=x, y=-x+trm 1ii) %—2.

—3+\/€
—

9. ) %r.u. B)x =

T
2

11. i) f(x) =x*-3x+2 ii)%r.p.

12. 1)) y=-2x+2, y=2x-6

ii)Elzé, E, :%.

I'ENIKEX AYKHXEIX
3ov KEQAAAIOY

I'" Opédog

1.ii) %1113.
2.1) —Iny/3 ii) Inv/3.

3.In|u+l|-Inju+2|+c

DIn|nux+1|-In|nux+2|+¢
ii) In(e* + 1) —In(e*+ 2) +ec.

1

4.19)
2v+2

i1) lln2 , l(l—an), lln2—l.
2 2 2 4
5. To. pén g 160TNTOaG £YOVV i0eC TOPAYD-
YOUG.

6.1) D, =[l,+0) Dp=[l,+x).

7.1) F(x) + G(x) = ¢e*— 1,

ex

F(x)-G(x) = "y (ovv2x + 2np2x) —Sl

.. 3 2
iy I==e""-1), J==€"("-1).
) S ( ) S ( )

8.0{:%/2.
9.)) 0<i<I, E(/l):%—l,
1
A>1L E(A)=1—-—.
D n
i) 2=2 iii) +o xatl.

i
10. 1) '[(f(x)—g(x))dx >0.
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Bdoei Tou v. 3966/2011 Ta &1dakTikd BiBAia Tou AnuoTikou,
Tou [Nupvaaiou, Tou Aukeiou, Twv EMA.A. kai Twv EMA.Z.
TuttovovTal atd 10 ITYE - AIOPANTOZ kai diavéuovTal
dwpedv ota Anuooia ZxoAeia. Ta BiBAia utTopei va
dlaTiBevTal TTPog TTWANGCN, OTav QEPOUV 0T BEEIA KATW
ywvia Tou eutTpooBO@uUANou €vdeitn «AIATIOETAI ME
TIMH NQAHZHZ». Kd&Be avrtitutto 110U dIaTiBeTal TTPOG
TTWANCN Kal dev Pépel TNV TTapatrdvw Evoeign Bewpeital
KAEWITUTTO KAl O TTAPAPRATNG OIWKETAI CUUPWVA MHE TIG
d1atageig Tou dpbpou 7 Tou vopou 1129 tng 15/21 MapTiou
1946 (PEK 1946,108, A").
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h yparry adesia tou Ymoupyeiou lMNaideiag, Epeguvag kai
Opnokeuudrwv / ITYE - AIOPANTOS.
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