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KEº∞§∞π√ 1

√π ¶ƒ∞°ª∞∆π∫√π ∞ƒπ£ª√π

¨ 1.1. √È Ú¿ÍÂÈ˜ Î·È ÔÈ È‰ÈfiÙËÙ¤˜ ÙÔ˘˜
∞ã  √ª∞¢∞™

1. Œ¯Ô˘ÌÂ

(i) 

(ii) °È· x = 2010 Î·È ¤¯Ô˘ÌÂ x y = 1 ÔfiÙÂ

∞ = 19 = 1.

2. Œ¯Ô˘ÌÂ

°È·  x = 0,4 Î·È y = –2,5 Â›Ó·È xy = –1 ÔfiÙÂ ∞ = (–1)10 = 1.

3. i) 10012 – 9992 = (1001 – 999) (1001 + 999) = 2 Ø 2000 = 4.000.

ii) 99 Ø 101 = (100 – 1) (100 + 1) = 1002 – 1 = 10000 – 1 = 9.999.

iii) 

4. i) Œ¯Ô˘ÌÂ

(· + ‚)2 – (· – ‚)2 = ·2 + 2·‚ + ‚2 – (·2 – 2·‚ + ‚2)  

= ·2 + 2·‚ + ‚2 – ·2 + 2·‚ – ‚2 = 4·‚

ii) ™‡ÌÊˆÓ· ÌÂ ÙÔ ÂÚÒÙËÌ· (i):

999

1000
 + 1000

999

2

 – 999

1000
 – 1000

999

2

 = 4 999

1000
 ⋅ 1000

999
 = 4

7,23 2 – 4,23 2

11,46
 =

7,23 + 4,23  7,23 – 4,23

11,46
 = 11,46 ⋅ 3

11,46
 = 3

∞ = x

y

2

 : 1

x3 y7

2

 = x2

y2
 ⋅ x3 y7

2

 = x5 ⋅ y5 2
 = xy 10

y = 1

2010

A =
xy3 4

x2y3 2
 : y–1

x3

3

 = x4y12

x4y6
 ⋅ x9

y–3
 = y6 ⋅ x9

y–3
 = y9 ⋅ x9 = x y 9



5. i) Œ¯Ô˘ÌÂ

·2 – (· – 1) (· + 1) = ·2 – (·2 – 1) = ·2 – ·2 + 1 = 1

ii) ∞Ó ÂÊ·ÚÌfiÛÔ˘ÌÂ ÙÔ ÂÚÒÙËÌ· (i) ÁÈ· · = 1,3265 Ë ÙÈÌ‹ Ô˘ ÚÔÎ‡ÙÂÈ
ÁÈ· ÙËÓ ·Ú¿ÛÙ·ÛË Â›Ó·È 1.

6. ŒÛÙˆ v Î·È v + 1 ‰‡Ô ‰È·‰Ô¯ÈÎÔ› Ê˘ÛÈÎÔ› ·ÚÈıÌÔ›:
∆fiÙÂ ¤¯Ô˘ÌÂ

(v + 1)2 –v2 = (v + 1 – v) (v + 1 + v) = (v + 1) + v

7. πÛ¯‡ÂÈ

2v + 2v+1 + 2v+2 = 2v (1 + 2 + 22) = 2v Ø 7

µã √ª∞¢∞™

1. ∞Ó ·Ú·ÁÔÓÙÔÔÈ‹ÛÔ˘ÌÂ ·ÚÈıÌËÙ‹ Î·È ·ÚÔÓÔÌ·ÛÙ‹
Œ¯Ô˘ÌÂ

i) 

ii) 

2. Œ¯Ô˘ÌÂ

i)       

ii) 

3. Œ¯Ô˘ÌÂ

i) (x + y)2 1

x
 + 1

y

–2

 = (x + y)2 y + x

x y

–2

 = (x + y)2 x y

x + y

2

 = (x y)2 = x2 y2

·2 + · + 1

· + 1
 ⋅ ·

2 – 1

·3 – 1
 = ·2 + · + 1

· + 1
 ⋅ (· – 1) (· + 1)

(· – 1) (·2 + · + 1)
 = 1

= (· –1)2 (· + 1)2

·2
 ⋅ ·2

(· + 1)2
  = (· – 1)2

· – 1

·

2

 ⋅ ·3 + ·2

(· + 1)3
 = ·2 – 1

·

2

 ⋅ ·2 (· + 1)

(· + 1)3

·2 – · + 2· – 2

·2 – 1
 = ·(· – 1) + 2(· –1)

(· – 1) (· + 1)
 = (· – 1) (· + 2)

(· – 1) (· + 1)
 = · + 2

· + 1

·3 – 2·2 + ·

·2 – ·
 = ·(·2 – 2·+1)

·(· –1)
 = (· – 1)2

· – 1
 = · –1
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ii) 

4. Œ¯Ô˘ÌÂ

5. i) ·ã ÙÚfiÔ˜: ªÂ ÁÂÓ›ÎÂ˘ÛË ÙË˜ È‰ÈfiÙËÙ·˜ 1iv) ÙˆÓ ·Ó·ÏÔÁÈÒÓ (‚Ï. ÂÊ·Ú-
ÌÔÁ‹ 1, ÛÂÏ. 26) ¤¯Ô˘ÌÂ

ÔfiÙÂ · = ‚ = Á.

‚ã ÙÚfiÔ˜: £¤ÙÔ˘ÌÂ ÔfiÙÂ ¤¯Ô˘ÌÂ

· = k‚,     ‚ = kÁ     Î·È     Á = k· (1)

∞Ó, ÙÒÚ·, ÚÔÛı¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1), ‚Ú›ÛÎÔ˘ÌÂ

· + ‚ + Á = k(· + ‚ + Á)

ÔfiÙÂ ¤¯Ô˘ÌÂ k = 1 (·ÊÔ‡ · + ‚ + Á ≠ 0, ‰ÈfiÙÈ Ù· ·, ‚, Á Â›Ó·È Ì‹ÎË ÏÂ˘-
ÚÒÓ ÙÚÈÁÒÓÔ˘).
ŒÙÛÈ, ·fi ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) ÚÔÎ‡ÙÂÈ fiÙÈ · = ‚ = Á Î·È ¿Ú· ÙÔ ÙÚ›ÁˆÓÔ Â›-
Ó·È ÈÛfiÏÂ˘ÚÔ.

Áã ÙÚfiÔ˜: ∏ Û˘ÁÎÂÎÚÈÌ¤ÓË ¿ÛÎËÛË ÌÔÚÂ› Ó· ·Ô‰ÂÈ¯ıÂ›, ÌÂÙ¿ ÙË ‰È‰·-
ÛÎ·Ï›· ÙË˜ ¨ 1.3, ˆ˜ ÂÍ‹˜:
¶ÔÏÏ·Ï·ÛÈ¿˙Ô˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1), ÔfiÙÂ ¤¯Ô˘ÌÂ

·‚Á = k3(·‚Á) Î·È, ÂÂÈ‰‹ ·‚Á ≠ 0, ı· Â›Ó·È k3 = 1 Î·È ¿Ú· k = 1.

ŒÙÛÈ, ·fi ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) ÚÔÎ‡ÙÂÈ fiÙÈ · = ‚ = Á.

™¯fiÏÈÔ: √ Û˘ÁÎÂÎÚÈÌ¤ÓÔ˜ ÙÚfiÔ˜ ÌÔÚÂ› Ó· ÂÊ·ÚÌÔÛıÂ› Î·È fiÙ·Ó Ù· ·, ‚,
Á Â›Ó·È ÔÔÈÔÈ‰‹ÔÙÂ Ú·ÁÌ·ÙÈÎÔ› ·ÚÈıÌÔ›, ‰È·ÊÔÚÂÙÈÎÔ› ÙÔ˘ ÌË‰ÂÓfi˜,
ÂÓÒ ÁÈ· ÙÔ˘˜ ‰‡Ô ÚÒÙÔ˘˜ ÙÚfiÔ˘˜ ··ÈÙÂ›Ù·È ÛÙËÓ ÂÚ›ÙˆÛË ·˘Ù‹ Ó·
·Ô‰ÂÈ¯ÙÂ› fiÙÈ · + ‚ + Á ≠ 0.

·

‚
 = ‚

Á
 = Á

·
 = k,

·

‚
 = ‚

Á
 = Á

·
 = · + ‚ + Á

‚ + Á + ·
 = 1,

= x2 – xy + y2

x – y
 ⋅ x – y

x2 – xy + y2
 = 1

x3 + y3

x2 – y2
 : x2

x – y
 – y  = (x + y) (x2 – xy + y2)

(x – y) (x + y)
 : x2 – xy + y2

x – y
 

= x + y

x – y
 ⋅ 1

y + x

xy

 = x + y

x – y
 ⋅ xy

x + y
 = xy

x – y

x + y

x – y
 ⋅ x

–1 – y–1

x–2 – y–2
 = x + y

x – y
 ⋅ 

1

x
 – 1

y

1

x2
 – 1

y2

 = x + y

x – y
 ⋅ 

1

x
 – 1

y

1

x
 – 1

y
 1

x
 + 1

y
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ii) ·ã ÙÚfiÔ˜: Œ¯Ô˘ÌÂ · – ‚ = ‚ – Á (1) Î·È · – ‚ = Á – · (2), ÔfiÙÂ, ·Ó
ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (1) Î·È (2) ÚÔÎ‡ÙÂÈ fiÙÈ

2· – 2‚ = ‚ – · ⇒ 3· = 3‚ ⇒ · = ‚

ŒÙÛÈ, ·fi ÙËÓ ÈÛfiÙËÙ· (1) ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ Î·È ‚ = Á. ÕÚ· · = ‚ = Á ÔfiÙÂ
ÙÔ ÙÚ›ÁˆÓÔ Â›Ó·È ÈÛfiÏÂ˘ÚÔ.

‚ã ÙÚfiÔ˜: £¤ÙÔ˘ÌÂ · – ‚ = ‚ – Á = Á – · = k, ÔfiÙÂ ¤¯Ô˘ÌÂ

· – ‚ = k,    ‚ – Á = k Î·È Á – · = k (2)

∞Ó ÙÒÚ· ÚÔÛı¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÈÛfiÙËÙÂ˜ (2), ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ k = 0,
ÔfiÙÂ, ÏfiÁˆ ÙˆÓ ÈÛÔÙ‹ÙˆÓ ·˘ÙÒÓ, Â›Ó·È · = ‚ = Á Î·È ¿Ú· ÙÔ ÙÚ›ÁˆÓÔ Â›-
Ó·È ÈÛfiÏÂ˘ÚÔ.

6. ∞Ó x Î·È y Â›Ó·È ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ

L = 2x + 2y      Î·È      ∂ = xy

ÔfiÙÂ, ÏfiÁˆ ÙË˜ ˘fiıÂÛË˜, ı· ¤¯Ô˘ÌÂ

2x + 2y = 4·      Î·È      xy = ·2

Î·È ¿Ú·
y = 2· – x   (1)      Î·È      xy = ·2 (2)

§fiÁˆ ÙË˜ (1), Ë (2) ÁÚ¿ÊÂÙ·È ÈÛÔ‰‡Ó·Ì·:

x(2· – x) = ·2 ⇔ 2·x – x2 = ·2 ⇔ x2 – 2·x + ·2 = 0
⇔ (x – ·)2 = 0 ⇔ x – · = 0 ⇔ x = ·

ŒÙÛÈ ·fi ÙËÓ (1) ¤¯Ô˘ÌÂ fiÙÈ Î·È y = · Î·È ¿Ú· ÙÔ ÔÚıÔÁÒÓÈÔ Â›Ó·È ÙÂÙÚ¿-
ÁˆÓÔ.

7. £· ÂÚÁ·ÛıÔ‡ÌÂ ÌÂ ÙË Ì¤ıÔ‰Ô ÙË˜ ··ÁˆÁ‹˜ ÛÂ ¿ÙÔÔ.
i) ∞˜ ˘Ôı¤ÛÔ˘ÌÂ fiÙÈ     · + ‚ = Á ∈ �. TfiÙÂ ı· Â›Ó·È ‚ = Á – · ∈ �

(ˆ˜ ‰È·ÊÔÚ¿ ÚËÙÒÓ), Ô˘ Â›Ó·È ¿ÙÔÔ.

ii) ∞˜ ˘Ôı¤ÛÔ˘ÌÂ fiÙÈ     ·‚ = Á ∈ �. TfiÙÂ ı· Â›Ó·È ‚ =
Á

—· ∈ �

(ˆ˜ ËÏ›ÎÔ ÚËÙÒÓ), Ô˘ Â›Ó·È ¿ÙÔÔ.

¨ 1.2. ¢È¿Ù·ÍË Ú·ÁÌ·ÙÈÎÒÓ ·ÚÈıÌÒÓ
∞ã  √ª∞¢∞™

1. i) ∂›Ó·È ·2 + 9 ≥ 6· ⇔ ·2 – 6· + 9 ≥ 0 ⇔ (· – 3)2 ≥ 0   Ô˘ ÈÛ¯‡ÂÈ.

ii) ∂›Ó·È 2(·2 + ‚2) ≥ (· + ‚)2 ⇔ 2·2 + 2‚2 ≥ ·2 + ‚2 + 2·‚ 
⇔ 2·2 + 2‚2 – ·2 – ‚2 – 2·‚ ≥ 0  

⇔ ·2 + ‚2 – 2·‚ ≥ 0 

⇔ (· – ‚)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.
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2. Œ¯Ô˘ÌÂ ·2 + ‚2 – 2· + 1 ≥ 0 ⇔ ·2 – 2· + 1 + ‚2 ≥ 0   

⇔ (· – 1)2 + ‚2 ≥ 0   Ô˘ ÈÛ¯‡ÂÈ.

∏ ÈÛfiÙËÙ· ÈÛ¯‡ÂÈ ÁÈ· · = 1 Î·È ‚ = 0.

3. i) πÛ¯‡ÂÈ (x – 2)2 + (y + 1)2 = 0 ⇔ x – 2 = 0     Î·È     y + 1 = 0  
⇔ x = 2    Î·È    y = –1.

ii) Œ¯Ô˘ÌÂ x2 + y2 – 2x + 4y + 5 = 0 ⇔ x2 – 2x + 1 + y2 + 4y + 4 = 0  

⇔ (x – 1)2 + (y + 2)2 = 0 

⇔ x – 1 = 0    Î·È    y + 2 = 0

⇔ x = 1     Î·È     y = –2.

4. i) ¶ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ·ÓÈÛfiÙËÙÂ˜
4,5 < x < 4,6   Î·È   5,3 < y < 5,4   

ÔfiÙÂ ¤¯Ô˘ÌÂ
4,5 + 5,3 < x + y < 4,6 + 5,4

‰ËÏ·‰‹ 9,8 < x + y < 10.

ii) ∞fi ÙË ‰Â‡ÙÂÚË ·ÓÈÛfiÙËÙ· ÚÔÎ‡ÙÂÈ
–5,4 < –y < –5,3

Î·È ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÌÂ ÙËÓ 4,5 < x < 4,6
ÔfiÙÂ ¤¯Ô˘ÌÂ

4,5 – 5,4 < x – y < 4,6 – 5,3 ⇔ –0,9 < x – y < –0,7.

iii) πÛ¯‡ÂÈ 5,3 < y < 5,4 ÔfiÙÂ

Î·È ¿Ú· 

iv) ∂ÂÈ‰‹ Ù· Ì¤ÏË ÙˆÓ ·ÓÈÛÔÙ‹ÙˆÓ Â›Ó·È ıÂÙÈÎÔ› ·ÚÈıÌÔ› ÌÔÚÔ‡ÌÂ Ó·
˘„ÒÛÔ˘ÌÂ ÛÙÔ ÙÂÙÚ¿ÁˆÓÔ ÔfiÙÂ ¤¯Ô˘ÌÂ

(4,5)2 < x2 < (4,6)2 ⇔ 20,25 < x2 < 21,16 Î·È

(5,3)2 < y2 < (5,4)2 ⇔ 28,09 < y2 < 29,16
ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÔfiÙÂ

20,25 + 28,09 < x2 + y2 < 21,16 + 29,16 ⇔ 48,34 < x2 + y2 < 50,32.

4,5 ⋅ 1

5,4
 < x ⋅ 1

y
 < 4,6 ⋅ 1

5,3
 ⇔  45

54
 < x

y
 < 46

53

1

5,3
 > 1

y
 > 1

5,4
 ⇔  1

5,4
 < 1

y
 < 1

5,3
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5.

°È· ÙÔ x ¤¯Ô˘ÌÂ:
2 + 0,2 < x + 0,2 < 3 + 0,2 ⇔ 2,2 < x + 0,2 < 3,2,   (1)

°È· ÙÔ y ¤¯Ô˘ÌÂ:
3 – 0,1 < y – 0,1 < 5 – 0,1 ⇔ 2,9 < y – 0,1 < 4,9,   (2)

(i) ∏ ÂÚ›ÌÂÙÚÔ˜ ÙfiÙÂ Á›ÓÂÙ·È
¶ = 2(x + 0,2) + 2(y – 0,1) = 2(x + y + 0,1)

¶ÚÔÛı¤ÙÔÓÙ·˜ ÙÈ˜ (1) Î·È (2) ¤¯Ô˘ÌÂ 5,1 < x + y + 0,1 < 8,1
ÔfiÙÂ

2 Ø 5,1 < 2(x + y + 0,1) < 2 Ø 8,1 ⇔ 10,2 < ¶ < 16,2.

(ii) ∆Ô ÂÌ‚·‰fiÓ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘ Á›ÓÂÙ·È
∂ = (x + 0,2)(y – 0,1)

¶ÔÏÏ·Ï·ÛÈ¿˙Ô˘ÌÂ ÙÈ˜ (1) Î·È (2) Î·Ù¿ Ì¤ÏË ÔfiÙÂ ¤¯Ô˘ÌÂ
2,2 Ø 2,9 < (x + 0,2)(y – 0,1) < 3,2 Ø 4,9 ⇔ 6,38 < ∂ < 15,68.

6. ∂ÂÈ‰‹ (1 + ·)(1 + ‚) > 0 ¤¯Ô˘ÌÂ

⇔ ·(1 + ‚) < ‚(1 + ·) 
⇔ · + ·‚ < ‚ + ·‚ ⇔ · < ‚,   Ô˘ ÈÛ¯‡ÂÈ.

7. πÛ¯‡ÂÈ 5 – x < 0 ÔfiÙÂ Î·Ù¿ ÙËÓ ·ÏÔÔ›ËÛ‹ ÙÔ˘ Ë ·ÓÈÛfiÙËÙ· ·ÏÏ¿˙ÂÈ ÊÔ-
Ú¿. ŒÙÛÈ ÙÔ ÛˆÛÙfi Â›Ó·È

x(5 – x) > (5 + x)(5 – x) ⇔ x < 5 + x ⇔ 0 < 5,   Ô˘ ÈÛ¯‡ÂÈ.

µã  √ª∞¢∞™

1. i) ∂ÂÈ‰‹ ÔÈ ·, ‚, Á Â›Ó·È ıÂÙÈÎÔ›, ¤¯Ô˘ÌÂ

⇔ ‚Á > ·Á ⇔ ‚ > · ⇔ Ô˘ ÈÛ¯‡ÂÈ.

ii) √ÌÔ›ˆ˜ 

· + Á

‚ + Á
 < ·

‚
 ⇔  (· + Á)‚ < ·(‚ + Á) ⇔  ·‚ + ‚Á < ·‚ + ·Á ⇔

·

‚
 < 1,

· + Á

‚ + Á
 > ·

‚
 ⇔  (· + Á)‚ > ·(‚ + Á) ⇔  ·‚ + ‚Á > ·‚ + ·Á ⇔

·

1 + ·
 < ‚

1 + ‚
 ⇔  ·

1 + ·
 (1 + ·) (1 + ‚) < ‚

1 + ‚
 (1 + ·) (1 + ‚)
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⇔ ‚Á < ·Á ⇔ ‚ < · ⇔ Ô˘ ÈÛ¯‡ÂÈ.

2. πÛ¯‡ÂÈ · + ‚ > 1 + ·‚ ⇔ · + ‚ – ·‚ – 1 > 0  
⇔ ·(1 – ‚) – (1 – ‚) > 0 
⇔ (· – 1)(1 – ‚) > 0, Ô˘ ÈÛ¯‡ÂÈ, ·ÊÔ‡ · > 1 Î·È ‚ < 1.

3. Œ¯Ô˘ÌÂ ÙÈ˜ ÈÛÔ‰˘Ó·Ì›Â˜

⇔ ·2 + ‚2 + 2·‚ – 4·‚ ≥ 0 

⇔ ·2 + ‚2 – 2·‚ ≥ 0 ⇔ (· – ‚)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

4. i) ·2 + ·‚ + ‚2 ≥ 0 ⇔ 2·2 + 2·‚ + 2‚2 ≥ 0  

⇔ ·2 + 2·‚ + ‚2 + ·2 + ‚2 ≥ 0 

⇔ (· + ‚)2 + ·2 + ‚2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

ii) ·2 – ·‚ + ‚2 ≥ 0 ⇔ 2·2 – 2·‚ + 2‚2 ≥ 0 

⇔ ·2 – 2·‚ + ‚2 + ·2 + ‚2 ≥ 0 

⇔ (· – ‚)2 + ·2 + ‚2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

¨ 1.3. ∞fiÏ˘ÙË ÙÈÌ‹ Ú·ÁÌ·ÙÈÎÔ‡ ·ÚÈıÌÔ‡
∞ã  √ª∞¢∞™

1. i) | – 3| =  – 3, ·ÊÔ‡  > 3.
ii) | – 4| = 4 – , ·ÊÔ‡  < 4.
iii) |3 – | + |4 – | =  – 3 + 4 –  = 1.

iv) 

2. ∂›Ó·È |x – 3| = x – 3, ·ÊÔ‡ x > 3 Î·È |x – 4| = 4 – x, ·ÊÔ‡ x < 4
ÔfiÙÂ |x – 3| + |x – 4| = x – 3 + 4 – x = 1.

3. i) ∞Ó x < 3, ÙfiÙÂ ÈÛ¯‡ÂÈ Î·È x < 4, ÔfiÙÂ x – 3 < 0 Î·È 4 – x > 0.
ÕÚ· Â›Ó·È |x – 3| – |4 – x| = (3 – x) – (4 – x) = 3 – x – 4 + x = –1.

ii) ∞Ó x > 4, ÙfiÙÂ Â›Ó·È Î·È x > 3, ÔfiÙÂ x – 4 > 0 Î·È x – 3 > 0.
ÕÚ· ¤¯Ô˘ÌÂ |x – 3| – |4 – x| = x – 3 + (4 – x) = 1.

4. ∂›Ó·È 
· – ‚

‚ – ·
 =

‚ – ·

‚ – ·
 = 1.

2 – 3  – 3 – 2  = 3 – 2  – 3 – 2  = 0

(· + ‚) 1

·
 + 1

‚
 ≥ 4 ⇔  (· + ‚) · + ‚

·‚
 ≥ 4 ⇔  (· + ‚)2 ≥ 4·‚ ⇔

·

‚
 > 1,
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5. ñ ∞Ó x > 0 Î·È y > 0, ÙfiÙÂ  

ñ ∞Ó x > 0 Î·È y < 0, ÙfiÙÂ  

ñ ∞Ó x < 0 Î·È y < 0, ÙfiÙÂ  

ñ ∞Ó x < 0 Î·È y > 0, ÙfiÙÂ  

6. i) πÛ¯‡ÂÈ d(2,37, D) ≤ 0,005    (1)

ii) πÛ¯‡ÂÈ (1) ⇔ |2,37 – D| ≤ 0,005 ⇔ 2,37 – 0,005 ≤ D ≤ 2,37 + 0,005   

⇔ 2,365 ≤ D ≤ 2,375.

7.

A = –x

x
 + y

y
 = –1 + 1 = 0.

A = –x

x
 – y

y
 = –1 – 1 = –2

A = x

x
 – y

y
 = 1 – 1 = 0

A = x

x
 + y

y
 = 1 + 1 = 2

∫∂º∞§∞π√ 1: √π ¶ƒ∞°ª∞∆π∫√π ∞ƒπ£ª√π12



Bã  √ª∞¢∞™

1. ªÂ ÙË ‚Ô‹ıÂÈ· ÙË˜ ÙÚÈÁˆÓÈÎ‹˜ ·ÓÈÛfiÙËÙ·˜ ¤¯Ô˘ÌÂ
|· – ‚| = |(· – Á) + (Á – ‚)| ≤ |· – Á| + |Á – ‚|.

2. ∞Ó · > ‚ ÙfiÙÂ · – ‚ > 0 Î·È ¿Ú· |· – ‚| = · – ‚ ÔfiÙÂ ¤¯Ô˘ÌÂ: 

i) 

ii) 

3. ∂ÂÈ‰‹ |x| ≥ 0 Î·È |y| ≥ 0, ¤¯Ô˘ÌÂ:
|x| + |y| ≥ 0

°È· Ó· ÈÛ¯‡ÂÈ Ë ÈÛfiÙËÙ· Ú¤ÂÈ |x| = 0 Î·È |y| = 0, ‰ËÏ·‰‹ x = 0 Î·È y = 0.
¢È·ÊÔÚÂÙÈÎ¿ ÈÛ¯‡ÂÈ Ë ·ÓÈÛfiÙËÙ·. ∂ÔÌ¤Óˆ˜:
i) |x| + |y| = 0 ⇔ x = 0   Î·È   y = 0.
ii) |x| + |y| > 0 ⇔ x ≠ 0   ‹   y ≠ 0.

4. i) ∞fi 0 < · < ‚ ÚÔÎ‡ÙÂÈ fiÙÈ 

ii) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ ‹, ÈÛÔ‰‡Ó·Ì·, fiÙÈ .

∂ÂÈ‰‹ ·‚ > 0 Ë ·ÓÈÛfiÙËÙ· ·˘Ù‹ ÁÚ¿ÊÂÙ·È ÈÛÔ‰‡Ó·Ì· 

·‚ – ·2 < ‚2 – ·‚ 

⇔ 0 < ‚2 + ·2 – 2·‚ 

⇔ (· – ‚)2 > 0, Ô˘ ÈÛ¯‡ÂÈ ·ÊÔ‡ · ≠ ‚.

5. ∂›Ó·È |x – 2| < 0,1 ⇔ 1,9 < x < 2,1    (1)    Î·È    
|y – 4| < 0,2 ⇔ 3,8 < y < 4,2    (2)

·‚ – ·

‚
 ⋅ ·‚ < ‚

·
 ·‚ – ·‚ ⇔  

1 – ·

‚
 < ‚

·
 – 11 – ·

‚
  < 1 – ‚

·
 

·

‚
 < 1 Î·È ‚

·
 > 1. ∂›Ó·È ‰ËÏ·‰‹ ·

‚
 < 1 < ‚

·
 .

· + ‚ – |· – ‚|

2
 = · + ‚ – · + ‚

2
 = 2‚

2
 = ‚.

· + ‚ + |· – ‚|

2
 = · + ‚ + · – ‚

2
 = 2·

2
 = ·   Î·È

1.3. ∞fiÏ˘ÙË ÙÈÌ‹ Ú·ÁÌ·ÙÈÎÔ‡ ·ÚÈıÌÔ‡ 13



i) ∏ ÂÚ›ÌÂÙÚÔ˜ ƒ1 ÙÔ˘ ÙÚÈÁÒÓÔ˘ Â›Ó·È ƒ1 = x + 2y. ∞fi ÙËÓ ·ÓÈÛfiÙËÙ· (2)
ÚÔÎ‡ÙÂÈ fiÙÈ 

7,6 < 2y < 8,4 (3)

¶ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ÙÈ˜ (1) Î·È (3), ¤¯Ô˘ÌÂ:

1,9 + 7,6 < x + 2y < 2,1 + 8,4 ⇔ 9,5 < ƒ1 < 10,5.

ii) ∏ ÂÚ›ÌÂÙÚÔ˜ ƒ2 ÙÔ˘ Û¯‹Ì·ÙÔ˜ Â›Ó·È ›ÛË ÌÂ ÙËÓ ÂÚ›ÌÂÙÚÔ ÙÔ˘ ÔÚıÔÁˆ-
Ó›Ô˘ ∞µ°¢, ÔfiÙÂ Â›Ó·È ƒ2 = 4x + 2y. ∞fi ÙËÓ ·ÓÈÛfiÙËÙ· (1) ÚÔÎ‡-
ÙÂÈ fiÙÈ

7,6 < 4x < 8,4 (4) 

¶ÚÔÛı¤ÙÔÓÙ·˜ Î·Ù¿ Ì¤ÏË ÙÈ˜ (4) Î·È (3), ¤¯Ô˘ÌÂ:

7,6 + 7,6 < 4x + 2y < 8,4 + 8,4 ⇔ 15,2 < ƒ2 < 16,8.

iii) ∏ ÂÚ›ÌÂÙÚÔ˜ L ÙÔ˘ Î‡ÎÏÔ˘ Â›Ó·È L = 2x. ∞fi ÙËÓ (1) ÚÔÎ‡ÙÂÈ

2 Ø 1,9 < 2x < 2 Ø 2,1 ⇔ 3,8 < L < 4,2.

¨ 1.4. ƒ›˙Â˜ Ú·ÁÌ·ÙÈÎÒÓ ·ÚÈıÌÒÓ
∞ã  √ª∞¢∞™

1. i) 

ii) 

iii) 

2. i) 

ii) 

iii) 

iv) 

3. Œ¯Ô˘ÌÂ

2 – 5
2
 + 3 – 5

2
 =  2 – 5    +  3 – 5    = 5 – 2 + 3 – 5 = 1.

x2

4
 =  |x|

2
 .

(x – 1)2 = |x – 1|.

(–20)2 = |–20| = 20.

( – 4)2 = | – 4| = 4 – .

0,0001
4

 = 1

10000

4

 = 1

10
 , 0,00001

5
 = 1

100000

5

 = 1

10
 .

0,01 = 1

100
 = 1

10
 , 0,001

3
 = 1

1000

3

 = 1

10
 ,

4  = 22 = 2, 8
3

 = 233
 = 2, 16

4
 = 244

 = 2, 32
5

 = 255
 = 2.

10000
4

 = 1044
 = 10, 100000

5
 = 1055

 = 10.

100 = 10, 1000
3

 = 1033
 = 10,
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4.

= (x – 5) – (x + 3) 
= x – 5 – x – 3 = –8, 

ÌÂ ÙËÓ ÚÔ¸fiıÂÛË fiÙÈ x – 5 ≥ 0 Î·È x + 3 ≥ 0, ‰ËÏ·‰‹ ÁÈ· x ≥ 5.

5. i) 

ii) 

6. i) 

ii) 

7. i) 1Ô˜ ÙÚfiÔ˜:

2Ô˜ ÙÚfiÔ˜:

ii) 1Ô˜ ÙÚfiÔ˜:

= 2 2465

 = 26 ⋅ 2465

 = 21065

 = 21030
 = 2

3
.

2 2 ⋅ 2
3

5

 = 2 23 ⋅ 2
3

5

 = 2 243
5

= 24/3 1/2
 = 22/3  = 22/3 1/2

 = 21/3 = 2
3

 .

2 2
3

 = 2 ⋅ 21/3  = 24/3

2 ⋅ 2
3

 = 23 ⋅ 2
3

 = 243
 = 2412

 = 2
3

 .

= 2
3

 ⋅ 32 – 5
23
 = 2

3
 ⋅ 9– 5

3
 = 2

3
 ⋅ 4

3
 = 2 ⋅ 4

3
 = 8

3
 = 2.

2
3

 ⋅ 3 + 5
3

 ⋅ 3 – 5
3

 = 2
3

 ⋅ 3 + 5  3 – 5
3

 

= 2 ⋅ 22  – 2
2
 = 2 ⋅ 2  = 2.

2 ⋅ 2 – 2  ⋅ 2 + 2  = 2 ⋅ 2 – 2  2 + 2  

= 3 7
2
 – 4 2

2
 = 9 ⋅ 7 – 16 ⋅ 2 = 63 – 32 = 31.

= 2 7 + 7 + 4 2  3 7 – 4 2  = 3 7 + 4 2  3 7 – 4 2

= 4 ⋅ 7  + 7 + 2 ⋅ 16  7 ⋅ 9  – 2 ⋅ 16

28 + 7 + 32  63 – 32  

= – 2  7 2  = –7 2
2
 = –14.

= 2 2 – 3 2  5 2 + 6 2 – 4 2

= 2 ⋅ 4  – 2 ⋅ 9  2 ⋅ 25 + 2 ⋅ 36 – 2 ⋅ 16

8 – 18  50 + 72 – 32  

x – 5 – x + 3  x – 5 + x + 3  = x – 5
2
 – x + 3

2
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ii) 2Ô˜ ÙÚfiÔ˜:

8. i) 

ii) 

iii) 

9. i) 

ii) ªÂ ·Ó¿Ï˘ÛË ÙÔ˘ 216 ÛÂ ÚÒÙÔ˘˜ ·Ú¿ÁÔÓÙ˜ ‚Ú›ÛÎÔ˘ÌÂ 216 = 23 Ø 33

ÔfiÙÂ ¤¯Ô˘ÌÂ

10. AÓ ÔÏÏ·Ï·ÛÈ¿ÛÔ˘ÌÂ Î¿ıÂ ÎÏ¿ÛÌ· ÌÂ ÙË Û˘˙ËÁ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ·-
ÚÔÓÔÌ·ÛÙ‹ ÙÔ˘ ¤¯Ô˘ÌÂ:

i) 

ii) 

iii) 

= 7 + 6 + 2 42 = 13 + 2 42.

7 + 6

7 – 6
 =

7 + 6  7 + 6

7 – 6
 = 7 + 6

2

8

7 – 5
 =

8 7 + 5

7 – 5
 = 4 7 + 5  .

4

5 – 3
 =

4 5 + 3

5 – 3  5 + 3
 =

4 5 + 3

25 – 3
 =

4 5 + 3

22
 = 10 + 2 3

11
 .

= 2
3
 ⋅ 3

4

2
 = 2

2
 ⋅ 3

4
 = 2 ⋅ 3

2
 = 18.

216 ⋅ 75

50
 = 23 ⋅ 33  ⋅ 25 ⋅ 3

2 ⋅ 25
 = 5 23 ⋅ 34

5 2
 

25 ⋅ 12

75
 = 25 ⋅ 4 ⋅ 3

25 ⋅ 3
 = 25 ⋅ 2 3

5 3
 = 10.

= 5
5
 = 5

2
 ⋅ 5  = 25 5.

5
3
 ⋅ 5

3
 ⋅ 5

46

 = 5
3
2 ⋅ 5

1
3 ⋅ 5

4
6 = 5

3
2
 + 1

3
 + 4

6 = 5
9
6
 + 2

6
 + 4

6 = 5
15
6  = 5

5
2 =

2
89

 ⋅ 2
56

 = 2
8
9 ⋅ 2

5
6 = 2

8
9
 + 5

6 = 2
16
18

 + 15
18 = 2

31
18 = 2 ⋅ 2

13
18 = 2 2

1318

.

3
34

 ⋅ 3
3

 = 3
3
4 ⋅ 3

1
3 = 3

3
4
 + 1

3 = 3
9
12

 + 4
12 = 3

13
12 = 3 ⋅ 3

1
12 = 3 3

12
.

= 2 ⋅ 22/35
 = 25/35

 = 25/3 1/5
 = 21/3 = 2

3
.

2 2 ⋅ 2
3

5

 = 2 2 ⋅ 21/3
5

 = 2 24/3
5

 = 2 ⋅ 24/3 1/25
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11. i) ∞Ó ·Ó·Ï‡ÛÔ˘ÌÂ ÙÔ˘˜ 162 Î·È 98 ÛÂ ÁÈÓfiÌÂÓÔ ÚÒÙˆÓ ·Ú·ÁfiÓÙˆÓ
‚Ú›ÛÎÔ˘ÌÂ 162 = 2 Ø 34 Î·È 98 = 2 Ø 72 ÔfiÙÂ Â›Ó·È

ii) ∂›Ó·È 912 + 320 = 912 + (32)10 = 912 + 910 = 910 Ø (92 + 1) = 82 Ø 910.

Î·È 911 + 276 = 911 + (3 Ø 9)6 = 911 + 36
Ø 96 = 911 + (32)3

Ø 96

= 911 + 99 = 99(92 + 1) = 82 Ø 99

ÔfiÙÂ ¤¯Ô˘ÌÂ

µã  √ª∞¢∞™

1. i) 

ii) 

2. i) ∞ÍÈÔÔÈÒÓÙ·˜ ÁÓˆÛÙ¤˜ Ù·˘ÙfiÙËÙÂ˜ ¤¯Ô˘ÌÂ:

ii) ªÂ ÙË ‚Ô‹ıÂÈ· ÙÔ˘ ÂÚˆÙ‹Ì·ÙÔ˜ (i) ·›ÚÓÔ˘ÌÂ

3. i) ∂›Ó·È 

Ô˘ Â›Ó·È ÚËÙfi˜ ·ÚÈıÌfi˜.

= 2

3
 + 3

2
 + 2 = 4

6
 + 9

6
 + 12

6
 = 25

6

2

3
 + 3

3

2

 = 2

3

2

 + 3

2

2

 + 2 2

3
 ⋅ 3

2
 

= 3 + 2 7  – 3 – 2 7  = 3 + 2 7 – 2 7 – 3  = 6.

= 3 + 2 7
2
 – 3 – 2 7

2
 

37 + 12 7  – 37 – 12 7  

3 – 2 7
2
 = 9 + 4 ⋅ 7 – 12 7 = 37 – 12 7.

3 + 2 7
2
 = 9 + 4 ⋅ 7 + 12 7 = 37 + 12 7  Î·È

= (· – ‚) (· + ‚) + ·‚  (· – ‚)

· – ‚
 = · + ‚ + ·‚ .

· · – ‚ ‚

· – ‚
 =

· · – ‚ ‚  · + ‚

·  – ‚  ·  + ‚
 = ·2 + · ·‚ – ‚ ·‚  – ‚2

· – ‚
 

3 3 – 2 2

3 – 2
 =

3 3 – 2 2  3 + 2

3 – 2  3 + 2
 = 9 + 3 6 – 2 6 – 4

3 – 2
 = 5 + 6.

912  + 320

911 + 276
 = 82 ⋅ 910 

82 ⋅ 99
 = 9 = 3.

162 + 98

50 – 32
 = 2 ⋅ 34  + 2 ⋅ 72

2 ⋅ 25 – 2 ⋅ 16
 = 9 2 + 7 2

5 2 – 4 2
 = 16 2

2
 = 16.
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ii) ∂›Ó·È

Ô˘ Â›Ó·È ÚËÙfi˜ ·ÚÈıÌfi˜.

4. i) ªÂÙ·ÙÚ¤ÔÓÙ·˜ ÙÔ˘˜ ·ÚÔÓÔÌ·ÛÙ¤˜ ÛÂ ÚËÙÔ‡˜ ¤¯Ô˘ÌÂ

ii) ∂›Ó·È
ñ

ñ

Œ¯Ô˘ÌÂ

5. i) ∞fi ÙÔ ˘ı·ÁfiÚÂÈÔ ıÂÒÚËÌ· ¤¯Ô˘ÌÂ 

µ°2 = ∞µ2 + ∞°2 = · + ‚, ÔfiÙÂ 

ii) ™‡ÌÊˆÓ· ÌÂ ÙËÓ ÙÚÈÁˆÓÈÎ‹ ·ÓÈÛfiÙËÙ· ÈÛ¯‡ÂÈ µ° < ∞µ + ∞°

Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ 

iii) À„ÒÓÔ˘ÌÂ ÛÙÔ ÙÂÙÚ¿ÁˆÓÔ Î·È ¤¯Ô˘ÌÂ

Ô˘ ÈÛ¯‡ÂÈ.

∆Ô “=” ÈÛ¯‡ÂÈ ·Ó Î·È ÌfiÓÔ ·Ó · = 0 ‹ ‚ = 0.

⇔  · + ‚ ≤ · + ‚ + 2 · ‚ ⇔  0 ≤ 2 ·‚  ,

⇔  · + ‚
2
 ≤ ·  + ‚

2
 

· + ‚ ≤ ·  + ‚ ⇔

· + ‚ < · + ‚ .

µ° = · + ‚.

= 7 + 4 3

49 – 48
 – 7 – 4 3

49 – 48
 = 7 + 4 3 – 7 + 4 3 = 8 3.

1

2 – 3
2
 – 1

2 + 3
2
 = 1

7 – 4 3
 – 1

7 + 4 3
 

2 + 3
2
 = 4 + 4 3 + 3 = 7 + 4 3  ÔfiÙÂ

2 – 3
2
 = 4 – 4 3 + 3 = 7 – 4 3  Î·È

= 3 5 + 3 + 5 – 5 3

2
 = 8

2
 = 4.

3

5 – 3
 + 5

5 + 3
 =

3 5 + 3

5 – 3
 +

5 5 – 3

5 – 3
 

= · + 1

·
 + 2 = ·

2
 + 1 + 2·

·
 =

· + 1
2

·

· + 1

·

2

 = ·
2
 + 1

·

2

 + 2 ·  ⋅ 1

·
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KEº∞§∞π√ 2

∂•π™ø™∂π™

¨ 2.1. ∂ÍÈÛÒÛÂÈ˜ 1Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) 4x – 3(2x – 1) = 7x – 42 ⇔ 4x – 6x + 3 = 7x – 42 

⇔ 4x – 6x – 7x = –42 – 3 ⇔ –9x = –45 ⇔ x = 5.
ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 5.

ii) 

⇔ 4(1 – 4x) – 5(x + 1) = x – 4 + 25 ⇔ 4 – 16x – 5x – 5 = x + 21  
⇔ –21x – x = 21 + 1 ⇔ –22x = 22 ⇔ x= –1.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = –1.

iii) 

⇔ 30x – 20x = 15x – 12x – 49 ⇔ 30x – 20x – 15x + 12x = – 49  

⇔ 7x = –49 ⇔ x = –7.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = –7.

iv)      1,2(x + 1) – 2,5 + 1,5x = 8,6 ⇔ 12(x + 1) – 25 + 15x = 86   

⇔ 12x + 12 – 25 + 15x = 86 ⇔ 27x = 99 ⇔ x = 

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 
11
—
3

.

2. i) 2(3x – 1) – 3(2x – 1) = 4 ⇔ 6x – 2 – 6x + 3 = 4 ⇔ 0x = 3.

ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

ii) 

ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È Ù·˘ÙfiÙËÙ·.

⇔  6x – 5 + x = –5 + 7x ⇔  0x = 0.

2x – 5 – x

3
 = –  

5

3
 + 7x

3
 ⇔  3 ⋅ 2x – 3 ⋅ 5 – x

3
 = 3 ⋅ –5

3
 + 3 ⋅ 7x

3

99

27
 = 11

3
 .

x

2
 – x

3
 = x

4
 – x

5
 – 49

60
 ⇔  60 ⋅ x

2
 – 60 ⋅ x

3
 = 60 ⋅ x

4
 – 60 ⋅ x

5
 – 60 ⋅ 49

60

⇔  20 1 – 4x

5
 – 20 x + 1

4
 = 20 x – 4

20
 + 20 5

4

1 – 4x

5
 – x + 1

4
 = x – 4

20
 + 5

4
 



3. i) ñ ∞Ó Ï – 1 ≠ 0 ⇔ Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó Ï = 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·. 

ii) ñ ∞Ó Ï – 2 ≠ 0 ⇔ Ï ≠ 2, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó Ï = 2, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 2 Î·È Â›Ó·È ·‰‡Ó·ÙË. 

iii) Ï(Ï – 1)x = Ï –1
ñ ∞Ó Ï(Ï – 1) ≠ 0 ⇔ Ï ≠ 0 Î·È Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡-

ÛË ÙËÓ 

ñ ∞Ó Ï = 0 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = –1 Î·È Â›Ó·È ·‰‡Ó·ÙË.
ñ ∞Ó Ï = 1 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.

iv) Ï(Ï – 1)x = Ï2 + Ï ⇔ Ï(Ï – 1)x = Ï(Ï + 1).
ñ ∞Ó Ï(Ï – 1) ≠ 0 ⇔ Ï ≠ 0 Î·È Ï ≠ 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡-

ÛË ÙËÓ 

ñ ∞Ó Ï = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.
ñ ∞Ó Ï = 1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 2 Î·È Â›Ó·È ·‰‡Ó·ÙË.

4. ŒÛÙˆ ∞ª = x, ÙfiÙÂ ¢ª = 5 – x, ÔfiÙÂ 

i) ∏ ÈÛfiÙËÙ· ∂1 + ∂2 = ∂3 Â›Ó·È ÈÛÔ‰‡Ó·ÌË ÌÂ ÙËÓ ÈÛfiÙËÙ· 

·fi ÙËÓ ÔÔ›· ÚÔÎ‡ÙÂÈ Ë ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ë ı¤ÛË ÙÔ˘ ª ÚÔÛ‰ÈÔÚ›˙ÂÙ·È ·fi ÙÔ Ì‹ÎÔ˜ ∞ª = 2,5, Â›Ó·È
‰ËÏ·‰‹ ÙÔ Ì¤ÛÔ ÙÔ˘ ∞¢.

⇔  30 – 6x + 10x = 40 ⇔  4x = 10 ⇔x = 5

2
 = 2,5.

3(5 – x)

2
 + 5x

2
 = (5 + 3)5

4
 ⇔  4 ⋅ 15 – 3x

2
 + 4 ⋅ 5x

2
 = 4 ⋅ 40

4

∂1 + ∂2 =
(∞µ°¢)

2
 

∂1 =
3(5 – x)

2
   Î·È ∂2 =

x ⋅ 5
2

 .

x = Ï(Ï + 1)

Ï(Ï – 1)
 = Ï + 1

Ï – 1
 .

x = Ï – 1

Ï(Ï – 1)
 = 1

Ï
 .

x = Ï

Ï – 2
 .

x = Ï – 1

Ï – 1
 = 1.
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ii) ∏ ÈÛfiÙËÙ· ∂1 = ∂2 Â›Ó·È ÈÛÔ‰‡Ì·ÌË ÌÂ ÙËÓ ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ë ı¤ÛË ÙÔ˘ ª ÚÔÛ‰ÈÔÚ›˙ÂÙ·È ·fi ÙÔ Ì‹ÎÔ˜ 

5. ∞Ó ÙÔ ÔÛfi ÙˆÓ x Â˘ÚÒ Î·Ù·Ù¤ıËÎÂ ÚÔ˜ 5%, ÙfiÙÂ ÙÔ ˘fiÏÔÈÔ ÔÛfi ÙˆÓ
(4000 – x) Â˘ÚÒ Î·Ù·Ù¤ıËÎÂ ÚÔ˜ 3%.

– ∆Ô ÔÛfi ÙˆÓ x Â˘ÚÒ ¤‰ˆÛÂ ÂÙ‹ÛÈÔ ÙfiÎÔ Â˘ÚÒ

– ∆Ô ÔÛfi ÙˆÓ (4000 – x) Â˘ÚÒ ¤‰ˆÛÂ ÂÙ‹ÛÈÔ ÙfiÎÔ Â˘ÚÒ.

∏ ÂÍ›ÛˆÛË Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Úfi‚ÏËÌ· Â›Ó·È

⇔ 5x + 12.000 – 3x = 17.500 ⇔ 2x = 17.500 – 12.000 ⇔
⇔ 2x = 5.500 ⇔ x = 2.750 Â˘ÚÒ.

∂ÔÌ¤Óˆ˜ Ù· 2.750 Â˘ÚÒ ÙÔÎ›ÛÙËÎ·Ó ÚÔ˜ 5% Î·È Ù· ˘fiÏÔÈ· 1.250 Â˘-
ÚÒ ÙÔÎ›ÛÙËÎ·Ó ÚÔ˜ 3%.

6. i) v = v0 + ·t ⇔ ·t = v – v0 ⇔ , ·ÊÔ‡ · ≠ 0.

ii) 

∞fi ÙËÓ ÙÂÏÂ˘Ù·›· ÈÛfiÙËÙ· ÚÔÎ‡ÙÂÈ fiÙÈ R2 – R ≠ 0, ·ÊÔ‡ ÙÔ 

∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ 

7. i)      x2(x – 4) + 2x(x – 4) + (x – 4) = 0 
⇔ (x – 4) (x2 + 2x + 1) = 0  

⇔ (x – 4) (x + 1)2 = 0 ⇔ x – 4 = 0   ‹   x + 1 = 0 ⇔ x = 4   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 4 Î·È –1.

ii)      (x – 2)2 – (2 – x) (4 + x) = 0 ⇔ (x – 2)2 + (x – 2) (x + 4) = 0 

⇔ (x – 2) [(x – 2) + (x + 4)] = 0 ⇔ (x – 2) (2x + 2) = 0 

⇔ x – 2 = 0   ‹   2x + 2 = 0 ⇔ x = 2   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2 Î·È –1.

R
1
 =

R
2
 R

R
2
 – R

 .

1

R1

  ≠ 0.

1

R
 = 1

R
1

 + 1

R
2

 ⇔  1

R
 – 1

R
2

 = 1

R
1

 ⇔  1

R
1

 =
R

2
 – R

R
2
 R

 

t =
v – v0

·

5

100
 x + 3

100
 (4000 – x) = 175 ⇔  5x + 3(4000 – x) = 100 ⋅ 175

3

100
 (4000 – x)

5

100
 x

∞ª = 15

8
 .

3(5 – x)

2
 = 5x

2
 ⇔  15 – 3x = 5x ⇔  15 = 8x ⇔  x = 15

8
 .
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8. i)     x(x2 – 1) – x3 + x2 = 0 

⇔ x3 – x – x3 + x2 = 0  

⇔ x(x – 1) = 0 ⇔ x = 0   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È 1.

ii)      (x + 1)2 + x2 – 1 = 0 

⇔ x2 + 2x + 1 + x2 – 1 = 0 

⇔ 2x2 + 2x = 0 ⇔ 2x(x + 1) ⇔ x = –1 ‹ x = 0.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –1 Î·È 0.

9. i)     x(x – 2)2 = x2 – 4x + 4 

⇔ x(x – 2)2 (x – 2)2 = 0 

⇔ (x – 2)2(x – 1) = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0 ⇔ x = 2   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2 Î·È 1.

ii)       (x2 – 4)(x – 1) = (x2 – 1)(x – 2) 

⇔ (x – 2)(x + 2)(x – 1) – (x – 1)(x + 1)(x – 2) = 0 

⇔ (x – 1)(x – 2)[(x + 2) – (x + 1)] = 0 

⇔ (x – 1)(x – 2) = 0 ⇔ x = 1   ‹   x = 2

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 2.

10. i)     x3 – 2x2 – x + 2 = 0 

⇔ x2(x – 2) – (x – 2) = 0 

⇔ (x – 2)(x2 – 1) = 0 

⇔ (x – 2)(x – 1)(x + 1) = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0   ‹   x + 1 = 0 

⇔ x = 2   ‹   x = 1   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 2, 1 Î·È –1.

ii)    x3 – 2x2 – (2x – 1)(x – 2) = 0 

⇔ x2(x – 2) – (2x – 1)(x – 2) = 0 

⇔ (x – 2)(x2 – 2x + 1) = 0 

⇔ (x – 2)(x – 1)2 = 0 

⇔ x – 2 = 0   ‹   x – 1 = 0 

⇔ x = 2   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 2.
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11. i) 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ 0. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x = –1 (·ÊÔ‡ x ≠ 1).

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ x = –1.

ii) 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ –1. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x – 1 + 2 = 0 ⇔ x + 1 = 0 

⇔ x = –1, 

Ô˘ ·ÔÚÚ›ÙÂÙ·È ÏfiÁˆ ÙˆÓ ÂÚÈÔÚÈÛÌÒÓ.

∂ÔÌ¤Óˆ˜ Î·È Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

12. i) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 1 Î·È x ≠ –1. ªÂ ·˘ÙÔ‡˜ ÙÔ˘
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x + 1 + x – 1 = 2 

⇔ 2x = 2 ⇔ x = 1, Ô˘ ·ÔÚÚ›ÙÂÙ·È, ·ÊÔ‡ x ≠ 1.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

ii) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 0 Î·È x ≠ –2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ 3x – 2x – 4 = x – 4 ⇔ 0x = 0.

⇔  x(x + 2) 3

x + 2
 – x(x + 2) 2

x
 = x(x + 2) x – 4

x(x + 2)
 

3

x + 2
 – 2

x
 = x – 4

x2 + 2x
 

⇔  (x – 1) (x + 1) 1

x – 1
 + (x – 1) (x + 1) 1

x + 1
 = (x – 1) (x + 1) 2

x
2
 – 1

1

x – 1
 + 1

x + 1
 = 2

x2 – 1
 

(x + 1)

(x – 1) (x + 1)
 + 2

(x – 1)2
 = 0 ⇔  1

x – 1
 + 2

(x – 1)2
 = 0

x + 1

x2 – 1
 + 2

x2 – 2x + 1
 = 0 ⇔  x + 1

(x – 1) (x + 1)
 + 2

(x – 1)2
 = 0.

x

x – 1
 = 1

x(x – 1)
 ⇔  x2(x – 1) = x – 1 ⇔x2 = 1

x

x – 1
 = 1

x2 – x
 ⇔  x

x – 1
 = 1

x(x – 1)
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∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË Â›Ó·È Ù·˘ÙfiÙËÙ·. ∞Ó Ï¿‚Ô˘ÌÂ ˘fi„Ë ÙÔ˘˜ Â-
ÚÈÔÚÈÛÌÔ‡˜ ·˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ï‡ÛË Î¿ıÂ
Ú·ÁÌ·ÙÈÎfi ÂÎÙfi˜ ·fi ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 0 Î·È –2.

iii) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ 2 Î·È x ≠ –2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜
ÂÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ x – 2 = x ⇔ 0x = 2, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

iv) ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ÔÚ›˙ÂÙ·È ÁÈ· Î¿ıÂ x ≠ –1 Î·È x ≠ 1. ªÂ ÙÔ˘˜ ÂÚÈÔÚÈ-
ÛÌÔ‡˜ ·˘ÙÔ‡˜ ¤¯Ô˘ÌÂ:

Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ Ú·ÁÌ·ÙÈÎfi ·ÚÈıÌfi x, ÌÂ x ≠ ±1.

13. ŒÛÙˆ x – 1, x, x + 1 ÙÚÂÈ˜ ‰È·‰Ô¯ÈÎÔ› ·Î¤Ú·ÈÔÈ. ∑ËÙÔ‡ÌÂ ·Î¤Ú·ÈÔ x Ù¤-
ÙÔÈÔÓ ÒÛÙÂ Ó· ÈÛ¯‡ÂÈ

(x – 1) + x + (x + 1) = (x – 1) x(x + 1) 

⇔ 3x = x(x2 – 1) 

⇔ x(3 – x2 + 1) = 0 

⇔ x(4 – x2) = 0 

⇔ x = 0   ‹   x2 = 4

⇔ x = 0   ‹   x = 2   ‹   x = –2.
∂ÔÌ¤Óˆ˜ ˘¿Ú¯Ô˘Ó ÙÚÂÈ˜ ÙÚÈ¿‰Â˜ Ù¤ÙÔÈˆÓ ‰È·‰Ô¯ÈÎÒÓ ·ÚÈıÌÒÓ, ÔÈ ÂÍ‹˜:

(–1, 0, 1),   (1, 2, 3)   Î·È   (–3, –2, –1).

14. i) |2x – 3| = 5 ⇔ 2x – 3 = 5   ‹   2x – 3 = –5 

⇔ 2x = 8   ‹   2x = –2 ⇔ x = 4   ‹   x = –1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 4 Î·È –1.

ii) |2x – 4| = |x – 1| ⇔ 2x – 4 = x – 1 ‹ 2x – 4 = –x + 1  

⇔ x = 3 ‹ 3x = 5 ⇔ x = 3 ‹ 

iii) ∂ÂÈ‰‹ ÙÔ ÚÒÙÔ Ì¤ÏÔ˜ ÙË˜ ÂÍ›ÛˆÛË˜ |x – 2| = 2x – 1 Â›Ó·È ÌË ·ÚÓË-
ÙÈÎfi, ÁÈ· Ó· ¤¯ÂÈ Ï‡ÛË Ë ÂÍ›ÛˆÛË ·˘Ù‹, Ú¤ÂÈ Î·È ÙÔ ‰Â‡ÙÂÚÔ Ì¤ÏÔ˜
Ó· Â›Ó·È ÌË ·ÚÓËÙÈÎfi. ¢ËÏ·‰‹, Ú¤ÂÈ

x = 5

3
 .

⇔  x

x + 1
 = x

x + 1
 ,

x2 – x

x2 – 1
 = x

x + 1
 ⇔ x(x – 1)

(x + 1)(x – 1)
 = x

x + 1
 

1

x + 2
 = x

x
2
 – 4

 ⇔  1

x + 2
 = x

(x + 2)(x – 2)
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2x – 1 ≥ 0 (1)
MÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi ·˘Ùfi ¤¯Ô˘ÌÂ:

|x – 2| = 2x – 1 ⇔ x – 2 = 2x – 1   ‹   x – 2 = 1 –2x  

⇔ x = –1   ‹   x = 1.

∞fi ÙÈ˜ ·Ú·¿Óˆ Ï‡ÛÂÈ˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = 1 Ô˘ ÈÎ·ÓÔÔÈÂ›
ÙÔÓ ÂÚÈÔÚÈÛÌfi (1).

iv) √ÌÔ›ˆ˜, ÁÈ· ÙËÓ ÂÍ›ÛˆÛË |2x – 1| = x – 2, Ú¤ÂÈ

x – 2 ≥ 0 (2)
MÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi ·˘Ùfi ¤¯Ô˘ÌÂ:

|2x – 1| = x – 2 ⇔ 2x – 1 = x – 2   ‹   2x – 1 = 2 – x  

⇔ x = –1   ‹   x = 1.

∞fi ÙÈ˜ ·Ú·¿Óˆ Ï‡ÛÂÈ˜ Î·Ì›· ‰ÂÓ Â›Ó·È ‰ÂÎÙ‹, ·ÊÔ‡ Î·Ì›· ‰ÂÓ Â·-
ÏËıÂ‡ÂÈ ÙÔÓ ÂÚÈÔÚÈÛÌfi (2). ÕÚ·, Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

15. i) Œ¯Ô˘ÌÂ:

⇔ 5|x| + 20 – 3|x| – 12 = 10 

⇔ 2|x| = 2 ⇔ |x| = 1 ⇔ x = ±1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –1 Î·È 1.

ii) 

⇔ 4|x| + 2 – 3|x| + 3 = 3 ⇔ |x| = –2, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

16. i) H ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ –3. 

ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ:

⇔ 3 – x = 4(x + 3) ‹ 3 – x = –4(x + 3) 

⇔ 3 – x = 4x + 12 ‹ 3 – x = –4x – 12 

⇔ 5x = –9 ‹ 3x = –15 ⇔ x = ‹ x = –5.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –5 Î·È .– 9

5

– 9

5

 3 – x

3 + x
  = 4 ⇔  |3 – x| = 4 ⋅ |3 + x|

 3 – x

3 + x
  = 4

⇔  6 ⋅ 2|x| + 1

3
 – 6 ⋅ |x| – 1

2
 = 6 ⋅ 1

2
 

2|x| + 1

3
 – |x| – 1

2
 = 1

2
 

|x| + 4

3
 – |x| + 4

5
 = 2

3
 ⇔  15 ⋅ |x| + 4

3
 – 15 ⋅ |x| + 4

5
 = 15 ⋅ 2

3
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ii)      |x – 1| |x – 2| = |x – 1| ⇔ |x – 1| (|x – 2| – 1) = 0 

⇔ |x – 1| = 0   ‹   |x – 2| = 1 

⇔ x = 1   ‹   x – 2 = 1   ‹   x – 2 = –1 

⇔ x = 1   ‹   x = 3   ‹   x = 1.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 3.

µã  √ª∞¢∞™

1. i)     (x + ·)2 – (x – ‚)2 = 2·(· + ‚) 

⇔ x2 + 2·x + ·2 – (x2 – 2‚x + ‚2) = 2·2 + 2·‚ 

⇔ x2 + 2·x + ·2 – x2 + 2‚x – ‚2 = 2·2 + 2·‚ 

⇔ 2(· + ‚)x = ·2 + 2·‚ + ‚2

⇔ 2(· + ‚)x = (· + ‚)2.

ñ ∞Ó · + ‚ ≠ 0 Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó · + ‚ = 0 Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.

ii) °È· · ≠ 0 Î·È ‚ ≠ 0 ¤¯Ô˘ÌÂ:

·(x – ·) = ‚(x – ‚) ⇔ ·x – ·2 = ‚x – ‚2

⇔ ·x – ‚x = ·2 – ‚2 ⇔ (· – ‚)x = (· – ‚)(· + ‚).

ñ ∞Ó · – ‚ ≠ 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó · – ‚ = 0 ⇔ · = ‚, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = 0, Ôfi-
ÙÂ Â›Ó·È Ù·˘ÙfiÙËÙ·.

2. i) °È· · ≠ 0 Î·È ‚ ≠ 0 ¤¯Ô˘ÌÂ:

ñ ∞Ó ‚ – · ≠ 0 ⇔ ‚ ≠ ·, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó ‚ – · = 0 ⇔ ‚ = · ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 0x = ·2 Î·È Â›Ó·È

·‰‡Ó·ÙË ÁÈ·Ù› · ≠ 0.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ï‡ÛË ÌfiÓÔ ·Ó · ≠ 0, ‚ ≠ 0 Î·È · ≠ ‚.

x = ·‚

‚ – ·
 .

x

·
 – x

‚
 = 1 ⇔  ‚x – ·x

·‚
 = 1 ⇔  (‚ – ·)x = ·‚.

x = (· – ‚)(· + ‚)

· – ‚
 = · + ‚.

x – ·

‚
 = x – ‚

·
 ⇔

x =
(· + ‚)2

2(· + ‚)
 = · + ‚

2
 .
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3. i) ™Ù· 200 ml ‰È¿Ï˘Ì· ÂÚÈ¤¯ÔÓÙ·È 30 ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì·. ∞Ó ÚÔ-
Ûı¤ÛÔ˘ÌÂ x ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì· ÙfiÙÂ ÙÔ ‰È¿Ï˘Ì· Ô˘ ı· ÚÔÎ‡„ÂÈ
ı· Â›Ó·È (200 + x) ml Î·È ı· ÂÚÈ¤¯ÂÈ (30 + x) ml Î·ı·Úfi ÔÈÓfiÓÂ˘Ì·
ÔfiÙÂ ÚÔÎ‡ÙÂÈ Ë ÂÍ›ÛˆÛË

∂ÔÌ¤Óˆ˜ Ô Ê·ÚÌ·ÎÔÔÈfi˜ Ú¤ÂÈ Ó· ÚÔÛı¤ÛÂÈ 50 ml Î·ı·Úfi ÔÈÓfi-
ÓÂ˘Ì·.

4. ŒÛÙˆ fiÙÈ x ÒÚÂ˜ ÌÂÙ¿ ÙËÓ ÚÔÛ¤Ú·ÛË Ù· ‰‡Ô ·˘ÙÔÎ›ÓËÙ· ı· ·¤¯Ô˘Ó ÌÂ-
Ù·Í‡ ÙÔ˘˜ 1 km. ∆Ô ‰È¿ÛÙËÌ· Ô˘ ‰È·Ó‡ÂÈ ÙÔ ∞ ÛÙÈ˜ x ÒÚÂ˜ Â›Ó·È 100x ÂÓÒ
ÙÔ ·ÓÙ›ÛÙÔÈ¯Ô ‰È¿ÛÙËÌ· ÁÈ· ÙÔ µ Â›Ó·È 120x. ŒÙÛÈ ¤¯Ô˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË

120x – 100x = 1 ⇔ 20x = 1 ⇔ x =  
1
—
20

ÒÚÂ˜, ÔfiÙÂ x =  
1
—
20

Ø 60 = 3 ÏÂÙ¿.

√fiÙÂ Ù· ·˘ÙÔÎ›ÓËÙ· ı· ·¤¯Ô˘Ó 1km ÙÚ›· ÏÂÙ¿ ÌÂÙ¿ ÙËÓ ÚÔÛ¤Ú·ÛË.

5. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ · Î·È x ≠ –·. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ Â-
ÚÈÔÚÈÛÌÔ‡˜ ¤¯Ô˘ÌÂ:

⇔ (x + ·)2 = x2 ⇔ x + · = x   ‹   x + · = –x 

⇔ 0x = ·   ‹   2x = –·.

ñ ∞Ó · = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ï‡ÛË Î¿ıÂ ·ÚÈıÌfi x ≠ 0.

ñ ∞Ó · ≠ 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙÔÓ ·ÚÈıÌfi .

6. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 2. ªÂ ·˘Ùfi ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ:

x3 – 8 = x3 – 2x2 + 4x – 8

⇔ 2x2 – 4x = 0 ⇔ 2x(x – 2) = 0 

⇔ x = 0   ‹   x = 2.

∞fi ÙÈ˜ ÙÈÌ¤˜ ·˘Ù¤˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = 0

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙÔÓ ·ÚÈıÌfi x = 0.

x3 – 8

x – 2
 = x2 + 4 ⇔  

x = –·

2

x + ·

x – ·
 = x2

x2 – ·2
 ⇔  x + ·

x – ·
 = x2

(x + ·)(x – ·)
 

⇔  x = 3400

68
 ⇔  x = 50.

⇔  3000 + 100x = 6400 + 32x ⇔  68x = 3400 ⇔

30 + x

200 + x
 = 32

100
 ⇔  100(30 + x) = 32(200 + x) ⇔
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7. |2|x| – 1| = 3 ⇔ 2|x| – 1 = 3   ‹   2|x| – 1 = –3 

⇔ 2|x| = 4   ‹   2|x| = –2.

∏ ‰Â‡ÙÂÚË Â›Ó·È ·‰‡Ó·ÙË ÔfiÙÂ ¤¯Ô˘ÌÂ 

2|x| = 4 ⇔ |x| = 2 ⇔ x = –2   ‹   x = 2.

∂ÔÌ¤Óˆ˜ ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.

8.

⇔ |x – 1| = |3x – 5| 

⇔ x – 1 = 3x – 5   ‹   x – 1 = –3x + 5 

⇔ 2x = 4   ‹   4x = 6 ⇔ x = 2   ‹   x = 

¨ 2.2. ∏ ÂÍ›ÛˆÛË xÓ = ·
∞ã  √ª∞¢∞™

1. i) x3 – 125 = 0 ⇔ x3 = 53 ⇔ x = 5.

ii) x5 – 243 = ⇔ x5 = 35 ⇔ x = 3.

iii) x7 – 1 = 0 ⇔ x7 = 1 ⇔ x = 1.

2. i) x3 + 125 = 0 ⇔ x3 = (–5)3 ⇔ x = –5.

ii) x5 + 243 = 0 ⇔ x5 = (–3)5 ⇔ x = –3.

iii) x7 + 1 = 0 ⇔ x7 = (–1)7 ⇔ x = –1.

3. i) x2 – 64 = 0 ⇔ x2 = 82 ⇔ x = –8   ‹   x = 8.

ii) x4 – 81 = 0 ⇔ x = ‹   x = – ⇔ x = 3   ‹   x = –3.

iii) x6 – 64 = 0 ⇔ x6 = 64 ⇔ x = ‹   x = – ⇔ x = 2   ‹   x = –2.

4. i) x5 – 8x2 = 0 ⇔ x2(x3 – 8) = 0 ⇔ x2 = 0   ‹   x3 = 8 ⇔ x = 0   ‹   x = 2.

ÕÚ· Ï‡ÛÂÈ˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È 2.

ii) x4 + x = 0 ⇔ x(x3 + 1) = 0 ⇔ x = 0   ‹   x3 = –1 ⇔ x = 0   ‹   x = –1.

ÕÚ· Ï‡ÛÂÈ˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› 0 Î·È –1.

64
6

64
6

81
4

81
4

3

2
 .

x2 – 2x + 1 = |3x – 5| ⇔  x – 1  2  = |3x – 5|
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iii) x5 + 16x = 0 ⇔ x(x4 + 16) = 0 ⇔ x = 0   ‹   x4 = –16 ⇔ x = 0 

·ÊÔ‡ Ë x4 = –16 Â›Ó·È ·‰‡Ó·ÙË. 

ÕÚ· Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ x = 0.

5. °È· ÙÔ x ¤¯Ô˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË

x Ø x Ø 3x = 81, ÌÂ x > 0 ⇔ 3x3 = 81 ⇔ x3 = 27 ⇔ x = 3.

ÕÚ·, ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÙÔ˘ ·Ú·ÏÏËÏÂÈ¤‰Ô˘ Â›Ó·È 3m, 3m Î·È 9m.

6. i) (x + 1)3 = 64 ⇔ x + 1 = 4 ⇔ x = 3.

ii) 1 + 125x3 = 0 ⇔ (5x)3 = –1 ⇔ 5x = –1 ⇔ x = –
1
—
5 

.

iii)    (x – 1)4 – 27(x – 1) = 0 ⇔ (x – 1)[(x – 1)3 – 27] = 0 

⇔ x – 1 = 0   ‹   (x – 1)3 = 27 

⇔ x = 1   ‹   x – 1 = 3 

⇔ x = 1   ‹   x = 4.

¨ 2.3. ∂ÍÈÛÒÛÂÈ˜ 2Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) ¢ = (–5)2 – 4 Ø 2 Ø 3 = 1, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú·ÁÌ·ÙÈÎ¤˜ Ú›˙Â˜

ii) ¢ = (–6)2 – 4 Ø 9 = 36 – 36 = 0, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÈ· ‰ÈÏ‹ Ú›˙· ÙËÓ

iii) ¢ = 42 – 4 Ø 3 Ø 2 = 16 – 24 = –8 < 0, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ‰ÂÓ ¤¯ÂÈ Ú·Á-
Ì·ÙÈÎ¤˜ Ú›˙Â˜.

2. i) x2 – 1,69 = 0 ⇔ x2 = 1,69 ⇔ x = 1,3   ‹   x = –1,3

ii) 0,5x2 – x = 0 ⇔ x(0,5x – 1) = 0 ⇔ x = 0   ‹   0,5x = 1 ⇔ x = 0   ‹   x = 2.

iii) 3x2 + 27 = 0 ⇔ 3(x2 + 9) = 0 ⇔ x2 = –9, Ô˘ Â›Ó·È ·‰‡Ó·ÙË.

3. i) Œ¯Ô˘ÌÂ ¢ = 4 + 4Ï(Ï – 2) = 4 + 4Ï2 – 8Ï = 4(Ï2 – 2Ï + 1) = 4(Ï – 1)2 ≥ 0
ÁÈ· Î¿ıÂ Ï ∈ �* Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú·ÁÌ·ÙÈÎ¤˜ Ú›˙Â˜.

x = 6

2
 = 3.

x1 =
5 + 1

2 ⋅ 2
 = 6

4
 = 3

2
   Î·È x2 =

5 – 1

2 ⋅ 2
 = 4

4
 = 1
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ii) Œ¯Ô˘ÌÂ ¢ = (·+ ‚)2 – 4·‚ = ·2 + ‚2 + 2·‚ – 4·‚ = (· – ‚)2 ≥ 0 ÁÈ· fiÏ·
Ù· ·, ‚ ∈ � ÌÂ · ≠ 0, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú·ÁÌ·ÙÈÎ¤˜ Ú›-
˙Â˜.

4. ∂ÂÈ‰‹ 

¢ = 4 – 4Ì2 = 0 ⇔ Ì2 = 1 ⇔ Ì = 1 ‹ Ì = –1,

ÔÈ ÙÈÌ¤˜ ÙÔ˘ Ì ÁÈ· ÙÈ˜ ÔÔ›Â˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙· Â›Ó·È ÔÈ ·ÚÈıÌÔ› 1
Î·È –1.

5. Œ¯Ô˘ÌÂ ¢ = 4(· + ‚)2 – 4 Ø 2(·2 + ‚2) = 4·2 + 4‚2 + 8·‚ – 8·2 – 8‚2

= –4·2 – 4‚2 + 8·‚ = –4(·2 + ‚2 – 2·‚) 

= –4(· – ‚)2 < 0 Î·È Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË ÛÙÔ �. 
™ÙËÓ ÂÚ›ÙˆÛË Ô˘ Â›Ó·È · = ‚ ≠ 0, ÈÛ¯‡ÂÈ ¢ = 0 Î·È Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰È-
Ï‹ Ú›˙·.
∞Ó Â›Ó·È · = ‚ = 0, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ·›ÚÓÂÈ ÙË ÌÔÚÊ‹ 2 = 0 Î·È Â›Ó·È ·‰‡-
Ó·ÙË.

6. i) S = 2 + 3 = 5 Î·È ƒ = 2 Ø 3 = 6, ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë x2 – 5x + 6 = 0.

ii) ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë:

iii) Î·È 

ÔfiÙÂ Ë ÂÍ›ÛˆÛË Â›Ó·È Ë:

x2 – 10x + 1 = 0.

7. i) ∂›Ó·È S = 2 Î·È ƒ = –15. √È ˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›-
ÛˆÛË˜ x2 – 2x – 15 = 0, Ë ÔÔ›· ¤¯ÂÈ ¢ = 4 – 4(–15) = 64. ∂ÔÌ¤Óˆ˜ ÔÈ
˙ËÙÔ˘ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È

ii) ∂›Ó·È S = 9 Î·È ƒ = 10. √È ˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›Ûˆ-
ÛË˜ x2 – 9x + 10 = 0, Ë ÔÔ›· ¤¯ÂÈ ¢ = 81 – 4 Ø 10 = 41. ∂ÔÌ¤Óˆ˜ ÔÈ
˙ËÙÔ‡ÌÂÓÔÈ ·ÚÈıÌÔ› Â›Ó·È

x1 =
9 + 41

2
   Î·È x2 =

9 – 41

2
 .

x1 =
2 + 8

2
 = 5  Î·È x2 =

2 – 8

2
 = –3.

P = 5 – 2 6  ⋅ 5 + 2 6  = 25 – 4 ⋅ 6 = 1

S = 5 – 2 6  + 5 + 2 6  = 10

x2 – 3

2
 x + 1

2
 = 0 ⇔  2x2 – 3x + 1 = 0.

S = 1 + 1

2
 = 3

2
 Î·È ƒ = 1 ⋅ 1

2
 = 1

2
 ,
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8. 1Ô˜ ÙÚfiÔ˜:

i) °È· Ó· Ï‡ÛÔ˘ÌÂ ÙËÓ ÂÍ›ÛˆÛË ·ÚÎÂ› Ó· ‚ÚÔ‡ÌÂ ‰‡Ô ·ÚÈıÌÔ‡˜ Ô˘ Ó·

¤¯Ô˘Ó ¿ıÚÔÈÛÌ· Î·È ÁÈÓfiÌÂÓÔ √È ·ÚÈıÌÔ›

·˘ÙÔ› Â›Ó·È ÚÔÊ·ÓÒ˜ ÔÈ Î·È Ô˘ Â›Ó·È Î·È ÔÈ ˙ËÙÔ‡ÌÂÓÂ˜ Ú›˙Â˜

ÙË˜ ÂÍ›ÛˆÛË˜.

2Ô˜ ÙÚfiÔ˜:

∂›Ó·È 

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜

ii) ∂›Ó·È ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ

‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜

9. 1Ô˜ ÙÚfiÔ˜:

x2 + ·2 = ‚2 – 2·x ⇔ x2 + 2·x + ·2 – ‚2 = 0 ⇔ (x + ·)2 – ‚2 = 0 

⇔ (x + · + ‚)(x + · – ‚) = 0 ⇔ x = –· – ‚   ‹   x = ‚ – ·.

2Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È x2 + 2·x + ·2 – ‚2 = 0.

∂›Ó·È ¢ = 4·2 – 4(·2 – ‚2) = 4‚2, ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜

10. ŒÛÙˆ x Î·È y ÔÈ ÏÂ˘Ú¤˜ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘. ∆fiÙÂ ¤¯Ô˘ÌÂ
2x + 2y = 68 ⇔ x + y = 34 ⇔ y = 34 – x     (1)
∞fi ÙÔ ˘ı·ÁfiÚÂÈÔ ıÂÒÚËÌ· ÚÔÎ‡ÙÂÈ fiÙÈ

x2 + y2 = 262, ÔfiÙÂ ÏfiÁˆ ÙË˜ (1) ¤¯Ô˘ÌÂ

x2 + (34 – x)2 = 262 ⇔ x2 + 342 – 68x + x2 = 262

⇔ 2x2 – 68x + 342 – 262 = 0 

x1 =
–2· – 2‚

2
 = –(· + ‚)   Î·È x2 =

–2· + 2‚

2
 = ‚ – ·.

x1 =
1 – 2 + 2 + 1

2
 = 1     Î·È x2 =

1 – 2 – 2 – 1

2
 = – 2.

¢ = 2 – 1
2
 + 4 2 = 2 + 1

2
 > 0.

x2 =
5 + 3 – 5 – 3

2

2
 = 5 + 3 – 5 + 3

2
 = 3.

x1 =
5 + 3 + 5 – 3

2

2
 = 5 + 3 + 5 – 3

2
 = 5  Î·È

= 5
2
 + 3

2
 – 2 5 ⋅ 3  = 5 – 3

2
 > 0.

¢ = 5 + 3
2
 – 4 15 = 5

2
 + 3

2
 + 2 5 ⋅ 3  – 4 5 ⋅ 3  =

35 +

15 = 5 ⋅ 3 .5  + 3
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⇔ 2x2 – 68x + (34 – 26)(34 + 26) = 0 ⇔
⇔ 2x2 – 68x + 8 Ø 60 = 0 ⇔ x2 – 34x + 4 Ø 60 = 0.

∂›Ó·È ¢ = 342 – 4 Ø 4 Ø 60 = 196. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

√È Ú›˙Â˜ ·˘Ù¤˜ ÏfiÁˆ Î·È ÙË˜ (1) Â›Ó·È ÔÈ ˙ËÙÔ‡ÌÂÓÂ˜ ÏÂ˘Ú¤˜ ÙÔ˘ ÔÚıÔÁˆ-
Ó›Ô˘.

11. i) ∏ ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È |x|2 – 7|x| + 12 = 0. £¤ÙÔ˘ÌÂ |x| = ˆ ÔfiÙÂ Ë ÂÍ›-
ÛˆÛË Á›ÓÂÙ·È ˆ2 – 7ˆ + 12 = 0 Î·È ¤¯ÂÈ Ú›˙Â˜ ˆ1 = 3 Î·È ˆ2 = 4 Ô˘ Â›-
Ó·È ‰ÂÎÙ¤˜ Î·È ÔÈ ‰‡Ô, ÔfiÙÂ ¤¯Ô˘ÌÂ |x| = 3 ‹ |x| = 4, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ
x = 3 ‹ x = –3 ‹ x = 4 ‹ x = –4. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ï‡ÛÂÈ˜ ÙÔ˘˜
·ÚÈıÌÔ‡˜ 3, –3, 4 Î·È –4.

ii) £¤ÙÔ˘ÌÂ |x| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ 

x2 + 2|x| – 35 = 0 ⇔ ˆ2 + 2ˆ –35 = 0. 

∂›Ó·È ¢ = 144.
∏ ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ 5 Î·È –7. ∞fi ·˘Ù¤˜ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë ıÂÙÈÎ‹,
·ÊÔ‡ ˆ = |x| ≥ 0. ∂ÔÌ¤Óˆ˜ |x| = 5, Ô˘ ÛËÌ·›ÓÂÈ x = 5 ‹ x = –5.

iii) £¤ÙÔ˘ÌÂ |x| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ x2 – 8|x| + 12 = 0 ⇔ ˆ2 – 8ˆ + 12 = 0,
·ÊÔ‡ x2 = |x|2. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 6 Î·È 2, Ô˘
Â›Ó·È ‰ÂÎÙ¤˜ Î·È ÔÈ ‰‡Ô. ∂ÔÌ¤Óˆ˜ |x| = 6 ‹ |x| = 2 Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ
x = 6 ‹ x = –6 ‹ x = 2 ‹ x = –2.

12. £¤ÙÔ˘ÌÂ |x – 1| = ˆ, ÔfiÙÂ ¤¯Ô˘ÌÂ 

(x – 1)2 + 4|x – 1| – 5 = 0 ⇔ ˆ2 + 4ˆ – 5 = 0, ·ÊÔ‡ (x – 1)2 = |x – 1|2. 

∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ –5 Î·È 1. ¢ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë
ıÂÙÈÎ‹ ˆ = 1 ·ÊÔ‡ ˆ = |x – 1| ≥ 0. ∂ÔÌ¤Óˆ˜, 

|x – 1| = 1 ⇔ x – 1 = 1  ‹  x – 1 = –1 ⇔ x = 2  ‹  x = 0.

ÕÚ·, Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜, ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 0 Î·È 2.

13. ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ 0. £¤ÙÔ˘ÌÂ x +
1
—x = ˆ ÔfiÙÂ Ë ÂÍ›ÛˆÛË ÁÚ¿-

ÊÂÙ·È ˆ2 – 5ˆ + 6 = 0. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘ ·ÚÈıÌÔ‡˜ 2 Î·È 3,
ÔfiÙÂ ¤¯Ô˘ÌÂ

∏ ÚÒÙË ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È

Î·È ¤¯ÂÈ ÙÔ 1 ‰ÈÏ‹ Ú›˙·.

x + 1

x
 = 2 ⇔  x2 + 1 = 2x ⇔  x – 1 2 = 0

x + 1

x
 = 2    ‹    x + 1

x
 = 3.

x1 =
34 + 14

2
 = 24   Î·È x2 =

34 – 14

2
 = 10.
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∏ ‰Â‡ÙÂÚË ÁÚ¿ÊÂÙ·È

Î·È ¤¯ÂÈ ˆ˜ Ú›˙Â˜ ÙÔ˘ ·ÚÈıÌÔ‡˜ 

∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ ˆ˜ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 

14. i) ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ –1 Î·È x ≠ 0. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ ÂÚÈÔÚÈÛÌÔ‡˜
¤¯Ô˘ÌÂ:

⇔ 6x2 + 6(x + 1)2 = 13x(x + 1) 

⇔ 6x2 + 6x2 + 12x + 6 = 13x2 + 13x 

⇔ x2 + x – 6 = 0 

Ë ÔÔ›· ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 2 Î·È –3.

ii) ∏ ÂÍ›ÛˆÛË ÔÚ›˙ÂÙ·È ÁÈ· x ≠ 0 Î·È x ≠ 2. ªÂ ·˘ÙÔ‡˜ ÙÔ˘˜ ÂÚÈÔÚÈÛÌÔ‡˜
¤¯Ô˘ÌÂ: 

⇔ 2x – 4 + 2x2 – 3x + 2 – x2 = 0 

⇔ x2 – x – 2 = 0.

∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 2 Î·È –1, ÔfiÙÂ ÏfiÁˆ
ÙˆÓ ÂÚÈÔÚÈÛÌÒÓ ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë x = –1.

15. i) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È y2 + 6y – 40 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›˙Â˜

ÙÈ˜ y1 = 4 Î·È y2 = –10. ∂ÂÈ‰‹ y = x2 ≥ 0, ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë y1 = 4,

ÔfiÙÂ ¤¯Ô˘ÌÂ x2 = 4 ⇔ x = 2 ‹ x = –2. ∂ÔÌ¤Óˆ˜ ÔÈ Ú›˙Â˜ ÙË˜ ·Ú¯ÈÎ‹˜

ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.

⇔  x(x – 2) 2

x
 + x(x – 2) 2x – 3

x – 2
 + x(x – 2) 2 – x2

x(x – 2)
 = 0

2

x
 + 2x – 3

x – 2
 + 2 – x2

x(x – 2)
 = 0

⇔  6x(x + 1) x

x + 1
 + 6x(x + 1) x + 1

x
 = 6x(x + 1) 13

6
 

x

x + 1
 + x + 1

x
 = 13

6
 

1, 3 – 5

2
   Î·È 3 + 5

2
 .

3 – 5

2
   Î·È 3 + 5

2
 .

x + 1

x
 = 3 ⇔  x2 + 1 = 3x ⇔  x2 – 3x + 1 = 0
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ii) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 4y2 + 11y – 3 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›-

˙Â˜ ÙÈ˜ y1 = –3 Î·È y2 = 1—
4

. ∂ÂÈ‰‹ y = x2 ≥ 0 ‰ÂÎÙ‹ Â›Ó·È ÌfiÓÔ Ë y2 =

1—
4

, ÔfiÙÂ ¤¯Ô˘ÌÂ x2 =  1—
4

⇔ x =  1—
2

‹ x = – 1—
2

. ∂ÔÌ¤Óˆ˜ ÔÈ Ú›˙Â˜ ÙË˜

·Ú¯ÈÎ‹˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ·ÚÈıÌÔ› – 1—
2

Î·È  1—
2

.

iii) ∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 2y2 + 7y + 3 = 0. ∞˘Ù‹ ¤¯ÂÈ Ú›-

˙Â˜ ÙÈ˜ y1 = –3 Î·È y2 = – 1—
2

. ∂ÂÈ‰‹ y = x2 ≥ 0 Î·Ì›· ·fi ·˘Ù¤˜ ‰ÂÓ Â›-

Ó·È ‰ÂÎÙ‹. ∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË.

™¯fiÏÈÔ: ∂›Ó·È ÚÔÊ·Ó¤˜ fiÙÈ Ë ÂÍ›ÛˆÛË Â›Ó·È ·‰‡Ó·ÙË, ·ÊÔ‡ 

2x4 + 7x2 + 3 > 0 ÁÈ· Î¿ıÂ x ∈ �.

µã  √ª∞¢∞™

1. i) ¢ = (–2·3)2 – 4·2(·4 – 1) = 4·6 – 4·6 + 4·2 = 4·2.

ii) √È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È 

2. i) ∂›Ó·È 

ii) √È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È

3. i) ∏ ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙· ·Ó Î·È ÌfiÓÔ ·Ó ¢ = 0. 

∂›Ó·È ¢ = (· – 9)2 – 4 Ø 2(·2 + 3· + 4) = ·2 – 18· + 81 – 8·2 – 24· – 32 

= –7·2 – 42· + 49, ÔfiÙÂ

x2 =
5 – 2 – 2 – 1

2
 = 4 – 2 2

2
 = 2 – 2 .

x1 =
5 – 2 + 2 + 1

2

2
 = 5 – 2 + 2 + 1

2
 = 3   Î·È

= 2
2
 + 2 2 + 1 = 2 + 1

2
.

¢ = 5 – 2
2
 – 4 6 – 3 2  = 25 – 10 2 + 2

2
 – 24 + 12 2 =

x2 =
2·3 – 2·

2·2
 = 2·(·2 – 1)

2·2
 = ·2 – 1

·
 .

x1 =
2·3 + 2·

2·2
 = 2·(·2 + 1)

2·2
 = ·2 + 1

·
   Î·È
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¢ = 0 ⇔ 7·2 + 42· – 49 = 0 ⇔ ·2 + 6· – 7 = 0 ⇔ · = –7   ‹   · = 1.

∂ÔÌ¤Óˆ˜ ÁÈ· · = –7   ‹   · = 1 Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·.

4. ∞Ó ÙÔ Ú Â›Ó·È Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜, ÙfiÙÂ ÈÛ¯‡ÂÈ ·Ú2 + ‚Ú + Á = 0. 

∂›Ó·È Ú ≠ 0, ·ÊÔ‡ Á ≠ 0, ÔfiÙÂ ¤¯Ô˘ÌÂ 

·Ú2 + ‚Ú + Á = 0 

Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ 1—Ú Â›Ó·È Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜ Áx2 + ‚x + · = 0. 

5. i) 1Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ x – · = 0   ‹   ·x + 1 = 0 ⇔ x = ·   ‹   x = –
1
—·

.

2Ô˜ ÙÚfiÔ˜:
∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ·x2 –· + (1 – ·2)x = 0 ⇔ ·x2 – (·2 – 1)x – · = 0.

∂›Ó·È ¢ = (·2 – 1)2 – 4·(–·) = ·4 – 2·2 + 1 + 4·2 = ·4 + 2·2 + 1 = (·2 + 1)2

ÔfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

ii) 1Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0 ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔  1

·
 (x – ‚) = · x – ‚

‚x
 ⇔  (x – ‚) 1

·
 – ·

‚x
 = 0

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔  x

·
 – ‚

·
 = ·

‚
 – ·

x
 ⇔  1

·
 (x – ‚) = · 1

‚
 – 1

x
 

x1 =
·2 – 1 + ·2 + 1

2·
 = ·   Î·È x2 =

·2 – 1 – ·2 – 1

2·
 = – 1

·
 .

x + 1

·
 = · + 1

x
 ⇔  x – 1

x
 + 1

·
 – · = 0 ⇔  x2 – 1 + 1 – ·2

·
 x = 0

⇔  (x – ·) ·x + 1

·x
 = 0

⇔  x – · + x – ·

·x
 = 0 ⇔  (x – ·) 1 + 1

·x
 = 0

x + 1

·
 = · + 1

x
 ⇔  x – · + 1

·
 – 1

x
 = 0

⇔  · + ‚ 1

Ú
 + Á 1

Ú2
 = 0 ⇔  Á 1

Ú

2

 + ‚ 1

Ú
 + · = 0.
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∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ ‚ Î·È ·2

—
‚

.

2Ô˜ ÙÚfiÔ˜:

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ‚x2 + ·2‚ = ·2x + ‚2x ⇔ ‚x2 – ‚2x + ·2‚ – ·2x = 0 

⇔ ‚x(x – ‚) + ·2(‚ – x) = 0 ⇔ (x – ‚) (‚x – ·2) = 0 

⇔ x = ‚   ‹   ‚x = ·2 ⇔ x = ‚   ‹   x = ·2

—
‚

.

∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ ‚ Î·È ·2

—
‚

.

3Ô˜ ÙÚfiÔ˜: 

∏ ÂÍ›ÛˆÛË Â›Ó·È ÔÚÈÛÌ¤ÓË ÁÈ· x ≠ 0. ªÂ ·˘ÙfiÓ ÙÔÓ ÂÚÈÔÚÈÛÌfi ¤¯Ô˘ÌÂ

⇔ ‚x2 + ·2‚ = ·2x + ‚2x ⇔ ‚x2 – (·2 + ‚2)x + ·2‚ = 0.

∂›Ó·È

¢ =  (·2 + ‚2)2 – 4·2‚2 = ·4 + ‚4 + 2·2‚2 – 4·2‚2

= ·4 + ‚4 – 2·2‚2 = (·2 – ‚2)2

ñ ∞Ó · ≠ ±‚ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ÙÈ˜

ñ ∞Ó · = ‚ ‹ · = –‚ ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·, ÙËÓ

6. i) Œ¯Ô˘ÌÂ
¢ = 4Ï2 – 4 (–8) = 4Ï2 + 32 > 0 ÁÈ· Î¿ıÂ Ï ∈ �. ∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›-
ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ Ú·ÁÌ·ÙÈÎ¤˜ ÁÈ· Î¿ıÂ Ï ∈ �.

x = ·2 + ‚2

2‚
 = 2·2

2‚
 = ·2

‚
 =

±‚ 2

‚
 = ‚.

x2 =
·2 + ‚2 – ·2 + ‚2

2‚
 = 2‚2

2‚
 = ‚.

x1 =
·2 + ‚2 + ·2 – ‚2

2‚
 = 2·2

2‚
 = ·2

‚
   Î·È

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔  ·‚x x

·
 + ·‚x ·

x
 = ·‚x ·

‚
 + ·‚x ‚

·
 ⇔

x

·
 + ·

x
 = ·

‚
 + ‚

·
 ⇔  ·‚x x

·
 + ·‚x ·

x
 = ·‚x ·

‚
 + ·‚x ‚

·
 ⇔

⇔  x = ‚   ‹   x = ·2

‚
 .

⇔  x = ‚   ‹ ·

‚x
 = 1

·
 ⇔  x = ‚   ‹   ‚x = ·2 

∫∂º∞§∞π√ 2: ∂•π™ø™∂π™36



ii) ŒÛÙˆ x1, x2 ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ ÌÂ x2 = x1
2. ∞fi ÙÔ˘˜ Ù‡Ô˘˜ Vieta

¤¯Ô˘ÌÂ
ñ x1 + x2 = –2Ï ⇔ x1 + x1

2 = –2Ï   Î·È

ñ x1 Ø x2 = –8 ⇔ x1
3 = –8 ⇔ x1 = –2, ÔfiÙÂ x2 = (–2)2 = 4.

∆fiÙÂ ¤¯Ô˘ÌÂ

–2 + 4 = –2Ï ⇔ 2Ï = –2 ⇔ Ï = –1.

7. ŒÛÙˆ x – 1, x, x + 1 ÙÚÂÈ˜ ‰È·‰Ô¯ÈÎÔ› ·Î¤Ú·ÈÔÈ. √È ·ÚÈıÌÔ› ·˘ÙÔ› ·ÔÙÂ-
ÏÔ‡Ó ÏÂ˘Ú¤˜ ÔÚıÔÁˆÓ›Ô˘ ÙÚÈÁÒÓÔ˘ ·Ó Î·È ÌfiÓÔ ·Ó ÈÛ¯‡ÂÈ

(x + 1)2 = x2 + (x – 1)2 ⇔ x2 + 2x + 1 = x2 + x2 – 2x + 1 

⇔ x2 – 4x = 0 ⇔ x(x – 4) = 0 

⇔ x = 4, ·ÊÔ‡ x ≠ 0 ˆ˜ ÏÂ˘Ú¿ ÙÚÈÁÒÓÔ˘.

∏ Ï‡ÛË x = 4 ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÌÔÓ·‰ÈÎ‹. ∂ÔÌ¤Óˆ˜ ˘¿Ú¯ÂÈ Ì›· ÌfiÓÔ
ÙÚÈ¿‰· ‰È·‰Ô¯ÈÎÒÓ ·ÎÂÚ·›ˆÓ Ô˘ Â›Ó·È Ì‹ÎË ÏÂ˘ÚÒÓ ÔÚıÔÁˆÓ›Ô˘ ÙÚÈÁÒ-
ÓÔ˘. √È ·Î¤Ú·ÈÔÈ ·˘ÙÔ› Â›Ó·È ÔÈ 3, 4 Î·È 5.

8. ∆Ô ÂÌ‚·‰fiÓ ∂1 ÙÔ˘ ÛÙ·˘ÚÔ‡ ÚÔÎ‡ÙÂÈ
·fi ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ‰‡Ô
ÏÂ˘ÎÒÓ ÏˆÚ›‰ˆÓ ÙË˜ ÛËÌ·›·˜ ·fi ÙÔ
ÔÔ›Ô fiÌˆ˜ Ú¤ÂÈ Ó· ·Ê·ÈÚ¤ÛÔ˘ÌÂ ÙÔ
ÂÌ‚·‰fiÓ ÙÔ˘ ÎÔÈÓÔ‡ ÙÂÙÚ·ÁÒÓÔ˘ (√ªπ∑)
ÏÂ˘Ú¿˜ d. ∂›Ó·È ‰ËÏ·‰‹

∂1 = 3 Ø d + 4 Ø d – d2 = 7d – d2

ŒÛÙˆ ∂2 ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ˘fiÏÔÈÔ˘ Ì¤-
ÚÔ˘˜ ÙË˜ ÛËÌ·›·˜. £· ÈÛ¯‡ÂÈ ∂1 = ∂2 ·Ó
Î·È ÌfiÓÔ ·Ó ÙÔ ∂1 Â›Ó·È ›ÛÔ ÌÂ ÙÔ ÌÈÛfi ÙÔ˘ ÂÌ‚·‰Ô‡ ÔÏfiÎÏËÚË˜ ÙË˜ ÛËÌ·›-
·˜. ∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ

∂1 = ∂2 ⇔ 7d – d2 = 3 Ø 4—
2  

⇔ d2 – 7d + 6 = 0 ⇔ d = 1   ‹   d = 6.

ŸÌˆ˜ ÁÈ· ÙÔ d ¤¯Ô˘ÌÂ ÙÔÓ ÂÚÈÔÚÈÛÌfi 0 < d < 3, ÔfiÙÂ d = 1.

9. ∞Ó ÙÔ ÌË¯¿ÓËÌ· ∞ ¯ÚÂÈ¿˙ÂÙ·È x ÒÚÂ˜ ÁÈ· Ó· ÙÂÏÂÈÒÛÂÈ ÙÔ ¤ÚÁÔ, fiÙ·Ó ÂÚÁ¿-
˙ÂÙ·È ÌfiÓÔ ÙÔ˘, ÙfiÙÂ ÙÔ µ ı· ¯ÚÂÈ¿˙ÂÙ·È x + 12 ÒÚÂ˜ ÁÈ· ÙÔ ›‰ÈÔ ¤ÚÁÔ. ™Â

Ì›· ÒÚ· ÙÔ ∞ ÂÎÙÂÏÂ› ÙfiÙÂ ÙÔ 1—x Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘ ÂÓÒ ÙÔ µ ÂÎÙÂÏÂ› ÙÔ 
1

—
x + 12

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘. ∞Ó Ù· ‰‡Ô ÌË¯·Ó‹Ì·Ù· ÂÚÁ·ÛÙÔ‡Ó Ì·˙› ÁÈ· 8 

ÒÚÂ˜, ÙfiÙÂ ÙÔ ∞ ÂÎÙÂÏÂ› ÙÔ 8 1—
x

= 8—
x

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘, ÂÓÒ ÙÔ µ ÂÎÙÂÏÂ› ÙÔ

Ì¤ÚÔ˜ ÙÔ˘ ¤ÚÁÔ˘. ∞Ó ÚÔÛı¤ÛÔ˘ÌÂ Ù· ‰‡Ô ·˘Ù¿ Ì¤ÚË 8 ⋅ 1

x + 12
 = 8

x + 12
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ÙÔ˘ ¤ÚÁÔ˘ ı· ¤¯Ô˘ÌÂ ÔÏfiÎÏËÚÔ ÙÔ ¤ÚÁÔ ‰ËÏ·‰‹ ÙÔ 1 ¤ÚÁÔ. ŒÙÛÈ ¤¯Ô˘ÌÂ
ÙËÓ ÂÍ›ÛˆÛË ÙÔ˘ ÚÔ‚Ï‹Ì·ÙÔ˜

⇔ 8(x + 12) + 8x = x(x + 12)  

⇔ 8x + 96 + 8x = x2 + 12x ⇔ x2 – 4x – 96 = 0.

∂›Ó·È ¢ = 16 – 4(–96) = 400, ÔfiÙÂ

∂›Ó·È ‰ËÏ·‰‹ x = 12, ·ÊÔ‡ x > 0. ∂ÔÌ¤Óˆ˜ ÙÔ ÌË¯¿ÓËÌ· ∞ ¯ÚÂÈ¿˙ÂÙ·È 12
ÒÚÂ˜ Á· Ó· ÙÂÏÂÈÒÛÂÈ ÙÔ ¤ÚÁÔ ÌfiÓÔ ÙÔ˘, ÂÓÒ ÙÔ µ ¯ÚÂÈ¿˙ÂÙ·È 24 ÒÚÂ˜.

10. √ ·ÚÈıÌfi˜ 1 Â›Ó·È Ú›˙· ·Ó Î·È ÌfiÓÔ ·Ó Â·ÏËıÂ‡ÂÈ ÙËÓ ÂÍ›ÛˆÛË ‰ËÏ·‰‹
·Ó Î·È ÌfiÓÔ ·Ó ÈÛ¯‡ÂÈ

14 – 10 Ø 12 + · = 0 ⇔ · = 9.

°È· · = 9 Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È

x4 – 10x2 + 9 = 0.

∞Ó ı¤ÛÔ˘ÌÂ x2 = y Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È

y2 – 10y + 9 = 0.

∞˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 9 Î·È 1 ÔfiÙÂ ¤¯Ô˘ÌÂ

x2 = 9   ‹   x2 = 1 ⇔ x = 3   ‹   x = –3   ‹   x = 1   ‹   x = –1.
∂ÔÌ¤Óˆ˜ Ë ·Ú¯ÈÎ‹ ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ 3, –3, 1, –1.

x = 4 + 20

2
 = 12    ‹     x = 4 – 20

2
 = –8.

8

x
 + 8

x + 12
 = 1
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KEº∞§∞π√ 3

∞¡π™ø™∂π™

¨ 3.1. ∞ÓÈÛÒÛÂÈ˜ 1Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) 

⇔ 6x – 6 + 6x + 9 < 2x ⇔ 6x + 6x – 2x < 6 – 9 

⇔ 10x < –3 ⇔ x < –
3
—
10

.

ii) 

⇔ 2x – 24 + 2x + 3 > 4x 
⇔ 2x + 2x – 4x > 24 – 3 ⇔ 0x > 21 ·‰‡Ó·ÙË.

iii) 

⇔ 5x – 4x – x < 10 – 2 – 4 

⇔ 0x < 4 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

2. ñ 3x – 1 < x + 5 ⇔ 3x – x < 1 + 5 ⇔ 2x < 6 ⇔ x < 3.

ñ 2 –
x

—
2

≤ x +
1
—
2

⇔ 4 – x ≤ 2x + 1 ⇔ –3x ≤–3 ⇔ x ≥ 1.

ÕÚ· 1 ≤ x < 3.

3. ñ 

ñ 

ÕÚ· ‰ÂÓ ˘¿Ú¯Ô˘Ó ÙÈÌ¤˜ ÙÔ˘ x ÁÈ· ÙÈ˜ ÔÔ›Â˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÔÈ ·ÓÈÛÒÛÂÈ˜.

x – 1

3
 ≤ x

3
 – 1 ⇔  3x – 1 ≤ x – 3 ⇔  3x – x ≤ 1 – 3 ⇔  2x ≤ –2 ⇔  x ≤ –1.

x – 1

2
 > x

2
 + 1 ⇔  2x – 1 > x + 2 ⇔  2x – x > 1 + 2 ⇔  x > 3.

x – 2

2
 + 1 – 2x

5
  < x

10
 – 2

5
 ⇔  5x – 10 + 2 – 4x < x – 4

x – 12

2
 + x

2
  + 3

4
 > x ⇔  2(x – 12) + 2x + 3 > 4x

x – 1

2
 + 2x + 3

4
  < x

6
 ⇔  6(x – 1) + 3(2x + 3) < 2x ⇔



4. ñ 

ñ 

√È ·ÓÈÛÒÛÂÈ˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÁÈ· x ∈ (–
1
—
7 

,
7
—
3

). √È ·Î¤Ú·ÈÂ˜ ÙÈÌ¤˜ ÙÔ˘ x
ÛÙÔ ‰È¿ÛÙËÌ· ·˘Ùfi Â›Ó·È ÔÈ 0, 1, 2.

5. i) |x| < 3 ⇔ –3 < x < 3. ÕÚ· x ∈ (–3, 3).

ii) |x – 1| ≤ 4 ⇔ –4 ≤ x – 1 ≤ 4 ⇔ 1 – 4 ≤ x ≤ 1 + 4 

⇔ –3 ≤ x ≤ 5. ÕÚ· x ∈ [–3, 5].

iii) |2x + 1| < 5 ⇔ –5 < 2x + 1< 5 ⇔ – 5 –1 < 2x < 5 – 1 

⇔ –6 < 2x < 4 ⇔ –3 < x < 2. ÕÚ· x ∈ (–3, 2).

6. i) |x| ≥ 3 ⇔ x ≤ –3   ‹   x ≥ 3. ÕÚ· x ∈ (–∞, –3] ∪ [3, +∞).

ii) |x – 1| > 4 ⇔ x – 1 < –4   ‹   x – 1 > 4 ⇔ x < –3   ‹   x > 5. 

ÕÚ· x ∈ (–∞, –3) ∪ (5, +∞).

iii) |2x + 1| ≥ 5 ⇔ 2x + 1 ≤ –5   ‹   2x + 1 ≥ 5 ⇔ 2x ≤ –6   ‹   2x ≥ 4 

⇔ x ≤ –3   ‹  x ≥ 2. ÕÚ· x ∈ (–∞, –3] ∪ [2, +∞). 

7. i) ∞fi ÙÔÓ ÔÚÈÛÌfi ÙË˜ ·fiÏ˘ÙË˜ ÙÈÌ‹˜ ¤¯Ô˘ÌÂ |·| = · ⇔ · ≥ 0.

∂ÔÌ¤Óˆ˜ |2x – 6| = 2x – 6 ⇔ 2x – 6 ≥ 0 ⇔ 2x ≥ 6 ⇔ x ≥ 3.

ii) |3x – 1| = 1 – 3x ⇔ 3x – 1 ≤ 0 ⇔ 3x ≤ 1 ⇔ x ≤ 1—
3 

.

8. i) 

⇔ 3|x – 1| – 12 + 10 < 2|x – 1| ⇔ |x – 1| < 2 

⇔ –2 < x – 1 < 2 ⇔ –1 < x< 3. ÕÚ· x ∈ (–1, 3).

|x – 1| – 4

2
 + 5

3
 < |x – 1|

3
 ⇔  3 |x – 1| – 4  + 10 < 2|x – 1| ⇔  

⇔  2x + x < 8 – 1 ⇔  3x < 7 ⇔  x < 7

3
 .

x – 4 + x + 1

2
 < 0 ⇔  2x – 8 + x + 1 < 0 ⇔

⇔  7x > –1 ⇔  x > – 1

7
 .

2x – x – 1

8
 > x ⇔  16x – x + 1 > 8x ⇔  16x – x – 8x > –1
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ii) 

⇔ 3|x| + 3 – 4|x| > 2 – 2|x| 

⇔ 3|x| – 4|x| + 2|x| > 2 – 3 

⇔ |x| > –1 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

9. |x – 3| ≤ 5 

⇔ –5 ≤ x – 3 ≤ 5 ⇔ 3 – 5 ≤ x ≤ 5 + 3 ⇔ –2 ≤ x ≤ 8.

ÕÚ· x ∈ [–2, 8].

10. ∆Ô Î¤ÓÙÚÔ ÙÔ˘ ‰È·ÛÙ‹Ì·ÙÔ˜ (– 7, 3) Â›Ó·È ÙÔ –7 + 3—
2   

= –2.

Œ¯Ô˘ÌÂ x ∈ (–7, 3) ⇔ –7 < x < 3 ⇔ –7 – (–2) < x – (–2) < 3 – (–2) 

⇔ –7 + 2 < x + 2 < 3 + 2 

⇔ –5 < x + 2 < 5 ⇔ | x + 2| < 5.

11. 41 ≤ 9—
5

C + 32 ≤ 50 ⇔ 41 – 32 ≤ 9—
5

C ≤ 50 – 32 

⇔ 9 ≤ 9—
5

C ≤ 18 ⇔ 5 ≤ C ≤ 10.

µã  √ª∞¢∞™

1. i) 3 ≤ 4x – 1 ≤ 6 ⇔ 3 ≤ 4x – 1 Î·È 4x – 1 ≤ 6. ∑ËÙ¿ÌÂ ÂÔÌ¤Óˆ˜ ÙÈ˜ ÙÈÌ¤˜
ÙÔ˘ x ÁÈ· ÙÈ˜ ÔÔ›Â˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÔÈ ·ÓÈÛÒÛÂÈ˜ 3 ≤ 4x – 1 Î·È 4x – 1 ≤ 6.

ñ 3 ≤ 4x – 1 ⇔ 4 ≤ 4x ⇔ 4x ≥ 4 ⇔ x ≥ 1.

ñ 4x – 1 ≤ 6 ⇔ 4x ≤ 7 ⇔ x ≤ 7—
4 

.

ÕÚ· x ∈ [1, 7—
4 

].

ii) –4 ≤ 2 – 3x ≤ –2 ⇔ –4 ≤ 2 – 3x   Î·È   2 –3x ≤ –2.

ñ –4 ≤ 2 – 3x ⇔ 3x ≤ 6 ⇔ x ≤ 2.

ñ 2 – 3x ≤ –2 ⇔ –3x ≤ –4 ⇔ x ≥ 4—
3 

.

ÕÚ· x ∈ [ 4—
3 

, 2].

x2  – 6x + 9 ≤ 5 ⇔  (x – 3)2  ≤ 5 ⇔  

|x| + 1

2
 – 2|x|

3
 > 1 – |x|

3
 ⇔  3 |x| + 1  – 4|x| > 2(1 – |x|)
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2. i) 2 ≤ |x| ≤ 4 ⇔ 2 ≤ |x|   Î·È   |x| ≤ 4.

ñ 2 ≤ |x| ⇔ |x| ≥ 2 ⇔ x ≤ –2   ‹   x ≥ 2.

ñ |x| ≤ 4 ⇔ –4 ≤ x ≤ 4.

ÕÚ· x ∈ [–4, –2] ∪ [2, 4].

ii) 2 ≤ |x – 5| ≤ 4 ⇔ 2 ≤ |x – 5|   Î·È   |x – 5| ≤ 4.

ñ 2 ≤ |x – 5| ⇔ |x – 5| ≥ 2 ⇔ x – 5 ≤ –2   ‹   x – 5 ≥ 2 ⇔ x ≤ 3   ‹   x ≥ 7.

ñ |x – 5| ≤ 4 ⇔ –4 ≤ x – 5 ≤ 4 ⇔ 5 – 4 ≤ x ≤ 5 + 4 ⇔ 1 ≤ x ≤ 9.

ÕÚ· x ∈ [1, 3] ∪ [7, 9].

3. i) √ ·ÚÈıÌfi˜ Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Ì¤ÛÔ ª ÙÔ˘ ∞µ Â›Ó·È Ô:

ii) ∞Ó ƒ Â›Ó·È ÙÔ ÛËÌÂ›Ô ÙÔ˘ xãx Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÂ Ï‡ÛË ÙË˜ ·Ó›ÛˆÛË˜, ÙfiÙÂ:
|x – 5| ≤ |x + 3| ⇔ d(x, 5) ≤ d(x, –3) ⇔ ƒ∞ ≤ ƒµ.

∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ ÛËÌÂ›Ô ƒ ‚Ú›ÛÎÂÙ·È ÚÔ˜ Ù· ‰ÂÍÈ¿ ÙÔ˘ Ì¤ÛÔ˘ ª
ÙÔ˘ ∞µ. ∂ÔÌ¤Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ Â›Ó·È Ù· x ∈ [1, +∞).

iii) Œ¯Ô˘ÌÂ:
|x – 5| ≤ |x + 3| ⇔ |x – 5|2 ≤ |x + 3|2 ⇔ x2 – 10x + 25 ≤ x2 + 6x + 9

⇔ –16x ≤ –16 ⇔ x ≥ 1.

4. i) √ ·ÚÈıÌfi˜ Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÔ Ì¤ÛÔ ª ÙÔ˘ ∞µ Â›Ó·È Ô:

ii) ∞Ó ƒ Â›Ó·È ÙÔ ÛËÌÂ›Ô ÙÔ˘ xãx Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙË Ï‡ÛË x ÙË˜ ÂÍ›Ûˆ-
ÛË˜, ÙfiÙÂ ¤¯Ô˘ÌÂ

|x – 1| + |x – 7| = 6 ⇔ d(x, 1) + d(x, 7) = 6 ⇔ ƒ∞ + ƒµ = AB.

x0 =
1 + 7

2
 = 4

x0 =
–3 + 5

2
 = 1
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∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ ÛËÌÂ›Ô ƒ Â›Ó·È ÛËÌÂ›Ô ÙÔ˘ ÙÌ‹Ì·ÙÔ˜ ∞µ. ∂ÔÌ¤-
Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È Ù· x ∈ [1, 7].

iii) ™¯ËÌ·Ù›˙Ô˘ÌÂ ÙÔÓ ›Ó·Î· ÚÔÛ‹ÌÔ˘ ÙˆÓ ·Ú·ÛÙ¿ÛÂˆÓ x – 1 Î·È x – 7.

¢È·ÎÚ›ÓÔ˘ÌÂ ÙÒÚ· ÙÈ˜ ·ÎfiÏÔ˘ıÂ˜ ÂÚÈÙÒÛÂÈ˜:
ñ ∞Ó x ∈ (–∞, 1), ÙfiÙÂ:

|x – 1| + |x – 7| = 6 ⇔ (1 – x) + (7 – x) = 6 ⇔ x = 1, Ô˘ ·ÔÚÚ›ÙÂÙ·È
‰ÈfiÙÈ 1 ∉ (–∞, 1).

ñ ∞Ó x ∈ [1, 7), ÙfiÙÂ:
|x – 1| + |x – 7| = 6 ⇔ (x – 1) + (7 – x) = 6 ⇔ 0x = 0, Ô˘ ÈÛ¯‡ÂÈ ÁÈ·
Î¿ıÂ x ∈ [1, 7).

ñ ∞Ó x ∈ [7, +∞), ÙfiÙÂ:
|x – 1| + |x – 7| = 6 ⇔ (x – 1) + (x – 7) = 6 ⇔ x = 7, Ô˘ Â›Ó·È ‰Â-
ÎÙ‹ ‰ÈfiÙÈ 7 ∈ [7, +∞). ∂ÔÌ¤Óˆ˜, Ë ÂÍ›ÛˆÛË ·ÏËıÂ‡ÂÈ ÁÈ· x ∈ [1, 7].

¨ 3.2. ∞ÓÈÛÒÛÂÈ˜ 2Ô˘ ‚·ıÌÔ‡
∞ã  √ª∞¢∞™

1. i) √È Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ x2 – 3x + 2 Â›Ó·È ÔÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ 

x2 – 3x + 2 = 0. 

Œ¯Ô˘ÌÂ: x2 – 3x + 2 = 0 ⇔ x = ⇔ x = 1   ‹   x = 2.

ÕÚ· x2 – 3x + 2 = (x – 1)(x – 2).

ii) Œ¯Ô˘ÌÂ: 2x2 – 3x – 2 = 0 ⇔ x = ⇔ x = – 1—
2

‹   x = 2.

∂ÔÌ¤Óˆ˜ 

2x2 – 3x – 2 = 2 (x + 1—
2
) (x – 2) = (2x + 1)(x – 2).

2. i) ∂›Ó·È: x ≠ 2, x ≠ – 1—
2

x2 – 3x + 2

2x2 – 3x – 2
 = (x – 1) (x – 2)

(2x + 1) (x – 2)
 = x – 1

2x + 1
 ,

3 ± 5

4

3 ± 1

2
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ii) Œ¯Ô˘ÌÂ: 2x2 + 8x – 42 = 0 ⇔ x2 + 4x – 21 = 0

∂ÂÈ‰‹ ¢ = 42 – 4   (–21) = 100, ı· Â›Ó·È

x1, 2 = 

∂ÔÌ¤Óˆ˜ 2x2 + 8x – 42 = 2(x + 7)(x – 3).

ÕÚ·: x ≠ ±7.

iii) ñ °È· ÙËÓ ÂÍ›ÛˆÛË 4x2 – 12x + 9 = 0, ¤¯Ô˘ÌÂ

¢ = 122 – 4 Ø 4 Ø 9 = 144 – 144 = 0, 

∂ÔÌ¤Óˆ˜ 4x2 – 12x + 9 = 4(x – 3
—
2

)2 = (2x – 3)2.

ñ °È· ÙËÓ 2x2 – 5x + 3 = 0,  ¢ = 25 – 24 = 1, x1, 2 = 

∂ÔÌ¤Óˆ˜ 2x2 – 5x + 3 = 2(x – 3
—
2

)(x – 1) = (2x – 3)(x – 1).

ÕÚ· x ≠ 1, x ≠  3—
2

3. i) x2 – 2x – 15 = 0,  ¢ = 64,  x1, 2 = 

ii) 4x2 – 4x + 1 = (2x – 1)2

iii) x2 – 4x + 13 = 0,  ¢ = 16 – 4 Ø 13 = 16 – 52 < 0,  · = 1 > 0.

4. i) ∆Ô ÙÚÈÒÓ˘ÌÔ –x2 + 4x – 3 ¤¯ÂÈ · = –1 Î·È Ú›˙Â˜ ÙÈ˜ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ 

–x2 + 4x – 3 = 0 ⇔ x2 – 4x + 3 = 0 ⇔ x1, 2 = 
4 ± 2

2

2 ± 8

2

4x2 – 12x + 9

2x2 – 5x + 3
 = (2x – 3)2

(2x – 3) (x – 1)
 = 2x – 3

x – 1
 ,

5 ± 1

4

x1,2 =
12

8
 = 3

2
 (‰ÈÏ‹).

2x2 + 8x – 42

x2 – 49
 = 2(x + 7) (x – 3)

(x + 7) (x – 7)
 = 2(x – 3)

x – 7
 ,

–4 ± 10

2
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ii) Œ¯Ô˘ÌÂ –9x2 + 6x – 1 = –(9x2 – 6x + 1) = –(3x – 1)2. ∂ÔÌ¤Óˆ˜

iii) ∆Ô ÙÚÈÒÓ˘ÌÔ –x2 + 2x – 2 ¤¯ÂÈ ¢ = 22 – 4(–1)(–2) = 4 – 8 = –4 < 0 Î·È
· = –1 < 0.

5. i) ∂›Ó·È: 5x2 ≤ 20x ⇔ 5x2 – 20x ≤ 0 ⇔ 5x(x – 4) ≤ 0. 

∆Ô ÙÚÈÒÓ˘ÌÔ 5x2 – 20x ¤¯ÂÈ · = 5 > 0 Î·È Ú›˙Â˜ x1 = 0, x2 = 4.

ÕÚ· x ∈ [0, 4].

ii) ∂›Ó·È: x2 + 3x ≤ 4 ⇔ x2 + 3x – 4 ≤ 0. 

∆Ô ÙÚÈÒÓ˘ÌÔ x2 + 3x – 4 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 1, x2 = –4.

ÕÚ· x ∈ [–4, 1].

6. i) ∆Ô ÙÚÈÒÓ˘ÌÔ x2 – x – 2  ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 2, x2 = –1.

ÕÚ· x ∈ (–∞, –1) ∪ (2, +∞).

ii) ∆Ô ÙÚÈÒÓ˘ÌÔ 2x2 – 3x – 5  ¤¯ÂÈ · = 2 > 0 Î·È Ú›˙Â˜ x1 = 5—
2

, x2 = –1.
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ÕÚ· x ∈ (–1, 5—
2

).

7. i) ∂›Ó·È: x2 + 4 > 4x ⇔ x2 – 4x + 4 > 0 ⇔ (x – 2)2 > 0 Ô˘ ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ
x ∈ � ÌÂ x ≠ 2.

ii) ∂›Ó·È: x2 + 9 ≤ 6x ⇔ x2 – 6x + 9 ≤ 0 ⇔ (x – 3)2 ≤ 0 ⇔ x = 3.

8. i) ∆Ô ÙÚÈÒÓ˘ÌÔ x2 + 3x + 5 ¤¯ÂÈ · = 1 > 0 Î·È ¢ = –11 < 0. ÕÚ· Â›Ó·È ıÂÙÈ-
Îfi ÁÈ· Î¿ıÂ x ∈ � Î·È Ë ·Ó›ÛˆÛË x2 + 3x + 5 ≤ 0 Â›Ó·È ·‰‡Ó·ÙË.

ii) ∆Ô ÙÚÈÒÓ˘ÌÔ 2x2 – 3x + 20 ¤¯ÂÈ · = 2 > 0 Î·È ¢ = –151 < 0. ÕÚ· Ë ·Ó›-
ÛˆÛË 2x2 – 3x + 20 > 0 ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �.

9. Œ¯Ô˘ÌÂ –
1
—
4

(x2 – 4x + 3) > 0 ⇔ x2 – 4x + 3 < 0.

∆Ô ÙÚÈÒÓ˘ÌÔ x2 – 4x + 3 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 1, x2 = 3.

ÕÚ· x ∈ (1, 3).

10. Œ¯Ô˘ÌÂ 2x – 1 < x2 – 4 < 12 ⇔ 2x – 1 < x2 – 4 Î·È x2 – 4 < 12.
ñ ∂›Ó·È: 2x – 1 < x2 – 4 ⇔ x2 – 2x – 3 > 0.
∆Ô ÙÚÈÒÓ˘ÌÔ x2 – 2x – 3 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 3, x2 = –1.

∂ÔÌ¤Óˆ˜ x2 – 2x – 3 > 0 ⇔ x ∈ (–∞, –1) ∪ (3 +∞).

ñ ∂›Ó·È: x2 – 4 < 12 ⇔ x2 – 16 < 0.

∆Ô ÙÚÈÒÓ˘ÌÔ x2 – 16 ¤¯ÂÈ · = 1 > 0 Î·È Ú›˙Â˜ x1 = 4, x2 = –4.

∂ÔÌ¤Óˆ˜ x2 – 16 < 0 ⇔ x ∈ (–4, 4).
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√È ‰‡Ô ·ÓÈÛÒÛÂÈ˜ Û˘Ó·ÏËıÂ‡Ô˘Ó ÁÈ· x ∈ (–4, –1) ∪ (3, 4).

11. Œ¯Ô˘ÌÂ x2 – 6x + 5 < 0 ⇔ x ∈ (1, 5) Î·È

x2 – 5x + 6 > 0 ⇔ x ∈ (–∞, 2) ∪ (3, +∞).

ÕÚ· x ∈ (1, 2) ∪ (3, 5).

µã  √ª∞¢∞™

1. i) ∏ ·Ú¿ÛÙ·ÛË ·2 + ·‚ – 2‚2 = ·2 + ‚ Ø · – 2‚2 Â›Ó·È ¤Ó· ÙÚÈÒÓ˘ÌÔ ÌÂ ÌÂ-
Ù·‚ÏËÙ‹ ÙÔ ·. ∆Ô ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· 

¢ = ‚2 – 4 Ø 1(–2‚2) = 9‚2 ≥ 0 Î·È Ú›˙Â˜ ·1, 2 = 

∂ÔÌ¤Óˆ˜ ·2 + ·‚ – 2‚2 = (· + 2‚)(· – ‚).

ñ √ÌÔ›ˆ˜ Ë ·Ú¿ÛÙ·ÛË ·2 – ·‚ – 6‚2 = ·2 – ‚ Ø · – 6‚2 Â›Ó·È ¤Ó· ÙÚÈÒÓ˘-
ÌÔ ÌÂ ÌÂÙ·‚ÏËÙ‹ ÙÔ ·. ∆Ô ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· 

¢ = ‚2 – 4 Ø 1(–6‚2) = 25‚2 Î·È Ú›˙Â˜ ·3, 4 = 

∂ÔÌ¤Óˆ˜ ·2 – ·‚ – 6‚2 = (· + 2‚)(· – 3‚).

ii) · ≠ 3‚, · ≠ –2‚.

2. 2x2 + (2‚ – ·)x – ·‚ = 0.

¢ = (2‚ – ·)2 – 4 Ø 2(–·‚) = 4‚2 – 4·‚ + ·2 + 8·‚ 

= 4‚2 + 4·‚ + ·2 = (2‚ + ·)2 ≥ 0.

√È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È x1, 2 = 

ÕÚ· 2x2 + (2‚ – ·)x – ·‚ = 2(x – ·—
2

)(x + ‚) = (2x – ·)(x + ‚).

3. ñ Œ¯Ô˘ÌÂ x2 – ·x + ‚x – ·‚ = x(x – ·) + ‚(x – ·) = (x – ·)(x + ‚).

ñ ∆Ô ÙÚÈÒÓ˘ÌÔ x2 – 3·x + 2·2 ¤¯ÂÈ Ú›˙Â˜ x1 = · Î·È x2 = 2· 

ÔfiÙÂ x2 – 3·x + 2·2 = (x – ·)(x – 2·). ∂ÔÌ¤Óˆ˜

–(2‚ – ·) ± (2‚ + ·)

4

·2 + ·‚ – 2‚2

·2 – ·‚ – ‚‚2
 = (· + 2‚)(· – ‚)

(· + 2‚)(· – 3‚)
 = · – ‚

· – 3‚
 ,

‚ ± 5‚

2

–‚ ± 3‚

2
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2
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ÌÂ x ≠ ·, x ≠ 2·.

4. ∏ ‰È·ÎÚ›ÓÔ˘Û· ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È 

¢ = 9Ï2 – 4 Ø Ï Ø (Ï + 5) = 9Ï2 – 4Ï2 – 20Ï = 5Ï2 – 20Ï.
∏ ‰È·ÎÚ›ÓÔ˘Û· Â›Ó·È ¤Ó· ÙÚÈÒÓ˘ÌÔ ÌÂ ÌÂÙ·‚ÏËÙ‹ Ï, · = 5 > 0 Î·È Ú›˙Â˜
Ï1 = 0 Î·È Ï2 = 4.

∂ÔÌ¤Óˆ˜ Ë ‰ÔıÂ›Û· ÂÍ›ÛˆÛË
i) ¤¯ÂÈ Ú›˙Â˜ ›ÛÂ˜, ·Ó Ï = 4, ‰ÈfiÙÈ Ï ≠ 0.
ii) ¤¯ÂÈ Ú›˙Â˜ ¿ÓÈÛÂ˜ ·Ó Ï ≠ –2 ÌÂ Ï < 0 ‹ Ï > 4.
iii) Â›Ó·È ·‰‡Ó·ÙË ·Ó 0 < Ï < 4.

5. ∆Ô ÙÚÈÒÓ˘ÌÔ x2 + 3Ïx + Ï ¤¯ÂÈ · = 1 > 0 Î·È ¢ = 9Ï2 – 4Ï. 

°È· Ó· Â›Ó·È x2 + 3Ïx + Ï > 0 ÁÈ· Î¿ıÂ x ∈ �, Ú¤ÂÈ ¢ < 0. 

Œ¯Ô˘ÌÂ ¢ < 0 ⇔ 9Ï2 – 4Ï < 0 ⇔ Ï(9Ï – 4) < 0 ⇔ Ï ∈ (0, 4—
9

).

6. i) ¢ = (–2Ï)2 – 4 Ø 3Ï Ø (Ï + 2) = 4Ï2 – 12Ï2 – 24Ï = –8Ï2 – 24Ï.

¢ < 0 ⇔ –8Ï2 – 24Ï < 0 ⇔ 8Ï2 + 24Ï > 0 ⇔ Ï2 + 3Ï > 0 

⇔ Ï(Ï + 3) > 0 ⇔ Ï < –3   ‹   Ï > 0.

ii) ∏ ·Ó›ÛˆÛË (Ï + 2)x2 – 2Ïx + 3Ï < 0, Ï ≠ –2 ·ÏËıÂ‡ÂÈ ÁÈ· Î¿ıÂ x ∈ �, ·Ó
Î·È ÌfiÓÔ ·Ó ¢ < 0 Î·È Ï + 2 < 0 ⇔ Ï < –3 ‹ Ï > 0 Î·È Ï < –2.

ÕÚ· Ï < –3.

7. ∞Ó x Â›Ó·È Ë ÏÂ˘Ú¿ ÙÔ˘
ÂÓfi˜ ÙÂÙÚ·ÁÒÓÔ˘, ÙfiÙÂ Ë
ÏÂ˘Ú¿ ÙÔ˘ ¿ÏÏÔ˘ ı· Â›Ó·È
3 – x Î·È ¿Ú· ÙÔ ¿ıÚÔÈÛÌ·
ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ‰‡Ô ÙÂ-
ÙÚ·ÁÒÓˆÓ ı· Â›Ó·È ›ÛÔ ÌÂ 

x2 + (3 – x)2 = 2x2 – 6x + 9.

∂ÔÌ¤Óˆ˜, ÁÈ· Ó· Â›Ó·È ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ÛÎÈ·ÛÌ¤ÓˆÓ ÙÂÙÚ·-
ÁÒÓˆÓ ÌÈÎÚfiÙÂÚÔ ·fi 5 ı· Ú¤ÂÈ Ó· ÈÛ¯‡ÂÈ:

x2 – ·x + ‚x – ·‚

x2 – 3·x + 2·2
 = (x – ·)(x + ‚)

(x – ·)(x – 2·)
 = x + ‚

x – 2·
 ,
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2x2 – 6x + 9 < 5 ⇔ 2x2 – 6x + 4 < 0 ⇔ x2 – 3x + 2 < 0 ⇔ 1 < x < 2.

ÕÚ· ÙÔ ª ı· Ú¤ÂÈ Ó· ‚Ú›ÛÎÂÙ·È ·Ó¿ÌÂÛ· ÛÙ· ÛËÌÂ›· ª1 Î·È ª2, Ù·
ÔÔ›· ¯ˆÚ›˙Ô˘Ó ÙË ‰È·ÁÒÓÈÔ ∞° ÛÂ ÙÚ›· ›Û· Ì¤ÚË.

8. i) ∏ ·Ú¿ÛÙ·ÛË ·2 – ·‚ + ‚2 = ·2 – ‚ Ø · + ‚2 Â›Ó·È ÙÚÈÒÓ˘ÌÔ ˆ˜ ÚÔ˜ ·. ∆Ô

ÙÚÈÒÓ˘ÌÔ ·˘Ùfi ¤¯ÂÈ ‰È·ÎÚ›ÓÔ˘Û· ¢ = (–‚)2 – 4 Ø 1 Ø ‚2 = –3‚2 ≤ 0. √ Û˘-

ÓÙÂÏÂÛÙ‹˜ ÙÔ˘ ·2 Â›Ó·È 1 > 0. ÕÚ·

·2 – ‚ Ø · + ‚2 ≥ 0, ÁÈ· fiÏ· Ù· ·, ‚ ∈ �.

ii) Œ¯Ô˘ÌÂ ∂ÔÌ¤Óˆ˜

ñ ∞Ó ·, ‚ ÔÌfiÛËÌÔÈ, ÙfiÙÂ ∞ > 0.
ñ ∞Ó ·, ‚ ÂÙÂÚfiÛËÌÔÈ, ÙfiÙÂ ∞ < 0.

¨ 3.3. ∞ÓÈÛÒÛÂÈ˜ ÁÈÓfiÌÂÓÔ Î·È ·ÓÈÛÒÛÂÈ˜ ËÏ›ÎÔ
∞ã  √ª∞¢∞™

1. Œ¯Ô˘ÌÂ:
ñ 2 – 3x ≥ 0 ⇔ 2 ≥ 3x ⇔ 3x ≤ 2 ⇔ x ≤ 

2
—
3 

.

ñ x2 – x – 2 ≥ 0 ⇔ (x + 1)(x – 2) ≥ 0 ⇔ x ≤ –1   ‹   x ≥ 2.

ñ x2 – x + 1 ≥ 0 ⇔ x ∈ � (·ÊÔ‡ ¢ = 1 – 4 = –3 < 0).

2. Œ¯Ô˘ÌÂ:

ñ –x2 + 4 ≥ 0 ⇔ x2 – 4 ≤ 0 ⇔ (x + 2)(x – 2) ≤ 0 ⇔ –2 ≤ x ≤ 2.

ñ x2 – 3x + 2 ≥ 0 ⇔ (x – 1)(x – 2) ≥ 0 ⇔ x ≤ 1   ‹   x ≥ 2.

ñ x2 + x + 1 ≥ 0 ⇔ x ∈ � (·ÊÔ‡ ¢ = –3 < 0).

∞ = ·

‚
 + ‚

·
 – 1 = ·2 – ·‚ + ‚2

·‚
 .
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3. ŒÛÙˆ P(x) = (x – 1)(x2 + 2) (x2 – 9). Œ¯Ô˘ÌÂ:

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ñ x2 + 2 > 0 ⇔ x ∈ �.

ñ x2 – 9 ≥ 0 ⇔ (x + 3)(x – 3) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 3.

ÕÚ· (x – 1)(x2 + 2)(x2 – 9) > 0 ⇔ x ∈ (–3, 1) ∪ (3, +∞).

4. ŒÛÙˆ P(x) = (3 – x)(2x2 + 6x) (x2 + 3). Œ¯Ô˘ÌÂ:

ñ 3 – x ≥ 0 ⇔ x ≤ 3.

ñ 2x2 + 6x ≥ 0 ⇔ x2 + 3x ≥ 0 ⇔ x(x + 3) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 0.

ñ x2 + 3 > 0 ⇔ x ∈ �.

ÕÚ· (3 – x)(2x2 + 6x)(x2 + 3) ≤ 0 ⇔ x ∈ [–3, 0] ∪ [3, +∞).
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5. ŒÛÙˆ P(x) = (2 – x – x2) (x2 + 2x + 1). Œ¯Ô˘ÌÂ:

ñ 2 – x – x2 ≥ 0 ⇔ x2 + x – 2 ≤ 0 ⇔ (x + 2)(x – 1) ≤ 0 ⇔ –2 ≤ x ≤ 1.

ñ x2 + 2x + 1 ≥ 0 ⇔ (x + 1)2 ≥ 0, 

ÔfiÙÂ (x + 1)2 > 0, ÁÈ· x ≠ –1 Î·È (x + 1)2 = 0 ÁÈ· x = –1.

ÕÚ· (2 – x – x2)(x2 + 2x + 1) ≤ 0 ⇔ x ∈ (–∞, –2] ∪ {–1} ∪ [1, +∞).

6. ŒÛÙˆ P(x) = (x – 3)(2x2 + x – 3)(x – 1 – 2x2) > 0. Œ¯Ô˘ÌÂ:

ñ x – 3 ≥ 0 ⇔ x ≥ 3.

ñ 2x2 + x – 3 ≥ 0 ⇔ 2(x + 3—
2

)(x – 1) ≥ 0 ⇔ x ≤ – 3—
2

‹   x ≥ 1.

ñ x – 1 – 2x2 ≥ 0 ⇔ –2x2 + x – 1 ≥ 0, Ô˘ Â›Ó·È ·‰‡Ó·ÙË, ·ÊÔ‡ ¢ = – 7 < 0,

· = –2 < 0.

ÕÚ· (x – 3)(2x2 + x – 3)(x – 1 – 2x2) > 0 ⇔ x ∈ (–∞, – 3—
2

) ∪ (1, 3).

7. i) ⇔ (x + 1)(x – 2) > 0 ⇔ x < –1   ‹   x > 2.

ii) ⇔ (2x + 1)(x – 3) ≤ 0,   ÌÂ x ≠ 3 

⇔ – 1—
2

≤ x < 3.

8. ⇔ (x2 – x – 2)(x2 + x – 2) ≤ 0,   ÌÂ x2 + x – 2 ≠ 0.

ŒÛÙˆ P(x) = (x2 – x – 2)(x2 + x – 2). Œ¯Ô˘ÌÂ:

ñ x2 – x – 2 ≥ 0 ⇔ (x + 1)(x – 2) ≥ 0 ⇔ x ≤ –1  ‹  x ≥ 2.

x2 – x – 2

x2 + x – 2
 ≤ 0

2x + 1

x – 3
 ≤ 0

x – 2

x + 1
 > 0
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ñ x2 + x – 2 ≥ 0 ⇔ (x + 2)(x – 1) ≥ 0 ⇔ x ≤ –2 ‹ x ≥ 1.

ÕÚ· ⇔ x ∈ (–2, –1] ∪ (1, 2].

µã  √ª∞¢∞™

1. i) 

ii) 

⇔ x ≤ –2  ‹ x > – 5—
3 

.

ÕÚ· x ∈ (–∞, –2] ∪ (– 5—
3

, +∞).

2.

ŒÛÙˆ P(x) = (x2 – x – 12)(x – 1). Œ¯Ô˘ÌÂ:

ñ x2 – x – 12 ≥ 0 ⇔ (x + 3)(x – 4) ≥ 0 ⇔ x ≤ –3   ‹   x ≥ 4.

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ÕÚ· x ∈ (–∞, –3] ∪ (1, 4].

⇔  (x2 – x – 12)(x – 1)  ≤ 0,   ÌÂ x ≠ 1.

x2 – 3x – 10

x – 1
 + 2  ≤ 0 ⇔  x

2 – 3x – 10 + 2x – 2

x – 1
  ≤ 0 ⇔  x

2 – x – 12

x – 1
  ≤ 0

⇔  11x + 22

3x + 5
  ≥ 0 ⇔  11(x + 2)(3x + 5) ≥ 0,   ÌÂ x ≠ – 5

3

x – 2

3x + 5
 ≤ 4 ⇔  x – 2

3x + 5
 – 4 ≤ 0 ⇔  x – 2 – 12x – 20

3x + 5
  ≤ 0 ⇔  –11x – 22

3x + 5
  ≤ 0

⇔  2x – 7

x – 1
 < 0 ⇔  (2x – 7)(x – 1) < 0 ⇔  1 < x < 7

2
 .

2x + 3

x – 1
  > 4 ⇔  2x + 3

x – 1
 – 4 > 0 ⇔  2x + 3 – 4x + 4

x – 1
 > 0 ⇔  –2x + 7

x – 1
 > 0

x2 – x – 2

x2 + x – 2
 ≤ 0
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3. i) 

⇔ (3x – 5)(x – 1)(x2 – 7x + 10) ≤ 0,  ÌÂ x ≠ 1,  x ≠ 5—
3 

.

ŒÛÙˆ P(x) = (3x – 5)(x – 1)(x2 – 7x + 10). Œ¯Ô˘ÌÂ:

ñ 3x – 5 ≥ 0 ⇔ x ≥ 5—
3 

.

ñ x – 1 ≥ 0 ⇔ x ≥ 1.

ñ x2 – 7x + 10 ≥ 0 ⇔ (x – 2)(x – 5) ≥ 0 ⇔ x ≤ 2   ‹   x ≥ 5.

ÕÚ· (3x – 5)(x – 1)(x2 – 7x + 10) ≤ 0, 

x ≠ 1, x ≠ 5—
3 

⇔ x ∈ (1, 5—
3

) ∪ [2, 5].

ii) 

⇔ (x2 – 4x + 3)(2x – 1)(x + 2) ≥ 0, ÌÂ x ≠ –2, x ≠ 1—
2 

.

ŒÛÙˆ P(x) = (x2 – 4x + 3)(2x – 1)(x + 2).

ÕÚ· x ∈ (–∞, –2) ∪ ( 1—
2

, 1] ∪ [3, +∞).

⇔  x2 – 4x + 3

(2x – 1)(x + 2)
  ≥ 0 ⇔

x

2x – 1
  ≥ 3

x + 2
 ⇔  x

2x – 1
  – 3

x + 2
  ≥ 0 ⇔  x

2 + 2x – 6x + 3

(2x – 1)(x + 2)
  ≥ 0

x

3x – 5
  ≤ 2

x – 1
 ⇔  

⇔  x
2 – x – 6x + 10

(3x – 5)(x – 1)
  ≤ 0 ⇔  x2 – 7x + 10

(3x – 5)(x – 1)
  ≤ 0

x

3x – 5
  ≤ 2

x – 1
 ⇔  x

3x – 5
 – 2

x – 1
  ≤ 0 ⇔  x(x – 1) – 2(3x – 5)

(3x – 5)(x – 1)
  ≤ 0
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4. Œ¯Ô˘ÌÂ: 

ñ 

⇔ (3x + 1)x < 0 ⇔ – 1—
3

< x < 0.

ñ 

⇔ x(x – 1) < 0 ⇔ 0 < x < 1.

ÕÚ· x ∈ (– 1—
3

, 0) ∪ (0, 1).

5. °È· Ó· ¤¯ÂÈ Ë ÂÙ·ÈÚÂ›· Î¤Ú‰Ô˜ Ú¤ÂÈ Ó· ¤ÛÔ‰· Ó· Â›Ó·È ÂÚÈÛÛfiÙÂÚ· ·fi
ÙÔ ÎfiÛÙÔ˜:

∂ > ∫ ⇔ 5x – x2 > 7 – x ⇔ 5x – x2 – 7 + x > 0 

⇔ –x2 + 6x – 7 > 0 ⇔ x2 – 6x + 7 < 0.

√È Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ Â›Ó·È x1 = 3 – Î·È   x2 = 3 + . ∂ÔÌ¤Óˆ˜

x2 – 6x + 7 < 0 ⇔ 3 – < x < 3 + .

‹, ÚÔÛÂÁÁÈÛÙÈÎ¿, 1,59 < x < 4,41.

6. Œ¯Ô˘ÌÂ: 

⇔ 4(t2 – 5t + 4)(t2 + 4) < 0 ⇔ 1 < t < 4.

⇔  –4t2 + 20t – 16

t2 + 4
  > 0 ⇔  4t2 – 20t + 16

t2 + 4
  < 0

20t

t2 + 4
  > 4 ⇔  20t

t2 + 4
 – 4 > 0 ⇔  20t – 4t2 – 16

t2 + 4
  > 0 ⇔

22

22

x + 1

x
 > 2 ⇔  x + 1

x
 – 2 > 0 ⇔  –x + 1

x
 > 0 ⇔  x – 1

x
 < 0 ⇔

x + 1

x
 < –2 ⇔  x + 1

x
 + 2 < 0 ⇔  3x + 1

x
 < 0 ⇔

 x + 1

x
  > 2 ⇔  x + 1

x
 < –2   ‹ x + 1

x
 > 2, x ≠ 0.
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KEº∞§∞π√ 4

µ∞™π∫∂™ ∂¡¡√π∂™ ∆ø¡ ™À¡∞ƒ∆∏™∂ø¡

¨ 4.1. ∏ ¤ÓÓÔÈ· ÙË˜ Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. i) ¶Ú¤ÂÈ x – 1 ≠ 0, ‰ËÏ·‰‹ x ≠ 1. ÕÚ· ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜
Â›Ó·È ÙÔ: � – {1} = (–∞, 1) ∪ (1, +∞).

ii) ¶Ú¤ÂÈ x2 – 4x ≠ 0 ⇔ x (x – 4) ≠ 0 ⇔ x ≠ 0 Î·È x ≠ 4.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ: 
� – {0,4} = (–∞, 0) ∪ (0, 4) ∪ (4, –∞).

iii) ¶Ú¤ÂÈ x2 + 1 ≠ 0 Ô˘ ÈÛ¯‡ÂÈ ¿ÓÙÔÙÂ. ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘-
Ó¿ÚÙËÛË˜ Â›Ó·È fiÏÔ ÙÔ �.

iv) ¶Ú¤ÂÈ |x| + x ≠ 0 ⇔ |x| ≠ – x ⇔ x > 0.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ (0, +∞).

2. i) ¶Ú¤ÂÈ: x – 1 ≥ 0 Î·È 2 – x ≥ 0 ⇔ 1 ≤ x ≤ 2.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ [1, 2].

ii) ¶Ú¤ÂÈ  x2 – 4 ≥ 0 ⇔ x ≤ – 2   ‹   x ≥ 2
·ÊÔ‡ ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ x2 – 4 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 2.
ÕÚ·, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ (–∞, –2] ∪ [2, +∞).

iii) OÌÔ›ˆ˜, ÙÔ Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ [1, 3] ·ÊÔ‡
ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ Î·È ÔÈ ·ÚÈıÌÔ› 1 Î·È 3.

iv) ¶Ú¤ÂÈ ≠ 0 ⇔ ⇔ x ≥ 0 Î·È x ≠ 1. 
ÕÚ·, ÙÔ ÂÈ‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È ÙÔ Û‡ÓÔÏÔ
[0, +∞) – {1} = [0, 1) ∪ (1, +∞).

3. ∂›Ó·È
f(–5) = (–5)3 = –125.
f(0) = 2 Ø 0 + 3 = 3.
f(6) = 2 Ø 6 + 3 = 15.

4. i) ŒÛÙˆ x Ô ˙ËÙÔ‡ÌÂÓÔ˜ Ê˘ÛÈÎfi˜ ·ÚÈıÌfi˜. ∆fiÙÂ, Ô Ù‡Ô˜ ÙË˜ Û˘Ó¿ÚÙËÛË˜
ı· ÚÔÎ‡„ÂÈ ˆ˜ ÂÍ‹˜:

x ≠ 1x – 1



x → x + 1 → (x + 1) Ø 4 → (x + 1) 4 + x2.

EÔÌ¤Óˆ˜, ı· ÂÈÓ·È f(x) = (x + 1)4 + x2 = x2 + 4x + 4 = (x + 2)2

‰ËÏ·‰‹ f(x) = (x + 2)2, x ∈ �. (1)

ŒÙÛÈ ı· ¤¯Ô˘ÌÂ f(0) = 22 = 4, f(1) = 32 = 9, f(2) = 42 = 16 Î·È f(3) = 52 = 25.

ii) ∂ÂÈ‰‹ x > 0, ¤¯Ô˘ÌÂ:
� f(x) = 36 ⇔ (x + 2)2 = 62 ⇔ x + 2 = 6 ⇔ x = 4.
� f(x) = 49 ⇔ (x + 2)2 = 72 ⇔ x = 5.
� f(x) = 100 ⇔ (x + 2)2 = 102 ⇔ x = 8.
� f(x) = 144 ⇔ (x + 2)2 = 122 ⇔ x = 10.

5. i) °È· x ≠ 1 ¤¯Ô˘ÌÂ: 

f(x) = 7 ⇔ ⇔ 

⇔ 2 (x – 1) = 4 ⇔ x – 1 = 2 ⇔ x = 3.

ii) °È· x ≠ 0, 4 ¤¯Ô˘ÌÂ:

g(x) = 2 ⇔ ⇔ ⇔ 

⇔ x + 4 = 2x ⇔ x = 4, ·‰‡Ó·ÙË.

iii) °È· x ∈ � ¤¯Ô˘ÌÂ:

h(x) = ⇔ ⇔ x2 + 1 = 5 ⇔ x2 = 4 ⇔ x = 2 ‹ x = –2.

¨ 4.2. °Ú·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. T· ÛËÌÂ›· Â›Ó·È ·ÔÙ˘ˆÌ¤Ó· ÛÙÔ ‰ÈÏ·Ófi
Û¯‹Ì·.

2. ¶Ú¤ÂÈ 2 < x < 5 Î·È 1 < y < 6.

1

x2 + 1
 = 1

5

1

5

x + 4

x
 = 2(x – 4)(x + 4)

x(x – 4)
 = 2x2 – 16

x2 – 4x
 = 2,

4

x – 1
 = 24

x – 1
 + 5 = 7
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3. ∆Ô Û˘ÌÌÂÙÚÈÎfi ÙÔ˘ ∞(–1, 3),
i) ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· xãx Â›Ó·È ÙÔ µ(–1, –3)
ii) ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy Â›Ó·È ÙÔ ¢(1, 3)

iii) ˆ˜ ÚÔ˜ ÙË ‰È¯ÔÙfiÌÔ ÙË˜ ÁˆÓ›·˜ x y

Â›Ó·È ÙÔ ∂(3, –1)
iv) ˆ˜ ÚÔ˜ ÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ Â›Ó·È

ÙÔ °(1, –3).

4. ªÂ ‚¿ÛË ÙÔÓ Ù‡Ô ÙË˜ ·fiÛÙ·ÛË˜ ÙˆÓ ÛË-

ÌÂ›ˆÓ ∞(x1, y1) Î·È B(x2, y2), ¤¯Ô˘ÌÂ

i) 

ii) 

iii) 

iv) 

5. i) ∂›Ó·È

ÕÚ·, (AB) = (A°), ÔfiÙÂ ÙÔ ÙÚ›ÁˆÓÔ AB° Â›Ó·È ÈÛÔÛÎÂÏ¤˜ ÌÂ ÎÔÚ˘Ê‹ ÙÔ ∞.

ii) ∂›Ó·È

ÔfiÙÂ (∞µ)2 = 8.

ÔfiÙÂ (∞°)2 = 18.

ÔfiÙÂ (µ°)2 = 26.

¶·Ú·ÙËÚÔ‡ÌÂ fiÙÈ (µ°)2 = (∞µ)2 + (∞°)2. ÕÚ· ÙÔ ÙÚ›ÁˆÓÔ ∞µ° Â›Ó·È
ÔÚıÔÁÒÓÈÔ, ÌÂ ÔÚı‹ ÁˆÓ›· ÙËÓ ∞.

6. ∂›Ó·È

(∞µ) = (5 – 2)2 + (1 – 5)2  = 5.

(µ°) = (4 + 1)2 + (2 – 1)2  = 26,

(A°) = (4 – 1)2 + (2 + 1)2  = 2 ⋅ 32  = 3 2,

(AB) = (–1 – 1)2 + (1 + 1)2  = 2 ⋅ 22  = 2 2,

(B°) = (–3 – 4)2 + (5 + 2)2  = 2 ⋅ 72 +  = 7 2.

(A°) = (–3 – 1)2 + (5 – 2)2  = 42 + 32  = 5.

(AB) = (4 – 1)2 + (–2 – 2)2  = 32 + 42  = 5.

(AB) = 02 + (4 + 1)2  = 5.

(AB) = (1 + 3)2 + 02  = 4.

(∞B) = (3 + 1)2 + (4 – 1)2  = 42 + 32  = 25 = 5.

(O∞) = 42 + (–2)2  = 20 = 2 5.

(∞µ) = (x2 – x1)
2 + (y2 – y1)

2

√
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ÕÚ· ÙÔ ÙÂÙÚ¿ÏÂ˘ÚÔ ∞µ°¢ ¤¯ÂÈ
fiÏÂ˜ ÙÈ˜ ÏÂ˘Ú¤˜ ÙÔ˘ ›ÛÂ˜, ÔfiÙÂ
Â›Ó·È ÚfiÌ‚Ô˜.
™¯fiÏÈÔ: ÕÌÂÛ· ÚÔÎ‡ÙÂÈ fiÙÈ
ÙÔ ∞µ°¢ Â›Ó·È ÚfiÌ‚Ô˜, ·ÊÔ‡
ÔÈ ‰È·ÁÒÓÈÂ˜ ÙÔ˘ Ù¤ÌÓÔÓÙ·È
Î¿ıÂÙ· Î·È ‰È¯ÔÙÔÌÔ‡ÓÙ·È.

7. ¶Ú¤ÂÈ
i) f(2) = 6 ⇔ 22 + k = 6 ⇔ k = 2.
ii) g(–2) = 8 ⇔ k(–2)3 = 8 ⇔ k = –1.
iii) h(3) = 8 ⇔ k ⇔ k = 4.

8. i) ∆Ô Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ f Â›Ó·È fiÏÔ ÙÔ �.
ñ °È· y = 0 ¤¯Ô˘ÌÂ x = 4, ofiÙÂ Ë y = f(x) Ù¤ÌÓÂÈ ÙÔÓ xãx ÛÙÔ ÛËÌÂ›Ô

∞(4, 0).
ñ °È· x = 0 ¤¯Ô˘ÌÂ y = –4, ÔfiÙÂ Ë y = f(x) Ù¤ÌÓÂÈ ÙÔÓ yãy ÛÙÔ ÛËÌÂ›Ô

µ(0, –4).

√ÌÔ›ˆ˜
ii) ∏ g ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È Ù¤ÌÓÂÈ

ñ ÙÔÓ ¿ÍÔÓ· xãx ÛÙ· ÛËÌÂ›· ∞1(2, 0) Î·È ∞2(3, 0) Î·È
ñ ÙÔÓ ¿ÍÔÓ· yãy ÛÙ· ÛËÌÂ›· B(0, 6).

iii) H h ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ÎÔÈÓfi ÛËÌÂ›Ô ÙÔ ∞(1, 0).
ñ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô ÙÔ B(0, 1).

iv) H q ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ fiÏÔ ÙÔ � Î·È
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· xãx.
ñ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô µ(0, 1).

v) H Ê ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ Û‡ÓÔÏÔ [1, +∞), ÔfiÙÂ
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ¤Ó· ÌfiÓÔ ÎÔÈÓfi ÛËÌÂ›Ô ÙÔ ∞(1, 0) Î·È
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· yãy.

vi) H „ ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ Û‡ÓÔÏÔ (–∞, –2] ∪ [2, +∞), ÔfiÙÂ
ñ ¤¯ÂÈ ÌÂ ÙÔÓ ¿ÍÔÓ· xãx ‰‡Ô ÎÔÈÓ¿ ÛËÌÂ›·, Ù· ∞1(–2, 0) Î·È ∞2(2, 0).
ñ ‰ÂÓ ¤¯ÂÈ ÎÔÈÓ¿ ÛËÌÂ›· ÌÂ ÙÔÓ ¿ÍÔÓ· yãy.

4 = 8

(¢A) = (2 + 1)2 + (5 – 1)2  = 5.

(°¢) = (–1 –2)2 + (1 + 3)2  = 5.

(B°) = (2 – 5)2 + (–3 –1)2  = 5.
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9. i) °È· x = 0 ¤¯Ô˘ÌÂ f(0) = –1. ÕÚ· Ë Cf Ù¤ÌÓÂÈ ÙÔÓ yãy ÛÙÔ ÛËÌÂ›Ô ∞(0, –1).
°È· y = 0 ¤¯Ô˘ÌÂ x2 – 1 = 0 ⇔ x = –1   ‹   x = 1.
ÕÚ· Ë Cf Ù¤ÌÓÂÈ ÙÔÓ xãx ÛÙ· ÛËÌÂ›· µ1(–1, 0) Î·È µ2(1, 0).

ii) f(x) > 0 ⇔ x2 – 1 > 0 ⇔ (x + 1)(x – 1) > 0 ⇔ x < – 1   ‹   x > 1.

10. i) f(x) = g(x) ⇔ x2 – 5x + 4 = 2x – 6 ⇔ x2 – 7x + 10 = 0 

⇔ x = 

ÕÚ· x = 5  ‹  x = 2.
°È· x = 2, g(2) = 4 – 6 = –2.
°È· x = 5, g(5) = 4.
ÕÚ· Ù· ÎÔÈÓ¿ ÛËÌÂ›· ÙˆÓ Cf Î·È Cg Â›Ó·È Ù· ∞(2, –2) Î·È µ(5, 4).

ii)  f(x) < g(x) ⇔ x2 – 5x + 4 < 2x – 6 ⇔ x2 – 7x + 10 < 0 
⇔ (x – 2)(x – 5) < 0 ⇔ 2 < x < 5.

¨ 4.3. ∏ Û˘Ó¿ÚÙËÛË f(x) = ·x + ‚
∞ã  √ª∞¢∞™

1. Ÿˆ˜ Â›Ó·È ÁÓˆÛÙfi, ÁÈ· ÙÔ Û˘ÓÙÂÏÂÛÙ‹ ‰ÈÂ‡ı˘ÓÛË˜ ÙË˜ Â˘ıÂ›·˜ y = ·x + ‚
ÈÛ¯‡ÂÈ: · = ÂÊˆ, fiÔ˘ ˆ Â›Ó·È Ë ÁˆÓ›· Ô˘ Û¯ËÌ·Ù›˙ÂÈ Ë y = ·x + ‚ ÌÂ ÙÔÓ
¿ÍÔÓ· xãx. ∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ

i) ÂÊˆ = 1, ÔfiÙÂ ˆ = 45Æ.

ii) ÂÊˆ = , ÔfiÙÂ ˆ = 60Æ.

iii) ÂÊˆ = –1, ÔfiÙÂ ˆ = 135Æ.

iv) ÂÊˆ = , ÔfiÙÂ ˆ = 120Æ.

2. ∞Ó ı¤ÛÔ˘ÌÂ ¢x = x2 – x1 Î·È   ¢y = y2 – y1, ¤¯Ô˘ÌÂ:

i) 

ii) 

iii) 

iv) 

3. ™Â fiÏÂ˜ ÙÈ˜ ÂÚÈÙÒÛÂÈ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚.
i) ∂ÂÈ‰‹ · = –1 Î·È ‚ = 2, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –x + 2.
ii) ∂ÂÈ‰‹ · = ÂÊ 45Æ = 1 Î·È ‚ = 1, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = x + 1.

· = ¢y

¢x
 = 1 – 3

2 – 1
 = –2

1
 = –2.

· = ¢y

¢x
 = 1 – 1

–1 – 2
 = 0.

· = ¢y

¢x
 = 1 – 2

2 – 1
 = –1.

· = ¢y

¢x
 = 3 – 2

2 – 1
 = 1.

– 3

3

7 ± 9

2
 = 7 ± 3

2
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iii) ∂ÂÈ‰‹ Ë Â˘ıÂ›· Â›Ó·È ·Ú¿ÏÏËÏË ÌÂ ÙËÓ y = 2x –3 ı· ¤¯ÂÈ ›‰È· ÎÏ›ÛË
ÌÂ ·˘Ù‹, ÔfiÙÂ ı· Â›Ó·È · = 2. ÕÚ· Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚ-
Ê‹˜: y = 2x + ‚ Î·È ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 1)
ı· ÈÛ¯‡ÂÈ 1 = 2 Ø 1 + ‚ ÔfiÙÂ ı· ¤¯Ô˘ÌÂ ‚ = –1. ∂ÔÌ¤Óˆ˜, Ë ÂÍ›ÛˆÛË
ÙË˜ Â˘ıÂ›·˜ Â›Ó·È y = 2x – 1.

4. Ÿˆ˜ Â›‰·ÌÂ ÛÙËÓ ¿ÛÎËÛË 2, ÛÂ fiÏÂ˜ ÙÈ˜ ÂÚÈÙÒÛÂÈ˜ Ë Â˘ıÂ›· ¤¯ÂÈ Û˘-
ÓÙÂÏÂÛÙ‹ ‰ÈÂ‡ı˘ÓÛË˜, ÔfiÙÂ ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚.
i) ∂ÂÈ‰‹ · = 1, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = x + ‚ Î·È

ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 2) ı· ÈÛ¯‡ÂÈ 2 = 1 + ‚
ÔfiÙÂ ı· Â›Ó·È ‚ = 1. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È y = x + 1.

ii) ∂ÂÈ‰‹ · = –1, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = –x + ‚ Î·È
ÂÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 2) ı· ÈÛ¯‡ÂÈ 2 = –1 + ‚
ÔfiÙÂ ı· Â›Ó·È ‚ = 3. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –x + 3.

iii) ∂ÂÈ‰‹ · = 0, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = ‚ Î·È ÂÂÈ‰‹
Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(2, 1), Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È y = 1.

iv) ∂ÂÈ‰‹ · = –2, Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ y = –2x + ‚ Î·È
ÂÂÈ‰‹ ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 3) ı· ÈÛ¯‡ÂÈ 3 = –2 + ‚ ÔfiÙÂ ı· Â›-
Ó·È ‚ = 5. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ Â›Ó·È: y = –2x + 5.

5. H ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ C = · Ø F + ‚ ÂÂÈ‰‹ ÙÔ ÓÂÚfi ·-
ÁÒÓÂÈ ÛÙÔ˘˜ 0ÆC ‹ ÛÙÔ˘˜ 32ÆF, ı· ÈÛ¯‡ÂÈ 0 = · Ø 32 + ‚.                          (1)
∂ÂÈ‰‹, ÂÈÏ¤ÔÓ, ÙÔ ÓÂÚfi ‚Ú¿˙ÂÈ ÛÙÔ˘˜ 100ÆC ‹ ÛÙÔ˘˜ 212ÆF, ı· ÈÛ¯‡ÂÈ
100 = · Ø 212 + ‚.                                                                                       (2)
∞Ó ·Ê·ÈÚ¤ÛÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ (1) Î·È (2) ‚Ú›ÛÎÔ˘ÌÂ 100 = · Ø 180, ÔfiÙÂ

Î·È ÂÔÌ¤Óˆ˜ . ÕÚ·, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È

⇔ 

∞Ó ˘¿Ú¯ÂÈ ıÂÚÌÔÎÚ·Û›· Ô˘ Ó· ÂÎÊÚ¿˙ÂÙ·È Î·È ÛÙÈ˜ ‰‡Ô ÎÏ›Ì·ÎÂ˜ ÌÂ ÙÔÓ
·ÚÈıÌfi ∆, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ 

∆ = (∆ – 32) ⇔ 9∆ = 5∆ –5 Ø 32 ⇔ 4∆ = –5 Ø 32 ⇔ ∆ = –40.

ÕÚ· ÔÈ –40ÆF ·ÓÙÈÛÙÔÈ¯Ô‡Ó ÛÙÔ˘˜ –40ÆC.

6. ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ·ÔÙÂÏÂ›Ù·È:
� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = –x + 2

ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË
x∈ (–∞, 0].

� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = 2 ÙÔ˘ ÔÔ›Ô˘
Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË x∈ [0, 1]Î·È

5

9

C = 5

9
 (F – 32).C = 5

9
 F – 5

9
 ⋅ 32

‚ = – 5

9
 ⋅ 32· = 5

9
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� ∞fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜ y = x + 1 ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌË-
Ì¤ÓË x∈ [1, +∞).

7. i) OÈ Ú›˙Â˜ ÂÍ›ÛˆÛË˜ f(x) = 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÎÔÈÓÒÓ ÛËÌÂ›ˆÓ ÙË˜ y = f(x)
Î·È ÙË˜ Â˘ıÂ›·˜ y = 1, ‰ËÏ·‰‹ ÔÈ ·ÚÈıÌÔ› –1 Î·È 1.
√È Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË f(x) = x Â›Ó·È ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÎÔÈÓÒÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x) Î·È ÙË˜ Â˘ıÂ›·˜ y = x, ‰ËÏ·‰‹ ÔÈ ·ÚÈıÌÔ› –2, 0 Î·È 1.

ii) √È Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) < 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x)  Ù· ÔÔ›· ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ ·fi ÙËÓ Â˘ıÂ›· y = 1, ‰ËÏ·‰‹ ÔÈ
·ÚÈıÌÔ› x∈ (–∞, 1) – {–1}.
√È Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) ≥ x Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜
y = f(x) Ù· ÔÔ›· ‚Ú›ÛÎÔÓÙ·È ¿Óˆ ·fi ÙËÓ Â˘ıÂ›· y = x ‹ ÛÙËÓ Â˘ıÂ›·
·˘Ù‹, ‰ËÏ·‰‹ Ù· ÛËÌÂ›· x∈ [–2, 0] ∪ [1, +∞).

8. i) √È ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ f(x) = |x|
Î·È g(x) = 1 ‰›ÓÔÓÙ·È ÛÙÔ ‰ÈÏ·Ófi
Û¯‹Ì·.
� OÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ |x| ≤ 1 Â›Ó·È

ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ y = |x|
Ô˘ ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ ·fi ÙËÓ Â˘ıÂ›·
y = 1 ‹ ÛÙËÓ Â˘ıÂ›· ·˘Ù‹, ‰ËÏ·‰‹ Ù·
x∈ [–1, 1].

� OÈ Ï‡ÛÂÈ˜ ·Ó›ÛˆÛË˜ |x| > 1 Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ y =  |x| Ô˘
‚Ú›ÛÎÔÓÙ·È ¿Óˆ ·fi ÙËÓ Â˘ıÂ›·  y = 1, ‰ËÏ·‰‹ Ù· x∈ (–∞, –1) ∪ (1, +∞).

ii) ∞fi ıÂˆÚ›· ÁÓˆÚ›˙Ô˘ÌÂ fiÙÈ ÁÈ· Ú > 0 ÈÛ¯‡ÂÈ 
|x| ≤ Ú ⇔ –Ú ≤ x ≤ Ú.
|x| > Ú ⇔ x < –Ú   ‹   x > Ú.
∂ÔÌ¤Óˆ˜
|x| ≤ 1 ⇔ –1 ≤ x ≤ 1.
|x| > 1 ⇔ x < –1   ‹   x > 1.

µã  √ª∞¢∞™

1. i) ∂›Ó·È
f(–6) = 1, f(–5) = , f(–4) = 0, f(–3) = – , f(–2) = –1, f(–1) = 0.

f(0) = 1, f(1) = 1, f(2) = 1, f(3) = 0, f(4) = –1, f(5) = –2.

ii) OÈ Ú›˙Â˜ ÙË˜ ÂÍ›ÛˆÛË˜ f(x) = · Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙÔ˘ ÛËÌÂ›Ô˘ ÙË˜ Cf

Ô˘ ¤¯Ô˘Ó ÙÂÙ·ÁÌ¤ÓË ·. ∂ÔÌ¤Óˆ˜
� √È Ú›˙Â˜ ÙË˜ f(x) = 0 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –4, –1 Î·È 3.
� √È Ú›˙Â˜ ÙË˜ f(x) = –1 Â›Ó·È ÔÈ ·ÚÈıÌÔ› –2 Î·È 4.
� √È Ú›˙Â˜ ÙË˜ f(x) = 1 Â›Ó·È Ô ·ÚÈıÌfi˜ –6 Î·È fiÏÔÈ ÔÈ ·ÚÈıÌÔ› ÙÔ˘ ÎÏÂÈ-

ÛÙÔ‡ ‰È·ÛÙ‹Ì·ÙÔ˜ [0, 2].

1

2

1

2

4.3. ∏ Û˘Ó¿ÚÙËÛË f(x) = ·x + ‚ 61



iii) ∏ Â˘ıÂ›· µ¢ Â›Ó·È ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ y = ·x + ‚ Î·È ÂÂÈ‰‹ ‰È¤Ú¯Â-
Ù·È ·fi Ù· ÛËÌÂ›· µ(–2, –1) Î·È ¢(2, 1) ı· ÈÛ¯‡ÂÈ –1 = ·(–2) + ‚ Î·È
1 = · Ø 2 + ‚.
√fiÙÂ, ÌÂ ÚfiÛıÂÛË ÙˆÓ ÂÍÈÛÒÛÂˆÓ ·˘ÙÒÓ Î·Ù¿ Ì¤ÏË, ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ
‚ = 0 Î·È ÂÔÌ¤Óˆ˜ ı· ¤¯Ô˘ÌÂ · = 0,5.
ÕÚ· Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ µ¢ ı· Â›Ó·È Ë y = 0,5x.

EÔÌ¤Óˆ˜, ÔÈ Ï‡ÛÂÈ˜ ÙË˜ ·Ó›ÛˆÛË˜ f(x) ≤ 0,5x Â›Ó·È ÔÈ ÙÂÙÌËÌ¤ÓÂ˜
ÙˆÓ ÛËÌÂ›ˆÓ ÙË˜ ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ f Ô˘ ‚Ú›ÛÎÔÓÙ·È Î¿Ùˆ
·fi ÙËÓ Â˘ıÂ›· y = 0,5x, ‹ ¿Óˆ Û’ ·˘Ù‹. ∂›Ó·È ‰ËÏ·‰‹ fiÏ· Ù·
x∈ [2,5] ∪ {–2}.

2. ∏ ·Ó¿ÎÏ·ÛË Á›ÓÂÙ·È ÛÙÔ ÛËÌÂ›Ô
∞(1, 0) Î·È Ë ·Ó·ÎÏˆÌ¤ÓË Â›Ó·È Û˘Ì-
ÌÂÙÚÈÎ‹ ÙË˜ ËÌÈÂ˘ıÂ›·˜ ∞µ (Û¯.) ˆ˜
ÚÔ˜ ¿ÍÔÓ· ÙËÓ Â˘ıÂ›· x = 1.
∂ÔÌ¤Óˆ˜, Ë ·Ó·ÎÏÒÌÂÓË ı· Â›Ó·È
Ë ËÌÈÂ˘ıÂ›· Ô˘ ‰È¤Ú¯ÂÙ·È ·fi Ù·
ÛËÌÂ›· ∞(1, 0) Î·È µã(2, 1), fiÔ˘
∞ Ë ·Ú¯‹ ÙË˜.
∞Ó y = ·x + ‚, x ≥ 1 Â›Ó·È Ë ÂÍ›ÛˆÛË
ÙË˜ ·Ó·ÎÏÒÌÂÓË˜ ·ÎÙ›Ó·˜, ÙfiÙÂ ·˘Ù‹ ı· Â·Ï˘ıÂ‡ÂÙ·È ·fi Ù· ˙Â‡ÁË (1, 0)
Î·È (2, 1). ¢ËÏ·‰‹ ı· ÈÛ¯‡Ô˘Ó 0 =  · + ‚ Î·È 1 = 2· + ‚, ·fi ÙÈ˜ ÔÔ›Â˜ ‚Ú›-
ÛÎÔ˘ÌÂ · = 1 Î·È ‚ = –1. ∂ÔÌ¤Óˆ˜ Ë ÂÍ›ÛˆÛË ÙË˜ ·Ó·ÎÏÒÌÂÓË˜ ·ÎÙ›Ó·˜
Â›Ó·È: y = x – 1, x ≥ 1.

3. i) ·) ∞Ó µ(t) Â›Ó·È Ë ÔÛfiÙËÙ· ÛÂ Ï›ÙÚ· ÙË˜ ‚ÂÓ˙›ÓË˜ ÛÙÔ ‚˘ÙÈÔÊfiÚÔ Î·Ù¿
ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ µ(t) = 2000 – 100t Î·È ÂÂÈ‰‹
Ú¤ÂÈ µ(t) ≥ 0 ı· ÈÛ¯‡ÂÈ 2000 – 100t ≥ 0 ⇔ t ≤ 20.
∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ µ(t) = 2000 – 100t, 0 ≤ t ≤ 20.

‚) ∞Ó ¢(t) Â›Ó·È Ë ÔÛfiÙËÙ· ÛÂ Ï›ÙÚ· ÙË˜ ‚ÂÓ˙›ÓË˜ ÛÙË ‰ÂÍ·ÌÂÓ‹ Î·Ù¿
ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ ¢(t) = 600 + 100t, 0 ≤ t ≤ 20.
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ii) √È ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙË˜ ·Ú·¿Óˆ Û˘Ó¿ÚÙËÛË˜ Â›Ó·È Ù· Â˘ı‡-
ÁÚ·ÌÌ· ÙÌ‹Ì·Ù· ÙÔ˘ ·Ú·Î¿Ùˆ Û¯‹Ì·ÙÔ˜. ∏ ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Î·Ù¿ ÙËÓ
ÔÔ›· ÔÈ ‰‡Ô ÔÛfiÙËÙÂ˜ Â›Ó·È ›ÛÂ˜ Â›Ó·È Ë Ï‡ÛË ÙË˜ ÂÍ›ÛˆÛË˜ µ(t) = ¢(t),
Ë ÔÔ›· ÁÚ¿ÊÂÙ·È 2000 – 100t = 600 + 100t ⇔ 200t = 1400 ⇔ t = 7.
ÕÚ· Ë ˙ËÙÔ‡ÌÂÓË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Â›Ó·È Ë t = 7min.

4. °È· Ó· ‚ÚÔ‡ÌÂ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÙÚÈÁÒÓÔ˘ ª°¢ ·Ê·ÈÚÔ‡ÌÂ ·fi ÙÔ ÂÌ‚·-
‰fiÓ ÙÔ˘ ÙÚ·Â˙›Ô˘ ∞µ°¢ ÙÔ ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ÔÚıÔÁÒÓÈˆÓ

ÙÚÈÁÒÓˆÓ ∞ª¢ Î·È µª°. ŒÙÛÈ ¤¯Ô˘ÌÂ
∂ª°¢ = ∂∞µ°¢ – ∂∞ª¢ – ∂µª°

= 

= 12 – 2x – (4 – x) = –x + 8.
EÔÌ¤Óˆ˜, Ë Û˘Ó¿ÚÙËÛË f ¤¯ÂÈ Ù‡Ô

f(x) = –x + 8, ÌÂ 0 ≤ x ≤ 4.
ÕÚ·, Ë ÁÚ·ÊÈÎ‹ ÙË˜ ·Ú¿ÛÙ·ÛË Â›Ó·È ÙÔ Â˘ı.
ÙÌ‹Ì· ÌÂ ¿ÎÚ· Ù· ÛËÌÂ›· ƒ(0, 8) Î·È ™(4, 4).

5. i) ∆Ô Â˘ı. ÙÌ‹Ì· k1 ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ h = ·t + ‚ Î·È ÂÂÈ‰‹ ‰È¤Ú¯Â-
Ù·È ·fi Ù· ÛËÌÂ›· ∞(3, 0) Î·È °(0, 20) ı· ÈÛ¯‡ÂÈ 0 = 3· + ‚  Î·È  20 = ‚,

ÔfiÙÂ ı· Â›Ó·È Î·È ‚ = 20. ∂ÔÌ¤Óˆ˜, ÙÔ Â˘ı. ÙÌ‹Ì· k1 ¤¯ÂÈ ÂÍ›ÛˆÛË

, 0 ≤ t ≤ 3.

ÕÚ· Ë ·ÓÙ›ÛÙÔÈ¯Ë Û˘Ó¿ÚÙËÛË ÙÔ˘ ‡„Ô˘˜ ÙÔ˘ ÎÂÚÈÔ‡ ∫1 Â›Ó·È Ë 

, 0 ≤ t ≤ 3. (1)

√ÌÔ›ˆ˜, ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ Ë ·ÓÙ›ÛÙÔÈ¯Ë Û˘Ó¿ÚÙËÛË ÙÔ˘ ‡„Ô˘˜ ÙÔ˘ ÎÂÚÈÔ‡
∫2 Â›Ó·È Ë

h2(t) = –5t + 20, 0 ≤ t ≤ 4. (2)

h1(t) = – 20

3
 t + 20

h = – 20

3
 t + 20

· = –20

3

4 + 2

2
 ⋅ 4 – x ⋅ 4

2
 – (4 – x) ⋅ 2

2
 

4.3. ∏ Û˘Ó¿ÚÙËÛË f(x) = ·x + ‚ 63

�

� �



ii) TÔ ÎÂÚ› k2 Â›¯Â ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ ÎÂÚ› k1 ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ Î·Ù¿
ÙËÓ ÔÔ›·  ÈÛ¯‡ÂÈ h2(t) = 2h1(t). Œ¯Ô˘ÌÂ ÏÔÈfiÓ:

h2(t) = 2h1(t) ⇔ ⇔

⇔ ⇔ –3t + 12 = –8t + 24 

⇔ 5t = 12 ⇔ t = 2,4.
ÕÚ·, ÙÔ k2 Â›¯Â ÙÔ ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ k1 ÙË ¯ÚÔÓÈÎ‹ ÛÙÈÁÌ‹ t = 2,4h.

iii) AÓ ÂÚÁ·ÛÙÔ‡ÌÂ fiˆ˜ ÛÙÔ ÂÚÒÙËÌ· i) ı· ‚ÚÔ‡ÌÂ fiÙÈ

h1(t) = , 0 ≤ t ≤ 3.

h2(t) = , 0 ≤ t ≤ 4.

ÔfiÙÂ, h2(t) = 2h1(t) ⇔ 

⇔ ⇔  t = 2,4.

¶·Ú·ÙËÚÔ‡ÌÂ ‰ËÏ·‰‹ fiÙÈ ÙÔ k2 ı· ¤¯ÂÈ ‰ÈÏ¿ÛÈÔ ‡„Ô˜ ·fi ÙÔ k1 ÙË ¯ÚÔÓÈ-
Î‹ ÛÙÈÁÌ‹ t = 2,4h, ·ÓÂÍ¿ÚÙËÙ· ÙÔ˘ ·Ú¯ÈÎÔ‡ ‡„Ô˘˜ ˘ ÙˆÓ ÎÂÚÈÒÓ k1 Î·È k2.

¨ 4.4. K·Ù·ÎfiÚ˘ÊË - √ÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË Î·Ì‡ÏË˜
∞ã  √ª∞¢∞™

1. Ÿˆ˜ Â›‰·ÌÂ ÛÙËÓ ¨4.3, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ Ê(x) = |x|, ·ÔÙÂÏÂ›Ù·È 

·fi ÙÈ˜ ‰È¯ÔÙfiÌÔ˘˜ ÙˆÓ ÁˆÓÈÒÓ x y Î·È xã y. H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
f(x) = |x| + 2 ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿
2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ¿Óˆ, ÂÓÒ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f(x) = |x| – 2
ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜
ÚÔ˜ Ù· Î¿Ùˆ (Û¯‹Ì·).

√√

– 1

4
 t + 1 = 2 – 1

3
 t + 1

– ˘

4
 t + ˘ = 2 – ˘

3
 t + ˘

– ˘

4
 t + ˘

– ˘

3
 t + ˘

– 1

4
 t + 1 = – 2

3
 t + 2

– 1

4
 t + 1 = 2 –1

3
 t + 1– 20

4
 t + 20 = 2 –20

3
 t + 20
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2. H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ h(x) = |x + 2| ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂ-
Ù·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿, ÂÓÒ Ë ÁÚ·ÊÈÎ‹
·Ú¿ÛÙ·ÛË ÙË˜ q(x) = |x – 2| ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË
ÙË˜ y = |x|, Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿ (Û¯‹Ì·).

3. ∞Ú¯ÈÎ¿ ¯·Ú¿ÛÛÔ˘ÌÂ ÙËÓ y = |x + 2|, Ô˘, fiˆ˜ Â›‰·ÌÂ ÛÙËÓ ÚÔËÁÔ‡ÌÂÓË
¿ÛÎËÛË, ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x| Î·Ù¿ 2 ÌÔ-
Ó¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿. ™ÙË Û˘Ó¤¯ÂÈ· ¯·Ú¿ÛÛÔ˘ÌÂ ÙËÓ y = |x + 2| + 1,
Ô˘, fiˆ˜ ÁÓˆÚ›˙Ô˘ÌÂ, ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË ÙË˜
ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ y = |x + 2| Î·Ù¿ 1 ÌÔÓ¿‰· ÚÔ˜ Ù· ¿Óˆ. ∂Ô-
Ì¤Óˆ˜, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ F(x) = |x + 2| + 1. ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô
‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜ y = |x|, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜
Ù· ·ÚÈÛÙÂÚ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 1 ÌÔÓ¿‰·˜ ÚÔ˜ Ù· ¿Óˆ (Û¯‹Ì·).

√ÌÔ›ˆ˜, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ G(x) = |x – 2| – 1, ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô
‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜ y = |x|, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜
Ù· ‰ÂÍÈ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 1 ÌÔÓ¿‰· ÚÔ˜ Ù· Î¿Ùˆ (Û¯‹Ì·).

4. i)
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ii)

iii)

5. i) f(x) = 2(x – 2)2 – 1 + 1 = 2(x – 2)2.
ii) f(x) = 2(x – 3)2 – 1 – 2 = 2(x – 3)2 – 3.
iii) f(x) = 2(x + 2)2 – 1 + 1 = 2(x + 2)2.
iv) f(x) = 2(x + 3)2 – 1 – 2 = 2(x + 3)2 – 3.

¨ 4.5. ªÔÓÔÙÔÓ›· - ∞ÎÚfiÙ·Ù· - ™˘ÌÌÂÙÚ›Â˜ Û˘Ó¿ÚÙËÛË˜
∞ã  √ª∞¢∞™

1. ñ ∏ f Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, 1] Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [1, +∞).
ñ ∏ g Â›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ (–∞, 0], ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ [0, 2] Î·È

ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [2, +∞).
ñ ∏ h Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, –1], ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [–1, 0],

ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ [0, 1] Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [1, +∞). 
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2. ñ ∏ f ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = 1, ÙÔ f(1) = –1 Î·È ‰ÂÓ ·ÚÔ˘ÛÈ¿-
˙ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ.

ñ ∏ g ‰ÂÓ ·ÚÔ˘ÛÈ¿˙ÂÈ Ô‡ÙÂ ÔÏÈÎfi Ì¤ÁÈÛÙÔ Ô‡ÙÂ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ.
ñ ∏ h ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = –1 Î·È ÁÈ· x = 1 ÙÔ

h(–1) = h(1) = –2, ÂÓÒ ‰ÂÓ ·ÚÔ˘ÛÈ¿˙ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ.

3. i) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ Ù· f(x) ≥ f(3). Œ¯Ô˘ÌÂ  

f(x) ≥ f(3) ⇔ x2 – 6x + 10 ≥ 32 – 6 Ø 3 + 10 ⇔ (x – 3)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ.

ii) ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ g(x) ≤ g(1). Œ¯Ô˘ÌÂ 

g(x) ≤ g(1) ⇔ ≤ ⇔ 2x ≤ x2 + 1 ⇔ 0 ≤ (x – 1)2, Ô˘ ÈÛ¯‡ÂÈ.

4. i) H f1 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ
f1(–x) = 3(–x)2 + 5(–x)4 = 3x2 + 5x4, ¿Ú· Ë f1 Â›Ó·È ¿ÚÙÈ·.

ii) H f2 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f2(–x) = 3|–x| + 1 = 3|x| + 1, ¿Ú· Ë f2 Â›Ó·È ¿ÚÙÈ·.

iii) H f3 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f3(–x) = |–x + 1|, ÔfiÙÂ ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹, ·ÊÔ‡ 

f3(–1) ≠ ±f3(1).

iv) H f4 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f4(–x) = (–x)3 – 3(–x)5 = –(x3 – 3x5) = –f4(–x), ¿Ú· Ë f4 ÂÚÈÙÙ‹.

v) H f5 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ (–∞, 1) ∪ (1, +∞) Ô˘ ‰ÂÓ ¤¯ÂÈ Î¤ÓÙÚÔ Û˘Ì-
ÌÂÙÚ›·˜ ÙÔ 0. ÕÚ·, Ë f5 ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

f5(–x) = , ¿Ú· Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

vi) H f6 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ

f6(–x) = = –f6(x), ¿Ú· f6 Â›Ó·È ÂÚÈÙÙ‹.

5. i) H f1 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ �* = {x ∈ � | x ≠ 0} Î·È ÁÈ· Î¿ıÂ x ∈ �*
ÈÛ¯‡ÂÈ

ÕÚ· Ë f1 Â›Ó·È ¿ÚÙÈ·.

ii) H f2 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo [2, +∞) Ô˘ ‰ÂÓ ¤¯ÂÈ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜ ÙÔ
√. ÕÚ· ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

f1(–x) = 1

|–x|
 = 1

|x|
 = f1(x).

–2x

(–x)2 + 1
 = –2x

x2 + 1
 = – 2x

x2 + 1

(–x)2

1 – x
 = x2

1 – x

2 ⋅ 1
12 + 1

2x

x2 + 1
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iii) H f3 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo � Î·È ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ
f3(–x) = |–x – 1| – |–x + 1| = |x + 1| – |x – 1| = –f3(x).

ÕÚ· Ë f3 Â›Ó·È ÂÚÈÙÙ‹.

iv) H f4 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ Ùo �* Î·È Â›Ó·È ÂÚÈÙÙ‹, ‰ÈfiÙÈ ÈÛ¯‡ÂÈ

∆¤ÏÔ˜, ·Ó ÂÚÁ·ÛÙÔ‡ÌÂ fiˆ˜ ÛÙËÓ i), ı· ·Ô‰Â›ÍÔ˘ÌÂ fiÙÈ:

v) H f5 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ � Î·È Â›Ó·È ¿ÚÙÈ·, ‰ÈfiÙÈ f5(–x) = f5(x), ÁÈ·
Î¿ıÂ x ∈ �.

vi) H f6 ¤¯ÂÈ Â‰›Ô ÔÚÈÛÌÔ‡ ÙÔ [–1, 1] Î·È Â›Ó·È ¿ÚÙÈ·, ‰ÈfiÙÈ f6(–x) = f6(x),
ÁÈ· Î¿ıÂ x ∈ [–1, 1].

6. i) H Cf ¤¯ÂÈ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜ ÙÔ √(0, 0). ÕÚ· Ë f Â›Ó·È ÂÚÈÙÙ‹.

ii) H Cg ¤¯ÂÈ ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ yãy. ÕÚ· Ë g Â›Ó·È ¿ÚÙÈ·.

iii) H Ch ‰ÂÓ ¤¯ÂÈ Ô‡ÙÂ ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ yãy, Ô‡ÙÂ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜

ÙÔ O(0, 0). ÕÚ· Ë h ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ· Ô‡ÙÂ ÂÚÈÙÙ‹. 

7. √ÌÔ›ˆ˜
i) H f Â›Ó·È ¿ÚÙÈ·.
ii) H g Â›Ó·È ÂÚÈÙÙ‹.
iii) H h ‰ÂÓ Â›Ó·È Ô‡ÙÂ ¿ÚÙÈ·, Ô‡ÙÂ ÂÚÈÙÙ‹.

8. ·) ¶·›ÚÓÔ˘ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ C1, C2 Î·È C3 ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy.

‚) ¶·›ÚÓÔ˘ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ C1, C2 Î·È C3 ˆ˜ ÚÔ˜ ÙËÓ ·Ú¯‹ ÙˆÓ
·ÍfiÓˆÓ.

f4(x) =

x2 + 1

x

x2 + 1
 = 1

x
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KEº∞§∞π√ 5

ª∂§∂∆∏ µ∞™π∫ø¡ ™À¡∞ƒ∆∏™∂ø¡

¨ 5.1. ªÂÏ¤ÙË˜ ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x) = ·x2

∞ã  √ª∞¢∞™

1. ∏ Î·Ì‡ÏË Â›Ó·È ÌÈ· ·Ú·‚ÔÏ‹ ÌÂ ÎÔÚ˘Ê‹ ÙÔ O(0, 0) Î·È ¿ÍÔÓ· Û˘ÌÌÂ-
ÙÚ›·˜ ÙÔÓ ¿ÍÔÓ· yãy. ∂ÔÌ¤Óˆ˜, ı· ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ y = ·x2 Î·È,
ÂÂÈ‰‹ ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛËÌÂ›Ô ∞(1, 2), ÔÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ ÙÔ˘ ÛËÌÂ›Ô˘ ∞
ı· Â·ÏËıÂ‡Ô˘Ó ÙËÓ ÂÍ›ÛˆÛ‹ ÙË˜.

ÕÚ· ı· ÈÛ¯‡ÂÈ 2 = · Ø 12 ⇔ · = 2.
√fiÙÂ, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È Ë y = 2x2.

2. i) H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ Ê(x) = 0,5x2

Â›Ó·È ÌÈ· ·Ú·‚ÔÏ‹ ·ÓÔÈ¯Ù‹ ÚÔ˜ Ù·
¿Óˆ ÌÂ ÎÔÚ˘Ê‹ ÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ
Î·È ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ yãy (Û¯.).
∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙˆÓ Û˘Ó·ÚÙ‹ÛÂˆÓ
f(x) = 0,5x2 + 2 Î·È g(x) = 0,5x2 – 3
ÚÔÎ‡ÙÔ˘Ó ·fi Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·Ùfi-
ÈÛË ÙË˜ ·Ú·‚ÔÏ‹˜ y = 0,5x2, ÙË˜ ÌÂÓ
ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ¿Óˆ,
ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· Î¿Ùˆ.

ii) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ „(x) = –0,5x2

Â›Ó·È ÌÈ· ·Ú·‚ÔÏ‹ ·ÓÔÈ¯Ù‹ ÚÔ˜ Ù· Î¿-
Ùˆ ÌÂ ÎÔÚ˘Ê‹ ÙËÓ ·Ú¯‹ ÙˆÓ ·ÍfiÓˆÓ Î·È
¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙÔÓ ¿ÍÔÓ· yãy (Û¯.).
√È ÁÚ·ÊÈÎ¤  ̃·Ú¿ÛÙ·ÛÂÈ̃  ÙˆÓ Û˘Ó·ÚÙ‹ÛÂ-
ˆÓ h(x) = –0,5x2 –2 Î·È q(x) = –0,5x2 + 3
ÚÔÎ‡ÙÔ˘Ó ·fi Î·Ù·ÎfiÚ˘ÊÂ˜ ÌÂÙ·ÙÔ-
›ÛÂÈ˜ ÙË˜ ·Ú·‚ÔÏ‹˜ y = –0,5x2, ÙË˜
ÌÂÓ ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù·
Î¿Ùˆ, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ 3 ÌÔÓ¿‰Â˜
ÚÔ˜ Ù· ¿Óˆ.
¶·Ú·Ù‹ÚËÛË: ∂ÂÈ‰‹ ÔÈ Û˘Ó·ÚÙ‹ÛÂÈ˜ „, h Î·È q Â›Ó·È ·ÓÙ›ıÂÙÂ˜ ÙˆÓ
Û˘Ó·ÚÙ‹ÛÂˆÓ Ê, f Î·È g ·ÓÙÈÛÙÔ›¯ˆ˜, ÁÈ· Ó· ¯·Ú¿ÍÔ˘ÌÂ ÙÈ˜ ÁÚ·ÊÈÎ¤˜
·Ú·ÛÙ¿ÛÂÈ˜ ÙÔ˘˜ ·ÚÎÂ› Ó· ·›ÚÓ·ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ ÁÚ·ÊÈÎÒÓ
·Ú·ÛÙ¿ÛÂˆÓ ÙˆÓ Ê, f Î·È g ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· xãx.



3. i) X·Ú¿ÛÛÔ˘ÌÂ ÙË ÁÚ·ÊÈÎ‹ ·-
Ú¿ÛÙ·ÛË ÙË˜ Ê(x) = 0,5x2, fiˆ˜
ÛÙËÓ ¿ÛÎËÛË 2. i). √È ÁÚ·ÊÈ-
Î¤˜ ·Ú¿ÛÙ·ÛÂÈ˜ ÙˆÓ Û˘Ó·Ú-
Ù‹ÛÂˆÓ f(x) = 0,5(x – 2)2 Î·È
g(x) = 0,5(x + 2)2 ÚÔÎ‡ÙÔ˘Ó
·fi ÔÚÈ˙fiÓÙÈÂ˜ ÌÂÙ·ÙÔ›ÛÂÈ˜
ÙË˜ ·Ú·‚ÔÏ‹˜ y = 0,5x2, ÙË˜
ÌÂÓ ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ 2 ÌÔ-
Ó¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿.

ii) Ã·Ú¿ÛÛÔ˘ÌÂ ÙË ÁÚ·ÊÈÎ‹ ·-
Ú¿ÛÙ·ÛË ÙË˜ „(x) = –0,5x2,
fiˆ˜ ÛÙËÓ ¿ÛÎËÛË 2. ii). √È
ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ Û˘-
Ó·ÚÙ‹ÛÂˆÓ h(x) = –0,5(x – 2)2

Î·È q(x) = –0,5(x + 2)2 ÚÔ-
Î‡ÙÔ˘Ó ·fi ÔÚÈ˙fiÓÙÈÂ˜ ÌÂ-
Ù·ÙÔ›ÛÂÈ˜ ÙË˜ ·Ú·‚ÔÏ‹˜
y = –0,5x2, ÙË˜ ÚÒÙË˜ Î·Ù¿
2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿, ÙË˜
‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ ‰‡Ô ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿.

4. i) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙˆÓ
f(x) = x2 Â›Ó·È Ë ·Ú·‚ÔÏ‹
y = x2 ÙÔ˘ ‰ÈÏ·ÓÔ‡ Û¯‹Ì·ÙÔ˜,
ÂÓÒ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
g(x) = 1 Â›Ó·È Ë Â˘ıÂ›· y = 1
ÙÔ˘ ›‰ÈÔ˘ Û¯‹Ì·ÙÔ˜. 
OÈ ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ Ù¤-
ÌÓÔÓÙ·È ÛÙ· ÛËÌÂ›· A(1, 1) Î·È B(–1, 1) Ô˘ Â›Ó·È Û˘ÌÌÂÙÚÈÎ¿ ˆ˜ ÚÔ˜
ÙÔÓ ¿ÍÔÓ· yãy.
∂ÂÈ‰‹

x2 ≤ 1 ⇔ f(x) ≤ g(x)   Î·È   x2 > 1 ⇔ f(x) > g(x) 

Ë ·Ó›ÛˆÛË x2 ≤ 1 ·ÏËıÂ‡ÂÈ ÁÈ· ÂÎÂ›Ó· Ù· x ÁÈ· Ù· ÔÔ›· Cf ‚Ú›ÛÎÂÙ·È
Î¿Ùˆ ·fi ÙËÓ Cg ‹ ¤¯ÂÈ ÙÔ ›‰ÈÔ ‡„Ô˜ ÌÂ ·˘Ù‹, ÂÓÒ Ë x2 > 1 ·ÏËıÂ‡ÂÈ ÁÈ·
ÂÎÂ›Ó· Ù· x ÁÈ· Ù· ÔÔ›· Ë Cf ‚Ú›ÛÎÂÙ·È ¿Óˆ ·fi ÙËÓ Cg. ∂ÔÌ¤Óˆ˜,
ı· ¤¯Ô˘ÌÂ 

x2 ≤ 1 ⇔ –1 ≤ x ≤ 1     Î·È     x2 > 1 ⇔ x < –1     ‹     x > 1.

ii) Œ¯Ô˘ÌÂ
x2 ≤ 1 ⇔ x2 – 1 ≤ 0 ⇔ x ∈ [–1, 1]
x2 > 1 ⇔ x2 – 1 > 0 ⇔ x ∈ (–∞, –1) ∪ (1, +∞)
‰ÈfiÙÈ ÙÔ ÙÚÈÒÓ˘ÌÔ x2 – 1 ¤¯ÂÈ Ú›˙Â˜ ÙÈ˜ x1 = – 1 Î·È x2 = 1.
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µã  √ª∞¢∞™

1. ∂›Ó·È
–x2, x < 0

f(x) = 
x2, x ≥ 0

∂ÔÌ¤Óˆ˜, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
f ·ÔÙÂÏÂ›Ù·È ·fi ÙÔ ÙÌ‹Ì· ÙË˜ ·Ú·-
‚ÔÏ‹˜ y = –x2 ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›·
¤¯Ô˘Ó ·ÚÓËÙÈÎ‹ ÙÂÙÌËÌ¤ÓË Î·È ·fi ÙÔ
ÙÌ‹Ì· ÙË˜ ·Ú·‚ÔÏ‹˜ y = x2 ÙÔ˘ ÔÔ›-
Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË ıÂÙÈÎ‹
‹ ÌË‰¤Ó.

2. ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË˜ ÙË˜

–x, x < 0
f(x) = 

x2, x ≥ 0

·ÔÙÂÏÂ›Ù·È ·fi ÙÔ ÙÌ‹Ì· ÙË˜ Â˘ıÂ›·˜
y = –x ÙÔ˘ ÔÔ›Ô˘ Ù· ÛËÌÂ›· ¤¯Ô˘Ó
·ÚÓËÙÈÎ‹ ÙÂÙÌËÌ¤ÓË Î·È ·fi ÙÔ ÙÌ‹-
Ì· ÙË˜ ·Ú·‚ÔÏ‹˜ y = x2 ÙÔ˘ ÔÔ›Ô˘
Ù· ÛËÌÂ›· ¤¯Ô˘Ó ÙÂÙÌËÌ¤ÓË ıÂÙÈÎ‹ ‹
ÌË‰¤Ó.
∞fi ÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ÚÔ-
ÛÎ‡ÙÂÈ fiÙÈ
� ∏ f  Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ

(–∞, 0] Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [0, +∞).
� ∏ f  ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÁÈ· x = 0, ÙÔ f(0) = 0.

3. i) ∞fi ÙÔ Û¯‹Ì· ·˘Ùfi ÚÔÎ‡ÙÂÈ fiÙÈ
·) ™ÙÔ ‰È¿ÛÙËÌ· (0, 1) ·fi fiÏÂ˜ ÙÈ˜ ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ¯·ÌËÏfiÙÂÚ·

‚Ú›ÛÎÂÙ·È Ë y = x3, ¤ÂÈÙ· Ë y = x2, ¤ÂÈÙ· Ë y = x Î·È Ù¤ÏÔ˜ Ë 

∂ÔÌ¤Óˆ˜, ·Ó x∈ (0, 1) ÙfiÙÂ x3 < x2 < x < 

‚) ™ÙÔ ‰È¿ÛÙËÌ· (1, +∞) Û˘Ì‚·›ÓÂÈ ÙÔ ·ÓÙ›ıÂÙÔ. ∂ÔÌ¤Óˆ˜ ·Ó x∈ (1, +∞),

ÙfiÙÂ x3 > x2 > x > 

ii) ñ  ŒÛÙˆ 0 < x< 1. TfiÙÂ
� x3 < x2 ⇔ x2(x – 1) < 0, Ô˘ ÈÛ¯‡ÂÈ, ‰ÈfiÙÈ 0 < x < 1.
� x2 < x ⇔ x(x – 1) < 0, Ô˘ ÈÛ¯‡ÂÈ, ‰ÈfiÙÈ 0 < x < 1.

� x < ⇔ x2 < x, Ô˘ ÈÛ¯‡ÂÈ ·fi ÚÈÓ.x

x.

x.

y = x.
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ÕÚ· x3 < x2 < x < 

ñ  ŒÛÙˆ x > 1. ∞Ó ÂÚÁ·ÛÙÔ‡ÌÂ ·Ó·ÏfiÁˆ˜, ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ x3 > x2 > x > 

4. ∞Ó x > 0 Â›Ó·È Ë ÙÂÙÌËÌ¤ÓË ÙÔ˘ ÛËÌÂ›Ô˘ ∞, ÙfiÙÂ Ë ÙÂÙ·ÁÌ¤ÓË ÙÔ˘ ı· Â›-
Ó·È Ë y = x2. ÕÚ· ÙÔ ∞ ı· ¤¯ÂÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ (x, x2), ÔfiÙÂ ÙÔ ÛËÌÂ›Ô µ,
Ô˘ Â›Ó·È Û˘ÌÌÂÙÚÈÎfi ÙÔ˘ ∞ ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy, ı· ¤¯ÂÈ Û˘ÓÙÂÙ·ÁÌ¤-
ÓÂ˜ (–x, x2). ∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ
(∞µ) = 2x   Î·È   (OA) = (OB) = 

∂ÔÌ¤Óˆ˜, ÙÔ ÙÚ›ÁˆÓÔ √∞µ Â›Ó·È ÈÛfiÏÂ˘ÚÔ, ·Ó Î·È ÌfiÓÔ ·Ó

(OA) = (AB) ⇔ 2x = ⇔ (2x)2 = x2 + x4

⇔ x4 = 3x2 ⇔ x2 = 3,

⇔ x = , ‰ÈfiÙÈ x > 0.

¨ 5.2. ªÂÏ¤ÙË ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x) = ·—x
∞ã  √ª∞¢∞™

1. ∏ ˘ÂÚ‚ÔÏ‹ ¤¯ÂÈ ÂÍ›ÛˆÛË ÙË˜ ÌÔÚÊ‹˜ Î·È, ÂÂÈ‰‹ ‰È¤Ú¯ÂÙ·È ·fi ÙÔ 

ÛËÌÂ›Ô ∞(2, 1), ÔÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ ÙÔ˘ ÛËÌÂ›Ô˘ ∞ ı· Â·ÏËıÂ‡Ô˘Ó ÙËÓ ÂÍ›-
ÛˆÛ‹ ÙË˜.

∂ÔÌ¤Óˆ˜ ı· ÈÛ¯‡ÂÈ ⇔ · = 2.

ÕÚ·, Ë ˙ËÙÔ‡ÌÂÓË ÂÍ›ÛˆÛË Â›Ó·È Ë 

2. i) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË

ÙË˜ Ê(x) = Â›Ó·È ÌÈ·

˘ÂÚ‚ÔÏ‹ ÌÂ ÎÏ¿‰Ô˘  ̃ÛÙÔ
1Ô Î·È 3Ô ÙÂÙ·ÚÙËÌfiÚÈÔ
Î·È ÌÂ Î¤ÓÙÚÔ Û˘ÌÌÂÙÚ›·˜
ÙÔ O (Û¯.).
√È ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿-
ÛÂÈ˜ ÙˆÓ Û˘Ó·ÚÙ‹ÛÂˆÓ

f(x) = Î·È

g(x) = ÚÔÎ‡ÙÔ˘Ó

·fi Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·-

1

x
 – 3

1

x
 + 2

1

x

y = 2

x
 .

1 = ·

2

y = ·

x

3

x2 + x4

x2 + (x2)2  = x2 + x4 .

x .

x .
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ÙfiÈÛË ÙË˜ ˘ÂÚ‚ÔÏ‹˜ ÙË˜ ÌÂÓ ÚÒÙË˜ Î·Ù¿  2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù·

¿Óˆ, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· Î¿Ùˆ.

ii) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË 

ÙË˜ „(x) = Â›Ó·È ÌÈ·

˘ÂÚ‚ÔÏ‹ ÌÂ ÎÏ¿‰Ô˘˜
ÛÙÔ 2Ô Î·È 4Ô ÙÂÙ·ÚÙËÌfi-
ÚÈÔ Î·È ÌÂ Î¤ÓÙÚÔ Û˘Ì-
ÌÂÙÚ›·˜ ÙÔ O (Û¯.).
∏ ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿-
ÛÂÈ˜ ÙˆÓ Û˘Ó·ÚÙ‹ÛÂˆÓ

h(x) = Î·È

q(x) = ÚÔÎ‡-

ÙÔ˘Ó ·fi Î·Ù·ÎfiÚ˘ÊÂ˜ 

ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜ ˘ÂÚ‚ÔÏ‹˜ , ÙË˜ ÌÂÓ ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜

ÚÔ˜ Ù· Î¿Ùˆ, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ¿Óˆ.
¶·Ú·Ù‹ÚËÛË: ∂ÂÈ‰‹ ÔÈ Û˘Ó·ÚÙ‹ÛÂÈ˜ „, h Î·È q Â›Ó·È ·ÓÙ›ıÂÙÂ˜ ÙˆÓ
Û˘Ó·ÚÙ‹ÛÂˆÓ Ê, f Î·È g ·ÓÙÈÛÙÔ›¯ˆ˜, ÁÈ· Ó· ¯·Ú¿ÍÔ˘ÌÂ ÙÈ˜ ÁÚ·ÊÈÎ¤˜
·Ú·ÛÙ¿ÛÂÈ˜ ÙÔ˘˜ ·ÚÎÂ› Ó· ¿ÚÔ˘ÌÂ ÙÈ˜ Û˘ÌÌÂÙÚÈÎ¤˜ ÙˆÓ ÁÚ·ÊÈÎÒÓ
·Ú·ÛÙ¿ÛÂˆÓ ÙˆÓ Ê, f Î·È g ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· xãx.

3. i) Ã·Ú¿ÛÛÔ˘ÌÂ ÙË ÁÚ·ÊÈ-
Î‹ ·Ú¿ÛÙ·ÛË ÙË˜ 

Ê(x) = , fiˆ˜ ÛÙËÓ 

¿ÛÎËÛË 2. i). √È ÁÚ·ÊÈ-
Î¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ Û˘-
Ó·ÚÙ‹ÛÂˆÓ

f(x) = Î·È 

g(x) = , ÚÔÎ‡ÙÔ˘Ó

·fi ÔÚÈ˙fiÓÙÈÂ˜ ÌÂÙ·ÙÔ-
›ÛÂÈ˜ ÙË˜ ˘ÂÚ‚ÔÏ‹˜ 

1

x + 3

1

x – 2

1

x

y = – 1

x

– 1

x
 + 3

– 1

x
 – 2

– 1

x

y = 1

x

5.2. ªÂÏ¤ÙË ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x) = ·—x 73



, ÙË˜ ÌÂÓ ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜

Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿.

ii) Ã·Ú¿ÛÛÔ˘ÌÂ ÙË ÁÚ·ÊÈ-
Î‹ ·Ú¿ÛÙ·ÛË ÙË˜ 

„(x) = , fiˆ˜ ÛÙËÓ 

¿ÛÎËÛË 2. ii). √È ÁÚ·-
ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ
Û˘Ó·ÚÙ‹ÛÂˆÓ 

h(x) = Î·È 

q(x) = 

ÚÔÎ‡ÙÔ˘Ó ·fi ÔÚÈ˙fi-
ÓÙÈÂ˜ ÌÂÙ·ÙÔ›ÛÂÈ˜ ÙË˜
˘ÂÚ‚ÔÏ‹˜ 

, ÙË˜ ÌÂÓ ÚÒÙË˜ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿, ÙË˜ ‰Â ‰Â‡ÙÂÚË˜ 

Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ·ÚÈÛÙÂÚ¿.

4. i) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË 

ÙË˜ f(x) = Â›Ó·È Ë 

˘ÂÚ‚ÔÏ‹ Cf ÙÔ˘ ‰ÈÏ·-
ÓÔ‡ Û¯‹Ì·ÙÔ˜, ÂÓÒ Ë
ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
g(x) = 1 Â›Ó·È Ë Â˘ıÂ›·
Cg ÙÔ˘ ›‰ÈÔ˘ Û¯‹Ì·ÙÔ˜.
√È Cf Î·È Cg Ù¤ÌÓÔÓÙ·È 
ÛÙÔ ÛËÌÂ›Ô ∞(1, 1).
∂ÔÌ¤Óˆ˜:

ñ ≤ 1 ⇔ f(x) ≤ g(x) ⇔ x < 0   ‹   x ≥ 1

ñ > 1 ⇔ f(x) > g(x) ⇔ 0 < x < 1
1

x

1

x

1

x

y = – 1

x

– 1

x + 3

– 1

x – 2

– 1

x

y = 1

x
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ii) Œ¯Ô˘ÌÂ

x(1 – x) ≤ 0
≤ 1 ⇔ –1 ≤ 0 ⇔ ≤ 0 ⇔ ⇔ x < 0   ‹   x ≥ 1.

x ≠ 0

> 1 ⇔ –1 > 0 ⇔ > 0 ⇔ x(1 – x) > 0 ⇔ 0 < x < 1.

5. i) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË

ÙË˜ f(x) = 1—x Â›Ó·È Ë

˘ÂÚ‚ÔÏ‹ Cf ÙÔ˘ ‰È-
Ï·ÓÔ‡ Û¯‹Ì·ÙÔ˜, ÂÓÒ Ë
ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜
g(x) = x2 Â›Ó·È Ë ·Ú·-
‚ÔÏ‹ Cg ÙÔ˘ ›‰ÈÔ˘ Û¯‹-
Ì·ÙÔ˜. √È Cf Î·È Cg ¤-
¯Ô˘Ó ¤Ó· ÌfiÓÔ ÎÔÈÓfi ÛË-
ÌÂ›Ô, ÙÔ ∞(1, 1). ∂ÂÈ‰‹

≤ x2 ⇔ f(x) ≤ g(x) Î·È

> x2 ⇔ f(x) > g(x) 

Ë ·Ó›ÛˆÛË ≤ x2 ·ÏËıÂ‡ÂÈ ÁÈ· ÂÎÂ›Ó· Ù· x ÁÈ· Ù· ÔÔ›· Ë Cf ‚Ú›ÛÎÂÙ·È 

Î¿Ùˆ ·fi ÙËÓ Cg ‹ ¤¯ÂÈ ÙÔ ›‰ÈÔ ‡„Ô˜ ÌÂ ·˘Ù‹, ÂÓÒ Ë > x2 ·ÏËıÂ‡ÂÈ ÁÈ·

ÂÎÂ›Ó· Ù· x ÁÈ· Ù· ÔÔ›· Ë Cf ‚Ú›ÛÎÂÙ·È ¿Óˆ ·fi ÙËÓ Cg.
∂ÔÌ¤Óˆ˜, ı· ¤¯Ô˘ÌÂ

ñ ≤ x2 ⇔ x < 0   ‹   x ≥ 1.

ñ > x2 ⇔ 0 < x < 1.

ii) Œ¯Ô˘ÌÂ

ñ ≤ x2 ⇔ – x2 ≤ 0 ⇔ ≤ 0 

⇔ ≥ 0 ⇔ x(x3 – 1) ≥ 0   Î·È   x ≠ 0

⇔ x(x – 1)(x2 + x + 1) ≥ 0   Î·È   x ≠ 0
⇔ x(x – 1) ≥ 0   Î·È   x ≠ 0
⇔ x < 0   ‹   x ≥ 1.

x3 – 1

x

1 – x3

x

1

x

1

x

1

x

1

x

1

x

1

x

1

x

1

x

1 – x

x

1

x

1

x

1 – x

x

1

x

1

x
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∂ÔÌ¤Óˆ˜

ñ > x2 ⇔ 0 < x < 1.

6. ™Â ¤Ó· Û‡ÛÙËÌ· Û˘ÓÙÂÙ·ÁÌ¤ÓˆÓ ·›Ú-
ÓÔ˘ÌÂ ∞µ = √∞ = x > 0 Î·È ∞° = √°
= y > 0. ∆fiÙÂ ÙÔ ÂÌ‚·‰fi ∂ ÙÔ˘ ÙÚÈÁÒ-

ÓÔ˘ Â›Ó·È ∂ = , ÔfiÙÂ ¤¯Ô˘ÌÂ 

= 2 ⇔ xy = 4 ⇔ , (1).

H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ (1) Â›Ó·È ˘ÂÚ‚ÔÏ‹ ÌÂ ÂÍ›ÛˆÛË Î·È Ê·›-
ÓÂÙ·È ÛÙÔ Û¯‹Ì·.

¨ 5.3. ªÂÏ¤ÙË ÙË˜ Û˘Ó¿ÚÙËÛË˜ f(x) = ·x2 + ‚x + Á
∞ã  √ª∞¢∞™

1. i) Œ¯Ô˘ÌÂ
f(x) = 2(x2 – 2x) + 5 = 2(x2 – 2 Ø x + 12) – 2 +5 = 2(x – 1)2 + 3.
ÕÚ·, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô ‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·-
ÙÔ›ÛÂÈ˜ ÙË˜ ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ g(x) = 2x2, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿
1 ÌÔÓ¿‰· ÚÔ˜ Ù· ‰ÂÍÈ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù·
¿Óˆ.

ii) Œ¯Ô˘ÌÂ
f(x) = – 2(x2 – 4x) – 9 = –2(x2 – 2 Ø 2x + 22) + 8 – 9 = –2(x – 2)2 – 1.
ÕÚ·, Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ÚÔÎ‡ÙÂÈ ·fi ‰‡Ô ‰È·‰Ô¯ÈÎ¤˜ ÌÂÙ·-
ÙÔ›ÛÂÈ˜ ÙË˜ ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ g(x) = –2x2, ÌÈ·˜ ÔÚÈ˙fiÓÙÈ·˜ Î·Ù¿
2 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿ Î·È ÌÈ·˜ Î·Ù·ÎfiÚ˘ÊË˜ Î·Ù¿ 1 ÌÔÓ¿‰· ÚÔ˜ Ù·
Î¿Ùˆ.

2. ·) °È· ÙË Û˘Ó¿ÚÙËÛË f(x) = 2x2 – 6x + 3 Â›Ó·È · = 2 > 0, ÔfiÙÂ ·˘Ù‹ ·-
ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÁÈ·

‚) °È· ÙË Û˘Ó¿ÚÙËÛË g(x) = –3x2 – 5x + 2 Â›Ó·È · = –3 < 0, ÔfiÙÂ ·˘Ù‹
·ÚÔ˘ÛÈ¿˙ÂÈ Ì¤ÁÈÛÙÔ ÁÈ·

x = – ‚

2·
 = 6

4
 = 3

2
 , ÙÔ f 3

2
 = 2 3

2

2

 – 6 ⋅ 3
2

 + 3 = – 3

2
 .

y = 4

x

y = 4

x

xy

2

xy

2

1

x
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3. ·) °È· ÙË Û˘Ó¿ÚÙËÛË f(x) = 2x2 + 4x + 1
Â›Ó·È · = 2 > 0, ÔfiÙÂ ·˘Ù‹
� ¶·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÁÈ·

� ∂›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, –1]
Î·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [–1, +∞).
∞ÎfiÌË Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f
Â›Ó·È ·Ú·‚ÔÏ‹ Î·È

� ¤¯ÂÈ ÎÔÚ˘Ê‹ ÙÔ ÛËÌÂ›Ô ∫(–1, –1) Î·È
¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙËÓ Â˘ıÂ›· x = –1,

� Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· xãx ÛÙ· ÛËÌÂ›·

ÔÈ ÙÂÙÌËÌ¤ÓÂ˜ ÙˆÓ ÔÔ›ˆÓ, Â›Ó·È ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ 2x2 + 4x + 1,
ÂÓÒ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô °(0, 1).

‚) °È· ÙË Û˘Ó¿ÚÙËÛË g(x) = –2x2 +
8x – 9 Â›Ó·È · = –2 < 0, ÔfiÙÂ ·˘Ù‹
� ¶·ÚÔ˘ÛÈ¿˙ÂÈ Ì¤ÁÈÛÙÔ ÁÈ· 

� ∂›Ó·È ÁÓËÛ›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ
(–∞, 2] Î·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û·
ÛÙÔ [2, +∞). ∞ÎfiÌË Ë ÁÚ·ÊÈÎ‹
ÙË˜ ·Ú¿ÛÙ·ÛË Â›Ó·È ·Ú·‚ÔÏ‹
Î·È

� ¤¯ÂÈ ÎÔÚ˘Ê‹ ÙÔ ÛËÌÂ›Ô ∫(2, –1) Î·È ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÙËÓ Â˘ıÂ›·
x = 2,

� Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô ∞(0, –9) ÂÓÒ, ‰ÂÓ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ·
xãx, ÁÈ·Ù› ÙÔ ÙÚÈÒÓ˘ÌÔ ‰ÂÓ ¤¯ÂÈ Ú›˙Â˜.

4. °ÓˆÚ›˙Ô˘ÌÂ fiÙÈ
i) ŸÙ·Ó · > 0, ÙfiÙÂ Ë ·Ú·‚ÔÏ‹ y = ·x2 + ‚x + Á Â›Ó·È ·ÓÔÈ¯Ù‹ ÚÔ˜ Ù·

¿Óˆ, ÂÓÒ fiÙ·Ó · < 0, ÙfiÙÂ Ë ·Ú·‚ÔÏ‹ Â›Ó·È ·ÓÔÈ¯Ù‹ ÚÔ˜ Ù· Î¿Ùˆ.
∂ÔÌ¤Óˆ˜, ıÂÙÈÎfi · ¤¯Ô˘Ó Ù· ÙÚÈÒÓ˘Ì· f1, f3 Î·È f6, ÂÓÒ ·ÚÓËÙÈÎfi ·
¤¯Ô˘Ó Ù· ÙÚÈÒÓ˘Ì· f2, f4, f5 Î·È f7.

x = – ‚

2·
 = 2, ÙÔ g(2) = –1.

A – 2 + 2

2
 , 0    Î·È   µ –2 + 2

2
 , 0

x = – ‚

2·
 = –1, ÙÔ f(–1) = –1.

x = – ‚

2·
 = –5

6
 , ÙÔ g –5

6
 = –3 –5

6

2

 – 5 –5

6
 + 2 = 49

12
 .
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ii) ∆Ô Á Â›Ó·È Ë ÙÂÙ·ÁÌ¤ÓË ÙÔ˘ ÛËÌÂ›Ô˘ ÙÔÌ‹˜ ÙË˜ ·Ú·‚ÔÏ‹˜ y = ·x2 + ‚x + Á
ÌÂ ÙÔÓ ¿ÍÔÓ· yãy. ∂ÔÌ¤Óˆ˜, ıÂÙÈÎfi Á ¤¯Ô˘Ó Ù· ÙÚÈÒÓ˘Ì· f1 Î·È f5, ·ÚÓË-
ÙÈÎfi Á ¤¯Ô˘Ó Ù· ÙÚÈÒÓ˘Ì· f2, f3, f6 Î·È f7, ÂÓÒ Á ›ÛÔÓ ÌÂ ÌË‰¤Ó ¤¯ÂÈ ÙÔ f4.

iii) ∏ ÙÂÙ·ÁÌ¤ÓË ÙË˜ ÎÔÚ˘Ê‹˜ ∫ ÙË˜ ·Ú·‚ÔÏ‹˜ y = ·x2 + ‚x + Á ‰›ÓÂÙ·È

·fi ÙÔÓ Ù‡Ô , ÔfiÙÂ ÈÛ¯‡ÂÈ ‚ = –2· Ø x∫. ∂ÔÌ¤Óˆ˜

� ÁÈ· ÙËÓ f2 Ô˘ ¤¯ÂÈ · < 0 Î·È x∫ > 0, ¤¯Ô˘ÌÂ ‚ > 0,
� ÁÈ· ÙËÓ f3 Ô˘ ¤¯ÂÈ · > 0 Î·È x∫ > 0, ¤¯Ô˘ÌÂ ‚ < 0,
� ÁÈ· ÙËÓ f4 Ô˘ ¤¯ÂÈ · < 0 Î·È x∫ > 0, ¤¯Ô˘ÌÂ ‚ > 0,
� ÁÈ· ÙËÓ f5 Ô˘ ¤¯ÂÈ · < 0 Î·È x∫ > 0, ¤¯Ô˘ÌÂ ‚ > 0,
� ÁÈ· ÙËÓ f6 Ô˘ ¤¯ÂÈ · > 0 Î·È x∫ < 0, ¤¯Ô˘ÌÂ ‚ > 0, Î·È
� ÁÈ· ÙËÓ f7 Ô˘ ¤¯ÂÈ · < 0 Î·È x∫ < 0, ¤¯Ô˘ÌÂ ‚ < 0.
ŒÙÛÈ ¤¯Ô˘ÌÂ ÙÔÓ ·Ú·Î¿Ùˆ ›Ó·Î·

Bã  √ª∞¢∞™

1. i) ∏ ·Ú·‚ÔÏ‹ ÂÊ¿ÙÂÙ·È ÙÔ˘ xãx ÌfiÓÔ ·Ó Â›Ó·È ¢ = 0.
¢ËÏ·‰‹ (k + 1)2 – 4k = 0 ⇔ k2 + 2k + 1 – 4k = 0 

⇔ k2 –2k + 1 = 0 ⇔ (k – 1)2 = 0 ⇔ k = 1.

ii) H ·Ú·‚ÔÏ‹ ¤¯ÂÈ ÙÔÓ yãy ¿ÍÔÓ· Û˘ÌÌÂÙÚ›·˜ ÌfiÓÔ ·Ó Ë ÎÔÚ˘Ê‹ ÙË˜ ‚Ú›-

ÛÎÂÙ·È ÛÙÔÓ ¿ÍÔÓ· yãy, ‰ËÏ·‰‹ ·Ó Î·È ÌÔÓÔ ·Ó ∂ÔÌ¤Óˆ˜ Ú¤ÂÈ

⇔ k = – 1.

iii) ∏ ÎÔÚ˘Ê‹ ÙË˜ ·Ú·‚ÔÏ‹˜ Â›Ó·È ÙÔ ÛËÌÂ›Ô

‰ËÏ·‰‹ ÙÔ ÛËÌÂ›Ô ∫ – k + 1

2
 , f – k + 1

2
 .∫ – ‚

2·
 , f – ‚

2·

– (k + 1)

2
 = 0

–‚

2·
 = 0.

xK = –‚

2·
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™‡ÌÊˆÓ· ÌÂ ÙËÓ ˘fiıÂÛË Ú¤ÂÈ , Ô˘ ‰È·‰Ô¯ÈÎ¿ ÁÚ¿ÊÂÙ·È

⇔ (k + 1)2 – 2(k + 1)2 + 4k = –16

⇔ –(k + 1)2 + 4k + 16 = 0 
⇔ –k2 – 2k – 1 + 4k + 16 = 0 

⇔ –k2 + 2k – 1 + 16 = 0 

⇔ k2 – 2k – 15 = 0.

∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ k1 = – 3 Î·È k2 = 5.
ñ °È· k = –3 Ë ÙÂÙÌËÌ¤ÓË ÙË˜ ÎÔÚ˘Ê‹˜ Â›Ó·È Ë x = 1, ÂÓÒ
ñ °È· k = 5 Ë ÙÂÙÌËÌ¤ÓË ÙË˜ ÎÔÚ˘Ê‹˜ Â›Ó·È Ë x = –3.

2. i) ∂ÂÈ‰‹ Ë ·Ú·‚ÔÏ‹ Â›Ó·È ·ÓÔÈ¯Ù‹ ÚÔ˜ Ù· Î¿Ùˆ, ı· Â›Ó·È · < 0.

ii) ∂ÂÈ‰‹ Ë ·Ú·‚ÔÏ‹ Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· ÙˆÓ x ÛÙ· ÛËÌÂ›· ∞(1, 0) Î·È
µ(5, 0), ÙÔ ÙÚÈÒÓ˘ÌÔ ¤¯ÂÈ ‰‡Ô Ú›˙Â˜ ¿ÓÈÛÂ˜ ÙÈ˜ Ú1 = 1 Î·È Ú2 = 5. 
ÕÚ· Â›Ó·È ¢ > 0.

iii) ∂ÂÈ‰‹ Ú1 + Ú2 = Î·È ‚ = 6, ı· ¤¯Ô˘ÌÂ 1 + 5 = , ÔfiÙÂ ı· Â›Ó·È 

· = –1.

∆¤ÏÔ˜, ÂÂÈ‰‹ Ú1 Ø Ú2 = , ı· ¤¯Ô˘ÌÂ 1 Ø 5 = , ÔfiÙÂ ı· Â›Ó·È Á = –5.

ÕÚ· ƒ(x) = –x2 + 6x – 5.

∞ÏÏÈÒ˜. ∂ÂÈ‰‹ ÙÔ ÙÚÈÒÓ˘ÌÔ ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ Ú1 = 1 Î·È Ú2 = 5, ı·
Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ Ú(x) = ·(x – Ú1)(x – Ú2) = ·(x – 1)(x – 5) = ·x2 – 6·x + 5·.
∂ÔÌ¤Óˆ˜ ı· Â›Ó·È ‚ = –6· Î·È ÂÂÈ‰‹ ‚ = 6, ı· ¤¯Ô˘ÌÂ · = –1. 
ÕÚ· ƒ(x) = –x2 + 6x –5.

3. i) H ÂÚ›ÌÂÙÚÔ˜ L ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘ ‰›ÓÂÙ·È ·fi ÙÔÓ Ù‡Ô L = 2(x + y) Î·È ÂÂÈ-
‰‹ ‰›ÓÂÙ·È fiÙÈ L = 20, ı· ÈÛ¯‡ÂÈ 2(x + y) = 20 ⇔ x + y = 10 ⇔ y = 10 – x.
∂ÔÌ¤Óˆ˜, ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘ ı· Â›Ó·È ›ÛÔ ÌÂ 

∂ = xy = x(10 – x) = –x2 + 10x. 

ÕÚ· f(x) = –x2 + 10x, 0 < x < 10.

ii) ∆Ô ÂÌ‚·‰fiÓ ÌÂÁÈÛÙÔÔÈÂ›Ù·È fiÙ·Ó ÌÂÁÈÛÙÔÔÈÂ›Ù·È ÙÔ ÙÚÈÒÓ˘ÌÔ f(x). ∞˘-

Ùfi Û˘Ì‚·›ÓÂÈ fiÙ·Ó , ‰ËÏ·‰‹ fiÙ·Ó ÙÔ ÔÚıÔÁÒÓÈÔ Á›ÓÂÈ 

ÙÂÙÚ¿ÁˆÓÔ, ·ÊÔ‡ ÁÈ· x = 5 Â›Ó·È Î·È y = 5. H Ì¤ÁÈÛÙË ÙÈÌ‹ ÙÔ˘ ÂÌ‚·‰Ô‡
Â›Ó·È ›ÛË ÌÂ

f(5) = –52 + 10 Ø 5 = 25.

x = –‚

2·
 = –10

–2
 = 5

Á

–1

Á

·

–6

·

–‚

·

k + 1

2

2

 – (k + 1) k + 1

2
 + k = –4

f – k + 1

2
 = –4
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4. AÓ ı¤ÛÔ˘ÌÂ (∞ª) = x, ÙfiÙÂ ı· Â›Ó·È (ªµ) = 6 – x (Û¯‹Ì·). ∞fi ÙÔ ÔÚıÔ-
ÁÒÓÈÔ ÙÚ›ÁˆÓÔ ∫°ª ·›ÚÓÔ˘ÌÂ.

, ÔfiÙÂ 

√ÌÔ›ˆ˜ ·fi ÙÔ ÙÚ›ÁˆÓÔ §¢µ ·›ÚÓÔ˘ÌÂ 

∆Ô ¿ıÚÔÈÛÌ· ÙˆÓ ÂÌ‚·‰ÒÓ ÙˆÓ ‰‡Ô ÙÚÈÁÒÓˆÓ Â›Ó·È ÙfiÙÂ

∂ = ∂1 + ∂2 =

ÕÚ· , ÌÂ 0 ≤ x ≤ 6.                                               (1)

∞fi ÙËÓ (1) Û˘ÌÂÚ·›ÓÔ˘ÌÂ fiÙÈ ÙÔ ÂÌ‚·‰fiÓ ∂ Â›Ó·È ÂÏ¿¯ÈÛÙÔ ÁÈ· ÙËÓ ÙÈÌ‹
ÙÔ˘ x, ÁÈ· ÙËÓ ÔÔ›· Ë Û˘Ó¿ÚÙËÛË f(x) = x2 – 6x + 18 ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯È-
ÛÙÔ. ∂ÂÈ‰‹ · = 1 > 0, Ë Û˘Ó¿ÚÙËÛË ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ ÁÈ·

∂ÔÌ¤Óˆ˜ ÙÔ ÂÌ‚·‰fiÓ Á›ÓÂÙ·È ÂÏ¿¯ÈÛÙÔ fiÙ·Ó ÙÔ ª Â›Ó·È ÙÔ Ì¤ÛÔ ÙÔ˘ ∞µ.

5. ∞fi ÙÔ Û¯‹Ì· ‚Ï¤Ô˘ÌÂ fiÙÈ ÁÈ· ÙÈ˜ ‰È·ÛÙ¿ÛÂÈ˜ x Î·È y ÈÛ¯‡ÂÈ

2x + 2x + 3y = 240 ⇔ 4x + 3y = 240 ⇔ y = (1)

TÔ ÂÌ‚·‰fiÓ ÙˆÓ ‰‡Ô ¯ÒÚˆÓ Â›Ó·È

∂ = 2xy = 2x (2)

°È· ÙË Û˘Ó¿ÚÙËÛË Â›Ó·È ÔfiÙÂ ·˘Ù‹

·ÚÔ˘ÛÈ¿˙ÂÈ Ì¤ÁÈÛÙÔ ÁÈ· 

∆fiÙÂ ·fi ÙËÓ (1) ·›ÚÓÔ˘ÌÂ 

ÕÚ·, ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ Ô˘ ‰›ÓÔ˘Ó ÙÔ Ì¤ÁÈÛÙÔ ÂÌ‚·‰fiÓ Â›Ó·È x = 30m Î·È
y = 40m.

y = 240 – 4 ⋅ 30

3
 = 40.

x = –‚

2·
 = –160

–16

3

 = 30.

· = – 8

3
 < 0,∂(x) = – 8

3
 x2 + 160x

240 – 4x

3
 = – 8

3
 x2 + 160x.

240 – 4x

3
 .

x = –‚

2·
 = 6

2
 = 3.

E = 3

2
 (x2 – 6x + 18).

= 3

4
x2 + 3

4
(6 – x)2

= 1

2
 x x 3

2
 + 1

2
 (6 –x) (6 –x) 3

2

1

2
 (∞ª)(∫°) + 1

2
 (ªµ)(§¢) 

˘2 =
(6 – x) 3

2
 .

˘1 =
x 3

2
 .˘1

2 = x2 – x

2

2

 = x2 – x2

4
 = 3x2

4
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KEº∞§∞π√ 6

™À™∆∏ª∞∆∞

¨ 6.1. °Ú·ÌÌÈÎ¿ Û˘ÛÙ‹Ì·Ù·
∞ã  √ª∞¢∞™

1. i) x – y = 4 2x = 6 x = 3
x + y = 2      

⇔     
x + y = 2      

⇔     
y = –1.

ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ (3, –1).

ii) 

2. i) 8x = 7y 8x – 7y = 0                 (1)

x + y = 45      
⇔ 

x + y = 45      
⇔

x + y = 45.                 (2)

Afi ÙË (2) ¤¯Ô˘ÌÂ y = 45 – x Î·È ÌÂ ·ÓÙÈÎ·Ù¿ÛÙ·ÛË ÛÙËÓ (1) ÚÔÎ‡ÙÂÈ
8x – 7(45 – x) = 0 ⇔ 8x – 315 + 7x = 0 ⇔ 15x = 315 ⇔ x = 21.
EÔÌ¤Óˆ˜ y = 45 – 21 = 24. 
ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ (21, 24).

ii) 4x – 4 = 3y – 6 4x – 3y = –2              (1)

4x + 3y = 8        
⇔

4x + 3y = 8         
⇔

4x + 3y = 8.               (2)

ªÂ ÚfiÛıÂÛË ÙˆÓ (1), (2) Î·Ù¿ Ì¤ÏË ¤¯Ô˘ÌÂ 8x = 6 ⇔ x = 3

4
 .

x – 1

3
 = y – 2

4

x

7
 = y

8

{{{

{ { {

{ { {



MÂ ·Ê·›ÚÂÛË ÙˆÓ (1), (2) Î·Ù¿ Ì¤ÏË ¤¯Ô˘ÌÂ 6y = 10 ⇔ 

ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ 

3. i) ∏ ÚÒÙË ÂÍ›ÛˆÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÁÚ¿ÊÂÙ·È

+ 2 = 0 ⇔ 7(x – 5) + 2(2y + 1) + 28 = 0 

⇔ 7x – 35 + 4y + 2 + 28 = 0 ⇔ 7x + 4y = 5.
∏ ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÁÚ¿ÊÂÙ·È

= 8 ⇔ 2(x + 6) – 3(y – 6) = 48 ⇔ 2x + 12 – 3y + 18 = 48 

⇔ 2x – 3y = 48 – 30 ⇔ 2x – 3y = 18.
ŒÙÛÈ ÙÔ ·Ú¯ÈÎfi Û‡ÛÙËÌ· Â›Ó·È ÈÛÔ‰‡Ó·ÌÔ ÌÂ ÙÔ Û‡ÛÙËÌ·

7x + 4y = 5               (1)
2x – 3y = 18.            (2)

∞·ÏÂ›ÊÔ˘ÌÂ ÙÔ y  
7x + 4y = 5                  (3) 21x + 12y = 15
2x – 3y = 18                (4) 8x – 12y = 72

29x = 87, ÔfiÙÂ x = = 3.

°È· x = 3 Ë (1) Á›ÓÂÙ·È 7 Ø 3 + 4y = 5 ⇔ 4y = – 21 + 5 ⇔ 4y = –16,
ÔfiÙÂ y = –4
ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ (3, –4).

ii) H ÚÒÙË ÂÍ›ÛˆÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÁÚ¿ÊÂÙ·È

⇔ 4(2x – 1) = 12 Ø 4 – 3(y + 2) 

⇔ 8x – 4 = 48 – 3y – 6 ⇔ 8x + 3y = 46.
H ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ÁÚ¿ÊÂÙ·È

⇔ 3(x + 3) – 3 Ø 6 = 2(x – y) 

⇔ 3x + 9 – 18 = 2x – 2y ⇔ x + 2y = 9.
ŒÙÛÈ ÙÔ ·Ú¯ÈÎfi Û‡ÛÙËÌ· Á›ÓÂÙ·È

8x + 3y = 46            (1)
x + 2y = 9.              (2)

∞ÓÙÈÎ·ıÈÛÙÔ‡ÌÂ ÛÙËÓ (1) fiÔ˘ x = 9 – 2y Î·È ¤¯Ô˘ÌÂ 

8(9 – 2y) + 3y = 46 ⇔ 72 – 16y + 3y = 46 ⇔ 13y = 26 ⇔ y = 2.
∏ (2) ÁÈ· y = 2 Á›ÓÂÙ·È x + 2 Ø 2 = 9 ⇔ x = 5.
ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ (5, 2).

{

x + 3

2
 – 3 = x – y

3

2x – 1

3
 = 4 – y + 2

4

87

29

{

x + 6

3
 – y – 6

2

x – 5

2
 + 2y + 1

7

3

4
 , 5

3
.

y = 5

3
 .
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4. i) x – 3y = 3 x – 3y = 3
⇔

x – 3y = –6. 

ÕÚ· ÙÔ Û‡ÛÙËÌ· Â›Ó·È ·‰‡Ó·ÙÔ.

ii) 2y = x + 2 x – 2y = –2 x – 2y = –2
⇔

x – 2y + 2 = 0    

⇔
x – 2y  = –2. 

ÕÚ· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ¿ÂÈÚÔ Ï‹ıÔ˜ Ï‡ÛÂˆÓ ÙË˜ ÌÔÚÊ‹˜

, k ∈ �.

5. i) Œ¯Ô˘ÌÂ
2  1

D =
3 – 5  

= 2 (–5) – 3 Ø 1 = –10 – 3 = –13 ≠ 0.

7  1
Dx =

4 – 5  
= (–5) Ø 7 – 4 Ø 1 = –35 – 4 = –39.

2  7
Dy =

3  4  
= 2 Ø 4 – 3 Ø 7 = 8 – 21 = –13.

∂ÔÌ¤Óˆ˜ 

ÕÚ· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙÔ ˙Â‡ÁÔ˜ (3, 1).

ii) ∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È 3x – 2y = 8
x + 3y = –1.

3   –2
D =

1    3  
= 9 + 2 = 11.

8  –2
Dx =

–1 3 
= 24 – 2 = 22.

3  8
Dy =

1  –1  
= –3 – 8 = –11.

∂ÔÌ¤Óˆ˜ 

ÕÚ· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙÔ ˙Â‡ÁÔ˜ (2, –1).

6. i)          2  –5
D =

6    7  
= 14 + 30 = 44 ≠ 0, ¿Ú· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË.

ii)         2  –3
D =

4   –6  
= –12 + 12 = 0. ∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È

x =
Dx

D
 = 22

11
 = 2   Î·È   y =

Dy

D
 = –11

11
 = –1.

{

x =
Dx

D
 = –39

–13
 = 3   Î·È   y =

Dy

D
 = –13

–13
 = 1.

k, k + 2

2

1

2
 x – y + 1 = 0

x

3
 – y = –2
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2x – 3y = 40                    2x – 3y = 40

4x – 6y = 80       
⇔

2x – 3y = 40

Î·È ÂÔÌ¤Óˆ˜ ¤¯ÂÈ ¿ÂÈÚÔ Ï‹ıÔ˜ Ï‡ÛÂˆÓ.

iii)         3  1
D = 

–9  –3  
= –9 + 9 = 0. ∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È

3x + y = 11                    3x + y = 11

–9x – 3y = 2       
⇔

3x + y = 

Î·È Â›Ó·È ·‰‡Ó·ÙÔ.

7. i) 2

D =
1      

= –2 = 2 – 2= 0.

∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È ‰È·‰Ô¯ÈÎ¿ ÈÛÔ‰‡Ó·Ì·:

⇔

⇔ 

ÕÚ· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ¿ÂÈÚÔ Ï‹ıÔ˜ Ï‡ÛÂˆÓ ÙË˜ ÌÔÚÊ‹˜ 

, k∈ �.

ii) 4

D = = –2 = 2 – 2= 0.

∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È

⇔
3 + 1  x + 2 3 + 1  3 – 1  y  = 2 3 + 1

3 + 1  x + 4y = 7

x + 2 3 – 1  y  = 2

3 + 1  x + 4y = 7

3 – 13 + 1

3 – 1
1

2

3 + 1

3 + 1  k + 1 , k

3 – 1  x + 2y = –2

3 – 1  x + 2y = –2

3 – 1  x + 3 – 1  3 + 1  y  = – 3 + 1  3 – 1

3 – 1  x + 2y = –2

x + 3 + 1  y  = –1 – 3

3 – 1  x + 2y = –2

3 + 13 – 1

3 + 1

3 – 1

– 2

3
{{

{{
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⇔

ÕÚ· ÙÔ Û‡ÛÙËÌ· Â›Ó·È ·‰‡Ó·ÙÔ.

8. i) ∞fi ÙËÓ ÚÒÙË ÂÍ›ÛˆÛË ¤¯Ô˘ÌÂ ˆ = 3x – 2y – 11                                (4)
OÈ ¿ÏÏÂ˜ ‰‡Ô ÂÍÈÛÒÛÂÈ˜ ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Á›ÓÔÓÙ·È
ñ 2x – 5y – 2(3x – 2y – 11) = 3 ⇔ 2x – 5y – 6x + 4y + 22 = 3  

⇔ –4x – y = –19 ⇔ 4x + y = 19        (5)
ñ 5x + y – 2(3x – 2y – 11) = 33 ⇔ 5x + y – 6x + 4y + 22 = 33  

⇔ –x + 5y = 11 ⇔ x – 5y = –11        (6)
√È (5), (6) Û¯ËÌ·Ù›˙Ô˘Ó ÙÔ 2 x 2 Û‡ÛÙËÌ·

4x + y = 19
x – 5y = –11

·fi ÙË Ï‡ÛË ÙÔ˘ ÔÔ›Ô˘ Î·Ù¿ Ù· ÁÓˆÛÙ¿ ‚Ú›ÛÎÔ˘ÌÂ x = 4 Î·È y = 3. ªÂ
·ÓÙÈÎ·Ù¿ÛÙ·ÛË ÙˆÓ ÙÈÌÒÓ ÙˆÓ x Î·È y ÛÙËÓ (4) ‚Ú›ÛÎÔ˘ÌÂ ˆ = –5. 
ÕÚ· Ë Ï‡ÛË ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È Ë ÙÚÈ¿‰· (4, 3, –5).

ii) Afi ÙË ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË ¤¯Ô˘ÌÂ x = 3y – ˆ + 2                                  (4)
√È ¿ÏÏÂ˜ ‰‡Ô ÂÍÈÛÒÛÂÈ˜ ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Á›ÓÔÓÙ·È
ñ 5(3y – ˆ + 2) – y + 32 = 4 ⇔ 15y – 5ˆ + 10 – y + 32 = 4  

⇔ 14y – 2ˆ = –6 ⇔ 7y – ˆ = –3           (5)
ñ 3(3y – ˆ + 11) –2y + 2ˆ = 2 ⇔ 9y – 3ˆ + 6 – 2y + 2ˆ = 2  

⇔ 7y – ˆ = –4                                    (6)
√È (5), (6) Û¯ËÌ·Ù›˙Ô˘Ó ÙÔ 2 x 2 Û‡ÛÙËÌ·

7y – ˆ = –3
7y – ˆ = –4    Ô˘ Â›Ó·È ·‰‡Ó·ÙÔ.

ÕÚ· ÙÔ ·Ú¯ÈÎfi Û‡ÛÙËÌ· Â›Ó·È ·‰‡Ó·ÙÔ.

iii) ∞·ÏÂ›ÊÔ˘ÌÂ ÙÔ˘˜ ·ÚÔÓÔÌ·ÛÙ¤˜ Î·È ÙÔ Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È
2x + y – 4ˆ = 6
3x + 2y + 2ˆ = 10
5x + 3y – 2ˆ = 16.

∞fi ÙËÓ ÚÒÙË ÂÍ›ÛˆÛË ¤¯Ô˘ÌÂ y = 4ˆ – 2x + 6                                (4)
√È ¿ÏÏÂ˜ ‰‡Ô ÂÍÈÛÒÛÂÈ˜ ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Á›ÓÔÓÙ·È
ñ 3x + 2(4ˆ – 2x + 6) + 2ˆ = 10 ⇔ 3x + 8ˆ – 4x + 12 + 2ˆ = 10  

⇔ –x + 10ˆ = –2 ⇔ x – 10ˆ = 2  (5)
ñ 5x + 3(4ˆ – 2x + 6) –2ˆ = 16 ⇔ 5x + 12ˆ – 6x + 18 – 2ˆ = 16 ⇔

⇔ –x + 10ˆ = –2  ⇔ x – 10ˆ = 2   (6)
√È (5), (6) ·ÔÙÂÏÔ‡Ó ÙÔ Û‡ÛÙËÌ·

x – 10ˆ = 2
x – 10ˆ = 2    

Ô˘ ¤¯ÂÈ ¿ÂÈÚÂ˜ Ï‡ÛÂÈ˜ ÙË˜ ÌÔÚÊ‹˜ ÌÂ x = 10k + 2, ˆ = k, k∈ �.
Afi ÙËÓ (4) ¤¯Ô˘ÌÂ y = 4k – 2(10k + 2) + 6 = –16k + 2.

{

{

{

{

3 + 1  x + 4y = 2 3 + 1

3 + 1  x + 4y = 7
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ÕÚ· ÙÔ ·Ú¯ÈÎfi Û‡ÛÙËÌ· ¤¯ÂÈ ¿ÂÈÚÂ˜ Ï‡ÛÂÈ˜ ÙË˜ ÌÔÚÊ‹˜ (10k + 2,
–16k + 2, k), k ∈ �.

Bã  √ª∞¢∞™

1. i) ŒÛÙˆ fiÙÈ Ë ÂÍ›ÛˆÛË ÙË˜ Â1 Â›Ó·È y =  ·x + ‚. ∂ÂÈ‰‹ Ë Â˘ıÂ›· ‰È¤Ú¯ÂÙ·È
·fi Ù· ÛËÌÂ›· (0, 2) Î·È (4, 0) ¤¯Ô˘ÌÂ

2 = · Ø 0 + ‚ ‚ = 2 ‚ = 2
0 = · Ø 4 + ‚        

⇔
4· + 2 = 0      

⇔
· = – 1

—
2

ÕÚ· Â1: 

ªÂ ·Ó¿ÏÔÁÔ ÙÚfiÔ ‚Ú›ÛÎÔ˘ÌÂ fiÙÈ Ë ÂÍ›ÛˆÛË ÙË˜ Â2 Â›Ó·È y = x – 1.

ii) OÈ ÂÍÈÛÒÛÂÈ˜ ÙˆÓ ‰‡Ô Â˘ıÂÈÒÓ ÔÚ›˙Ô˘Ó ÙÔ Û‡ÛÙËÌ·

y = x – 1
ÙÔ˘ ÔÔ›Ô˘ Ë Ï‡ÛË, fiˆ˜ Ê·›ÓÂÙ·È Î·È ·fi ÙÔ Û¯‹Ì· Â›Ó·È ÙÔ ˙Â‡ÁÔ˜ (2, 1).

2. ∞Ó x Â›Ó·È Ô ·ÚÈıÌfi˜ ÙˆÓ ‰›ÎÏÈÓˆÓ Î·È y Ô ·ÚÈıÌfi˜ ÙˆÓ ÙÚ›ÎÏÈÓˆÓ ‰ˆÌ·-
Ù›ˆÓ, ÙfiÙÂ ·fi Ù· ‰Â‰ÔÌ¤Ó· ¤¯Ô˘ÌÂ

x + y = 26                    x = 10
2x + 3y = 68     

⇔    
y = 16.

ÕÚ· ˘¿Ú¯Ô˘Ó 10 ‰›ÎÏÈÓ· Î·È 16 ÙÚ›ÎÏÈÓ· ‰ˆÌ¿ÙÈ·.

3. ∞Ó ÙÔÓ ·ÁÒÓ· ·Ú·ÎÔÏÔ‡ıËÛ·Ó x ·È‰È¿ Î·È y ÂÓ‹ÏÈÎÂ˜ ÙfiÙÂ ·fi Ù· ‰Â-
‰ÔÌ¤Ó· ¤¯Ô˘ÌÂ

x + y = 2200                          x = 1500
1,5x + 4y = 5050     

⇔ 
y = 700.

ÕÚ· ÙÔÓ ·ÁÒÓ· ·Ú·ÎÔÏÔ‡ıËÛ·Ó 1500 ·È‰È¿ Î·È 700 ÂÓ‹ÏÈÎÂ˜.

4. ∞ÊÔ‡ ÁÈ· ∆ = 20 Â›Ó·È R = 0,4, ¤¯Ô˘ÌÂ
0,4 = · Ø 20 + ‚ ⇔ 20· + ‚ = 0,4                                 (1)

∞ÊÔ‡ ÁÈ· ∆ = 80 Â›Ó·È R = 0,5, ¤¯Ô˘ÌÂ
0,5 = 80· + ‚ ⇔ 80· + ‚ = 0,5                                  (2)

ŒÙÛÈ ¤¯Ô˘ÌÂ ÙÔ Û‡ÛÙËÌ·

20· + ‚ = 0,4                    · = 

80· + ‚ = 0,5       

⇔
‚ = 

ÕÚ· R = 
1

600
 ⋅ ∆ + 11

30
 .

11

30
 .

1

600

{{

{{

y = – 1

2
 x + 2

y = – 1

2
 x + 2.

{{{
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5. ∞Ó ··ÈÙÔ‡ÓÙ·È x m� ·fi ÙÔ ÚÒÙÔ ‰È¿Ï˘Ì· Î·È y m� ·fi ÙÔ ‰Â‡ÙÂÚÔ ‰È¿-
Ï˘Ì·, ÙfiÙÂ x + y = 100.                                                                               (1)

∏ ÔÛfiÙËÙ· ÙÔ˘ ˘‰ÚÔ¯ÏˆÚÈÎÔ‡ ÔÍ¤ˆ˜ ÛÂ Î¿ıÂ ‰È¿Ï˘Ì· Â›Ó·È ÛÙÔ

ÚÒÙÔ Î·È ÛÙÔ ‰Â‡ÙÂÚÔ. ∂ÔÌ¤Óˆ˜ (2)

√È ÂÍÈÛÒÛÂÈ˜ (1) Î·È (2) ÔÚ›˙Ô˘Ó ÙÔ Û‡ÛÙËÌ·
x + y = 100                                          x + y = 100

⇔ 5x + 8y = 680.

EÔÌ¤Óˆ˜ 5x + 8(100 – x) = 680 ⇔ 5x + 800 – 8x = 680
⇔ 5x – 8x = 680 – 800 
⇔ –3x = –120 ⇔ x = 40

ÔfiÙÂ y = 60.
ÕÚ· Ú¤ÂÈ Ó· ·Ó·ÌÂ›ÍÂÈ 40 m� ·fi ÙÔ ÚÒÙÔ ÌÂ 60 m� ·fi ÙÔ ‰Â‡ÙÂÚÔ.

6. i) 2x + 4y = 3 ⇔ 4y = –2x + 3 ⇔ y = 

ÕÚ· Ï1 = 

x + 2y = · ⇔ 2y = –x + · ⇔ y = 

ÕÚ· Ï2 = 

ii) ∂ÂÈ‰‹ Ï1 = Ï2, ÔÈ Â˘ıÂ›Â˜ ‹ Â›Ó·È ·Ú¿ÏÏËÏÂ˜ ‹ Ù·˘Ù›˙ÔÓÙ·È.
ÕÚ· ‰ÂÓ ˘¿Ú¯Ô˘Ó ÙÈÌ¤˜ ÙÔ˘ · ÁÈ· ÙÈ˜ ÔÔ›Â˜ Ù¤ÌÓÔÓÙ·È.

iii) √È Â˘ıÂ›Â˜ Â›Ó·È ·Ú¿ÏÏËÏÂ˜ fiÙ·Ó ≠ ⇔ 4· ≠ 6 ⇔ · ≠ 

7. i)    ·x + y = ·2

x + ·y = 1.
Œ¯Ô˘ÌÂ

·  1
D =

1    ·   
= ·2 – 1 = (· + 1)(· – 1).

·2 1
Dx =

1    ·   
= ·3 – 1 = (· – 1)(·2 + · + 1).

·    ·2

Dy =
1    1   

= · – ·2 = ·(1 – ·).

∞Ó D ≠ 0 ‰ËÏ·‰‹ ·Ó · ≠ –1 Î·È · ≠ 1, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË,
ÔfiÙÂ ÔÈ Â˘ıÂ›Â˜ Ù¤ÌÓÔÓÙ·È Î·È ÙÔ ÛËÌÂ›Ô ÙÔÌ‹˜ ¤¯ÂÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ 

Î·Èx =
Dx

D
 = (· –1) (·2 + · + 1)

(· + 1) (· – 1)
 = ·2 + · + 1

· + 1

{

3

2
 .·

2

3

4

– 1

2

– 1

2
 x + ·

2
 .

– 1

2

– 2

4
 x + 3

4
 .

50

100
 x + 80

100
 y = 68

100
 ⋅ 100

50

100
 x + 80

100
 y = 68

100
 ⋅ 100.80

100
 y

50

100
 x
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ÕÚ· ·Ó · ≠ ±1, ÔÈ Â˘ıÂ›Â˜ Ù¤ÌÓÔÓÙ·È ÛÙÔ ÛËÌÂ›Ô 

x + y = 1
ñ ∞Ó · = 1, ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È

x + y = 1
Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ ÔÈ Â˘ıÂ›Â˜ Ù·˘Ù›˙ÔÓÙ·È.

–x + y = 1 x – y = –1
ñ ∞Ó · = –1, ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È

x – y = 1     
⇔

x – y = 1
Î·È Â›Ó·È ·‰‡Ó·ÙÔ Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ ÔÈ Â˘ıÂ›Â˜ Â›Ó·È ·Ú¿ÏÏËÏÂ˜.

ii)   ·x – y = ·
x + ·y = 1.

Œ¯Ô˘ÌÂ
·  –1

D =
1     ·  

= ·2 + 1 ≠ 0, ÁÈ· Î¿ıÂ ·∈ �. ÕÚ· ÔÈ Â˘ıÂ›Â˜ ¤¯Ô˘Ó ÌÔÓ·‰ÈÎfi

ÎÔÈÓfi ÛËÌÂ›Ô ÁÈ· Î¿ıÂ ·∈ �.

8. i)          Ï – 1     –2
D =  

4  –(Ï + 1)  
= –(Ï – 1)(Ï + 1) – 4 Ø(–2) = –(Ï2 – 1) + 8 

= –Ï2 + 1 + 8 = –Ï2 + 9 = –(Ï2 – 9) 
= –(Ï + 3)(Ï –3).

1    –2
Dx =  

–2  –(Ï + 1)  
= –1 Ø (Ï + 1) – (–2)(–2) = –Ï –1 – 4 = –(Ï + 5). 

Ï – 1  1
Dy =  

4  –2  
= –2(Ï – 1) – 4 = –2Ï + 2 – 4 = –2Ï – 2 = –2(Ï + 1).

ñ ∞Ó D ≠ 0, ‰ËÏ·‰‹ ·Ó Ï ≠ 3 Î·È Ï ≠ –3, ÙfiÙÂ ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÈ· Ï‡ÛË
ÙËÓ

ñ ∞Ó Ï = 3, ÙfiÙÂ ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È
2x – 2y = 1 2x – 2y = 1
4x – 4y = –2      

⇔
2x – 2y = –1, Ô˘ Â›Ó·È ·‰‡Ó·ÙÔ.

ñ ∞Ó Ï = –3, ÙfiÙÂ ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È
–4x – 2y = 1 4x + 2y = –1
4x + 2y = –2      

⇔
4x + 2y = –2, Ô˘ Â›Ó·È ·‰‡Ó·ÙÔ.{{

{{

y =
Dy

D
 = –2(Ï + 1)

–(Ï + 3)(Ï –3)
 = 2(Ï + 1)

(Ï + 3)(Ï – 3)
 .

x =
Dx

D
 = –(Ï + 5)

–(Ï + 3)(Ï –3)
 = Ï + 5

(Ï + 3)(Ï – 3)

{

{{

{

∞ ·2 + · + 1

· + 1
 , –·

· + 1
.

y =
Dy

D
 = ·(1 – ·)

(· + 1) (· – 1)
 = –·

· + 1
 .
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ii)          Ì –2   5
D =  

1  Ì + 2
= (Ì – 2)(Ì + 2) – 5 = Ì2 – 4 – 5 = Ì2 – 9 = (Ì + 3)(Ì – 3).

5    5
Dx =  

5  Ì + 2
= 5(Ì + 2) – 25 = 5Ì + 10 – 25 = 5Ì – 15 = 5(Ì – 3).

Ì – 2  5
Dy =  

1  5  
= 5(Ì – 2) – 5 = 5Ì – 10 – 5 = 5Ì – 15 = 5(Ì – 3).

ñ ∞Ó D ≠ 0, ‰ËÏ·‰‹ Ì ≠ ±3 ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙËÓ

ñ ∞Ó Ì = 3, ÙfiÙÂ ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È
x + 5y = 5
x + 5y = 5,  Ô˘ ¤¯ÂÈ ¿ÂÈÚÂ˜ Ï‡ÛÂÈ˜ Ù· ˙Â‡ÁË (5 –5k, k), fiÔ˘ k

ÔÔÈÔÛ‰‹ÔÙÂ Ú·ÁÌ·ÙÈÎfi˜ ·ÚÈıÌfi˜.

ñ ∞Ó Ì = –3, ÙfiÙÂ ÙÔ Û‡ÛÙËÌ· Á›ÓÂÙ·È
–5x + 5y = 5 x – y = –1
x – y = 5           

⇔
x – y = 5,  Ô˘ Â›Ó·È ·‰‡Ó·ÙÔ.

9. ∞Ó R1, R2 Î·È R3 ÔÈ ·ÎÙ›ÓÂ˜ ÙˆÓ Î‡ÎÏˆÓ ÌÂ Î¤ÓÙÚ· √1, √2 Î·È √3 ·ÓÙÈ-
ÛÙÔ›¯ˆ˜, ÙfiÙÂ

R1 + R2 = 6 (1)
R2 + R3 = 7 (2)
R1 + R3 = 5 (3)

∆Ô Û‡ÛÙËÌ· Ï‡ÓÂÙ·È ÌÂ ÙË Ì¤ıÔ‰Ô ÙˆÓ ·ÓÙ›ıÂÙˆÓ Û˘ÓÙÂÏÂÛÙÒÓ. §fiÁˆ
fiÌˆ˜ ÙË˜ ÌÔÚÊ‹˜ ÙÔ˘ ÌÔÚÔ‡ÌÂ Ó· ÙÔ Ï‡ÛÔ˘ÌÂ Î·È ˆ˜ ÂÍ‹˜:
¶ÚÔÛı¤ÙÔ˘ÌÂ Î·Ù¿ Ì¤ÏË ÙÈ˜ ÂÍÈÛÒÛÂÈ˜ Î·È ¤¯Ô˘ÌÂ

2(R1 + R2 + R3) = 18 ⇔ R1 + R2 + R3 = 9 (4)

∞Ó ÙÒÚ· ·fi Ù· Ì¤ÏË ÙË˜ (4) ·Ê·ÈÚ¤ÛÔ˘ÌÂ Ù· Ì¤ÏË ÙˆÓ (1), (2) Î·È (3),
‚Ú›ÛÎÔ˘ÌÂ fiÙÈ

R1 + R2 + R3 – R1 – R2 = 9 – 6 ⇔ R3 = 3.
R1 + R2 + R3 – R2 – R3 = 9 – 7 ⇔ R1 = 2.
R1 + R2 + R3 – R1 – R3 = 9 – 5 ⇔ R2 = 4.

EÔÌ¤Óˆ˜ ÔÈ ·ÎÙ›ÓÂ˜ ÙˆÓ Î‡ÎÏˆÓ Â›Ó·È 2cm, 4cm Î·È 3cm.

10. ∆· ÂÊ·ÙfiÌÂÓ· ÙÌ‹Ì·Ù· ·fi ÛËÌÂ›Ô ÚÔ˜ Î‡ÎÏÔ Â›Ó·È ›Û·.
∂ÔÌ¤Óˆ˜ ∞∑ = ∞∂ = x, B¢ = µ∑ = y Î·È °¢ = °∂ = z. ŒÙÛÈ ¤¯Ô˘ÌÂ ÙÔ
Û‡ÛÙËÌ·

{

{{

{

y =
Dy

D
 = 5(Ì – 3)

(Ì + 3)(Ì –3)
 = 5

Ì + 3
 .

x =
Dx

D
 = 5(Ì – 3)

(Ì + 3)(Ì –3)
 = 5

Ì + 3

6.1. °Ú·ÌÌÈÎ¿ Û˘ÛÙ‹Ì·Ù· 89



x + y = Á (1)
y + z = · (2)

z + x = ‚ (3)

ªÂ ÚfiÛıÂÛË ÙˆÓ ÂÍÈÛÒÛÂˆÓ Î·Ù¿ Ì¤ÏË ¤¯Ô˘ÌÂ

2(x + y + z) = · + ‚ + Á ⇔ x + y + z = (4) 

ñ ∞fi (4) Î·È (1) ¤¯Ô˘ÌÂ Á + z = ⇔ z = 

ñ ∞fi (4) Î·È (2) ¤¯Ô˘ÌÂ x + · = ⇔ x = 

ñ ∞fi (4) Î·È (3) ¤¯Ô˘ÌÂ y + ‚ = ⇔ y = 

¶·Ú·Ù‹ÚËÛË: ∞Ó ı¤ÛÔ˘ÌÂ · + ‚ + Á = 2Ù, ÙfiÙÂ

Î·È ÔÌÔ›ˆ˜ y = Ù – ‚, z = Ù – Á.

11. ∞Ó x, y, z ÔÈ ÔÛfiÙËÙÂ˜ ÛÂ lt ·fi Î¿ıÂ ‰È¿Ï˘Ì· ·ÓÙÈÛÙÔ›¯ˆ˜, ÙfiÙÂ ¤¯Ô˘ÌÂ
ÙÔ Û‡ÛÙËÌ·

x + y + z = 52 x + y + z = 52                     (1)

50x + 10y + 30z = 1664     (2)

x = 2z                                            

⇔

x = 2z                                   (3)
Afi (1) Î·È (3) ¤¯Ô˘ÌÂ y + 3z = 52, ÔfiÙÂ y = 52 – 3z Î·È Ë (2) Á›ÓÂÙ·È 

50 Ø 2z + 10(52 – 3z) + 30z = 1664
⇔ 100z + 520 – 30z + 30z = 1664
⇔ 100z = 1144 ⇔ z = 11,44, 

ÔfiÙÂ z � 11,44lt
∂ÔÌ¤Óˆ˜ x = 22,88lt Î·È y = 17,68lt.

12. ñ ™ÙËÓ 1Ë ÂÚ›ÙˆÛË, ÂÂÈ‰‹ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ f(x)
Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô 3, ı· ÈÛ¯‡ÂÈ f(0) = 3, ÔfiÙÂ ı· ¤¯Ô˘ÌÂ
Á = 3, ÂÔÌ¤Óˆ˜ ÙÔ ÙÚÈÒÓ˘ÌÔ ı· Â›Ó·È ÙË˜ ÌÔÚÊ‹˜ 

f(x) = ·x2 + ‚x + 3. 
EÂÈ‰‹ ÙÔ ÙÚÈÒÓ˘ÌÔ f(x) ¤¯ÂÈ ÎÔÚ˘Ê‹ ÙÔ ÛËÌÂ›Ô ∫(2, –1) ı· ÈÛ¯‡ÂÈ

‚ = –4· ‚ = –4

⇔
f(2) = –1    

⇔
· = 1.

∂ÔÌ¤Óˆ˜ Â›Ó·È f(x) = x2 – 4x + 3.

f –‚

2·
 = –1

–‚

2·
 = 2

50

100
 x + 10

100
 y + 30

100
 z = 32

100
 ⋅ 52

x = ‚ + Á – ·

2
 = 2Ù – · – ·

2
 = Ù – ·

‚ + Á – ·

2
 .· + ‚ + Á

2

‚ + Á – ·

2
 .· + ‚ + Á

2

· + ‚ – Á

2
 .· + ‚ + Á

2

· + ‚ + Á

2

{
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ñ ™ÙËÓ 2Ë ÂÚ›ÙˆÛË, ÂÂÈ‰‹ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ g(x)
Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· xãx ÛÙÔ ÛËÌÂ›Ô –1, ı· ÈÛ¯‡ÂÈ g(–1) = 0, ÔfiÙÂ ı· ¤¯Ô˘ÌÂ 

· – ‚ + Á = 0. (2) 
EÂÈ‰‹ ÂÈÏ¤ÔÓ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ g(x) ¤¯ÂÈ ÎÔÚ˘Ê‹
ÙÔ ÛËÌÂ›Ô ∫(1, 4), ı· ÈÛ¯‡ÂÈ

‚ = –2· ‚ = –2·                        (3)

⇔
g(1) = 4     

⇔
· + ‚ + Á = 4.              (4)

∂ÔÌ¤Óˆ˜, ÏfiÁˆ ÙË˜ (3), ÔÈ (2) Î·È (4) ÁÚ¿ÊÔÓÙ·È
3· + Á = 0 Á = –3· Á = 3
–·  + Á = 4        

⇔
–· – 3· = 4      

⇔
· = –1

ÕÚ·, Â›Ó·È · = –1, ‚ = 2 Î·È Á = 3, ÔfiÙÂ ¤¯Ô˘ÌÂ g(x) = –x2 + 2x + 3.

2Ô˜ ÙÚfiÔ˜:
ª›· Ú›˙· ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ g(x) Â›Ó·È Ú1 = –1. ∞Ó Ú2 Â›Ó·È Ë ¿ÏÏË Ú›˙· ·˘ÙÔ‡, 

ÙfiÙÂ ı· ÈÛ¯‡ÂÈ Ú1 + Ú2 = ∂ÂÈ‰‹, fiÌˆ˜ Ë ÙÂÙÌËÌ¤ÓË xk ÙË˜ ÎÔÚ˘Ê‹˜ 

ÙË˜ ·Ú·‚ÔÏ‹˜ ‰›ÓÂÙ·È ·fi ÙÔÓ Ù‡Ô ÌÂ xk = Î·È ÂÂÈ‰‹ xk = 1, ı· ÈÛ¯‡ÂÈ

⇔ ⇔ ⇔ Ú2 = 3.

ÕÚ· ÔÈ Ú›˙Â˜ ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ Â›Ó·È ÔÈ ·ÚÈıÌÔ› Ú1 = –1 Î·È Ú2 = 3, ÔfiÙÂ ı·
¤¯Ô˘ÌÂ

g(x) = ·(x – Ú1)(x – Ú2) = ·(x + 1)(x – 3).

∂ÂÈ‰‹, fiÌˆ˜ Ë ÎÔÚ˘Ê‹ ∫ ÙË˜ ·Ú·‚ÔÏ‹˜ ¤¯ÂÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ (1, 4), ı·
ÈÛ¯‡ÂÈ g(1) = 4, ÔfiÙÂ ı· ¤¯Ô˘ÌÂ

·(1 + 1)(1 – 3) = 4 ⇔ ·= –1.
∂ÔÌ¤Óˆ˜ Â›Ó·È

g(x) = –1(x + 1)(x – 3) = –x2 + 2x + 3.

ñ ™ÙËÓ 3Ë ÂÚ›ÙˆÛË, ÂÂÈ‰‹ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ h(x)
Ù¤ÌÓÂÈ ÙÔÓ ¿ÍÔÓ· xãx ÛÙ· ÛËÌÂ›· 2 Î·È 4 Î·È ÙÔÓ ¿ÍÔÓ· yãy ÛÙÔ ÛËÌÂ›Ô
4, ı· ÈÛ¯‡ÂÈ

h(2) = 0 4· + 2‚ + Á = 0 4· + 2‚ = –4
h(4) = 0 16· + 4‚ + Á = 0 16· + 4‚ = –4
h(0) = 4          

⇔
Á = 4                         

⇔
Á = 4                   

⇔

2· + ‚ = –2 ‚ = –2· – 2 ‚ = –3
4· + ‚ = –1 4· – 2· –2 = –1 · = 0,5
Á = 4               

⇔
Á = 4                         

⇔
Á = 4

∂ÔÌ¤Óˆ˜ Â›Ó·È h(x) = 0,5x2 – 3x + 4.

{{{
{{{

–1 + Ú2

2
 = 1

Ú1 + Ú2

2
 = 1–‚

2·
 = 1

–‚

2·

–‚

·
 .

{{{

g –‚

2·
 = 4

–‚

2·
 = 1
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3Ô˜ ÙÚfiÔ˜:
∆Ô ÙÚÈÒÓ˘ÌÔ h(x) ¤¯ÂÈ Ú›˙Â˜ ÙÔ˘˜ ·ÚÈıÌÔ‡˜ Ú1 = 2 Î·È Ú2 = 4. ∂ÔÌ¤Óˆ˜
¤¯Ô˘ÌÂ

h(x) = ·(x – 2)(x – 4).

EÂÈ‰‹, fiÌˆ˜ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙÔ˘ ÙÚÈˆÓ‡ÌÔ˘ ‰È¤Ú¯ÂÙ·È ·fi ÙÔ ÛË-
ÌÂ›Ô °(0, 4), ı· ÈÛ¯‡ÂÈ h(0) = 4, ÔfiÙÂ ı· ¤¯Ô˘ÌÂ

·(0 – 2)(0 – 4) = 4 ⇔ · = 0,5.
∂ÔÌ¤Óˆ˜, Â›Ó·È

h(x) = 0,5(x – 2)(x – 4) = 0,5x2 – 3x + 4.

¨ 6.2. ªË ÁÚ·ÌÌÈÎ¿ Û˘ÛÙ‹Ì·Ù·
∞ã  √ª∞¢∞™

1. ∏ ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË ÁÚ¿ÊÂÙ·È y = 1 – x   (1) Î·È, ·Ó ·ÓÙÈÎ·Ù·ÛÙ‹ÛÔ˘ÌÂ
ÛÙËÓ ÚÒÙË, ·›ÚÓÔ˘ÌÂ 
x2 + (1 – x)2 + x(1 –x) = 3 ⇔ x2 + 1 – 2x + x2 + x – x2 = 3

⇔ x2 – x – 2 = 0.                                            (2)
H (2) ¤¯ÂÈ Ú›˙Â˜ x1 = –1 Î·È x2 = 2, ÔfiÙÂ ÏfiÁˆ ÙË˜ (1) Â›Ó·È
y1 = 1 – x1 = 1 + 1 = 2 Î·È  y2 = 1 – x2 = 1 – 2 = –1.
∂ÔÌ¤Óˆ˜ ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË (–1, 2) Î·È (2, –1).

2. i) ∏ ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË, ÏfiÁˆ ÙË˜ ÚÒ-
ÙË˜, ÁÚ¿ÊÂÙ·È

12x – 3(3x2) = 4 ⇔ 9x2 – 12x + 4 = 0.  (1)

H ÂÍ›ÛˆÛË (1) ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·, ÙËÓ

, ÔfiÙÂ ·fi ÙËÓ ÚÒÙË ÂÍ›ÛˆÛË

ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ ·›ÚÓÔ˘ÌÂ 

EÔÌ¤Óˆ˜

ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË, ÙÔ ˙Â‡ÁÔ˜ °È· Ó· ÂÍËÁ‹ÛÔ˘ÌÂ

ÁÚ·ÊÈÎ¿ ÙË Ï‡ÛË ¯·Ú¿ÛÔ˘ÌÂ, ÛÂ Î·ÚÙÂÛÈ·Ófi Û‡ÛÙËÌ· Û˘ÓÙÂÙ·ÁÌ¤ÓˆÓ,
ÙËÓ ·Ú·‚ÔÏ‹ y = 3x2 Î·È ÙËÓ Â˘ıÂ›· 12x – 3y = 4. ™ÙÔ Û¯‹Ì· ·Ú·ÙË-
ÚÔ‡ÌÂ fiÙÈ ÔÈ ‰‡Ô ÁÚ·ÌÌ¤˜ ¤¯Ô˘Ó ¤Ó· ÌfiÓÔ ÎÔÈÓfi ÛËÌÂ›Ô ª, ÙÔ ÔÔ›Ô ¤¯ÂÈ

Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ 
2

3
 , 4

3
.

2

3
 , 4

3
.

y = 4

3
 .

x = 2

3
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ii) ∆Ô Û‡ÛÙËÌ· ÁÚ¿ÊÂÙ·È
x2 + y2 = 9          (1)

y = x          (2)
∏ (1), ÏfiÁˆ ÙË˜ (2), Á›ÓÂÙ·È
x2 + x2 = 9 ⇔ 2x2 = 9
Î·È ¤¯ÂÈ Ú›˙Â˜ ÙÈ˜

Î·È 

ÔfiÙÂ ı· ¤¯Ô˘ÌÂ

Î·È   

ÕÚ·, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË 

°È· Ó· ÂÍËÁ‹ÛÔ˘ÌÂ ÁÚ·ÊÈÎ¿ ÙÈ˜ Ï‡ÛÂÈ˜ ¯·Ú¿ÛÔ˘ÌÂ, ÛÂ Î·ÚÙÂÛÈ·Ófi Û‡ÛÙË-
Ì· Û˘ÓÙÂÙ·ÁÌ¤ÓˆÓ, ÙÔÓ Î‡ÎÏÔ x2 + y2 = 9 ÌÂ Î¤ÓÙÚÔ ÙÔ ÛËÌÂ›Ô √(0, 0) Î·È
·ÎÙ›Ó· 3 Î·ıÒ˜ Â›ÛË˜ Î·È ÙËÓ Â˘ıÂ›· y = x. ™ÙÔ Û¯‹Ì· ·Ú·ÙËÚÔ‡ÌÂ

fiÙÈ ÔÈ ‰‡Ô ÁÚ·ÌÌ¤˜ Ù¤ÌÓÔÓÙ·È ÛÂ ‰‡Ô ÛËÌÂ›·, Ù·

iii) Afi ÙË ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË
ÚÔÎ‡ÙÂÈ  x ≠ 0,  y ≠ 0  

Î·È 

H ÚÒÙË ÂÍ›ÛˆÛË Á›ÓÂÙ·È

⇔ x4 + 4 = 5x2

⇔ x4 – 5x2 + 4 = 0.       (1)
∞Ó ı¤ÛÔ˘ÌÂ x2 = ˆ (2), Ë (1)
Á›ÓÂÙ·È ˆ2 – 5ˆ + 4 = 0.  (3)
∞˘Ù‹ ¤¯ÂÈ Ú›˙Â˜ ˆ1 = 1 Î·È 

x2 + 4

x2
 = 5

y = 2

x
 .

µ –3 2

2
 , –3 2

2
 .

∞ 3 2

2
 , 3 2

2
   Î·È

3 2

2
 , 3 2

2
   Î·È –3 2

2
 , –3 2

2
 .

y2 = x2 = – 3 2

2
 .y1 = x1 =

3 2

2

x2 = – 3

2
 = – 3 2

2
 ,

x1 =
3

2
 = 3 2

2
 

{
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ˆ2 = 4, ÔfiÙÂ ÏfiÁˆ ÙË˜ (2) ¤¯Ô˘ÌÂ x2 = 1 ‹ x2 = 4. Afi ·˘Ù¤˜ ·›ÚÓÔ˘ÌÂ
Ù¤ÛÛÂÚÈ˜ Ú›˙Â˜ x1 = –1, x2 = 1 Î·È x3 = –2, x4 = 2, ÔfiÙÂ ÁÈ· ÙÔ y ·›ÚÓÔ˘-

ÌÂ ÙÈ˜ ÙÈÌ¤˜ 

ÕÚ·, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ Ù¤ÛÛÂÚÈ˜ Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË (–1, –2), (1, 2), (–2, –1)
Î·È (2, 1). °È· Ó· ÂÍËÁ‹ÛÔ˘ÌÂ ÁÚ·ÊÈÎ¿ ÙÈ˜ Ï‡ÛÂÈ˜ ¯·Ú¿ÛÛÔ˘ÌÂ, ÛÂ
Î·ÚÙÂÛÈ·Ófi Û‡ÛÙËÌ· Û˘ÓÙÂÙ·ÁÌ¤ÓˆÓ ÙÔÓ Î‡ÎÏÔ x2 + y2 = 5 ÌÂ Î¤ÓÙÚÔ

ÙÔ √(0, 0) Î·È ·ÎÙ›Ó· , Î·ıÒ˜ Â›ÛË˜ Î·È ÙËÓ ˘ÂÚ‚ÔÏ‹ 

™ÙÔ Û¯‹Ì· ·Ú·ÙËÚÔ‡ÌÂ fiÙÈ ÔÈ ‰‡Ô ÁÚ·ÌÌ¤˜ Ù¤ÌÓÔÓÙ·È ÛÂ Ù¤ÛÛÂÚ·
ÛËÌÂ›·, Ù· (–1, –2), (1, 2), (–2, –1) Î·È (2, 1).

3. ∞fi ÙËÓ v = v0 + ·t ¤¯Ô˘ÌÂ v – v0 = ·t, ÔfiÙÂ AÓÙÈÎ·ıÈÛÙÔ‡ÌÂ

ÛÙËÓ ÚÒÙË Î·È ¤¯Ô˘ÌÂ

ÕÚ· 

µã  √ª∞¢∞™

1. ∏ ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË ÏfiÁˆ ÙË˜
ÚÒÙË˜ Á›ÓÂÙ·È 
2y + 10 + y2 = 25 
‹, ÈÛÔ‰‡Ó·Ì·,
y2 + 2y – 15 = 0, Ë ÔÔ›· ¤¯ÂÈ
Ú›˙Â˜ 3 Î·È –5. °È· y = 3
¤¯Ô˘ÌÂ x2 = 16, ÔfiÙÂ x = 4
‹  x = –4. °È· y = –5 ¤¯Ô˘ÌÂ
x2 = 0, ÔfiÙÂ x = 0.
ÕÚ· ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÙÚÂÈ˜ Ï‡-
ÛÂÈ˜ ÙÈ˜ (4, 3), (–4, 3), (0, –5).
∏ ÁÂˆÌÂÙÚÈÎ‹ ÂÚÌËÓÂ›· ÙÔ˘
·ÔÙÂÏ¤ÛÌ·ÙÔ˜ Â›Ó·È fiÙÈ Ë

·Ú·‚ÔÏ‹

Î·È Ô Î‡ÎÏÔ˜ x2 + y2 = 52 ¤¯Ô˘Ó ÙÚ›· ÎÔÈÓ¿ ÛËÌÂ›·.

y = 1

2
 x2 – 5

S =
v + v0

2
 ⋅ t.

S = v0t +
1

2
 ·t2 = v0 ⋅ t +

1

2
 ⋅ v – v0

t
 ⋅ t2 = v0t +

(v – v0)t

2
 =

2v0t + vt – v0t

2
 .

· =
v – v0

t
 .

y = 2

x
 .5

y1 =
2

x1

 = –2, y2 =
2

x2

  = 2  Î·È y3 =
2

–2
 = –1, y4 =

2

2
 = 1.
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2. ∞fi ÙËÓ ÚÒÙË ÂÍ›ÛˆÛË ¤¯Ô˘ÌÂ y(2x – y – 5) = 0 ⇔ y = 0 ‹ 2x – y – 5 = 0,
ofiÙÂ ÙÔ Û‡ÛÙËÌ· Â›Ó·È ÈÛÔ‰‡Ó·ÌÔ ÌÂ Ù· Û˘ÛÙ‹Ì·Ù·

y = 0 2x – y – 5 = 0
y = x2 – 4x + 3     

(1)  Î·È
y = x2 – 4x + 3    

(2)

°È· Ó· Ï‡ÛÔ˘ÌÂ ÙÔ (1) ı¤ÙÔ˘ÌÂ ÛÙË ‰Â‡ÙÂÚË ÂÍ›ÛˆÛË y = 0, ÔfiÙÂ ¤¯Ô˘ÌÂ
x2 – 4x + 3 = 0. √È Ú›˙Â˜ ·˘Ù‹˜ Â›Ó·È x1 = 1 Î·È x2 = 3, ¤ÙÛÈ ÙÔ Û‡ÛÙËÌ· (1)
¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË (1, 0) Î·È (3, 0). ∏ ÚÒÙË ÂÍ›ÛˆÛË ÙÔ˘ Û˘ÛÙ‹-
Ì·ÙÔ˜ (2) ÁÚ¿ÊÂÙ·È y = 2x – 5, (3) Î·È ·Ó ı¤ÛÔ˘ÌÂ ÛÙË ‰Â‡ÙÂÚË ·›ÚÓÔ˘ÌÂ
2x – 5 = x2 – 4x + 3 ⇔ x2 – 6x + 8 = 0.
√È Ú›˙Â˜ ·˘Ù¤˜ Â›Ó·È x3 = 2 Î·È x4 = 4, ÔfiÙÂ ÏfiÁˆ ÙË˜ (3) Â›Ó·È y3 = 2 Ø 2 – 5 = –1
Î·È y4 = 2 Ø 4 – 5 = 3. ŒÙÛÈ ÙÔ Û‡ÛÙËÌ· (2) ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË (2, –1)
Î·È (4, 3). ∂ÔÌ¤Óˆ˜ ÙÔ ·Ú¯ÈÎfi Û‡ÛÙËÌ· ¤¯ÂÈ Ù¤ÛÛÂÚÈ˜ Ï‡ÛÂÈ˜, Ù· ˙Â‡ÁË (1, 0),
(3, 0), (2, –1) Î·È (4, 3).

3. ∞Ó x, y Â›Ó·È ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÙÔ˘ ÔÚıÔÁˆÓ›Ô˘, ÙfiÙÂ Â›Ó·È 

xy = 120 (1)

Î·È (x + 3)(y – 2) = 120 (2)

H (2) ÁÚ¿ÊÂÙ·È xy + 3y – 2x – 6 = 120 Î·È ÏfiÁˆ ÙË˜ (1) Á›ÓÂÙ·È 

120 + 3y – 2x – 6 = 120 ⇔ 3y – 2x = 6 ⇔ , (3)

ı¤ÙÔ˘ÌÂ ÛÙËÓ (1) Ë ÔÔ›· ¤ÙÛÈ Á›ÓÂÙ·È 

⇔ 2x2 + 6x = 360 ⇔ x2 + 3x – 180 = 0.

∏ ÙÂÏÂ˘Ù·›· ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙Â˜ x1 = 12 Î·È x2 = –15.

EÂÈ‰‹ ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ Â›Ó·È ¿ÓÙÔÙÂ ıÂÙÈÎ¤˜ ı· ¤¯Ô˘ÌÂ x = 12cm, ÔfiÙÂ,

ÏfiÁˆ ÙË˜ (1), ı· Â›Ó·È 

4. °È· Ó· ‚ÚÔ‡ÌÂ Ù· ÛËÌÂ›·, ÛÙ· ÔÔ›· Ë Â˘ıÂ›· y = 2x + k Ù¤ÌÓÂÈ ÙËÓ ·Ú·-
‚ÔÏ‹ y = –x2 Ï‡ÓÔ˘ÌÂ ÙÔ Û‡ÛÙËÌ·     y = 2x + k

y = –x2 (1)   
AÓ ı¤ÛÔ˘ÌÂ ÛÙËÓ ÚÒÙË ÂÍ›ÛˆÛË y = –x2, ·›ÚÓÔ˘ÌÂ –x2 = 2x + k ‹ ·ÎfiÌË
x2 + 2x + k = 0.                                                                                            (2)
E›Ó·È Ê·ÓÂÚfi fiÙÈ ÔÈ ‰‡Ô ÁÚ·ÌÌ¤˜ ı· Ù¤ÌÓÔÓÙ·È ÛÂ ‰‡Ô ÛËÌÂ›·, ÌfiÓÔ ·Ó ÙÔ
Û‡ÛÙËÌ· (1) ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ Ë ÂÍ›ÛˆÛË (2) ı· Ú¤ÂÈ Ó·
¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜. ∞˘Ùfi Û˘Ì‚·›ÓÂÈ, ÌfiÓÔ ·Ó Â›Ó·È ¢ = 4 – 4k > 0, ‰ËÏ·‰‹ ·Ó
Â›Ó·È k < 1.

{

y = 120

x
 = 120

12
 = 10cm.

x 2x + 6

3
 = 120

y = 2x + 6

3

{{
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5. ªÂ ·ÓÙÈÎ·Ù·ÛÙ¿ÙË ÙÔ˘
y = x + Ì ÛÙËÓ ÚÒÙË
ÂÍ›ÛˆÛË ·›ÚÓÔ˘ÌÂ ÙËÓ

2(x + Ì) = x2

⇔ x2 – 2x – 2Ì = 0.     (1)
H ‰È·ÎÚ›ÓÔ˘Û· ÙË˜ (1) Â›-
Ó·È ¢ = 4 + 8Ì = 4(1 + 2Ì).
¢È·ÎÚ›ÓÔ˘ÌÂ ÙÈ˜ ÂÚÈÙÒ-
ÛÂÈ˜

ñ ¢ > 0, ‰ËÏ·‰‹ 

∏ (1) ¤¯ÂÈ ‰‡Ô 

Ú›˙Â˜, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ
ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡-
ÛÂÈ˜, ÔfiÙÂ Ë ·Ú·‚ÔÏ‹
Î·È Ë Â˘ıÂ›· Ù¤ÌÓÔÓÙ·È.

ñ ¢ = 0, ‰ËÏ·‰‹ ∏ (1) ¤¯ÂÈ ‰ÈÏ‹ Ú›˙·, Ô˘ ÛËÌ·›ÓÂÈ fiÙÈ ÙÔ Û‡-

ÛÙËÌ· ¤¯ÂÈ Ì›· Ï‡ÛË, ÔfiÙÂ Ë ·Ú·‚ÔÏ‹ Î·È Ë Â˘ıÂ›· ÂÊ¿ÙÔÓÙ·È.

ñ ¢ < 0, ‰ËÏ·‰‹ ∏ (1) ‰ÂÓ ¤¯ÂÈ Ú·ÁÌ·ÙÈÎ¤˜ Ú›˙Â˜, Ô˘ ÛËÌ·›-

ÓÂÈ fiÙÈ ÙÔ Û‡ÛÙËÌ· ‰ÂÓ ¤¯ÂÈ Ï‡ÛÂÈ˜, ÔfiÙÂ Ë ·Ú·‚ÔÏ‹ Î·È Ë Â˘ıÂ›· ‰ÂÓ
¤¯Ô˘Ó Î·Ó¤Ó· ÎÔÈÓfi ÛËÌÂ›Ô.

°Ú·ÊÈÎ¿ Ù· ÂÍ·ÁfiÌÂÓ·, ÂÍËÁÔ‡ÓÙ·È ÌÂ ÙË ‚Ô‹ıÂÈ· ÙÔ˘ ÚÔËÁÔ‡ÌÂÓÔ˘
Û¯‹Ì·ÙÔ˜.

Ì < – 1

2
 .

Ì = – 1

2
 .

Ì > – 1

2
 .
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KEº∞§∞π√ 7

∆ƒπ°ø¡√ª∂∆ƒπ∞

¨ 7.1. ∆ÚÈÁˆÓÔÌÂÙÚÈÎÔ› ·ÚÈıÌÔ› ÁˆÓ›·˜
∞ã  √ª∞¢∞™

1. ™ÙÔ ÙÚ›ÁˆÓÔ ¢∞µ ¤¯Ô˘ÌÂ ËÌ 30Æ = , ÔfiÙÂ x = 6 ËÌ 30Æ = 6 Ø 

™ÙÔ ÙÚ›ÁˆÓÔ ÙÒÚ· ¢∞° ¤¯Ô˘ÌÂ ÂÊˆ = ofiÙÂ ˆ = 45Æ.

∂ÔÌ¤Óˆ˜, ÂÂÈ‰‹ ËÌˆ = , ¤¯Ô˘ÌÂ 

ËÌ 45Æ = , ÔfiÙÂ 

2. EÂÈ‰‹ B + ° = 90Æ ı· Â›Ó·È A = 90Æ. ŒÙÛÈ ÛÙÔ ÔÚıÔÁÒÓÈÔ ÙÚ›ÁˆÓÔ AB°

¤¯Ô˘ÌÂ ËÌ 30Æ = , ÔfiÙÂ (AB) = 2 ËÌ 30Æ = 

ËÌ 60Æ = , ÔfiÙÂ (A°) = 2 ËÌ 60Æ = 

3. i) S = · Ø Ú
6 = ˆ Ø 1,   ¿Ú·   ˆ = 6rad.

ii) S = · Ø Ú
6 = ˆ Ø 2,   ¿Ú·   ˆ = 3rad.

iii) S = · Ø Ú
6 = ˆ Ø 3,   ¿Ú·   ˆ = 2rad.

4. Afi ÙÔÓ Ù‡Ô ¤¯Ô˘ÌÂ

i) °È· Ì = 30, Â›Ó·È ⇔ ÕÚ· 30Æ = 


6
 rad.· = 

6
 .·


 = 30

180

·


 = Ì

180

2 ⋅ 3

2
 = 3.(A°)

2

2 ⋅ 1
2

 = 1(AB)

2

y = 3

ËÌ 450
 = 3

2

2

 = 6

2
 = 6 2

2
 = 3 2.

3

y

x

y

x

3
 = 3

3
 = 1,

1

2
 = 3.

x

6

�

�

�



ii) °È· Ì = 120, Â›Ó·È ⇔ ÕÚ· 120Æ = 

iii) °È· Ì = 1260, Â›Ó·È ⇔  · = 7. ÕÚ· 1260Æ = 7 rad.

iv) °È· Ì = 1485, Â›Ó·È ⇔ ÕÚ· –1485Æ = 

5. Afi ÙÔÓ Ù‡Ô ¤¯Ô˘ÌÂ

i) ⇔ Ì = 18, ¿Ú· 

ii) ⇔ Ì = 150, ¿Ú· 

iii) ⇔ Ì = 5460, ¿Ú· 

iv) ⇔ Ì = , ¿Ú· 100 rad =

6. i) ∂›Ó·È 1830Æ = 5 Ø 360Æ + 30Æ, ÔfiÙÂ

ËÌ 1830Æ = ËÌ 30Æ = , Û˘Ó 1830Æ = Û˘Ó 30Æ = 

ÂÊ 1830Æ = ÂÊ 30Æ = , ÛÊ 1830Æ = ÛÊ 30Æ = 

ii) ∂›Ó·È 2940Æ = 8 Ø 360Æ + 60Æ, ÔfiÙÂ

ËÌ 2940Æ = ËÌ 60Æ = , Û˘Ó 2940Æ = Û˘Ó 60Æ = 

ÂÊ 2940Æ = ÂÊ 60Æ = , ÛÊ 2940Æ = ÛÊ 60Æ = 

iii) ∂›Ó·È 1980Æ = 5 Ø 360Æ + 180Æ, ÔfiÙÂ
ËÌ 1980Æ = ËÌ 180Æ = 0, Û˘Ó 1980Æ = Û˘Ó 180Æ = –1.
ÂÊ 1980Æ = ÂÊ 180Æ = 0
ÂÓÒ ‰ÂÓ ÔÚ›˙ÂÙ·È Ë Û˘ÓÂÊ·ÙÔÌ¤ÓË ÙˆÓ 1980Æ.

3

3
 .3 .

1

2
3

2

3.3

3

3

2
1

2

180000


 .18000



100


 = Ì

180

91

3
 rad = 54600.

91

3


 = Ì

180

5

6
 rad = 1500.

5

6


 = Ì

180



10
 rad = 180.



10


 = Ì

180

·


 = Ì

180

– 33

4
 rad.· = 33

4
 .·


 = 1485

180

·


 = 1260

180

2

3
 rad.· = 2

3
 .·


 = 120

180
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iv) ∂›Ó·È 3600Æ = 10 Ø 360Æ + 0Æ, ÔfiÙÂ
ËÌ 3600Æ = ËÌ 0Æ = 0, Û˘Ó 3600Æ = Û˘Ó 0Æ = 1.
ÂÊ 3600Æ = ÂÊ 0Æ = 0
ÂÓÒ ‰ÂÓ ÔÚ›˙ÂÙ·È Ë Û˘ÓÂÊ·ÙÔÌ¤ÓË ÙˆÓ 3600Æ.

µã  √ª∞¢∞™

1. ™ÙÔ ÙÚ›ÁˆÓÔ ¢¶¡ ¤¯Ô˘ÌÂ

ÂÊˆ = , ÔfiÙÂ (¶¢) = (1)

™ÙÔ ÙÚ›ÁˆÓÔ ¢§¡ ¤¯Ô˘ÌÂ

ÂÊ 70Æ = , ÔfiÙÂ (¢§) = (2)

∂ÂÈ‰‹ (¶§) = (¶¢) + (¢§), ÏfiÁˆ ÙˆÓ (1) Î·È (2), ¤¯Ô˘ÌÂ

⇔ h Ø ÂÊ 70Æ + h Ø ÂÊˆ = 1000 Ø ÂÊˆ Ø ÂÊ 70Æ

⇔ h(ÂÊ 70Æ + ÂÊˆ) = 1000 Ø ÂÊˆ Ø ÂÊ 70Æ ⇔ (3)

i) ∞Ó ˆ = 30Æ, ÙfiÙÂ, ÏfiÁˆ ÙË˜ (3), Â›Ó·È

� 478

∞Ó ˆ = 45Æ, ÙfiÙÂ ¤¯Ô˘ÌÂ

� 733

∞Ó ˆ = 60Æ, ÙfiÙÂ ¤¯Ô˘ÌÂ

� 1062.

ii) ∞Ó ÙÒÚ· h = 1000, ÙfiÙÂ ÏfiÁˆ ÙË˜ (3), Â›Ó·È

⇔ 

⇔ ÂÊˆ Ø ÂÊ 70Æ = ÂÊ 70Æ + ÂÊˆ 
⇔ ÂÊˆ(ÂÊ 70Æ – 1) = ÂÊ 70Æ

⇔ ÂÊˆ = � 1,5723.   

ÕÚ· ˆ � 58Æ.

ÂÊ 700

ÂÊ 700 – 1

1 = ÂÊˆ ⋅ ÂÊ 700

ÂÊ 700 + ÂÊ 450
1000 = 1000 ⋅ ÂÊˆ ⋅ ÂÊ 700

ÂÊ 700 + ÂÊˆ

h = 1000 ⋅ ÂÊ 600 ⋅ ÂÊ 700

ÂÊ 700 + ÂÊ 600

h = 1000 ⋅ ÂÊ 450 ⋅ ÂÊ 700

ÂÊ 700 + ÂÊ 450

h = 1000 ⋅ ÂÊ 300 ⋅ ÂÊ 700

ÂÊ 700 + ÂÊ 300

h = 1000 ⋅ ÂÊˆ ⋅ ÂÊ 700

ÂÊ 700 + ÂÊˆ
 .

h

ÂÊˆ
 + h

ÂÊ 700
 = 1000

h

ÂÊ 700
 .h

(¢§)

h

ÂÊˆ
 .h

(¶¢)
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2. i) EÂÈ‰‹ °∞µ = 45Æ Â›Ó·È (∞°) = (µ°). Œ¯Ô˘ÌÂ fiÌˆ˜:

Î·È ÂÂÈ‰‹ (∞°) = (µ°) ı· Â›Ó·È (µ°) = 

ii) ™ÙÔ ÙÚ›ÁˆÓÔ ¢∞µ ¤¯Ô˘ÌÂ

∂ÂÈ‰‹ Ù· ÔÚıÔÁÒÓÈ· ÙÚ›ÁˆÓ· ¢∞µ Î·È ¢∞∂ Â›Ó·È ›Û· ¤¯Ô˘ÌÂ (¢µ) = (¢∂).
ŒÙÛÈ (∂µ) = 2(µ¢) = 4 ËÌ 22,5Æ.

iii) Afi ÙËÓ ÈÛfiÙËÙ· ÙˆÓ ÙÚÈÁÒÓˆÓ ¢∞µ Î·È ¢∞∂ ÚÔÎ‡ÙÂÈ (∞∂) = (∞µ) = 2. 
ÕÚ· (∂°) = (∞∂) – (∞°) = 2 – 

iv) Afi ÙÔ ˘ı·ÁfiÚÂÈÔ ıÂÒÚËÌ· ÛÙÔ ÙÚ›ÁˆÓÔ °∂µ (Û¯‹Ì·) ¤¯Ô˘ÌÂ 
(∂µ)2 = (°µ)2 + (°∂)2 = ( )2 + (2 – )2.

ÕÚ· ∂µ = 

v) Œ¯Ô˘ÌÂ 

vi) MÔÚÔ‡ÌÂ Ó· ˘ÔÏÔÁ›ÛÔ˘ÌÂ ÙÔ ËÌ›ÙÔÓÔ ÙˆÓ ÁˆÓÈÒÓ Î.Ù.Ï., 

·ÚÎÂ› Ó· ‰È¯ÔÙÔÌ‹ÛÔ˘ÌÂ ÙË ÁˆÓ›· Î.Ù.Ï.

3. ñ ∞fi ÙÔ ÙÚ›ÁˆÓÔ ∞µ° ¤¯Ô˘ÌÂ

⇔ ⇔ (∞°) = 12.

ñ ∞fi Ù· ÔÚıÔÁÒÓÈ· ÙÚ›ÁˆÓ· ∞µ¢ Î·È ∞µ° ¤¯Ô˘ÌÂ = 30Æ. ∂ÔÌ¤Óˆ˜

⇔ (µ¢) = 6 ÂÊ 30Æ = 

ÕÚ· 

ñ ∞fi ÙÔ ÙÚ›ÁˆÓÔ ∞µ° ¤¯Ô˘ÌÂ ⇔

ÕÚ· (µ°) = 

ñ Œ¯Ô˘ÌÂ (°¢) = (µ°) – (µ¢) = 

ÕÚ· (°¢) = (¢∞) = 4 3.

6 3 – 2 3 = 4 3.

6 3 .

3

2
 = (µ°)

12
 .ËÌ 600 = (µ°)

12

µ¢ = 2 3.

6 ⋅ 3

3
 .ÂÊ 300 = (µ¢)

(∞µ)
 ⇔   ÂÊ 300 = (µ¢)

6

µ∞¢

1

2
 = 6

(∞°)
ËÌ 300 = 6

(∞°)

µ∞¢

22,50

2
 , 22,50

4

ËÌ 22,50 = (¢µ)

2
 =

(∂µ)

2

2
 = (∂µ)

4
 = 2 – 2

2
 .

2 2 – 2 .

22

2.

ËÌ 22,50 = (µ¢)

(∞µ)
 = (µ¢)

2
 .

2 .

ËÌ 450 = (∞°)

(∞µ)
 = (∞°)

2
 , ÔfiÙÂ (∞°) = 2ËÌ45Ô = 2 ⋅ 2

2
 = 2
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∂ÔÌ¤Óˆ˜ ÂÚ›ÌÂÙÚÔ˜ = 

∂Ì‚·‰fiÓ = 

4. Ÿˆ˜ Â›Ó·È ÁÓˆÛÙfi Ô ÏÂÙÔ‰Â›ÎÙË˜ ÂÎÙÂÏÂ› ÌÈ· Ï‹ÚË ÂÚÈÛÙÚÔÊ‹ ÛÂ ¯ÚfiÓÔ
1 ÒÚ·˜ ‹ 3600 ‰Â˘ÙÂÚÔÏ¤ÙˆÓ. ¢È·ÁÚ¿ÊÂÈ ‰ËÏ·‰‹ ÁˆÓ›· 2 rad ÛÂ 3600sec.

∂ÔÌ¤Óˆ˜ ÛÂ 1sec ‰È·ÁÚ¿ÊÂÈ ÁˆÓ›· 

∞Ó ÙÔ Ì‹ÎÔ˜ ÙÔ˘ ÏÂÙÔ‰Â›ÎÙË Â›Ó·È ›ÛÔ ÌÂ Ú, ÙfiÙÂ Û‡ÌÊˆÓ· ÌÂ ÙÔÓ Ù‡Ô S = ·Ú, 

ÙÔ ¿ÎÚÔ ÙÔ˘ ÏÂÙÔ‰Â›ÎÙË ÛÂ 1sec ı· ‰È·ÁÚ¿„ÂÈ ÙfiÍÔ Ì‹ÎÔ˘˜

°È· Ó· Â›Ó·È ÙÔ Ì‹ÎÔ˜ ·˘Ùfi ›ÛÔ ÌÂ 1mm ·ÚÎÂ› 

⇔ � 573mm.

¨ 7.2. µ·ÛÈÎ¤˜ ÙÚÈÁˆÓÔÌÂÙÚÈÎ¤˜ Ù·˘ÙfiÙËÙÂ˜
∞ã  √ª∞¢∞™

1. ∞Ó ÛÙËÓ ÈÛfiÙËÙ· ËÌ2x + Û˘Ó2x = 1 ·ÓÙÈÎ·Ù·ÛÙ‹ÛÔ˘ÌÂ ÙÔ ËÌx ÌÂ ‚Ú›-
ÛÎÔ˘ÌÂ

+ Û˘Ó2x = 1 ⇔ + Û˘Ó2x = 1 ⇔ Û˘Ó2x = 

⇔ Û˘Ó x = –
·ÊÔ‡ ÁÈ·

∂ÔÌ¤Óˆ˜ Î·È  

2. ∞Ó ÛÙËÓ ÈÛfiÙËÙ· ËÌ2x + Û˘Ó2x = 1 ·ÓÙÈÎ·Ù·ÛÙ‹ÛÔ˘ÌÂ ÙÔ Û˘Óx ÌÂ 
‚Ú›ÛÎÔ˘ÌÂ

⇔ ËÌ2x + 

⇔ ËÌ2x = 
5

9

4

9
 = 1ËÌ2x + – 2

3

2

 = 1

–2

3

ÛÊx = Û˘Óx

ËÌx
 = –4

3
 .ÂÊx = ËÌx

Û˘Óx
 = –3

4



2
 < x < [16

25
 = – 4

5

16

25

9

25
3

5

2

3

5

Ú = 3600

2
 mm2

3600
 ⋅ Ú = 1mm

2

3600
 ⋅ Ú.

2

3600
 rad.

1

2
 (¢°) ⋅ (∞µ) = 1

2
 ⋅ 4 3 ⋅ 6 = 12 3.

12 + 4 3 + 4 3 = 12 + 8 3.
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ÈÛ¯‡ÂÈ Û˘Ó x < 0.



⇔ ËÌ x = 
·ÊÔ‡ ÁÈ·

EÔÌ¤Óˆ˜ Î·È  

3. ñ 

ñ ∂›Ó·È ⇔ ⇔ Û˘Óx                 (1) 

EÂÈ‰‹ ËÌ2x + Û˘Ó2x = 1, ÏfiÁˆ ÙË˜ (1), ¤¯Ô˘ÌÂ

Û˘Ó2x + Û˘Ó2x = 1 ⇔ Û˘Ó2x + 3Û˘Ó2x = 3 ⇔ 4Û˘Ó2x = 3 ⇔ Û˘Ó2x = 

⇔ Û˘Óx = 
·ÊÔ‡ ÁÈ·

ñ ∞fi ÙËÓ (1) ÙÒÚ· ·›ÚÓÔ˘ÌÂ 

4. ñ 

ñ ∂›Ó·È ⇔ ⇔ ËÌx          (1)

EÂÈ‰‹ ËÌ2x + Û˘Ó2x = 1, ÏfiÁˆ ÙË˜ (1), ¤¯Ô˘ÌÂ

ËÌ2x + ËÌ2x = 1 ⇔ 5ËÌ2x + 4ËÌ2x = 5 ⇔ 9ËÌ2x = 5

⇔ ËÌ2x = ⇔ ËÌx = 
·ÊÔ‡ ÁÈ·

ñ ∞fi ÙËÓ (1) ÙÒÚ· ·›ÚÓÔ˘ÌÂ 

5. ñ ∂›Ó·È ÛÊx = –2 ⇔ ⇔ Û˘Óx = –2 ËÌx.Û˘Óx

ËÌx
 = –2

Û˘Óx = 2 5

5
 ⋅ 5

3
 = 2

3
 .

0 < x < 

2[5

3

5

9

4

5

Û˘Óx = 2 5

5

Û˘Óx

ËÌx
 = 2 5

5
ÛÊx = 2 5

5

ÂÊx = 1

ÛÊ x
 = 5

2 5
 = 5

2
 .

ËÌx = – 3

3
 ⋅ 3

2
 = – 3

3 ⋅ 2
 = – 1

2
 .

3

2
 < x < 2[3

2

3

4
1

3

ËÌx = – 3

3

ËÌx

Û˘Óx
 = – 3

3
ÂÊx = – 3

3

ÛÊx = 1

ÂÊx
 = – 3

3
 = – 3.

ÛÊx = 2 5

5
 .ÂÊx = 5

2

 < x < 3

2[– 5

9
 = – 5

3
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[
ÈÛ¯‡ÂÈ ËÌ x < 0.

ÈÛ¯‡ÂÈ Û˘Óx > 0.

ÈÛ¯‡ÂÈ ËÌx > 0.



EÂÈ‰‹ ËÌ2x + Û˘Ó2x = 1, ÏfiÁˆ ÙË˜ (1), ¤¯Ô˘ÌÂ

ËÌ2x + 4ËÌ2x = 1 ⇔ 5ËÌ2x = 1 ⇔ ËÌ2x = 

⇔ ËÌx = 
·ÊÔ‡ ÁÈ·

ñ ∞fi ÙËÓ (1) ÙÒÚ· ·›ÚÓÔ˘ÌÂ 

∂ÔÌ¤Óˆ˜ Ë ·ÚÈıÌËÙÈÎ‹ ÙÈÌ‹ ÙË˜ ·Ú¿ÛÙ·ÛË˜ ÈÛÔ‡Ù·È ÌÂ

6. ∂ÂÈ‰‹ ËÌ2x + Û˘Ó2x = 1, ·Ó ˘Ôı¤ÛÔ˘ÌÂ fiÙÈ
i) ËÌx = 0 Î·È Û˘Óx = 0, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ 02 + 02 = 1, ‰ËÏ·‰‹ 0 = 1, Ô˘ Â›Ó·È

¿ÙÔÔ.
ii) ËÌx = 1 Î·È Û˘Óx = 1, ÙfiÙÂ ı· ÈÛ¯‡ÂÈ 12 + 12 = 1, ‰ËÏ·‰‹ 2 = 1, Ô˘ Â›Ó·È

¿ÙÔÔ.

iii) ËÌx = Î·È Û˘Óx = ÙfiÙÂ Ô˘ Â›Ó·È ·ÏËı‹˜. 

ÕÚ· ˘¿Ú¯ÂÈ Ù¤ÙÔÈ· ÙÈÌ‹ ÙÔ˘ x.

7. ∞ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ Ë ·fiÛÙ·ÛË ÙÔ˘ ª(x, y) ·fi ÙËÓ ·Ú¯‹ √(0, 0) Â›-
Ó·È ›ÛË ÌÂ 3. ¶Ú¿ÁÌ·ÙÈ

8. Œ¯Ô˘ÌÂ

9x2 + 4y2 = 9 (2 Û˘Óı)2 + 4 (3 ËÌı)2 = 9 Ø 4 Û˘Ó2ı + 4 Ø 9 ËÌ2ı 

= 36 Û˘Ó2ı + 36 ËÌ2ı = 36 (Û˘Ó2ı + ËÌ2ı) = 36 Ø 1 = 36.

9. Œ¯Ô˘ÌÂ

x2 + y2 + z2 = r2 ËÌ2ı Û˘Ó2Ê + r2 ËÌ2ı ËÌ2Ê + r2 Û˘Ó2ı

= r2 ËÌ2ı (Û˘Ó2Ê + ËÌ2Ê) + r2 Û˘Ó2ı = r2 ËÌ2ı + r2 Û˘Ó2ı 

= r2 (ËÌ2ı + Û˘Ó2ı) = r2.

= 9 (Û˘Ó2ı + ËÌ2ı) = 9 = 3.

(√ª) = x2 + y2  = (3 Û˘Óı) 2 + (3 ËÌı)2  = 9 Û˘Ó2ı + 9 ËÌ2ı  

3

5

2

 + 4

5

2

 = 14

5

3

5

2 ⋅ – 5

5
 ⋅ 2 5

5

1 + 2 5

5

 =

– 4

5

5 + 2 5

5

 = – 4

5 + 2 5
 = – 4 (5 – 2 5)

(5 + 2 5) (5 – 2 5)
 = 8 5 – 20

5
 .

2ËÌx Û˘Óx

1 + Û˘Óx

Û˘Óx = –2 ⋅ – 5

5
 = 2 5

5
 .

3

2
 < x < 2[– 1

5
 = – 5

5

1

5
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ÈÛ¯‡ÂÈ ËÌx < 0.



10. i) ∞Ó 1 + Û˘Ó · ≠ 0 Î·È ËÌ · ≠ 0, ¤¯Ô˘ÌÂ

⇔ ËÌ2· = (1 + Û˘Ó·)(1 – Û˘Ó·)

⇔ ËÌ2· = 1 – Û˘Ó2· Ô˘ ÈÛ¯‡ÂÈ.

∞ÏÏÈÒ˜ ·Ó 1 + Û˘Ó· ≠ 0 Î·È 1 – Û˘Ó· ≠ 0, ¤¯Ô˘ÌÂ

ii) Û˘Ó4· – ËÌ4· = (Û˘Ó2·)2 – (ËÌ2·)2 = (Û˘Ó2· + ËÌ2·)(Û˘Ó2· – ËÌ2·)
= Û˘Ó2· – ËÌ2· = Û˘Ó2· – (1 – Û˘Ó2·) = 2 Û˘Ó2· – 1. 

11. ∂›Ó·È

i) 

ii) 

12. i) 

ii)

= ÂÊ2· ⋅ ËÌ2·.

= ËÌ2· (1 – Û˘Ó2·)

Û˘Ó2·
 = ËÌ2· ⋅ ËÌ2·

Û˘Ó2·
 = ËÌ·

Û˘Ó·

2

 ⋅ ËÌ2· 

ÂÊ2· – ËÌ2· = ËÌ2·

Û˘Ó2·
 – ËÌ2· = ËÌ2· – ËÌ2· ⋅ Û˘Ó2·

Û˘Ó2·
 

ÂÊ· + ÛÊ‚

ÂÊ‚ + ÛÊ·
 =

ÂÊ· + 1

ÂÊ‚

ÂÊ‚ + 1

ÂÊ·

 =

ÂÊ· ÂÊ‚ + 1

ÂÊ‚

ÂÊ· ÂÊ‚ + 1

ÂÊ·

 = ÂÊ·

ÂÊ‚
 .

= 2 Û˘Óx

Û˘Ó2x
 = 2

Û˘Óx
 .

Û˘Óx

1 – ËÌx
 + Û˘Óx

1 + ËÌx
 = Û˘Óx (1 + ËÌx) + Û˘Óx (1 – ËÌx)

(1 – ËÌx) (1 + ËÌx)
 = 2 Û˘Óx

1 – ËÌ2x
 

ËÌ2ı + 1 + 2 Û˘Óı + Û˘Ó2ı

ËÌı (1 + Û˘Óı)
 = 2 + 2 Û˘Óı

ËÌı (1 + Û˘Óı)
 = 2 (1 + Û˘Óı)

ËÌı (1 + Û˘Óı)
 = 2

ËÌı
 .

ËÌı

1 + Û˘Óı
 + 1 + Û˘Óı

ËÌı
 = ËÌ2ı + (1 + Û˘Óı) 2 

ËÌı (1 + Û˘Óı)
 =

= ËÌ· (1 – Û˘Ó·)

ËÌ2·
 = 1 – Û˘Ó·

ËÌ·
 .

ËÌ·

1 + Û˘Ó·
 = ËÌ· (1 – Û˘Ó·)

(1 + Û˘Ó·) (1 – Û˘Ó·)
 = ËÌ· (1 – Û˘Ó·)

1 – Û˘Ó2·
 

ËÌ·

1 + Û˘Ó·
 = 1 – Û˘Ó·

ËÌ·
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13. i)

ii) 

iii) 

iv) 

µã  √ª∞¢∞™

1. i) ∂ÂÈ‰‹ ËÌx + Û˘Óx = · ¤¯Ô˘ÌÂ ‰È·‰Ô¯ÈÎ¿

(ËÌx + Û˘Óx)2 = ·2

ËÌ2x + Û˘Ó2x + 2ËÌx Û˘Óx = ·2

1 + 2 ËÌx Û˘Óx = ·2

ËÌx Û˘Óx = (1)

∂ÔÌ¤Óˆ˜

ii) [ÏfiÁˆ ÙË˜ (1)]
1

ËÌx
 + 1

Û˘Óx
 = ËÌx + Û˘Óx

ËÌx Û˘Óx
 = ·

·2 – 1

2

 = 2·

·2 –1
 .

·2 – 1

2
 .

= Û˘Ó2x

ËÌx
 ⋅ ËÌ2x

Û˘Óx
 = ËÌx ⋅ Û˘Óx.

1

ËÌx
 – ËÌx  1

Û˘Óx
 – Û˘Óx  = 1 – ËÌ2x

ËÌx
 ⋅ 1 – Û˘Ó2x

Û˘Óx
 

1

ÂÊx + ÛÊx
 = 1

ËÌx

Û˘Óx
 + Û˘Óx

ËÌx

 = 1

ËÌ2x + Û˘Ó2x

ËÌx Û˘Óx

 = ËÌx Û˘Óx

ËÌ2x + Û˘Ó2
 = ËÌx Û˘Óx.

= ËÌ2x

Û˘Óx
 = ËÌx

Û˘Óx
 ⋅ ËÌx = ÂÊx ⋅ ËÌx.

(1 – Û˘Óx) 1 + 1

Û˘Óx
 = (1 – Û˘Óx) Û˘Óx + 1

Û˘Óx
 = 1 – Û˘Ó2x

Û˘Óx
 

= (Û˘Óx + ËÌx) (Û˘Óx – ËÌx)

Û˘Óx – ËÌx
 = Û˘Óx + ËÌx.

= Û˘Ó2x

Û˘Óx – ËÌx
 + ËÌ2x

ËÌx – Û˘Óx
 = Û˘Ó2x – ËÌ2x

Û˘Óx – ËÌx
 

Û˘Óx

1 – ÂÊx
 + ËÌx

1 – ÛÊx
 = Û˘Óx

1 – ËÌx

Û˘Óx

 + ËÌx

1 – Û˘Óx

ËÌx

 =
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iii) 

iv) ™‡ÌÊˆÓ· ÌÂ ÙËÓ Ù·˘ÙfiÙËÙ· ·3 + ‚3 = (· + ‚)3 – 3·‚(· + ‚), ¤¯Ô˘ÌÂ

ËÌ3x + Û˘Ó3x = (ËÌx + Û˘Óx)3 – 3ËÌx Û˘Óx (ËÌx + Û˘Óx)

2. i) µÏ¤Â ÂÊ·ÚÌÔÁ‹ 2, ¨7.2.

ii) ™‡ÌÊˆÓ· ÌÂ ÙËÓ Ù·˘ÙfiÙËÙ· ·3 + ‚3 = (· + ‚)3 – 3·‚(· + ‚), ¤¯Ô˘ÌÂ

ËÌ6x + Û˘Ó6x = (ËÌ2x)3 + (Û˘Ó2x)3

= (ËÌ2x + Û˘Ó2x)3 – 3ËÌ2x Û˘Ó2x (ËÌ2x + Û˘Ó2x) 

= 1 – 3ËÌ2x Û˘Ó2x. 

iii) 2(ËÌ6x + Û˘Ó6x) – 3(ËÌ4x + Û˘Ó4x) 

= 2(1 – 3ËÌ2x Û˘Ó2x) – 3(1 – 2ËÌ2x Û˘Ó2x) 

= 2 – 6ËÌ2x Û˘Ó2x – 3 + 6ËÌ2x Û˘Ó2x = –1.

3. ∂›Ó·È

ñ 

ñ √ÌÔ›ˆ˜ Â›Ó·È 

∂ÔÌ¤Óˆ˜ 

= 2ËÌx

Û˘Óx
 = 2ÂÊx.

1 + ËÌx

1 – ËÌx
 – 1 – ËÌx

1 + ËÌx
 = 1 + ËÌx

Û˘Óx
 – 1 – ËÌx

Û˘Óx
 

1 – ËÌx

1 + ËÌx
 = 1 – ËÌx

Û˘Óx
 .

= 1 + ËÌx

Û˘Óx
 , ·ÊÔ‡ Û˘Óx > 0, ÂÂÈ‰‹ – 

2
 < x < 

2
.

1 + ËÌx

1 – ËÌx
 = (1 + ËÌx) (1 + ËÌx)

(1 – ËÌx) (1 + ËÌx)
 = (1 + ËÌx)2

Û˘Ó2x
 = 1 + ËÌx

|Û˘Óx|
 

= ·3 – 3·3 – 3·

2
 = 3· – ·3

2
 = · (3 – ·2)

2
 .

= ·3 – 3 ⋅ ·
2 – 1

2
 ⋅ · ·ÊÔ‡ ËÌx + Û˘Óx = · Î·È ËÌx Û˘Óx = ·2 –1

2

= 1

·2 – 1

2

 = 2

·2 – 1
 .

ÂÊx + ÛÊx = ËÌx

Û˘Óx
 + Û˘Óx

ËÌx
 = ËÌ2x + Û˘Ó2x

ËÌx Û˘Óx
 = 1

ËÌx Û˘Óx
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4.

¨ 7.3. ∞Ó·ÁˆÁ‹ ÛÙÔ 1Ô ÙÂÙ·ÚÙËÌfiÚÈÔ
∞ã  √ª∞¢∞™

1. i) ∞Ó ‰È·ÈÚ¤ÛÔ˘ÌÂ ÙÔÓ 1200 ÌÂ ÙÔÓ 360 ‚Ú›ÛÎÔ˘ÌÂ ËÏ›ÎÔ 3 Î·È ˘fiÏÔÈÔ 120.
∂ÔÌ¤Óˆ˜ 1200Æ = 3 Ø 360Æ + 120Æ
ÔfiÙÂ

ËÌ1200Æ = ËÌ120Æ = ËÌ(180Æ – 60Æ) = ËÌ60Æ = 

Û˘Ó1200Æ = Û˘Ó120Æ = Û˘Ó(180Æ – 60Æ) = –Û˘Ó60Æ = 

ÂÊ1200Æ = Î·È ÛÊ1200Æ =  

ii) √ÌÔ›ˆ˜ ¤¯Ô˘ÌÂ 2850Æ = 7 Ø 360Æ + 330Æ 
ÔfiÙÂ
ËÌ(–2850Æ) = –ËÌ2850Æ = –ËÌ330Æ = –ËÌ(360Æ – 30Æ) 

= –ËÌ(–30Æ) = ËÌ30Æ = 

Û˘Ó(–2850Æ) = Û˘Ó2850Æ = Û˘Ó330Æ = Û˘Ó(360Æ – 30Æ)

= Û˘Ó(–30Æ) = Û˘Ó30Æ = 
3

2

1

2

– 1

2

3

2

 = – 1

3
 = – 3

3
 .

3

2

– 1

2

 = – 3

– 1

2

3

2

= (1 + ËÌx) (1 – ËÌx)

Û˘Óx (1 – ËÌx)
 = 1 – ËÌ2x

Û˘Óx (1 – ËÌx)
 = Û˘Ó2x

Û˘Óx (1 – ËÌx)
 = Û˘Óx

1 – ËÌx
 .

= 1 + |ËÌx|

Û˘Óx
 = 1 + ËÌx

Û˘Óx
 ·ÊÔ‡ 0 ≤ x < 

2
 Â›Ó·È ËÌx ≥ 0

= 2 + 2 1 – Û˘Ó2x

2Û˘Óx
 = 2 + 2 ËÌ2x

2Û˘Óx
 

= 1 + Û˘Óx + 1 – Û˘Óx + 2 (1 + Û˘Óx) (1 – Û˘Óx)

(1 + Û˘Óx) – (1 – Û˘Óx)
 

=
1 + Û˘Óx  + 1 – Û˘Óx

2

1 + Û˘Óx  – 1 – Û˘Óx  1 + Û˘Óx  + 1 – Û˘Óx
 

1 + Û˘Óx + 1 – Û˘Óx

1 + Û˘Óx  – 1 – Û˘Óx
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ÂÊ(–2850Æ) = Î·È ÛÊ(–2850Æ) =  

2. i) ∂›Ó·È ∞Ó ÙÒÚ· ‰È·ÈÚ¤ÛÔ˘ÌÂ ÙÔ 187 ÌÂ ÙÔ 12 ‚Ú›ÛÎÔ˘ÌÂ

ËÏ›ÎÔ 15 Î·È ˘fiÏÔÈÔ 7. ∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ

ÔfiÙÂ

ii) ∂›Ó·È ∞Ó ÙÒÚ· ‰È·ÈÚ¤ÛÔ˘ÌÂ ÙÔ 21 ÌÂ ÙÔ 8 ‚Ú›ÛÎÔ˘ÌÂ Ë-

Ï›ÎÔ 2 Î·È ˘fiÏÔÈÔ 5. ∂ÔÌ¤Óˆ˜ ¤¯Ô˘ÌÂ

ÔfiÙÂ

ÂÊ 21

4
 =

– 2

2

– 2

2

 = 1   Î·È   ÛÊ 21

4
 =

– 2

2

– 2

2

 = 1.

Û˘Ó 21

4
 = Û˘Ó 5

4
 = Û˘Ó  + 

4
 = –Û˘Ó 

4
 = – 2

2

ËÌ 21

4
 = ËÌ 5

4
 = ËÌ  + 

4
 = –ËÌ 

4
 = – 2

2

21

4
 = 21

8
 ⋅ 2 = 2 + 5

8
 2 = 2 ⋅ 2 + 5

4

21

4
 = 21

8
 ⋅ 2.

ÂÊ 187

6
 =

– 1

2

– 3

2

 = 1

3
 = 3

3
   Î·È   ÛÊ 187

6
 =

– 3

2

– 1

2

 = 3.

Û˘Ó 187

6
 = Û˘Ó 7

6
 = Û˘Ó  + 

6
 = –Û˘Ó 

6
 = – 3

2

ËÌ 187

6
 = ËÌ 15 ⋅ 2 + 7

6
 = ËÌ 7

6
 = ËÌ  + 

6
 = –ËÌ 

6
 = – 1

2

187

6
 = 187

12
 ⋅ 2 = 15 + 7

12
 2 = 15 ⋅ 2 + 7

6

187

6
 = 187

12
 ⋅ 2.

3

2

1

2

 = 3.

1

2

3

2

 = 3

3
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3. ∂ÂÈ‰‹ ∞ + µ + ° = 180Æ Â›Ó·È

∞ = 180Æ – (µ + °)   Î·È   

ŒÙÛÈ ¤¯Ô˘ÌÂ
i) ËÌ∞ = ËÌ(180Æ – (µ + °)) = ËÌ(µ + °).

ii) Û˘Ó∞ = Û˘Ó(180Æ – (µ + °)) = –Û˘Ó(µ + °).
Û˘Ó∞ + Û˘Ó(µ + °) = 0.

iii) 

iv) 

4. ∂ÂÈ‰‹ Û˘Ó(–·) = Û˘Ó·, Û˘Ó(180Æ + ·) = –Û˘Ó·, ËÌ(–·) = –ËÌ· Î·È
ËÌ(90Æ + ·) = ËÌ(90Æ – (–·)) = Û˘Ó(–·) = Û˘Ó·, ¤¯Ô˘ÌÂ

5. ∂›Ó·È
ÂÊ( – x) = – ÂÊx, Û˘Ó(2 + x) = Û˘Óx

= ËÌ(–x) = –ËÌx.
ËÌ(13 + x) = ËÌ(6 Ø 2 +  + x) = ËÌ( + x) = –ËÌx, Û˘Ó(–x) = Û˘Óx  Î·È

∂ÔÌ¤Óˆ˜

6. ∂ÂÈ‰‹ ËÌ( – x) = ËÌx, Û˘Ó( – x) = –Û˘Óx

Û˘Ó(2 – x) = Û˘Ó(–x) = Û˘Óx   Î·È   = Û˘Óx, ¤¯Ô˘ÌÂËÌ 

2
 – x

ÂÊ( – x) ⋅ Û˘Ó(2 + x) ⋅ Û˘Ó 9

2
 + x

ËÌ(13 + x) ⋅ Û˘Ó(–x) ⋅ ÛÊ 21

2
 – x

 = (–ÂÊx) ⋅ Û˘Óx ⋅ (–ËÌx)

(–ËÌx) ⋅ Û˘Óx ⋅ ÂÊx
 = –1.

ÛÊ 21

2
 – x  = ÛÊ 5 ⋅ 2 + 

2
 – x  = ÛÊ 

2
 – x  = ÂÊx.

Û˘Ó 9

2
 + x  = Û˘Ó 2 ⋅ 2 + 

2
 + x  = Û˘Ó 

2
 + x  = Û˘Ó 

2
 – (–x)  

Û˘Ó(–·) ⋅ Û˘Ó(1800 + ·)

ËÌ(–·) ⋅ ËÌ(900 + ·)
 = Û˘Ó· ⋅ (–Û˘Ó·)

(–ËÌ·) ⋅ Û˘Ó·
 = ÛÊ·.

Û˘Ó ∞

2
 = Û˘Ó 900 – µ + °

2
 = ËÌ µ + °

2
 .

ËÌ ∞

2
 = ËÌ 900 – µ + °

2
 = Û˘Ó µ + °

2
   Î·È

∞

2
 = 900 – µ + °

2
 .
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ËÌ2( – x) + Û˘Ó( – x) Û˘Ó(2 – x) + 2ËÌ2

= ËÌ2x – Û˘Óx Ø Û˘Óx + 2Û˘Ó2x = ËÌ2x + Û˘Ó2x = 1.

µã  √ª∞¢∞™

1. ∂ÂÈ‰‹
ËÌ495Æ = ËÌ(360Æ + 135Æ) = ËÌ135Æ = ËÌ(180Æ – 45Æ) = ËÌ45Æ = 

Û˘Ó120Æ = Û˘Ó(180Æ – 60Æ) = –Û˘Ó60Æ = 

Û˘Ó 495Æ = Û˘Ó(360Æ + 135Æ) = Û˘Ó 135Æ = Û˘Ó(180Æ – 45Æ) = –Û˘Ó45Æ = –

Û˘Ó(–120Æ) = Û˘Ó120Æ = (fiˆ˜ ÚÔËÁÔ˘Ì¤Óˆ˜)

ÂÊ(–120Æ) = –ÂÊ120Æ = –ÂÊ(180Æ – 60Æ) = ÂÊ60Æ = Î·È
ÂÊ495Æ = ÂÊ(360Æ + 135Æ) = ÂÊ135Æ = ÂÊ(180Æ – 45Æ) = –ÂÊ45Æ = –1.
Ë ÙÈÌ‹ ÙË˜ ·Ú¿ÛÙ·ÛË˜ ÈÛÔ‡Ù·È ÌÂ

2. Œ¯Ô˘ÌÂ
ËÌ(5 + ˆ) = ËÌ(4 +  + ˆ) = ËÌ( + ˆ) = –ËÌˆ
Û˘Ó(7 – ˆ) = Û˘Ó(6 +  – ˆ) = Û˘Ó( – ˆ) = –Û˘Óˆ

ÛÊ(5 + ˆ) = ÛÊ(4 +  + ˆ) = ÛÊ( + ˆ) = ÛÊˆ
ËÌ(7 – ˆ) = ËÌ(6 +  – ˆ) = ËÌ( – ˆ) = ËÌˆ

∂ÔÌ¤Óˆ˜ Ë ·Ú¿ÛÙ·ÛË Á›ÓÂÙ·È

(–ËÌˆ) (–Û˘Óˆ) ⋅ Û˘Óˆ ⋅ ËÌˆ

ÛÊˆ ⋅ ËÌˆ ⋅ ËÌˆ (–ÂÊˆ)
 = – ËÌˆ ⋅ Û˘Ó2ˆ

ËÌˆ
 = –Û˘Ó 2ˆ = ËÌ2ˆ –1.

ÛÊ 7

2
 + ˆ  = ÛÊ 4 – 

2
 + ˆ  = ÛÊ – 

2
 + ˆ  = –ÛÊ 

2
 – ˆ  = –ÂÊˆ

Û˘Ó 5

2
 – ˆ  = Û˘Ó 2 + 

2
 – ˆ  = Û˘Ó 

2
 – ˆ  = ËÌˆ

Û˘Ó 7

2
 + ˆ  = Û˘Ó 4 – 

2
 + ˆ  = Û˘Ó – 

2
 + ˆ  = Û˘Ó 

2
 – ˆ  = ËÌˆ

ËÌ 5

2
 – ˆ  = ËÌ 2 + 

2
 – ˆ  = ËÌ 

2
 – ˆ  = Û˘Óˆ

2

2
 ⋅ – 1

2
 + – 2

2
 ⋅ – 1

2

3 + (–1)
 =

– 2

4
 + 2

4

3  – 1
 = 0.

3

– 1

2

2

2

– 1

2

2

2



2
 – x  
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3. ™‡ÌÊˆÓ· ÌÂ ÙËÓ Ù·˘ÙfiÙËÙ· ·2 + ‚2 = (· + ‚)2 – 2·‚, ¤¯Ô˘ÌÂ

4. ∂›Ó·È

⇔

⇔

⇔

⇔

⇔ 0 < ÂÊ2x < ÂÊ2x + 1.

Ô˘ ÈÛ¯‡ÂÈ, ÁÈ·Ù› ·ÔÎÏÂ›ÂÙ·È Ó· Â›Ó·È ÂÊx = 0, ·ÊÔ‡, ÏfiÁˆ ˘Ôı¤ÛÂˆ˜, ÔÚ›-
˙ÂÙ·È Ë ÛÊx.

0 < ÂÊ2x

ÂÊ2x + 1
 < 1

0 < ÂÊx

ÂÊ2x + 1

ÂÊx

 < 1

0 < ÂÊx

ÂÊx + 1

ÛÊx

 < 1

0 < ÂÊx

ÂÊx + ÛÊx
 < 10 < ÂÊ( + x)

ÂÊx – ÛÊ( + x)
 < 1

= 25 – 2ÂÊ 

3
 – x  ÛÊ 

3
 – x  = 25 – 2 = 23.

= 52 – 2ÂÊ 

3
 – x  ÂÊ 

6
 + x  = 25 – 2ÂÊ 

3
 – x  ÛÊ 

2
 – 

6
 + x

= ÂÊ 

3
 – x  + ÂÊ 

6
 + x

2

 – 2ÂÊ 

3
 – x  ÂÊ 

6
 + x

ÂÊ2 

3
 – x  + ÂÊ2 

6
 + x  
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∞™∫∏™∂π™ °π∞ ∂¶∞¡∞§∏æ∏

1. i) Œ¯Ô˘ÌÂ

ii) Œ¯Ô˘ÌÂ

·2 + ‚2 + Á2 ≥ ·‚ + ‚Á + Á· ⇔ ·2 + ‚2 + Á2 – ·‚ – ‚Á – Á· ≥ 0

⇔ Ô˘ ÈÛ¯‡ÂÈ.

∆Ô “=” ÈÛ¯‡ÂÈ ·Ó Î·È ÌfiÓÔ ·Ó
· – ‚ = 0   Î·È   ‚ – Á = 0   Î·È   Á – · = 0 ⇔ · = ‚ = Á.

2. i) Œ¯Ô˘ÌÂ (Î‚)2 + (ÎÁ)2 = Î2‚2 + Î2Á2 = Î2(‚2 + Á2) = Î2·2 = (Î·)2.

ii) Œ¯Ô˘ÌÂ (Ì2 – Ó2)2 + (2ÌÓ)2 = Ì4– 2Ì2Ó2 + Ó4 + 4Ì2Ó2

= Ì4 + 2Ì2Ó2 + Ó4 = (Ì2 + Ó2)2.
3 4 5
8 6 10
5 12 13

21 20 29
16 30 34
15 8 17

1

2
 (· – ‚)2 + (‚ – Á)2 + (Á – ·)2  ≥ 0

= ·2 + ‚2 + Á2 – ·‚ – ‚Á – Á·.

= 1

2
 ⋅ 2 ·2 + ‚2 + Á2 – ·‚  – ‚Á – Á·

= 1

2
 2·2 + 2‚2 + 2Á2 – 2·‚  – 2‚Á – 2Á·

= 1

2
 ·2 – 2·‚ + ‚2 + ‚2 – 2‚Á + Á2 + Á2 – 2Á· + ·2

1

2
 (· – ‚)2 + (‚ – Á)2 + (Á – ·)2  



3. ∞) Œ¯Ô˘ÌÂ ⇔ ⇔ 4·‚ ≤ ·2 + ‚2 + 2·‚

⇔ 0 ≤ ·2 + ‚2 + 2·‚ – 4·‚ ⇔ 0 ≤ ·2 + ‚2 – 2·‚ 

⇔ 0 ≤ (· – ‚)2, Ô˘ ÈÛ¯‡ÂÈ.

∆Ô “=” ÈÛ¯‡ÂÈ fiÙ·Ó · = ‚.
∞fi ÙËÓ ·ÓÈÛfiÙËÙ· ·˘Ù‹ ÚÔÎ‡ÙÂÈ fiÙÈ ÙÔ ÂÌ‚·‰fiÓ ÂÓfi˜ ÔÚıÔÁˆÓ›Ô˘ ÌÂ
‰È·ÛÙ¿ÛÂÈ˜ · Î·È ‚ ‰ÂÓ ˘ÂÚ‚·›ÓÂÈ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÙÂÙÚ·ÁÒÓÔ˘ ÌÂ ÏÂ˘Ú¿

ÙÔ ËÌÈ¿ıÚÔÈÛÌ· 

µ) ∞Ó · Î·È ‚ Â›Ó·È ÔÈ ‰È·ÛÙ¿ÛÂÈ˜ ÂÓfi˜ Ù¤ÙÔÈÔ˘ ÔÚıÔÁˆÓ›Ô˘, ÙfiÙÂ ÙÔ ÂÌ‚·-
‰fiÓ ÙÔ˘ Â›Ó·È ∂ = ·‚ Î·È Ë ÂÚ›ÌÂÙÚfi˜ ÙÔ˘ ƒ = 2(· + ‚).

i) ŒÙÛÈ Ë ÚÔËÁÔ‡ÌÂÓË ·ÓÈÛfiÙËÙ· ÁÚ¿ÊÂÙ·È 

∏ ÈÛfiÙËÙ· ÈÛ¯‡ÂÈ, ·Ó Î·È ÌfiÓÔ ·Ó , ‰ËÏ·‰‹ fiÙ·Ó ÙÔ ÔÚıÔ-
ÁÒÓÈÔ Á›ÓÂÈ ÙÂÙÚ¿ÁˆÓÔ.

ii) §fiÁˆ ÙË˜ (i) ¤¯Ô˘ÌÂ 

∏ ÈÛfiÙËÙ· ÈÛ¯‡ÂÈ ·Ó Î·È ÌfiÓÔ ·Ó · = ‚.
(∆Ô ·Ú·¿Óˆ ·ÔÙ¤ÏÂÛÌ· ‹Ù·Ó ÁÓˆÛÙfi ÚÈÓ ÙËÓ ÂÔ¯‹ ÙÔ˘ ∂˘ÎÏÂ›‰Ë).

4. i) 3(x + 1) – ·x = 4 ⇔ 3x + 3 – ·x = 4 ⇔ (3 – ·)x = 1.

ñ ∞Ó · ≠ 3, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ 

ñ ∞Ó · = 3, ÙfiÙÂ Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 1 Î·È Â›Ó·È ·‰‡Ó·ÙË.

ii) °È· · ≠ 3 Ú¤ÂÈ ⇔ ⇔ 

⇔ ⇔ (· – 2)(3 – ·) > 0 

⇔ (· – 2)(· – 3) < 0 ⇔ 2 < · < 3.

5. i) Œ¯Ô˘ÌÂ

Ï2 (x – 1) + 3Ï = x + 2  ⇔ Ï2x – Ï2 + 3Ï = x + 2  ⇔ Ï2x – x = Ï2 – 3Ï + 2

⇔ (Ï2 – 1)x = Ï2 – 3Ï + 2  

⇔ (Ï + 1)(Ï – 1)x = (Ï – 1)(Ï – 2).

ii) ñ AÓ Ï ≠ ±1, ÙfiÙÂ Ë ÂÍ›ÛˆÛË ¤¯ÂÈ ÌÔÓ·‰ÈÎ‹ Ï‡ÛË ÙËÓ

x = (Ï – 1) (Ï – 2)

(Ï + 1) (Ï – 1)
 = Ï – 2

Ï + 1
 .

· – 2

3 – ·
 > 0

1 – 3 + ·

3 – ·
 > 01

3 – ·
 – 1 > 01

3 – ·
 > 1

x = 1

3 – ·
 .

∂ ≤ ƒ

4

2

 ⇔  ∂   ≤ ƒ

4
 ⇔  ƒ ≥ 4 ∂.

· = ‚ = ƒ

4
 

∂ ≤ ƒ

4

2

.

· + ‚

2
 .

·‚ ≤ ·2 + ‚2 + 2·‚

4
·‚ ≤ · + ‚

2

2

A™∫∏™∂π™ °π∞ ∂¶∞¡∞§∏æ∏114



ñ °È· Ï = –1, Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 6 Î·È Â›Ó·È ·‰‡Ó·ÙË.
ñ °È· Ï = 1, Ë ÂÍ›ÛˆÛË Á›ÓÂÙ·È 0x = 0 Î·È Â›Ó·È Ù·˘ÙfiÙËÙ·.

iii) ∏ ÂÍ›ÛˆÛË ¤¯ÂÈ Ú›˙· ÙÔÓ ·ÚÈıÌfi , ·Ó Î·È ÌfiÓÔ ·Ó ÈÛ¯‡ÂÈ

(Ï – 1)(Ï + 1) 1—
4

= (Ï – 1)(Ï – 2) ⇔ (Ï – 1)(Ï + 1) = 4(Ï – 1)(Ï – 2)

⇔ (Ï – 1)(3Ï – 9) = 0 ⇔ Ï = 1 ‹ Ï = 3.

6. ∞) i) Œ¯Ô˘ÌÂ

180 = 60t Ø 10t2 ⇔ 18 = 6t t2 ⇔ 36 = 12t – t2 ⇔ 

t2 – 12t + 36 = 0 ⇔ (t – 6)2 = 0 ⇔ t = 6sec.

ii) Œ¯Ô˘ÌÂ

100 = 60t Ø 10t2 ⇔ 10 = 6t t2 ⇔ 20 = 12t – t2 ⇔ 

t2 – 12t + 20 = 0.
¢ = (–12)2 – 4 Ø 1 Ø 20 = 144 – 80 = 64

∂ÔÌ¤Óˆ˜ ⇔ t = 2sec   ‹   t = 10sec.

™ÙËÓ ÂÚ›ÙˆÛË i) ÙÔ ‡„Ô˜ ÙˆÓ 180 Ì¤ÙÚˆÓ Â›Ó·È ÙÔ Ì¤ÁÈÛÙÔ ‡„Ô˜ Ô˘ Êı¿ÓÂÈ

ÙÔ ÛÒÌ·, ·ÊÔ‡ Ë Û˘Ó¿ÚÙËÛË ÙÔ˘ ‡„Ô˘˜ Â›Ó·È h(t) = Ø 10 Ø t2 + 60t, ‰ËÏ·‰‹

h(t) = –5t2 + 60t Î·È ¤¯ÂÈ Ì¤ÁÈÛÙÔ ÁÈ· t = = 6sec, ÙÔ h(6) = 180 Ì¤ÙÚ·.

™ÙË ‰Â‡ÙÂÚË ÂÚ›ÙˆÛË ÔÈ ‰‡Ô Ï‡ÛÂÈ˜ ÙË˜ ÂÍ›ÛˆÛË˜ Â›Ó·È ÔÈ ¯ÚÔÓÈÎ¤˜
ÛÙÈÁÌ¤˜ Ô˘ ÙÔ ÛÒÌ· ı· ‚ÚÂıÂ› ÛÂ ‡„Ô˜ 100 Ì¤ÙÚˆÓ, ÌÈ· ÛÙËÓ ¿ÓÔ‰Ô fiÙ·Ó
t = 2sec Î·È ÌÈ· ÛÙËÓ Î¿ıÔ‰Ô fiÙ·Ó t = 10sec.

B) °È· Ó· ÌÔÚÂ› ÙÔ ÛÒÌ· Ó· Êı¿ÛÂÈ ÛÂ ‡„Ô˜ h0, ı· Ú¤ÂÈ ÙÔ h0 Ó· Â›Ó·È ÌÈ- 

ÎÚfiÙÂÚÔ ‹ ÙÔ ÔÏ‡ ›ÛÔ ÌÂ ÙÔ Ì¤ÁÈÛÙÔ ÙË˜ Û˘Ó¿ÚÙËÛË˜ h(t) = gt2 + ˘0t.

∆Ô Ì¤ÁÈÛÙÔ ÙË˜ Û˘Ó¿ÚÙËÛË˜ ·˘Ù‹˜ Â›Ó·È ›ÛÔ ÌÂ

ÕÚ· ÁÈ· Ó· ÌÔÚÂ› ÙÔ ÛÒÌ· ·Ó Êı¿ÛÂÈ ÛÂ ‡„Ô˜ h0 Ú¤ÂÈ h0 ≤ 
˘0

2

2g
 .

= – 1

2
 ⋅ ˘0

2

g
 +

˘0
2

g
 =

–˘0
2

2g
 +

2˘0
2

2g
 =

˘0
2

2g
 .

h
–˘0

2 – 1

2
 g

 = h
˘0

g
 = – 1

2
 g

˘0

g

2

 + ˘0 ⋅ 
˘0

g
 

– 1

2

–60

2(–5)

– 1

2

t = 12 ± 8

2

– 1

2
– 1

2

– 1

2
– 1

2

x = 1

4
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7. ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ 
f(x) = |x| – 2 
ÚÔÎ‡ÙÂÈ ·fi ÌÈ· Î·Ù·ÎfiÚ˘ÊË
ÌÂÙ·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 2
ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· Î¿Ùˆ, ÂÓÒ Ë
ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ 
g(x) = 2 – |x| 
Â›Ó·È Û˘ÌÌÂÙÚÈÎ‹ ÙË˜ ÁÚ·ÊÈÎ‹˜
·Ú¿ÛÙ·ÛË˜ ÙË˜ f ˆ˜ ÚÔ˜ ÙÔÓ
¿ÍÔÓ· xãx, ‰ÈfiÙÈ Ë g Â›Ó·È ·ÓÙ›-
ıÂÙË ÙË˜ f (Û¯.).
OÈ ÁÚ·ÊÈÎ¤˜ ·˘Ù¤˜ ·Ú·ÛÙ¿ÛÂÈ˜
Ù¤ÌÓÔÓÙ·È ÛÙ· ÛËÌÂ›· ∞(2, 0),
µ(0, 2), °(–2, 0) Î·È ¢(0, –2).
∆Ô ÂÌ‚·‰fiÓ ÙÔ˘ ÙÂÙÚ·ÏÂ‡ÚÔ˘ ∞µ°¢, Â›Ó·È ›ÛÔ ÌÂ ÙÔ ÙÂÙÚ·Ï¿ÛÈÔ ÙÔ˘

ÂÌ‚·‰Ô‡ ÙÔ˘ ÙÚÈÁÒÓÔ˘ √∞µ, ‰ËÏ·‰‹ Â›Ó·È ›ÛÔ ÌÂ

™ËÌÂ›ˆÛË: ∆Ô ÙÂÙÚ¿ÏÂ˘ÚÔ ∞µ°¢ Â›Ó·È ÙÂÙÚ¿ÁˆÓÔ, ‰ÈfiÙÈ ¤¯ÂÈ fiÏÂ˜ ÙÔ˘
ÙÈ˜ ÁˆÓ›Â˜ ÔÚı¤˜ Î·È fiÏÂ˜ ÙÔ˘ ÙÈ˜ ÏÂ˘Ú¤˜ ›ÛÂ˜, ÌÂ Ì‹ÎÔ˜ ∂ÔÌ¤Óˆ˜
ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ Â›Ó·È ›ÛÔ ÌÂ 

8. ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ 
f(x) = |x – 1| 

ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂ-
Ù·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 1 ÌÔ-
Ó¿‰· ÚÔ˜ Ù· ‰ÂÍÈ¿, ÂÓÒ Ë ÁÚ·-
ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ 

g(x) = |x – 3| 
ÚÔÎ‡ÙÂÈ ·fi ÌÈ· ÔÚÈ˙fiÓÙÈ· ÌÂ-
Ù·ÙfiÈÛË ÙË˜ y = |x|, Î·Ù¿ 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· ‰ÂÍÈ¿ (Û¯.). √È ÁÚ·ÊÈÎ¤˜ ·˘-
Ù¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ Ù¤ÌÓÔÓÙ·È ÛÙÔ ÛËÌÂ›Ô ∞(2, 1).
OÈ Ï‡ÛÂÈ ÙË˜ ·Ó›ÛˆÛË˜ |x – 1| < |x – 3| Â›Ó·È ÂÎÂ›Ó· Ù· x ∈ � ÁÈ· Ù· ÔÔ›·
Ë y = |x – 1| ‚Ú›ÛÎÂÙ·È Î¿Ùˆ ·fi ÙËÓ y = |x – 3|. ∞˘Ùfi Û˘Ì‚·›ÓÂÈ, fiˆ˜ Ê·›-
ÓÂÙ·È ÛÙÔ Û¯‹Ì·, fiÙ·Ó x < 2.
∆Ô ·Ú·¿Óˆ Û˘Ì¤Ú·ÛÌ· ÂÈ‚Â‚·ÈÒÓÂÙ·È ·ÏÁÂ‚ÚÈÎ¿ ˆ˜ ÂÍ‹˜

|x – 1| < |x – 3| ⇔ |x – 1|2 < |x – 3|2 ⇔ (x – 1)2 < (x – 3)2

⇔ x2 – 2x + 1 < x2 – 6x + 9 ⇔ 4x < 8 ⇔ x < 2.

∂∞µ°¢ = 2 2
2
 = 8ÙÌ.

2 2.

∂∞µ°¢ = 4 ⋅ ∂√∞µ = 4 ⋅ 1

2
 ⋅ 2 ⋅ 2  = 8ÙÌ.
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9. A) H ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ g ÚÔÎ‡ÙÂÈ ·fi ÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË
ÙË˜ f ÌÂ Î·Ù·ÎfiÚ˘ÊË ÌÂÙ·ÙfiÈÛË 3 ÌÔÓ¿‰Â˜ ÚÔ˜ Ù· Î¿Ùˆ.
∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ h ÚÔÎ‡ÙÂÈ ·fi ÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË
ÙË˜ g, ·Ó ·Ú·ÙËÚ‹ÛÔ˘ÌÂ fiÙÈ h(x) = g(x), ÁÈ· x ≤ 3 ‹ x ≥ 3 Î·È 
h(x) = –g(x) ÁÈ· –3 ≤ x ≤ 3.

B) ∆Ô Ï‹ıÔ˜ ÙˆÓ Ï‡ÛÂˆÓ ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜       y = ||x| – 3|
y = ·        

, · ∈ �

·ÚÈÛÙ¿ÓÂÙ·È ·fi ÙÔ Ï‹ıÔ˜ ÙˆÓ ÛËÌÂ›ˆÓ ÙÔÌ‹˜ ÙË˜ ÔÚÈ˙fiÓÙÈ·˜ Â˘ıÂ›·˜
y = · Î·È ÙË˜ ÁÚ·ÊÈÎ‹˜ ·Ú¿ÛÙ·ÛË˜ ÙË˜ Û˘Ó¿ÚÙËÛË˜ h. ∂ÔÌ¤Óˆ˜,
ñ AÓ · < 0, ÙÔ Û‡ÛÙËÌ· ‰ÂÓ ¤¯ÂÈ Ï‡ÛÂÈ˜, ‰ËÏ·‰‹ Â›Ó·È ·‰‡Ó·ÙÔ.
ñ AÓ · = 0, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜.
ñ AÓ 0 < · < 3, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ Ù¤ÛÛÂÚÈ˜ Ï‡ÛÂÈ˜.
ñ AÓ · = 3, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÙÚÂÈ˜ Ï‡ÛÂÈ˜.
ñ AÓ · > 3, ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜.

{
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10. i) Œ¯Ô˘ÌÂ y2 – x2 = 0  ⇔ (y – x)(y + x) = 0 ⇔ y = x  ‹  y = –x, Ô˘ Â›Ó·È
ÔÈ ÂÍÈÛÒÛÂÈ˜ ÙˆÓ ‰È¯ÔÙfiÌˆÓ ÙˆÓ ÁˆÓÈÒÓ ÙˆÓ ·ÍfiÓˆÓ.

ii) ∏ ·fiÛÙ·ÛË ÙˆÓ ÛËÌÂ›ˆÓ ∫(·, 0) Î·È ª(x, y) Â›Ó·È ›ÛË ÌÂ 

ŒÓ· ÛËÌÂ›Ô ª(x, y) ·Ó‹ÎÂÈ ÛÙÔÓ Î‡ÎÏÔ ÌÂ Î¤ÓÙÚÔ ∫(·, 0) Î·È ·ÎÙ›Ó·

Ú = 1, ·Ó Î·È ÌfiÓÔ ·Ó (∫ª) = 1 ⇔ ⇔ (x – ·)2 + y2 = 1.

iii) ∆Ô Ï‹ıÔ˜ ÙˆÓ Ï‡ÛÂˆÓ ÙÔ˘ Û˘ÛÙ‹Ì·ÙÔ˜ Â›Ó·È fiÛÔ Î·È ÙÔ Ï‹ıÔ˜ ÙˆÓ
ÎÔÈÓÒÓ ÛËÌÂ›ˆÓ ÙÔ˘ Î‡ÎÏÔ˘ ÌÂ ÙÈ˜ Â˘ıÂ›Â˜ y = x Î·È y = –x.

∂ÂÈ‰‹, ÁÈ· · ≥ 0, Ë ·fiÛÙ·ÛË ÙÔ˘ Î¤ÓÙÚÔ˘ ∫ ÙÔ˘ Î‡ÎÏÔ˘ ·fi ÙÈ˜ Â˘-

ıÂ›Â˜ ·˘Ù¤˜ Â›Ó·È ›ÛË ÌÂ d = KA = KB = , ¤¯Ô˘ÌÂ:

ñ ∞Ó d > Ú ⇔ > 1 ⇔ · > , Ô Î‡ÎÏÔ˜ Î·È ÔÈ Â˘ıÂ›Â˜ ‰ÂÓ ¤¯Ô˘Ó

Î·Ó¤Ó· ÎÔÈÓfi ÛËÌÂ›Ô, ÔfiÙÂ ÙÔ Û‡ÛÙËÌ· Â›Ó·È ·‰‡Ó·ÙÔ.

ñ ∞Ó d = Ú ⇔ · = , Ô Î‡ÎÏÔ˜ ÂÊ¿ÙÂÙ·È ÙˆÓ Â˘ıÂÈÒÓ, ÔfiÙÂ ÙÔ Û‡-

ÛÙËÌ· ¤¯ÂÈ ‰‡Ô Ï‡ÛÂÈ˜.

ñ ∞Ó d < Ú ⇔ 0 ≤ · < , Ô Î‡ÎÏÔ˜ Ù¤ÌÓÂÈ Î·È ÙÈ˜ ‰‡Ô Â˘ıÂ›Â˜, ÔfiÙÂ ÙÔ
Û‡ÛÙËÌ· ¤¯ÂÈ Ù¤ÛÛÂÚÈ˜ Ï‡ÛÂÈ˜, ÌÂ ÂÍ·›ÚÂÛË ÙËÓ ÂÚ›ÙˆÛË · = 1 Î·Ù¿
ÙËÓ ÔÔ›· Ô Î‡ÎÏÔ˜ ¤¯ÂÈ ÌÂ ÙÈ˜ Â˘ıÂ›Â˜ ÙÚ›· ‰È·ÎÂÎÚÈÌ¤Ó· ÎÔÈÓ¿ ÛË-
ÌÂ›·, ÔfiÙÂ ÙÔ Û‡ÛÙËÌ· ¤¯ÂÈ ÙÚÂÈ˜ Ï‡ÛÂÈ˜.

§fiÁˆ Û˘ÌÌÂÙÚ›·˜, ·ÓÙ›ÛÙÔÈ¯· Û˘ÌÂÚ¿ÛÌ·Ù· ¤¯Ô˘ÌÂ Î·È fiÙ·Ó · ≤ 0.

2

2

2
·

2

·

2

(x – ·)2 + y2  = 1

d = (x – ·) 2 + (y – 02) = (x – ·)2 + y2 .

A™∫∏™∂π™ °π∞ ∂¶∞¡∞§∏æ∏118



11. ∂ÂÈ‰‹ ÙÔ ÙÚ›ÁˆÓÔ ª°§ Â›Ó·È ÔÚıÔ-
ÁÒÓÈÔ, ı· ÈÛ¯‡ÂÈ ª°2 = §°2 – ª§2 =
32 – x2 = 9 – x2, ÔfiÙÂ ı· Â›Ó·È ª¢ =

2ª° = Î·È ÂÂÈ‰‹ ÙÔ ÙÚ›-

ÁˆÓÔ ª∫¢ Â›Ó·È ÔÚıÔÁÒÓÈÔ ı· ÈÛ¯‡ÂÈ 

∫¢2 = ª∫2 + ª¢2 ⇔ 62 = (3 – x)2 + 

⇔ 36 = x2 – 6x + 9 + 4(9 – x2) 

⇔ x2 + 2x – 3 = 0 ⇔ x = 1   ‹   x = –3
ÕÚ· x = 1, ·ÊÔ‡ x > 0.

12. i) ∞fi ÙÔÓ ÔÚÈÛÌfi ÙË˜ ·fiÛÙ·ÛË˜ ‰˘Ô ÛËÌÂ›ˆÓ ÙÔ˘ ¿ÍÔÓ· ÚÔÎ‡ÙÂÈ fiÙÈ
(ª∞) = |x + 1| Î·È (MB) = |x – 1|.
EÔÌ¤Óˆ˜, ¤¯Ô˘ÌÂ
f(x) = (ª∞) + (MB) = |x + 1| + |x – 1|.
g(x) = ||x + 1| – |x – 1||.

ii) °È· Ó· ·ÏÔÔÈ‹ÛÔ˘ÌÂ ÙÔÓ Ù‡Ô ÙË˜ Û˘Ó¿ÚÙËÛË˜ f Î·È g, ‚Ú›ÛÎÔ˘ÌÂ ÙÔ
ÚfiÛËÌÔ ÙˆÓ x + 1 Î·È x – 1 ÁÈ· ÙÈ˜ ‰È¿ÊÔÚÂ˜ ÙÈÌ¤˜ ÙÔ˘ x Ô˘ Ê·›ÓÔÓÙ·È
ÛÙÔÓ ·Ú·Î¿Ùˆ ›Ó·Î·.

ŒÙÛÈ ¤¯Ô˘ÌÂ

–2x, ·Ó x < –1
2, ·Ó x < –1

f(x) = 2, ·Ó –1 ≤ x <1    Î·È    g(x) = 
–2x, ·Ó –1 ≤ x <1

2x, ·Ó x ≥ 1
2x, ·Ó 0 ≤ x < 1
2, ·Ó x ≥ 1

ÔfiÙÂ ÔÈ ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ ÙˆÓ f Î·È g Â›Ó·È ÔÈ ·ÎfiÏÔ˘ıÂ˜:

2 9 – x2 2

2 9 – x2
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iii) ∞fi ÙÈ˜ ÚÔËÁÔ‡ÌÂÓÂ˜ ÁÚ·ÊÈÎ¤˜ ·Ú·ÛÙ¿ÛÂÈ˜ Û˘ÌÂÚ·›ÓÔ˘ÌÂ fiÙÈ
ñ ∏ Û˘Ó¿ÚÙËÛË f
� Â›Ó·È ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ (–∞, –1], ÛÙ·ıÂÚ‹ ÙÔ˘ [–1, 1] Î·È ÁÓË-

Û›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [1, +∞) Î·È
� ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ, ›ÛÔ ÌÂ 2, ÁÈ· Î¿ıÂ x ∈ [–1, 1].

ñ ∏ Û˘Ó¿ÚÙËÛË g
� Â›Ó·È ÛÙ·ıÂÚ‹ ÛÙÔ (–∞, –1], ÁÓËÛ›ˆ˜ Êı›ÓÔ˘Û· ÛÙÔ [–1, 0], ÁÓË-

Û›ˆ˜ ·‡ÍÔ˘Û· ÛÙÔ [0, 1] Î·È ÛÙ·ıÂÚ‹ ÛÙÔ [1, +∞),
� ·ÚÔ˘ÛÈ¿˙ÂÈ ÂÏ¿¯ÈÛÙÔ, ›ÛÔ ÌÂ 0, ÁÈ· x = 0 Î·È
� ·ÚÔ˘ÛÈ¿˙ÂÈ Ì¤ÁÈÛÙÔ, ›ÛÔ ÌÂ 2, ÁÈ· Î¿ıÂ x ∈ (–∞, –1] ∪ [1, +∞).

13. i) ñ H f ¤¯ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ ÁÈ· x = 0, Ùo f(0) = 2.
ñ H g ¤¯ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ ÁÈ· x = 1, Ùo g(1) = 2 Î·È ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ·  x = –1,

Ùo g(–1) = –2. 
ñ H h ¤¯ÂÈ ÔÏÈÎfi Ì¤ÁÈÛÙÔ ÁÈ· x = –1 Î·È x = 1, ÙÔ h(–1) = h(1) = 2 Î·È

ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = 0, ÙÔ h(0) = 0.

ii) ñ °È· ÙËÓ f ·ÚÎÂ› Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ 

f(x) ≤ 2 ⇔ ≤ 2 ⇔ 1 ≤ x2 + 1 ⇔ x2 ≥ 0 Ô˘ ÈÛ¯‡ÂÈ. 

ñ °È· ÙËÓ g Ú¤ÂÈ Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡Ô˘Ó ÔÈ ·ÓÈÛfiÙË-
ÙÂ˜ g(x) ≤ 2 Î·È g(x) ≥ –2. 

Œ¯Ô˘ÌÂ g(x) ≤ 2 ⇔ ≤ 2 ⇔ 2x ≤ x2 + 1 ⇔ (x – 1)2 ≥ 0 Ô˘ ÈÛ¯‡ÂÈ

Î·È g(x) ≥ –2 ⇔ ≥ –2 ⇔ 2x ≥ –x2 – 1 ⇔ (x + 1)2 ≥ 0 Ô˘ ÈÛ¯‡ÂÈ.

ñ °È· ÙËÓ h Ú¤ÂÈ Ó· ‰Â›ÍÔ˘ÌÂ fiÙÈ ÁÈ· Î¿ıÂ x ∈ � ÈÛ¯‡ÂÈ h(x) ≥ 0 Î·È
h(x) ≤ 2.

Œ¯Ô˘ÌÂ h(x) ≥ 0 ⇔ ≥ 0 Ô˘ Â›Ó·È Ê·ÓÂÚfi fiÙÈ ÈÛ¯‡ÂÈ Î·È

h(x) ≤ 2 ⇔ ≤ 2 ⇔ 2x2 ≤ x4 + 1 

⇔ x4 – 2x2 + 1 > 0 ⇔ (x2 – 1)2 ≥ 0, Ô˘ ÈÛ¯‡ÂÈ

14. A) i) ¶Ú¤ÂÈ x ≥ 0. ÕÚ· ∞ = [0, +∞).

ii) AÊÔ‡ ÙÔ ª(·, ‚) ·Ó‹ÎÂÈ ÛÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ¤¯Ô˘ÌÂ
⇔ ‚2 = ·.                                                                                         (1)

°È· Ó· ·Ó‹ÎÂÈ ÙÔ ªã(‚, ·) ÛÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ g, Ú¤-
ÂÈ g(‚) = · ⇔ ‚2 = · Ô˘ ÈÛ¯‡ÂÈ.

iii) ∂ÂÈ‰‹ Ù· ÛËÌÂ›· ª(·, ‚) Î·È ªã(‚, ·) Â›Ó·È Û˘ÌÌÂÙÚÈÎ¿ ˆ˜

‚ = ·

4x2

x4 + 1

4x2

x4 + 1

4x

x2 + 1

4x

x2 + 1

2

x2 + 1
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ÚÔ˜ ÙË ‰È¯ÔÙfiÌÔ ÙË˜ 1Ë˜ Î·È 3Ë˜ ÁˆÓ›·˜ ÙˆÓ ·ÍfiÓˆÓ Û˘ÌÂÚ·›ÓÔ˘-

ÌÂ fiÙÈ Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f(x) = Â›Ó·È Ë Û˘ÌÌÂÙÚÈÎ‹

ÙË˜ ÁÚ·ÊÈÎ‹˜ ÙË˜ g(x) = x2 ˆ˜ ÚÔ˜ ÙËÓ Â˘ıÂ›· y = x ÁÈ· x ≥ 0.

Afi ÙË ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f ÚÔÎ‡ÙÂÈ fiÙÈ Ë f(x) = Â›Ó·È ÁÓËÛ›ˆ˜
·‡ÍÔ˘Û· ÛÙÔ ∞ = [0, +∞) Î·È ¤¯ÂÈ ÔÏÈÎfi ÂÏ¿¯ÈÛÙÔ ÁÈ· x = 0 ÙÔ f(0) = 0.

µ) ∆Ô Â‰›Ô ÔÚÈÛÌÔ‡ ÙË˜ h Â›Ó·È fiÏÔ ÙÔ �. 

Œ¯Ô˘ÌÂ h(–x) = = h(x).
ÕÚ· Ë h Â›Ó·È ¿ÚÙÈ· Î·È Ë ÁÚ·ÊÈÎ‹ ÙË˜ ·Ú¿ÛÙ·ÛË ·ÔÙÂÏÂ›Ù·È ·fi ÙË
ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f Î·È ÙË Û˘ÌÌÂÙÚÈÎ‹ ÙË˜ ˆ˜ ÚÔ˜ ÙÔÓ ¿ÍÔÓ· yãy.

°) ™ÙÔ Ù˘¯·›Ô ÙÚ›ÁˆÓÔ ¡ªã¡ã ¤¯Ô˘ÌÂ (¡¡ã) = f(v + 1) = Î·È 

(¡ªã) = 

= 

ÕÚ·  ÙÔ ÙÚ›ÁˆÓÔ ¡ªã¡ã Â›Ó·È ÈÛÔÛÎÂÏ¤˜.

15. ™ÙÔ Î·Ù·ÎfiÚ˘ÊÔ Â›Â‰Ô ÙË˜ Á¤Ê˘Ú·˜ ıÂˆÚÔ‡ÌÂ ¤Ó· Û‡ÛÙËÌ· Û˘ÓÙÂÙ·Á-
Ì¤ÓˆÓ, ÛÙÔ ÔÔ›Ô ·›ÚÓÔ˘ÌÂ ˆ˜ ¿ÍÔÓ· ÙˆÓ x ÙË ¯ÔÚ‰‹ ÙÔ˘ ·Ú·‚ÔÏÈÎÔ‡
ÙfiÍÔ˘ Î·È ˆ˜ ¿ÍÔÓ· ÙˆÓ y ÙË ÌÂÛÔÎ¿ıÂÙÔ ·˘Ù‹˜ (Û¯‹Ì·).

1 + v = (NNã).

(¡ª)2 + (ªªã)2   = (v + 1 – v)2 + ( v)
2
 

v + 1 

|–x|  = |x|

x

x
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™ÙÔ Û‡ÛÙËÌ· ·˘Ùfi ÙÔ ·-
Ú·‚ÔÏÈÎfi ÙfiÍÔ ¤¯ÂÈ ÂÍ›Ûˆ-
ÛË ÙË˜ ÌÔÚÊ‹˜
y = ·x2 + Á, ÌÂ y ≥ 0
Î·È Ë ÎÔÚ˘Ê‹ ÙÔ˘ Â›Ó·È ÙÔ
ÛËÌÂ›Ô ∫(0, 5, 6). ™˘ÓÂÒ˜,
Ë ÂÍ›ÛˆÛË ÙÔ  ̆·Ú·‚ÔÏÈÎÔ‡
ÙfiÍÔ˘ ·›ÚÓÂÈ ÙË ÌÔÚÊ‹
y = ·x2 + 5,6, ÌÂ y ≥ 0   (1)
∂ÂÈ‰‹ ÙÔ Ï¿ÙÔ˜ ÙË˜ Á¤-
Ê˘Ú·˜ Â›Ó·È 8m, ÙÔ ·Ú·-
‚ÔÏÈÎfi ÙfiÍÔ ı· Ù¤ÌÓÂÈ ÙÔÓ
¿ÍÔÓ· xãx ÛÙ· ÛËÌÂ›· µ(4, 0) Î·È µã(–4, 0), ÙˆÓ ÔÔ›ˆÓ ÔÈ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜
ı· Â·ÏËıÂ‡Ô˘Ó ÙËÓ ÂÍ›ÛˆÛË (1). ∂ÔÌ¤Óˆ˜ ı· ÈÛ¯‡ÂÈ

0 = ·42 + 5,6 ⇔ · = –0,35.
ÕÚ·, ÙÔ ·Ú·‚ÔÏÈÎfi ÙfiÍÔ ¤¯ÂÈ ÂÍ›ÛˆÛË

y = –0,35x2 + 5,6 ÌÂ –4≤ x ≤ 4                                  (2)
∂ÂÈ‰‹ ÙÔ ‡„Ô˜ ÙË˜ Î·ÚfiÙÛ·˜ Â›Ó·È 2m Ù¤ÌÓÂÈ ÙÔ ·Ú·‚ÔÏÈÎfi ÙfiÍÔ ÛÙ· ÛË-
ÌÂ›· ∞ Î·È ∞ã, ÁÈ· Ó· ÂÚ¿ÛÂÈ ÙÔ ÁÂˆÚÁÈÎfi ÌË¯¿ÓËÌ· ı· Ú¤ÂÈ ∞∞ã > 6m,
Ô˘ Â›Ó·È ÙÔ Ï¿ÙÔ˜ ÙÔ˘ ÊÔÚÙËÁÔ‡. °È· Ó· ‚ÚÔ‡ÌÂ ÙÔ ∞∞ã ·ÚÎÂ› ·Ó ‚ÚÔ‡ÌÂ
ÙÈ˜ Û˘ÓÙÂÙ·ÁÌ¤ÓÂ˜ ÙˆÓ ∞, ∞ã. ∞Ó ı¤ÛÔ˘ÌÂ ÛÙËÓ ÂÍ›ÛˆÛË (2) y = 2 ‚Ú›ÛÎÔ˘ÌÂ
–0,35x2 + 5,6 = 2 ⇔ x2 ≈ 10,6 ⇔ x ≈ 3,2.
ÕÚ· ∞(3,2, 0) Î·È ∞ã(–3,2, 0), ÔfiÙÂ ∞∞ã ≈ 6,4m > 6m. ∂ÔÌ¤Óˆ˜ ÙÔ ÁÂˆÚ-
ÁÈÎfi ÌË¯¿ÓËÌ· ÌÔÚÂ› Ó· ÂÚ¿ÛÂÈ.

16. i) ¢È·ÎÚ›ÓÔ˘ÌÂ ÙÚÂÈ˜ ÂÚÈÙÒÛÂÈ˜
ñ ŸÙ·Ó ÙÔ ÛËÌÂ›Ô ª ‰È·ÁÚ¿ÊÂÈ ÙÔ Â˘ı. ÙÌ‹Ì· ∞µ, ‰ËÏ·‰‹ fiÙ·Ó 0 ≤ x ≤ 20,

ÙfiÙÂ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÛÎÈ·ÛÌ¤ÓÔ˘ ¯ˆÚ›Ô˘ √∞ª ı· Â›Ó·È ›ÛÔ ÌÂ 

ofiÙÂ ı· Â›Ó·È f(x) = 5x.

ñ ŸÙ·Ó ÙÔ ÛËÌÂ›Ô ª ‰È·ÁÚ¿ÊÂÈ ÙÔ Â˘ı. ÙÌ‹Ì· µ°, ‰ËÏ·‰‹ fiÙ·Ó 20 ≤ x ≤ 40,
ÙfiÙÂ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÛÎÈ·ÛÌ¤ÓÔ˘ ¯ˆÚ›Ô˘ ı· Â›Ó·È ›ÛÔ ÌÂ 

ofiÙÂ ı· Â›Ó·È f(x) = 10x – 100.

ñ ŸÙ·Ó ÙÔ ÛËÌÂ›Ô ª ‰È·ÁÚ¿ÊÂÈ ÙÔ Â˘ı. ÙÌ‹Ì· °¢, ‰ËÏ·‰‹ fiÙ·Ó 40 ≤ x ≤ 60,
ÙfiÙÂ ÙÔ ÂÌ‚·‰fiÓ ÙÔ˘ ÛÎÈ·ÛÌ¤ÓÔ˘ ¯ˆÚ›Ô˘ ı· Â›Ó·È ›ÛÔ ÌÂ 

ofiÙÂ ı· Â›Ó·È f(x) = 5x + 100.

∂ = ∂∞µ°¢ – ∂√¢ª = 20 ⋅ 20 – 10 ⋅ (60 – x)

2
 = 5x + 100

∂ = √∞ + µª

2
 ⋅ ∞µ = 10 + (x – 20)

2
 ⋅ 20 = 10(x – 10)

∂ = √∞ ⋅ ∞ª

2
 = 10 ⋅ x

2
 = 5x
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∂ÔÌ¤Óˆ˜, Â›Ó·È 5x, 0 ≤ x ≤ 20
f(x) = 10x – 100,  20 ≤ x ≤ 40

5x + 100,  40 ≤ x ≤ 60.

ii) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f Â›Ó·È Ë ÔÏ˘ÁˆÓÈÎ‹ ÁÚ·ÌÌ‹ ÙÔ˘ ·Ú·Î¿-
Ùˆ Û¯‹Ì·ÙÔ˜.

iii) ∞fi ÙËÓ ·Ú·¿Óˆ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÚÔÎ‡ÙÂÈ fiÙÈ Ë f ·›ÚÓÂÈ ÙËÓ
ÙÈÌ‹ 120, fiÙ·Ó x ÌÂÙ·Í‡ 20 Î·È 40. 
∂ÔÌ¤Óˆ˜

f(x) = 120 ⇔ 10x – 100 = 120 ⇔ x = 22.

17. i) ∂›Ó·È

∂ÔÌ¤Óˆ˜

f(x) = x,   0 ≤ x ≤ 2   Î·È   g(x) = –0,5x2 + 2,   0 ≤ x ≤ 2

∂ª™°¢ = ª™ + °¢

2
 ⋅ ™¢ = x + 2

2
 ⋅ (2 – x) = 4 – x2

2
 = –0,5x2 + 2

∂ª∞µ = ∞µ ⋅ ªƒ

2
 = ∞µ ⋅ ∞ƒ

2
 = 2 ⋅ x

2
 = x   Î·È
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ii) ∂›Ó·È
f(x) = g(x) ⇔ x = –0,5x2 + 2 ⇔ x2 + 2x – 4 = 0 ⇔ ⇔ 

⇔ x = ‰ÈfiÙÈ x > 0.

iii) ∏ ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ f Â›Ó·È ÙÔ ÙÌ‹Ì· √° ÙË˜ Â˘ıÂ›·˜ y = x, ÂÓÒ Ë
ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ g Â›Ó·È ÙÔ ÙfiÍÔ ∞µ ÙË˜ ·Ú·‚ÔÏ‹˜ y = –0,5x2 + 2.
EÔÌ¤Óˆ˜, Ë Ï‡ÛË ÙË˜ ÂÍ›ÛˆÛË˜ f(x) = g(x) Â›Ó·È Ë ÙÂÙÌËÌ¤ÓË ÙÔ˘ ÛË-
ÌÂ›Ô˘ ÙÔÌ‹˜ ÙˆÓ Cf Î·È Cg Î·È Â›Ó·È ÂÚ›Ô˘ 1,2, fiÛÔ Â›Ó·È ÌÂ ÚÔ-

Û¤ÁÁÈÛË ‰ÂÎ¿ÙÔ˘ Ë Ú›˙· ÙË˜ ÂÍ›ÛˆÛË˜ Ô˘ ‚Ú‹Î·ÌÂ ÛÙÔ
ÂÚÒÙËÌ· ii).

18. i) Œ¯Ô˘ÌÂ ∞ª¡ ≈ ∞√µ, ·ÊÔ‡ ª¡//√µ
ˆ˜ Î¿ıÂÙÂ˜ ÛÙËÓ √∞. ∂ÔÌ¤Óˆ˜

⇔

ÔfiÙÂ

∆Ô ÂÌ‚·‰fiÓ ÙÔ˘ ÙÚÈÁÒÓÔ˘ µª¡ Â›Ó·È ›ÛÔ ÌÂ (ª¡)(√ª), (·ÊÔ‡ Ë √ª

Â›Ó·È Ë ·fiÛÙ·ÛË ÙˆÓ ·Ú·ÏÏ‹ÏˆÓ ª¡ Î·È √µ).

∂ÔÌ¤Óˆ˜, 

ÕÚ· ∂(x) = – 3

8
 x2 + 3

2
 x.

∂(x) = 1

2
 ⋅ 3(4 – x)

4
 ⋅ x

1

2

(ª¡) = 3(4 – x)

4
 .

(¡ª)

3
 = 4 – x

4
 , 

(¡ª)

(µ√)
 = (ª∞)

(√∞)

x = 5 – 1

5 – 1,

x = –2 + 2 5

2
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ii) ∆Ô ÂÌ‚·‰fiÓ ∂(x) ÌÂÁÈÛÙÔÔÈÂ›Ù·È fiÙ·Ó

ÔfiÙÂ

19. i) ŒÛÙˆ y = ·x + ‚ Ë ÂÍ›ÛˆÛË ÙË˜ Â˘ıÂ›·˜ ∞µ. ∏ ÂÍ›ÛˆÛË ·˘Ù‹ Â·ÏË-
ıÂ‡ÂÙ·È ·fi Ù· ˙Â‡ÁË (0, 4) Î·È (2, 2).
∂ÔÌ¤Óˆ˜       4 = · Ø 0 + ‚ ‚ = 4 · = –1

2 = 2· + ‚        
⇔

2 = 2· + 4      
⇔

‚ = 4.
ÕÚ· Ë ÂÍ›ÛˆÛË ÙË˜ ∞µ Â›Ó·È y = –x + 4.
°È· y = 0 ¤¯Ô˘ÌÂ x = 4. ÕÚ· Ë Â˘ıÂ›· ∞µ Ù¤ÌÓÂÈ ÙoÓ xãx ÛÙÔ °(4, 0).

ii) °È· x < 4, ·ÏÏ¿ Î·È ÁÈ· x > 4, ¤¯Ô˘ÌÂ:

ŸÌˆ˜
(ª°) = |x – 4|,    (√∞) = 4    Î·È    (∫µ) = 2

∂ÔÌ¤Óˆ˜

™ÙËÓ ÂÚ›ÙˆÛË Ô˘ Â›Ó·È x = 4, ¤¯Ô˘ÌÂ ∂ = 0.

ÕÚ·, ÛÂ Î¿ıÂ ÂÚ›ÙˆÛË, ÈÛ¯‡ÂÈ:

–x + 4, x < 4
∂(x) = |x – 4| =

x – 4,  x ≥ 4 

Î·È Ë ÁÚ·ÊÈÎ‹ ·Ú¿ÛÙ·ÛË ÙË˜ ∂(x) Ê·›ÓÂÙ·È ÛÙÔ Û¯‹Ì·.

{

∂ = 1

2
 |x – 4| ⋅ 4 – 1

2
 |x – 4| ⋅ 2 = 2|x – 4| – |x – 4| = |x – 4|.

∂ = ∂Ì‚ (∞ª°) – ∂Ì‚ (ªµ°) = 1

2
 (ª°) (√∞) – 1

2
 (ª°) (∫µ)

{{{

∂(2) = – 3

8
 ⋅ 22 + 3

2
 ⋅ 2 = – 3

2
 + 3 = 1,5 ÙÂÙÚ·ÁˆÓÈÎ¤˜ ÌÔÓ¿‰Â˜.

x =

– 3

2

2 – 3

8

 = 2, 
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20. i) ∏ Î›ÓËÛË ·fi ÙÔ ∞ ÛÙÔ µ Î·È ·ÓÙÈÛÙÚfiÊˆ˜ ·fi ÙÔ µ ÛÙÔ ∞, Â·Ó·Ï·Ì-
‚¿ÓÂÙ·È Ë ›‰È· ·ÎÚÈ‚Ò˜ Î¿ıÂ ‰‡Ô ÒÚÂ˜.
∂ÔÌ¤Óˆ˜ ÙÔ ‰È¿ÁÚ·ÌÌ· ÙÔ˘ ‡„Ô˘˜ h, ÙÔ˘ ¯ÈÔÓÈÔ‡ ÛÙÔ ∞, ı· Â·Ó·Ï·Ì-
‚¿ÓÂÙ·È Î¿ıÂ ‰‡Ô ÒÚÂ˜, ·ÎÚÈ‚Ò˜ ÙÔ ›‰ÈÔ ˆ˜ ÚÔ˜ ÙË ÌÔÚÊ‹. ø˜ ÚÔ˜ ÙË
ı¤ÛË ı· Â›Ó·È ·ÏÒ˜ ÌÂÙ·ÙÔÈÛÌ¤ÓÔ Î·Ù¿ 2 ÌÔÓ¿‰Â˜ Î¿ıÂ ÊÔÚ¿, ÚÔ˜
Ù· ‰ÂÍÈ¿ ÙÔ˘ ¿ÍÔÓ· tãt ÙÔ˘ ¯ÚfiÓÔ˘.

µÚ›ÛÎÔ˘ÌÂ ÏÔÈfiÓ ÙÔ ÙÌ‹Ì· ÙÔ˘ ‰È·ÁÚ¿ÌÌ·ÙÔ˜, Ô˘ ·ÓÙÈÛÙÔÈ¯Â› ÛÙÈ˜ 2
ÚÒÙÂ˜ ÒÚÂ˜.
¢›ÓÂÙ·È fiÙÈ Ô Ú˘ıÌfi˜ ·‡ÍËÛË˜ ÙÔ˘ ‡„Ô˘˜ Â›Ó·È ÛÙ·ıÂÚfi˜, ÔfiÙÂ ÙÔ ‡„Ô˜
h(t) Î·È Ô ¯ÚfiÓÔ˜ t Â›Ó·È ÔÛ¿ ·Ó¿ÏÔÁ·. ∞˘Ùfi ÛËÌ·›ÓÂÈ fiÙÈ, fiÙ·Ó t ∈ [0, 2],
ÙfiÙÂ ˘¿Ú¯ÂÈ · ∈ � ÁÈ· ÙÔ ÔÔ›Ô ÈÛ¯‡ÂÈ
h(t) = ·t                                                                                                    (1)
∂ÂÈ‰‹ ÁÈ· t = 1h ÙÔ ‡„Ô˜ Â›Ó·È h = 1cm, ÙÔ ˙Â‡ÁÔ˜ (1, 1) ı· Â·ÏËıÂ‡ÂÈ
ÙËÓ (1), ÔfiÙÂ 1 = · Ø 1 Î·È ¿Ú· · = 1.
H (1) ÙfiÙÂ Á›ÓÂÙ·È h(t) = t  Î·È Ë ÁÚ·ÊÈÎË ÙË˜ ·Ú¿ÛÙ·ÛË˜ Â›Ó·È ÙÔ Â˘ı‡-
ÁÚ·ÌÌÔ ÙÌ‹Ì· √ª ÙË˜ ‰È¯ÔÙfiÌÔ˘ ÙË˜ 1Ë˜ ÁˆÓ›·˜ ÙˆÓ ·ÍfiÓˆÓ (Û¯.).
∆¤ÏÔ˜ ·Ú·ÙËÚÔ‡ÌÂ fiÙÈ fiÙ·Ó t = 2h, ÙÔ˘ ‡„Ô˜ h ÙÔ˘ ¯ÈÔÓÈÔ‡ Â›Ó·È ÌË‰¤Ó,
ÁÈ· ·˘Ùfi ÙÔ ¿ÎÚÔ ª ÙÔ˘ √ª ‰ÂÓ ·Ó‹ÎÂÈ ÛÙÔ ‰È¿ÁÚ·ÌÌ·. ∂·Ó·Ï·Ì‚¿-
ÓÔÓÙ·˜ Ù· ·Ú·¿Óˆ ÁÈ· Ù· ‰È·ÛÙ‹Ì·Ù· [2, 4], [4, 6],... ¤¯Ô˘ÌÂ ÙÔ Ï‹-
ÚÂ˜ ‰È¿ÁÚ·ÌÌ· (Û¯.).

ii) ªÂ Û˘ÏÏÔÁÈÛÌÔ‡˜ ·Ó¿ÏÔÁÔ˘˜ ÌÂ ÙÔ˘˜ ·Ú·¿Óˆ Î·Ù·Ï‹ÁÔ˘ÌÂ ÁÈ· ÙÔ ‡„Ô˜
ÙÔ˘ ¯ÈÔÓÈÔ‡ ÛÙÔ ª, ÛÙÔ ‰È¿ÁÚ·ÌÌ· ÙÔ˘ ·Ú·Î¿Ùˆ Û¯‹Ì·ÙÔ˜.
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ªÂ ·fiÊ·ÛË ÙË˜ ∂ÏÏËÓÈÎ‹˜ ∫˘‚¤ÚÓËÛË˜ Ù· ‰È‰·ÎÙÈÎ¿ ‚È‚Ï›· ÙÔ˘
¢ËÌÔÙÈÎÔ‡, ÙÔ˘ °˘ÌÓ·Û›Ô˘ Î·È ÙÔ˘ §˘ÎÂ›Ô˘ Ù˘ÒÓÔÓÙ·È ·fi ÙÔÓ
OÚÁ·ÓÈÛÌfi ∂Î‰fiÛÂˆ˜ ¢È‰·ÎÙÈÎÒÓ µÈ‚Ï›ˆÓ Î·È ‰È·Ó¤ÌÔÓÙ·È ‰ˆÚÂ-
¿Ó ÛÙ· ¢ËÌfiÛÈ· ™¯ÔÏÂ›·. ∆· ‚È‚Ï›· ÌÔÚÂ› Ó· ‰È·Ù›ıÂÓÙ·È ÚÔ˜
ÒÏËÛË, fiÙ·Ó Ê¤ÚÔ˘Ó ‚È‚ÏÈfiÛËÌÔ ÚÔ˜ ·fi‰ÂÈÍË ÙË˜ ÁÓËÛÈfiÙË-
Ù¿˜ ÙÔ˘˜. ∫¿ıÂ ·ÓÙ›Ù˘Ô Ô˘ ‰È·Ù›ıÂÙ·È ÚÔ˜ ÒÏËÛË Î·È ‰Â Ê¤-
ÚÂÈ ‚È‚ÏÈfiÛËÌÔ ıÂˆÚÂ›Ù·È ÎÏÂ„›Ù˘Ô Î·È Ô ·Ú·‚¿ÙË˜ ‰ÈÒÎÂÙ·È
Û‡ÌÊˆÓ· ÌÂ ÙÈ˜ ‰È·Ù¿ÍÂÈ˜ ÙÔ˘ ¿ÚıÚÔ˘ 7 ÙÔ˘ ¡fiÌÔ˘ 1129 ÙË˜
15/21 ª·ÚÙ›Ô˘ 1946 (º∂∫ 1946, 108, ∞�).
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