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KepdAaro: Zuvaprioeic

‘Eotw oUvoAa A kai B. KaAcital ou-
vaptnon ( f ) amd 1o oUvoAa A aTo

H ! ! ouvoho B kdBe diadikagia pe Thv

pawaum m)vapn]m] omoia kKAOe oToixecio Xe A avrti-
otoixietar og éva HOvo OTOIXEIO

yeB. To y ovopdletai Tipuh Tng ouvdptnong f oto X kai ocuppoAileTar:

y="f(x)

To X ovopdletar ave§apTnTn peraPpAntin ev) To Yy ovoudletar e§apTnué-

vn peTaPAnTh. To oUvoAo A ovopdetal wedio opiopou Tng ouvdpthong f

Kal ouppoAiCeTal pe D, ev) To oUvoho B ovopdZertal wedio Tipwv Tng f

Kal gival To oUvoAo Trou éXel yid aToixeia Tou TI¢ TIHEC Tng T o€ dAa Ta
x e A kai ouppohiletai pe f (A) SnAadh
f(A)= {y e R/ vrépyst X € R tétoto wotey = f (X)}

O ouppohiopoc f: A— B onpaivel 611 n f civar pia ouvdpthon pe medio
opIaloU To oUvoAo A. Av Ta oUvoAa A kai B eival umooUvoAa Tou R, T6Te
n ouvdptnon f ovopdletar mpaypaTiKA ouvdpThon TPAYHATIKAC HETAPAN-
TAG.
Fia va pmopéooupe va opicoupe pia ouvdptnon f(X), Tpémer va yvwpi-
Coupe Ta e€Ac:

e To medio opiopoU TG ouvdpTnong

e To medio TIHWV ThC ouvdpThoNnG

e Tnoxéon aneikéviong f(x).

TTedio opiopov

lMewpeTpika 10 TEdio opIOUOU TNG ouvAPTNONG f(x) gival To glvoAo Twv

ohueiwv Tou dfova X'X Ta omoia gival TPoPoAéC Twy onueiwv ThG ypagi-
kh¢ Tapdotaong Tng f (X) mavw otov a€ova X'X.
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Aupéveg Aoknoeig

Mé£Bodoc¢ (eUpeon medio opiopoU)
Ortav 10 medio opiopoU pHIAg ouvdpThong f(x) 0ev pag diveral, To pPpi-

okoupe BéTovTtacg Toug eEn¢ TeplopiopolG:
» O mapovopaoTég didgopol Tou UNdevog. 2e pid pnTH ouvdpTnon Tng

P(x)

Hopong f(x)= W Ppiokoupe Ti¢ pile¢ Tou MapovopaoTh Q(X) =0 (av

uTtdpxouv) Kai TiI¢ e€aipoupe améd To R.
» O1 umtopilec moodTnTeg OeTikéC. To aluPpoAo ﬂV/f(x),VGN He V>2

£X€l vonua mpaypaTtikoU api®pol pévo otav f (x) >0.
> To 160 TNC cpamTopévng d1dgopo Tou k7l'+%, k eZ kai To 160 TNnC

ouvepamTopévng didgpopo Tou Kz, K e Z.

> Tia Th d0vapn TnG HoPYAS g (x)h(x) B¢Toupe g(x)>0.

> Av o Tumog Tng f(X) mepiéxer AoyapiBpoug TG HopYAG logg(x)h(x)
BéToupe To h(X)>0 kaiTo 0<g(x)=1.

» To medio Tigwyv Thg ouvdpthong f (x) =Xx* kat aeR e€aprdrai amé To
a. Zuykekpipéva To medio opiopol Tng f (X) gival To:

S R é6tav ae N’
1 L 1
g _

>R " étavaeZ mx x> =—, —.

. * 23 _ 3[,2 12
—-> R, étav aeQ, mx X7 =X, X =/x

>R, 6tavaeQ mx x*’= X :T
X

2 Mouparidng X. -TCoupdAng A.
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TTAPAAEITMA 1
Na ppeite Ta nedia oplopol Twv OUVAPTACEWV:

Jin|x=1 .
(a) f(x):M ®) g(x)= /’l‘n—xl (v) h(x)=—ZZ 42" +5

x> —3x+2 Je 3
Abon
(a) H ouvaptnon f opiCetai 6Tav:
X*=3Xx+2#0 X#1 kot X#2 X#1 kot X#2
In|x—1/>0 e<nfx-1=Inl1 o< [x=1=1 =
x=1]>0 x=1#0 x—1#0

X#1 kol X#2 X#1 ko X#2
& &
X=121 1M x-1<-1 X=22 n x<0
Apan f éxer medio opiopol To A =(-0,0]U(2,+0).

(B) H ouvdpTnon g opileTai 6Tav:
Inx#0

InXx#Inl X#1
)1(—_)(120 o 1H(x=1)Inx2 0} e I x e (0,+50) L & x € (0,1) U(1, +20)
n
x> 0 x>0 x>0

*To mpdonpo Tou yivopévou I'=(x—1)InXx gaiveTar oTov MapakdTw miva-

Ka
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(v) H ouvdpthon h opiCetai 6Tav:
\Ve*=3=0 e*-3%0

e-3>0 te=ief-3>20t=ef-3>0=e*>3she*>n3<
2X4+5>0 xeR

Xlne>In3 < x>1n3

3 MouparTidng X. - TCoupdAng A.




Apa n h éxer medio opiopov To A=(In3,+wo).

TTAPAAEITMA 2
Na ppeite Ta nedia opiopol TWV CUVAPTAOEWV:

(@) f(x)= %—2 ®) 9(x)= lzxx_—el (v) h(x):\/x3—4x2+5x—2
Auon

(a) H ouvdpTtnon f opiCetai 6Tav:

X—=1#0 X#1 X1 X1 .
X 550 < _X+220 < (—x+2)(x-1)=0 < xe[1,2] e xe(1,2]
x—1 x—1

Apan f éxel medio opiopoU To A:(1,2].

(p)H ouvdpTnon g opileTal 6Tav:

g —e=0 e ~p x#1
h;xx_elzo 1 *(Inx-1)(e* ~€) 20 = xe(0.1] e 490) p & x (0,1) e 490)
o0 x>0 x>0

*To mpdonyo Tou yivopévou
I'=(Inx- 1)(eX —e) PaiveTal OTOV TTAPAKATW TTIVAKA.

Apa n ouvdpTnon g éxel medio opiopou To A=(0,1)U[e,+0)
(v) H ouvdptnon h opileTai éTav:

X® —4x° +5x—220<:>(x—1)2(x—2)20<:> X e[2,+0)u{l}
Apa n ouvdptnon h éxe medio opiapol To A=[2,+x0)U{l}.

TTAPAAEITMA 3
Na ppeite Ta wedia opiopol TwWvV CUVAPTROEWV:
4 Mouparidng X. -TCoupdAng A.
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@ F(=\S  ® 9(0)= for, (1) ®

Auon
(a) H ouvdpTtnon f opiletar 6Tav:

& -2#0 e #2 Ine*#1n2
il SO (e*-1)(e*-2)=0 < X € (—o0,0] U[In 2, +o0) @

e*-2

X#In2
= = Xe(—oo,O]u(ln2,+oo)
Xe (—oo,O] U [ln 2, +oo)

To Tpdonpo Tou yivopévou Fz(ex—l)(ex—2) QaiveTdl oToV TAPAKATW

Tivakd.

Apan f éxen medio opiopol To A=(—0,0]U(In2,+x0)
(B) H ouvdptnon g opileTai 6Tav:

(log, (Inx)>0) log. (Inx)>1lo ﬂ
5 (%) B m)=log 1y
Inx>0 = Inx>Inl <> xX>1 =
X>0 X>0 X>0
Inx<Ine
x<Le
oIx>1 <:>{ }@Xe(l,e]
X>1
x>0

Apan g éxel medio opiogol 1o A= (l,e].
(v) H ouvdptnon h opiCeTai éTav:

B MouparTidng X. - TCoupdAng A.




{S—Jﬂzo}@{\/ﬂss}@{z—xszs}a

2—x2>0 X<2 X<2
X>-23
& < xe[-23,2]
X<2

Apa n h éxel medio opiopol To A= [—23,2].

TTAPAAEITMA 4
Na ppeite Ta nedia opiopoU TWV CUVAPTACEWV:
1 1

In(e* -1
(@) f(X)=—+—— (P) g(X)=M (v) h(X)=%

nux ovvx nux+3 nux

Abon
(a) H ouvdpTtnon f opiletai 6Tav:

{n,ux;tO } X # KT .
< T <:>X¢p5,peZ

ovvXx#0 X¢p7z+5

Apa n ouvdpthon f éxel tedio opiopol To A= R—{p%,p e Z}.

(B) H ouvdptnon g opileTai 6Tav:
nux+3#0 vxeR vxeR VxelR
In(e*~1)>0f <> In(e* ~1)2Inlp < ie" ~121p < e" 22

0

e —1>0 e*¥ > @° ¥ >e’ X>0

X>1n2
x>0

>e
}<:>X21n2

Apa To Tedio opiopol TG g eival To A=[In2,+wo).

(v) H ouvdptnon h opileTai éTav:
nux#0 X # KT

T
= S X#Ep—,pEL
X;t/17z+% x¢/17z+% p2 L

Apa n ouvdpthon h éxer medio opiopol To A=R —{p%,p € Z}.

6 Mouparidng X. -TCoupdAng A.
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TTAPAAEITMA 5
Na ppcite Ta nedia opiopol TwWvV OUVAPTACEWV:

(a) f(x)=ln(\/x2+2+x) (v) h(x)= /ﬁ

®) 9(x) =1n(\/ﬁ—x)

Auon
(a) H ouvaptnon f opiCetai 6Tav:

X*+2>0 xeR
& = XxelR
VXP+24+%x>0 xeR
Ma kdBe X R 10xVel \/x2+2>\/x_2=|x|2irx 3nAadh: VX2 +2 > X <&

VX*+2 +Xx>0. Apa To medio opiopol The ouvdptnong f eivai To A=R.
(B) H ouvdpTtnon g opileTai 6Tav:

X*+1>0 xeR
& = XxelR
VX2 +1-x>0 xeR
Ma kaOs XeR 1oxver Vx> +2 >x/?=|x|2ix dnAadh: VX +2 > X<

VX*+2—x>0. Apa To medio opiopol ThG ouvdpTnong g eivai to A=R.

(v) H ouvdptnon h opileTai éTav:

l-ocvvx#0

e
1-ovvX

S ovvX#El S X#kn, k€L

1—-ocvvx#0
Sl-ovvX >0 ovvx<l e
l1-ocvvx>0

Apa n h éxer medio opiopov To A=R—{2k7,x € Z} .

TTAPAAEITMA 6
Na ppcite Ta nedia opiopol Twv OUVAPTACEWV:

(@ f(x)=ve"—3¢"+2 (8) g(x)=v2"—4 (v) h(x)=——

" 4ouvix—1

Auon
(a) H ouvaptnon f opiCetai 6Tav:
e -3e" +22 0 (e ~1)(e" -2) 2 0 < X & (—w0,0]U[In2, +o0)

Apa To medio opiopou Thg ouvdpthong T eivar A=(—o0,0]U[In2,+wx).

7 MouparTidng X. - TCoupdAng A.




(p) H ouvdpTnon g opietai 6tav: 2° —4>0<25>2° & x>2
Apa To medio opiopou Tng ouvdptnong  eivar A=[2,+x).
(v) H ouvdptnon h opileTai éTav:

1
oLVX —755
4ovv’x—1#0 < (200vx+1)(200vx—1)# 0 < | =
OUVX # ——
O'z)vx;«tovvz x¢21mi£
3
= KelZ
27 27
O'UVXiO'UV? X;t2/c7z4_r?

Apa n h éxel edio opiapol To A=R—{x¢2mi§,x¢2mi%ﬂ,xez}

AOKNOEIQ

1. Na ppeite To medio opigpol TWV TTAPAKATW CUVAPTATEWV:
(@ f(x)=In(x—2)+3 V) f(x):);—j
®) f(x)=ver-1+2 @) f(x)=—

e -1

2. Na ppeite 10 edio opiopoU TwWv TAPAKATW CUVAPTACEWV:

(@ f(x)=2X2X_—_5i+3 @) f(x)=Ix-2
®) f(x)= XX_‘; (e) f(x)= V0%
1 1-x

(V) f(x):m (Z) f(x): m
X —

3. Na mpoodiopioeTe To Ttedio opiopoU ThE ouvdpthong f oTav:

(@) f(x)=vxX*-2x+ % @ f(x)=In(In|x-1])

1 e* X 5
(B) f(x)=,/1—;+,/ex_1 (n) f(x)= /ﬁ+2—ln(x +3)

8 Mouparidng X. -TCoupdAng A.
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(v)f(X):\/X2+X+1—ln(eXX_1J ©)
1
f(X)=vx’=3x+2-
X -2
) f(x):ln(\/;—l)+\/ex+2 (1) f(x)=1In(nux)+1-ovv2X

+1
25 -3
-1

(e) f(x)=

.Na mpoodiopioeTe To Tedio opiopoU ThG ouvdpthong f oTav:

(a) f(x):\/2x+3 +1n(3x—4) (4) f(x): for_3% 4 2‘:_|;(|
_ | _S—x X 3
®) f log]/z ]nx x(n) f (4 _1)_lnx

Jsx 15 [4
W 1 ln‘ﬂ,ux‘ ln‘ovvx‘ (6) £(x)= |X 2| __2
@) f(x)= ﬂx+% () (%) =In(ux) + VI—oov2x
&

/1nx 1 1 e -1 —
(e) f(x)= - +auvx—8 (k) f(x):ln( " \J+\/X —X

.Na mpoodiopioeTe To Tedio opiopoU ThG ouvdpthong f oTav:

(a) f(x)=V3-ovv’x+

+280X @ f(x)= ln(\/ X*+1— x)

nuX—1
() f(x)=log,,|ovvX—1+nux (n) f(x)=1n(x+\/x2+1)
2 § I+|x
(v) f(x)= X2_4+1n(e +3)—2 ®) f(x):lnlj—|x4|
In(x+1
(3) f( \/ln log X +1)]+1n‘x‘ (1) f(x)= n3(x _+1)

(&) f(X)=v9"-33"+2-In(3"-2) (K) f(x)=#\&+2

9 MouparTidng X. - TCoupdAng A.




6.Na ppcite TIC TIHEC Tou A €R, yia TIC omoie¢ n ouvdpThonh
X' +3x+1
f(X)=——————— éxe1 medio opiopol To R.
(%) X —2x+1 pioH

7.Ta 1i¢ didpopeg Tipég Tou A € R, va Ppeite To medio opiopoU ThG OU-

vdpthong f(x)=+4Ax> —4x+1.
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