
ÌÜèçìá 20

ÅÐÉÊÁÌÐÕËÉÁ ÊÁÉ

ÅÐÉÖÁÍÅÉÁÊÁ

ÏËÏÊËÇÑÙÌÁÔÁ

20.1 Åðéêáìðýëéá ïëïêëçñþìáôá

20.1.1 Ïñéóìüò óå äéáíõóìáôéêü ðåäßï

Óôï ìÜèçìá áõôü ãßíåôáé ìéá ãåíßêåõóç ôçò ìÝ÷ñé ôþñá ãíùóôÞò óôïí áíáãíþó-

ôç Ýííïéáò ôïõ ïñéóìÝíïõ ïëïêëçñþìáôïò

∫ â

á
f(x)dx;

óýìöùíá ìå ôçí ïðïßá ôï äéÜóôçìá ïëïêëÞñùóçò [á; â] áíôéêáèßóôáôáé áðü ìéá

êáìðýëç, Ýóôù C (Ó÷. 20.1.1 - 1a), ìå ðåðåñáóìÝíï ìÞêïò, ðïõ ðåñéãñÜöåôáé

áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç1 r(t), åíþ ç ïëïêëçñùôÝá óõíÜñôçóç f(x)

1ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÞ óõíÜñôçóç - ÐáñáìåôñéêÞ ðáñÜóôáóç êáìðõëþí.

963
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áðü Ýíá äéáíõóìáôéêü ðåäßï, ðïõ ðåñéãñÜöåôáé åðßóçò áðü ìßá 2äéáíõóìáôéêÞ

óõíÜñôçóç, Ýóôù F (Ó÷. 20.1.1 - 1b), ðïõ ïñßæåôáé åðß ôçò C (Ó÷. 20.1.1 -

2c), äçëáäÞ ôá óçìåßá (x; y), áíôßóôïé÷á (x; y; z) óôá ïðïßá ïñßæåôáé ç F, åßíáé

åðßóçò óçìåßá ôçò C (Ó÷. 20.1.1 - 2d). Ôá ïëïêëçñþìáôá áõôÜ ëÝãïíôáé ôüôå

åðéêáìðýëéá êáé ç êáìðýëç C äñüìïò ïëïêëÞñùóçò.

(a) (b)

Ó÷Þìá 20.1.1 - 1: (a) ç êáìðýëç C êáé (b) ôï äéáíõóìáôéêü ðåäßï F.

Äßíåôáé óôç óõíÝ÷åéá ï ðáñáêÜôù ïñéóìüò ôïõ åðéêáìðýëéïõ ïëïêëçñþìá-

ôïò:

Ïñéóìüò 20.1.1 - 1 (åðéêáìðýëéï ïëïêëÞñùìá). ¸óôù C ìßá êáìðýëç

ìå ðåðåñáóìÝíï ìÞêïò ðïõ ðåñéãñÜöåôáé ìå ðáñáìåôñéêÞ ìïñöÞ áðü ôç äéáíõ-

óìáôéêÞ óõíÜñôçóç r(t) ãéá êÜèå t ∈ [á; â] êáé Ýíá äéáíõóìáôéêü ðåäßï, Ýóôù

F, ðïõ åßíáé ïñéóìÝíï åðß ôçò C (Ó÷. 20.1.1 - 2). Ôüôå ôï åðéêáìðýëéï

ïëïêëÞñùìá ôçò F åðß ôçò C, óõìâïëßæåôáé ìå∫
C

F · d r

2ÂëÝðå ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - ÂáèìùôÜ êáé äéáíõóìáôéêÜ

ðåäßá.
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(c) (d)

Ó÷Þìá 20.1.1 - 2: (c) ôï äéáíõóìáôéêü ðåäßï F ìå ôçí êáìðýëç C êáé (d)

ôï ðåäßï F åðß ôçò C, äçëáäÞ, üôáí ôá óçìåßá (x; y; z) óôá ïðïßá ïñßæåôáé ç

äéáíõóìáôéêÞ óõíÜñôçóç F, åßíáé åðßóçò óçìåßá ôçò C.

êáé ïñßæåôáé áðü ôïí ôýðï

∫
C

F · d r =
â∫
á

F [r(t)] · r′(t) dt; (20.1.1 - 1)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

Áí ç êáìðýëç C åßíáé êëåéóôÞ, ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá êáôÜ

ìÞêïò ôçò C óõìâïëßæåôáé ìå ∮
C

F · d r;

üðïõ óôï óýìâïëï ôçò ïëïêëÞñùóçò ôßèåôáé ðïëëÝò öïñÝò êáé âÝëïò ãéá íá

êáèïñéóôåß ç öïñÜ äéáãñáöÞò ôçò C.

Ôá åðéêáìðýëéá ïëïêëçñþìáôá Ý÷ïõí ðïëëÝò åöáñìïãÝò óôéò èåôéêÝò åðéóôÞ-

ìåò, üðùò:
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• óôï Ýñãï äõíÜìåùí,

• ôç äõíáìéêÞ åíÝñãåéá,

• ôç ñïÞ èåñìüôçôáò,

• ôçí åíôñïðßá,

• ôç ñïÞ ñåõóôþí ê.ëð.3

Óçìåßùóç 20.1.1 - 1

Óôç âéâëéïãñáößá ôá åðéêáìðýëéá ïëïêëçñþìáôá ðïõ ïñßæïíôáé áðü Ýíá äéáíõó-

ìáôéêü ðåäßï åðß ìéáò êáìðýëçò, åßíáé åðßóçò ãíùóôÜ êáé ùò åðéêáìðýëéá

ïëïêëçñþìáôá ôïõ 2ïõ åßäïõò.

20.1.2 Ôýðïò õðïëïãéóìïý

¸óôù üôé ç äéáíõóìáôéêÞ óõíÜñôçóç ðïõ ðåñéãñÜöåé ôï ðåäßï F, åêöñÜæåôáé

óõíáñôÞóåé ôùí óõíôåôáãìÝíùí ôïõ óôïí ÷þñï ôùí 3-äéáóôÜóåùí ùò åîÞò:

F(x; y; z) = P (x; y; z)i+Q(x; y; z)j+R(x; y; z)k

= ⟨P (x; y; z); Q(x; y; z); R(x; y; z); ⟩ (20.1.2 - 1)

åíþ ç 4äéáíõóìáôéêÞ óõíÜñôçóç r ùò

r = x i+ y j+ z k: (20.1.2 - 2)

Õðåíèõìßæåôáé óôï óçìåßï áõôü üôé: áí a = ⟨a1; a2; a3⟩ êáé b = ⟨b1; b2; b3⟩
åßíáé äýï ìç ìçäåíéêÜ äéáíýóìáôá, ôüôå ôï åóùôåñéêü ãéíüìåíï a·b õðïëïãß-
æåôáé áðü ôïí ôýðï

a · b = a1 b1 + a2 b2 + a3 b3: (20.1.2 - 3)

3Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 2, 3, 4,

5, 6] êáé óôç ìáèçìáôéêÞ âÜóç äåäïìÝíùí http : ==en:wikipedia:org=wiki=Line integral
4ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÞ óõíÜñôçóç.
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Ôüôå óýìöùíá ìå ôéò (20:1:2−1) êáé (20:1:2−2) ëáìâÜíïíôáò õðüøç êáé ôïí

ôýðï (20:1:2− 3) ôï ïëïêëÞñùìá (20:1:1− 1) ãñÜöåôáé∫
C

F(t) · d r =

∫
C

(P i+Q j+Rk) · (dx i+ dy j+ dz k)

=

∫
C

P dx+Qdy +Rdz; (20.1.2 - 4)

åíþ, áí

F(x; y) = P (x; y)i+Q(x; y)j;

ç áíôßóôïé÷ç ôçò (20:1:2− 4) Ýêöñáóç óôïí ÷þñï ôùí 2-äéáóôÜóåùí åßíáé∫
C

F(t) · d r =

∫
C

(P i+Q j) · (dx i+ dy j)

=

∫
C

P dx+Qdy: (20.1.2 - 5)

Óýìöùíá ìå ôçí õðïóçìåßùóç 4 ç ðáñáìåôñéêÞ ðáñÜóôáóç ôçò êáìðýëçò

C èá ïñßæåôáé áðü ôç äéáíõóìáôéêÞ óõíÜñôçóç r(t) êáé èá åßíáé ôçò ìïñöÞò

r(t) = x(t)i+ y(t)j+ z(t)k

= ⟨x(t); y(t); z(t)⟩ ; üôáí t ∈ [á; â]: (20.1.2 - 6)

Áíôéêáèéóôþíôáò óôçí (20:1:2−1) ôá x; y; z ìå ôéò áíôßóôïé÷åò ðáñáìåôñéêÝò
åêöñÜóåéò ôïõò x(t), y(t) êáé z(t), ðïõ äßíïíôáé áðü ôçí (20:1:2−6), ðñïêýðôåé
ç ðáñáêÜôù ðáñáìåôñéêÞ Ýêöñáóç ôïõ äéáíõóìáôéêïý ðåäßïõ:

F(t) = F(x(t); y(t); z(t)) = ⟨P (x(t); y(t); z(t)); Q(x(t); y(t); z(t));

= R(x(t); y(t); z(t))⟩ : (20.1.2 - 7)

ÕðïèÝôïíôáò üôé ïé óõíáñôÞóåéò x(t), y(t) êáé z(t) åßíáé ðáñáãùãßóéìåò

ãéá êÜèå t ∈ [á; â], áðü ôçí (20:1:2− 6) Ý÷ïõìå

r′(t) = x′(t)i+ y′(t)j+ z′(t)k

=
⟨
x′(t); y′(t); z′(t)

⟩
; üôáí t ∈ [á; â]: (20.1.2 - 8)
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Óýìöùíá ìå ôéò (20:1:2−7) êáé (20:1:2−8), ëáìâÜíïíôáò õðüøç êáé ôïí Þäç

ãíùóôü ôýðï (20:1:2− 3) õðïëïãéóìïý ôïõ åóùôåñéêïý ãéíïìÝíïõ

a · b = a1 b1 + a2 b2 + a3 b3;

ç ïëïêëçñùôÝá óõíÜñôçóç óôçí (20:1:1− 1), äçëáäÞ óôçí

∫
C

F · d r =
â∫
á

F [r(t)] · r′(t) dt;

ãñÜöåôáé

F(t) · r′(t) = P (x(t); y(t); z(t))x′(t) +Q(x(t); y(t); z(t)) y′(t)

+R(x(t); y(t); z(t)) z′(t)

= P (t)x′(t) +Q(t) y′(t) +R(t) z′(t): (20.1.2 - 9)

Ôüôå áðü ôçí (20:1:2 − 9) ðñïêýðôåé ï ðáñáêÜôù ôýðïò õðïëïãéóìïý ôïõ

åðéêáìðýëéïõ ïëïêëçñþìáôïò (20:1:1− 1) ãéá ôïí ÷þñï ôùí 3-äéáóôÜóåùí

∫
C

F · d r =
â∫
á

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t; (20.1.2 - 10)

åíþ, áí

F(x; y) = P (x; y)i+Q(x; y)j;

ï áíôßóôïé÷ïò ôýðïò ãéá ôïí ÷þñï ôùí 2-äéáóôÜóåùí åßíáé

∫
C

F · d r =
â∫
á

[
P (t)x′(t) +Q(t)y′(t)

]
d t: (20.1.2 - 11)

Êñßíåôáé áðáñáßôçôï óôï óçìåßï áõôü íá ãßíåé õðåíèýìéóç ôùí ðáñáêÜôù

÷ñÞóéìùí ãéá ôá åðüìåíá ðáñáìåôñéêþí ðáñáóôÜóåùí:
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Ó÷Þìá 20.1.2 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç åõèåßáò.

Åõèåßá

Ïé ðáñáìåôñéêÝò ìïñöÝò ôùí x(t), y(t), áíôßóôïé÷á x(t), y(t), z(t) ôçò ðáñáìå-

ôñéêÞò åîßóùóçò ôïõ åõèýãñáììïõ ôìÞìáôïò M1M2 ãéá ôçí ðåñßðôùóç ôïõ

÷þñïõ ôùí

• 2-äéáóôÜóåùí, üôáí M1 (x1; y1) ç áñ÷Þ êáé M2 (x2; y2) ôï ôÝëïò, åßíáé

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1 ìå t ∈ [0; 1]: (20.1.2 - 12)

• 3-äéáóôÜóåùí, üôáí M1 (x1; y1; z1) - áñ÷Þ êáé M2 (x2; y2; z2) - ôÝëïò

(Ó÷. 20.1.2 - 1), åßíáé

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1;

z(t) = tz2 + (1− t)z1 ìå t ∈ [0; 1]: (20.1.2 - 13)
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ÐåñéöÝñåéá êýêëïõ

¸óôù áñ÷éêÜ üôé ôï êÝíôñï ôïõ êýêëïõ óõìðßðôåé ìå ôçí áñ÷Þ ôùí áîüíùí.

Ôüôå, áí R ç áêôßíá, ç åîßóùóç ôùí óçìåßùí ôçò ðåñéöÝñåéáò ãñÜöåôáé

x2 + y2 = R2;

ïðüôå ðáñáìåôñéêÝò ìïñöÝò ôùí x(t) êáé y(t) åßíáé

x(t) = R cos t êáé

y(t) = R sin t ìå t ∈ [0; 2�): (20.1.2 - 14)

Áí ôï êÝíôñï ôïõ êýêëïõ åßíáé ôï óçìåßï (á; â), ôüôå ç åîßóùóç ôùí

óçìåßùí ôçò ðåñéöÝñåéáò ãñÜöåôáé

(x− á)2 + (y − â)2 = R2;

ïðüôå

x(t) = á +R cos t êáé

y(t) = â +R sin t ìå t ∈ [0; 2�): (20.1.2 - 15)

Óçìåßùóç 20.1.2 - 1

Óå êÜèå Üëëç äéáöïñåôéêÞ ôùí ðáñáðÜíù ðåñßðôùóç ç ðáñáìåôñéêÞ ðáñÜóôáóç

ôçò êáìðýëçò C èá äßíåôáé.

ÐáñÜäåéãìá 20.1.2 - 1

Íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá

∫
C
F · d r, üôáí

F = xi− yj+ (xz + y)k

êáé C ôï åõèýãñáììï ôìÞìáAB ìå áñ÷Þ ôïA(1;−1; 2) êáé ôÝëïò ôïB(3; 1;−1).
Ëýóç. ¸óôù

A (x1; y1; z1) ; üðïõ x1 = 1; y1 = −1; z1 = 2; êáé

B (x2; y2; z2) x2 = 3; y2 = 1; z2 = −1:
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Ôüôå ôï åõèýãñáììï ôìÞìá AB óýìöùíá ìå ôïí ôýðï (20:1:2− 13):

x(t) = tx2 + (1− t)x1;

y(t) = ty2 + (1− t)y1;

z(t) = tz2 + (1− t)z1 ìå t ∈ [0; 1]

åêöñÜæåôáé ðáñáìåôñéêÜ ùò åîÞò:

x(t) = t · 3 + (1− t) · 1 = 2t+ 1 (1)

y(t) = t · 1 + (1− t) · (−1) = 2t− 1 (2)

z(t) = t · (−1) + (1− t) · 2 = −3t+ 2; üôáí t ∈ [0; 1]: (3)

ÅðïìÝíùò

x′(t) = 2 (4)

y′(t) = 2 (5)

z′(t) = −3: (6)

Áðü ôï äéáíõóìáôéêü ðåäßï

F = xi− yj+ (xz + y)k = P (x; y; z)i+Q(x; y; z)j+R(x; y; z)k:

ðñïêýðôåé üôé: P = x, Q = −y êáé R = xz + y.

¢ñá óýìöùíá ìå ôéò (1)-(3) Ý÷ïõìå

P (t) = x = 2t+ 1;

Q(t) = −y = −2t+ 1; êáé

R(t) = xz + y = (2t+ 1)(−3t+ 2) + 2t− 1

= −6t2 + 3t+ 1:

Áíôéêáèéóôþíôáò ôéò ðáñáðÜíù åêöñÜóåéò óôïí ôýðï (20:1:2−10) ðñïêýðôåé
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üôé ∫
AB

F · d r =

1∫
0

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t;

=

1∫
0

(2t+ 1) ·
Åî. (4)︷︸︸︷

2 +(−2t+ 1) ·
Åî. (5)︷︸︸︷

2

+
(
−6t2 + 3t+ 1

)
·

Åî. (6)︷︸︸︷
(−3)

 d t
= t− 9t2

2
+ 6t3

∣∣∣∣ 1
0

=
5

2
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA ãßíåôáé ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 20.1.2 - 1 (åðéêáìðýëéïõ ïëïêëçñþìáôïò 2ïõ åßäïõò)

x1 = 1; y1 = 1; x2 = 2; y2 = 3;z1=2;z2=-1;

x[t_] := t x2 + (1 - t) x1

y[t_] := t y2 + (1 - t) y1

y[t_] := t z2 + (1 - t) z1

Print["x(t) = ", x[t]," , y(t) = ", y[t]," , z(t) =",z[t]]

xd[t_] := D[x[t], t];yd[t_] := D[y[t], t];zd[t_] := D[z[t], t];

Print["x'(t) = ", xd[t]," , y'(t) = ", yd[t]," , z'(t) = ", zd[t]]

P[t_] := y[t];Q[t_] :=- y[t];R[t_]:=x[t] z[t]+y[t]

Print["P(t) = ", Simplify[P[t]]]

Print["Q(t) = ", Simplify[Q[t]]]

Print["R(t) = ", Simplify[R[t]]]

Print["P(t)x'(t)+Q(t)y'(t) =",

Simplify[P[t] xd[t] + Q[t] yd[t] + R[t] zd[t]]]

w = Integrate[P[t] xd[t] + Q[t] yd[t] + R[t] zd[t], {t, 0, 1}];

Print["Linear Integral: ", w]
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ÐáñÜäåéãìá 20.1.2 - 2

¼ìïéá ôï åðéêáìðýëéï ïëïêëÞñùìá

∫
C
F · d r, üôáí

F = (x− y) i+ (x+ y) j

êáé C ç ðåñéöÝñåéá ôïõ ìïíáäéáßïõ êýêëïõ ìå êÝíôñï (0; 0), üôáí ç ðåñéöÝñåéá

äéáãñÜöåôáé äåîéüóôñïöá, äçëáäÞ áíôßèåôç ôçò êßíçóçò ôùí äåéêôþí ôïõ ñïëï-

ãéïý.

Ëýóç. ÅðåéäÞ ï êýêëïò åßíáé ìïíáäéáßïò, ðñÝðåé R = 1. Ôüôå óýìöùíá ìå

ôïí ôýðï (20:1:2−14) ç ðåñéöÝñåéá Ý÷åé ôçí ðáñáêÜôù ðáñáìåôñéêÞ ðáñÜóôáóç:

x(t) = cos t; êáé (1)

y(t) = sin t ìå t ∈ [0; 2�); (2)

ïðüôå

x′(t) = − sin t; êáé (3)

y′(t) = cos t: (4)

Ôï äéáíõóìáôéêü ðåäßï ãñÜöåôáé

F = (x− y) i+ (x+ y) j = P (x; y) i+Q(x; y) j;

ïðüôå P = x− y êáé Q = x+ y.

¢ñá óýìöùíá ìå ôéò (1) êáé (2) ðñïêýðôåé üôé

P (t) = x− y = cos t− sin t; êáé

Q(t) = x+ y = cos t+ sin t:
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Ôüôå áðü ôïí ôýðï (20:1:2− 11) Ý÷ïõìå∮
F · d r =

2�∫
0

[
P (t)x′(t) +Q(t)y′(t)

]
d t

=

2�∫
0

(cos t− sin t) ·

Åî. (3)︷ ︸︸ ︷
(− sin t)+ (cos t+ sin t) ·

Åî. (4)︷︸︸︷
cos t

 d t

=

2�∫
0

(
sin2 t+ cos2 t

)
d t =

2�∫
0

d t = 2�:

20.1.3 Éäéüôçôåò

Ôá åðéêáìðýëéá ïëïêëçñþìáôá Ý÷ïõí éäéüôçôåò áíÜëïãåò ìå åêåßíåò ôùí Þäç

ãíùóôþí ïëïêëçñùìÜôùí. Ïé âáóéêüôåñåò áðü áõôÝò ðïõ äßíïíôáé óôç óõíÝ÷åéá

ìå ôç ìïñöÞ èåùñçìÜôùí åßíáé:

Èåþñçìá 20.1.3 - 1 (ãñáììéêÞ). ¸óôù F êáé G äéáíõóìáôéêÜ ðåäßá, ðïõ

åßíáé ïñéóìÝíá åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ

ðáñÜóôáóç r(t) ãéá êÜèå t ∈ [á; â]. Ôüôå, áí ôá åðéêáìðýëéá ïëïêëçñþìáôá

ôùí F êáé G åðß ôçò C õðÜñ÷ïõí, ãéá êÜèå k; � ∈ R éó÷ýåé üôé∫
C

(kF+ �G) · d r = k

∫
C

F · d r+ �

∫
C

G · dr

Ç éäéüôçôá ãåíéêåýåôáé.

Èåþñçìá 20.1.3 - 2 (ðñïóèåôéêÞ). ¸óôù F äéáíõóìáôéêü ðåäßï, ðïõ åßíáé

ïñéóìÝíï åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ ðáñÜ-

óôáóç r(t) ãéá êÜèå t ∈ [á; â]. Ôüôå, áí C1 êáé C2 åßíáé äýï äéáöïñåôéêÜ

ôüîá ôçò C, ôÝôïéá þóôå ôï ÜèñïéóìÜ ôïõò íá åßíáé ç C êáé íá äéáãñÜöïíôáé

áðü ôï ßäéï äéÜíõóìá r(t) ðïõ äéáãñÜöåôáé êáé ç C, éó÷ýåé üôé∫
C

F · d r =
∫
C1

F · d r+
∫
C2

F · d r:
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Ç éäéüôçôá ãåíéêåýåôáé ãéá � ôï ðëÞèïò åðéìÝñïõò ôüîá ôçò C.

Èåþñçìá 20.1.3 - 3. ¸óôù F äéáíõóìáôéêÜ ðåäßï, ðïõ åßíáé ïñéóìÝíï åðß

ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï ìÞêïò êáé ðáñáìåôñéêÞ ðáñÜóôáóç r(t)

ãéá êÜèå t ∈ [á; â]. Ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá ðáñáìÝíåé áìåôÜâëçôï

óå ìßá áëëáãÞ ôçò ðáñáìÝôñïõ t, ðïõ äéáôçñåß ôïí ðñïóáíáôïëéóìü ôçò C

êáé áëëÜæåé ðñüóçìï, üôáí ç áëëáãÞ áõôÞ áíôéóôñÝøåé ôïí ðñïóáíáôïëéóìü,

äçëáäÞ ∫
−C

F · d r = −
∫
C

F · d r:

Ç éäéüôçôá áõôÞ åêöñÜæåé ôçí áíåîáñôçóßá ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò

áðü ôçí åêëïãÞ ôçò ðáñáìÝôñïõ.

20.1.4 Ó÷Ýóç åðéêáìðýëéïõ ïëïêëçñþìáôïò êáé êëßóçò

Ôï åðéêáìðýëéï ïëïêëÞñùìá ∫
C

F · d r

äåí åßíáé ãåíéêÜ áíåîÜñôçôï áðü ôïí äñüìï ôçò ïëïêëÞñùóçò C, äçëáäÞ, áí

õðïôåèåß üôé ç C Ý÷åé áñ÷Þ ôï óçìåßï A êáé ôÝëïò ôï B, ôüôå ç ôéìÞ ôïõ, üôáí

ï äñüìïò åßíáé ôï åõèýãñáììï ôìÞìá AB, åßíáé äéáöïñåôéêÞ åêåßíçò, üôáí ï

äñüìïò åßíáé ìéá ïðïéáäÞðïôå Üëëç êáìðýëç ìå áñ÷Þ ôï A êáé ôÝëïò ôï B.

Ôá ðáñáðÜíù äåí éó÷ýïõí êáé ôï åðéêáìðýëéï ïëïêëÞñùìá Ý÷åé ôçí ßäéá

ôéìÞ áíåîÜñôçôá ôïõ ôñüðïõ äéáãñáöÞò ôçò C áðü ôï A óôï B, ìüíïí üôáí

ôï äéáíõóìáôéêü ðåäßï F åßíáé óõíôçñçôéêü.5

Ó÷åôéêÜ áðïäåéêíýåôáé ôï ðáñáêÜôù èåþñçìá:

5

Ïñéóìüò (óõíôçñçôéêü ðåäßï). Ôï äéáíõóìáôéêü ðåäßï ðïõ ðåñéãñÜöåôáé áðü ôç

äéáíõóìáôéêÞ óõíÜñôçóç F èá ëÝãåôáé óõíôçñçôéêü, üôáí

F = ∇ö:

ÂëÝðå ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - Óõíôçñïýìåíá ðåäßá.
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Èåþñçìá 20.1.4 - 1 (áíåîáñôçóßáò åðéêáìðýëéïõ ïëïêëçñþìáôïò).

¸óôù

F = ∇ö;

üðïõ ö âáèìùôÞ óõíÜñôçóç ôçò ïðïßáò õðÜñ÷ïõí ôïõëÜ÷éóôïí ïé 1çò ôÜîçò

ìåñéêÝò ðáñÜãùãïé êáé åßíáé óõíå÷åßò óõíáñôÞóåéò.

Ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r; (20.1.4 - 1)

üôáí C ç êáìðýëç áðü ôï óçìåßï A (x1; y1; z1) óôï B (x2; y2; z2) ôïõ ðåäßïõ,

åßíáé áíåîÜñôçôï áðü ôïí äñüìï ôçò ïëïêëÞñùóçò êáé éó÷ýåé

∫
C

F · d r =
B(x2;y2;z2)∫
A(x1;y1;z1)

d� = � (x2; y2; z2)− � (x1; y1; z1) : (20.1.4 - 2)

Áíôßóôñïöá: áí ôï åðéêáìðýëéï ïëïêëÞñùìá (20:1:4−1) åßíáé áíåîÜñôçôï áðü
ôïí äñüìï ôçò ïëïêëÞñùóçò, ôüôå õðÜñ÷åé ìßá âáèìùôÞ óõíÜñôçóç, Ýóôù ö,

Ýôóé þóôå F = ∇ö.

¢ìåóç óõíÝðåéá ôïõ ðáñáðÜíù èåùñÞìáôïò åßíáé ôï:

Ðüñéóìá 20.1.4 - 1. Ôï åðéêáìðýëéï ïëïêëÞñùìá åíüò óõíôçñçôéêïý äéáíõ-

óìáôéêïý ðåäßïõ êáôÜ ìÞêïò ìéáò êëåéóôÞò êáìðýëçò åßíáé ìçäÝí.

Êñßíåôáé áðáñáßôçôï óôï óçìåßï áõôü ãéá åõêïëßá ôùí ðáñáêÜôù áóêÞóåùí,

íá ãßíåé õðåíèýìéóç ôùí ðáñáêÜôù åííïéþí:6

Ïñéóìüò 20.1.4 - 2. ¸óôù Ýíá äéáíõóìáôéêü ðåäßï ðïõ ðåñéãñÜöåôáé áðü

ôç äéáíõóìáôéêÞ óõíÜñôçóç F. Ôüôå ôï ðåäßï èá ëÝãåôáé áóôñüâéëï (irro-

tational �eld), üôáí éó÷ýåé

∇× F = 0: (20.1.4 - 3)

Èåþñçìá 20.1.4 - 2. ¸íá äéáíõóìáôéêü ðåäßï åßíáé áóôñüâéëï, üôáí åßíáé

óõíôçñçôéêü êáé áíôßóôñïöá.

6ÂëÝðå åðßóçò ÌÜèçìá Äéáíõóìáôéêüò Äéáöïñéêüò Ëïãéóìüò - Áóôñüâéëá ðåäßá.



Ó÷Ýóç åðéêáìðýëéïõ ïëïêëçñþìáôïò êáé êëßóçò 977

ÐáñáôÞñçóç 20.1.4 - 1

Áí óôçí áíáëõôéêÞ ðåñéãñáöÞ ôïõ äéáíõóìáôéêïý ðåäßïõ F ëåßðåé êÜðïéá

óõíéóôþóá, ôüôå óôïí õðïëïãéóìü ôïõ óôñïâéëéóìïý ∇ × F ç óõíéóôþóá

áõôÞ õðïëïãßæåôáé ìå ôçí ôéìÞ ôçò ßóç ìå ôï 0.

ÐáñÜäåéãìá 20.1.4 - 1

¸óôù ôï äéáíõóìáôéêü ðåäßï (Ó÷. 20.1.4 - 1a)

F = 2x y i+
(
x2 + 2 y2

)
j:

Äåßîôå üôé

i) ôï ðåäßï F åßíáé óõíôçñçôéêü.

ii) Óôç óõíÝ÷åéá íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r;

üôáí C ï äñüìïò ïëïêëÞñùóçò áðü ôï óçìåßï A(0;−1) óôï B(1; 2).

Ëýóç.

(a) (b)

Ó÷Þìá 20.1.4 - 1: (a) ôï äéáíõóìáôéêü ðåäßï F = 2x y i +
(
x2 + 2 y2

)
j êáé

ôá óçìåßá A(0;−1), B(1; 2) êáé (b) ôï äõíáìéêü �(x; y) = x2y + y3.
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i) Óýìöùíá ìå ôá ÈåùñÞìáôá 20.1.4 - 1 - 20.1.4 - 2 êáé ôïí Ïñéóìü 20.1.4

- 2 áñêåß íá äåé÷èåß üôé

∇× F = 0:

Áí

F = 2x y i+
(
x2 + 2 y2

)
j+ 0k

(õðï÷ñåùôéêÜ ç óõíéóôþóá ðïõ ëåßðåé ðñÝðåé íá åßíáé

ßóç ìå ìçäÝí - ÐáñáôÞñçóç 20:1:4− 1)

= P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k;

ôüôå

P = 2x y; Q = x2 + 2 y2 êáé R = 0: (1)

ÅðïìÝíùò

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

P Q R

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

i j k
@

@x

@

@y

@

@z

2x y x2 + 2 y2 0

∣∣∣∣∣∣∣∣∣
= (0−Qz) i+ (Pz − 0) j+ (Qx − Py)k = 0:

Ôüôå áðü ôï Èåþñçìá 20.1.4 - 2 ðñïêýðôåé üôé ôï ðåäßï F åßíáé

óõíôçñçôéêü, äçëáäÞ

F = ∇ö;

üðïõ ö ôï äõíáìéêü.

ii) Åöüóïí ôï ðåäßï åßíáé óõíôçñçôéêü, ãéá ôïí õðïëïãéóìü ôïõ åðéêáìðýëéïõ

ïëïêëçñþìáôïò ðñÝðåé íá õðïëïãéóôåß ôï äõíáìéêü ôïõ.
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Õðïëïãéóìüò ôïõ äõíáìéêïý

Óýìöùíá ìå ôçí (i), áí

F = P i+Q j+Rk

= ∇ö = öx i+ öy j+ öz k;

ôüôå áðü ôçí (1) ðñïêýðôåé üôé

öx = P = 2x y öy = Q = x2 + 3 y2 êáé öz = R = 0:

Ãéá íá ðñïóäéïñéóôåß ôï äõíáìéêü ö, ðñÝðåé íá ïëïêëçñùèïýí ïé

ðáñáðÜíù ó÷Ýóåéò ùò ðñïò x, y êáé z áíôßóôïé÷á. Áõôü ãßíåôáé ìå ôç

âïÞèåéá ôïõ ïëéêïý äéáöïñéêïý ôçò ö ùò åîÞò:

dö = öx dx+ öy dy + 0 dz

= 2x y dx+
(
x2 + 3 y2

)
dy

= dx
(
x2y
)
+ dy

(
x2y + y3

)

= dx(x
2y +

dx(y3)=0︷︸︸︷
y3 ) + dy

(
x2y + y3

)
= d

(
x2y + y3

)
:

ÅðïìÝíùò ôï äõíáìéêü ôïõ ðåäßïõ F åßíáé

�(x; y) = x2y + y3 + c;

üôáí c óôáèåñÜ (Ó÷. 20.1.4 - 1b).

¢ñá áðü ôï Èåþñçìá 20.1.4 - 1 êáé ôïí ôýðï (20:1:4− 2) Ý÷ïõìå

∫
C

F · d r =
B(1;2)∫

A(0;−1)

d ö = ö (1; 2)− ö (0;−1) = 11:
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ÐáñÜäåéãìá 20.1.4 - 2

¼ìïéá ôï åðéêáìðýëéï ïëïêëÞñùìá
∫
C
F · d r, üôáí

F = 3x2z i+ z2 j+
(
x3 + 2 y z

)
k:

êáé C ï äñüìïò ïëïêëÞñùóçò áðü ôï óçìåßï A(−1; 1; 2) óôï B(1; 2; 4).

Ëýóç. Óýìöùíá ìå ôï ÐáñÜäåéãìá 20.1.4 - 1, áí

F = 3x2z i+ z2 j+
(
x3 + 2 y z

)
k

= P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k;

ôüôå

P = 3x2z; Q = z2 êáé R = x3 + 2 y z: (2)

ÅðïìÝíùò

∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

P Q R

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

i j k
@

@x

@

@y

@

@z

3x2z z2 x3 + 2 y z

∣∣∣∣∣∣∣∣∣
= (Ry −Qz) i+ (Pz −Rx) j+ (Qx − Py)k = 0;

ïðüôå üìïéá óýìöùíá ìå ôï ãíùóôü Èåþñçìá 20.1.4 - 2 ôï ðåäßï F åßíáé

óõíôçñçôéêü.

Õðïëïãéóìüò ôïõ äõíáìéêïý

¸óôù

F = P i+Q j+Rk = ∇ö = öx i+ öy j+ öz k;

ôüôå óýìöùíá ìå ôç (2) åßíáé

öx = 3x2z; öy = z2 êáé öz = x3 + 2 y z:
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Ïëïêëçñþíïíôáò ôéò ðáñáðÜíù ó÷Ýóåéò ùò ðñïò x, y êáé z ðñïêýðôåé üôé

dö = öx dx+ öy dy + öz dz

= 3x2z dx+ z2 dy +
(
x3 + 2 y z

)
dz

= dx
(
x3z
)
+ dy

(
y z2

)
+ dz

(
x3z + y2z

)

= dx(x
3z +

dx(y2z)=0︷︸︸︷
y2z ) + dy(y z

2 +

dy(x3z)=0︷︸︸︷
x3z ) + dz

(
x3z + y2z

)
= d

(
x3z + y2z

)
:

¢ñá ôï äõíáìéêü ôïõ ðåäßïõ F åßíáé

�(x; y; z) = x3z + y2z + c;

üôáí c óôáèåñÜ

Ôüôå óýìöùíá ìå ôï Èåþñçìá 20.1.4 - 1 êáé ôïí ôýðï (20:1:4−2) Ý÷ïõìå

∫
C

F · d r =
B(1;2;4)∫

A(−1;1;2)

d ö = ö (1; 2; 4)− ö (−1; 1; 2) = 6:

ÁóêÞóåéò

1. Áöïý ðñþôá äåé÷èåß üôé ôá ðáñáêÜôù ðåäßá åßíáé óõíôçñïýìåíá, óôç

óõíÝ÷åéá íá õðïëïãéóôåß ôï åðéêáìðýëéï ïëïêëÞñùìá∫
C

F · d r;

üôáí ôï C åßíáé ôï åõèýãñáììï ôìÞìá AB êáé F:

i) y4z2 i+ 4xy3z2 j+ 2xy4z k áðü ôï óçìåßï A(−1; 2; 4) óôï B(3; 2; 2),

ii) (y i+ x j) exy áðü ôï A(1; 0) óôï B(2; 2),
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iii)
(
4xy − 3x2z2

)
i+ 2x2 j− 2x3z k áðü ôï A(0; 1; 1) óôï B(2; 2; 4),

iv) (2x cos y + z sin y) i+
(
xz cos y − x2 sin y

)
j+ x sin y k áðü ôï

(1; �; 3) óôï (−1; 0; 1),

v)
(
y2z3 cosx− 4x3z

)
i+ 2yz3 sinx j+

(
3y2z2 sinx− x4

)
k áðü ôï

(�=2; 1; 1) óôï (�; 3; 3).

2. Íá ðñïóäéïñéóôåß ôï äõíáìéêü ôùí ðåäßùí:

i) E = r r ii) E = r2 r,

üôáí r äéÜíõóìá èÝóçò. Óôç óõíÝ÷åéá íá õðïëïãéóôåß ôï ïëïêëÞñùìá

I =

∫
C

E · d r;

üôáí C ôï Üíù ôìÞìá ôçò ðåñéöÝñåéáò x2 + y2 = 4.

ÁðáíôÞóåéò

1. Ôï áíôßóôïé÷ï äõíáìéêü � åßíáé:

(i) xy4z2, (ii) exy (áñ÷éêÜ P = yexy; Q = xexy; R = 0), (iii) 2x2y − x3z2,

(iv) x2 cos y + xz sin y, (v) y2z3 sinx− x4z.

2. Åßíáé r = x i+ y j+ z k, ïðüôå r =
√
x2 + y2 + z2. Ôüôå:

(i) �x = x
√
x2 + y2 + z2, �y = y

√
x2 + y2 + z2 êáé �z = z

√
x2 + y2 + z2, ïðüôå ôåëéêÜ

�(x; y; z) = 1
3

√
x2 + y2 + z2. Ãéá ôïí õðïëïãéóìü ôïõ ïëïêëçñþìáôïò Ý÷ïõìå ùò äñüìï

ïëïêëÞñùóçò ôï Üíù ìÝñïò ôçò ðåñéöÝñåéáò áêôßíáò R = 2 áðü ôï óçìåßï A(2; 0) óôï

B(−2; 0). ÅðåéäÞ z = 0, ðñÝðåé �(x; y) = 1
3

√
x2 + y2. Ôüôå óýìöùíá ìå ôï Èåþñçìá

20.1.4 - 1 êáé ôïí ôýðï (20:1:4− 2) Ý÷ïõìå

I =

∫
C

E · d r =

B(−2;0)∫
A(2;0)

d ö = ö (2; 0)− ö (−2; 0) = 0:

(ii) �x = x
(
x2 + y2 + z2

)
ê.ëð., ïðüôå ôåëéêÜ

� =
1

4

(
x4 + y4 + z4 + 2x2y2 + 2y2z2 + 2z2x2) :

Ãéá ôï ïëïêëÞñùìá åßíáé üìïéá z = 0, ïðüôå � = 1
4

(
x4 + y4 + 2x2y2

)
= 1

4

(
x2 + y2

)2
ìå

I = 0.
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20.1.5 Ïñéóìüò óå âáèìùôü ðåäßï

¸óôù C ìßá êáìðýëç ìå ðáñáìåôñéêÞ åîßóùóç

r(t) = x(t) i+ y(t) j+ z(t)k; üôáí t ∈ [á; â ];

üðïõ ïé óõíáñôÞóåéò x(t), y(t) êáé z(t) åßíáé ðáñáãùãßóéìåò ãéá êÜèå t ∈
(á; â).

Åßíáé Þäç ãíùóôü áðü ôï ÌÜèçìáÄéáíõóìáôéêÝò ÓõíáñôÞóåéò - Ãåùìåôñé-

êÞ óçìáóßá ðáñáãþãïõ üôé:

• ç ðáñÜãùãïò r′(t) ïñßæåé ôç äéåýèõíóç ôçò åöáðôïìÝíçò ôçò C, êáé

• ôï ìïíáäéáßï åöáðôüìåíï äéÜíõóìá T(t) ïñßæåôáé áðü ôç ó÷Ýóç

T(t) =
r′(t)

|r′(t)|
; üôáí r′(t) ̸= 0: (20.1.5 - 1)

ÅðïìÝíùò, áí ç ðáñÜìåôñïò t ðáñéóôÜíåé ôïí ÷ñüíï, åßíáé ðñïöáíÝò üôé

ç äéáíõóìáôéêÞ óõíÜñôçóç r′(t) èá ðáñéóôÜíåé ôï äéÜíõóìá ôçò ôá÷ýôçôáò,

Ýóôù v(t), ïðüôå

v(t) = r′(t)

óå êÜèå óçìåßï ôçò C êáé èá Ý÷åé ìÝôñï

v(t) =
∣∣r′(t)∣∣ = |v(t)| :

¸óôù s = s(t) ôï ìÞêïò ôïõ ôüîïõ åðß ôçò C ðïõ äéáãñÜöåôáé óå ÷ñüíï

t. Ôüôå óýìöùíá êáé ìå ôïõò ðáñáðÜíù ôýðïõò åßíáé:

ds(t)

dt
= v(t) =

∣∣r′(t)∣∣ ; ïðüôå ds(t) = v(t) dt =
∣∣r′(t)∣∣ d t: (20.1.5 - 2)

Ç (20:1:5− 1) óýìöùíá ìå ôçí (20:1:5− 2) äéáäï÷éêÜ ãñÜöåôáé

T =
r′(t)

|r′(t)|
=

1

|r′(t)|
dr(t)

d t

=
1

v(t)

d r(t)

d t
=

1

ds(t)

d t

d r(t)

d t
=
d r(t)

ds(t)
;
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äçëáäÞ

T =
d r(t)

ds(t)
:

¢ñá

d r = T ds: (20.1.5 - 3)

ÅðïìÝíùò óýìöùíá ìå ôçí (20:1:5−3) ôï åðéêáìðýëéï ïëïêëÞñùìá
∫
C F ·

d r ôåëéêÜ ãñÜöåôáé∫
C

F · d r =
∫
C

F ·T ds =
∫
C

f ds; (20.1.5 - 4)

üðïõ ç f = F·T ëüãù ôïõ åóùôåñéêïý ãéíïìÝíïõ åßíáé âáèìùôÞ óõíÜñôç-

óç.

Ç (20:1:5− 4) äßíåé ìßá Üëëç Ýêöñáóç ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò,

ðïõ áíáëõôéêÜ ïñßæåôáé ùò åîÞò:

Ïñéóìüò 20.1.5 - 1 (åðéêáìðýëéïõ ïëïêëçñþìáôïò). Áí ç f ðåñéãñÜöåé

Ýíá âáèìùôü ðåäßï, ðïõ åßíáé ïñéóìÝíï åðß ìéáò êáìðýëçò C ìå ðåðåñáóìÝíï

ìÞêïò, ôüôå ôï åðéêáìðýëéï ïëïêëÞñùìá ôçò f ùò ðñïò Ýíá ôüîï s ôçò C,

óõìâïëßæåôáé ìå

∫
C
fds êáé éóïýôáé ìå

∫
C

f ds =

â∫
á

f [r(t)] ds(t) =

â∫
á

f [r(t)] s′(t) dt; (20.1.5 - 5)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

Óçìåßùóç 20.1.5 - 1

Óôç âéâëéïãñáößá ôá åðéêáìðýëéá ïëïêëçñþìáôá ðïõ ïñßæïíôáé áðü Ýíá âáèìùôü

ðåäßï åðß ìéáò êáìðýëçò, åßíáé åðßóçò ãíùóôÜ êáé ùò åðéêáìðýëéá ïëïêëçñþìáôá

ôïõ 1ïõ åßäïõò.

20.1.6 ÅöáñìïãÝò

Ïé óçìáíôéêüôåñåò åöáñìïãÝò áíÜëïãá ìå ôç öõóéêÞ óçìáóßá ôçò âáèìùôÞò

óõíÜñôçóçò f äßíïíôáé óôç óõíÝ÷åéá.
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• f = 1

Ôüôå ôï ïëïêëÞñùìá
∫
C ds ðáñéóôÜíåé ôï ìÞêïò ôçò êáìðýëçò C.

ÅðåéäÞ óýìöùíá ìå ôïí ôýðï (20:1:5− 5) åßíáé

ds

dt
= v(t) = |r′(t)| =

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2

ôï ìÞêïò L ôçò C èá äßíåôáé áðü ôïí ôýðï

L =

∫
C

ds =

â∫
á

s′(t) d t

=

â∫
á

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 d t: (20.1.6 - 1)

• Áí ç f ðáñéóôÜíåé ôçí ðõêíüôçôá � óå êÜèå óçìåßï ôçò C, ôüôå ç ïëéêÞ

ìÜæá M äßíåôáé áðü ôï åðéêáìðýëéï ïëïêëÞñùìá

M =

∫
C

� ds =

â∫
á

�(t)s′(t) d t: (20.1.6 - 2)

Óôçí ðåñßðôùóç áõôÞ ïé óõíôåôáãìÝíåò (x; y; z) ôïõ êÝíôñïõ ìÜæáò

åßíáé

x =
1

M

∫
C

x � ds =
1

M

â∫
á

x(t) �(t) s′(t) d t;

y =
1

M

∫
C

y � ds =
1

M

â∫
á

y(t) �(t) s′(t) d t; êáé

z =
1

M

∫
C

z � ds =
1

M

â∫
á

z(t) �(t) s′(t) d t; (20.1.6 - 3)

åíþ ç ñïðÞ áäñÜíåéáò Il ùò ðñïò Üîïíá l éóïýôáé ìå

Il =

∫
C

ä2� ds =

â∫
á

ä2(t) �(t)s′(t) d t; (20.1.6 - 4)
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üðïõ ìå ä = ä(x; y; z) óõìâïëßæåôáé ç áðüóôáóç ôïõ ôõ÷üíôïò óçìåßïõ

ôçò C áðü ôïí l.

ÐáñÜäåéãìá 20.1.6 - 1

¸óôù C ç óðåßñá åíüò åëáôçñßïõ ìå ó÷Þìá Ýíá ôüîï ôçò êõêëéêÞò Ýëéêáò ìå

ðáñáìåôñéêÞ åîßóùóç (Ó÷. 20.1.6 - 1a)

r(t) = á cos t i+ á sin t j+ âtk; üôáí á > 0 êáé t ∈ [0; 2�]:

Áí ç ðõêíüôçôá ôïõ åëáôçñßïõ åßíáé

�(x; y; z) = x2 + y2 + z2;

æçôåßôáé íá õðïëïãéóôåß ôï ìÞêïò, ç ìÜæá êáé ïé óõíôåôáãìÝíåò (x; y; z) ôïõ

êÝíôñïõ ìÜæáò ôïõ åëáôçñßïõ.

Ëýóç. ¸÷ïõìå

x(t) = á cos t; y(t) = á sin t êáé z(t) = ât;

ïðüôå

x′(t) = −á sin t; y′(t) = á cos t êáé z′(t) = â:

Ôüôå

s′(t) =
√

[x′(t)]2 + [y′(t)]2 + [z′(t)]2 =
√
á2 + â2;

Óýìöùíá ìå ôïí ôýðï (20:1:6− 1) ôï ìÞêïò L ôïõ åëáôçñßïõ åßíáé

L =

∫
C

ds =

â∫
á

s′(t) d t =

â∫
á

√
[x′(t)]2 + [y′(t)]2 + [z′(t)]2 dt

=

2�∫
0

√
á2 + â2 d t =

√
á2 + â2

2�∫
0

d t = 2�
√
á2 + â2:

ÅðåéäÞ �(x; y; z) = x2 + y2 + z2 åßíáé

� [r(t)] = �(x(t); y(t); z(t)) = x2(t) + y2(t) + z2(t)

= á2 cos2 t+ á2 sin2 t+ â2t2

= á2
(
cos2 t+ sin2 t

)
+ â2t2 = á2 + â2t2:
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Ó÷Þìá 20.1.6 - 1: Ç êáìðýëç C óå: (a) ÐáñÜäåéãìá 20.1.6 - 1, üôáí á =

3; â = 1 êáé t ∈ [0; 4�], (b) ¢óêçóç 1 (i), üôáí á = 3; â = 1 êáé t ∈ [0; 2�].
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ÅðïìÝíùò ç ïëéêÞ ìÜæá M óýìöùíá ìå ôçí (20:1:6− 2) åßíáé

M =

∫
C

� ds =

2�∫
0

� [r(t)] s′(t) d t =

2�∫
0

�(t) s′(t) d t

=

2�∫
0

(
á2 + â2t2

)√
á2 + â2 d t

=
√
á2 + â2

2�∫
0

(
á2 + â2t2

)
d t

=
2�

3

√
á2 + â2

(
3á2 + 4�2â2

)
:

Åðßóçò áðü ôïõò ôýðïõò (20:1:6− 3) äéáäï÷éêÜ Ý÷ïõìå∫
C

x � ds = a
√
a2 + b2

2�∫
0

(
a2 + b2t2

)
cos t d t

= a
√
a2 + b2

{
2b2t cos t+

[
a2 + b2

(
t2 − 2

)]
sin t

}∣∣ 2�
0

= 4ab2 �
√
a2 + b2;

∫
C

y � ds = a
√
a2 + b2

2�∫
0

(
a2 + b2t2

)
sin t d t

= a
√
a2 + b2

{
2b2t sin t−

[
a2 + b2

(
t2 − 2

)]
cos t

}∣∣ 2�
0

= −4ab2 �2
√
a2 + b2; êáé

∫
C

z � ds = a
√
a2 + b2

2�∫
0

t
(
a2 + b2t2

)
d t

= b
√
a2 + b2

(
a2t2

2
+
b2t4

4

)∣∣∣∣ 2�
0

= 2b
(
a2 + 2b2�2

)
�2
√
a2 + b2;



ÅöáñìïãÝò 989

ïðüôå ôï êÝíôñï ìÜæáò èá åßíáé

(x; y; z) =

(
6ab2

3a2 + 4b2�2
;− 6ab2�

3a2 + 4b2�2
;
3b�

(
a2 + 2b2�2

)
3a2 + 4b2�2

)
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 20.1.6 - 2 (åðéêáìðýëéïõ ïëïêëçñþìáôïò 1ïõ åßäïõò)

x[t_] := a Cos[t]

y[t_] := a Sin[t]

z[t_] := b t

f[t_] := (x[t])^2 + (y[t])^2 + (z[t])^2

Print["x'(t) = ", D[x[t], t], " , ", "y'(t) = ",

D[y[t], t], " , ", "z'(t) = ", D[z[t], t]]

Print["s'(t) = ",

Simplify[Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2 + (D[z[t], t])^2]]]

Print["Length L = ",Integrate[Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t], t])^2], {t, 0,2 Pi}]]

Print["f(t) = ", Simplify[f[t]]]

M = Simplify[Integrate[f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t], t])^2], {t, 0,2 Pi}]];

Print["Mass M = ", M]

x1 = Simplify[Integrate[x[t] f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t],t])^2], {t, 0, 2 Pi}]];

y1 = Simplify[Integrate[y[t] f[t] Sqrt[(D[x[t], t])^2 + (D[y[t], t])^2

+ (D[z[t],t])^2], {t, 0, 2 Pi}]];

z1 = Simplify[Integrate[z[t] f[t] Sqrt[(D[x[t], t])^2

+ (D[y[t], t])^2 + (D[z[t],t])^2], {t, 0, 2 Pi}]];

Print["Center of mass x = ", Simplify[x1/M], " , y = ",

Simplify[y1/M], " , z = ", Simplify[z1/M]]

ParametricPlot3D[{x[t], y[t], z[t]}, {t, 0, 4 Pi},

PlotStyle -> {Red, Thick}, Boxed -> False,

AxesLabel -> {"x", "y ", "z"},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 16}]

ÁóêÞóåéò

1. Íá õðïëïãéóôåß ôï ìÞêïò L, ç ïëéêÞ ìÜæá M êáé ïé óõíôåôáãìÝíåò ôïõ

êÝíôñïõ ìÜæáò ôïõ óýñìáôïò óôéò ðáñáêÜôù ðåñéðôþóåéò:
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Ó÷Þìá 20.1.6 - 2: Ç êáìðýëç C óôçí: (a) ¢óêçóç 1 (ii), üôáí t ∈ [0; �] êáé

(b) ¢óêçóç 1 (iii), üôáí t ∈ [0; 2�].

i) r(t) = t i+cos t j+sin tk êáé t ∈ [0; 2�], üôáí ç ðõêíüôçôá ôïõ óýñìáôïò

åßíáé �(x; y; z) = x2 (Ó÷. 20.1.6 - 1b).

ii) r(t) = (cos t+ t sin t)i+ (sin t− t cos t)j ìå t ∈ [0; �] êáé ç ðõêíüôçôá

ôïõ óýñìáôïò åßíáé �(x; y) = x2 + y2 (Ó÷. 20.1.6 - 2a).

iii) r(t) = t cos ti+ t sin tj ìå t ∈ [0; 2�] êáé �(x; y) = x2 (Ó÷. 20.1.6 -

2b).

2. Íá õðïëïãéóôåß ç ñïðÞ áäñÜíåéáò ùò ðñïò ôïí Üîïíá ôùí z ôçò óðåßñáò

ôïõ Ðáñáäåßãìáôïò 20.1.6 - 1.

3. Íá äåé÷èåß üôé ç ñïðÞ áäñÜíåéáò åíüò ïìïãåíïýò êõêëéêïý óýñìáôïò ìå

áêôßíá R ùò ðñïò Ýíáí Üîïíá ðïõ ðåñíÜ áðü ôï êÝíôñï ôïõ åßíáé MR2=2,

üôáí M ç ìÜæá ôïõ óýñìáôïò. Êáôüðéí íá õðïëïãéóôåß ç ñïðÞ áäñÜíåéáò ùò

ðñïò Üîïíá, ðïõ áðÝ÷åé áðü ôï êÝíôñï ôïõ áðüóôáóç ßóç ìå d.

ÁðáíôÞóåéò

1. (i) s′(t) =
√
2, L = 2

√
2�, �(t) = t2, M = 8

√
2�3

3
; (x; y; z) =

(
3�
2
; 3
2�2 ;− 3

2�

)
.

(ii) s′(t) = t, L = �2

2
, �(t) = 1 + t2, M = 1

4
�2

(
1 + 2�2

)
,



Ó÷Ýóç åðéêáìðýëéïõ êáé äéðëïý ïëïêëçñþìáôïò 991

(x; y) =

(
4(54−14�2+�4)

�2(�2+2)
;
4(5�2−27)
�(�2+2)

)
.

(iii) s′(t) =
√
1 + t2, L = �

√
1 + 4�2 + 1

2
sinh−1 2�, �(t) = t2 cos2 t. Ïé õðüëïéðïé

õðïëïãéóìïß ôùí ïëïêëçñùìÜôùí ãßíïíôáé ìüíïí ðñïóåããéóôéêÜ, üðùò ìå áíÜðôõãìá êáôÜ

Maclaurin Þ ìå ðñïóåããéóôéêÝò ìåèüäïõò (âëÝðå âéâëéïãñáößá). M = 214:42 ê.ëð.

ÁíÜëïãá ïé ÁóêÞóåéò 2 êáé 3.

20.1.7 Ó÷Ýóç åðéêáìðýëéïõ êáé äéðëïý ïëïêëçñþìáôïò

Óôçí ðáñÜãñáöï áõôÞ èá åîåôáóôåß ç ó÷Ýóç ðïõ õðÜñ÷åé ìåôáîý ôïõ åðéêáìðý-

ëéïõ êáé ôïõ äéðëïý ïëïêëçñþìáôïò.

Ó÷åôéêÜ éó÷ýåé ôï ðáñáêÜôù èåþñçìá:7

Èåþñçìá 20.1.7 - 1 (Green óôï åðßðåäï). ¸óôù D Ýíáò êëåéóôüò ôüðïò

ôïõ åðéðÝäïõ ðïõ ðåñéêëåßåôáé áðü ìßá êëåéóôÞ êáé áðëÞ êáìðýëç C ôïõ xy-

åðéðÝäïõ (Ó÷. 20.1.7 - 1). Ôüôå, áí P êáé Q åßíáé óõíå÷åßò óõíáñôÞóåéò óôï

D, éó÷ýåé ∮
C

P dx+Qdy =

∫∫
D

(
@Q

@x
− @P

@y

)
dx dy; (20.1.7 - 1)

üôáí ç êáìðýëç C äéáãñÜöåôáé êáôÜ ôç èåôéêÞ öïñÜ.

Óçìåéþóåéò 20.1.7 - 1

i) Õðåíèõìßæåôáé üôé ùò èåôéêÞ öïñÜ äéáãñáöÞò Þ äéáöïñåôéêÜ äåîéüóôñïöç

öïñÜ èåùñåßôáé áõôÞ ðïõ åßíáé áíôßèåôç ôçò êßíçóçò ôùí äåéêôþí ôïõ

ñïëïãéïý.

ii) Ìßá êáìðýëç C åßíáé êëåéóôÞ, üôáí ç áñ÷Þ êáé ôï ôÝëïò ôçò óõìðßðôïõí.

iii) Ìå ôïí üñï áðëÞ êáìðýëç åííïåßôáé üôé ç äéáãñáöÞ ôçò ãßíåôáé ìå

óõíå÷Þ ôñüðï êáé üôé ç C êáëýðôåé ðëÞñùò ôïí ôüðï D. Ôï èåþñçìá

ãåíéêåýåôáé êáé áðïäåéêíýåôáé óôç âéâëéïãñáößá üôé éó÷ýåé êáé ãéá Üëëåò

ìïñöÝò ôçò êáìðýëçò C êáé ôïõ ôüðïõ D.

7Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, êáé áðüäåéîç ôïõ èåùñÞìáôïò ðáñáðÝìðåôáé

óôç âéâëéïãñáößá êáé óôï âéâëßï Á. ÌðñÜôóïò [1] Êåö. 4.
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Ó÷Þìá 20.1.7 - 1: Èåþñçìá ôïõ Green.

¸óôù ôþñá üôé óôï äéáíõóìáôéêü ðåäßï F = P i+Q j, ïé óõíéóôþóåò ôïõ

P êáé Q åðáëçèåýïõí ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 20.1.7 - 1. Ôüôå Ý÷ïíôáò

õðüøç ôïí ôýðï (20:1:2− 10), ïðüôå ï ôýðïò (20:1:7− 1) ãñÜöåôáé∮
C

F · d r =

∮
C

P dx+Qdy

=

∫∫
D

(Qx − Py) dx dy: (20.1.7 - 2)

Ï ôýðïò (20:1:7−2) èá ÷ñçóéìïðïéçèåß óôç óõíÝ÷åéá ãéá ôïõò õðïëïãéóìïýò.

ÐáñÜäåéãìá 20.1.7 - 1

Ìå ôï Èåþñçìá ôïõ Green íá õðïëïãéóôåß ôï ïëïêëÞñùìá
∮
C
F · d r, üôáí

F =
(
5− xy − y2

)
i+
(
x2 − 2xy

)
j

êáé C ôï ôåôñÜãùíï ìå êïñõöÝò (0; 0), (1; 0), (1; 0) êáé (1; 1), ðïõ äéáãñÜöåôáé

äåîéüóôñïöá.

Ëýóç. Áðü ôçí Ýêöñáóç ôïõ äéáíõóìáôéêïý ðåäßïõ Ý÷ïõìå üôé, áí

F = P i+Q j =
(
5− xy − y2

)
i+
(
x2 − 2xy

)
j;
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ôüôå

P = 5− xy − y2 êáé Q = x2 − 2xy: (1)

Ç êáìðýëç C ðñïöáíþò ðëçñïß ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 20.1.7 - 1,

åíþ ôï ôåôñÜãùíï D ðïõ ïñßæåé, ðåñéãñÜöåôáé ùò åîÞò:

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 1; 0 ≤ y ≤ 1

}
:

ÅðïìÝíùò óôï äéðëü ïëïêëÞñùìá Ý÷ïõìå ôçí ïëïêëçñùôÝá óõíÜñôçóç

Qx−Py íá ïñßæåôáé óå ïñèïãþíéï ðáñáëëçëüãñáììï8 áðü ôïõò ôýðïõò (20:1:7−
2) êáé (1) ðñïêýðôåé üôé∮

C

F · d r =

∫∫
D

(Qx − Py) dx dy

=

∫∫
D

[(2x− 2y)− (−x− 2y)] dx dy

= 3

1∫
0

 1∫
0

x dx

 dy = 3

1∫
0

x2

2

∣∣∣∣x=1

x=0

dy

=
3

2

1∫
0

dy =
3

2
:

ÐáñÜäåéãìá 20.1.7 - 2

¼ìïéá ìå ôï Èåþñçìá ôïõ Green íá õðïëïãéóôåß ôï ïëïêëÞñùìá∮
C

xy dx+ x2y3 dy;

üôáí C ôï ôñßãùíï ìå êïñõöÝò (0; 0), (1; 0) êáé (1; 2), ðïõ äéáãñÜöåôáé äåîéü-

óôñïöá (Ó÷. 20.1.7 - 2).

Ëýóç. Ðñïöáíþò åßíáé

P = xy êáé Q = x2y3: (2)

8ÂëÝðå ÌÜèçìá ÐïëëáðëÜ ïëïêëçñþìáôá Êåö. ÄéðëÜ ïëïêëçñþìáôá - ÌÝèïäïé

õðïëïãéóìïý Ðåñßðôùóç I.
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¼ìïéá ç êáìðýëç C ðëçñïß ôéò õðïèÝóåéò ôïõ ÈåùñÞìáôïò 20.1.7 - 1, åíþ ôï

ôñßãùíï D ðïõ ïñßæåé, óýìöùíá êáé ìå ôï (Ó÷. 20.1.7 - 2) ðåñéãñÜöåôáé ùò

åîÞò:

D =
{
(x; y) ∈ R2 : 0 ≤ x ≤ 1; 0 ≤ y ≤ 2x

}
:

ÅðïìÝíùò áðü ôïõò ôýðïõò (20:1:7− 1) êáé (2) ðñïêýðôåé üôé9∮
C

xy dx+ x2y3 dy =

∫∫
D

(Qx − Py) dx dy

=

∫∫
D

(
2xy3 − x

)
dx dy

=

1∫
0

 2x∫
0

(
2xy3 − x

)
dy

 dx

=

1∫
0

[
1

2
xy4 − xy

] y=2x

y=0

dx

=

1∫
0

(
8x5 − 2x2

)
dx =

[
4

3
x6 − 2

3
x3
] 1

0

=
2

3
:

20.2 ÅðéöáíåéáêÜ ïëïêëçñþìáôá

20.2.1 Ðáñáìåôñéêüò ïñéóìüò åðéöÜíåéáò

10Åßíáé Þäç ãíùóôü óôïí áíáãíþóôç üôé ç Ýííïéá ôçò êáìðýëçò ïñßóôçêå ìå

ôç âïÞèåéá ôçò êßíçóçò åíüò õëéêïý óçìåßïõ ðïõ Ý÷åé Ýíáí âáèìü åëåõèåñßáò.

Ìå ôç âïÞèåéá ôþñá ìéáò áíÜëïãçò êßíçóçò äßíåôáé ï ðáñáêÜôù ïñéóìüò ôçò

åðéöÜíåéáò:

9¼ìïéá âëÝðå ÌÜèçìá ÐïëëáðëÜ ïëïêëçñþìáôá Êåö. ÄéðëÜ ïëïêëçñþìáôá - ÌÝèïäïé

õðïëïãéóìïý Ðåñßðôùóç II.
10Ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç âéâëéïãñáößá [1, 3, 4, 5,

6] êáé óôç ìáèçìáôéêÞ âÜóç äåäïìÝíùí

http : ==en:wikipedia:org=wiki=Surface integral
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Ó÷Þìá 20.1.7 - 2: ÐáñÜäåéãìá 20.1.7 - 2.

Ïñéóìüò 20.2.1 - 1 (åðéöÜíåéáò). Ïñßæåôáé ùò åðéöÜíåéá ï ãåùìåôñéêüò

ôüðïò ôùí èÝóåùí åíüò õëéêïý óçìåßïõ, ðïõ êéíåßôáé óôïí ÷þñï êáé Ý÷åé äýï

âáèìïýò åëåõèåñßáò.

Áí ëïéðüí ãéá ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ìéáò êáìðýëçò áðáéôåßôáé ç

÷ñÞóç ìéáò ðáñáìÝôñïõ, ôþñá ãéá ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ìéáò åðéöÜíåéáò

(Ó÷. 20.2.1 - 1) áðáéôïýíôáé äýï ðáñÜìåôñïé, ðïõ óõíÞèùò óõìâïëßæïíôáé ìå

u êáé v. ÅðïìÝíùò, áí M(x; y; z) åßíáé Ýíá ôõ÷üí óçìåßï ìéáò åðéöÜíåéáò

S, ïé êáñôåóéáíÝò óõíôåôáãìÝíåò x, y êáé z èá åêöñÜæïíôáé óõíáñôÞóåé ôùí

ðáñáìÝôñùí u êáé v ùò åîÞò:

x = X(u; v); y = Y (u; v) êáé z = Z(u; v); (20.2.1 - 1)

ïðüôå ãéá ôï äéÜíõóìá èÝóçò r ôïõ óçìåßïõ M ðñÝðåé

r = r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; (20.2.1 - 2)

üôáí (u; v) ∈ T ìå T Ýíáí ôüðï ôïõ ÷þñïõ ôùí äýï äéáóôÜóåùí óôïí ïðïßï

ìåôáâÜëëïíôáé ïé ðáñÜìåôñïé u êáé v, áíôßóôïé÷á. Ç (20:2:1− 2) ïñßæåé ôüôå

ôçí ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôçò åðéöÜíåéáò S.
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Ó÷Þìá 20.2.1 - 1: ðáñáìåôñéêÞ ðáñÜóôáóç åðéöÜíåéáò.

ÐáñÜäåéãìá 20.2.1 - 1

Æçôåßôáé ç ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôçò åðéöÜíåéáò ôçò óöáßñáò ìå

åîßóùóç x2 + y2 + z2 = R2.

Ëýóç. Åßíáé ãíùóôü üôé ïé óöáéñéêÝò óõíôåôáãìÝíåò (r; è; ö) ïñßæïíôáé

áðü ôéò ó÷Ýóåéò (Ó÷. 20.2.1 - 2)

x = r cos � cos�; y = r cos � sin�; z = r sin �

ìå r ≥ 0 êáé � ∈ [0; 2�); � ∈
[
−�
2
;
�

2

]
:

(20.2.1 - 3)

ÅðïìÝíùò áíôéóôïé÷þíôáò ôïõò ôýðïõò (20:2:1−3) ìå ôïõò ôýðïõò (20:2:1−
1), äçëáäÞ

� → u êáé � → v

ðñïêýðôåé üôé

x = R cosu cos v = X(u; v);

y = R sinu cos v = Y (u; v);

z = R sin v = Z(u; v);

üôáí (u; v) ∈ [0; 2�]×
[
−�
2
;
�

2

]
:
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M

M ’

O

z

y

r

Θ

Φ

x

Ó÷Þìá 20.2.1 - 2: ïé óöáéñéêÝò óõíôåôáãìÝíåò (r; è; ö).

Ï ôüðïò ðïõ ìåôáâÜëëïíôáé ïé ðáñÜìåôñïé u êáé v åßíáé óôçí ðåñßðôùóç áõôÞ

ôï ïñèïãþíéï ðáñáëëçëüãñáììï ÁÂÃÄ (Ó÷. 20.2.1 - 3).

Ôüôå ç ðáñáìåôñéêÞ åîßóùóç ôçò åðéöÜíåéáò ôçò óöáßñáò èá åßíáé

r = r(u; v) = R cosu cos v i+R sinu cos v j+R sin v k: (20.2.1 - 4)

Óçìåßùóç 20.2.1 - 1

Óôçí ðåñßðôùóç ðïõ æçôåßôáé ç ðáñáìåôñéêÞ åîßóùóç ôùí óçìåßùí ôïõ Üíù

çìéóöáéñßïõ, ÷ñçóéìïðïéåßôáé üìïéá ï ôýðïò (20:2:1− 4) ìå

(u; v) ∈ [0; 2�]×
[
0;
�

2

]
:

20.2.2 Èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï

¸óôù ìßá åðéöÜíåéá S ìå ðáñáìåôñéêÞ åîßóùóç ôçò ìïñöÞò (20:2:1 − 2),

äçëáäÞ

r = r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k:



998 ÅðéöáíåéáêÜ Ïëïêëçñþìáôá Êáè. Á. ÌðñÜôóïò

Ó÷Þìá 20.2.1 - 3: ðáñáìåôñéêÞ ðáñÜóôáóç óöáßñáò.

ÕðïèÝôïíôáò üôé ïé óõíáñôÞóåéò X, Y êáé Z Ý÷ïõí ôïõëÜ÷éóôïí 1çò ôÜîçò

ìåñéêÝò ðáñáãþãïõò ùò ðñïò u êáé v, áðü ôçí ðáñáðÜíù ó÷Ýóç ðñïêýðôåé:

@r

@u
=
@X

@u
i+

@Y

@u
j+

@Z

@u
k;

Þ

ru = Xu i+ Yu j+ Zu k:

Ôüôå óýìöùíá ìå ôç ãåùìåôñéêÞ óçìáóßá ôçò ðáñáãþãïõ ôï äéÜíõóìá ru

åßíáé êÜèåôï óôï r óôï óçìåßï M êáé ïñßæåé ôï äéÜíõóìá ôçò ôá÷ýôçôáò

êáôÜ ôçí u-êáìðýëç.

¼ìïéá õðïëïãßæåôáé ôï

rv = Xv i+ Yv j+ Zv k;

ðïõ åßíáé åðßóçò êÜèåôï óôï r óôï óçìåßïM êáé ïñßæåé ôï äéÜíõóìá ôá÷ýôçôáò

êáôÜ ôçí v-êáìðýëç.

¸óôù ôþñá ôï åîùôåñéêü ãéíüìåíï

w =
@r

@u
× @r

@v
= ru × rv (20.2.2 - 1)
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ðïõ êáôÜ ôá ãíùóôÜ,11 üôáí

w ̸= 0;

äçëáäÞ ôá äéáíýóìáôá

ru êáé rv

äåí åßíáé óõããñáììéêÜ, ïðüôå åßíáé ãñáììéêÜ áíåîÜñôçôá. Ôüôå ôï åîùôåñéêü

ãéíüìåíï

• ïñßæåé Ýíá äéÜíõóìá w êÜèåôï óôá äéáíýóìáôá ru êáé rv, ôÝôïéï þóôå

ìáæß ìå áõôÜ íá áðïôåëåß äåîéüóôñïöï óýóôçìá, êáé

• ôï ìÝôñï ôïõ |w| éóïýôáé ìå ôï åìâáäüí ôïõ ðáñáëëçëïãñÜììïõ ðïõ

ïñßæåôáé ìå ðëåõñÝò ôá ìÝôñá ôùí äéáíõóìÜôùí ru êáé rv.

Óôçí (20:2:2−1) ôï w ëÝãåôáé èåìåëéþäåò äéÜíõóìá (fundamental vec-

tor), åíþ ôï åîùôåñéêü ãéíüìåíï ôïõ 2ïõ ìÝëïõò èåìåëéþäåò äéáíõóìáôéêü

ãéíüìåíï (fundamental vector product).

Áðïäåéêíýåôáé üôé:

Ðñüôáóç 20.2.2 - 1. Áí r = r(u; v) åßíáé ôï äéÜíõóìá èÝóçò ôõ÷üíôïò

óçìåßïõ M ôçò åðéöÜíåéáò S, ôüôå ôï èåìåëéþäåò äéÜíõóìá åßíáé êÜèåôï óå

êÜèå óõíå÷Þ êáìðýëç, ðïõ äéÝñ÷åôáé áðü ôï M .

Óýìöùíá ìå ôá ðáñáðÜíù Ý÷ïõìå ôïí ðáñáêÜôù ïñéóìü:

Ïñéóìüò 20.2.2 - 1 (åöáðôüìåíï åðßðåäï). ¸óôù üôé r = r(u; v) åßíáé

ôï äéÜíõóìá èÝóçò ôõ÷üíôïò óçìåßïõ M ôçò åðéöÜíåéáò S. Ôüôå ïñßæåôáé

ùò åöáðôüìåíï åðßðåäï (tangent plane) ôçò åðéöÜíåéáò S óôï óçìåßï ôçò

M(u; v) êáé óõìâïëßæåôáé ìå T (M), ôï åðßðåäï ðïõ ïñßæåôáé áðü ôéò äéåõèýí-

óåéò ôùí ru êáé rv óôï M .

Ôüôå ôï äéÜíõóìá ðïõ ïñßæåé ôï åîùôåñéêü ãéíüìåíï

w = ru × rv
11ÂëÝðå ÌÜèçìá Áíþôåñá ÌáèçìáôéêÜ - Äéáíýóìáôá.
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èá åßíáé êÜèåôï óôï åðßðåäï T (M) êáé èá Ý÷åé áíôßóôïé÷ï ìïíáäéáßï äéÜíõóìá

(unit normal vector) ôï

n =
w

|w|
=

ru × rv
|ru × rv|

: (20.2.2 - 2)

¸óôù ôþñá üôé ç ðáñÜìåôñïò u åßíáé óôáèåñÞ êáé ç ðáñÜìåôñïò v ðáñéóôÜíåé

ôïí ÷ñüíï. Ôüôå

• ôï

|rv|

ðáñéóôÜíåé ôçí åðéôñü÷éá ôá÷ýôçôá, åíþ

• ôï ãéíüìåíï

|rv|Äv

ôï äéáíõèÝí äéÜóôçìá êáôÜ ôç v-êáìðýëç.

• ¼ìïéá ôï

|ru|Äu

èá ðáñéóôÜíåé ôï äéáíõèÝí äéÜóôçìá êáôÜ ôçí u-êáìðýëç.

Óýìöùíá êáé ìå ôï Ó÷. 20.2.2 - 1 ðñÝðåé óôçí ðåñßðôùóç áõôÞ ôï ïñèïãþíéï

ðáñáëëçëüãñáììï ìå äéáóôÜóåéò Äu êáé Äv íá áðåéêïíßæåôáé ìÝóù ôçò r óå

Ýíá ðáñáëëçëüãñáììï - ìå ôçí åõñåßá Ýííïéá ôïõ üñïõ - åðß ôçò åðéöÜíåéáò S,

ðïõ ïñßæåôáé áðü ôá äéáíýóìáôá

ruÄu êáé rvÄv

êáé ôï ïðïßï Ý÷åé åìâáäüí

ÄS = |ru × rv| ÄuÄv: (20.2.2 - 3)

Ôï ÄS åßíáé äõíáôüí íá èåùñçèåß ôüôå ùò ôï óôïé÷åéþäåò åìâáäüí ôçò

åðéöÜíåéáò S.
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Ó÷Þìá 20.2.2 - 1: ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w êáé áíôßóôïé÷ï

èåìåëéþäåò åìâáäüí.

ÐáñÜäåéãìá 20.2.2 - 1

Æçôåßôáé ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï ôçò åðéöÜíåéáò ìå äéáíõóìáôéêÞ

åîßóùóç (Ó÷. 20.2.2 - 2a)

r(u; v) = (u+ v) i+ (u− v) j+ v2 k:

Ëýóç. Åßíáé

X(u; v) = u+ v; Y (u; v) = u− v êáé Z(u; v) = v2:

Ôüôå
@r

@u
= i+ j êáé

@r

@v
= i− j+ 2v k;

ïðüôå

w = 2v i− 2v j− 2k:

¢óêçóç

Íá õðïëïãéóôåß ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï ôùí ðáñáêÜôù åðéöáíåéþí

ìå ðáñáìåôñéêÝò åîéóþóåéò:
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(a) (b)

Ó÷Þìá 20.2.2 - 2: Ç åðéöÜíåéá S óôï: (a) ÐáñÜäåéãìá 20.2.2 - 1 êáé (b) óôçí

¢óêçóç (i), üôáí x0 = y0 = z0 = 0, a1 = a2 = a3 = b1 = 1, b2 = −1, êáé
b3 = 2.

i) r(u; v) = (x0 + a1u+ b1v) i+ (y0 + a2u+ b2v) j+ (z0 + a3u+ b3v) k

åðßðåäï - plane - (Ó÷. 20.2.2 - 2b).

ii) r(u; v) = au cos v i+ bu sin v j+ u2 k

åëëåéðôéêü ðáñáâïëïåéäÝò - elliptic paraboloid - (Ó÷. 20.2.2 - 3a),

åíþ ôï áíôßóôïé÷ï õðåñâïëéêü ðáñáâïëïåéäÝò - elliptic paraboloid

r(u; v) = a(u+ v) i± bv j+
(
u2 + 2uv

)
k.

iii) r(u; v) = u i+ a sin v j+ a cos v k

êõêëéêüò êýëéíäñïò (cylinder) ìå âÜóç óôï yz-åðßðåäï áêôßíáò a (Ó÷.

20.2.2 - 3b). Ï áíôßóôïé÷ïò êõêëéêüò êýëéíäñïò ìå âÜóç óôï xy-åðßðåäï

áêôßíáò a Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v) = a sin v i+a cos v j+uk,

åíþ ï åëëåéðôéêüò êýëéíäñïò ìå âÜóç óôï xy-åðßðåäï êáé çìéÜîïíåò

a; b ôçí r(u; v) = a sin v i+ b cos v j+ uk
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(a) (b)

Ó÷Þìá 20.2.2 - 3: Ç åðéöÜíåéá S óôçí: (a) ¢óêçóç (ii), üôáí a3, b = 1 êáé

(b) ¢óêçóç (iii), üôáí a = 1.

iv) r(u; v) = R cos v cosu i+R sinu cos v j+R sin v k

óöáßñá (sphere) áêôßíáò R - (Ó÷. 20.2.2 - 4a),

v) r(u; v) = a sinu cos v i+ b sinu sin v j+ c cosuk

åëëåéøïåéäÝò -ellipsoid - (Ó÷. 20.2.2 - 4b).

Ç åíôïëÞ õðïëïãéóìïý ôïõ èåìåëéþäïõò äéáíõóìáôéêïý ãéíïìÝíïõ ôçò
¢óêçóçò (v) ìå ôï MATHEMATICA åßíáé:

X[u_, v_] := a Sin[u] Cos[v]

Y[u_, v_] := b Sin[u] Sin[v]

Z[u_, v_] := c Cos[u]

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]}

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]}

w = Simplify[Cross[Ru, Rv]]

|w| = FullSimplify[Sqrt[vct.vct]]

åíþ ôïõ áíôßóôïé÷ïõ ôñéäéÜóôáôïõ ãñáöéêïý

a = 3; b = 2; c = 1;

ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]},

{u, 0,2 Pi}, {v, -Pi/2, Pi/2}, Boxed -> False,

AxesLabel -> {"x", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]
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(a) (b)

Ó÷Þìá 20.2.2 - 4: Ç åðéöÜíåéá S óôçí: (a) ¢óêçóç (iv), üôáí R = 1 êáé (b)

¢óêçóç (v), üôáí a = 2, b = 2 êáé c = 1.

ÁðáíôÞóåéò

(i) w = (−a3b2 + a2b3) i+ (a3b1 − a1b3) j+ (−a2b1 + a1b2) k,

(ii) w = −2bu2 cos v i− 2au2 sin v j+ abuk, (iii) w = a sin v j+ a cos v k,

(iv) w = R2 cosu cos2 v i+R2 sinu cos2 j+R2 sinu cos v k,

(v) w = bc sin2 u cos v i+ ac sin2 u sin v j+ ab cosu sinuk.

20.2.3 ÖõóéêÞ åñìçíåßá êáé ïñéóìüò

Ãéá íá ãßíåé ðåñéóóüôåñï êáôáíïçôÞ ç Ýííïéá, ôï åðéöáíåéáêü ïëïêëÞñùìá

äßíåôáé ùò Ýíá ðáñÜäåéãìá áðü ôç ìåëÝôç ôçò ñïÞò ôùí ñåõóôþí.

Áí (x; y; z) åßíáé Ýíá ôõ÷üí óçìåßï ôïõ ñåõóôïý, ôüôå Ýóôù ñ = ñ(x; y; z)

ç ðõêíüôçôá êáé v = v(x; y; z) ç áíôßóôïé÷ç ôá÷ýôçôá, ðïõ èåùñåßôáé üôé

ìåôáâÜëëïíôáé óå êÜèå óçìåßï ôïõ ñåõóôïý êáé ïñßæïõí ç 1ç Ýíá âáèìùôü

ðåäßï (ðõêíïôÞôùí) êáé ç 2ç Ýíá äéáíõóìáôéêü ðåäßï (ôá÷õôÞôùí).

Ôüôå ïñßæåôáé ôï äéáíõóìáôéêü ðåäßï ðõêíïôÞôùí ñïÞò ôïõ ñåõóôïý ùò

F(x; y; z) = ñ(x; y; z)v(x; y; z)

êáé ìåôñÜ ôç ìåôáâïëÞ ôçò ìÜæáò ôïõ ñåõóôïý áíÜ ìïíÜäá åìâáäïý óôï óçìåßï

(x; y; z).
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¸óôù ôþñá üôé æçôåßôáé íá õðïëïãéóôåß ç ïëéêÞ ìÜæá ôïõ ñåõóôïý, ðïõ

äéÝñ÷åôáé áðü ìßá åðéöÜíåéá S óôç ìïíÜäá ôïõ ÷ñüíïõ. Õðïôßèåôáé üôé ç

ðáñáìåôñéêÞ åîßóùóç ôçò S åßíáé ôçò ìïñöÞò (20:2:1− 2), äçëáäÞ

r = r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; üôáí (u; v) ∈ T
(20.2.3 - 1)

êáé üôé ï ôüðïò T Ý÷åé ôï ó÷Þìá ïñèïãþíéïõ ðáñáëëçëïãñÜììïõ, üðïõ ïé

óõíáñôÞóåéò X, Y êáé Z ðáñáãùãßæïíôáé ùò ðñïò u êáé v áíôßóôïé÷á.

¸óôù åðßóçò üôé ï ôüðïò T Ý÷åé äéáìåñéóôåß óôá åðéìÝñïõò ïñèïãþíéá

ðáñáëëçëüãñáììá

T1; T2; : : : ; T� : (20.2.3 - 2)

Ôüôå, åðåéäÞ ìÝóù ôçò r = r(u; v), üðùò áõôÞ ïñßæåôáé óôçí (20:2:3− 1),

åßíáé

r : T −→ S;

óýìöùíá ìå ôéò äéáìåñßóåéò (20:2:3− 2) èá Ý÷ïõìå

r : T1 → S1; r : T2 → S2; : : : ; r : T� → S� ;

äçëáäÞ ç åðéöÜíåéá S äéáìåñßæåôáé óôéò åðéìÝñïõò åðéöÜíåéåò

S1; S2; : : : ; S�

ìå áíôßóôïé÷á åìâáäÜ

E1; E2; : : : ; E� :

ÕðïèÝôïíôáò üôé ç ðõêíüôçôá ñ êáé ç ôá÷ýôçôá v óôçí åðéöÜíåéá Sk ãéá

êÜèå k = 1; 2; : : : ; � åßíáé óôáèåñÝò, ï üãêïò ôïõ ñåõóôïý ðïõ äéÝñ÷åôáé

áðü ôçí åðéöÜíåéá Sk, èá éóïýôáé ìå ôïí üãêï ôïõ óôåñåïý, ðïõ Ý÷åé âÜóç

Ek ðáñÜðëåõñåò áêìÝò ðáñÜëëçëåò ðñïò ôï äéÜíõóìá v êáé ýøïò hk = V · n,
üðïõ n = w=|w| ôï ìïíáäéáßï äéÜíõóìá êáôÜ ôç äéåýèõíóç ôïõ èåìåëéþäïõò
äéáíýóìáôïò

w =
@r

@u
× @r

@v

êáé ôï ïðïßï üðùò åßíáé Þäç ãíùóôü áðü ôçí ÐáñÜãñáöï 20.2.2 åßíáé êÜèåôï

óôçí åðéöÜíåéá Sk ãéá êÜèå k = 1; 2; : : : ; � (Ó÷. 20.2.3 - 1).
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Ç ìÜæá ôïõ ñåõóôïý ðïõ äéÝñ÷åôáé áðü ôçí åðéöÜíåéá Sk óôçí ðåñßðôùóç

áõôÞ åßíáé

mk = ñVk = ñ (Ekhk) = ñEk (V · n) = Ek (ñV · n) = Ek (F · n)

ãéá êÜèå k = 1; 2; : : : ; � êáé êáôÜ óõíÝðåéá ç ïëéêÞ ìÜæá M éóïýôáé ìå

M =

�∑
k=1

mk =

�∑
k=1

Ek (F · n) :

¸óôù

F · n = ö;

üôáí ëüãù ôïõ åóùôåñéêïý ãéíïìÝíïõ ôï ö åßíáé âáèìùôü ìÝãåèïò. Ôüôå

óýìöùíá ìå ôïí ôýðï (20:2:2− 3) åßíáé

Ek =

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ ÄukÄvk;
ïðüôå ôåëéêÜ

M =

n∑
k=1

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ ÄukÄvk: (20.2.3 - 3)

ÕðïèÝôïíôáò üôé ôï ãéíüìåíï

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣
Ý÷åé óôáèåñÞ ôéìÞ óå êÜèå áíïéêôü ïñèïãþíéï Tk, ç ðïóüôçôá áõôÞ ïñßæåé ìßá

êëéìáêùôÞ óõíÜñôçóç, ïðüôå ìå áíÜëïãï óõëëïãéóìü åêåßíïõ ôïõ ïñéóìïý

ôïõ äéðëïý ïëïêëçñþìáôïò,12 üôáí ôï � ôåßíåé óôï Üðåéñï, äçëáäÞ ï äéáìåñéóìüò

ôïõ T ãßíåôáé, Ýôóé þóôå ïé áíôßóôïé÷åò ìÝóù ôçò r åðéöÜíåéåò Sk íá Ý÷ïõí

äéáãþíéï ðïõ ôåßíåé óôï ìçäÝí, äçëáäÞ áðåéñïóôÞ åðéöÜíåéá ds, ç (20:2:3−3)
åêöñÜæåôáé ìå ôç ìïñöÞ åíüò äéðëïý ïëïêëçñþìáôïò ìå ìåôáâëçôÝò u êáé v,

äçëáäÞ

M =

∫∫
T

ö

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv: (20.2.3 - 4)

Óýìöùíá êáé ìå ôçí (20:2:3 − 4) Ý÷ïõìå ôïõò ðáñáêÜôù ïñéóìïýò ôïõ

åðéöáíåéáêïý ïëïêëçñþìáôïò.

12ÂëÝðå ÌÜèçìá ÐïëëáðëÜ Ïëïêëçñþìáôá - ÄéðëÜ ïëïêëçñþìáôá.
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Ó÷Þìá 20.2.3 - 1: öõóéêÞ åñìçíåßá åðéöáíåéáêïý ïëïêëçñþìáôïò.

Óå âáèìùôü ðåäßï (1ï åßäïò)

Ïñéóìüò 20.2.3 - 1. ¸óôù S ìßá åðéöÜíåéá ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; üôáí (u; v) ∈ T

êáé ö ìßá âáèìùôÞ óõíÜñôçóç ðïõ ïñßæåôáé åðß ôçò S. Ôüôå ïñßæåôáé ùò

åðéöáíåéáêü ïëïêëÞñùìá ôïõ 1ïõ åßäïõò ôçò ö åðß ôçò S ôï∫∫
S

ö ds =

∫∫
T

ö [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv; (20.2.3 - 5)

üôáí ôï ôåëåõôáßï ïëïêëÞñùìá õðÜñ÷åé.

ÅöáñìïãÝò ôïõ åðéöáíåéáêïý ïëïêëçñþìáôïò ôïõ 1ïõ åßäïõò èá äïèïýí

óôçí ÐáñÜãñáöï 20.2.4, ðïõ áêïëïõèåß.

Óå äéáíõóìáôéêü ðåäßï (2ï åßäïò)

Ïñéóìüò 20.2.3 - 2. ¸óôù S ìßá åðéöÜíåéá ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k; üôáí (u; v) ∈ T
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êáé F ìßá äéáíõóìáôéêÞ óõíÜñôçóç ðïõ ïñßæåôáé åðß ôçò S. Ôüôå ïñßæåôáé

ùò åðéöáíåéáêü ïëïêëÞñùìá ôïõ 2ïõ åßäïõò ôçò F åðß ôçò S ôï∫∫
S

F · d s =
∫∫
T

F [r(u; v)] ·w du dv; (20.2.3 - 6)

üôáí

w =
@r

@u
× @r

@v

ôï äéÜíõóìá ôïõ èåìåëéþäïõò ãéíïìÝíïõ êáé ôï ïëïêëÞñùìá (20:2:3 − 6)

õðÜñ÷åé.

Óçìåéþóåéò 20.2.3 - 1

• Óôçí ðåñßðôùóç ðïõ ç åðéöÜíåéá åßíáé êëåéóôÞ, ôüôå ÷ñçóéìïðïéåßôáé ï

óõìâïëéóìüò ∮ ∮
S

F · d s: (20.2.3 - 7)

• Ôï åðéöáíåéáêü ïëïêëÞñùìá (20:2:3 − 6) åêöñÜæåé ôç ñïÞ (ux) ôïõ

ðåäßïõ F óôçí åðéöÜíåéá S (âëÝðå ÐáñÜãñáöï 20.2.3).

ÐáñÜäåéãìá 20.2.3 - 1

Íá õðïëïãéóôåß ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

F · ds;

üôáí S ôï ðáñáâïëïåéäÝò (Ó÷. 20.2.3 - 2a)

y = x2 + z2; y ∈ [0; 1] êáé x2 + z2 ≤ 1; üôáí y = 1

êáé F ôï äéáíõóìáôéêü ðåäßï

F = y j− z k (Ó÷: 20:2:3− 2a):

Ëýóç. Ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé ôçò ìïñöÞò y = g(x; z), ïðüôå

ìéá ðáñáìåôñéêÞ åîßóùóÞ ôïõ åßíáé äõíáôüí íá ðñïêýøåé áðü ôçí ðáñáìåôñéêÞ
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(a) (b)

Ó÷Þìá 20.2.3 - 2: ÐáñÜäåéãìá 20.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

ìå âÜóç (êüêêéíç êáìðýëç) óôï xz-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå

ðáñáìåôñéêÞ åîßóùóç r(u; v) = v sinu i + v2 j + v cosuk êáé (b) ç ñïÞ ôïõ

äéáíõóìáôéêïý ðåäßïõ F = y j− z k óôçí S.

åîßóùóç ôçò g(x; z), ðïõ åßíáé óôçí ðåñßðôùóç áõôÞ ï êõêëéêüò äßóêïò óôï

xz-åðßðåäï êÝíôñïõ (0; 0) êáé áêôßíáò R = 1.

¢ñá ÷ñçóéìïðïéþíôáò ôïõò ãíùóôïýò ôýðïõò ãéá ôçí ðáñáìåôñéêÞ ìïñöÞ

ðåñéöÝñåéáò (ðïëéêÝò óõíôåôáãìÝíåò)13 Ý÷ïõìå

x = R cos �; z = R sin �; üôáí � ∈ [0; 2�]; R ∈ [0; 1]:

¸óôù

� → u êáé R = v:

ÅðåéäÞ ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé y = x2 + z2, óýìöùíá ìå ôçí

ðáñáðÜíù ðáñáìåôñéêÞ ìïñöÞ ôùí x; y ðñÝðåé y = v2 sin2 u+ v2 cos2 u = v2,

ïðüôå ç ðáñáìåôñéêÞ åîßóùóç åßíáé

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= v sinu i+ v2 j+ v cosuk;

üôáí

T = {(u; v) : u ∈ [0; 2�] êáé v ∈ [0; 1]} :
13ÂëÝðå ÌÜèçìá ÄéáíõóìáôéêÝò ÓõíáñôÞóåéò.
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Ôüôå

x = X(u; v) = v sinu; y = Y (u; v) = v2 êáé

z = Z(u; v) = v cosu:

¢ñá

F [r(u; v)] = F = y j− z k

= v2 j− v cosuk =
⟨
0; v2;−v cosu

⟩
: (20.2.3 - 8)

Åßíáé

@r

@u
= v cosu i+ 0 j− v sinuk;

@r

@v
= sinu i+ 2v j+ cosuk;

ïðüôå ôï èåìåëéþäåò ãéíüìåíï èá éóïýôáé ìå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

v cosu 0 −v sinu

sinu 2v cosu

∣∣∣∣∣∣∣∣∣
= 2v2 sinu i− v j+ 2v2 cosuk

=
⟨
2v2 sinu;−v; 2v2 cosu

⟩
: (20.2.3 - 9)

Áðü ôéò (20:2:3− 8) êáé (20:2:3− 9) ðñïêýðôåé ôüôå üôé

F ·w =
⟨
0; v2;−v cosu

⟩
·
⟨
2v2 sinu;−v; 2v2 cosu

⟩
= −v3

(
1 + 2 cos2 u

)
; (20.2.3 - 10)
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ïðüôå áíôéêáèéóôþíôáò óôïí ôýðï (20:2:3− 6) äéáäï÷éêÜ Ý÷ïõìå∫∫
S

F · d s =

∫∫
T

F [r(u; v)] ·w du dv

= −
2�∫
0

(
1 + 2 cos2 u

) 1∫
0

v3 dv

 du

= −
2�∫
0

(
1 + 2 cos2 u

) [v4
4
dv

]
du

= −1

4

2�∫
0

(
1 + 2 cos2 u

)
du

= −1

4

2�∫
0

[
1 + 2

(
1 + cos 2u

2

)]
du

= −1

4

[
2u+

1

2
sin 2u

] 2�

0

= −�:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 20.2.3 - 1 (åðéöáíåéáêïý ïëïêëçñþìáôïò 2ïõ åßäïõò)

Z[u_, v_] := v Cos[ u]

X[u_, v_] := v Sin[u]

Y[u_, v_] := v^2

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]};

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]};

Print["r_u = ", Ru]; Print["r_v = ", Rv];

vct = Simplify[Cross[Ru, Rv]];

Print["Fundamental Product = ", Simplify[Cross[Ru, Rv]]]

F[u_, v_] := {0, Y[u, v], -Z[u, v]}

Print["F[r(u,v)].w = ", F[u, v].vct]

Integrate[F[u, v].vct, {u, 0, 2 Pi}, {v, 0, 1}]
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ôçò åðéöÜíåéáò S ìå ôçí åíôïëÞ:

S = ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]}, {u, 0, 2 Pi},

{v,0, 1}, Boxed -> False, AxesLabel -> {" x ", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14},

ViewPoint -> {0, -2, -4}, BoundaryStyle -> Directive[Red, Thick]]

êáé ôïõ äéáíõóìáôéêïý ðåäßïõ F åðß ôçò S:

F = VectorPlot3D[{0, y, -z}, {x, -1, 1}, {y, -1, 1}, {z, 0, 1},

AxesLabel -> {"x", "y", "z"}, BaseStyle -> {FontFamily -> "Arial",

FontSize -> 14}, VectorPoints -> 7, VectorScale -> Medium,

VectorColorFunction -> "Rainbow"]

Show[S,F]

¢óêçóç

Íá õðïëïãéóôåß ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

F · ds;

üôáí S ôï ðáñáâïëïåéäÝò z = 16− x2 − y2 (Ó÷. 20.2.3 - 3a) ìå z ≥ 0 êáé F

ôï äéáíõóìáôéêü ðåäßï

F = y j+ x j+ z k (Ó÷: 20:2:3− 3b)

ìå êáôåýèõíóç ôçí áñíçôéêÞ öïñÜ ôïõ z-Üîïíá.

ÁðáíôÞóåéò

Èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w = −2v2 cosu i− 2v2 sinu j − v k, ïðüôå

∫∫
T

F [r(u; v)] · w dudv =

4∫
0

2�∫
0

[
−v

(
16− v2

)
− 4v3 cosu sinu

]
du dv = −128�:
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(a) (b)

Ó÷Þìá 20.2.3 - 3: ÐáñÜäåéãìá 20.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

ìå âÜóç óôï xy-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå ðáñáìåôñéêÞ åîßóùóç

r(u; v) = v cosu i + v sinu j +
(
16− v2

)
k êáé (b) ç ñïÞ ôïõ äéáíõóìáôéêïý

ðåäßïõ F = y j+ x j+ z k óôçí S.

20.2.4 ÅöáñìïãÝò åðéöáíåéáêïý ïëïêëçñþìáôïò

Ïé óçìáíôéêüôåñåò áíÜëïãá ìå ôç öõóéêÞ åñìçíåßá ôçò óõíÜñôçóçò ö äßíïíôáé

óôç óõíÝ÷åéá.

• åìâáäüí ö = 1

Ôüôå ï ôýðïò (20:2:3− 5) ãñÜöåôáé∫∫
S

ds =

∫∫
T

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ dudv (20.2.4 - 1)

êáé åêöñÜæåé ôï åìâáäüí ôçò åðéöÜíåéáò S.

• ïëéêÞ ìÜæá
Áí ç ö ðáñéóôÜíåé ôçí ðõêíüôçôá � ôçò ìÜæáò áíÜ ìïíÜäá åìâáäïý ãéá
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ôï õëéêü åíüò ëåðôïý êåëýöïõò, ðïõ Ý÷åé ôï ó÷Þìá ôçò åðéöáíåßáò S,

ôüôå ç ïëéêÞ ìÜæá M ôïõ êåëýöïõò äßíåôáé áðü ôïí ôýðï

M =

∫∫
S

� ds =

∫∫
T

� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv: (20.2.4 - 2)

Óôçí ðåñßðôùóç áõôÞ ïé óõíôåôáãìÝíåò (x; y; z) ôïõ êÝíôñïõ ìÜæáò

äßíïíôáé áðü ôïõò ôýðïõò

x =
1

M

∫∫
S

x�(x; y; z) ds

=
1

M

∫∫
T

X(u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv;

y =
1

M

∫∫
S

y�(x; y; z) ds

=
1

M

∫∫
T

Y (u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv;

z =
1

M

∫∫
S

z�(x; y; z) ds (20.2.4 - 3)

=
1

M

∫∫
T

Z(u; v)� [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv:

• ñïðÞ áäñÜíåéáò
Áí d = d(x; y; z) åßíáé ç êÜèåôç áðüóôáóç áðü ôïí Üîïíá l ôõ÷üíôïò

óçìåßïõ M(x; y; z) ôçò åðéöÜíåéáò S, ôüôå ç ñïðÞ áäñÜíåéáò I ôçò S
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Ó÷Þìá 20.2.4 - 1: Ôï Üíù çìéóöáßñéï ôçò óöáßñáò ôïõ Ðáñáäåßãìáôïò 20.2.4

- 1, üôáí R = 2.

ùò ðñïò ôïí Üîïíá l åßíáé

Il =

∫∫
S

d 2(x; y; z)ö(x; y; z) ds (20.2.4 - 4)

=

∫∫
T

d 2 [r(u; v)]ö [r(u; v)]

∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv:
ÐáñÜäåéãìá 20.2.4 - 1

Æçôåßôáé íá õðïëïãéóôåß ç åðéöÜíåéá S, ç ïëéêÞ ìÜæá M êáé ïé óõíôåôáãìÝíåò

(x; y; z) ôïõ êÝíôñïõ ôçò ìÜæáò ôïõ Üíù çìéóöáéñßïõ ôçò óöáßñáò (Ó÷. 20.2.4

- 1)

x2 + y2 + z2 = R2;

üôáí ç ðõêíüôçôá �(x; y; z) = c óôáèåñÜ.

Ëýóç. Ìéá ðáñáìåôñéêÞ åîßóùóç ôçò óöáßñáò äßíåôáé áðü ôïí ôýðï

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= R cosu cos v i+R sinu cos v j+R sin v k;
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üôáí u ∈ [0; 2�] êáé v ∈ [0; �=2], åðåéäÞ ðñüêåéôáé ãéá ôï Üíù çìéóöáßñéï.

¢ñá

x = X(u; v) = R cosu cos v;

y = Y (u; v) = R sinu cos v êáé

z = R sin v: (20.2.4 - 5)

Ôüôå

@r

@u
= −R sinu cos v i+R cosu cos v j

@r

@v
= −R cosu sin v i−R sinu sin v j+R cos v k;

ïðüôå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

−R sinu cos v R cosu cos v 0

−R cosu sin v −R sinu sin v R cos v

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣ R cosu cos v 0

−R sinu sin v R cos v

∣∣∣∣∣∣ i

−

∣∣∣∣∣∣ −R sinu cos v 0

−R sinu sin v R cos v

∣∣∣∣∣∣ j

+

∣∣∣∣∣∣ −R sinu cos v R cosu cos v

−R cosu sin v −R sinu sin v

∣∣∣∣∣∣ k
= R2 cosu cos2 v i+R2 sinu cos2 v j+R2 sin v cos v k:
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ÅðïìÝíùò

|w| =

∣∣∣∣ @r@u × @r

@v

∣∣∣∣
= R2

√
cos2 u cos4 v + sin2 u cos4 v + sin2 v cos2 v

= R2
√

cos4 v
(
cos2 u+ sin2 u

)
+ sin2 v cos2 v

= R2
√

cos2 v
(
cos2 v + sin2 v

)
= R2 cos v: (20.2.4 - 6)

Ôüôå ôï åìâáäüí E ôçò åðéöÜíåéáò S óýìöùíá ìå ôïí ôýðï (20:2:4 − 1)

åßíáé

E(s) =

∫∫
S

ds =

2�∫
0

ð=2∫
0

R2 cos v du dv

= R2

2�∫
0

 ð=2∫
0

cos v dv

 du = 2�R2

êáé ç ïëéêÞ ìÜæá M ìå ôïí ôýðï (20:2:4− 2)

M =

∫∫
S

�(x; y; z) ds = cR2

2�∫
0

�=2∫
0

cos v du dv = 2�R2c;

üðïõ �(x; y; z) = c óôáèåñÜ.

ÅðåéäÞ ðñüêåéôáé ãéá ôï Üíù çìéóöáßñéï, ëüãù óõììåôñßáò ðñÝðåé

x = y = 0;

ïðüôå áñêåß íá õðïëïãéóôåß ôï z. Ôüôå óýìöùíá ìå ôïí ôýðï (20:2:4 − 5)

åßíáé

z = Z(u; v) = R sin v;

åíþ ìå ôïí (20:2:4− 6)

|w| = R2 cos v;
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äéáäï÷éêÜ Ý÷ïõìå

z =
1

M

∫∫
S

z

c óôáèåñÜ︷ ︸︸ ︷
�(x; y; z) ds =

c

M

∫∫
S

z ds

=
c

M

∫∫
T

Z(u; v)︸ ︷︷ ︸
R sin v

R2 cos v︷ ︸︸ ︷∣∣∣∣ @r@u × @r

@v

∣∣∣∣ du dv

=
cR3

M

2�∫
0

 �=2∫
0

cos v sin v dv

 du =
cR3

2M

2�∫
0

1
2

�=2∫
0

sin 2v dv

 du

=
cR3

2M

2�∫
0

[
−1

2
cos 2v

]�=2
0

du =
cR3

2M

2�∫
0

1

2
du =

cR3

2M

2�∫
0

du

=
2�cR3

4M
=
R

2
; üôáí M = 2�R2c:

¢ñá

(x; y; z) =

(
0; 0;

R

2

)
:

Ï õðïëïãéóìüò ìå ôï MATHEMATICA Ýãéíå ìå ôï ðáñáêÜôù ðñüãñáììá:

Ðñüãñáììá 20.2.4 - 2 (åðéöáíåéáêïý ïëïêëçñþìáôïò 1ïõ åßäïõò)

X[u_, v_] := R Cos[ u] Cos[v]

Y[u_, v_] := R Sin[u] Cos[v]

Z[u_, v_] := R Sin[v]

Ru = {D[X[u, v], u], D[Y[u, v], u], D[Z[u, v], u]}

Rv = {D[X[u, v], v], D[Y[u, v], v], D[Z[u, v], v]}

vct = Simplify[Cross[Ru, Rv]]

Print["Modulus Fundamental Product = ", Simplify[Sqrt[vct.vct]]]

f[u_, v_] := c

Print["Density = ", f[u, v]]

Print["Surface Area = ",
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Integrate[R^2 Cos[v], {u, 0, 2 Pi}, {v, 0, Pi/2}]]

Print["Mass = ",

Integrate[R^2 Cos[v] f[u, v], {u, 0, 2 Pi}, {v, 0, Pi/2}]]

Print["Centre of mass z = ",

Integrate[

Z[u, v] R^2 Cos[v] f[u, v], {u, 0, 2 Pi}, {v, 0,

Pi/2}]/(2 c Pi R^2)]

ParametricPlot3D[{X[u, v], Y[u, v], Z[u, v]}, {u, 0, 2 Pi}, {v, 0,

Pi/2}, Boxed -> False, AxesLabel -> {"x ", "y ", "z "},

PlotStyle -> {LightYellow, Thick},

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14},

ViewPoint -> {Pi, Pi/2, 2}]

¢óêçóç

¸óôù S ôï ôìÞìá ôçò åðéöÜíåéáò ôçò óöáßñáò

x2 + y2 + z2 = 4

ðïõ ðåñéïñßæåôáé áðü ôïõò èåôéêïýò çìéÜîïíåò Ox, Oy êáé Oz (Ó÷. 20.2.4 -

2). Áí ç ðõêíüôçôá ôçò ìÜæáò áíÜ ìïíÜäá åìâáäïý åßíáé

�(x; y; z) = x− 3y + 4;

íá õðïëïãéóôåß ôï åìâáäüí S, ç ìÜæá êáé ïé óõíôåôáãìÝíåò ôïõ êÝíôñïõ ìÜæáò.

ÁðáíôÞóåéò

Óýìöùíá ìå ôçí (20:2:4− 6) åßíáé |w| = R2 cos v, åíþ áðü ôçí ðáñáìåôñéêÞ ðáñÜóôáóç ôçò

óöáßñáò ðñïêýðôåé üôé

�(x; y; z) = x− 3y + 4 = 2 cosu cos v − 6 sinu cos v + 4:

¢ñá S = 2�, M = 4� êáé

(x; y; z) =

(
8

3
− 4

�
;
4

3�
; 2− 8

3�

)
:
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Ó÷Þìá 20.2.4 - 2: Ï ôüðïò ìåôáâïëÞò ôùí ðáñáìÝôñùí åßíáé u ∈
[
0; �2

]
êáé

v ∈
[
0; �2

]
.

20.2.5 Ó÷åôéêÜ èåùñÞìáôá

Äßíïíôáé óôç óõíÝ÷åéá ïñéóìÝíá âáóéêÜ èåùñÞìáôá ó÷åôéêÜ ìå ôá åðéêáìðýëéá

êáé ôá åðéöáíåéáêÜ ïëïêëçñþìáôá ìå óçìáíôéêÝò åöáñìïãÝò óôéò èåôéêÝò

åðéóôÞìåò, åíþ ï áíáãíþóôçò, ãéá ìéá åêôåíÝóôåñç ìåëÝôç, ðáñáðÝìðåôáé óôç

âéâëéïãñáößá.

Èåþñçìá 20.2.5 - 1 (Stokes). 14Áí S åßíáé ìßá åðéöÜíåéá, ðïõ Ý÷åé ãéá

óýíïñï ìßá áðëÞ êëåéóôÞ êáìðýëç C êáé F Ýíá äéáíõóìáôéêü ðåäßï, ðïõ

ïñßæåôáé ðÜíù óôçí S (Ó÷. 20.2.5 - 1) êáé Ý÷åé ðáñáãþãïõò 1çò ôÜîçò

óõíå÷åßò óõíáñôÞóåéò, ôüôå áí n åßíáé ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí

åðéöÜíåéá S êáé ç öïñÜ äéáãñáöÞò ôçò êáìðýëçò C åßíáé ç èåôéêÞ, éó÷ýåé∮
C

F · dr =
∫∫
S

(∇× F) · ds =
∫∫
S

(∇× F) · n ds: (20.2.5 - 1)

Ï ôýðïò (20:2:5− 1) åßíáé ãíùóôüò ùò ôýðïò ôïõ Stokes.

14ÂëÝðå åðßóçò http : ==en:wikipedia:org=wiki=Stoke%27 theorem êáé ãåíéêüôåñç

áíáæÞôçóç óå Stokes' theorem.
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Ó÷Þìá 20.2.5 - 1: Èåþñçìá ôïõ Stokes.

ÐáñáôçñÞóåéò 20.2.5 - 1

• ôï èåþñçìá åêöñÜæåé ìßá ó÷Ýóç ìåôáîý åíüò åðéöáíåéáêïý ïëïêëçñþìáôïò

ìå Ýíá Þ ðåñéóóüôåñá, óå ðéï ãåíéêÝò ðåñéðôþóåéò, åðéêáìðýëéá ïëïêëçñþ-

ìáôá, ðïõ ïñßæïíôáé åðÜíù óå ìßá Þ ðåñéóóüôåñåò êáìðýëåò, ðïõ áðïôåëïýí

ôï óýíïñï ôçò åðéöÜíåéáò,

• ôï èåþñçìá ôïõ Green áðïôåëåß ìßá åéäéêÞ ðåñßðôùóç ôïõ èåùñÞìáôïò

ôïõ Stokes.

Ôýðïò õðïëïãéóìïý

¸óôù

F = F(x; y; z) êáé G = G(x; y; z) = ∇× F:

Ôüôå

• áí ç åðéöÜíåéá S óôï åðéöáíåéáêü ïëïêëÞñùìá
∫∫
S (∇× F) · ds ôïõ

ôýðïõ ôïõ Stokes Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v), üôáí (u; v) ∈ T ìå

èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï w = ru × rv, åíþ

• ç êëåéóôÞ êáìðýëç C óôï åðéêáìðýëéï ïëïêëÞñùìá
∮
C F·dr Ý÷åé ðáñáìåô-

ñéêÞ åîßóùóç r(t),
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ï ôýðïò ôïõ Stokes ãñÜöåôáé∮
C

F[r(t)] · r′(t)d t =
∫∫
T

G[r(u; v)] ·w du dv: (20.2.5 - 2)

ÐáñÜäåéãìá 20.2.5 - 1

Íá åðáëçèåõôåß (20:2:5 − 2) ôïõ ÈåùñÞìáôïò ôïõ Stokes, üôáí S åßíáé ç

åðéöÜíåéá ôïõ ðáñáâïëïåéäïýò z = 16 − x2 − y2 ìå z ≥ 0 (Ó÷. 20.2.5 - 2a)

êáé F ôï äéáíõóìáôéêü ðåäßï F = 3y i+ 4z j− 6xk.

(a) (b)

Ó÷Þìá 20.2.5 - 2: ÐáñÜäåéãìá 20.2.3 - 1: (a) ç åðéöÜíåéá S - ðáñáâïëïåéäÝò

óôï xy-åðßðåäï êáé èåôéêÞ öïñÜ äéáãñáöÞò - ìå ðáñáìåôñéêÞ åîßóùóç r(u; v) =

v cosu i + v sinu j +
(
16− v2

)
k êáé (b) ï êõêëéêüò äßóêïò êÝíôñïõ (0; 0)

áêôßíáò R = 4. Ç ðáñáìåôñéêÞ åîßóùóç ôçò ðåñéöÝñåéáò åßíáé r(t) = 4 cos t j+

4 sin t j, üôáí t ∈ [0; 2�).

Õðïëïãéóìüò ôïõ åðéêáìðýëéïõ ïëïêëçñþìáôïò

Óýìöùíá ìå ôç ìåèïäïëïãßá ëýóçò ôùí áíôßóôïé÷ùí åðéêáìðýëéùí ïëïêëç-

ñùìÜôùí ôïõ 2ïõ åßäïõò ôçò ÐáñáãñÜöïõ 20.1.1 óôçí ðåñßðôùóç áõôÞ ç
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êáìðýëç C, ðïõ åßíáé ç âÜóç ôïõ ðáñáâïëïåéäïýò åßíáé ðåñéöÝñåéá êýêëïõ

êÝíôñïõ (0; 0) áêôßíáò R = 4 (Ó÷. 20.2.5 - 2b), Ý÷åé ðáñáìåôñéêÞ åîßóùóç

r(t) = x(t) j+ y(t) j = 4 cos t j+ 4 sin t j; (20.2.5 - 3)

üôáí t ∈ [0; 2�).

ÅðïìÝíùò

x = x(t) = 4 cos t; y = y(t) = 4 sin t êáé z = z(t) = 0;

ïðüôå

x′(t) = −4 sin t; y′(t) = 4 cos t êáé z′(t) = 0: (20.2.5 - 4)

Ôï äéáíõóìáôéêü ðåäßï ãñÜöåôáé

F = F(x; y; z) = P (x; y; z) i+Q(x; y; z) j+R(x; y; z)k

= 3y i+ 4z j− 6xk:

¢ñá óýìöùíá êáé ìå ôçí (20:2:5− 4) åßíáé

P (x; y; z) = 3y = 12 sin t = P (t); Q(x; y; z) = 4z = 16 sin t = Q(t)

R(x; y; z) = 0 = R(t);

ïðüôå óýìöùíá ìå ôï 1ï ìÝëïò ôïõ ôýðïõ (20:2:5− 2) åßíáé

∮
C

F · d r =

2�∫
0

F[r(t) · r′(t)d t

=

2�∫
0

[
P (t)x′(t) +Q(t)y′(t) +R(t)z′(t)

]
d t

= −48
2�∫
0

sin2 t d t = −48�: (20.2.5 - 5)
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Õðïëïãéóìüò ôïõ åðéöáíåéáêïý ïëïêëçñþìáôïò

Áñ÷éêÜ õðïëïãßæåôáé ï óôñïâéëéóìüò ôïõ äéáíõóìáôéêïý ðåäßïõ F = 3y i +

4z j− 6xk ùò åîÞò:

G = ∇× F =

∣∣∣∣∣∣∣∣∣
i j k
@

@x

@

@y

@

@z

3y 4z −6x

∣∣∣∣∣∣∣∣∣ = −4 i+ 6 j− 3k:

15Ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé ôçò ìïñöÞò z = g(x; y), ïðüôå

ìéá ðáñáìåôñéêÞ åîßóùóÞ ôïõ åßíáé äõíáôüí íá ðñïêýøåé áðü ôçí ðáñáìåôñéêÞ

åîßóùóç ôçò g(x; y), ðïõ åßíáé óôçí ðåñßðôùóç áõôÞ ï êõêëéêüò äßóêïò óôï

xy-åðßðåäï êÝíôñïõ (0; 0) êáé áêôßíáò R = 4 (Ó÷. 20.2.5 - 2b).

¢ñá ÷ñçóéìïðïéþíôáò ôïõò ôýðïõò (20:2:5− 3) Ý÷ïõìå

x = R cos �; z = R sin �; üôáí � ∈ [0; 2�); R ∈ [0; 4]:

¸óôù

� → u êáé R = v:

ÅðåéäÞ ç åîßóùóç ôïõ ðáñáâïëïåéäïýò åßíáé z = 16 − x2 − y2, óýìöùíá
ìå ôçí ðáñáðÜíù ðáñáìåôñéêÞ ìïñöÞ ôùí x; y ðñÝðåé

z = 16− v2 sin2 u− v2 cos2 u = 16− v2;

ïðüôå ç ðáñáìåôñéêÞ åîßóùóç åßíáé

r(u; v) = X(u; v) i+ Y (u; v) j+ Z(u; v)k

= v sinu i+ v cosu j+
(
16− v2

)
k;

üôáí

T = {(u; v) : u ∈ [0; 2�] êáé v ∈ [0; 4]} :

Ôüôå

x = X(u; v) = v sinu; y = Y (u; v) = v cosu; êáé

z = Z(u; v) = 16− v2:
15ÂëÝðå áíÜëïãç ëýóç óôï ÐáñÜäåéãìá 20.2.3 - 1.
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Ðñïöáíþò åßíáé

G [r(u; v)] = −4 i+ 6 j− 3k = ⟨−4; 6;−3⟩ : (20.2.5 - 6)

Åßíáé

@r

@u
= −v sinu i+ v cosu j+ 0k;

@r

@v
= cosu i+ sinuj− 2v k;

ïðüôå ôï èåìåëéþäåò äéáíõóìáôéêü ãéíüìåíï èá éóïýôáé ìå

w =
@r

@u
× @r

@v
=

∣∣∣∣∣∣∣∣∣
i j k

−v sinu v cosu 0

cosu sinu −2v

∣∣∣∣∣∣∣∣∣
= −2v2 cosu i− 2v2 sinu j− vk

=
⟨
−2v2 cosu;−2v2 sinu;−v

⟩
: (20.2.5 - 7)

ÅðåéäÞ ðñÝðåé ôï äéÜíõóìá w íá Ý÷åé ôç èåôéêÞ äéåýèõíóç ôïõ z-Üîïíá,

áðü ôéò (20:2:5− 6) êáé (20:2:5− 7) ðñïêýðôåé ôüôå üôé

G · (−w) = ⟨−4; 6;−3⟩ ·
⟨
2v2 cosu; 2v2 sinu; v

⟩
= −8v2 cosu+ 12v2 sinu− 3v; (20.2.5 - 8)

ïðüôå áíôéêáèéóôþíôáò óôï 2ï ìÝëïò ôïõ ôýðïõ (20:2:5−2) äéáäï÷éêÜ Ý÷ïõìå:∫∫
S

G · d s =

∫∫
T

G [r(u; v)] · (−w) du dv

= −
2�∫
0

 4∫
0

(
−3v − 8v2 cosu+ 12v2 sinu

)
dv

 du

= −
2�∫
0

(
−24− 512

3
cosu+ 256 sinu

)
du (20.2.5 - 9)

= −48� (20.2.5 - 10)
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Áðü ôéò (20:2:5 − 5) êáé (20:2:5 − 10) ðñïêýðôåé ôüôå üôé éó÷ýåé ï ôýðïò

ôïõ Stokes.
Ç ãñáöéêÞ ðáñÜóôáóç ôïõ êõêëéêïý äßóêïõ óôï Ó÷. 20.2.5 - 2b Ýãéíå ìå

ôçí ðáñáêÜôù åíôïëÞ ôïõ MATHEMATICA:

ParametricPlot[{X[u, v], Y[u, v]}, {u, 0, 2 Pi}, {v, 0, 4},

AxesLabel -> {" y ", "x "},

PlotStyle -> Directive[Opacity[0.7], LightYellow],

BaseStyle -> {FontFamily -> "Arial", FontSize -> 14}]

Èåþñçìá 20.2.5 - 2 (áðüêëéóçò). 16¸óôù V Ýíá 17óõìðáãÝò (com-

pact) óôåñåü ðïõ ðåñéâÜëëåôáé åîùôåñéêÜ áðü ìßá êëåéóôÞ êáôÜ ôìÞìáôá ëåßá

åðéöÜíåéá S. Ôüôå, áí F åßíáé Ýíá äéáíõóìáôéêü ðåäßï ðïõ ïñßæåôáé óôï V

êáé Ý÷åé ðáñáãþãïõò ðñþôçò ôÜîçò óõíå÷åßò óõíáñôÞóåéò, éó÷ýåé∫∫∫
V

∇ · F dV =

∮ ∮
S

F · d s =
∮ ∮

S

F · n ds; (20.2.5 - 11)

üôáí n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí S ìå öïñÜ ðñïò ôï åîùôåñéêü ôçò

S.

Óçìåßùóç 20.2.5 - 1

Ôï èåþñçìá åêöñÜæåé ìßá ó÷Ýóç ìåôáîý åíüò ôñéðëïý ïëïêëçñþìáôïò, ðïõ

ïñßæåôáé óå Ýíá óôåñåü êáé åíüò ïëïêëçñþìáôïò ðïõ ïñßæåôáé óå ìßá åðéöÜíåéá

S êáé ðåñéâÜëëåé ôï óôåñåü.

Ôýðïò õðïëïãéóìïý

Áí

•

F = F(x; y; z) = P i+Q j+Rk; ôüôå ∇ · F = Px +Qy +Rz

âáèìùôÞ óõíÜñôçóç, äçëáäÞ ôï 1ï ìÝëïò åßíáé Ýíá ôñéðëü ïëïêëÞñùìá.

16ÂëÝðå åðßóçò http : ==en:wikipedia:org=wiki=Divergence theorem êáé ãåíéêüôåñç

áíáæÞôçóç óå divergence theorem. Åßíáé ãíùóôü åðßóçò êáé ùò èåþñçìá ôïõ Gauss

Þ êáé èåþñçìá ôïõ Ostrogradsky.
17ÓõìðáãÝò èåùñåßôáé Ýíá óôåñåü, üôáí åßíáé êëåéóôü êáé öñáãìÝíï.
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• Ç åðéöÜíåéá S óôï åðéöáíåéáêü ïëïêëÞñùìá
∫∫
S F·ds ôïõ ôýðïõ (20:2:5−

11) Ý÷åé ðáñáìåôñéêÞ åîßóùóç r(u; v), üôáí (u; v) ∈ T ìå èåìåëéþäåò

äéáíõóìáôéêü ãéíüìåíï w = ru × rv,

ôüôå ï ôýðïò (20:2:5− 11) ãñÜöåôáé∫∫∫
V

(Px +Qy +Rz) dV =

∫∫
T

F[r(u; v)] ·w du dv: (20.2.5 - 12)

ÐáñÜäåéãìá 20.2.5 - 2

Åöáñìüæïíôáò ôï Èåþñçìá ôçò áðüêëéóçò íá õðïëïãéóôåß ôï ïëïêëÞñùìá∮ ∮
S

F · d s; üôáí F = 2x i+ y2 j+ z2 k

êáé S ç ìïíáäéáßá óöáßñá ìå åîßóùóç S =
{
(x; y; z) ∈ R3 : x2 + y2 + z2 = 1

}
.

Ëýóç. ¸óôù

F = F(x; y; z) = P i+Q j+Qk = 2x i+ y2 j+ z2 k;

ïðüôå P = 2x, Q = y2 êáé R = z2.

Ôüôå

∇ · F = Px +Qy +Rz = 2 + 2y + 2z:

¢ñá óýìöùíá ìå ôïí ôýðï (20:2:5− 12) Ý÷ïõìå∮ ∮
S

F · d s =

∫∫∫
V

(Px +Qy +Rz) dV

= 2

∫∫∫
V

(1 + y + z) dV

= 2

∫∫∫
V

1 dV + 2

∫∫∫
V

y dV + 2

∫∫∫
V

z dV

= 2
4�

3
+ 2 · 0 + 2 · 0 =

8�

3
;
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åðåéäÞ ï üãêïò V ôçò óöáßñáò áêôßíáò r åßíáé18

V =

∫∫∫
V

1 dV =
4�r3

3

r=1︷︸︸︷
=

4�

3

êáé ëüãù óõììåôñßáò ∫∫∫
V

y dV =

∫∫∫
V

z dV = 0:

Ìå ôç âïÞèåéá ôïõ ÈåùñÞìáôïò 20.2.5 - 2 áðïäåéêíýåôáé ôï ðáñáêÜôù

óçìáíôéêü èåþñçìá:

Èåþñçìá 20.2.5 - 3 (Gauss). ¸óôù S ìßá ôõ÷ïýóá êëåéóôÞ åðéöÜíåéá.

Áí Oxyz åßíáé Ýíá ïñèïãþíéï óýóôçìá áîüíùí êáé r ôï äéÜíõóìá èÝóçò

ôõ÷üíôïò óçìåßïõ (x; y; z) ôçò S, ôüôå ôï åðéöáíåéáêü ïëïêëÞñùìá∫∫
S

r · n
r3

ds; (20.2.5 - 13)

üðïõ n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí S, éóïýôáé ìå

i) ôï ìçäÝí, áí ôï O âñßóêåôáé Ýîù áðï ôçí S (Ó÷. 20.2.5 - 3),

ii) 4�, üôáí ôï O âñßóêåôáé óôï åóùôåñéêü ôçò S (Ó÷. 20.2.5 - 4).

ÃåùìåôñéêÞ åñìçíåßá ôïõ èåùñÞìáôïò ôïõ Gauss

Áí dS åßíáé ìßá óôïé÷åéþäçò åðéöÜíåéá, ôüôå åíþíïíôáé üëá ôá óçìåßá ðïõ

áðïôåëïýí ôï óýíïñü ôçò ìå ôçí áñ÷Þ O êáé ìå áõôüí ôïí ôñüðï äçìéïõñãåßôáé

Ýíáò êþíïò ìå âÜóç dS êáé êïñõöÞ ôï O (Ó÷. 20.2.5 - 5). Óôç óõíÝ÷åéá ï

êþíïò áõôüò ôÝìíåôáé ìå ìßá óöáßñá ðïõ Ý÷åé êÝíôñï ôï O êáé áêôßíá r êáé

óõìâïëßæåôáé ìå dÙ ç ôïìÞ áõôÞ. Ôüôå, üðùò åßíáé ãíùóôü, ç óôåñåÜ ãùíßá

d!, ðïõ áíôéóôïé÷åß óôçí åðéöÜíåéá dS êáé Ý÷åé êïñõöÞ ôï O, éóïýôáé ìå

18ÂëÝðå ÌÜèçìá ÐïëëáðëÜ Ïëïêëçñþìáôá - ÅöáñìïãÝò ôñéðëïý ïëïêëçñþìáôïò êáé

http : ==en:wikipedia=wiki=V olume
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Ó÷Þìá 20.2.5 - 3: Èåþñçìá 20.2.5 - 3 ôïõ Gauss - ðåñßðôùóç (i).

Ó÷Þìá 20.2.5 - 4: Èåþñçìá 20.2.5 - 3 ôïõ Gauss - ðåñßðôùóç (ii).
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Ó÷Þìá 20.2.5 - 5: ãåùìåôñéêÞ åñìçíåßá èåùñÞìáôïò 20.2.5 - 3 ôïõ Gauss.

dù =
dÙ

r2
; (20.2.5 - 14)

åíþ ç áñéèìçôéêÞ ôçò ôéìÞ èá åßíáé ßóç ìå ôï åìâáäüí ôçò ôïìÞò ôïõ êþíïõ

ìå ôç óöáßñá ðïõ Ý÷åé ãéá êÝíôñï ôï O êáé áêôßíá á = 1.

¸óôù n ôï ìïíáäéáßï êÜèåôï äéÜíõóìá óôçí åðéöÜíåéá dS êáé Ýóôù åðßóçò

üôé è åßíáé ç ãùíßá ðïõ ó÷çìáôßæïõí ôá äéáíýóìáôá r êáé n. Ôüôå áðü ôïí

ïñéóìü ôïõ åóùôåñéêïý ãéíïìÝíïõ Ý÷ïõìå

r · n = |r||n| cos è = r cos è;

äçëáäÞ

cos è =
r · n
r

;

ïðüôå

dÙ = ± cos è dS = ±n · r
r

dS:

Áíôéêáèéóôþíôáò ôçí ðáñáðÜíù ó÷Ýóç óôçí (20:2:5− 14) ðñïêýðôåé

dù = ±r · ç
r3

dS;

üðïõ ôï ðñüóçìï åîáñôÜôáé áðü ôï åßäïò ôçò ãùíßáò è (ôßèåôáé ôï +, áí ç

ãùíßá è åßíáé äåîéüóôñïöç, äéáöïñåôéêÜ ôï −).
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a) b)

Ó÷Þìá 20.2.5 - 6: ãåùìåôñéêÞ åñìçíåßá ÈåùñÞìáôïò 20.2.5 - 3 ôïõ Gauss -

ðåñéðôþóåéò: (i) Ó÷. (a) êáé (ii) Ó÷. (b).

Áí ôþñá ôï O âñßóêåôáé Ýîù áðü ôçí åðéöÜíåéá S (Ó÷. 20.2.5 - 6a), ôüôå

ç óôåñåÜ ãùíßá dù óôç èÝóç A åßíáé ßóç ìå

dù = −
(
r · n

r3

)
dS;

åíþ óôç èÝóç B ßóç ìå

dù =
r · n
r3

ds:

Ðñïöáíþò ôüôå ôï åðéöáíåéáêü ïëïêëÞñùìá õðåñÜíù ôùí åðéöáíåéþí áõôþí

åßíáé 0.

Áí, ôÝëïò, ôï óçìåßï O âñßóêåôáé óôï åóùôåñéêü ôçò S (Ó÷. 20.2.5 - 6b),

ôüôå óôéò èÝóåéò Ã êáé Ä åßíáé

dù =
(
r · n

r3

)
dS;

ïðüôå ôá åðéöáíåéáêÜ ïëïêëçñþìáôá õðåñÜíù êáé ôùí äýï áõôþí åðéöáíåéþí

èá ðñïóôßèåíôáé.

Ç ïëéêÞ óôåñåÜ ãùíßá, üôáí ç ïëïêëÞñùóç ãßíåôáé õðåñÜíù ôçò S, éóïýôáé

ìå ôï åìâáäüí ôçò åðéöÜíåéáò ìéáò óöáßñáò ìå êÝíôñï ôï O êáé áêôßíá á = 1,

äçëáäÞ åßíáé ßóç ìå 4�.
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