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KEDAAAIO 1
OI TIPATTMATIKOI API®OMOI

§ 1.1. Ov wpa&erg Ka o1 1OLOTNTES TOVG
A" OMAAAX

1. 'Eyovpue

7,
(]

(i) T x = 2010 et y=
2010

(i) A

4 6 3

AV Y2 X! X’ 90 9
y | =%y 0=y D—Szy 5. :(xy)
Xy 'y y

éxovpe X y =1 omote

) 2 1, 2

2. Eyoope A=|(* S g X ndy’ :(x5 Eys)z=(xy)10
3.7 2

Y xy y

Mo x=0,4 ky=-2,5 etvau xy =—1 onote A = (—1)10 =1.

3. 1) 1001% = 9997 = (1001 — 999) (1001 + 999) = 2 - 2000 = 4.000.
i) 99 - 101 = (100 — 1) (100 + 1) = 100> — 1 = 10000 — 1 = 9.999.
i) (7,23) - (4,23) (7,23 +4,23)(7.23-4,23) _ 1146 (B _ 3
; - - -

11,46 11,46 11,46

4. 1)’Eyovpe
(@+P)’ —(a—P)*=a’+208 + B’ — (o’ — 208 + p*)
=o’ +2af + B> — o + 2af — B* = 4aP
i) Zopowva pe to gpotnua (i):
2 2
( 999 _, 1000 ) B ( 999 1000) _4 999 000 _,
1000 999 1000 999 1000 999
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5. 1)’Eyovue
-@-D@+)=d—(@-=d-o’+1=1

ii) Av epappoocovpe to gpatnua (i) yo o = 1,3265 n Tyun mov TpoxvnTeL
Yo TV Topdotoon tvor 1.

6. Eoto v ko v + 1 600 dwadoyikoi pucikoi apiBuoi:
Tote éyovpe
v+ 1)2—V2:(V+ l-v)(v+1+v)=(v+1)+v

7. lIoyder
2V+2v+l+2v+2:2v(1 Jr2+22):2V.7

B OMAAAX
1. Av mapoyovtomomoovpe aptOunTi Kol TopovVorUGTH
"Exovpe

o =2’ +a _ (e’ —20+1) _ (0 1)2:(1,1
C—a a(a—1) a—1

i)

@ —a+20-2_ofa—1D)+20a-1) _(a—1)(0+2) _o+2

il
) -1 (=D (ae+1) (a—D@+1) o+l
2. 'Eyovpe
2
i) (a_L)ZDa3+a2 _(az—l) D(12((1+1)
o (@+1y | « (a+1)
D (0 + 1P 2
_(o )(20‘ ) o o 2:((1—1)2
o (aa+1)
roa+l of-1_al+ta+l (a—1D)(a+1)
ii) == O =1
atl -1 atl  (g-1)(@+at+])
3. 'Exovpe
o1, 1\° 2y +x\7? of xy V 2_ 22
i) (x+y) (—+— =(x+y) (y—) =(x+y) (—y)=(xy> =xy
X y Xy Xty




1.1. Ot mpderg kot ot 1310 TEG TOVG 7

11 (11)
xty oy _xty gx oy _xty 5 oy

il
)X—Y )(27y72 x-y 1 1 x-y (I_L)(l+l
X y2 X YX y
Xty 1 _xtypqxy _ xy
X-y ytx X-y Xty X-y
Xy
4. 'Eyovpe
(X3+y3).( X y)_(><+y)(x2—xy+y2).><2—xy+y2
-y \x-y (x-y) (x+y) X—y

2 2
_X -xyty oX=y
X-y X2*Xy+y2

5. 1) o’ tpdémog: Me yevikevon g 010 T0G 11v) TV avoroyidv (BA. epap-
poyn 1, oel. 26) €yovpe

a_PB_y_atPty 1
By a Bty+ta
omote 0. =P =1.
B’ tpdmog: ®étovpe a_B_v_ k, omdte éyovpe
P v a

a=kB, P=ky wxm y=ka (1)
Av, T0p0a, TpocBécovpie Kot pEAN T1g 1odtTES (1), Bpiokovpe
atB+y=k(a+p+7y)
omote €povpe k =1 (apod o+ B+ v # 0, 16t Ta 0, B, ¥ eivar uikn Tiev-
POV TPLYDOVOV).
'Etot, and 11g 160 1eg (1) mpokdmtel 6TL o = =y Ko Gpa. T0 Tpiy@vo &i-
VOl 1IGOTAEVPO.

v  tpémog: H ouykekpyévn doknon propei vo omodeydei, petd m dda-
okarMa g § 1.3, og €ng:

IMoAlamhactdlovpe kKatd péAn T1g 1ootnTeg (1), omdte Eyovpe

afy = k3(aﬁy) Ko, eneldn afy # 0, Oa eivor K =1rxu apak=1.

‘Etot, and 116 100t teg (1) mpokvntet 6tia = =1.

2yoho: O cuykekpévog Tpdmog pmopet va epappocdei kot 6tav ta a, B,
v eival omotowdnmote mpaypatikol apBuoi, dapopetikol Tov Pndevag,
EVD Y10 TOVG dVO TPAOTOVS TPOTOVG AMALTEITAL GTNV TEPIMTMGT QLT Vol
amoderytel 6tLa+ f+ vy #0.
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ii) o” tpémoc: ‘Exovpe o — =P —v (1) kar oo — =y — a (2), omote, OV
nmpocBétovpe katd e Tig 1odmreg (1) kot (2) mpokvmtet 6Tt

20-2B=B-al 3a=30 a=p

‘Etot, amd v wodtta (1) Ppickovpe o6t kot B =7y. Apa o = f =y ondte
70 Tply®vo gival 1I6OTALLPO.
B tpémog: Oétovpe a — B =P —y=7—a =k, ondte &govue

a-pB=k, P-y=kxmy—-oa=k 2)
Av thpa mpocBicovpe Katd pEAN Tig 16otnTES (2), Ppiokovpe 6t k = 0,
omoTE, AMOY® TV 1G0TNT®V 0TV, givatl o = B =y Kot dpo. To Tpiyevo &i-
VO 16OTAELPO.

6. Avx ko y givatl ot dtaotdoglg Tov opboywviov, Tdte Oa 1oydEL
L=2x+2y «xm E=xy
omote, Aoym g vodeong, Ba £yovpe

2x+2y =40 ko Xy=U.2

Kot dpo
y=2a-x (1) «o xy=0c2 )
Aoyo ¢ (1), n (2) ypdoeton i1codvvapa:
x(201—x)=0c2 e 20X =0 = X' —20x+ o’ =0
- (x—oc)2=0 e x—0=0ex=qa
"Etot amd v (1) €yovpe 6T KoLy = o Kot dpa To opBoydvio ivat TETpa-
Y®VO.

7. Oa gpyacHolpe pe ) péBodo g omaywyng o dromo.
1) AgvmoBécovpe 6Tt o+ P=y0Q. Tote Ba eivau =y —a 0 Q
(¢ drapopd pnTadv), ToL gival GToTo.
i1) Ag vrofécovpe 6tt  af =y 0 Q. Tote Ba givan f = la oaQ

(g TAiKo pnTddV), TOL Etval dTomo.

§ 1.2. Aldtuén TpaypoTik®Ov aplopmyv
A" OMAAAX

1. i)E{vma2+926a e a’—60+9>0 o (0&3)220 OV 1GYVEL.

i) Etvan 2(oc2 + [32) > (o + [3)2 o 202+ 2[32 >+ [32 + 20
- 2(12+2l32—(12—[32—2(1[320
oo+ —20p>0
e (o— B)z > 0, mov oyvet.
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2. ‘Eyovpe o +p*—2a+120 = o’ 20+ 1+ >0
= (@—1Y+p*>0 mov woyver
H cémta woyvet yio o= 1 ko = 0.

3. DIoxbet(x—2)+(y+1%=0 = x-2=0 Kkt y+1=0
= x=2 xou y=-I.

i) Exoope x> +y* —2x + 4y +5=0 & X' —2x+ 1 +y* +4y+4=0
e (x—1)7+(y+2)7=0
= x—-1=0 ko y+2=0
e x=1 xu y=-2.

4. 1) [IpocBétovpe KOTA PLEAN TIC AVIGOTNTEG
45<x<4,6 xou 53<y<54
oToTE EYOVUE
45+53<x+y<4,6+5,4
dniadn 9,8 <x +y < 10.

ii) Amo ™ de0TEPN AVIGOTITA TPOKVITEL
-54<-y<-53
Kol TpocsOétovpe Katd pEAN pe v 4,5 <x < 4,6
omoTE £YOVLLE
45-54<x-y<4,6-53 = -09<x-y<-0,7.

iii) Ioyver 5,3 <y < 5,4 ondte
1 11 1 _1_1

I S i
53 y 54 54 y 53

xondpo 4,5 0 <x h<gpnl o B X 46

iv) Emedn ta pén tov avicot)tev givar Betucol apiBuoi propodpe va
VYHDGCOLLLE OTO TETPAYMVO OTOTE £XOVLLE
(4,5 <x* < (4,6)" = 20,25 <x"<21,16 ko
(5.3 <y’ <(5,4) = 28,09 <y’ <29,16
TPocOETovLE KATA HEAT OTOTE
20,25 +28,09 < x> +y* <21,16 + 29,16 = 4834 <x*+y* <50,32.



10 KEDPAAAIO 1: OI TIPAI'MATIKOI APIOGMOI

X x+0,2

y y-0,1
Ta to x éovpe:
2+0,2<x+0,2<3+0,2 « 22<x+0,2<3,2, (1)
Ta to y égovpe:
3-0,1<y-0,1<5-0,1 « 29<y-0,1<49, (2)

(1) H mepipetpog toTeE yiveTon
N=2x+02)+2(y-0,1)=2(x+y+0,1)
IpocBétovrtag tig (1) ko (2) €xovpe 5,1 <x+y+0,1 <8§,1
ondte
2:-51<2(x+y+0,1)<2-8,1 « 10,2<I1<16,2.

(i1) To gupaddv tov opBoywviov yiveton
E=x+0,2)(y-0,1)
HoAlamhacidlovpe Tig (1) kot (2) Katd péln omdte Exovpe
2,2-29<(x+02)(y—-0,1)<32- 49 = 6,38 <E<15,68.

6. Emcdn (1 + a)(1 + B) > 0 &yovpe

© B v qiaga+p< P (rua+p
l+a 1+ l+a 1+

< ol +p)<p(l +a)
= atoaf<P+of = a<p, movicyvelL

7. Ioybel 5 —x <0 omdte Kotd TNV omAomoinon Tov 1 avicdtta aAAALEL Po-
pd. 'Eto1 10 000610 £ivon

X5-x)>B+x)(5-%) « x<5+x « 0<5, mov wyvel.

B° OMAAAX
1. i) Emedn ot a, B, v elvan Betikoi, £yovpe

a+“{>§ < (a+typ>aB+y) = ap+Py>ap+oay

B+y

o ,
= By>ay = B>a = —<1, mov ioydeL

i) Opoimg

aty _o _ (a+y)B<aB+y) = ap+Py<ap+ay
Bty
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= By<oy = B<a = §>1, 7oV 16y VEL.

2. Ioyosta+PB>1+af « a+Pf—-afp—-1>0

sal-p-(1-p>0

= (ou—1)(1 =p)> 0, mov 1oydet, apod o> 1 kou < 1.
3. "Exovpe 115 1c0dvvapieg

(a+B)(l+1— >4 < (a+PB)>4ap
a B

>4 o (oH-[})(%

e o’ +B +2aB—40Bp>0

o+ B =20p>0 < (a—P)’ >0, mov 10xdeL

4. )’ +op+p>0 < 2a’+2aB + 2B >0
e ot +20+ B+l +BP>0
= (a+B) + o’ + B’ >0, mov wydEL.

ii)o? —a+ B> 0 < 20>~ 208 +2p*= 0
e o —20B+ B+l + BP0
= (a—B)Y + o + B> 0, mov wydeL

§ 1.3. Awéivtn TP TPOYROTIKOV aprOpov
A" OMAAAZXZ

1. i) |n-3|=n-3, apod T > 3.
ii) [t —4| =4 — @, apod T < 4.
i) 3—-n|+4-nl=n-3+4-n=1.

iv) W2 - V3] - [V3 - V2] = (V3 - V2)- (V3 - v2)=0

2. Eivor [x —3|=x—-3, apod x >3 kot [x — 4| =4 — X, apod x <4
omote [x — 3|+ |[x—4|=x-3+4—-x=1.

3. 1) Avx <3, tote oyvet kou X <4, omdte X — 3 <0 ko 4 —x > 0.
Apaeivar [x =3|-[4-x|=3-x)-(4-x)=3-x—-4+x=-1.

ii) Av x > 4, tote givar Ko x > 3, ondte X —4 > 0 ko x — 3 > 0.
Apa éyovpe x —3|—|4—-x|=x-3+ (@ —-x)=1.

- _p-d_,
Bb-d [p—d

4. Eivau
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5. «Avx>0xoy >0, tote A=X+Y=1+1=2
XYy
cAvx>0kay<0,tote A=>-Y=1-1=0
Xy
* Avx<0xoy<0,10te A= _Y="1-1=2
L
cAvx<O0koiy>0,10te A=~ +Y=—1+1=0.
Xy
6. i) Ioyoe d(2,37, D)< 0,005 (1)
ii) Ioyver (1) < 2,37 -D| < 0,005 < 2,37 -0,005 <D <2,37 + 0,005
- 2,365<D<2,375.
! Amérotn T Amoota Atorpped
n 3 évoon Stuo'rq_p&tmv
lx—4<2 d(x,4)<2 [2. 6]
|x+3|<4 d(x,-3)<4 (-7,1)
|x-4]>2 d(x,4)>2 (=00, 2)U(6, +0)
|x+3]24 d(x,-3) 24 (=0, =7]U[L, +0)
; > Avaotnpe 1
Amérvtn Ty Andéctoon Vo SiacTT ity
|x-5|<1 d(x,5)<1 (4,6)
|x+1]>2 d(x,~1)>2 (—o0, =3)U(1, +)
|x—5=1 d(x,5)=1 (—o0, 4]U[6, +0)
|x+1]<2 d(x,~1)<2 [-3,1]
. e Avaotnpe 1
Amorvtn Tpn Amnéotaon fveoon Slacmpiroy
x| <2 d(x,0)<2 (-2,2)
|x+2/<3 d(x,-2)<3 [-5.1]
x| =2 d(x,0)>2 (—o0, =2]U[2, +)
|x+2|>3 d(x,-2)>3 (o0, =5)U(1, +0)
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B" OMAAAX

1. Me ) Bonfeta TG TPLY®VIKNG OVIGOTNTOG £XOVLLE
la—B[=[(a—7)+ =PI <lo—y[+Iy—Pl

2. Ava>ptotea— >0 «kodpao— Bl =o— P omdte Exovpe:
atPtjo—p_atPta—Pp _2a
2 2 2

=0a Kot

)

ii) U+B—2|a—ﬁ|:a+[5;“+ﬁ :%:B.

3. Emedn [x| > 0 xou [y| > 0, éxovpe:
x| +1ly|=0
INa va woyve n wotnta npénet [x| = 0 kot |y| = 0, dnAadn x =0 ko y = 0.
Awopopetikd 1oyvel n avicotnto. Eropévoc:
x| +]y|=0 < x=0 xor y=0.
i) [x[ +]y]>0 = x#0 1 y#0.

4. 1) And 0 < a < B TpokvmTEL OTL %<1 ke B 1. Eivar dnAadn o< E

o B o

B_y.

o

- B

o

" . , , , , , o
i) Apket va dei&ovpe 6tTL < 1, woddvapa, 6Tt 1 — =<

1-%
B

Eme1dn of > 0 1 avicotnTa ovt] YpaQETOL 1IGOSOVOLLOL
aB;Est<BaﬁaB < op-o’<p’-ap
a
o 0<p’+o’ —2ap

= (0— B)2 > 0, Tov 1oyveL aPov a # .

5. Eivar|x—2|<0,1 = 1,9<x<2,1 (1) xo
‘y74|<052 And 338<y<492 (2)

-
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i) H mepiperpog P, tov tprycdvov eivan P, = x + 2y. An6 v avicdtnta (2)
TPOKOTTEL OTL
7,6 <2y<84 3)

[pocBétovtag katd péin tig (1) kot (3), Exovpe:
1,9+7,6<x+2y<2,1+84 < 9,5<P, <10,5.

ii) H nepipetpog P, Tov oyfpatog etvar ion pe mv nepipetpo tov opdoyw-
viov ABT'A, ondte eivon P, = 4x + 2y. And tqv avicomra (1) mpokv-

TTEL OTL
7,6<4x<8,4 4

IIpocBétovtag Katd pnéAn Tig (4) kot (3), Exovpe:
7,6 +7,6<4x+2y<84+84 - 152<P,<16,8.

iii) H mepiperpog L tov xdkhov givar L = 2nx. And v (1) mpokdmtet
2n-1,9<2nx<2m- 2,1 « 3,8n <L <42m.

§ 1.4. Pilec mpaypotikav aplopov
A’ OMAAAX

1. i) V100 =10, Y1000 =V10* = 10,
V10000 =110* = 10, 1100000 = V10" = 10.

iy Va=V22=2, Vs=V2?=2, Yie=V2*=2, V32=-V23=2.
i) V001 =4/ L =1 Yooo1=,/ L =1
100 10 1000 10
Voooo1=,/ 1 =1 Yooooo1 =4/ 1 -1,
10000 10 100000 10

2. 1) V(n74)2=|7t74\=47n.
i) V(=20)* = |-20| = 20.
i) Vx— 17 =[x - 1].

2
. X _ x|
WAy T

3. 'Exovpe
N V5P +A/(3- V5  =[2-V5|+3-V5]=V5-2+3-V5=1.




1.4. Pilec mpaypatikdv aplduov

4. (Vx=35-Vx+3)(Vx=5+Vx+3)=(Vx-5f-(Vx+3)
=x-5-x+3)
=x-5-x-3=-%§,

pe v tpodmdBeon 6t x — 5 > 0 ko x + 3 > 0, dSnhadn yio x > 5.

5.0 (V8- V18)(V50 + V72 - V32)

(
(V2 —vV209)(V2 @25 + V286 — V2 [16)
(2
(-

V2 -3V2)(5V2 +6V2 —4V2)
V2)(7V2)=—7(V2) =-14.
i) (V28 +v7+v32) (V63 -v32)
(Vamm + V7 +V20016) (V700 - V2 [16)
(207 + V7 +4V2)(3V7 - 4V2) = (3V7 +472) (3V7 - 412)
(3V7) - (4V2) =9 716 (2 =63 —32=31.

6. ) V2ol2-v2 l2+v2=v20/2-V2)(2+72)
V222 —(V2) =v2 O/2=2.

i)y Yodiz+vsdlz-vs=V20/G+75)(3-75)
Va3 (vsY V2 Noos =Vala=V2 o =Vs =2.

7. 1) log 1pémoc:
Vol =AWV =V =92 =12
206 TpOMOC:
VW22 <A 2 2% <A1

ii) log Tpdmoc:

Voadia Vo127 V12"
V22t =2t =20 =20 =7
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ii) 206 TpomOG:
5
Vovadlz =Vav2 2" =V2V2" <32 da)*®
i/72/3 W ( 5/3)1/5 3=:\/5

8. 1) A3 O3 =3imm=3i 5=30 B=30=3 B31=373.
i) /2" (2" =9 o= o=2m Bogmw—2 p=272",
iii) 2/5* /s /5" = 52[5352 %%%:5%*%*%:5%:5

—/5° =5’ /5 = 2575,

[SIE%

9. i 250012 _250V4 3B _ 25293 _

V75 V25 B 5V3

ii) Me avdivon tov 216 og mpwtovg mapdyovig Ppickovpe 216 = 23
OTOTE EYOVLE

V216 V75 _ V2’ V25 3 _ sV2 ' B°
V50 2 @5 5V2

¢ 2 4 2
== =N2B =203 =18

10. Av moAlamhocidcovpe Kabe KAdopo pe t cvinyn TopacTacTt TOL mo-
POVOLLOLGTT] TOV EXOVUE:

4 _ As+v3) 45+ v3)_4ls+v3) 104273

l)s—ﬁ (5-v3)(s+v3) 25-3 22 11
8 (\FHF) (\/7—1—\/?)

F 5 75

)?juvwc (W+C)_(\6F+W) (V7 + Vo)

=7+6+2V42 =13 +2V42.
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11. i) Av avoldcoovpe tovg 162 kot 98 cg yvoleEVO TPDOTOV TAPAYOVI®V
Bpickovpe 162 =2 - 3* kon 98 =2 - 7° omore eivan

Vie2 +v98 _ V2 ' +V2 0" _9V2+7V2 _16V2 _ ¢
V50— V32 v2m@5-vV206 5V2-4V2 Y2

i) Etvor 92 + 3% =97+ (3% =92+ 9= 9" (9> + 1) =82 - 9'*,
w91 4270 =9l 4 G- 9)6 —9g'l 436,90 =gl +(32)3 .96
=9"+9°=9°9"+1)=82-9’

omoTE £Q0ovpE

912+320 B 82 |:910 B B
v — = = - =19 =3.
9''+27 82D

B’ OMAAAX
. i)3\5_2@:(3@72\5)(@“5):9+3R72ﬁ—4:5+ﬁ
S 32 (V3-v2)(V3+12) 3-2
i aVa —pVB _(avVe —BVB) (Va+ VB) _ o’ +avVap —BVap — p°
Va- Vg (Ya-VB)(Va +Vp) a-p
@B @B+ V0B (=) _ oy p yp,
o—fB

2. i) A&lomoumvtog YVOOTEG TOVTOTNTEG EXOVUE:
(3+2V7)f=9+4 T+ 12V7 =37+ 1277 xm
(3-2V7f=9+47-12V7=37-12V7.

ii) Mg tn Pondeia tov epompartog (i) maipvovue
V37+ 1297 - V37-1297
~(3+2V7) V(3 -2V7)
=3+2vV7]-[3-2V7=3+2V7-(277 -3)=6.

3. i) Eivan
WA= o
3 3 3 2 3 2
243 4,-4,9,12_25
3 2 6 6 6 ©6

7oV givar pnTodg aptdpog.
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i) Etvan
Vo + 1)2—(WY+(1)Z+2VEE1P
Va Va Va
:a+l+2:°‘2+ 1420 _(a+ 1)2
o o o

7oV givar pnTdg aptopog.

4. 1) Metatp£novtag Toug TOPOVOHUCTEG GE PNTOVG EXOVILE
V3o, s _V3(Vs5+v3), V5(V5-v3)
V5-V3 V5+143 5-3 5-3

_V3V5+3+5-V5V3 _8_,
2 2

i) Etvan
. (27 V?)Z:474V§+3:774V§ Ko
c(2+V3)=4+4V3 +3=7+4V3 onbee
"Exovpe
1 1 1 1

(V3] (2+V3] 7-4V3 7+473

_TH4V3 T-4V3 gL 43 74443 =813,
49-48 49-48

5. 1) Amo6 to mvbayodpeto Bempnpa Exovpe
BI? = AB”> + AT” = o + B, onéte Bl = Va +p.

i) ZOpe®vo pe TV TpLy@vikn avicotnta woyvel Bl < AB + AT
mov onuaivet 6t Vo +p < Vo + VB .

iii) YWy ®VOUUE GTO TETPAY®OVO KOl EYOVUE
Va+rB<va +Vp
o (Va+pf< (Vo + Vpf
s at+p<at+tB+2Va VB = 0<2Vap , mov oyvEL

To “=" woyvet av ko poévo av o =01 = 0.



KEQAAAIO 2
EEIZQYEIX

§ 2.1. E&wodosig 1ov Pabpov
A" OMAAAX

1. )4x-3(2x-1)=7x-42 « 4x—6x+3=Tx—42
e 4x—6x—Tx=-42-3 « 9x=-45  x=5.
Apa, n e&icmon €yel povadikn Avomn, v X = 5.

l-4x x+1 _x-4.5

ii)

5 4 20 4
20178 _5pxFT1 _Hpx-4 555
5 4 20 4

= 4(1-4x)-5x+1)=x—-4+25 = 4-16x—-5x-5=x+21
o 2lx-x=21+1 e 22x=22 o x=-1.
Apa, 1 eicmon éyetl povadikn Avon, v x =—1.

iy XXX X 49 g0 X 60 =60 03— 60 X —60 2
2 3 4 5 60 2 3 4 5 60

= 30x —20x=15x - 12x —49 = 30x —20x — 15x + 12x =-49
= Tx=-49 « x=-T.
Apa, n e&lomon €yel povadikn Adomn, v x =—7.

iv)  12(x+1)-2,5+1,5x=8,6 = 12(x+1)—25+ 15x = 86

e 12x+12-25+15x=86 « 27x=99 = X=%:£-
27 3

Apa, 1 eiomon el povadikn Avon, Ty X = %

2. )23x-1)-32x-1)=4 = 6x—-2-6x+3=4 = 0x=3.
Apa, n e&icmon givar adbvorn.

iax—2X= S X L3y 3@ X=3 E(5 +3 0%
3 3 3 3 3 3

= 6X—-5+x=-5+7x = 0x=0.

Apa, 1 elomon gival tavtoOTTO.
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3. i)*AvA—1#0 = A#1, 101 N e&icwon €xel povadikn Aven v
x=r=l_1
r—1

* Av L =1, t6te N e&icwon yiveton 0x = 0 kot ivat TovTOTNTO.

i) * AvA—2#0 < A#£2, 1018 1 e€icmon €yel povodikn Aven v
A

X=——.
A=2

* Av A =2, t61te 1 e&lomon yiveton 0x = 2 kot glvor addvar.

i) MA—1x=2r-1
*AVAMA—1)#0 = A#0 kot A # 1, 1618 1 e€lomon xetl povadikn AO-
on mv
A-1 _1
MA-1) A
* Av L =0n e&lomon yiveton 0x = —1 kot givar advovorn.
* Av L =11 eklomon yiveton 0x = 0 ko etvor TawtdTNTO.

WV MA—Dx =22+ = MA—Dx=AA+1).
*AVAMA-1)#0 = A#0 kot A # 1, 161 1 e€lomon €yxetl povadikn Ad-
on mv
X:m+ 1) _Ar+1
MA-1) A-1
* Av A =0, tote 1 e&icmon yivetan 0x = 0 kot givot TowtdTTO.
* Av A =1, t6te 1 e&icmon yiveton 0x = 2 ko givor addvar.

4. 'Eoto AM =x, 10t1e AM =5 — X, omo1¢

E1=73(5;X) Ko E2=—XEB.

i) Hiwsomra E, + E, = E, eivat icoddvapn pe mv icdtnta

Ei+Ex= @ and v omoia Tpokdmtel N eicmon
35-%)  5x (535 _ 4 15-3x L, Sx_, 40
2 2 4 2 2 4

e 30— 6x+10x=40 < 4x =10 = x=2=25.
2

Emopévag 1 Béon tov M mpocdiopiletatl and to uikog AM = 2,5, givat
dnradn to péso tov AA.
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ii) Hioomto E, = E, givot icod0papm pe my e&icmon

3G=X) 53X | 15 3x=5x = 15=8x & x= 12|
2 2 8

Emopévac n 8éon tov M mpocdropiletar amd 1o pikog AM = 15 .
8

5. Av 10 1060 TV X VPG KOTOTEONKE TPOG 5%, TOTE TO VIOAOTO TOGO TOV
(4000 — x) evpd katatédnke Tpog 3%.

— To moc6 TV X gVpd £6mae 1610 TOKO 1(5)70)( VPO
—To 1066 tav (4000 — X) gvupd £dmoe £THG10 TOKO 13% (4000 —x) gvpa.

H e&iowomn mov avtiotoyyel oto mpdfAnpa stvar
S+ 3 (4000 —x) =175 < 5x + 3(4000 — x) = 100 (175
100 100
= 5x+12.000 - 3x =17.500 = 2x=17.500 — 12.000 <
= 2x=5.500 « x=2.750 evpm.
Emopévag ta 2.750 gupd tokicmnkav mpog 5% kot o vrdrowra 1.250 gv-
p®d tokiotnkay Tpog 3%.

6. Hv=v,+tat = at=v-v, = t="""0 0goba#0.
o
pl=tel_ 1 1 1 1 _R7R
R R, R, R R R, R, R,R

Amd v tedevtaio 160tnTo TpoKRTEL 6TL R, — R # 0, 010 T0 RL #0.

R,R ‘
Emopévag éxovpe Ry =——.

R,~R

7. 1) X(x—4)+2x(x—4)+(x-4)=0
o x-4) K +2x+1)=0
o (Xx-4)(x+1)’=0ex-4=0 § x+1=0ox=4 § x=-1.
Emopévac o1 Moeig g e&icmong givat ot apBpoi 4 kot —1.

i) x-2-Q2-x)(@4+x)=0e (x-2)+(x-2)(x+4)=0
= xX-2)[x-2)t(x+4)]=0= x-2)2x+2)=0
e x-2=0 1M 2x+2=0+<x=2 n x=-1.
Emopévag o1 Aoeig g e&icmong givar ot aptBpoi 2 ko —1.
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8. ) x(x’-1)-x+x'=0
= )f—x—)((-i- xX=0
= X(x—-1)=0x=0 1 x=1.
Emopévac ot Moeig g e&icmong givat ot apBpoi 0 kau 1.

i) x+1)’+x-1=0
- x2+2x+/1/+x2—/1/:0
e 2xX+2x=0 o 2x(x+ 1) « x=—-1x=0.
Enopévemg o1 Moelg g e&icwong eivar ot apBpoi —1 ko 0.

9. 1) x(x—2)2:x2—4x+4
o x(x-2 (x=2)'=0
- (x-2(x-1)=0
e x-2=0 1M x-1=0ex=2 7 x=1.
Emopévac o1 Moeig g e&icmong givat ot apBpoi 2 ko 1.

i) K-Hx-1)=x-1)x-2)
e X=-2)x+2)x-D-x-DEE+1)x-2)=0
= x-DE=-2)[+2)-x+1)]=0
e xX-1)E-2)=0=x=1 1 x=2
Emopévag o1 AMoeig g e&icmong givat ot apBpol 1 kou 2.

10. ) xX-2x"—-x+2=0
e X(x-2)—-(x-2)=0
e (x-2)x =1)=0
e (x-2)x-Dx+1)=0
ex-2=07M x-1=0 1 x+1=0
=x=2 1M x=1 1 x=-1
Emopévac o1 Moeig g e&icmong givat ot apBpoi 2, 1 ko —1.

i) x-2x"-(2x-1)(x-2)=0
o X(x-2)-(2x—1)(x-2)=0
e (x=2)x*=2x+1)=0
e (x=2)(x-1=0
e x—-2=0 71 x-1=0
=x=2 1 x=1.
Emopévag o1 Moeig g e&icmong givat ot apiBpoti 1 ko 2.
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m i X - o x _ 1
x-1 ¥-x x-1 xx-1

H g&icwon avt opiletar yio kGOe x # 1 kot X # 0. Me avtodg tovg
TEPLOPIGHOVS £YOVLLE:
X _ 1

= o X(x-1)=x-1ex=1
x—1 x(x-1)

= x=-1 (apod x # 1).
Emopévag n e&icwon €xet povadikn Adon vy x = —1.
x+1 n 2 -0 o x+1 n 2 _ .
X-1 X-2x+1 x-DE+1D)  (x-1y
H e&iomon avtr opileton yia kébe x # 1 ko x # —1. Me avtoig tovg
TEPLOPIGUOVG £XOVLLE:
x+1) 2

ii)

1 2

x-DE+1D) x-1) x-1 (x-1)°
s X—1+2=0ex+1=0
= x=-1,

OV OMOPPINTETAL AOY® TOV TEPLOPIGUDV.
Emopévag kot n apykn e&icoon eivar advvarn).

12. 1) H e&icwon avt) opileton yia kébe x # 1 ko X # —1. Me avtodg tov
TEPLOPLGHLOVS EXOVLLE:
1.1 _ 2
x-1 x+1 ¥-1

D o ixenx+) s+ 1) -2
x—1 x+1 -1
ex+l+x-1=2

= 2x =2 < x =1, mov amoppintetal, aPov X £ 1.

e x-Dx+1D

Emopévag n egicwon givar addvat.

ii) H e&lomon avt opileton yuo kébe x # 0 kot x # —2. Me avtovg Toug
TEPLOPLGLOVG EYOVIE:
3 2_x-4

Xx+2 X x2+2x

x—4
xX(x +2)

= X(x+2) 32—x(x+2)%:x(x+2)
X

X+

= 3x-2x—-4=x-4 = 0x=0.
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H televtaio e&icwon sivarl tavtdémto. Av AdPovpe vadyn tovg me-
PLOPIGHOVG AVTO onpaivel 0Tt 1 apykn e&icmon €xel wg Adom Kkabe
TPOYLOTIKO EKTOG a6 TOVG aptBpong 0 ko —2.

iii) H e&iomon avt) opiletar yio kébe X # 2 ko X #—2. Me avtovg Toug
TEPLOPIGHOVS EYOVLE:

X+2_X274 x+2_(x+2)(x—2)

l_xﬁl X

= X—2=X < 0x =2, mov givar addvar.

iv) H e&lomon avt opileton yio ke x # —1 ko X # 1. Me tovg mepilopt-
oHoVG AVTOVG EYOVLLE:
X —x - X . oxx-1 _ x
X-1 x+1 (x+Dx-1T) x+1

X _ X

x+1 x+1°
7ov aAnBedel yo kdbe mparypoatikd aptOpo x, pe x # =1,

<

13. 'Eoto x — 1, X, X + 1 1peig dwadoykol aképatot. Zntolie aképato X Té-
TOLOV MGTE VOl 1IoYVEL

x-D+x+EE+D)=x-1Dx(x+1)

o 3x=x(x*-1)
= xB-x"+1)=0
- x(4-x)=0

ox=0 9 x=4

=x=0 1 x=2 1 x=-2.

Emopévag vidpyovv tpeig Tprides TETolmv dtadoyikmv aptduov, ot e&ng:
-1,0,1), (1,2,3) xa (-3,-2,-1).

14. )2x-3|=5 = 2x-3=5 1 2x-3=-5
= 2x=8 N 2x=-2 e x=4 1 x=-1.
Emopévag ot Moeig g e€icmong givar ot apBpol 4 ko —1.
i) 2x—4|=x-1 « 2x—-4=x—-112x-4=—=x+1
e Xx=373x=5 o x=31 xz%.
iii) Emedn 1o mpdto pérog g e&icmwong [x — 2| = 2x — 1 givar pn apvn-

TIKO, Y10 va £xel AVom 1 eElomon aty, TPEMEL KOt TO deVTEPO LEAOG
va givae pun apvnTikd. Anhadn, Tpémnet
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2x—-12>0
Me oV TEPLOPIGHO OVTO EYOVLLE:
x—=2|=2x—-1 e x-2=2x—-1 1 x-2=1-2x
«x=-1 1 x=1

Ao T1c Topandve Aoelg dektn givar pdvo n X = 1 Tov wavorotel

tov mepropopd (1).

iv) Opoiwg, yo v g&icoon [2x — 1| = x — 2, npémet
x—220
Me tov meplopiopld avtod £(OVLE:
2x—-1]=x-2 « 2x—-1=x-2 1 2x-1=2-x

=x=-1 1 x=1.

And Tig mapandve Acelg Koo dev etvar dekt, apob Kopio dgv no-

Anbevet tov eplopopd (2). Apa, n e&icwon givar advvorn.

15. 1) Eyovpe:

X[ +4 X +4_2 15 dx|+4_15 dx|+4:15 E%
3 5 3 3 5 3
= 5| +20-3x|-12=10
o 2X|=2 e x|=1  x==%1.
Emopévamg o1 Moeig g eicwong givon ot opBpoi —1 ko 1.

2|x|+1_|x|—l:l
3 2 2

el _oK-1_gd
3 2 2

= 4x|+2-3x| +3 =3 < [x| =-2, mov givan advvon.

“ X1 =4 opiletar yio x # 3.
+ X

16. i) H e&iomon 3
3

Me avTdV TOV TEPLOPIGUO EYOVLE:
3-x
3+x

=4 o 3-x|=403 +x|

o 3o x=4(x+3) 3 —x=—4(x+3)
e 3-x=4x+123 —-x=-4x-12
o 5x=-973x=-15  x= —% fix=-5.

Emopévag o1 AMoeig g e&icmong givat ot apBpol —5 kot —% .
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i) |x=1]x=2|=x-1] « x=1|(x=2|-1)=0
= |x=1=0 ® x-2|=1
ex=1 1M x-2=1 71 x-2=-1
«x=117M x=3 1 x=1
Enopévag o1 Maoeig g eicmong eivor ot apiBpoi 1 o 3.

B"” OMAAAX

1. ) (x+a)’-(x-PB)=2aw+p)
c»x2+2(xx+(x2—(x2—2[3x+B2)=20L2+2aB
c»x2+20cx+0c2—x2+2[3x—[32:2a2+2a[3
o 2(a+B)x =0’ +20p + B’
= 2(a+P)x=(atp).

* Av o+ B # 0 e&iowon €xel povadikn Adon v x—( B —G+B.

2(a+B) 2

* Av a + B = 0 n e&icwon maipver ™ popen 0x = 0 kot givat TavTdHTNTO.

i) T o # 0 kau B # 0 €yovpe:

X0 XP gk a)= - ) - ax—a’ = px—

B o

= ax—Px=o’ —p = (a-P)x=(@—P)a+p).

* Av a— B # 0, t01e 1 e&lomon &yxet povadikn Avon v

X = w =0 + B

oa—f

*Ava—B=0 < a=,16te n e&icwon maipvel t popen 0x = 0, ond-

te glvan tovtdTNTa.

2. 1) Ta o # 0 ko B # 0 €qovpe:

§=1 Bxaﬁ‘“ 1 o (B-o)x=of.

X
o

AvB—-a#0 < B+# o0, 10tE N €lomon €xel povadikn Avon v X = BaB .
—a
*AvB—0=0 < B=a1ote N e&icwon maipvel ™ popen 0x = o kon fvon
advvarn yati o £ 0.

Emopévag 1 e&iomon €xet Abom povo av a £ 0, B # 0 kot o £ .
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3. 1) Xta 200 ml diddvpo mepiéyovtor 30 ml kabapd owodmvevpa. Av TTpo-
cBécovpe x ml kaBapd owonmvevpa TOTE TO ddAVA TOV o TPOKVYEL
Ba givar (200 + x) ml kot Oa wepiéyet (30 + x) ml kabBapd owvodmvevpQ
omote TpokvmTEL N e&icwon

30X _ 32 100(30 + x) = 32(200 + x)

200+x 100
= 3000 + 100x = 6400 + 32x = 68x = 3400
X = 3400 x =50.
68
Emopévag o gappakonoldg npénel va mpocsBécet 50 ml kabapd ovo-
TVELLOL.

4. 'Eoctm 611 X ®peG PeTd TV TpooTépact To 00 avtokivita Bo anéyovy e-
ta&v Tovg 1 km. To didotnpa wov dtavdel 1o A otig X dpeg eivatl 100x evd
10 avtiotoryo didotnpa yio o B givar 120x. 'Etot éxovpe v e&icwon
120x—100x =1 = 20x=1 < x= %) Mpec, omOTE X = %} 60 = 3 Aentd.
Omnote to avtokivita Ba améyovv 1km tpio Aemtd petd v mpocmépact.

5. H e&lomon avtn eivorl opopévn yia X # o Kot X # —o.. Me avtoig Toug me-
PLOPIOLLOVG £YOVLLE:

2

2
xta_ X xto_ X

x—o x—d x-0 x+ta)(x-o)
- (x+a)2:X2«=>x+oc:x N x+a=—x
= 0x=a 1 2x=-0.

* Av a =0, to1e 1 e&iowon &xel mg Avom kabe apBpod x # 0.

* Av a # 0, 101 1 e&iowon £yel povadikn Adom Tov aplipd X = 77&.

6. H e&icoon avt eivar opiopévn yia X # 2. Me avtd ToV TEPLOPICUO EXOVLLE:

x3—8:X2+4 - )/_){:)(j—zx2+4x—/é

Xx—2

e 22X —4x=0 = 2x(x-2)=0
=x=0 71 x=2.
And g Tég avtég dektn givat povonx =0
Emopévag 1 e&iowon €xet povadikn Aven, tov apBpd x = 0.
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7. Rx|-1]=3 < 2x|-1=3 1 2x|-1=-3
= 2X|=4 7 2x|=-2.
H devtepn elvon advvorn ondte £xovpe
2X|=4 = x|=2 o x=-2 | x=2.
Emopévmg o1 Moeig g e&iowong etvor ov aptBpol —2 kon 2.

8. V-2x+1=P3x-5 « V(x—1P=px-5|
= [x—1]=]3x-5|
= x—-1=3x-5 1 x-1=-3x+5
= 2x=4 M 4x=6 = x=2 1 x=%-

§2.2. H e€icoon x' = a
A" OMAAAX

1. )x’-125=0 = x’ =5 = x=5.
ix —243= o x’=3" & x=3.

ii)x’=1=0 < x'=1 = x=1.

2. DX’ +125=0 = x’ =(-5)’ = x=-5.
i) x’+243=0 « x’=(-3)° = x=-3.

i) x +1=0 = x' =(-1) & x=-1.

3. DX’ -64=0 - x=8 = x=-8 1| x=8.
iyx*-81=0 - x=V81 1 x=-V81 = x=3 4 x=-3.

ii)x*~64=0 = xX°=64 = x=964 7 x=-V64 = x=2 1 x=-2.

4. DX’ -8x'=0 = x(x-8)=0=x=0 f x=8<x=0 1 x=2.
Apa Mcelg givat ot apBpoi 0 ko 2.

ix'+x=0 e xx’+1)=0 = x=0 § x

Apa Adoeig ivon ot apBpot 0 ko —1.

=—1x=0 1 x=-1
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i) X’ +16x=0 = x(x'+16)=0 = x=0 | x'=-16 = x=0
aQov M x*=-16 givar advvar.
Apa ) eElomon €xet povadkn Avon, v x = 0.

I"oa 1o x éxovpe v e&lowon
X x-3x=8l,uex>0 « 3xX’=81 o X’ =27 & x=3.
Apa, 01 3106TAcELS TOV TopoAANAemmédov givat 3m, 3m kot Im.

H(x+1’=64 « x+1=4 = x=3.
1

i) 1+125x°=0 = (5x)’ =—1 = 5x=—1 « x=—

i) x-1)'-27x-1)=0 = (x=D[(x=1)’=27]=0
x-1=0 § x-1’=27
ex=1 71 x-1=3

0

=x=1 71 x=4.

§ 2.3. E&womoeic 20v Badpod
A" OMAAAZXZ

1.

)A= (75)2 —4-2-3=1, ondte n e&icwon €xel 000 mpaypatiKé pileg
_5+1_6_3 _5-1_4_
= =—== Kol X,="—"=-=
2 4 2 2 4

1

X

i) A=(-6)"—4-9=36—-36=0, onote n e&iowon et pua St pila v

x=—=3,

2
iii) A = 4-4.3.-2=16-24=-8<0, onote n e&icmon dev €xel mpay-
patikég pies.
Dx'-1,69=0 = x’=1,69 = x=1,3 § x=-1,3
ii)O,szfx=0 = x(0,5x-1)=0=x=0 1 0,5x=1<x=0 11 x=2.
i) 3 +27=0 = 3(x2+ 9)=0 = x> = -9, mov &ivan advvar.

i) Exovpe A=4 +4Mh—2) =4+ 40> —8h =4\ - 2L+ 1)=4(h—1)*>0
yio KaBe A O R* mov onpaivel 0t e&iowon &yl mpoaypatikés pilec.
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ii) Exovpe A = (ot B)* — 4o = o + B> + 208 — 4af = (a — B)* > 0 yia GAat
ta o, B OR pe o # 0, mov onuaivel 6t 1 e€lomon Exetl Tpaypatikég pi-
Cec.

Emeion
A=4-47=0 o ’=1 = p=1fp=-1,

ol TWEG TOV W Y Tig omoieg 1 e&iowon £xetl ourAn pila eivon ot apBpoi 1
wot —1.

‘Exovpe A =4(a + B)2 —4-2(c + Bz) =4a’ + 4[52 + 8af — 8o’ — 8[32

=40’ - 4B’ + 8ap = —4(o’ + B’ - 20p)

=—-4(a— B)2 < 0 ko n e&lowon gtvon adHvarn oto R.
Yy mepintoon mov givar a = P £ 0, woydelt A = 0 kot ) e&lcwon Exet d1-
7 pila.
Av givar a = = 0, 161¢ 1 e€iomon maipvel T popen 2 = 0 ko givor adv-
von.

i)S=2+3=5|<ouP=2'3=6,on6rsng&icmcnsivmnx275x+6=0.

ii) S=1+L=§KouP=1 EL=]—
2 2 2 2
xz——x+1—=0 = 2x'=3x+1=0.

, onote M elowon eivon n:

N | W
[\

i) S=(5-2V6)+(5+2V6)=10 xau

P= (5 - 2@) E(S + 21/3) =25-4[b=1 onodte n e€icwon eivar n:
X —10x +1=0.
i) Etvon S = 2 xou P =—15. Ot {ntodpevor apBuoi eivan ot pieg g e&i-

owWoNg X' —2x—15=0, n onoia &xet A =4 — 4(-15) = 64. Emopévag ot
Entovpevor apBpot etvar

_2+8

X =5 ka x2=ﬁ=—3.
2
i) Etvar S = 9 ko P = 10. Ot {nrovpevor apBpot eivan ot pileg g e&icw-
ong x> —9x + 10 = 0, n omoia éxet A =81 —4 - 10 = 41. Enopévag ot
{nrovpevor apBpot etvan

_9+V41 _9-V41
2

2

X, Kol X,



2.3.

E&isdoeig 200 Badpon 31

8.

9.

10.

loc 1pdmog:

i) I'a vo. Aoovpe v e&icmon apkel va Bpodpe 600 ap1Bpovg mov va
égouv @Opowopo V5 + V3 kon ywvopevo V15 =V5 V3. O apiOpoi
avtol elvat TpoeovAG ot V5 xa V3 mov eivon ko ot {nrovpeveg pileg

g e&iowonc.

iva A= (V5 + V3 4V15 =(V5) +(V3) + 275 V3 45 O3

=(Vsy +(V3) —2V50/3 = (V5-V3)>0.

Enopévag 1 e&lowon €xet dvo pileg, Toug apBpode

R ER S (EER E) SN R E e

X, Kot
2 2

. :ﬁ+ﬁ—«/(ﬁ—ﬁ)2:v§+ﬁ_v§+@:ﬁ

2 2 2 .

i) Etlvar A= (ﬁ, 1)2 +4V2 = (\/5+ 1 )2 > 0. Emopévag n e&icmon £yxet
dvo pilec, Tovg aptBpovg

XIZMZI Ko XZZM:—E.
2 2
loc tpdémoc:

X2+(12:B2_2U~X = X2+2(1X+(12—B2:0 < (X+a)2_B2:0
o (xtatPxta-P)=0cx=-a-p 4 x=p-a

H sficoon ypagetar X° + 20x + a” — ° = 0.
Eivow A = 40’ — 4(o” — B%) = 4p°, omdte 1 eicwon et pileg Tovg aptpods

X 2772(127 2B - —(o+p) ko x, 2772(1; 2B B—a.

"‘Eoto x kot y ot mhevpéc tov opBoymviov. Tote £xovpe
2x +2y=68 « x+ty=34 « y=34-x (1)
And 1o ToBayopelo Bedpnpa TpokHrTeL OTL 26m

X’ +y? =26 ondre Moym mg (1) éxovpe
X +(34-x)=26" = X’ +34 - 68x + x" =26
o 2x°—68x + 342 26" =0
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11.

12.

13.

o 2x°—68x + (34— 26)(34 +26)=0 <
= 2x"—68x+8-60=0 = x"—34x +4-60=0.
Etvat A=34"—4-4-60 = 196. Emopévag 1 e&iowon £xet 600 pilec tig
3414 o, x2:34_ 14 _
2 2
O1 pileg avtéc Moym kot g (1) givar ot {ntodueveg mievpég Tov opboym-
viov.

10.

Xy

i) H e&lomon ypapetan \x|2 —7x| + 12 = 0. ®¢tovpe |x| = ® omdte 1 &&i-
ocwon yivetal o —70+12=0ku éxer pileg o, = 3 xon o, = 4 mov &i-
vat 6eKTéG Ko ot 600, omote £xovpe x| = 3 M [x| = 4, mov onpuaivel 6T
x =31 x=-31x=41x=-4. Enopévag n e&icwon £xel AOGELG TOVG
apBpovg 3, -3, 4 ka1 4.

i) @¢tovpe |X| = @, omdTE Erovue
X +2x]-35=0 < o’ +20-35=0.
Eivor A = 144.
H e&iowon éyet pileg 5 kot —7. Ao avtég dextn givar povo 1 Oetikn,
aeov ® = [x| > 0. Eropévac [x| = 5, mov onuaivet x =51 x =-5.

iii) ©@étovpe [X| = ©, omdte Exovpe X° — x| +12=0 < o’ — 8w + 12 =0,
apov X' = \x|2. H e&icwon avtr €xet pilec tovg apBpoig 6 kot 2, mov
glvar dextég kat ot 6vo. Emopévag [x| = 6 1 [x| = 2 mov onuaivet 6Tt
X=6MNx=-6Mx=21x=-2.

Oétovpe [x — 1| = o, ondte Erovpe

(x—17+4x-1-5=0 = @’ +40-5=0, agod (x — 1)’ =[x — 1*.

H e&icoon avt éyet pileg Toug apBuovg —5 kat 1. Agkt givar povo 1

Betucn © = 1 apov ® = [x — 1| > 0. Enopévac,
x-1=1ex-1=11x-1=-1<x=21 x=0.

Apa, 1 e&iowon £yet dvo pileg, Toug aptBpovg 0 Ko 2.

H séicu)zcn opiCetan yua x # 0. @étovpe X +17= o omote N e&iowon ypa-
eetol © — So + 6 = 0. H e&lowon avtn et pileg Tov apBuovg 2 ko 3,
omoTE EYoVpE
x+l=2 q x+1l=3
X X
H npd e&lomon ypdoeton
x+1=2 o ¥+1=2x = (x-1F=0
X
Kot €yer o 1 durhy pila.
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H devtepn ypapetan
x+1=3 o ¥+1=3x = ¥ 3x+1=0
X
Kot €yl og pileg Tov apBpovg
3-V5 xon 3 s .
2 2

Emopévag 1 apyu eEiomon €xet og pileg Toug aptBpong
3-4s5 L, 3*Vs
2 2

1,

14. 1) H &iocwon opiletar yio x #—1 ko X # 0. Mg 0wtodg T0UE TEPLOPIGLOVG

€yovpe:
x ,x+t1_13
x+1 X 6
o bx(x+ D)X rexx+ )X cexx+ 113
x+1 X 6

o 6+ 6(x+1)"=13x(x + 1)

o 67+ 6x° + 12x + 6= 13x"+ 13x

e X +x-6=0

n omoia &yet pileg Tovg aptBpovg 2 Kot —3.

i) H e&iowon opiletar yia x # 0 kot X # 2. Me av100¢ T0UG TEPLOPIGLOVS
€yovpue:
2
2,.2x-3,2-x _,
X x-2 x(x-2)

2

- )(()(—2)%-i-x(x—2)2X_3 +x(x —2) 2-X
X x—2 x(x—2)

e 2X—4+2x°—3x+2-x*=0

2
= X —-x-2=0.
H televtaio e&icwon €xet pileg toug apBpote 2 kot —1, ondte Adyw
TOV TEPLOPICUOV OeKTN etvar povo n x = —1.

15. 1) Av Béoovpe X = y n g&lomon yiveran y2 + 6y — 40 = 0. Avtn et pileg
TGy, =4 xoy, =—10. Enedf y = x>0, dextn etvan povo ny, = 4,
OTOTE EYOVE X'=4 o x=2 N x = —2. Emopévag ot pileg g apyixnig

e&iomong eivon o1 apBpol —2 ko 2.
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ii) Av Bécovpe X' = y N e&lowon yiveran 4y2 + 11y — 3 = 0. Avtn €xel pi-
ng TGy, = -3 Ky, =i—. Enedn y = x>0 dextn etvon povo 'y, =

L S

4 ’ 4 2
apywngc e&icmong givor ot apBpoi —

X = —é—. Enmopévag ot pileg g

Kot = L
2

<

omoTE £YoVpE X = n

1

2

iii) Av Bécovpe X' = y 1 e&icmon yivetal 2y2 + 7y + 3 = 0. Avt €yet pi-
Legtigy, =3 kony, = —;_—. Ensiony = x>0 Kapio omd ovTtéG dev ei-
va dext). Emopévog n apykn eEicmon sivar addvar.

Xyonmo: Eivor mpogavég 01t 1 e€lowon givar addvatn, apod
2P+ 7+ 3 > 0 yio kaOe x O R.

B° OMAAAX
1. ) A=(20") -4’0’ — 1) = 40’ — 40° + 40” = 40’

i) On pileg g e&lomong etvon
_ 20’ +20 _20(a’+1) _a’+1

i Kot
20’ 207 o
_20° =20 _2a(a’—1) _a’-1
2 - - - .
20’ 20’ a

2. i) Eivau
A=(5-V2)f -al6-3V2)=25-10V2 +(V2) - 24+ 1272 =

—(V2f+2v2+1=(V2+1).
i) Ot pileg g e&lomong elvan

5-V2+A(V2+1) 5-v2+vV2+1

X, = = =3 Ko
2 2
Xz_s—ﬁ;ﬁ—l 4 22F Sy

3. 1) H e&iowon £xet dumAn pila ov ko povo av A = 0.
Eivat A= (00— 9)’ —4 - 2(o” + 30+ 4) = o — 180 + 81 — 80° — 240 — 32
=70’ — 420+ 49, ono1e



2.3. E&iomoeig 200 Badpon 35

A=0 = 70> +420-49=0 = o’ +60—-7=0 = a=-7 | a=1.
Emopévogywwa=-7 11 a=1n e&lomon &yet dumhn pila.
4. Av 10 p givan pia g e&icmong, Tote 1oy vEL ap2 +Bp+y=0.
Eivor p # 0, apo¥ v # 0, ondte éxoups
+p

ap +Bp+y= O<=>(x+B +y =0 = ( )+a 0.
p P p

7oV onuoaivetl 6Tl To % etvan pila g e&iowong yx +pBx+a=0.
5. 1) log tpomoc:

H g&iocwon etvar opiopévn ya x # 0. Me autdv tov meploptopd Exovie
x+l=a+1— - X— OH-l ——0

a X a X

—a

PN x—(x+

—0 - (x—a)(l+1)=0

ax ax

- (xa)(aXJrl):O

ax

ex-0=0 M ax+1=0 < x=a 1 X=—

206 TpOMOC:
H e&icwon eivar opiopévn yuo x # 0. Me avtdv Tov neplopiopd £XOvpLE
2
x+logel o x Lil oo 1+fl=0 )X—O
a X X a o

e ax—at+(1-0)x=0 = ax’— (&’ = x—a=0.
Elvar A = (oz2 - 1)2 —4o(—a) = ot =207+ 1+40’ =o' +2a+ 1= ((x2 +1)
omote M elomon €xet dHo pileg Tig

7(12—1+(x2+17 7(12—1—(12—17
X=——————=0 Kol X,=—————=—

1
2a 20 a
ii) log Tpdmoc:
H e&icwon eivar opiopévn yua x # 0 Me autdv Tov TePLopIcHo £OvUE

xye_o B x B_a @ (X B)= o (B 1)

(xxBaaan X

clix_py=qo[X=P
a(x ) a(ﬁx) o ﬁ)(a Bx) 0
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= x=B A i=l—wx=B f Bx=a’
Bx «
(1.2
=x=p N x=—.
p

Emopévac n e&iocwon €xet pilec tovg aptBpoie B kot a_;.
20¢ 1pémoc:
H e&icwon givar opiopévn yo x # 0. Me atdv 1oV TEPLopIopo £XOVUE
x,o_oa B QBX§+a|3xg=a|3x LI oszg
a x B « a X B o
o Pt ap=ox+Bx = P —Px+a’B-o’x=0
= Bxx—B)+a’(B-x)=0 = (X—B)(Bzx—az)zo

o x=p 1 px=c’ex=p f x=L

5
Enopévag n e&icwon €xet pileg toug apBuovg P kot a—z.
3oc¢ 1pdmoc:
H e&icwon eivar opiopévn yuo x # 0. Me avtdv Tov meplopiopd £ovue
x,o_o B opx X4 afx g=aﬁxg+aﬁx B
o x B a a X B o

P sz + aZB =o’x + Bzx - sz - (a2 + Bz)x + aZB =0.
Eivan

A= (az I Bz)z _ 40‘2[32 =+ B4 n 20‘2[32 _ 4(12[32

— o+ Bt 20 = (oF — B

* Av o # = n e&iowon £yet dvo pileg Tig

:az_,’_BZ_,’_aQ_BQ 2(12 (12

X =—F = F === =2 xm
2B 2B B

XZmz_i_[}z_otz_i_ﬁz=£:B

? 28 3B

* Av o =p 1 a=—P tote 1 e&icwon €xet ot piCa, ™V
2 2 2 2 +RY
(AP 207 o’ (*B) g
262 B B
6. 1) 'Eyovpe
A=4)7—4(-8)=41>+32>0 v k6B A O R. Avtd onpaivel 6t 1 e&i-
owon £xet pileg mpaypaticég yio kabe A O R.
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ii) 'Eoto x,, X, ot pileg g e&locmong pe x, = xlz. And tovg Tomovg Vieta
€yovpe
* X, +X,=2A = X +X122727\, Ko
oX, X, =8 = X, =-8 = x, =2, onbre X, = (-2)" = 4.
Tote &qovpe
2+4=2\ = 2A=-2 = A=-1.

7. 'Eoto x — 1, X, X + 1 tpeig dwwdoykoi aképarot. Ot apiBuoi avtoi anote-

AovV TAeVpEg opBoywviov Tprydvov av Kot Lovo av oyvEL
x+ 1)2:x2+(x— 1)} e xX’+2x+1=x"+x"—2x+1

o X —4x=0 = x(x—4)=0

= X =4, apob X # 0 mg TAeVPA TPLYDVOUL.
H Mon x = 4 g e&lowong sivar povadikr|. Enopévag vrdpyet pio poévo
TPLAd0 SL0BOYIKMY aKEPAI®Y TTOL gival PKT TAELPOVY opHoywviov Tpryd-
vov. Ot aképaiot avtoi tvar o1 3, 4 ko 5.

8. To euPadov E; tov otawpod mpokdmtel 4 E N r
a6 to abpotopa TV eUPaddv TV dVo d
AeVKGV APidmv TG onuaiog amnd To
omoio OU®G TPETEL VO APOIPEGOVILE TO o d 0 M 4
guPadov Tov kowvov teTpayd@vov (OMIZ) i A Ii
mhevpdc d. Eivar dnhadn E T K
E =3-d+4-d-d"=7d-d

A H (e] B

'Eoto E, 10 epfadov tov vmoromov pé-
povg ¢ onuaiog. O woyvel E, = E, av
Ko puovo av 1o E| etvar 160 pe 1o ued tov euPoadod oAdkAnpng g onuoi-
ag. Emopévag épovpe
B=E, o 7d-d¢ =32 o d-7d+6=0-d=1 1 d=6.

Opomg ywa to d égovpe tov mepropiopd 0 <d <3, ondote d = 1.

9. Av 1o pnydvnuo A xpeldletol X MPES Yo Vo, TEAELDOEL TO £PYO0, OTAV EPYQ-
Ceton povo tov, 10te 70 B Ba ypetdletar x + 12 dpeg yuo 1o id10 épyo. Ze

pio dpa o A ektelel toTE TO ~ HEPOG TOV EpYoL evdd TO B extelet 10

HEPOG Tov €pyov. Av Ta dVo pnyoviuote gpyactodv pali yuo 8

x +12
®peg, T0te T0 A extelel 10 8 % = % HEPOG TOV €pYOV, evd To B extedel T0
8 Dli = HEPOG Tov £pyov. Av mpocBécovie Ta 600 avTd LEPT

x+12 x+12
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oV £pyov Ba €yovpe oAdKANPo TO épyo dniadn to 1 €pyo. ‘Etol £xovpe
v g&icwon Tov TPoPAaTOC

8, 8

X x+12

=1 « 8(x+12)+8x=x(x+12)

- 8X+96+8x=x"+ 12X = X —4x—96=0.
Eivor A =16 — 4(-96) = 400, omdte
x=3720 _ 15 5 x=4-20_ ¢
2 2

Eivor onAadn x = 12, apod x > 0. Eropéveg to unydvnua A xpealetor 12
DPES YO VO TEAELDGEL TO £PYO LOVO TOV, VD T0 B ypetdletar 24 dpec.

10. O apBpog 1 givar pila av kot povo av erodndevet v e&icoon dniodn

oV K0l LOVO OV 1oYVEL
1'~10-1’+0a=0 = a=9.

o a =9 n e&icwon yiveton

x'=10x> +9=0.
Av Béoovpe X' = y 1 e€lowon yivetan

¥y =10y +9=0.
Avtn éxel pileg Tovg aptBpovg 9 kot 1 omdte xovpe
X’=9 4 xX’=1=x=3 9 x=-3 4 x=1 | x=-1.
Emopévag n apykn eElomon éyxet pileg tovg apBuovg 3, -3, 1, —1.
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§ 3.1. Avicoozig lov BaBpod
A" OMAAAX

1 i) x—1 +2x+3
4

<§ﬁ 6(x — 1) +3(2x +3) <2x

= 6X—6+6x+9<2X = 6x+6x—-2x<6-9
= 10x<—3=»x<—i.
10
iy 22124 X L300 Lo 12)+2x 3> 4x
2 2 4 = 2x—24+2x+3>4x
= 2Xx+2x—4x>24-3 < 0x>21 advvot.
iii)x_2+1_2x < X 2

-2 e 5x—-10+2-4x<x-4
5 10 5

o 5x—4x-x<10-2-4

= 0x <4 mov aAnBevet yuo kébe x O R.

2. *3x—1<x+5 o 3x—x<1+5 o 2x<6 = x<3.
'27%§x+17@47x§2x+1@f3x§f3~=>x21.
< 1 -
é N >
x' 1 3 X
Apal<x<3.
3o x— L Xyl Lok 1>x+2e 2x—x>142 < x>3.
2 2
ex—leX ] L3k 1<x-3 o 3x-x<1-3c 2x<-2 o x<-I.
373

, -

-1 3

“YYyY

Apa 3V VITAPYOLV TLLES TOV X Y10 TIG OTOieg GLVOANBEVOLY Ol AVIGHGELS.
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4+ 2x— Xl oy o 16x—x+1>8x = 16x—x—8x>—1
8

P= 7X>—1 =S X>—l'
7

ex—4+XTl oo Lo grx+1<0
2

e 2X+x<8-1e 3x<T e x<’.

A

X
7/3

~ O

.\3
“YY

Ot avicwoelg cuvainBevovy yuo X O (—17, %). O axépateg TéS Tov X
610 diotnpo ovtod etvar ot 0, 1, 2.

5. Dx|<3 = -3<x<3.Apax0(-3,3).

ix-—1<4 e 4<x-1<4 - 1-4<x<1+4
= —3<x<5. ApaxO[-3,5].

i) 2x+ 1] <5 & 5<2x+1<5 « —=5-1<2x<5-1
e 6<2x<4 & 3<x<2.Apax0O(-3,2).

6. )X|>3 = x<-3 f x>3.ApaxO(-w,-3]0[3,+o).

ix-—1>4x-1<4 1 x-1>4 < x<-3 7 x>5.
Apax O (-0, -3) O (5, +00).

i) 2x+1/>25 « 2x+1<-5 1 2x+1>25 < 2x<-6 1 2x>4
= Xx<-3 1 x>2.Apax0d(—00,-3]0][2,+o0).

7. 1) Ao tov opIopo TG amOAVTNG TIUNAG EYOVpE o = a < a>0.

Emopévag 2x —6]=2x—6 < 2x—6>0 < 2x>6 < x>3,
i)3x—1=1-3x = 3x-1<0 = 3x<1 = XS%.

|x71|74+§<|x71|

8 i
) 2 3

o 3(x—1]-4)+10<2x~1]| =

e 3x-1]-12+10<2x-1| « x—-1]<2
e 2<x-1<2 « -1 <x<3.Apax0(-1,3).
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i P2 LI (x4 1) - 4> 201 - )
2 3 = 3x|+3-4x|>2 -2/
= 3x|—4x|+2x|>2-3
= [x] > -1 mov aAnbevet yio kabe x O R.

9. VX’ —6x+9<5 < | (x-3)"<5« |x-3|<5

e 5<x-3<523-5<x<5+3 = 2<x<8.
Apax O[-2,8].

10. To kévtpo tov dotipatog (— 7, 3) glvat to TH3_ 2.

‘Eyoopex0(-7,3) « -7<x<3 & —-7—-(2)<x—-(-2)<3-(2)
o TJ+2<x+2<3+2
e 5<x+2<5 = |x+2|<5.

1. 41§%c+32550 - 41—325%0550—32
- 9S%C§18 ~5<C<I0.

B° OMAAAX

1. )3<4x-1<6 « 3<4x—1«km4x — 1 <6. Znthpe eNOUEVOS TG TULEG
TOL X Y10 TG omoieg cuvaAnBedovv ot avicmoelg 3 <4x — 1 ko 4x — 1 <6.
e3<4x -1 = 4<4x = 4x>4 = x> 1.

cdx - 1<6 = 4x<7 = XS%.

=YYy

‘
1

i

2 Z
Apax0O[l, 4].

i) 4<2-3x<-2 « 4<2-3x ko 2-3x<-2.
*4<2-3x = 3x<6 = x<2.

¢2-3x<-2 & 3x<-4 < xz%.

A

=
(%Y Sl
=YY

Apax 0 [%, 2].
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2. )2<x|<4 = 2< x| xou [x|<4.
2<X| = [X|22 &« x<-2 1] Xx=2.

x| <4 « 4<x<4.

= & /3 <
v’ 4 -2 2 4 X

Apo x O[-4, 2] 02, 4].

)2<|x-5<4 = 2<[x-5] xu [x—5/<4.
2<|x=5 e x=5|22 = x-55-2 1 x-522=x<3 | x=>7.

*x—5|<4 o 4<x-554 = 5-4<x<54+4 < 1<x<0.

[

—— U
1 3 9

7

“Yy

Apax0O[1,3]0[7,9].

3. 1) O ap1Budc mov avtiotolyei oto péso M tov AB eivar o:
2

i) Av P givor 1o onpeio tov XX 1ov avTioTolyel og Ao TG 0vicwong, TOTE:
x=5<|x+3] « dx,5)<d(x,-3) « PA<PB.

1

X

. d ~ .
X A-3) M B(5) Px)

dx,5)

“yY

dix-3)

Avto onpaivetl 6tL to onpeio P PBpioketar mpog ta de&1d tov pécov M
tov AB. Enopévac, ot AMoelg g avicmong ivar ta x 0 [1, +00).

iii) "Exovpe:
x-5|<[x+3] < |x75|2§|x+3|2 e X —10x+25<x’+6x+9
= —16x<-16 = x>1.

4. 1) O ap1Bpdc mov avtiotoryel oto péso M tov AB givar o:
2
ii) Av P eivon to onueio tov XX mov avtictoyel otn Avomn x g e€lom-
one, TOTE EYOVE
Xx—1+[x=7=6 < d(x,1)+d(x,7)=6 = PA+PB=AB.

4

Xo
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3.2. Avicwoeig 20v Babpod

R \

x' A',_f}j f’(x} 5(7,'

=y

de, 1) dx.7)

Av16 onuaiver 611 to onueio P givon onpeio tov tuipatog AB. Emopé-
Vg, o1 Aacelg g e&icoong eivor ta x O [1, 7].

ii1) ZynuotiCovpe TOV TVOKO TPOGHLOL TV TAPACTACE®V X — 1 Ko X — 7.

X —00 1 7 +00

x-1 — 0 + +
x=T7 - = 0 *

Awokpivoovpe Tpa TIg oKOAoLOES TEPIMTOGELS:

e Avx 0 (—00, 1), TOTE:
X—1+x=7=6 « (1-x)+(7T-x)=6 < x =1, mov anoppinteTol
S0t 1 O (oo, 1).

«Avx 0O[l,7), tote:
x—1+]x=7=6 « (x—1)+(7—%x)=6 = 0x =0, mov wydel y1o.
k&Be x O[1, 7).

e Avx O[7, +), té1€:
x-1]+[x=7=6 « (x—1)+(x—-7)=6 < x=7, mov gival d¢-

Kt 61071 7 O [7, +00). Emopévamg, | e&icwon ainbevet yio x O [1, 7].

§ 3.2. Avic®ozig 20v fabpod

A" OMAAAX
1. 1) Ot pileg Tov TpLOVLLLOL x> —3x + 2 givat ot pileg g e&iowong
X =3x+2=0.
31

'Exouus:x273x+2:0@x: ex=1 1M x=2.

Apax’—3x+2=(x—1)(x—2).

ii) 'Exovpe: 2x°-3x-2=0 o x=

Enopévog
2x°—3x-2=2 (x+17) (x—-2)=(2x+ 1)(x-2).

2
X=3x42 _ (x=Dx=2) _ x=1 x¢2,x¢_17

2. 1) Eivou:
23 -3x-2 (2x+1)(x-2) 2x+1
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i) Eyovpe: 2x° +8x —42=0 o x° +4x—21=0
Eneion A = 4* -4 (-21) =100, Ba givan

4 %10 3
X127 5 > g

Emopévac 2x” + 8x — 42 = 2(x + 7)(x — 3).

2 8x—42 _2(x+7) (x—3) _2(x—3)
C o xXP-49 x+7)(x-7) x-7

Apa

, X £+,

iii) « ' v e&icmon 45— 12x +9=0, &yovpe

A=12"—4-4-9=144—144=0, Xu:%:%(&nkﬁ).

Enopévac 4x° — 12x +9 = 4(x — 12)2 —(2x-3).

1
+
.Flatnv2x2—5x+3=0, A=25-24=1,x,,= %é 3
2
Emopévag 2x” — 5x +3 = 2(x — 33)(74 -D=02x-3)(x-1).
2 2
Apot4)4712x+9: (2x-3) :2X73,x¢]’x7ﬁi
2 5x+3  (2x-3)(x-1) x-1 2
3 2 28 - 3
3. Dx —2x—-15=0, A=64, x, ,= Z
’ 2 -3
X —o0 -3 5 o
x*=2x-15 £ 0 o 0 +
i) 4x* —4x + 1= (2x — 1)?
x —o 1/2 e
4x* —4x+1 + 0 +

fii)x’—4x+13=0, A=16-4-13=16-52<0, a=1>0.

X —o0 +a0

X’ —4x+13 +

4. 1) To TpidvLHO x> +4x -3 éxet a = —1 ko pileg Ti¢ pileg g e&iowong

+2 53
44X -3=0 = X —4x+3=0 = x,,= 4;21, |
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X —a0 1 3 +00
—x*+4x-3 - 0 + 0 -

ii) Exovpe —9x” + 6x — 1 = —(9x° — 6x + 1) =—(3x — 1)°. Enopévac

X —o0 1/3 +00
—9x% +6x—1 - 0 -

iii) To TpudvLpo X" +2x -2 ExetA = g 4(-1)(-2)=4-8=-4<0xm
a=-1<0.

X —00 +a0

x> +2x-2 -

5. 1) Eivaw 5x° <20x < 5x°—20x <0 < 5x(x—4)<0.

To Tpudvopo 5x° — 20x éxera=>5>0 ko piCec x, =0, x, = 4.

% —0 0 4 +00
5x2 —20x + 0 i 0 +

Apax O[O0, 4].

ii) Eivau: x2+3x§4 = x2+3x—4§0,

To Tpudvopo x> +3x—4 éxero=1> 0« piCecx, = 1, x, =—4.

5 —o0 —4 1 +00
x> +3x—4 + 0 - 0 +
Apax O[-4,1].

6. 1) To tpidvvpO X—x-2 éxera=1>0 ko pilecx, =2, x, =—1.

x —0 -1 2 +o0

X—x=-2 + 0 - 0 +

Apax O (-0, —1) O (2, +00).

i) To Tpudvopo 2x°—3x-5 éyero=2>0wou pileg X, = 57, x, =-1.
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X 1 > +00
P —00 L ——
2
2x? =3x-5 + 0 - 0 +
, 5
Apax O(-1, ).

7. 1) Eivau X H4>4x o X' —4x+4>0 < (x—2)2>01[01) aAnBevet yio kébe
xORpex#2.

ii) Eivat: X’ +9<6x = X' —6x+9<0 = (x—3)°<0 = x=3.

8. 1) To tpidvvp0 X +3x+5 xeta=1>0kau A=-11<0. Apa eivor Oeti-
k6 yio k6Be x 0 R kot 1 avicwon x> +3x +5 <0 eivan advvar.

ii) To Tpidvopo 2x° — 3x + 20 £ eta=2>0kuA=-151<0. Apan avi-
p 2 X

owon 2x” — 3x + 20 > 0 adndedet yio ke x O R.

9, 'Exonusf%(x274x+3)>0 - X' —4x+3<0.

To Tpudvopo X —4x +3 &eta=1>0«kom pilecx, =1,x,=3.
1 2

X —00 1 3 +o0
X —4x+3 + 0 - 0 +
Apax O(1,3).

10. ‘Exovpe2x — 1 <x*—4<12 = 2x—1<xX’ —4 ko x" —4<12,
«Eivor: 2x—1<x’—4 & X’ =2x—3>0.
To tprdvopo xX’—2x-3 éxera=1>0xo piegx, =3, x,=-1.

X —o0 =] 3 +00
x*-2x-3 + 0 - 0 +

Emopévog X’=2x-3>0 = x 0 (=00, —1) O (3 +00).

«Bivo: X’ —4<12 = x>~ 16<0.

To Tpidvopo X —16 &xera=1>0«xom pilegx, =4, x,=—4.
1 2

X —0 —4 4 +a0
x' =16 -2 0 & 0 +

Enopévag X' — 16 <0 = x 0 (-4, 4).
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[ \
| A X 4 5

X g -] 3 4

“yy

O1 800 avicwoelg cuvoindevovv yioa x O (-4, —1) O (3, 4).

11. 'Exovuax2—6x+5<0 = x0(1,5) ko
X —5x+6>0 = x0(-00,2)0 (3, +o0).

L1

4 N
3 9

[
= 4
1

(Yo

“YY

Apax0(1,2)0(@3,5).

B" OMAAAX

1. i) H ntopdotaon o + afy — 2[32 =o + Bra— 2[32 glvat évo TpLOVORO pE pe-
tafAnt 1o o. To Tprdvupo avtd £xetl dakpivovca
P3P
2 2B

A=B’—4 - 1(-2p") = 9p* > 0 kau pices a1, , =

Emopévag o + aff — 2[32 =(a+2B)(a—P).
* Opoimg n Tapdotach o — of — 6[32 =o' - Bra-— 652 glvat éva TpLdVL-
po pe petapint to o. To tpidvupo avtd Exel dokpivovca

3
A =B -4 1(—6B>) = 258" kau pileg 03 4= BZSB < —SB
Enopévac o — ap — 6% = (o + 2B)(a — 3p).
i o +ap—28’ _ (a+2B)(a—P) _ a—B . 0.#3B, 0 # 2P

o —ap—pp° (@ +2B)(a-3p) o-3pB

2. 2x°+ (2B —a)x — ap =0.
A=QB-a) —4-2(-op) = 48" — 40P + o’ + 8af
=4B% + 4aB + o’ = (2B + ) > 0. "
_(2B-)x(2Btao) ~

Ot piCeg g e€icoong eivon x; , = 4 >

Apa 2x% + 2B-a)x—of =2(x— %)(x +B)=02x—a)x + ).

3. *’Eyoupe x> —ax + Bx—af=x(x—a)+Px—a)=x—-a)x+p).
* To tpudvopo x> = 3ax + 20 el pileg x, = a ko X, = 20,
omote X — 3ax + 20° = (x — a)(x — 20)). Emopévamg
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X —ox+Bx—af _ (x—o)x+B) _ x+P

, LEX £ 0, X # 20.
X —3ox+ 20 (x-a)(x—-20) x-2a

4. H dwxkpivovca g e&icwong etvan
A=907—4-L-(L+5)=90"— 40" — 201 = 51" — 20A.
H dwaxpivovca givatl éva tpidvopo pe petofint A, o =5 > 0 ko pileg
A =0xod,=4.

A —0 0 4 +00
52 =202 + 0 - 0 +

Emopévmg n dobeica e&icmon

1) et pileg ioeg, av A =4, 5101t A # 0.

ii) éyet pieg avicegav A # -2 pe A< 0N A >4,
iii) givar advvotn av 0 <Ak < 4.

5. To tpidvopo X2+ 3Ax + A geta=1>0ku A= 9\ — 4.
I va givar x” + 3Ax + 4> 0 v ké0e x O R, mpéner A <0.

‘Exoope A<0 < 92— 41 <0 < AOOL—4)<0 « m(o,%.

6. )A=(20)"—4-3L- (L +2)=40"— 1207 — 24k = -8\ — 24
A<0 o —82—241<0 o 87 +241>0 = > +34>0
e AMA+3)>0 = A<-3 1 A>0.

ii) H avicwon (A + 2)x2 —2Ax + 3A <0, A # -2 aAnBevet yio k4B x O R, av
Kot povo av A <O koA +2<0 « A<-3qA>0 koA <-2.

< \ >
= "»—&r—-j >
X -3 -2 0 X
Apa A <-3.
7. Av x givor n mhevpd Tov A z r 4 r
€vOG TETPOYDVOV, TOTE M
mAevpd Tov dAlov Ba givor M,
3 —x kot Gpa to aBpoioua
TV gUPaddV TV 600 TE- H 77 (0] M,
Tpay®vev Ba givat ico pe 1 1
x2+(3—x)2=2x2—6x+9. 4 r E B a N; N; B

Enopévog, yio va gtvorl to a0potspo Tov uPadmv TV oKIOCUEV®Y TETPO-
YOVOV KPITEPO amd S Oa mpémel va 1yvEL:
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2% —6Xx+9<5 & 2 —6x+4<0 o X°—3x+2<0 o 1<x<2.

Apo 10 M Qo mpéner va Ppicketon avdpeso ota onueio M, kou M,, ta
omoia ympiCovv ) dwydvio Al og Tpia ica pép.

8. 1) H napdotoon o - off + [32 =o' — B-at [32 glvor tprdvopo @g pog a. To
TPLOVLHO aVTd €xet Stakpivovoa A = (—B)2 —4-1- [32 =-3 B2 <0. O ov-
VTEAEGTNG TOV o’ givar 1> 0. Apa

az—B~a+B220,yla(')7»(xwa,BDR.

2 2
i) Exyoope A= a B 1= “-aptp . Emopévog
p «a afp
* Av a, B opdonpot, tote A > 0.
* Av a, B etepoonpot, tote A <0.

§ 3.3. AVIGOOELS TIVOIEVO KUL OVIGDGELS T AIKO

A’ OMAAAX
1. 'Exovpe: 5
¢2-3x>20 e 2>3x = 3x<2 o x<=.

3
X -x-220 e (x+1)x-2)>0 = x<-1 § x>2.

eX’-x+120 - xOR (agod A=1-4=-3<0).

x —o0 -1 % 2 +c0
2-3x + + 0 - -
xt—x-2 + 0 = — 0 +
x*—x+1 + + +
P(x) + 0 - 0 0 -
2. 'Exovpe:

cxX’+420 = X' ~4<0 = (x+2)(x-2)<0 « 2<x<2.
X -3x+2>0 - (x—1)(x-2)>0 = x<1 | x>2.
X +x+1>0 = xOR (agob A=-3<0).
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X —o0 -2 2 +00
-x’ +4 - 0 + + -
X' =3x+2 + + = +
X+ x4+l o + + +
P(x) = 0 + - 0 -
3. 'Eoto P(x) = (x — 1)(x* +2) (x° = 9). Exovpe:
*x—-120x2>1.
exX’+2>0 = x OR.
exX’=9>0 o (x+3)(x-3)>0 = x<-3 | x>3.
x —0 -3 3 +00
x-1 - +
X +2 + +
X' =9 + 0 0 +
P(x) = 0 0 +

Apa (x - DX +2)(x* = 9)>0 < x 0(-3, 1) 0 (3, +o0).

4. 'Eoto P(x)=(3 - )()(2)(2 + 6X) (X2 + 3). 'Eyovpe:

*3-x>0 = x<3.

2 +6x>0 « X +3x>0 « x(x+3)20 = x<-3 1| x>0.

exX’+3>0 - xOR.

X —o0 -3 3 +o0
3-x + + -
2x% +6x + 0 + +
x*+3 - + +
P(x) + 0 + 0 -

Apa (3 —X)(2x” + 6x)(x° +3) <0 < x 0[-3,0]0[3, +o0).
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5. ‘Eoto P(x) = (2 —x — x°) (x° + 2x + 1)."Exovpe:
2-Xx-X20 e X +x-2<0 = (x+2)(x—1)<0 = 2<x<1.
X’ +2x+120 = (x+ 1Y 20,
omote (x + 1)2>0, vy x #—1 ko (x + 1)2=0’Yl(1X=—1.

X —o0 = =l 1 +00
2—x—x° - 0 + + 0 -
X +2x+1 + + 0 + +
P(x) - 0 4 0 + 0 =

Apo(2-Xx— X)X +2x+1)<0 o x 0O (-00,—2] 0 {1} O [1, +o0).

6. 'Eoto P(x) = (x — 3)(2x° + x — 3)(x — 1 - 2x°) > 0. 'Exovpe:
ex—-3>0 = x>3.
2 +x-320 o 2(x+%)(x—1)20 - XS—% qox>1.
°x—1—2x220«:—2x2+x—1zO,novsivmaéf)vam,a(poi)A=—7<O,
oa=-2<0.

X —o0 —E 1 3 +00
%
x=3 - - - 0 +
237 +x-3 + 0 - 0 + +
x—1-2x - - - -
P(x) £l =l el

Apa (x —3)2x° +x—3)(x—1-2x)>0 = x 0 (-0, —%) 0(1, 3).

7. i) X=2

>0 o (x+1)(x-2)>0 & x<-1 § x>2.
X+

2x+1

X —

ii) <0 = 2x+1D(x-3)<0, uex#3

1
Aad *7§X<3.

X —x-2 2 2 2
8. 2750 o (X —x-2)x +x-2)<0, pex +x-2#0.
X +x-2

"Boto P(x) = (x — x — 2)(x° + x — 2). "Exovpe:
X —x-220 e (x+1)(x-2)>0 = x<-1 {4 x>2.
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X +x-220 = (x+2)(x—1)>0 = x<-2Hx>1.

X —c0 -2 -1 | 2 +c0
X —x=2 + + 0 - - 0
X +x-2 + 0 - - 0 +
P(x) + 0 = 0 + 0 - 0
X —x-2
Apa 2750 - x0(2,-110(1,2].
X +x-2
B° OMAAAX
1. i) 2x+3 4 o 2x+3 450 o 2x+3-4x+4 >0 o 2x+7 >0
x—1 x—1 x—1 x—1
e 2T o Ox-T)(x-1)<0 = 1<x<_.
X — 2
i) Xx—2 <4 - x—2 _4<0 L Xx—-2-12x-20 <0 L —lx-22 <0
3x+5 3x+5 3x+5 3x+5
S UXFT22 56 L 1 (x+2)Bx +5)20, pex#—>
3x+5 3

, 5
= X< >_=
X 2 Nx 3

Apo x 0 (-0, -2]0 (—%, +00).

2 2 2
2. x—3x—10+2<0©x—3x—10+2x—2 S0@){—){—12 <0

x—1 B x—1 x—1
o (X —x—12)(x—-1) <0, pex#1.
‘Eoto P(x) = (x” — x — 12)(x — 1)."Exovpe:
X —x-1220 = (x+3)x-4)>0 = x<-3 § x>4.
*x—1>0 = x>1.

X —0 -3 1 4 +o0
Xt —-x-12 + 0 = 0 - 0 +
x—1 = - 0 +
P(x) - 0 + 0 - 0

Apo x O (—o0, 3]0 (1, 4].
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< = - <
3x-5 x-1 3x-5 x-1 Bx-5x-1)

3. i) X . 2 X 2 0 _ x(x-1)-2(3x-5) <0

®x27x76x+10 <0 - X —7x + 10 <0
(Bx-5)(x—1) (Bx-5)(x—1)
o Bx=5)(x-1)E=Tx+10)<0, uex#1, x# %
‘Eoto P(x) = (B3x—5)(x — 1)(x2 —7x + 10).’Exovpe:
-3x7520wx2%.
*x—-1>0=x>1.
X’ —7x+1020 & (x—2)(x-5)>0 = x<2 § x>5.

5
X —0 1 = 2 5 +00
3
3x-5 - - 0 + + +
x-1 s 0 + 4 F +
X =7x+10 + + + 0 - 0 +
P(x) + 0 - 0 4+ 0 - 0 +
Apa — > < o (3x=5)(x— (x> -Tx +10) <0,
3x-5 x-1

x#l,x#% - xD(l,%)D[z,S].

i) X o 3 o X 3 >O@x2+2x—6x+3 >0
2x—1 x+2  2x-1 x+2 Qx-1)(x+2)
2
X —4x+3 >0

@x-D(x+2)
P= (X2—4X+3)(2X_1)(X+2)20, ugxi_zax;é%‘

‘Eocto P(x) = (x2 —4x+3)2x — 1)(x +2).

1
x —0 -2 = 1 3 400
2
x’ —4x+3 + + + 0 - 0 +
2x -1 = = 0 + + +
x+2 - 0 + + + -
P(x) + 0 - 0 + 0 - 0 +

Apax 0 (-0, ~2) 0 (-, 11003, +99).
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, x+1 x+1 . x+1
4. 'Eyovpe: >2 <2 1 >2,x#0.
X X X
. x+1<_2 L xtl +2<0 o 3x+1 <0
X X X
o Bx+Dx<0 o —%<x<0.
NSRS SO S ) SN [P S N SR St 1Y
X X X X
= X(x—1)<0 = 0<x<I.
Apox O (f%, 0)0 (0, 1).
5. T va €xel n topeio kEPdOC Tpénel vo 6000 va eival TEPIOCOTEPO OO

70 KOGTOG:
E>K & 5x—X'>7-X = 5Xx-X ~7+x>0
o X +6x-7>0 o X’ —6x+7<0.
O pileg Tov Tprwvipov eivar X, =3 — V2 xa X, =3+ V2. Enopévag
X —6x+7<0 < 3-V2 <x<3+V2.

1M, TPOoEYYoTIKA, 1,59 <x <4,41.

2
20t 20t—4t"— 16 >0

"Exovpe: 220t >4 o ——-4>0 S
t"+4 t"+4 t+4
2 2
_ACH20t-16 40201416 _
' +4 ' +4

o AE -St+HE+4) <0 = 1<t<4.



KEDAAAIO 4
BAXIKEXZ ENNOIEX TON XYNAPTHXEQN

§ 4.1. H évvora g svvaptnong
A" OMAAAX

1. 1) Ipénetx — 1 #0, dnradn x # 1. Apa 10 medio opiGpoD TG GLVAPTNONG
givar to: R— {1} = (-0, 1) O (1, +o0).

i) TIpémet X" —4x #0 « x (x—4)#0 = x # 0 ko x # 4.
Apa, T0 medio opiolov TG cuVApTNOoNG £ivar TO:
R- {054} = (7009 0) u (05 4) u (49 700)'

iii) [Ipénet x>+ 1#0 mov woyveL TavToTte. Apa, To TESI0 OPIGHOV TG GL-
vaptnong eivat 6A0 10 R.

iv) [pénet [x| + X #0 = [x| #—X < x> 0.
Apa, 0 medio oplopov T cLVEpPTNONG Eivar To GUVOAO (0, +0).

2. )IIpénet:x—1>20kn2-x>0 « 1 <x<2.
Apa, 10 medio opioov g cuvdpTnong sivat to chvoiro [1, 2].

i) Tpéner X’ —4>0 = x<-2 § x>2
apov o1 pileg Tov TPLOVOLLOL x> — 4 givor ot apBpoi —2 ko 2.
Apa, T0 TEGI0 OPIoLOD TNG CLVAPTNGTNG EIvaL TO GUVOAO (—00, —2] O [2, +00).

ii1) Opoiwg, To medio opropov TG cvvapTnoNg givar To chvoro [1, 3] apov
o1 pieg Tov TprwvLLOL Kot o1 apdpol 1 ko 3.

iv) Ipénet VX -140 o VxZ1 o x>0k x# 1.
Apa, 10 TEWi0 0PIGHOD TNG GLVAPTNONG £ival TO GHVOAO

3. Eivau
f(-5) = (-5)’ =—125.
f0)=2-0+3=3.
f6)=2-6+3=15.

4. i)’Eoto x 0 {(ntovpevog uotkdg aptBpog. Tote, o tHmog g cuvapmong
Bo Tpokdyel g eENG:
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+1 -4 + X2
X — x+1 — x+1)-4 — (x+ 1)4+x2.
Emopévac, Ba evan f(x) = (x + 1)4 + X' =x'+4x+4= x+ 2)2
SnAadh f(x) = (x +2)%, x ON. (1)
"Eto1 0o éyovpe f(0) =2° =4, f(1)=3" =9, f(2) =4’ = 16 ka f(3) = 5° = 25.

i) Emedn x > 0, &yovpe:
VEX)=36 - (x+2)Y =6 o x+2=6 < x=4.
vV x)=49 = (x+2) =7 < x=5.
v f(x) =100 = (x+2)*=10" = x=8.
v f(x)= 144 = (x +2)*=12% = x = 10.

5. i) T x # 1 égovpe:

fx)=7 = 4+ +5=7 « % =
x—1 x—1

=2x-1)=4 e x-1=2 = x=3.

i) 'a x # 0, 4 €yovpe:
2
g)=2 < % 16 _, _ (x=Hx+4) _,  xt4_,
x* —4x x(x—4) X

o X+4=2x = x=4, advvarn.

iii) T x OR épovpe:
1 1 _1 2 2 ,
hx)=— < =— e X t1=5ex"=4 < x=21x=-2.
(X) 5 X2+l 5 n

§ 4.2. I'pagwki] TOpaoTOGY CLVAPTNONG

A" OMAAAX
1. Ta onpeia ivar omotvmoPEVE 6TO StTAOVO "
YO 2
A
o1 T ¥

2. Tlpéner2 <x <5kl <y<6.
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3. To ovppetpwod tov A(—1, 3), A
1) ©g Tpog Tov G&ova X X givar To B(—1, -3) A | 4 A=
ii) @G mpog tov a&ova y'y eivar o A(1, 3) | '

iil) g mpog tn dryotépo g yoviag xOy

givar 1o E(3, -1) O I N x
iv) og Tpog TNV apyn Twv aEovav ivol /] | E
0 (1, -3). AL

4. Mg Bdon tov tomo (AB) = V(xz —x1) +(y—y) g omdoTAGNS TOV O1)-
peiov A(x,, y,) kot B(x,, y,), éxovpe

i) (0A)= V4 +(2)> =V20=2175.

i) (AB)=1@3+1)2+@-1)" =V4+3* =725 =5,
iii) (AB)=V(1+3)>+0° = 4.

iv) (AB)=V0*+ (4 + 1)> = 5.

5. 1) Eivon
AB)=V(@d-1)°+(2-2) =V3+4 =5,

AN =V(3 -1y +(5-2)>=V4#+3 =5,

BN =V(3-47+5+2° =27+ =772,
A
Apa, (AB) = (AT), omote t0 Tpiywvo ABI etvon 1606KeAES e kopuen| TO A.

i) Etvan
(AB)= \/(,1 “DP+A+1)’= V2 @2 =212, ondte (AB)* =8.

AD)=1@-17 +@+1)* =12 (8> =3V2, onote (AI)* = 18.

BN = V@ +17+@2-1)* =126, onéte (BT) = 26.

A
apatnpodpe ot (Bl")2 = (AB)2 + (AF)Z. Apa 10 tpiyovo ABI eivar
opBoydvio, pe opbn yovia v A.

6. Eivon

(AB)=1(5-2)"+(1-5)* =5.
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BN =V2-57+(3-1)>=5. )
A(2,5)
@A) =V (127 +(1+3)> =5. |
AA) =V 2+ 1) +(5-1)>=5.
Apa 1o teTpémievpo ABTA éyet AL/ | K B
OAEG TIC TAELPEG TOV {0EC, OMOTE >
, ; o1 X
glvat poppog.
Xyo0Mo: Apeca TPOKLTTEL OTL
10 ABI'A givan poppog, apov 4”2 3
01 SL0YDVIES TOV TEUVOVTOL T
KéOeta Kot dryotopovvTaL.

IIpéner

Df(2)=6 = 2°+k=6 - k=2.

i) g(-2)=8 = k(-2 =8 = k=-1.
iii)h(3)=8 = kV4=8 = k=4.

i) To medio opiopov g f eivar 6o o R.
*Tw y = 0 égovpe x = 4, ondte n y = f(x) téuvel tov X'X o010 onpeio
A4, 0).
* T x = 0 égovpe y = -4, ondte N y = f(X) tépvel tov y'y ot0 onpeio
B(0, —4).

Opoimg

ii) H g éxe1 medio opiopon 6Ao 10 R Ko TEpVEL
* Tov d&ova x'x oto onueio A (2, 0) kot A,(3, 0) ko
* tov a&ova y'y ota onpeia B(0, 6).

iii) H h éye1 medio opiopod 6A0 1o R kot
* &yet e Tov a&ova X X Koo onpeio o A(L, 0).
* Tépvel tov GEova y'y oto onueio to B(0, 1).

iv) H q éye1 nedio opiopov 6Xo to R kot
* dev €yel Kowd onueio pe Tov a&ova X 'X.
* tépvel tov Gova y'y oto onueio B(0, 1).

v) H ¢ éye1 medio opiopov to cvvoro [1, +o0), ondte
* &yel pe Tov a&ova X X éva povo koo onpeio to A(1, 0) kot
* dev &gl kowd onueio pe Tov aEova y'y.

vi) H y éxet medio opiopov 1o chvoro (—oo, —2] O [2, +0), ondte
* &xel pe Tov &ova X 'x 800 kowvd onpeia, to A (-2, 0) kot A,(2, 0).
* dev €xel Kowva onpeio pe tov aova y'y.
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9.

i) I'a x = 0 éyovpe f(0) =—1. Apan C,tépuver tov y'y oto onpeio A(0, —1).
Fwy=0éxovusx271=0 ex=-1 1 x=1
Apa n C;tépver tov X'x ota onpeio B (—1, 0) xon B,(1, 0).

fx)>0 = xX-1>0 = x+1)x-1)>0 = x<—1 § x>1.

10.1) f(x) =g(x) = X’ —5x+4=2x-6 = X' ~7x+10=0

_74V9 _7%3
2 2

Apax=51 x=2.

lNox=2,g2)=4-6=-2.

lNax=35, g(5)=4.

Apa ta ko onueio tov Cyxa C . glvan ta A(2, —2) ko B(5, 4).
i) f(x)<gx) « X —5x+4<2x—6 = X' —~7x+10<0

e X=2)(x-5)<0 o 2<x<5.

= X

§ 4.3. H cuvéptnon f(x) =ax + p
A" OMAAAX

1.

Onwg gival yvooto, yia 1o cuvieleatr] diebbvvong g evbeiogy = ax +
oYOEL: 0 = €QM, OTOVL ® &ival N Yovia Tov oynpotiletn y = ax + B pe tov
a&ova x'x. Emopévac, Bo éxovpe

i) epo = 1, omote © = 45°.

ii) epo = V3 , omdte ® = 60°.

iii) epo = —1, omdte @ = 135°.

iv) gpo = =V 3 , onote @ = 120°.

Av Bécovpe AX =X, —X; kot Ay =y, —y,, EXOVpE:

Da=Y-3=2_4

Ax 2-1
11)(x=A—y=717 =-1

Ax 2-1
111)0L=A—y=7171 =0

Ax 1-2
vya=Y-1=3_2_,

Ax 2-1 1

Y o)eg Ti¢ TepuTTMOElg 1 e€lowon TG gubeiag eivar TG popPngy = ox + .
i) Emedn a = —1 o1 f = 2, n e&icwon g gubeiog ivar: y = —x + 2.
i) Eneidn a =g 45° =1 xou B = 1, n e&iomwomn g evbeiag ivar: y=x + 1.
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4.

i) Emedn n evbeio eivor mapdAinin pe mv y = 2x -3 0a €yet iduo kAion
pe avtr, onote o eivar o = 2. Apa 1 {nrovpevn e&icmon givor g pop-
MG y = 2x + B kot engdn n evbeia diépyetar and to onueio A(l, 1)
Ba oyver 1 =2 - 1 + B ondte Oa Exovpe B =—1. Enopévamg, n e&icmon
g gubeiog eivary = 2x — 1.

Onwg cidape oty doknon 2, og OAEG TIG TEPMTAOGELG 1 evBeia £yl ov-
vteAeot d1evbuveong, ondte £xet eEicmon g Lopengy = ox + f.
i) Eneidn a = 1, n {nrovpevn e&icwon givar g popeng y = X + B ko
emeldn N evbeio diépyetar omd to onueio A(l, 2) B woyoert2 =1+ B
onote Oa givar B = 1. Eropévag n egicwon g gvbeiog eivory =x + 1.
ii) Enedn a = —1, n {ntodpevn e&icmon givar g popeng y = —x + P o
emeldn 1 evbeia Siépyetar amod To onpeio A(l, 2) Ba woyder 2 =-1+
omote Oa givan B = 3. Emopévag 1 e&iocmon g evbeiog eivar y = —x + 3.
iii) Emeion a = 0, n e&iowon g evbeiog eivon g popeng y = P Ko ETEON
1 evbeia SiépyeTon and o onpeio A(2, 1), n Inroduevn e&lowon tvony = 1.

iv) Eredn o = -2, 1 e&iocwon g evbeiag eivar g popeng y = —2x + ko
eneldn dépyetar omd to onpeio A(1, 3) Ba woyvel 3 =-2 + B omoTe Oa &i-
vau B = 5. Eropévac 1 e&iocwon g gubeiag eivar: y = -2x + 5.

H {nrovpevn e&iocwon gival g popeng C = a - F + P eneidn to vepd ma-

yovet atovg 0°C 1 otovg 32°F, Ba woyvet 0= o - 32 + . (1
Emedn, emmiéov, 10 vepd Bpalel otovg 100°C 1 otovg 212°F, Ba ioyvet
100=0a"212+ . 2)

Av apapéoovpe katd péAn i (1) ko (2) Bpickovpe 100 = a - 180, ondte
o= 3 Kot emopéveg B=— g [B2. Apa, n {ntoduevn e&icmon sivar

C=>F->[B2 « C=>(F-32).
9 9 9
Av vrapyet Oeppoxpacio mov vo ek@pdleTol Kot oTig 000 KMUOKES [LE TOV
apOud T, tote Ba 1oyvet
15
9
Apa 01 —40°F avtictoryovv otovg —40°C.

(T—32) = 9T=5T-5-32 < 4T=-5-32 « T =—40.

H ypaoum mopdotacn g f amoteheiton:

v Amd to tpfuo g gubeiagy = —x + 2
TOV 0ToioL Tal OTUElD £XOVV TETUNEV
x0 (oo, O].

v’ Antd 1o T TG evbelag y = 2 Tov omoiov
To onpeio £xovy Tetpunpévn x0 [0, 1]wkon
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v Amd 1o Tufuo g evbeiog y = x + 1 tov omoiov Ta onpeia &ovv TeTuUn-
pévn x0 [1, +oo).

7. 1) O pilec e€lowong f(x) = 1 eivon ot teTunuéves Kovdv onpeiov mgy = f(x)
Kot TG evbelagy = 1, dnAadn ot apBpoi —1 kou 1.
On pileg g e&lowon f(x) = x etvon TeTuNnpéveg TV KOvdV onpeiov g
y = f(x) ka1 g gubeiog y = X, onAadn ot apBpoi —2, 0 ko 1.

i1) Ot Moeig g avicwong f(x) < 1 givar ot teTpunpéveg TV onpeiov g
y = f(x) ta omoia Ppiokovrar kdtw and v gvbeic y = 1, dniadn ot
apiBpoi xO (—oo, 1) — {~1}.

O1 Moelg g avicwong f(x) > x etvat ot tetunpéveg tov onpeimv g
y = {(x) 10 omoia Ppiokovtor Tdve and v gvbeia y = X 1 otnv evbeia
avth, dniadn ta onpeio xO [-2, 0] O [1, +o0).

8. 1) O ypagwég napoctdoelg tov f(x) = || VA
kot g(x) = 1 divovtonr oto dumhavo
oXTMOL.

v Ot Moeig g avicwong x| < 1 givar
Ol TETUNUEVEG TV OTUEi®V TG Y = |X| .
7oV PBpickovtol KATm omd v gvbeia |
y =11 omv gubeia avt, niadn To
xO[-1, 1.

v O Moeig avicoong x| > 1 etvan ot tetpnpéves twv onpeiov mgy = [x| Tov
Bpiokovton whve omd v gvbeia y = 1, dnhadn ta xO (—o0, —1) O (1, +o0).

~

S

L1 I,
=y

ii) Ano Bswpio yvopilovpe 0Tt yio p > 0 1oydel
X|<p e -—p<x<p.
X|>p = x<-p N x>p.
Enopévag
X|<1 e -1<x<1.
X|>1 « x<-1 1 x>1.

B OMAAAX

1. 1) Elvan 1 1
f(-6)=1, f(-5) = 5 f(-4)=0, f(-3)= 0 f(-2)=-1,f(-1)=0.

fl0)=1,f(1H)=1,1f2)=1,13)=0, f(4)=-1, f(5) =-2.

ii) Ot piCeg ¢ e&lomong f(x) = a eivan ot teTunpéveg tov onueiov g C;
mov &yovv tetaypévn o. Emopévag
v O1 pilec g f(x) = 0 givau o1 ap1Bpoi —4, —1 ko 3.
v O pilec g f(x) = —1 eivar ot aptBpoi -2 ko 4.
v O pilec e f(x) = 1 givar 0 ap1Bpdc —6 kot Aot ot apduoi Tov KAl
6100 dracthpotog [0, 2].
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iii) H gvbeia BA eivor e&icmon g popeng y = ax + kot eneldn diépye-
ton oo o onpeia B(—=2, —1) kot A(2, 1) o 1oyder —1 = a(=2) + B kot

l=a-2+p.

Omndte, pe mpdcheon Tov eEI6MGEDV AVT®V KaTd PEAN, Ppickovpe 0Tt
B =0 kot emopévag Ba Eyovpe a = 0,5.

Apa 1 e&icwon g evbeiag BA Ba eivarn y = 0,5x.

yA

y=0,5x

A
N7
o7 L/

B

Emopévag, ot Aoeig g avicwong f(x) < 0,5x eivar ot teTpnpéveg
TV onueiov g ypaptkng mapdotacng s f mov Bpickovratl kdtm
and v evbeia y = 0,5x, | wdveo o’ avtf. Eival oniadn oia ta

x0[2,5] 0 {-2}.

2. H avaxiaon yivetal oto onpeio
A(1, 0) kon 1 ovorAopévn givor cup-
petTpikn g nevdeiog AB (oy.) ®g
7pog G&ova v gvbeio x = 1.
Emopévac, n avaxkiopevn Bo gival
N nuevdeia mov diépyetar amd To
onpeia A(1, 0) ka1 B'(2, 1), 6mov
A n apyn me.

Avy=oax+f,x>1 eivon n e&icwon

y 4
y=1-x x=1
B(0.,1) B'(2,1)
o Ao +

NG OVaKAMDUEVNG aKTivag, TOTe vty Ba emaivdeveton and to (evyn (1, 0)
Kat (2, 1). AnAadn Ba woyvovv 0= o+ f kot 1 =20 + B, and tig onoieg Ppi-
okovpe o = 1 kot = —1. Emopévag n e&icwon tng avokAdUeEVNG aKTIiVOG

glvary=x—-1,x>1.

3. 1) a) Av B(t) eivau | mocotto og Aitpa g Peviivng oto Putioedpo Kotd
T XPovIKn oty t, tote Bo woyvel B(t) = 2000 — 100t kot enedn

nwpénetl B(t) > 0 Oa 1oydet 2000 — 100t > 0 < t < 20.
Emopévac, Ba £yovpe B(t) =2000 — 100t, 0 <t < 20.

B) Av A(t) eivar n TocdTa og Altpa g Peviivng ot de&apevi Kotd
T ypovikn atypn t, tote Ba woyvet A(t) = 600 + 100t, 0 <t < 20.
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i) Ot YpaQIKéG TAPUCTACELS TNG TAPATAV® GLVAPTNOTG ivol To gVODV-
YPOUUOL TUHLOTO TOV TapakdTe oxfrotos. H ypovikh otiypn Kotd v
omoia o1 3Ho TocdTNTES £ivart ioeg givo 1 Avom g e&icmang B(t) = A(t),
n onoia ypdepeton 2000 — 100t = 600 + 100t = 200t = 1400 < t="7.

Apa n {nTodpevn ypovikn otiyur ivar n t = 7min.

Wee ) A
2600

2000
1300 V=B(1)

600

0

7

A

20 i(ge min)

4. T va Bpodpe 1o guPfadov tov Tpryd@vov MI'A aeatpodie amd to gppo-
36v tov tpaneliov ABI'A 10 d0poiopa tov epfaddv Tov opboydviov

A A
pryovov AMA kor BMI'. 'Etot éxovpe

EA
Eyira = Exgra = Eama — Epmr P(0,8)
:4+2 D47X|:¥|-7(47X)|]Z E:ﬂ\')
2 2 2
=12-2x-(4-x)=—x+8. X(4,4)
Emopévac, n cuvaptnon f €xet tomo
fx)=—=x+8,pe 0 <x<4. 5 >

Apa, N YpOQEIK TG Topdotacn gival to gvb.
Tunua pe axpa ta onpeia P(0, 8) kon X(4, 4).

5. 1) To ev0. tpfua k, £xer e&icmon g popeng h = at + P ko enedn dépye-
Tt oo to onpeia A(3, 0) kot I'(0, 20) Ba 1oyver 0 =3a+ f kot 20 =,

onote Bo givon o = 72?0 o = 20. Emopévag, to gub. tunua k, €xet e&iomon

h:—&t+20,0§t§3.
3

Apa n avticToyn cuvaptnon Tov Vyovg Tov keptov K, eivarn

hl(t)=—%t+20,05t§3.

(1

Opoimg, Bpickovpe OTL 1| AVTIOTOLYN GLVAPTIGT TOV VYOLS TOV KEPLOV

K, etvar n
h,(t) =5t +20,0<t<4,

2)
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ii) To kepl k, elye dumhdoio dyog and to kepl k, m ypovikn otrypn katd
v onoia woyver hy(t) = 2h, (t). Exovpe Aowmov:

hy(t)=2h,(t) = —%t+26—2(—?‘0/t+26)w ] L
4 3 4 3
= —Lt+l:—%t+2 = 3t+12=-8t+24
4 3

= 5t=12 « t=24.
Apa, 10 k, giyg 0 Sumhdoio Dyog amd to k, T ypovikn otryun t=2,4h.

iii) Av gpyactodpe 0nmg 6to epdTNLA 1) Bo Bpovpe OTL

h(®)=—"t+v,0<t<3.
3

ht)=-"t+v,0<t<4
4
. _ v P )
omote, hy(t) = 2h,(t) = —Zt+1)72 (—3t+u)

o Livr=o-Lir1]e t=24
4 3

[apatnpovpe dniadr 6t 1o k, Bo &gl durddioto Hyog omd 1o k; ™ Ypovi-
1| otrypn t = 2,4h, avedptnta Tov apykod Dyoug v Tav keptdv k, ko k,.

§ 4.4. Kataképuon - Oprlévrio peTatoémion Kopmving
A" OMAAAX

1. Onwg cidape oty §4.3, n ypoaeikn wapdotactn e ¢(x) = |X|, amoteAeitot

oo TI Oy 0TOHOVG TV Yovidv X Oy kot X O'y. H ypaeum mapdotacn g
f(x) = [x| + 2 TPoKOATEL OO LU0 KOTOKOPVPT HETATOTION TNG Y = |X|, KATA
2 HOVAJdEG TTPOG TA TAV®, EVM 1 YPAPIKN Topdotoaon g f(x) = x| — 2
TPOKVTTEL OO L0 KOTOKOPVUPN HETATOTION TG Y = [X|, Katd 2 povadeg
TPOG T, KAT® (oYNUaL).
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2. H ypagwn mapdotacn g h(x) = [x + 2| mpokvmtet amd puo opldvtio pe-
Tatoémon MG y = |x|, katd 2 povadec TPog Ta 0PLOTEPA, EVD 1 YPOPIK
mapdotacn g q(X) = |x — 2| mpokvmtel amd po oplovTia LETATOTION
™Gy = [X|, katd 2 povddeg mpog ta. 6e&1d (oynua).

. A

3. Apywd yapdocovue vy = |x + 2|, Tov, 6nmg eidape otV Tponyovuevn
GoKNON, TPOKVATEL OO Lo OpLLOVTIO PHETATOTION TG Y = |X| Kotd 2 po-
VAdeC TPOG TAL APLOTEPA. TN GLVEXELN Yaphooovpe TV y = [X + 2| + 1,
oV, OTWG YVOPILovpE, TPOKOTTEL OO LUK KOTAKOPLOT UETATOMION TNG
YPAQIKNG Tapdotaons ™Gy = |x + 2| katd 1 povada mpog ta tdve. Emo-
péves, n Ypoekh topdotoon s F(x) = [x + 2| + 1. mpoxvntel amd 600
Srodoykég petotomioelg g y = [X|, piag opilovriag kotd 2 Hovadeg TPog
TOL OPLOTEPH KOL LLOIG KATAKOPVONG KT 1 povadag mpog o mive (oynuo).

I‘/Cr

G

7

N

Opoimg, n ypoown mapdotacn e G(x) = [x — 2| — 1, mpokintet amd 6Ho
SrodoyIké petoTomicelg g y = [X|, piag optlovtiag Katd 2 HovAadEG TPOG
Ta 618 Ko oG KaTakOpLeng Katd 1 pHovada mpog to KATm (o).

Ce

-y

4. i)

=Y
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3 X
iii)
le
Cr
C

! /_\K

o 1 4 x

}.'J\

5
o I\ 4 x
Ce

5. )f(x)=2(x-2)"—-1+1=2(x-2)"
i) f(x) =2(x =3y’ = 1-2=2(x-3)" - 3.
i) f(x) =2(x +2)° — 1 + 1 =2(x + 2)".
iv) f(x) =2(x +3) =1 -2=2(x+3)* = 3.

§ 4.5. Movotovia - AkpoTtata - Xoppetpicg covaptiong
A" OMAAAX

1. < H feivan yvnoing edivovoa 6to (—0, 1] kar yvnoimg avéovoa oto [1, +00).
* H g eivan yvmoimg av&ovoa oto (—o0, 0], yvnoing ebivovsa cto [0, 2] kot
yvneing avéovca 610 [2, +o0).
* H h &ivon yymoimg @bivovoa oto (—o, —1], yvnoing avéovca cto [—1, 0],
yvneing edivovca oto [0, 1] kot yvnoing avgovca oto [1, +00).



4.5. Movotovia - Akpotota - ZULUETPIEG GUVAPTNONG 67

2. + H fmopovoialet olucd eddyioto yio x = 1, to f(1) =—1 ot dev mapovsid-
(et oAko péyioto.
* H g dgv mapovoidlel 00te oAkd péyioto 0bte oMkd EAGYLOTO.
* H h mapovcialet ohkd eldyioto yro x =—1 kot ywo x = 1 1o
h(-1) =h(1) = -2, ev®d dev mapovctdlel OAKO HEYIOTO.

3. 1) Apkei va dei&ovpe ta f(x) > f(3). Exovpe
f(x)>f(3) = xX’—6x+10>3"—6-3+10 = (x—3)*> 0, moV Lo}VEL.

i) Apxel va dgi&ovpe 6T g(x) < g(1). Exovpe

2x 201
gx)=g(l) = ——— =7
X +1 1°+1

e X<+ = Os(x—l)z, OV 10y VEL.

4. 1) H f, éxe1 medio opiouod 1o R kot yia kéOe x O R 1oyt
fi(—x) = 3(—x)2 + 5(—x)4 =3x" + 5x°, apon f, etvar dptia.
ii) H £, £xe1 medio opiopod to R won yio kébe x O R 1oydeL
£(—x) =3]x| + 1 =3|x| + 1, dpan £, eivar dptio.
iii) H f; &xe1 medio opiopod 1o R kot yio kéOe x O R 1oyder
£;(=x) = |=x + 1|, ondte dev eivar obTe dpTio, 00TE MEPLTTY, 0POV
B (-1 #=£(1).
iv) H £, éxe1 nedio opiopov 1o R kat yio ke x O R woydet
f,(—x) = (%)’ - 3(=x)’ = ~«(x’ - 3x°) = —f,(x), Gpa n f, Teprren.
v) H £, éxe1 nedio opiopov o (—e0, 1) O (1, +00) wov ev £ygl KEVTPO GLL-
petpiog to 0. Apa, n f; dev eivan obte dptia, 0vTe mEpITTY.

GRS
£.(—x) = =
) 1-x 1-x

, Gpa. oVTE ApTLO, OVTE TEPLTTN.

vi) H f; £yg1 medio opiopov to R ko yio kéde x O R 1oydet
-2 -2 2
f(—x) = 2X - X - 5 X - —f,(x), apa f; elvar meprre.
(=x)+1 x"+1 X +1

5. 1) H f] éxe1 nedio opiopod o R* = {x OR | x # 0} xon yia xé0e x O R*
woyvEL . .
fi(x)=—=—=f(x).
=l x|

Apan £ eivan dptic.

ii) H £, €éxe1 nedio opiopov 1o [2, +0) mov dev £xel kKEVIPO cuupeTpiog T0
O. Apa dev givat 00Te ApTiaL, 0OVTE TEPLTTY.
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iii) H £ éye1 medio opiopod 1o R kar yio kafe x O R oybdet
() =lx-1-|x+1=x+1 - x- 1| =1£(x).
Apan f, efvon meprr.

iv) H f, éxe1 nedio opiopod to R* xon etvan meprrty, 61011 16y0€L

X +1
fo=-* =1
xX*+1 X

Téhog, av epyactovpe 6nmg oty 1), Oa amodei&ovpe OtL:
v) H £ éxe1 nedio opiopod o R kot eivar dptia, S1ot £i(—x) = fi(x), yo
KkaOe x O R.

vi) H f; éxe1 nedio opiopod to [—1, 1] ko etvon aptia, 161t £(—x) = f((x),
vy kaBe x O [-1, 1].

6. i) H C; &xel kévrpo ovppetpiag to O(0, 0). Apa n f eivar meprrm).
i)HC o EXEL a&ova coppetpiog tov y'y. Apa n g givot aptio.
iii) H C, dev el ovte dEova ocvupetpiag tov y'y, o0te kévrpo cvpuetpiog
70 O(0, 0). Apa 1 h dev givar ovte Aptia 0OTE TEPLTTY.
7. Opoiwmg
i) H f elvan éptio.
ii) H g elvou meprrt).
iii) H h dgv eivar obte dptia, obte meprry.

8. a) [Maipvovpe Tig ovppetpikéc v C,, C, ko C, og mpog tov déova y'y.

X o

B) Haipvovpe 16 cvppetpcés tov C,;, C, xou C,; g mpog v apy tev
aEOVOV.

y YA yA

y=f1%) y=h(x
y=g(x)

=y

=y
QS

0 \\’ (V]

=Yy



KEDAAAIO 5
MEAETH BAXIKQN 2XYNAPTHXZEQN

§ 5.1. Mgliétng g ovvdptnong f(x) = ox’
" OMAAAX

1. H xoapmdin givar pia topoafoin pe kopven to O(0, 0) kot aEova cvuus-
tplag Tov GEova y'y. Emopévac, Oa éxet e&icmon e popeic y = ax’ kat,
emeldn oEpyetan and to onueio A(1, 2), ot cuvtetaypuéveg Tov onpueiov A
0o emainbevovv v e&icwon g,

Apa Bo woyvet2 =a - 1 a=2.
Omnote, 1 {nrodpevn e&icwon elvauny = 2%,

2. i) H ypaown mapdotaon g o(x) = 0,5%°
glvar o mopaforn oavolyty mpog Ta
TV Pe KOpLen TNV apyn TV 0EdVeV
Kot dEova cuppeTplog tov y'y (oy.).

H ypapum nopdotacn Tov cuvapticemy
f(x) = 0,5x* + 2 xa g(x) = 0,5x" — 3
TPOKVATOLV amd KOTOKOPLPT UETATO- . P
mon e mapaPorrc y = 0,57, TG pev R
TPOTNG KATA 2 HOVASES TPOG T TAV®,

g O de0TEPNG KOTA 3 LOVAIES TPOG TOL KAT®.

%Y

i) H ypagikn mapdotacn g w(x) = —0,5x YA

givan oL Topafodr] avoryth Tpog T Ké- o
TM HE KOPLOT| THV apyh TV aEOVOVY Kot C
a&ova cvppetpiog tov a&ova vy (oy.). 1
Oypopikég TaPASTOGELS TMV CUVOPTHOE- o N
ov h(x) =-0,5%" -2 ko q(x) =—0,5x" + 3 s
TPOKVTTOVY ATt KOTAKOPLOES LETOTO-
wioelg ¢ mapaforng y = -0,5x, mg C
HEV TPAOTNG KOTA 2 povadeg mpog ta i
KaT®, TG d¢ devTEPTG KATA 3 HOVAOES
TPOG TA TAV®.
Hapatipnon: Enedn ot cvvapmoelg v, h kot q givar avrtifeteg tov
ouVOpTHoE®V O, f Kol g avTIeTolX®MG, Yo Vo XOPAEOVUE TIS YPOPIKEG
TOPACTAGELS TOVG OPKEL VO TOIPVOALE TIC CUUUETPIKES TOV YPOUPIKDOV
TapacTioe®mv TV ¢, f Kot g og Tpog tov dEova X 'X.

=Y
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3. 1) Xapldooovpe T YPapIKn mwo-

péoTaon g o(x) = 0,5%, 6meg
otV doknon 2. i). Ot ypaot-
K€G TOPAOTOCELS TOV GLVOP-
moewv f(x) =0,5(x — 2)2 Ko
g(x) = 0,5(x + 2)* TpokdmTovy
and opldvTieg HETATOMIOELS
, 2
mg mapaforng y = 0,5x7, mg

VA

~
=y

HEV TPDTNG KOTA 2 Lovadeg Ttpog ta 081, Tng O devTepng katd 2 po-

VAdEG TPOG TOL APIOTEPUL.

i) Xopldooovpe T Ypopiky To-

pactoorn g y(x) = —0,5x°,
omw¢ otV doknon 2. ii). Ot
YPOPIKES TAPUCTAGELS TMV GL-
voptioeav h(x) =-0,5(x — 2)2
Kot q(x) = —0,5(x + 2)2 TPO-
Kontouy and opilovTies Le-
TaToTioElg TG TaPOUPOANG
y= —0,5%°, ™G TPATNG KATA
2 povadeg mpog ta 6e&1d, TG

dg devTepng KaTd 600 LOVASEG TTPOG TA APLOTEPUL.

4. i) H ypoewn mopdotaocrn twv

f(x) = X glvat N wopafolrn
y= x> TV STAaVOD GYNHOTOG,
VA 1M YPAPIKT TOPAOTAOT) TNG
g(x) =1 eivoun evbeia y = 1
TOV 1310V GYNHOTOC.

Ol ypaQp1Kég TapacTACELS TE-

YA
1
I = .
”.r Cq \ 1‘1 C C"\\‘
YA
y=x?
BCLIN 1 4(1,1)
| | =1
N ) x

pvovtai oto onpeio A(1, 1) ko B(=1, 1) mov givol cupPHETpIKE ™G TPOG

Tov G&ova y'y.
Emeon

X<l = f(x)<gXx) xau x*>1 = f(x)>g(Xx)
N avicwon X <1 aindeder yio exeiva ta X yio too onoio C; Ppioketon
KAT® omd TV Cg N €xet 1o 1010 VYOG pe ovTh, EVO M x> 1 oAnBevet Yo
ekeiva ta X Yo o omoia n C; Bpioketan mdvw omd mv Cg. Enopévac,

Ba &yovpe
X<l e -1<x<1

i) 'Exovpe

Ka

2
X' >1 e x<-1

X<l e x=1<0 = x0O[-1,1]

X’>1 e xX'=1>0 < x0(-00,-1)0(1, +c0)

n x>1

S10TL TO TPLOVLLLO X -1 éxer pileg g x, =— L xoux, = 1.
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B" OMAAAX

1. Eivar
2
x5, x<0

2

f(x) =
(x) x,x>0

Emopévac, n ypaeikn tapdotacn g

f anoteAeitol and To TUNHO TNG TOPOL-
BoAgy = —x* 10V omoiov ol onpeia
£YOLV OPVNTIKY| TETUNUEVT] Kot amd TO
TUNLLOL TG TOPOOANG Y = x* 10V omoi-
ov ta onpeta Egovv teTumuévn Betikn
N undév.

H ypagpum napdotaong g

—x,x<0

2

f(x) =
(x) x5, x>0

amoTeAEITOL OO TO TUN O TNG EVOEiogG
y = —X TOoV omoiov Ta onpeia £yovv
OPVNTIKN TETUNUEVT] KOL OO TO TUN-

YA

=Y

po ™G mapafoAng y = X~ Tov 0moiov
T onpeia £xovv TETUNEVT BTk 1)
pundév.
Amd ™ ypaen mapdotact g f mpo-
OKOTTEL OTL
v Hf eivar yvnoiong @bivovca oto
(=00, 0] ko yymoing av&ovoa oto [0, +00).
v H f mapovcialet ehdyioto yia x = 0, to f(0) = 0.

1) ATd 10 Gy AVTO TPOKVTTEL OTL

=Y

y=x"

o) Xto dtdotnpa (0, 1) amd OLeg TIC YPAPLKEG TOPUCTAGELG XOUNAOTEPO

Bploketouny = X, émertal ny= X%, émettol ny=x ko téhocn y= Vx.

Emopévac, av x0(0, 1) 10te X <x’<x<Vx.

B) Zto drbotua (1, +00) cupPaivel to avtibeto. Eropévag av xO(1, +00),

. 3 2
TOTEX > X >X> VX.

ii) * 'Eotw 0 <x< 1. Tote

3_2 2 , .
v X <x = x(x—1)<0, mov woyvet, d16t1 0 <x < 1.

2 , .
v X" <x = x(x—1) <0, mov 1oydel, 51011 0 <x < 1.
2 , .

vV x< VX < X <X, 70V 6ydel amo Tpw.
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4.

. 32
Apax” <x <x< Vx.

, , . . 32
* 'Eoto x > 1. Av gpyactovpe avoldymg, Bpiokovpe 6Tt x” > X" >x > Vx.

Av x > 0 glvar ) teTpunqpévn tov onpueiov A, t1dte 1 tetaypévn tov Ba gi-
vouny= X Apa to A Ba éyel cvvteTaypéveg (X, xz), omote to onpeio B,
oV &ivol CUUUETPIKO TOL A G TTPog ToV GEova vy, Ba éxel cuvteToypeé-
ves (=X, xz). Enmopévac, Ba égovps
(AB)=2x kat (OA)=(OB)= Vx*+ x> = Vx+x".

A
Emopévag, To tpiymvo OAB eivar ic6mhevpo, av kot povo av
(OA)=(AB) = 2x= X +x' < (2x)’=x>+x*
4_ 2 2_
< X = 3X < X = 3,

= x=V3,8wnx>0.

§ 5.2. Merétn g svvaptiong f(x) = %

A’

1.

OMAAAX

H vrepPoln) €xet eElomon g popeng y= & xa, €MELON S1EPYETAL OO TO
X

onpeio A(2, 1), ot cuvtetaypéveg tov onpeiov A o emaindevovv v e&i-
GWOoN NG.

Emopévag Ba 1oydet 1 = ¢ e a=2.

Apa, n {nrodpevn eicwon eivorn y= 2 .
X

i) H ypagwn topdotaon

1.
™m¢ ¢(x) = < etvar o

vrepPon pe KAadovg oTo
1° ko 3° TeTOpTUOPLO
KOIL L€ KEVTPO GULLETPLOG
70 O (oy.).

Ot YpapikéG mopacTd-
GELG TV GLVAPTNOEMV

f(x) = L Ko
X

gx)= L TPOKVITOLY
X

ond KoTaKOPLON HETO- '
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TOMION TNG VITEPPOANG Yy = 1 NG HEV TPATNG KATA 2 HOVASES TPOG TO.
X
Tavm, TG ¢ devTepPng KATA 3 LOVASES TPOG Ta. KATM.
ii) H ypagwkn napdotacn iwy
_ 1
mey(X) =—— &ivon o
X

vrepPforn pe KAAdoLG
o10 2° kou 4° teTopmud-
PlO KoL LLE KEVTPO G-
petpiog to O (oy.).

H ypaowéc mopactd-
OELG TV GLVOPTNCEWMV

h(x) = —L 2 xat
X

q(x) = Ly 3 mpoxv-
X

TTOLV OO KOTOKOPLPES
petatomicelg ™G vePPOAIC Yy = — L , TNG HEV TPMTNG KoTd 2 povadeg
X

TPOG T0L KAT®, TNG d€ devTepNS Katd 3 Hovades TPog T TAVE.
Hapatipnon: Enedn ot cvvaptmoelg v, h kot q etvon avrifeteg tov
GLUVOPTACE®V O, f Kol g avTIoTOlY®MG, Yo Vo XOPAEOVLE TIS YPOPUKES
TOPACTACES TOVS apKeEl VO TAPOVUE TIC CLUUETPIKES TOV YPAPIKMV
mapactdoemv TV ¢, f Kot g og Tpog Tov dEova X 'X.

3. 1) Xapbooovue T ypot- ! .
KN TapdoToon g :
o(x) = L , OGS GTNV ::C' C I"C
X g 4 L4 -r

doknon 2. i). Ot ypaot-
KEG MOPACTAGELS TMV GL-

VOpTHOEDV
f(x) = Ko
X —
1 ,
gx)= 3 , TPOKVITTOVV

X+

and oplovtieg petato-
nicelg ¢ vepPorng
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y= l, NG UEV TPMTNG KATA 2 LOVEdeg Tpog Ta Oe&idl, Tng de devTEPNG
X
Katd 3 povadec Tpog T aploTEPC.

i) Xopdocovpe ™ ypoot-
KN TopdoTacn g

1, ;
y(x) = ~—, émog otV C,i
X )

doknon 2. ii). Ot ypo-
PUCEG TAPACTACELS TOV j
GLVAPTICEDV O ] R i PO

h(x) = 7x—2 Ko

=3 IlJ =2 Ilr

q(X):*X+3

TpoKOTTOVY OId Op1Lo-
VTIEG LETOTOMICELS TNG
vrepPOANG

y=- L , TNG HEV TPMTNG KOTA 2 PoVAdES TTpog Ta. deELd, TNG 08 deVTEPNS
X
Katd 3 povadeg Tpog T apLeTEPQ.

4. 1) H ypagikn mapdotoon pA
1

mg f(x) = — eivoun
X

vrepPoin C, tov dimha-
voU GYNUOTOG, VA M
YPOOIKN TAPAGTOOT] TNG
g(x) = 1 elvon ) gvbeia 7] ] x
C, ov {d1ov oxfiparog.
Ot C; ko C, tépvovtar
oto onueio A(L, 1).
Enopévac:

<1 fx)<g) = x<0 i x>1

.

>] = fx)>gx) = 0<x<1
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ii) Eyovpe
1 1 1-x x(1-x)<0 ,
—<le —-1<0s <0 = = x<0 n x=>1.
X X X x#£0
1 1 1-x
—>le —-1>0- >0 <= x(1-x)>0 = 0<x<1.
X X X
5. i) H ypaopwn mapdotacn \
me f(x) = 1? gtva M II‘\\Cg
vrepPorsy C; tov di- \-\
TAOVOD GYNIOTOG, EVA M \
YPOPIKH TOPACTOGT TNG \

g(x) = X eivat n mopo-
BoAn C o TOV idtov oyn-
patog. Ot C; xou Cg é-
¥ouv €va LOvo Koo om-
peio, to A(1, 1). Exedn

1
—<x = f(x) < g(x) xon
X

1
> = fx)>g(x)
X
. 1 _» , . . )
N avicwon — <X~ aAndevel Yo ekeiva ta X yia Ta omoia n C; Ppicketon
X

1
Kkdtw a6 mv C, M £xel 1o 810 Vyog pe avth, evd 1 — > X" aknbedet yio
X

eketva ta X o ta omoia n C; Ppioketon mhvew omd v Cg.
Enmopévac, 8o éyovue
1

2 ,
*+ <X & x<0 1M x>1.
X

|
e —>X o 0<x<I1.

X
ii) Eyovpe
1 1 1-x°
<X e ——%X*<0 & X <0
X X X
x -1 3
e =——20=x(x-1)20 w1 x#0
X

«:x(x—l)(x2+x+1)20 kot x#0
x(x—1)=0 ko x#0
«x<0 1 x>1.

¢
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Enopévag

L 5
e —>X o 0<x<1.
X

e éva GUOTNUO. CUVTETAYUEVOV TTOip-
voupe AB = OA =x > 0 kou A" = OI'
=1y > 0. Tote 10 guPadod E tov tpryd-

. Xy f o
vov givar E = PR onoTE EYOVE

4
Yo xy=4-y=", (1)
2 X

4
H ypoown mapdotacn g (1) eivar veepPorn e e&icwon ¥~ — kot pai-
VETOL GTO GYNLLOL. X

§ 5.3. Megkrétn ¢ ovvaptnong f(x) = ax’ + Bx +y

A’

OMAAAX
. 1)'Eyxovpue

fx)=2(x"—2x) +5=2(x"-2 -x + 1) =245 =2(x - 1)* + 3.
Apa, 1 ypaeik) mapdotacn g f pokdmtel amd dVvo Srodoyikég peta-
TOTIGELG TNG YPOPIKNG TapdoTaons g g(X) = 2x7, pog oprldvTiog KoTd
1 povada mpog o de&id Kot Hiag KaTaKOpLONG KOTA 3 LOVAdESG TPOG T,
voR

i) 'Exovpe
f(x)=—2(x*—4x)—9=-2(x*-2-2x +25) +8-9=-2(x - 2)" — 1.
Apa, n ypaeikn mapdaotaot g f tpokdntel and 600 Sradoykég peta-
TOTIGELG TNG YPOPIKNG TOpAcTacS TG g(X) = 2%, poag opdvriag Katd
2 novadeg mpog ta 61 Kot piag KaTakopueng katd 1 povéda mpog ta
KA.

a) ['o ) cvvaptnon f(x) = 2x° — 6x + 3 givon a = 2 > 0, ondte VT 7o~

povctalel ELdyloTo Yl

wo_B_6_3 mf(3):2(3)26[z+3:3.
2 2

20 4 27 2 2

B) T'a T cvvépnon g(x) = —3x> — 5x + 2 givon @ = -3 < 0, ondte vt
mapovoldletl LéyloTo yuo
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2
x—B—_S,tog(_S)—3(_5) -5 _5)+2—49.
200 6 6 6 6 12
3. a) I'a m ovvapmon f(x) = 2x° + 4x + 1 YA
glvar a =2 > 0, ondte avty
v Tlapovoidlel eddyioto yio y=2x’+4xtl
X=— £:—1, to f(-1) =-1.
20 y=2x?
v Eivar yvnoing ¢divovsa cto (—o, —1]
Katl yvnolog avéovoa oto [—1, +). ]
Axopn n ypaeikn mapdotoon g f 3 0 x
givou Tapofolr| kot /g
v éye1 kopuen to onueio K(-1, —1) ko K(-1,-1)

a&ova ocvppetpiog v evbeia x =—1
v tépver tov GEova XX ota onueio

A(_2+w/7
2

,0) kot B

2+12
2 b

)

. . . . , 2
Ol TETUNUEVEG TV oToiwV, givar ot piles Tov TPLVOHOL 2X™ + 4x + 1,
evd tov dEova y'y oto onpeio I'(0, 1).

B) I'a. ™ cvvéptnon g(x) = 2x% +
8x —9 givan a0 =-2 <0, omdTE AW
v Tlapovoiaiet péyioto yia

x=—P =2 10g2)=-1
20

v Elvan yvnoing avéovca 610
(=00, 2] kot yvnoing @bivovca
070 [2, +00). AkOuN M YPAPKN
g mapdotacn eivotl Tapafoin
Ko

YA

0 b

AL K(2,-1) *
y=- 2x? y=2x 2+8x-9

v &yetl xopoen 1o onueio K(2, —1) kot d&ova cvpperpiog v gudeia

X=2,

v téuver tov Géova y'y oto onueio A(0, —9) evad, dev téuvet Tov dEova

XX, yoti To TpLdvupo dev et piles.

4. Tvopilovpe 61t

N\ 7 r , 2 ’ ,

1) Otav a > 0, 16t M mopaforn y = ax” + Pfx + v glvon avoryti mpog ta
Tvo, eved otav o < 0, tdte 1 Tapaforr glval avoryTh TPOS To KATM.
Enopévag, Oetikd a £xovv ta tprovona ), £ kar £, evo apvnikd o

éyovv ta tprdvopa £, £, £ won £,
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i) To y givo 1 TeToypévi Tov onueiov Topng ™E mTapaBoANng y = ox’ + Bx +y
ue tov d&ova y'y. Emopévag, Betucd y xovv ta tprdvopa £, kau £y, apvn-
Td ¥ £xovv T tprdvopa £, £, f kan £, evd v icov pe pndév éxet o £,

iii) H tetaypévn g kopoeng K g napafoingy = ax’ + Bx + v diveton

0o TOV TOTO Xy = - , omote woyvel B = —2a  X,. Enopévog
2a

vy mv £, mov éxet a < 0 ko x, > 0, Exovpe >0,

vy v f; mov éxet a> 0 kot x, > 0, Exovpe P <0,

vy v £, mov éxet a < 0 ko x, > 0, éxovpe B> 0,

vyt f; mov éxet o < 0 ko x> 0, éxovpe >0,

vyt f mov €xet o> 0 ko x < 0, Exovpe B> 0, ko

vy mv £, mov éxet a < 0 ko x, < 0, éxovpe B < 0.

"Etot égovpe Tov mapaxdTo Tivaka

Tpwovopo | /1 | S | /i Lo | | L] S
7 + - + - - + -
B 0 + - + + + -
Y + - - 0 + - -
A - 0 + + + -
B OMAAAX

1. i) H napapoin epdmtetor Tov X 'x povo av givar A = 0.
Anhady (k+ 1) —4k=0 = kK> +2k+1 -4k =0
ek 2k+1=0< (k—1=0 = k=1.

i) H mopaforn €xet tov y'y d&ova coppetpiog povo av 1 kopven g Ppi-

OKETOL 6TOV GEOVHL Yy, SNAGON OV KaLL LLOVO oV ;—B = 0. Emopévag npémet
o

kD g L=
2

iii) H kopvon g mapafoing eivar to onpeio

K(— i, f (— £)) dMhady o onpeio K(—
20 20

k-i-l’f

1)
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+
Topeovo, pe Ty vobeon npénet f ( k 5 L ) =—4, tov ddoyIKd ypapeTal

2 k+1 2 2
—(k+l)(2 )+k=—4c k+1)y-2(k+1) +4k=-16

~(k+1)Y’+4k+16=0
K —2k—1+4k+16=0
K +2k-1+16=0

K —2k—-15=0.

H tekevtaia e&icmon £yet pilec k, =3 ko k, = 5.

* [ k = -3 n teTunpévn g kopveng lvaun x = 1, evod

* ['a k = 5 n tetunpévn g Kopvoeng eivor n x = 3.

k+1
2

i

i

0

0

2. i) Eme10M n mopaforn givar avoryt mpog ta Katm, 0o givat o < 0.
i1) Eneidn n mapoforn tépvet tov dEova tov x ota onpeio A(l, 0) ko

B(5, 0), o Tprdvopo £xet 800 pileg dviceg Tig p, = 1 xou p, = 5.
Apa givor A > 0.

- -6
iii) Enedn p, + p, = B kot B =6, Oa Eyovpe 1 + 5= —, ondte Ba eivon
a a
a=-1.

Téhog, enedn p, - p, = i , 00 éyoope 1 - 5= Ll , omote Ba etvan y = -5.
o _

Apa P(x) = X"+ 6x 5.
Ao, Eneidn o tpudvopo éxer pileg tovg apbpodg p, =1 ko p, =5, Oa

gtvon g popenNg p(x) = a(x — p )X —p,) = ax—1)(x-5) = ox” — 60X + 50.
Emopévag Ba etvor = —6a kot enedn B = 6, Ba £yovpe o =—1.
Apa P(x) = x>+ 6x 5.

3. 1) H mepipetpog L tov opBoywviov diveton amd tov tomo L = 2(x +y) Ko enet-
on divetan 6Tt L =20, Ba ioyvet 2(x +y) =20 « x+y=10 « y=10—x.
Emopévag, to epfadov tov opboymviov Ba eivan ico pe

E=xy=x(10-x) =—x"+ 10x.
Apa f(x) = x>+ 10x, 0<x < 10.
i) To euPadov peyiotonoteitol 0tay peyloTonotlEiToL To TpLdvupo f(x). Av-
. L _—p_-10
16 ovpPaivel otoy X =——= ——

200 2

TETPAY®OVO, apoD Yo X = 5 givar kar y = 5. H péytom tiun tov gpufadon

glvan iom pe

=35, dnkadn otav to opboydvio yivel

f(5)=-5"+10-5=25.
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4.

Av Bécovpe (AM) = x, 10te B givar (MB) = 6 — x (oynua). Ao 1o opbo-
yovio tpiyovo KI'M maipvovpe.

2 2 2
2_ 2 [x 2 X _3x V
vi=x —[>] =x"- =" ondte v, =%
2 4 4

Opoimg amd 10 Tplywvo AAB maipvovpe

022(644) V3
2

To dBpoicpo tev epPaddv tov 600 Tprydvav gival tote

B=F +E,= ) (AM)KD) + L (MBYAY)

_1x¥3 1 (6 0 6 V3 X)F
2 2

_V3. ﬁ(mx)
4 4

ApaE=E(x276x+18), pe 0 <x <6. (1)
2
And v (1) ovpmepaivovpe 6Tt 10 gpPadov E eivar eAdyioto yio mv T
TOV X, Yo TNV omoia 1 cvvdptnon f(x) = X’ —6x+ 18 mapovctalet erdy-
o10. Eneidn o = 1 > 0, n ovuvdptmon mapovoidlel EAdyioto yio
x=P_6_3
20 2
Enopévmg to eppaddv yivetar ehdyioto 6tav o M givar 1o péco tov AB.

Amd 10 oynpa PAEmovpe OTL Y1 TIG SIAGTAGELG X KOl Y 1oYVEL

2x+2x+3y:240w4x+3y:240@y:24037_4x- (1)
To eupadov tav dvo yopwv gival
E = 2xy = 2x (M):§x2+160x. @)

INa ™ ovvépmon E(x) = _8 x>+ 160x sivar a = 8. 0, omdte aLTN
3

TOPOLGLALEL PHEYIOTO Y10 X = - _-160_ 30.
20 -16
3
Téte and v (1) maipvoope y= w =40.

Apa, ot dtaotdoelg mov divouv to péyioto gpfadov eivar x = 30m kot
y =40m.



KEQAAAIO 6
2YXTHMATA

§ 6.1. I'pappikd cvotipata

A" OMAAAX
1. 1) {X—y:4 . { 2x=6 . { x=3
Xx+y=2 xty=2 =-1.

Apa n Abomn tov cuotpatog etvor to evyog (3, —1).

i) ‘\

” 8x =Ty 8x—-Ty=0 1)
+y=45 X +y=45 X +y=45. 2)

Ao ™ (2) éyovpe y =45 — x kou pe avrikatdotoon oty (1) mpokidnrtel
8x—T7(45-x)=0 = 8x—-315+7x=0 = 15x=315 = x=21.
Enopévagy =45 - 21 =24.

Apa 1 Adom tov cvothipatog eivor To (evyog (21, 24).

ii) s 4 4x -4=3y-6 4x —3y=-2 (1)

4x +3y=8 4x +3y=8 4x + 3y =8. ©)

Me np6cBeon tov (1), (2) katd péin éxovpe 8X =6 < X =% .
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Me agaipeon tov (1), (2) katd péin Egovpe 6y = 10 = y= ) .
3

, , , , , 35
Apa 1 Adomn Tov cvoetipatog etvarl To (gvyog L 5 .

3. 1) H ipdn e€icmomn Tov cueTiHaTog YPAPETOL
x—-5,2y+1
TJFT +2=0 7(x-5)+2Qy+1)+28=0
o TXx—=35+4y+2+28=0 « Tx+4y=>5.
H devtepn e&icwon tov cuoTipaTog ypdpetat
x+6 y-6
T =8 = 2(x+6)-3(y—6)=48 = 2x+12-3y+18=48
e 2x—-3y=48-30 = 2x -3y =18.
"Etot to apykd chotnpa givat 160d0UVALLO e TO COGTN IO

{ Tx+4y =35 €))

2x — 3y =18. 2)

AmaAeipovpe t0 'y

Tx+4y =5 3) 21x+ 12y =15
2x -3y =18 4 8x— 12y =172

29x = 87, omdte X = 87 =3.
29
lNox=3n(1)yivetu7-3+4y=5 « 4y=-21+5 = 4y =-16,
onotey =—4
Apa m Ao tov suoetpoTog eivot to {evyog (3, —4).

i1) H npd e&icmomn tov 6ueTHHOTOg YpAQEToL

2x—1_, y+2
3

- 402x-1)=12-4-3(y +2)

= 8x—-4=48-3y—-6 = 8x+3y=46.
H devtepn e&icmon tov GLGTHHOTOC YpapeTal
x+3 3-X-Yy

5 = 3x+3)-3-6=2(x-y)

= 3x+9-18=2x-2y & x+2y=09.

"Etot 10 apykd cdonpa yiveton
{ 8x + 3y =46 1)

x+2y=09. 2)
Avtikofotodpe omy (1) 6mov x =9 — 2y Ko £yovpe

8(9—2y)+3y=46 = 72— 16y +3y=46 = 13y =26 = y=2.

H@2)yoy=2yivetux+2°2=9 « x=5.
Apa n Adom tov cuothipatog ivat to Levyog (5, 2).
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4. i) | x-3y=3 x—3y=3
i —-y=- And
3 x—3y=-6.
Apa to choTNUO EIvol adVVOTO.
i) (2y=x+2 x—2y=-2 Xx—2y=-2
lx7y+1=0 - -
2 x=2y+2=0 X =2y =-2.
Apa 10 cVoTHO £YEL ATElpo TANB0G ADGE®DVY TG LOPPNG
k+2
(N
5. 1)’Eyovpe
D = é_é‘=2(—5)—3 -1=-10-3=-13#0.

71
DX—‘4_5‘—(—5)~7—4-1——35—4——39.
2 7
Dy—‘3 A2 4-3-7=8-21=-13.

D, _-39 D, _-13 _

Enopévorg x=—X="2"=3 ka1 y=— 1.
D -13 D -13

Apa 10 ovoTpa £yl povadikn Avon to Lgvyog (3, 1).

3x -2y =38
x+3y=-1.

ii) To cvoTHO YpapeTot {

3 2
= = + =

D ‘1 3‘ 9+2=11.
8 2

Dx*‘_l 3724—2722.
3 8

Dy*‘l 3 ‘7—3—87—11.

Emopévemg x=&=2=2 Ko y=_Y:i=
D 11 D 11

Apa T0 oVaTO EYEL povadikn Avon to (evyog (2, —1).

-1.

6. ) o _|2 -5

6 71° 14 +30=44 £ 0, dpo o GOOTNHO EYEL LOVOIIKT AVOT.

0 =‘i :2 =_12+12=0. To cHoTnua YpaesTar
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{ 2x -3y =40 { 2x -3y =40
4x — 6y = 80 2x —3y =40
KOl EMOUEVOG EYEL Amelpo TANB0G AcEwV.

“1) ‘79 = =-9+9=0. To cOGTNUG YPAPETAL

3x+y=11 3x+y=11
ox-3y=2

3X+y=*§

Ko ival advvaTo.

7. 1) V3-1 2

D = :(ﬁfl) (ﬁ+1)72:272:0.

1 V3+1
To chomua YpaeeTol S1ad0y ke 1GOdVVOLLL:

(ﬁ—l)mzy:—z
{x+(@+1)y:1ﬁ
_ {(ﬁ 1)x+2y—72
(V3-1)x+ (3—1)(F+1)y——(F+1)(\F 1)
) {(@ 1)

(ﬁfl)x+2y—f2

Apa o cVeTNHA £EL AmEPO TANO0G AVDGEDY TG LOPPTS
(V3+1)(k+1).k) kDR

+2y=

if) V3+1 4
D = =(ﬁ+1) (ﬁ—1)72:272=o.
1

=~ 3-1
5 V3

To chompo ypaeeTon
(ﬁ+1)x+4y:7
x+2(\/§f l)y =2
(ﬁ+1)x+4y=7
Cl(WE e n)x2 (V3 1) (VB -1)y =2(13+1)
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(ﬁ+ 1)x+4y:7
(\/§+1)x+4y:2 (w/?+1)
Apa 10 choTpHO Eivol advvarto.

8. 1) Ao v mpd e&icwon xovpe ® =3x -2y — 11 4
Ot GAAeg 600 eEIGMGELG TOV GLOTALATOC YivovTaL
*2x -5y —-2(3x-2y—-11)=3 = 2x—Sy—-6x+4y+22=3
o —4x—-y=-19 « 4x+y=19 6)
*Sx+y—-2(3x—-2y—-11)=33 = S5x+y—6x+4y+22=33
e Xx+5y=11 « x-5y=-11 6)
O (5), (6) oymuoatilovv 10 2 X 2 svoTnua
4x+y=19
{ x—5y=-11
amod T AOor Tov omoiov KTl To Yvmotd Ppiokovpe X =4 kary = 3. Mg
OVTIKOTAGTOOT TOV TILAOV TOV X Koty otV (4) Bpickovue o = -5.
Apa 1 Adom tov GuoTipaTog etvatl 1 TpLada (4, 3, —5).

il) Amd ) devtepn eEicmon épovpe x =3y — o + 2 4
Ot GAAeg 600 eEloMOELG TOL GLOTNIATOG YivovTot
*5@By-0+2)-y+32=4 = 15y-50+10-y+32=4

e ldy-20=-6 « Ty—0=-3 %)
*3@By-0+11)2y+20=2 < 9y-30+6-2y+ 20 =2
e Ty—0=-4 (6)
O1(5), (6) oymuoartiovv 10 2 X 2 VoA
Ty—o=-3
{ Ty —o=—-4 mov givar addvaro.

Apa 10 apykd cvuotnia givat 0dvvaTo.

iil) AToAglPoOvLLE TOVC TAPOVOLOGTEG KOL TO GUGTN L YPAPETOL
2x+y-40=06
{ 3x+2y+20=10
5x + 3y — 2o = 16.
And v mpot elcmon épovpe y = 4w —2x+ 6 @)
Ot GAAeg 600 €EIGMGELG TOV GLOTALATOC YivovTaL
*3x+240—-2x+6)+20=10 « 3x+8w—-4x+ 12+ 20 =10
= xXx+t100=-2 = x—100=2 (5)
*5x+3(4n—-2x+6) 20=16 « 5x+ 20— 6x+ 18 -20=16 =
= X+t10w=-2 < x—10w=2 (6)
O (5), (6) amotelovv O cHOTNUA
x— 100 =2
{ x— 100 =2
oV £yel melpeg AMaoelg g popeng e x = 10k + 2, o =k, kO R.
Amd v (4) égovpe y =4k —2(10k + 2) + 6 =16k + 2.
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B’

1.

Apa 1o apylkd chotnua €yl anepeg Aboelg g popeng (10k + 2,
—16k +2,k), k OR.

OMAAAX

i) Eoto 611 1 e€icoon ¢ g, eivary = ox + . Enedn n evbeio Siépyeton
an6 ta onpeia (0, 2) kot (4, 0) égovpe
{2=a'0+[3 {B=2 {B=21
0=0a-4+p 40+2=0 ===
Apag,: y=—15X+2.
Me avéroyo tpdmo Bpickovpe 611 M e&icwon g €, elvony =x — 1.
i) Ot e&lomoelg Twv dvo gvbeidv opifovv To VoA

1
y=—=—x+2
2

y=x-1
TOL omoiov N Avo), OTwS PaitveTar Ko ad To oynpa etvor to {evyog (2, 1).

Av X givatl 0 aptBpog tov dikMvev kot y o aplfpdc tov TpikMvev dmpo-
tiov, T0TtE and To dedopéva Eyovpe
{x+y=26 {x=10
2x+3y=68 ~ ly=1e.
Apa vadpyovv 10 dikiva kot 16 tpikAva dopdrtio.

Av tov aydva TopakorovOncay X Toidid Kot y eviAKeg TOTE oo TO Og-
dopéva Eyovpe
{x+y=2200 {XZISOO
1,5x + 4y =5050 y =700.
Apa tov aydva mapakorovdncav 1500 wadid kot 700 evihikec.

AoV 1o T = 20 eivon R = 0,4, éxovpe

04=0-20+p <« 200+ p=0,4 (1)
AoV 1o T = 80 eivan R = 0,5, éxovpe
0,5=80a+p = 80a+p=0,5 2)
"Etot €rovpe to svotnpa
1
200+ B =0,4 =—
Ou+p=0, 600
80a+ B =0,5 § 1
o+B=0, =,
30
1 11
ApoR=——UI+—
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5. Av amartovvtor X me€ amnd 10 Tp®dTO didAvpa Koty me and to dgvtepo S1d-
Aopa, tote X +y = 100. (1)

H mocsotta 100 v3poyrmpikod 0&éwms og Kabe dtddlvpa givort %x GTO

80 50 80 68
TPOTO Kol —— Y 610 devtepo. Emopévac ——x + ——y=——1100. (2
P 100 PO EIOKEVOS 100 ™ " 100”100 @

O e€iomoerg (1) kot (2) opilovv 10 cHGTNHO
x+y=100 x+y=100
30 .+ 80 _ 68 mgg = skt gy =680,
100 100 100
Emopévaog 5x + 8(100 — x) = 680 < 5x + 800 — 8x = 680
< 5x —8x =680 — 800
o 3x=-120 « x=40
omote y = 60.
Apa mpémet va avapeiEet 40 me and to wpdto pe 60 me and To devTEpoO.

6' 1)2X+4y:3 hnd 4y:*2X+3 < yz—%x-‘r%

1
Apo k= *E

1 o
X+2y=0 e 2y=—X+0o o y=——X+—.
y y y > >

Apa i, = *%

ii) Emeidn A, = A,, o1 guleieg M elvon mapdAinieg 1 tavtilovrar.
Apa eV VIAPYOLV TLLES TOL O Y10, TIG OTTOIEG TELVOVTOL.

iii) Ot evBeieg elvan TapdAinies otav % # % e 40#£6 = a# % .

7. i){(lx+y:(12

x+tay=1.
"Eyovue
D :‘“ 1‘:(1271:((1+1)((171)
Il o '
2
DX:‘? (lx - 1=(a- 1) +a+1).
2
D:‘a OL‘:(xfmz:m(lfm).

y

11
Av D # 0 dnhadn av a # —1 kot o # 1, 1o chompa £xel povadikn Avon,
omoTe 01 eVbeieg TEVOVTAL KOt TO oNUEID TOUNG EYEL GUVTETAYUEVEG

X:&:(afl)(a2+a+1):a2+a+l
D (a+1)(a—1) o+1

Kot
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y:g: al-0) _ -«
D (@+D(@-1) a+1

o +atl -«
>
oa+1 o+1

Apa av o # *1, ot gvbeieg Téuvovtar oto onpeio A(

, , x+y=1
* Av a =1, 10 cvotpa yiveTon {
xty=1
oV onuaivel 61t ot gvbeieg tavtilovTart.
—xty=1 x—y=-1
x-y=1 { x—-y=1
Kot etvan adOvarto mov onpaivet 6Tt ot evbeieg etvon TopdAiniec.

* Av a=-1, 10 chotpa yivetal {

ii){ oX—y=a
x+ay=1.
"Exovpe

D = ‘ ;x _al‘: o>+ 1£0, v k6Oe o R. Apa ot evbeieg Exovv povadiko

Koo onueio yio kéBe al R.

Y b - 2_1 _2x+1 ‘:_O“_l)(}""1)_4'(—2):—(7»2—1)-1-8
—( ):7)\,2+1+8:*}\42+9:*O\,279)
=—(A+3)A-3).
Dx: 12 :(2)\/4,1)‘:71 '()\1+1)7(72)(*2):*}\/*1* :7()\,4’5).
D, = 2_1 12‘=—2(7»—1)—4=—2x+2—4=—2x—2=_2(x+1).

* AvD #0, dnhadn av A # 3 kaw A # =3, T0TE TO GVOTNHA £XEL et AVOM

mv
=D —(At5 _ AtS

D —-A+3)A-3) (A+3)r-3)
_D,_ 20.+1) _ 2.+

D —(A+3)A-3) (A+3)A-3)
* Av A = 3, tO1€ TO GOOTNHA YiveTOL
{2x—2y:l - {2x—2y:1
4x —4y=-2 2x — 2y = -1, mov &tvat addvarto.
* Av A =-3, 101€ T0 cOOTNNO YiveTon
{—4x—2y:l - {4x+2y:—1
4x +2y=-2 4x + 2y = -2, mov givan advvarto.
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ii) :},t—25 L f_,2 4 2_.2 o— _
D= 7 g T DD 5= 5= - 9= (et 3)p-3).
505 | ~ e el
D =5 H+2F5m+2yas—ﬁwﬂo 25=5u—15="5(u-3).
D, = i“z §‘=5(u—2)—5=5u—10—5=5u—15=5(u—3).

* Av D # 0, dnhadn 1 # £3 10 cVOTHO EYEL HOVOSIKT ADGT, TV

_D_ 5p-3 _ 5
D (u+3)(n-3) p+3
_Dy_ 5u-3 _ 5

D (u+3)(u-3) pt3
* Av p =3, t6te T0 GVLOTUA YivETOL
{ x+5y=5
x+ 5y =15, mov éel anepeg Aoeig ta Lgoyn (5 -5k, k), omov k
OTO10GONTOTE TPOLYLLOTIKOG ap1OpdC.
e Av p=-3, 101¢€ 170 cHGTNHO YiveTOL
{75x+5y=5 - {x7y=71
Xx—y=5 X—y =15, mov givar addvaro.

9. Av R, R, kot R; ot axtiveg tov kbkhov pe kévipa O, O, kar O, avti-
otoiymg, TOTE

R, +R,=6 ()
R,+R,=7 2)
R, +R,=5 3)

To cOompa Avetor pe ™ péBodo TV aviifetmv cuvieAeoT@®V. AdY®
OLLMG TNG LOPPTS TOV UTOPOVLLE VO TO ADCOVLE KOl ™G EENG:
[IpocBétovpe Katd LEAN TIG EEIGMOELG KOt EYOVLLE
2R, +R,+R))=18 = R +R,+R; =9 4)

Av tdpo and ta péAn g (4) apapécovpe o pEAN Tov (1), (2) kot (3),
Bpiokovue ot1

R,+R,+R,~R,~R,=9-6 = R,=3.

R,+R,+R,~R,~R,=9-7 = R, =2.

R, +R,+R;—-R,-R;=9-5 = R, =4.
Emopévag ot aktiveg tov kukiov etvor 2cm, 4cm kot 3cm.

10. Ta epamtépevo Tunpota amd onpeio Tpog kuxkio glvat ica.
Enopévag AZ = AE = x, BA =BZ =y kot 'A =TE = z. 'Etot éyovpe 10
GUOTN L
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11.

12.

xty=y (1)
ytz=a 2
z+x=8 3)
Me ntpdcbeon tov eEloDce@V Katd LEAN £XOVLLE
atBty
2(X+y+z)=a+[3+ywx+y+z=T 4)
a+p+ a+p-—
-An6(4)Km(l)éxouugy+z:# - z:%-
ot+pB+ +y—-a
-Ané(4)m(z)s’xouugx+a=% @FB#-
a+ B+ +y—a
-Ané(4)1<m(3)éx01)u8y+[3:% - y:By#~

Mapatipnon: Av Bécovpe o + B + v = 21, to1¢
X:B+y—a _2t-o-a
2 2

=T—0 Kotopology=1—B,z=1—Y.

Av X, y, Z 01 T060TNTEG o€ It amd kabe dtdAvpo avTioTol®S, TOTE £XOVILE
TO GUGTNLLOL
x+ty+z=52 x+ty+z=52 (1)
D0 b 1004 30,232 % o [ s0x+ 10y +302= 1664 (2)
100 100 100 100
X =2z X =2z (3)

Ao (1) ko (3) éxovpe y + 3z =152, ondte y = 52 — 3z ko m (2) yiveron
50 -2z + 10(52 — 3z) + 30z = 1664
= 100z + 520 — 30z + 30z = 1664
= 100z=1144 = z=11,44,
omote z = 11,441t
Emopévag x = 22,881t ko y = 17,68It.

e Ty 1" wepintoon, eneldn N YpoPikn TopEcTEcT TOL TPLOVOHOL f(X)
TéUveL Tov a&ova y'y oto onpeio 3, Ba woydet f(0) = 3, ondte Ba £xovpe
v = 3, enopévmg To TPLdVLHO Ba etvat TG Lope1g

fix)= ax’ + Bx + 3.
Ene101) to tprdvopo f(x) éxet kopven 1o onueio K(2, —1) Ba woyvet

) — 4 — 4
» i p o ) B
%'ﬂ=1 f2)=-1 a=1.
20

Emopévag etvon f(x) = x> —4x +3.
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« Zmv 2" nepintoon, eneldn N ypaQIK TOPEGTUCT TOV TPIOVOLOL g(X)

tépuvel tov G&ova x X oto onpeio —1, Oa woyvel g(—1) = 0, ondte Ba Exovpie

a—-B+y=0. 2)

Ene1dn emmAéov 1 ypapikn Topdotoot] ToL TpLovOLon g(X) £xel Kopuen
7o onueio K(1, 4), Ba 1oydet

By B=—2a B=—2a 3)
20
g(i)—4 g(1)=4 at+Bty=4. )
20
Emopévag, Aoym g (3), ot (2) kot (4) ypapovtot
{3a+y:0 . {y:—3a . {y:3
—a +y=4 —a—30=4 o=-1

Apa, eivara =—1, B =2 ko y = 3, ondte Epovpe g(x) = x>+ 2x + 3.

20g TpOTOG:

Mia pia Tov Tproovopov g(x) eivan p, =—1. Av p, eivor 1 6AAn pila owtov,
. , _B . , ,

t61€ B 1oydEL P, P, = o Enedn], Opmg n teTpmpévn X, g Kopueng

G mopafoAng Sivetar amd Tov TOmO UE X, = ;£ Ko emedn x, = 1, O 1oyde
o

_7[3:1 ©p1+p2:1 @71+p2:1
20 2 2
Apoa ot piCeg Tov Tprovopov eivar o1 apduol p; =1 kou p, = 3, ondte O
€yovpe

= p,=3.

g(x) = a(x —p)(x—p,) = ax + D)(x - 3).
Emedn, opwe n xopuen K g mapafoinc éxel cvvtetaypéves (1, 4), Oa
woyvet g(1) = 4, ondte Ba Exovpe
a(l+1)(1-3)=4 = a=-1.
Enopévac givar
g(x) =-1(x+ 1)(x = 3) =—x"+2x + 3.

« Xy 3" nepintoon, eneldn N ypaikh TopEcTUcT TOL TPIOVOLOL h(X)
Tépvel Tov d&ova XX ota onpeia 2 kot 4 kat tov a&ova y'y 6to onpueio

4, Ba woydet
h(2)=0 4a+2p+vy=0 4a+2p=-4
h(4)=0 i l6o+4p+y=0 = 16a+4p=-4 =
h(0)=4 y=4 vy=4
20+ B=-2 B=-20-2 B=-3
4a+B=-1 = 4a—2a-2=-1 = a=0,5
vy=4 vy=4 vy=4

Emopévag eivat h(x) = 0,5x” — 3x + 4.
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3o0g TpoOTOG:
To tpidvopo h(x) €xer pileg Tovg apduovg p, = 2 kot p, = 4. Emopévag
éyovpe
h(x) = a(x — 2)(x — 4).

Eme1dn, Opwg 1 ypo@ikn TopdcTocT) TOL TPLOVOLOL SIEPYETAL OO TO O1)-
peio I'(0, 4), Ba 1oyvel h(0) = 4, ondte Ba Eyovpe

a(0-2)0-4)=4 = a=0,5.
Enopévac, eivan

h(x) = 0,5(x — 2)(x — 4) = 0,5x> — 3x + 4.

§ 6.2. M ypoppikd cuGTROTA

A’

1.

OMAAAX

H devtepn e&icwon ypapetary = 1 —x (1) KOt, 0V OVTIKOTOGTGOVLE
TNV TPOTI, TOIPVOLLE
XA(1=x +x(1x)=3 &« X’ +1-2x+xX’+x-x"=3

e X —x-2=0. 2)
H (2) &1 pilec x, = —1 xar X, = 2, ondte Aoym g (1) elvon
y,=l-x=1+1=2xa y,=1-x,=1-2=-1.
Emopévag to ocdotnpa £xet dvo Adoetg, ta Leoyn (—1, 2) kae (2, —1).

1) H devtepn ekicmon, Adyw g nphd-
me, YpapeTa
12x—3(3x)=4 = 9’ —12x+4=0. (1)
H g&icwon (1) éyel duthn pila, v

2 . , , .
X ==, omdte omd v mpo e&lomon
3

=Y

TOL GLGTILOTOG TOipVOLUE Y = 3

12x-3y=4

Enopévag

, . oy , 2 4 ,
TO GVOTNHO £XEL LOVadIKN Ao, To (gbyog 33/ Ioa va e€nyfoovpe
YPOQIKE TN ADOT| XOPAGOLLE, GE KAPTEGLOVO GUOTNIO GUVIETAYUEVAY,
™V Tapaforn y = 3x” Kkat v gvbeia 12x — 3y = 4. 10 oyp TOPOATH-

povuE OTL 01 HVO YPOaUUES £xOVV Eva, LOVO Koo ompeio M, to omoio &xet

GUVTETAYUEVEG (2 4)
373
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ii) To Voo YphpETOL YA
{ X +y' =9 4))
y=x @ xi4yi=g
H (1), Moyo g (2), yiveton 7 L2 A
X+x'=9 < 2x'=9 :
Kot €xet pilec Tig ,

_3 _3\2

=

V2 2

y=x

=]
=y

[

3
V2 2
omote Oo Eyovpe

2
1 =X = { Kol yzzxzz—ﬂ.

KoL X, =—

Apa, 0 sVotnpo £yl 600 Acelg, Ta (evyn

2 72 2 2

IMa va e€nynoovpie Ypaeika Tig AVGELS YOPACOVLE, OE KAPTEGLOVO GUGTI-
0L GUVTETAYUEV®V, TOV KOKAO X~ + Y~ =9 e kévipo 1o onueio O(0, 0) kot
axtiva 3 kaBog eniong kot Ty gvbeia y = X. £TO GYNLUO TOPATPOVLE

35,36) o
2 7 2

OTL 01 dV0 Ypappég TEUVOVTAL Gg dVo onpela, To A (

B(MM)
2 o2

iii) Ao 1t devtepn e€icwon
nmpokvmtel X =0, y#0
_2
Kory=".
X
H npcdn e&icwon yivetan
4 _
==
X
o x'+4=5%
x5 +4=0. (1)
Av Bécovpe x> = (2),1 (1)
yiveton o —50+4=0. 3)
Avt el pileg o, = 1 xon

x>+ 5
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0, = 4, omdte Moy G (2) éxovpe xX=1 M X’ =4. And OTEG TToipVoLpLE

téooepi; pileg x, = —1, X, = 1 kou Xy =2, X, = 2, omdte Y10 70 y modpvov-

LE TIG TWES Y, =£=72, Y, 2 - 2 Kol ys =i=71, y4=%= 1.
X, X, -2 2

Apa, 10 cOoTHa £)EL TEoOEPLS AvoELS, Ta Cevym (-1, -2), (1, 2), (-2, -1)

kat (2, 1). T'a va eEnynoovpe ypapikd Tig AVCELG XUPACCOVLLE, GE

KOPTEGLOVO GUGTNLO CUVTETOYLEV®V TOV KOKAO X+ y2 =5 pe ké€vtpo

70 O(0, 0) ko axtiva V5 , kadde emiong kot T vIEepBoAn y= 2 .
X

210 oyfue TaPATPOVUE OTL Ol dVO YPOUUES TELVOVTOL GE TECCEPN
onpeia, ta (-1, -2), (1, 2), (-2, =1) ko (2, 1).

p . , V=V, ,
3. Amd mv v =v,+ at éxovue v — v, = at, ondte o= ——" . Aviikobiotoope

t

GTNV TPAOTN KOt EXOVUE

_ _ + vt —
S= it s of = v, [+ 1 =V 2= vt + (V= volt _ 2yt + vt — vt ‘
2 2 t 2 2
Apo s=Y "V
OMAAAX

. H devtepn e&iowon AMdyw g

TPAOTNG YiveTon

2y + 10 +y* =25

1, 16odHvapa,

y2 + 2y — 15 =0, n omoia £xet

piCec 3 ko =5. T y = 3

i 2 _ . _

&yovue x” = 16, ondte x = 4

N x=-4.Twy=-5 &ovue
2 _ . _

X =0, ondte x = 0.

Apo. TO GUGTNHA EXEL TPELS AD-

OEIC TG (43 3)5 (749 3)’ (05 75)

H yeoperpikn epunveio Tov

OamoTEAEGUATOG lval OTL M

Tapaforn y= % xX=5

, 2 2 2, ’ ) ’
Kot 0 KOKAOG X~ +y~ =5 éyovv Tpia Kowd onpeia.

=y
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2. And v npot e&icwon Egovpe y2x—y—5)=0 « y=0M2x-y-5=0,

0mOTE TO GUOTNLO EIVOL LIGOSVVOLO LIE TO GLCTHLLOTO
y=0 2x-y—-5=0
{y=x274x+3 DR {y=x274x+3 )

I va Aboovpe 1o (1) BéTovpe otn dedtepn e&icwon y = 0, omdte €xovpie
X —4x+3=0.01 piCec avtg efvan x, = 1 ko x, = 3, éto1 10 cHopa (1)
&xel dvo Aoetg, ta Cevyn (1, 0) kar (3, 0). H mpodt e&icmwon tov cuoti-
patog (2) ypaoetar y =2x — 5, (3) ko av Bécovpe ot dedtepn maipvovpe
2X—5=x"—4x+3 o X’ —6x+8=0.
O pileg anvtés efvon X, = 2 ko X, = 4, omdte AMoyw g (3) efvany, =2 - 2-5=-1
kory, =2 - 4 -5 = 3."Eto1 10 cvomnuo (2) £xel dbo Aveelg, o Levym (2, —1)
kot (4, 3). Emopévag 1o apyucd cootnua £yet téooepic Aoeig, ta Cevyn (1, 0),
(3,0), (2,-1) xou (4, 3).

3. Avx,y elvat ot draotdoelg Tov opBoymviov, ToTE givot

xy =120 (1)

Ko x+3)(y-2)=120 (2)
H (2) ypaoetar xy + 3y — 2x — 6 = 120 ko Adym g (1) yiveron

120+ 3y —2x—6=120 = 3y—2x=6 = y:2"3+6, 3)

Bétovpe oty (1) n omoia £Tot yiveton

X(M)_uo = 2xX'+6x=360 = X" +3x 180 =0.

3
H televtaia e&icmon £yet pileg x, = 12 kar x, = —15.
Ene1dn o1 doctdoelg eivor mhvtote Oetikég Oa £yovpe x = 12cm, onodTe,

AOY® G (1), Bo efvan y= 120 120 _ 10cm.

X 12

4. T va Bpovpe ta onpeio, oto omoio 1 evbeia y = 2x + k tépuvel tnv mapo-
Boyy = - ADvVovUE TO GVGTN O { y=2x+k
y=—x (M
Av Bécovpe oty Tpo e€icmon y = 7, maipvovue x> =2x+k 1 axdpn
x> +2x +k=0. )
Eivar pavepo 61t ot dvo ypappéc Ba tépuvovtal og dvo onpeia, pévo av o
ovotnua (1) éyet 6o Aoeig, mov onpaivel 6T 1 e&icwon (2) Ba npémet va
éyet 000 Aoelc. Avtd ocvpPaivet, povo av etvar A =4 — 4k > 0, dnhadn av
etvan k < 1.
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5.

Mg avrikatactdtn tov

y =X + U otV TpoOm

e€lowon maipvoope v
2(x+p) = x>

e xX=2x-2u=0. (1)

H dwokpivovoa g (1) &i-

var A=4+8u=4(1 +2w).

Aopivoope TG TEPUTTO-

OEIG

* A> 0, onAadn

y=x+tu, u>-0,5

y=x+tu, u<-0,5

|,L>—l. H (1) éxe1 dvo
2

pileg, mov onpaivel ot /
70 cVoTNUO EYEL OVO AV-

o¢€lg, omdte M TaPoPorn

Ko 1 evbeio TEPvVoOVTOL.

*A=0, MAadN u= 1 . H (1) éxet duthn pila, mov onpaivet 6Tt 10 0V-
2

otnua £xet pio Avon, omdte N Tapafoin Kot 1 evbeio epdmTovor.

* A<0, dhadn p< 1 . H (1) dev éyet mpaypatikég pileg, mov onpai-
2
veL 0TL o cvoTnUa dev £xel ADoELS, ondTe 1) TopaPfoin Kot 1 gvbeia dev
£xouvv Kavéva Kovo onpelo.
Ipoagikd ta e&ayodpeva, e&nyodvtal pe ™ Ponbeia tov mponyovevoL
GYNHOTOC.



KEQAAAIO 7
TPITQNOMETPIA

§ 7.1. Tpryovoperpikoi aprBpoi yoviog
A" OMAAAZX

VAN b'e
1. Z10 tpiydyvo AAB éyovpe nu 30° = 6 omotex =6 Mu30°=6" ;—= 3.

A x_3
210 tpiyovo tpa AAT égovpe epm = g = 5 =1, onote m = 45°.
Enopévag, emeidn nuo = X , &xovpe
y
nu4s5° = ;, ondte y= 3 _3._6_ ﬂ:m/?
y nds’ V2 V2

2

A
2. Emedn B+ T =90° 0a eivan A = 90°.’Eto1 670 0pBoydvio tpiyovo ABIT

&xovpe N 30° = @, onte (AB) =2 nu 30° = 2 %= 1

nu 60° = (Azr) ,onérs(AF)=2nu6O°=2Dv2z= V3.

, .« .
4. Am6 tov tomo —= éyoupe

r
T 18
1) ' p = 30, eivan «_ 30 a=". Apa3 o= T rad.
w180 6 6
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o_ 120
—=""" =
n 180

ii) T p = 120, givon = 2?" . Apa 120° = 2T rad.
3

iii) T p = 1260, givor — o_1260 a="7n. Apa 1260° = 7z rad.
n 180
iv) T = 1485, eivan a_1485 o= 33 . Apa —1485° = — ﬁrad
n 180 4
, 0 B,
Amo tov TOmo —= —— £€yovpe
x 180 OF
T
10 1) . (s _1Q0
=2 < n=18,4pa —rad=18"
n 180 : P 10
St
.. 6 n . Sn 0
i) —=-"+"— = u=150, 4po. = rad = 150".
n 180 6
91n
i) 2= B L= 5460, apa T rad = 5460".
n 180 3
18000 18000°
1v)@: K = n= , Gpa 100 rad = 8 .
I 180 T T

1) Etvon 1830° =5 - 360° + 30°, ondte

V3
nu 1830° =nu 30° = %, ovv 1830° = ovuv 30° = ey

€@ 1830° =g 30° = VE, o 1830° = o 30° = V3.

i) Eivon 2940° = 8 - 360° + 60°, omdte

V3 1
nu 2940° =nu 60° = B ouv 2940° = cvv 60° = >
3

£0 2940° = £¢ 60° = V3. 6¢ 2940° = ¢ 60° = o

iii) Eivar 1980° =5 - 360° + 180°, omote
nu 1980° =np 180° =0, cuv 1980° = cvv 180° =
€ 1980° =¢gp 180°=0
&V dOgv opiletar n ocvvepamtopévn v 1980°.
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iv) Etvau 3600° = 10 - 360° + 0°, omote
nu 3600° =np 0° = 0, cuv 3600° = cvv 0° = 1.
€p 3600°=¢p 0°=0
evo dev opiletar n cvvepantopévn tv 3600°.

B OMAAAX

A
1. Xto tpiyewvo AIIN éyovpe

h
QM = , onote (ITA) = h . (1)
(I14) EXolo}
A
210 tpiywvo AAN €yovpe
h
g 70° = , omote (AA) = . 2
o an) (AA) e0 70" 2
Enreidn (ITA) = (ITA) + (AA), Mdyo tav (1) ko (2), Exovpe
hooh 5= 1000 < h-gp70°+h - gpm = 1000 - epw - £ 70°
Q0 g 70
0
= h(ep 70° + gpw) = 1000 - gpw - ¢ 70° = h= 1000 I},q:)m CEp 70" 3)
ep 70" + gpw
i) Av © = 30°, 161¢, AMOym ™G (3), etvon
0 0
h = 1000 D:(po 30 Ds(po70 ~ 478
ep 70"+ ¢ 30
Av © =45°, 161¢ €yovpe
0 0
b = 1000 Ckg 45 [k 707 _ 733
€Q 70° + €Q 45°
Av © = 60°, 161¢ €yovpe
0 0
b = 1000 Lo 60" [E9 70° _ 1062.
€Q 70° + €Q 60°
ii) Av topa h = 1000, t6te Adyw g (3), ivar
1000 (koo ko 70° gpo [E¢ 70°

1000 = = 1=

g0 70" + g0 £ 70" + go 45°
= g0 " gp 70° =€ 70° + gpm
= gpu(ep 70°—1)=¢€p 70°
g 70°
€0 70° -1

= gQm = = 1,5723.

Apa o = 58°.
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2. 1) Eneidn TAB = 45° givar (AD') = (BI'). "Exovue opmg:
(AT) _ (AD)

nu 45’ =
(AB)

, omote (AT) = 2nud5° =2 Dg= V2

ko enedn (AT) = (BI) 0a givar (BI') = V2.

i) 1o tpiyovo AAB éyovpe
22,5 = (BA) _ (BA)
(AB) 2
Eneion to opboydvia tpiycove AAB kat AAE givan ica égovpe (AB) = (AE).
‘Etot (EB) = 2(BA) = 4 nu 22,5°.

iii) Amd mv 1o6o6tto tov tprydvov AAB kol AAE npoxintel (AE) = (AB) =2.
Apa (ET) = (AE) — (AI) =2 — V2.

iv) Ano to muBayopeio Bedpnua oto tpiyovo I'EB (oynqua) Exovpe
(EB)’=(B)Y’+(TEY =02 )Y+ 2-vV2 ).
Apa EB=212-12.

(EB)
V) Eyovpe qu 225" =(BB) 2 _(EB) _ V2-v2
2 2 4 2
. \ , . . 225 225°
vi) Mmopovlpie vo. DTOAOYIGOLIE TO NUITOVO TAV YOVIDV Y "4 KT\,
apkel va dryotounoovpe T yovia BAA k.T.A.
3. * And 1o tpiyovo ABI éyovpe
nu30’=_9 -6 _an=12

(A) 2 (AD)
* Amo 1o opBoydvia tpiyeva ABA kot ABI éyovpe BAA =30°. Emopévag

e030" =B L L0300 BA) L pAy_gep300 =603
(AB) 6 3
Apo BA =213,
* An6 1o tptyovo ABI éxovpe mu 6002@ - B:@
12 2 12
Apa (BI) = 6Y3 .

«’Exovpe (TA) = (BI') — (BA) = 6V3 —2V3 =4V3.
Apo (TA) = (AA) = 473
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Emopévag mepipetpog = 12 +4V3 +413 =12+ 8V3.
Ep&wév=%4AF)QAB):%InV§[5:12f§

4. Onwg eivor yvootd 0 AeTTOdEIKTIG EKTELEL L0l TAPT| TEPIGTPOPT| GE YPOVO
1 dpagn 3600 devteporéntv. Awrypdeet dnAadn yovio 2x rad oe 3600sec.

rad.

Emopévac e 1sec dioypaeet yovio u
pevog YPOUPELY 3600
Av 10 PKOG TOL Aemtodeiktm givar iGo pe p, TOTe GOUP®V L TOV TOT0 S = ap,

21

10 GKpo Tov Aemrodeiktn o€ Isec Oa daypdyel T16Eo0 KoV %

IMa va etvon to pkog awtd ico pe Imm apkei

2n 3600
pb=Imm < p= m
3600 2n

m = 573mm.

§ 7.2. Baowkég TPLYMVOUETPIKES TOVTOTNTES
A" OMAAAX

1. Av oty wotta nuzx +ouv’x = 1 OVTIKOTOGTCOVE TO MUX UE s Bpi-

GKOVLLLE
2
9 16
2] +ouv’x=1 = =~ +oov’x=1 = oov’x=
5 25 25
Ao yia T<x<n
_ 16 _ 4 2
S OUWWX=—p /) — =——
25 5 woyvel cuv x < 0.
Emopévag epx = X = 3 kat opx = OWVX -4
ouovx 4 nx 3

] 2 2 , -2
2. Av omv 166TTo NU'X + GUV'X = | aVTIKOTOGTGOVLE TO GUVX HE —
Bpiokovpe 3

M’ + =1

2
2 2
— =]l =1 ‘:’T]HXJF
3)

2 _
o X =

RV NN\
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, 3n
aPov Yoo T <X < ==
=3 T‘IHX:_ é:_ﬁ , 2
9 3 woyvetu x < 0.
Emopévac 8(px=ﬁ Ko o(px:ﬁ.
2 5
3. Gq)x:l—:fi:f V3.
£QX V3
* Etvan S(px=——3 = M=fg - nux=——3 GUVX (1)
3 GLVX 3 3

Enedn n uzx +ow’x =1, Ady® ™G (1), éxovpe

1 2 2 2 2 2 2 3
gcsuvarcwx:l = oW X +t3co0wx=3 = 4oov'x=3 = cmvx=4—

apov Yo S?E <x<2m

= OLUVX = ——
2 oveL Guvx > 0.
* And v (1) Todpa TaipvovpEe Nux = — E DE:— 31
3 2 32 2
4, o EPx= 1 :L:ﬁ'
cpx 2V5 2
* Eivan cpx = 215 - TE - 215 = GDVX:ﬁ NUx (1
5 nUx 5 5

Emedn n uzx +ow’x =1, Ady® ™G (1), éxovpe
nuzx + ?nuzx =1 e Snuzx + 4np2x =5« 9nu2x =5

, 5 Vs ozq)01')y1(10<x<E
e NUX= - e MUX= 2

9 3 woydet nux > 0.

* A6 v (1) tdpa maipvovpe cuvx = 2\55 D!E = % .

OUVX _ 5
NHx

5. *Eivatopx =-2 = = OLVX = —2 NUX.
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Emedn nuzx +ouw’x =1, Aoy g (1), éxovpe

1
XX =T o Sk = 1 e k= ¢

, 3n
apov Yoo —— <X <2m
Vs ’

1
= X=—=— —
" V5 5 oyvet Nux < 0.
* A6 v (1) tdpa maipvovpe cuvx =—2 D_ﬂ = ﬁ .
5 5
. . , 2nux ovvx ,
Emopévemg n aptBpuntikn) Tiun e Topdotaong — —————— 1600ToL HE
1+ ovvx
zg(ﬁ)ggﬁ 4
5 5 _ 8 _ 4  _ —4(5-2V5 _8V5-20
2Vs 5+2V5  5+2V5  (5+2V5)(5-2V5) 5

1+

5 8

6. Emeidn nuzx +ouw’x =1, av vroBécoule 0T
1) nux = 0 kot cvvx = 0, t01€ Bt 1OYOEL 0*+0° =1, diadn 0 = 1, mov eivon
dromo.
i) nux = 1 ko ovvx = 1, td1€ Bt 1oYvEL ’+1°=1, Miadn 2 = 1, mov eivan
dromo.

3

3 \ 4
iii = — Kotovvx = — 1t01¢ |
) Nux 5 X 5 01 (5

2 2
+(§) =1 7ov eivar aAnOfG.

Apa vrdpyet TETOLO T TOV X.

7. Apxel va dgt&ovpe 6tL 1| amdoTacn tov M(X, y) and v apyn O(0, 0) &i-
vat ion pe 3. Tpdypott

OM)= V2 +y* =1 (3 ouv8)> + (3 nud)y’ = 19 5uv*0 + 9 1’0

= V9 (cov’0 +1u’0) = V9 =3.

8. 'Eyovpe
9%’ + 4y’ =9 (2 ouvh)’ + 4 (3 nub)’ =9 - 4 ooy’ + 4 - 9 nu’0
=36 cuv’0 + 36 qu’0 = 36 (cuv’0 + ') = 36 - 1 = 36.

9. 'Exovpe
x>+ y2 +25=r npze GUVZ([) +r n;ﬁe nuch +17 cuv’0
=r npze (cnvz(p + nuz(p) +rr o0 =r np26 +1 v’
2 2 20 2
=" (Muo+ouvo)=r".
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10.1) Av 1 + cuv a # 0 kaup o # 0, €yovpe

nuo  _ 1 —ovva

= nuz(x = (1 + ovva)(1 — cvva)
1 + ouvva Lo

= n’a =1 — ovv’o oL 1oYvEL
Alwg av 1 + ovva # 0 kon 1 — cvva # 0, Exovpe

nuo  _ nuo(l-ovva) _ npa (1l - ovva)
1 +ovva (1 +ovva) (1 —ovva) 1 - ow’a

_nua (1 —ovva) _ 1 -ocvva
e nuo

ii) oo — n u4(x = (cmvzm)2 - },lz(l)2 = (cvvza +n uza)(csnvza -1 uza)
=cuv’a— nuza = ouvlo — (1- GDVZ(X) =2 onwla—1.

11. Eivan
i) o 1+ouvb _ 0 + (1 + ovve)’ _
1 + covvl nuo nuo (1 + ovvo)
o+ 1+2c0wh+o0v _ 2+2cuv _ 2(1+owh) _ 2
nuo (1 + ovvo) nuo (1 + cvovd) mMuo (1 + ocvvb) mnpod
OUVX | OUVX _ OULVX (1 +nux) +ovvx (1 —mpx) _ 2 oovvx

I-mux 1 +npx (1 —mpx) (1 +npx) 1-mp’x

_20vvx _ 2

(n)vzx GUVX

1 epa gpf + 1

gpot+ ——
12.9 g0+ QB _ gpP _ epP — EQa
epptoga g, 1 egueoBtl  eof
€Qa €00
2 2 2 2
i) sota— mula= RO _ puZg =TG- Couva
oLVV o cLuV o

2 2 2 2 2
_ma(l —ow @ _ N aEiw @_ ( npo ) Oyt
oLvV o oLvV a ovvo

= gp’o o
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13.0) OUVX |, MUX _ OLVX | X
l—egpx 1-o00¢x |- Mux_ | ouvx
GLVX nux
2 2 2 2
__OWX _  MWX _OWWX-MUX
CUVX—TMUX TNUX—OCLVX  GLVX—TMuX
CLVX — NUX
2
ii) (1 —ovvx) (1 + 1 )=(1 — cuvx) SOVX T L_I-ouvx
oLVX oLVX oLVX
2
GUVX  GUVX
1ii) ! = ! =— ! —= m;Lx OWVX_ = nux cuvx.
EPX T OPX  MUX +OWVX  muUx+ouvx mMux+ovv
GUVX  MuX MUX GUVX \_‘l’—/
2 2,
iv) (l—nux)( —GDVX)=1n”X L ovvx
nux GLVX nux GLVX
2 2
=OWX i X =nux ovvx.
NUX  GLVX
B OMAAAX

1. 1) Eredn nux + ocuvx = o égovpe d1ad0y1Ka
(Mux + GUVX)Z =o
n uzx +ouv'x + 2npx GUVX = o
1 + 2 nux cvovx = o
o -1
MHX OUVX =~ -

Enopévag

.1 1 X + GLVX o 20, ,
if) ——+—— =" =5 =20 oye ms (1]
NUX OLVX TNHUX CLVX a—-1 o-1

(1
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iii) £ox + oOx = NEX |, GUVX _ nu’x + ovv’x _ 1
CUVX  MUX MUX GUVX  TUX GUVX
_ 1 _ 2
-1 o’-1
2

iv) Zopeova pe v To0TdT T o + [33 =(a+ B)3 —3aB(a + B), &rovpe
3 3. 3
NUW'X + ouv'x = (MUX + 6VVX)~ — 3NUX GLVX (MUX + GVVX)

o —1

2
=a-3 Ijuﬂx POV NUX + GLVX = @ KO UX GLVX =
2

:a373a3—3a:3a—a3:a(3— o)
2 2 2

2. 1) BAéne gpappoyn 2, §7.2.

i) Zopeova pe tnv towtdTnTo. o + [33 =(o+ |3)3 —3af(a + B), éxovue
6 6. _ 2.3 233
NE'x + ouv x = (Mu'x)” + (cuv'x)

=M uzx + c51)v2x)3 -3n uzx oUV’X M uzx + csuvzx)
S———— S—————

1 1
=1- 3nu2x oUVX.

i) 2mu’x + ovv’x) - 3(u'x + svv'x)
=2(1- 3nu2x GDVZX) -3(1- Znuzx ouv'X)
=2- 6nu2x ouv'x — 3+ 6nu2x ouv’x =—1.

3. Eivan
\/1 tnpx _ [ tnp) (I +npx) _ /(1 +nex)” 1 +nux
1 —nux (1 —mux) (1 +npx) ouv’x lovvx|
=1 , 0OV GVVX > (), EMEON [_n <x <n}.
GLVX 2

/11— 1-
* Opoimg etvan Mpx _ JZNeX
1 +nux GUVX

Erow \/HWX vlnux _lmux  1-nux
TOHEVES I —nmux 1 +nux GLVX GLVX
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V1+ouvvx + V1 —-ouvx

V1+ovvx —V1—ovvx

_ (\/lJrcmvxJr\/l—(mvx)2

(V1+cmvx —Vl—cvvx)(V1+cvvx +\/1—<51)vx)

_1+ovvx+ 1 —oovx +2 V(1 + ovvx) (1 — cvvx)

(1 + ovvx) — (1 — ovvx)

_2+2 V'1- cuv’x _2+2 Vnu’x

20vvX 20Vvx
—1tinux| _ 1+ mpx (l(pOl')OSX<£8iV0ﬂT]},lX20
OLVX GLVX 2
) (I—mpx) - 1- nw’x _ GUV'X _ OLVX

ovvx (I —nux) ouvx (1 —ux)  ovvx (1 —ux) 1 —mux .

§ 7.3. Avayoyi) oto 1o TeTaptnuoplo
A" OMAAAX

1. 1) Av dupéoovpe tov 1200 pe tov 360 Bpickovpe ko 3 kot veoiouro 120.
Emopévag 1200° =3 - 360° + 120°
omdte

V3
M1200° = 1 20° = n(180° — 60°) = nu60° = ~~

1
ouv1200° = cvv120° = cuv(180° — 60°) = —GVV60° = *E

1 3

£p1200°= = =— V3 ko1 o91200° =

3 3

|
o |
W[ [ =

ii) Opoimg éxovpe 2850° =7 - 360° + 330°
omoTE
NU(=2850°) = nu2850° = —np330° = —nu(360° — 30°)
1
=NR(=30%) =nu30° =
ovv(—2850°) = cvv2850° = cuv330° = cvv(360° — 30°)
V3

= ovv(-30°) = cuv30° =
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= 73 kot op(—2850°) =

;%’

ep(—2850°) =

> [
ity

187 _ % [27. Av tdpa Stopéoovpe To 187 pe to 12 Bpickovue

2. 1) Eivau

mAiko 15 kot vdrowro 7. Emopévog éyovpe

187“—1875271—(15+l m=15 a+ /™
6 12 12 6
omotTE
187w n n T o 1
nu =nu (I5Rr+-=)=nqp==nu|n+>|=-mpu ~=- —
6 ( 6) 6 ( 6) 6 2
csl)vlgh:ovvlt:cw n+£)—mvn—ﬁ
6 6 2
1 V3
87 2 1 V38T 2y
6 V3 V3 3 1
2 2
21n _ 21

i) Etvan ey [D7. Av tdpo Sraupéoovpe 1o 21 pe to 8 Bpickovpe -

Ao 2 kat vworowmo 5. Emopévmg éxovpe

2l _ 21 pr (243 2 =2 r+ 9"
4 8 8 4
onote
21n _ St_ | _ T _ 2
mu——=nMp —=Mpn+ —)]=u—=——
4 4 4 4 2
Gl)vzln—cuvsn—m)v(nJrl——cwn— Q
4 4 2
V2 V2
2l . 2 _ 2Im 2 _
ep "= =1 xuu op=—"==—-—="_=1.
4 4

2
2



7.3. Avayoyy oto 1o teTapTudpto 109

3. Emetdon A+ B+ T =180° givan

+
A=180°-(B+T) ko %:9007B21".

"Etot épovpe
1) nuA =nu(180° — (B +IN) =nu(B + T).

ii) cuvA = cuv(180° — (B + I')) = —cvv(B + I).
ouwvA +ouv(B+1)=0.

B+T
v
2

Ko

ii) 2 = (90°B”)
2 2

iv) cvvé:(wv (900—B+F :nuB+F
2 2 2

4. Emedn ovv(—a) = ovva, ocvv(180° + o) = —cuva, nu(—a) = —-nua Kot
NW90° + a) = Mu(90° — (—a)) = cvuv(—a) = cuva, EYOvpE

ouv(—a) Couv(180° + ) _ ovvo H—ovva) _ o0
nu(—0) Chp(90"+ ) (-mpa) Dovva

5. Eivor
ep(m — X) = — gpX, oVV(2T + X) = GLUVX

oLV 9—n+x =owv [22n+" +x|=cvv [T +x
2 2 2

= ovv (E - (—x))
2

= NU(-—x) = —Npx.
(13w + x) =nu(6 - 2x + © + x) = N(x + X) = —Mpx, GLV(—X) = GLVX Ko

A T T
oo === —-x|=00|5 [|21t+—x)—c(p(—x)—a(px.
( 2 ) ( 2 2
Enopévag

eo(m — x) bvv(27 + x) [bov (97t + x)
2 (Cogn) Dowvs Dm0 _ |

(137 + x) Dovv(—x) B¢ (2;” _ x) (—mpx) Lopvx [Eex

6. Emeidn n(m — X) = nux, cuv(T — X) = —GLVX

T .
ovv(2m — X) = cuV(—X) = CLVX Kol MW (2 - x) = GUVX, £YOVLLE
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(T — x) + ouv(T — X) oVV(2T — X) + 2np’ (; - x)

2 2 2 2
=NUX — GLVX " GLVX + 20UV X =NU'X + ocov'x = 1.

OMAAAX

Emeon 12
nu495° =nu(360° + 135°) =nu135° = nu(180° — 45°) = nu4s5° = BN

1
ouv120° = ouv(180° — 60°) = —cVVv60° = *5
V2
ovv 495° = ouv(360° + 135°) = cvv 135° = cuv(180° — 45°) = —cuv45° = —7
1
ouv(—120°) = cuv120° = — > (6mwg Tponyovpévmg)
ep(—120°) = —ep120° = —p(180° — 60°) = £p60° = V3 ko

€0495° = ep(360° + 135°) = gp135° = gp(180° — 45°) = —ep45° = —1.
M TWH TG TAPACTACNG IGOVTOL [UE

ERLIE M e P e

V3 +(-1) V3 -1

"Eyovpe

nu(5n + ) = nudn + 1+ 0) = MU + ©) = -NUo
ow (71 — ®) = ouv(61 + T — ®) = CLV(TT — ®) = —CLV®

nl=—-o|=mp |2+ =-o|=np|= - o|=ocvvo
2 2 2

csvv(th(o = oLV (4nn+m)=cvv(n+m)=cmv (nm)=mw)
2 2 2 2

op(5n + ®) = cp(4n + T+ ®) = 6p(n + ®) = GP®
U7 — ©) = N(6T + 7 — ©) = (T — ©) = Ho

Sm _ T _ T )_
ouw|[——-o|=ovv |2+ = - o|=cvv |~ - o|=Muw
[5 o] -omfes 5 o] -omfs

¢

7n+(x))=($(p(4ﬂ:— Tt+o
2 2

— T _ T _
=00 (—+0))——cs(p (—m)——ecpoa
2 2

Emopévag n mapdotaon yiveton
(Mpo) (—ovvew) bvve Chpod . npo Cbuv’ O _

=—ow’o = um o 1.
o9 Lip® hpo (—eew) Nuo
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3. ZOpeova pe TV T0VTOTNTO o + [32 =(a+ B)2 — 20, &govue

2T 2 (T
P | = —X|tTep [—tXx
o)l

2

T T T T
=lep|——x|tep|—+x —2s(p(—x)8(p(+x)
[ (3 ) 6 3 6
—5228(p(nx)s(p Tix —252a(p(nx)0(p[n n+x)
3 6 3 2 16

—25—28(p(7;—x)6(p (’;—x)—zs—z—z&

4. Eivau

0<_ EOm+X) | g EOX
€0X — 6Q(m + X) €0x + opx

EQX

EQX

o 0< <1

£0X + L
[6]1),€

EQX

= (< <1

8(p2X+1
£QX
2
e < 8PX
g(p2x+1

- O<8(p2X<8(p2X+ 1.

TIOL 1GYVEL, V10Tl amokAgieTot va givar px = 0, apov, Adyw vrobicewmc, opi-
Ceton m oox.






AYXKHXEIX I'TA EITANAAHYH

. 1)’Eyouvpe
Hp e -]

=%( *_ap+ BB 2By + ¥ v - 2ya + of)

(202 +28% +2y> — 208 — 2By —2ya)

N | —

=2 (+p +v" —ap — Py —ya)

N | —

=o' +p +y"—ap - Py -y
ii) Eyovpe
2 2 2 2 2 2
o +PHy 2op Py tya e o+ Yy —of-Py—ya=0

= H@-pr+B-n" - 0)’|20 o oy

To “=" woyvet av kot pévo av
0—PB=0 kat B—-y=0 kou y—a=0 << a=pf=y.

- 1) Exovpe (kB)° + (ky)* = 1B 18y = k(7 +y) =1’ = (o),

it) 'Eyxovpe (uz —V) (2}1\/)2 = u4— 2;12\/2 +vi+ 4;12\/2
=t 2 v = (2

3 4 5
8 6 10
5 12 13
21 20 29
16 30 34

15 8 17
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3. A)’Eyovpe off < (OLJ;B)2 = of < (x2+[51+20tﬁ = 4af < o + [32 +20ap
e 0<a’+B*+20f—4ap = 0<o’+B*—2aB
= 0<(a— B)z, OV 1GYVEL.
To “=" woyvet dtav a = P.
AT TV avicOTITa AVTH TPOKLATEL OTL TO EUPOdOV EVOG opboymviov pe
daotdoelg o kot B dev vepPaivel To PPV TOL TETPUYDOVODL LE TAELPA

o+
2

70O Madpolopa

B) Av a kot B etvon ot daotdoetg evog té€totov opBoymviov, tote TO gpfo-
d6v tov glvan E = aff ko ) mepipetpdg tov P =2(a + B).
2
i) 'Etoln mponyodpuevn avicotnta yphepetor E < (Z) .
H 0ot ta woybet, ov kot povo av o= = P , ONAad” 6tav 1o opbo-
YOVIO YiVEL TETPAY®VO. 4

2
ii) Adyo me (i) éxovpe E < (i) - VE 5% ~ P>4VE.

H cétta 1oydet av kot povo av a = P.
(To mapomdve amotéAesa NTOV YVOOTO TPV TV €m0y Tov Evicheidn).

4, N3xt+t1)—ox=4 = 3x+3-ux=4 <« B-a)x=1.

* Av a # 3, 101€ 1| e€iowon €xetl povadikn Adon Ty x = .
—a
* Av a =3, 161¢ 1 e€iomwon yiverar 0x = 1 kot eivor advvar.

S
—a 3_
a_

1—3+a>
3-a

-1>0 & 0

i) To o # 3 npénet
o
2

3-a
= (@-2)0-3)<0 = 2<a<3.

<

>0 < (@-2)3-a)>0

5. 1)’Eyovpe
NP (x—1)+3h=x+2 = Xx-A+3h=x+2 o Ax—x=A"-31+2
o (W= Dx=A"-3r+2
o (A + D= Dx= (- 1)(h-2).

i) * Av A # %1, 101€ 1| €€icwon €xel povadikn Avon v

(=D (=2) -2
A+D-1) r+1’




AXKHXEIZ T'TA EITANAAHYH 115

e Ta A =-1, n e&iocwon yivetar 0x = 6 Kot givar advvoT.
* T A= 1, 1 e&lomon yiveror 0x = 0 kot givor TovtdOTTO.

iii) H e&iowon €xet pila Tov apBpd x ZAIT , 0V KO LOVO v 1oy 0EL
A-D(A+ 1)%: A-DA-2) «c A—DA+DH=4A-1D(A-2)
= (A-—DBA-9)=0 = A=110A=3.
6. A)1i)Eyovue
_ 1 2 _ 1 2 _ 2

180 = 60t - -10t" = 18 =6t - tt=36=12t—t =

- 12t+36=0 = (t—6)°=0 = t= 6sec.
i) 'Eyxovpe

100:60t% 108 10:6t7;— £ e20=12t—f o

£~ 12t +20=0.
A=(-12"-4-1-20=144-80=64
Enopévag t=w = t=2sec N t=10sec.

Yy mepintwon 1) to vVyog tov 180 pétpav eival to péyioto Hyyog Tov POAveL

1
TO OO, POV 1) CLVAPTNGT| TOL VoL givan h(t) = — 7 10 - £ + 60t Mhadn

—60
h(t) = —5t* + 60t ko &yel péyioto yun t = ﬂ = 6sec, 10 h(6) = 180 pétpa.

21n 6ebtepn mepintwon ot dvo Avoelg NG e€lcmong ival o1 ypovikég
oTIyHEG Tov To oo Ba Bpebel og Dyog 100 pétpwv, pia oty dvodo o6tav
t = 2sec xou pia oty kdBodo 6tav t = 10sec.

B) I'a vo. popet 1o sopo, va 0dcer o€ Dyog hy, O mpémet To h vo etvon pu-

1
KkpdTEPO M TO TOAD 160 e TO PéYIoTO TG GuvipTong h(t) = — 5 gt2 +u,t.

To péyrioto g suvdptnong avtig eivan ico pe

2
ru e

h|_ =% :h(vo)zlgvo
g

27\ g

N =

2 2 2 2 2
Po 1Y% Y% +2D0 =Y
g g 28 2¢ 2
2
Apa o vo pmopei 1o oo ov eBdcel og Vyog h, mpénet hy < I;L .
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7. H ypoewn mopdotaocn g YA
f(x)=[x|-2
TPOKVTTEL OO L0, KATAKOPLON
petatomion Mgy = x|, katd 2
HOVAOEG TTPOG T KAT®, EVO 1| y=/v)
YPOPIKT TOPAGTACT TNG
g(x) =2 —[x]
glvol GUUPETPIKN TNG YPOPIKTG
nopactaons g f wg mpog tov y=g(x)
a&ova x'x, 610TL 1 g givan ovTi-
0cmn ¢ f (o). 4
Ot ypaoikég auTég mapacTdcelS
tépvovtar oto, onpeio A(2, 0),
B(0, 2), I'(-2, 0) kot A0, —2).
To gpPaddv tov tetpamievpov ABTA, eivat ico e 10 TETpOTAGGIO TOV

B

=Y

A
euPadov tov tprydvov OAB, dniadn ivor ico pe
Eupra =4 (Eouy =4 [(1 5 DZ) = 81
2

Inpeioon: To tetpdmievpo ABTA givar tetpdywvo, d16tt £xel OAeg Tov
TIg Yovieg 0phéG Kat HAEC TOL TIg TAEVPES ToeC, e wikog 2V 2. Emopévag
70 euPadov tov givar ico pe

Eapra = (2“/3)2 = 81

8. H ypoewn mopdotaon g
fi(x)=|x—1]
TPOKOTTTEL Od e op1iovTIL pe-
tatdémion gy = |x|, kotd 1 po-
vado mpog o 6e1d, evd 1 Ypo-
Q1K1 TOpdoTaoT TNG
g(x) = x—3|
TPOKOTTEL O P op1iovTIL pe-
tatdémion Mgy = |x|, katd 3 povadeg mpog ta 6e1d (o). ). Ot ypapikég av-
TéG TOpaoTAoElg TéEvovTal 6To onpeio A(2, 1).
Ot Moetl g avicoong [x — 1] <|x — 3| eivat ekeiva to x O R 1o ta omoio
Ny =|x— 1| Bpioketon kbtw and ™V y = |x — 3|. Avto cupPaivel, Onwg ai-
VETOL GTO GYNLA, OTOV X < 2.
To mopandve coprnépacpa emPefaidverat alyefpikd mg eEng
=1l <px=3] = x— 1 <jx=3F = (x- 1) <(x-3)’

e X 2x+1<x>—6x+9 » d4x<8 = x<2.




AXKHXEIZ T'TA EITANAAHYH 117

9. A)H ypagikn TopdoTtacn TG g TPOKVITEL OTO TN YPUPIKN ToPAoTaon
g f pe Katakdpven petotdnion 3 povadeg Tpog ta. KAT®.
H ypoowr mapdotacn g h mpoxvntel amd ) ypapikn nopdotacn
mg g, av topotnprioovpe 6t h(x) = g(x), yio x <3 1 x > 3 ko
h(x) = —g(x) yio -3 <x <3.

YA
y=fx)
3 y=h(x)
-3 0 3 x
| v=e)
j\r'

B) To nAf00oc TV ADGE®MY TOL GLGTAUNTOC { y=|Ix| - 3|’ o OR
y=a
TAPIGTAVETOL 076 TO TANB0G TV onpeiy TOUNG TG opliovTiag evdeiog
Y = o KOl TG YPAPIKNG Tapaotacng g cuvaptnong h. Eropévag,
* Av 0. <0, to chompa dev £xel Aaelg, onAadn eivat addvarto.
* Av a.= 0, To chompa £xet 600 AVCELS.
* Av 0 < a <3, 10 ohotpa £YEL TEGGEPIS AVGELC.
* Av a = 3, 10 choTpa EYEL TPELG AVCELG.
* Av o> 3, 10 ghompa €xet 600 AVCELS.
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10.1) 'Eyovpue y2 —xX'=0 - —-x)(y+x)=0 < y=x 1 y=—X, mov gtvan
01 eEI6MGELG TOV SLYOTOUOV TOV YOVIOV TOV 0EOVMV.

ii) H amdéotaon tov onueiov K(a, 0) kot M(x, y) givat ion pe

d=Vx-a)+@y-0)=T(x-al+y.
‘Eva onueio M(X, y) avikel otov kdkho pe kévpo K(a, 0) ko aktiva

p=1avkorpovoov(KM)=1 = V(x—a) +y =1 o (x—af +y’ =1.

iii) To mA00¢g TV AVGE®V TOV GLGTNUATOG Eival OG0 Kot TO TANB0G TV
KOW@V onpeiov Tov KOKAo pE Tig evbeie y = X KoLy = —X.

" K(a,0) x

=Y

Eme1o, yuo a > 0, n andotaon tov kévrpov K tov khkiov and Tig ev-

V2

*Avd>p = % >1 < a> V2, 0 koKhog kat ot evbeieg Sev £xovv
2

Oeieg avtég eivar ion pe d =KA =KB = , EXOVLLE:

Kavéva Koo onpelo, ondte to chotnua givat adbvaro.

«Avd=p = a= V2, o kbikhog epdmtetar TV £vPEBY, OMOTE TO GV-
otnua £yl 600 AVGELS.

*Avd<p = 0<a< V2, o kdKhog TEUVEL Kot TIG SV0 gVPEiEC, OMOTE TO
cuoTna £xel TEGTEPLS ADoELS, Le eEaipeon v Tepintwon o = 1 Katd
v omoia 0 KOKAOG €xel pe TG gubeieg Tpla drakekpyLévo Kowd on-
peta, omdte T0 GHOTNHA EYEL TPELS ADOELC.

Aoyo ovppetpiog, avtiototyo copmepdopata £xovpe Kot 6tav o < 0.
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A
11. Enedn 10 tpiywvo MI'A givai opBo-
yov10, Oa 1oyvet MI? = AT> - MA® =
3 _x*=9- x2, omdte Oa givar MA =
2MI=2V9-%x" xamt €neLON 1O TPIi-

A
yovo MKA givat opboydvio Ba woydet

KA’ =MK2+MA® = 6 =3 -x+ (29— )

- 36=x"—6x+9+409-x°)

e X +2x-3=0ex=1 | x=-3
Apax =1, apod x> 0.

12.1) And tov opiopd g amdoToomng dvo onpeimv Tov dEova TpokvmTEL OTL
MA) =x+ 1] xkan (MB) = [x — 1].
Enopévac, éxovpe
f(x)=(MA)+(MB) =[x + 1|+ [x — 1].
g(x) =[x + 1| =[x = 1]|.

|

Yy

x' M)  A(-D) B(I)

. -

-1

i) [a va arhonoumcovpie Tov TOTO TN cuvdaptnong f kot g, fpickovpe to
Tpoono Tov X + 1 kot X — 1 Y1 T1¢ S1épopeg TIHES TOL X TOL PaAivovVToL
GTOV TAPAKAT® TLVOKOL.

X —0 -1 ] s
x+1 = 0 + i
x—1 = — g e
"Etot éovpe 2 1
R oV X <—
-2x, avx<-1 2x, av-1<x<1
fx)=12, av-I=x<l xum gX)=), G o<x<l
2x, avx>1 2, owx;I

0OTOTE 01 YPOUPIKEG TapacTAcELS ToV f kot g givat o1 akdAovBeg:

YA }’=ﬂx) VA
e

T2 \2 /
70 1 x 10 1 x
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ii1) Ao TG TPONYOVUEVEG YPAPIKEG TOPUCTAGEL; CUUTEPAIVOVLLE OTL
* H ouvaptnon
v givar yvnoing edivovoa oto (—o, —1], otabepn tov [-1, 1] kot yvn-
ciwg av&ovoa 610 [1, +00) Kot
v mapovoidlet eErdyioto, ioo pe 2, yuo kdbe x O [-1, 1].
* H ouvéptnon g
v givan otabepn 610 (-0, —1], yvnoimng edivovca oto [-1, 0], yvn-
ciwg av&ovoa oto [0, 1] kot otabepn oto [1, +00),
v mapovotdlel erdyioto, ico pe 0, yia x = 0 kot
v mapovotdlel uéyioto, ico pe 2, yuo kdbe x 0O (=00, —1] O [1, +o0).

13.1) * H f éxet ohkd péyioto yuo x = 0, to f(0) = 2.
* H g éye1 ohiko péyioto yio x = 1, 1o g(1) = 2 kou 0Ako6 ehdyioto yioo x =—1,
t0 g(-1)=-2.
* H h éyet oo péyioto yio x = —1 ko x = 1, to h(-1) = h(1) = 2 ko
oAk gldyioto Yo x = 0, To h(0) = 0.

ii) * [ v f apkel va dei&ovpe 0T Yo kB x O R 1oy0€1

2
f(x)<2 = 1 <2 e 1<x+1] xzzonoulcxi)al.
X

* ['o v g mpémet va dei&ovpe o6t yio kGOe x O R woydovv ot avicdt-
T8 g(x) <2 ko g(x) > 2.

‘Eyxovpe g(x) <2 = <2 o 2x<xX’+1 o x- 1)2201101) woyvEL

X+
4x 2 2 .
K g(x) =2 = — | >-2 o 2x>2xX -1 < (x+1) =0 mov woyvet.
X+
* [ v h mpénet va dei&ovpe 6TL o kaBe x O R oyvet h(x) > 0 ko

h(x) <2.
‘Exovpe h(x) >0 <

2

x4 1 >0 mov givon @avVEPO OTL LOYVEL KO

2

h(x)<2 = <2 < 2xX<x*+1

x'+1

e X' —2X+1>0 < (x*—1)*>0, Tov 15)0eL

14. A) i) IIpéner x > 0. Apa A = [0, +0).

ii) Apov to M(a, B) avikel oty ypagikn tapdctacn g f Exovpe
p=Va - p=a M
Mo va avikelt to M'(B, o) ot ypaeikn tapdotacn g g, Tpé-
nergB)=a < [32 = 0L IOV 1oYVEL.

iii) Enedn ta onpeio M(a, B) kat M'(B, o) givar coppetpikd og
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npog T dryotdpo g 1™ kan 3™ yoviag tov aédvev cvpmepaivon-
pe 6TL M Ypaeikn mapdotoacn g f(x) = Vx eivan 1 GLUUETPIKY
™G YPAQIKNG ¢ g(x) = X’ ®¢ TPog TNV evbeia y = x yuu x > 0.

PA
}!=x2
}J=_r
M'(p,
(/4) y= \/:
- M(a,p)
1 !
i >
o 1 x

And ) ypaeum mapdotacn g f tpoxdntel 6t f(x) = Vx eivan yvnoimg
avéovca oto A = [0, +00) kot £xet oAk rdyioto Yo x =0 1o f(0) = 0.

B) To medio opiopod g h eivar 6o 1o R.
‘Exovpe h(—x) = Vx| = Vx| = h(x).
Apa n h glvat dpTio Kot 1 ypaeiky TG TOPAGTOCT) 0TOTEAEITAL OTd TN
YPOQIKY Tapdotact TG f kot T CLUUETPIKY TG OG TPOS ToV AEova Y'y.

yA

y=/l]

ny

(4]

A
I') 210 tuyaio tpiyovo NM'N” éxovpe (NN ) =f(v+1)=Vv+1 ko

MY = VMY + (MM = V(v +1-v)* + (Vv)
=VI+v=NN).
A

Apa 1o Tpiyoovo NM'N” givat i1cookelés.

15. 210 xataxopueo eninedo TG YEQLpAg Be@podLE EVo GOGTNLO CLUVTETOY-
HEV®V, 6TO 01010 TTaipVOLUE MG GEova TV X TN ¥0opdN ToL TAPABOAIKOD
1650V KoL G GEova TV Y TN LEGOKABETO QLTS (TYNLLL).
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210 ovoTNU QVTO TO oL~ ¥ A
paforud 160 €xel eicw-
on TG HOPPTG
y=ox’+v,pey >0

KOl 1] KOPLYT TOL ivor TO
onueto K(0, 5, 6). Zuvenwmc,
1 e&iomon oL TOPABOAIKOD

T6EO0V maipvel ™ Lopen 4 / : :
y=0x’+56,uey=>0 (1) ! ;
Emedn 10 mAdtog g vé- | i
ovpag elvarl 8m, 1o wapa- -4 __1.;_3 17 3,13 4 T

BoAwkd t6E0 Ba tépvEL TOV
a&ova x'x ota onpeia B(4, 0) ka1 B'(—4, 0), tov omoiwv o1 cuvtetayuéveg
0o emadnBevovv ™V e&icwon (1). Emopévmg Ba 1oy0et
0=0a4’+5,6 = a=-035.

Apa, t0o mapafoiid to6Eo Exel e&icwon

y=-0,35x"+5,6 pe —4< x < 4 )
Enre1d1] 10 dyog g kapdtoag eivar 2m tépvel To Topaforikd 100 ota on-
peia A kot A’ yuo vo mepdoet To yempykd punydvnpo Ba tpénet AA” > 6m,
7oL €tvail To TAATOG Tov PopTnYoV. [ va Bpodpe To AA” apkel av Bpovpue
TG ovvreTaypéves Tov A, A’. Av Bécovpe oty e&icwon (2) y = 2 Bpiokovpe
—035x°+5,6=2 = x =106 = x=32.
Apa A(3,2, 0) kat A'(=3,2, 0), ondte AA" = 6,4m > 6m. Enopévmg 1o yemp-
Yo pnyavnpo propel vo mepacet.

16. 1) Alakpivovpe TPEIC TEPUTTMOELG
* Otav 10 onueio M dwypdpet to ub. Turua AB, oniadn otav 0 < x <20,
161 10 EUPadOV TOL oKlooHEVOL Yopiov OAM Ba givat ico pe
EZOADAMZIOD(ZSX
2 2

omdte Ba eivon f(x) = 5x%.

* Otav 1o onpeio M dwrypagpet o gvb. tuniua BI, oniadn otav 20 <x <40,
167€ T0 EUPOSOV TOL GKLOGUEVOL Ywpiov Oa gival ico pe
_OA+BM :10+(X_20)D20
2

E (AB =10(x—10)

omote Ba eivan f(x) = 10x — 100.
* Orav 10 onpeio M dwypdeet to gvd. Tunua TA, dniadn otav 40 <x < 60,
to1E 10 EUPOdOV TOL GKLOGUEVOL Ywpiov Ba givar ico e

10 (60 — x)
2

E =E sy — Eouy = 20 (20 — = 5x + 100

omote Ba eivan f(x) = 5x + 100.
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Enopévac, elvan 5x,0<x<20
f(x)={ 10x - 100, 20<x <40
5x + 100, 40 <x < 60.

ii) H ypagum mopdotacn g f givar 1 ToAvyovik ypoppn tov mTopakd-
O GYNUOTOG.

r

YA

400
300
200
y=120
700 i
0 1

iii) Ao TV TOPUTAVED POk Tapdotacn tpokvmtet 6t f maipvel v
Tiun 120, étav x petagy 20 ko 40.

Enopévag
f(x)=120 « 10x—100=120 = x=22.
17.1) Etvan

g —ABIMP _ABLAP _2[k _

MAB = =X Kot

2 2 2
2

Eyara = M2 FTA A =X *2 o )= 4" X _ 542
Enopévag

fix)=x, 0<x<2 ko gx)=-05x"+2, 0<x<2
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i) Etvan

fX) = 0) © x=-05¢+2 o X+ 2x—4=0 o x=22V5

= x=V5-1, s6m1x>0.

iii) H ypaopuwn mapdotacn g f eivar to Tuipa O g gubeiog y = X, evd 1)
YPOPIKN TopAoTacn TG g givar To T0E0 AB g mapafoingy = —0,5x*+2.
Emopévamg, n Abomn g e&icmong f(x) = g(x) eivor n teTunpévn tov on-
peiov topng tov C; kar C, kau givar mepinov 1,2, 660 givar pe mpo-

oéyyion dexdtov 1 pila x =15 — 1 g ekicmong mov Pprikaue 6to
epOTNHA ).

YA

B(0.2) 12

y=-0,5x*+2
) A A
18.1) Exyovpe AMN = AOB, apod MN//OB B

®¢ kGOetec oV OA. Emopévag T N

(NM) _(MA) _ (NM) _4-x

(BO) (OA) 3 4 3

omoTE l

3(4— Ox M A
(MN)=3E=%) - P R

1
To epPaddv tov tpry@vov BMN egivar ico pe 3 (MN)(OM), (apovy 1 OM
glvat ) amdotaon TV tapairiniov MN kot OB).

Enopévac, E(x) = % D3(44;X) Lk

Apa E(x) =—%x2+ix.

2
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3
ii) To guPfadov E(x) peyiotonoteitat 6tav x = 2 2,
2(- 3)
8
omoTE
_ 32,3 +H_ 3 _ . .
EQ)=—-= R +=[R=-=+3 = 1,5 te1pay®VvIikég LOVAIEC.
8 2 2

19.1) Eoto y = ax + B 1 e&icwon g gvbeiog AB. H e&icmon avt emoin-
BeveTon and To Levyn (0, 4) kot (2, 2).
Emopévag {4=a~O+B { =4 { a=-1
2=20+B 2=2a+4 ° B=4.
Apa n e&iocowon e AB eivory =—x + 4.
TNa y =0 éyovpe x = 4. Apa 1 gvbeia AB tépver Tov x'x oto I'(4, 0).

i) o x < 4, oA ko yio X > 4, Eyovpe:
E = Epp (AMI) — Ep (MBT) = % (MT') (OA) — %(MF) (KB)
Onawg

MI) =|x-4|, (0OA)=4 xam (KB)=2
Enopévag

E:;—\x74| D47;—|x74| (2= 20x — 4] — [x — 4] = [x — 4].

Yty nepintmon mov eivor x = 4, &yovpe E = 0.
Apa, og Kabe mepintwon, 1oyveL:

B _[—=x+4,x<4
E(x)—|xf4|—{ x_4, x>4
YA
A(0,4),
B(2,2)
Mx0) O K 149 =<

Kot 1 ypaeikn mapdotacn s E(x) eaivetar 6to oynpo.
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y A

0 4 7

20.1) H xivnon amo6 to A oto B kot avtiotpdemg and 10 B 610 A, emovaiopt-

Bavetat n id1a akpifmg kdbe dvo dpeg.

Emopévacg to d1dypapa tov Yyoug h, Tov yloviov oto A, Bo emavoropt-
Bavetar kabe 600 dpeg, akpPmG T0 1010 ¢ TPOG TN LoPET|. ¢ TPOG T
0¢om B gival omADG PETOTOTIGUEVO KATH 2 HoVAdEG KABE POpd, TPOg
ta 5e&16 Tov GEova t't Tov xpovov.

It (6 cm)

6 t(tra!f)

Bpiokovpe Lomdév To TN TOV SL0YPALLLLOTOC, TOV OVTIGTOLXEL OTIG 2
TPMTEG DPES.

Atvetar 6tL 0 puBpog avénong Tov Hyoug givat otabepds, omOTE TO VYOG
h(t) ko 0 ypévog t eivor mood avdioya. Avtd onpaivet ot 6tav t O [0, 2],
tote vdpyet o O R yio o omoio oyvet

h(t) = at (1)
Eme1dm yo t = 1h to dyog eivar h = lem, 1o {edyog (1, 1) Ba emainBevet
mv (1), omote 1 = o - 1 ko Gpa o= 1.

H (1) tote yivetar h(t) =t ko 1 ypogin g mopdotacng eivat to vbv-
ypappo Tupa OM g Siyotdpov g 1™ yoviog Tov advav (oy.).
Téhog mopatnpovue 6t 6tav t = 2h, Tov Vyog h Tov yrovioy givar undév,
Y avTo 10 dkpo M Tov OM dev avikel oto ddypappe. Exavoaiapfa-
VOVTOG TO TOPATAVE Yo Ta Staotipata [2, 4], [4, 6].,... £xovpe To TAN-

peg draypappa (5Y.).

ii) Me GUALOYIGHOUE OVAAOYOULG LLE TOVG TTUPOTAVE KATOAYOULLE Y10 TO VYOG

TOV Y1ov1oY 610 M, GTO S18ypapLLo TOV TAPAKAT® GYNLOTOG.

A I (6e cm)

Irms —— .
0.5t / :

55 ¢ (o& IJ
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