AVcelg Tov Oepdtoy Tov enavaAnTTik®v eéetdoeny 6to Madnuaticd Ostikng kot Teyvoroyikng KatehOvvong

AYXZEIX TQN OEMATQN TQN EITANAAHIITIKQN ITANEAAAAIKQN
EZEETAXEQN
HMEPHXIQN I'ENIKQN AYKEIQN (KAI EITA.A. OMAAA B’)
XTA
MAOHMATIKA OETIKHX KAI TEXNOAOI'TKHY KATEYOYNXHX
MAPAXKEYH, 12 IOYNIOY 2015

OEMA A
Al. Osopia anddeiln Bewpnuotoc ot cerida 304 tov oyoikov Piriov.

A2. Osopia, opiopoc ot 6erida 152 tov oyoiuod Piiiov.

A3. Oswpia, 0plopoc 6t 6eAida 279 tov Yool Piiiov.
A4.

0. X®oTo.

B. Zwoto.

v. AdBoc.

6. AdBoc.

€. AdBoc.

OEMA
Bl.’Ecte z=Xx+Yi (X,yeR), 101 £00pe Sradoyikd:
|z-3i[ -18=|z-3 < (z-3i)(2+3i)-18=(z-3)(z+3) =
< 77-3i2-3i7+9-18=77-32-37+9<3i(2-7)-18=-3(z+7) <
& -6y=18=-6x<=x-y-3=0
Enopévog o yeopetpikdg 1OmMOg TV EIKOVOV TOV Uyodik®v aplBudv Z givar 1 gvbeia
Xx-y-3=0.
B2.’Ecte W=k + i (k,1€R), 10te éx00pe Sradoyucd:

w-i=Im(z)+1e [k +Ai-i|= 241 [k +(A-Di|= A+l [k + (A-D)i[ = (A1+1)° &

<P+ (A-1)7 :(ﬂ,+1)2 Sk -2A+1=212+ 22+l K? :4},@1:%#
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Emopévoc o yeouetpikdg t0mog tomv eKOVeV TV Hyodik®v oplfpuov W eivor 1 mapafoin

y=x
-

1
B3. 'Ecto M (X,,Y,) toxaio onpeio e mapaforis. Apa éxovpe Y,’ =% Av N éva

omolodnmote onpeio g gvbeiog (¢) X—y—-3=0 Ba £ovue Yo v andotaon petald tov M

Ko N:

2
|Xo_yo_3| _ XO_ZXO _3‘ _ ‘4X0_X02 _12‘ _ X" 4%, -12

V2 2 a2 a2

Av Oswpncovpe T cuvapnon f(X,) = X,° —4%,-12,%, e R avt eivar mapayoyioyn (og

lz-w/=(MN)=d(M,&)=

TOAV®VUUIKT]) KOl EYOVE:
f'(x,) =2x,-4
f'(x)=0=x,=2
f'(x)>0x,>2
f'(x,) <0 x,<2

‘Apa n ovvapmon f éxel eddyioto oto onueio X, =2, 10 f(2)=4-8+12=8.
Emopévag n eddyiot andctaon |Z - W| elvat:

:(MN) :i:

2 _p
| ~ -2
a2 2

2w

OEMAT

I'l. H ovwvépmon f(x)=e*"-Inx,xe(0, +o0) eivar mapayoyioym oto (0, +o0) (g

xe*t-1

npatelc mopaywyiowwwv ocvvaptioemv) pe f(x)= ,xe(O, +oo). Apkel  va

e£eTAGOVHE TO TPOOMHO TG cLVapTNONG P(X) = Xe* -1, (0, +o0).
H ovvépmon ¢(x) =xe** -1, (0, +o0) eivan mopayoyiown oto (0, +00) (0g Tpates
napayoyiciov covepticeny) pe @ (x) = (x+1)>0,xe (0, +90) kardpan ¢ eivar
yvnoing avéovoa. Exiongn ¢ €xet pifa 1o 1 apod@(l) =0 Topa £xovpe:
e X>lep(X)>p) @ @(X)>0< f'(x)>0kadpan f(X) eivar yvnoing advéovoa
o710 dthompa [1,+90).
e O<x<lep(X) <o) @p(x) <0< f'(x) <0k dpan f(X) sivar yvnoiong

pbivovoa oto Sotnua (0, 1].
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"o 70 oVUvodlo Ty T A éyovpe A= f ([1, +oo))u f ((O, 1]) Eivou:

o f ([1, +oo)) = [ f(@),lim f (X)) =[1,+00), agov n f eivar yvnoing ywnoing avEovoa

o710 dthompa [1,+90) Kkar éxovpe:

f(1)=0
lim f (x) = lim (e**~Inx) = lim

_ In x
X liex 1(1_ —
X—o0 X—»00 X—>00 e -

1
X

= lim L =0

. nx
lim =lim -

X—>00 ex—l X—>00 1 X—>00 Xex_

lim f (x) =00-1= 00

X—o0o

(xpnowomomoape tov kKovove tov De |” Hospital)

o f ((0, l]) = ( f(@),lim f (X)} =(L+oo],m f(X) eivar ywnoing pBivovsa 610 didotnpa
x—0*
(0, 1] o lim f(x) = lim (e** ~Inx) = +oo.
x—0* x—0*

Emouévmg to ovvoro toudv g f eivan A= [1, +oo).
I'2. H cuvapmon K(t) =vt? -1 opiCeton 6tav t € (—o0,-1]u[1,+o0). To medio opiopod tng
h(x) eivaito R .
Eneidn 1e[1,+00) Oa npémer:

h(x)21e f(xX*+) - f(Q+121e f(X*+D) 2 f(2) © x* +122 < x* 21 X e (—o0,-1]u[L,+0)

(apod 1 ovvépmon f eivar yvnoimg avéovoa oto [1,+00) ko X* +1,2€[1,+00))
Emopévag 10 medio opiopot g cuvéptnong ¢ eivarto A=(-oo,-1]u[1,+0).

I'3. Ene1dm n ovvapmon n f(X) eivar yvnoiog pbivovoa 610 didotnuo (0, 1] KO yvnoimg
yvnoiog avéovcsa 6to ddotnuo [1, +oo) Ba etvon ko «1-1» ota dwwotuata ovtd. Emopévmg
Exove ddoyIKdL:

f(f(x)—%jzla f(f(x)—%]: f() = f(x)—%:l@ f(x):%

Opog:

. ge [L+00) = f ([1, +00)) Kot Gpo. vmhpyeL X, € [1,+00) tét010 0018 f(X,) :g
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o ge [1+00) = f ((0, 1]) Ko Gpo vIEapxet X, € (0, 1] téroro, dote f(X,) :%

Emopévag vrapyovv X, X, >0 mov va etvon pileg tng dobeicag e&icmong.

I'4. H e&icoon g epoantopévng e C, oto onueio (&, f(£)) etvar y— (&) = f(&)(x-£)

AT . ) 3 .
Kot oV avtn dépyeton amod to onpeio M| O, rl Ba Eyovpe:

3 , 3 ,
5~ f@=1©)(0-8) e Z-/(E) =,
Apxei Mooy va amodeitovpe 6T suvaptnon M(X) = xf'(x) - f(x) +g,x e[x,1] éer

povaducn piCa & e (x,1).
Oa epappocovpe 10 Bedpnuo Tov Bolzano yio m cvvépmonIl(X) oto didotuoa [Xl,l]:

e H II(X) eivar cuveyng oto dtdotnua [Xl,l] (g el cLVEXDY GUVAPTICEWV).

3 3 1
N(1)=1f M- f1)+5=1.0-142=1L
o 1(1) @ f()+2 0 +2 2>0
H("1):Xﬂu(x)—f(x)+§=)Cf'(x)—§+§:xf’(x)
* 1 Yoo WY 202 7Y T (agodn 7 etvan yvnaiog

O<x <l f'(x)<f < f(x)<0

avéovoa oto (0,1)).

2,x-1
Inueioon: H f7 sivar napayoyiown o10(0,1) pe f7(x)= %24-1 >0,xe(0,1)

Apan M(X) el pio tovidyotov pila & ()(1,1) kot emedn] N [(X) eivar mapaymyioun
010 (%,1) (oG TpaEels mapaymYIGIH®OY GLVAPTHCEMV) e

I°(x) = f(x)+x7"(x) = f(x) =x/""(x) > 0,x € [x,,1] .enopévarg M TI(X) etvon yvnoieg
avéovoa dpa kot «1-1» . Emouévagn pila & € ()(1,1) elval povaodik).

OEMA A

A1."Exovpe 810801k Kot 16050vapa
(X*=x) F(x) +xf (x) =1 x(x=1) £ (x) + 3/ (x) =1
(x=1) f'(x)+ / (x) :%,mo
[(x-Df()] =(Inx) < (x-1)f(x)=Inx+c

Omnov € po otebepd. Etvar x =1<> ¢ =0 xou dpa Egovpue:
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x-Df(x)=Inx<= f(X):In—X1 ,7w 0<x==1. T'o x=1 apod n ocuvdptnon f eivon

OLVEYNG TTPETEL:

1
. . Inx .y .
f@)= Im} f(x)= Ilrrll—1 = Imf% =1(epoapudocape tov kavova tov De | Hospital otnv
X—> X— X_ X—>

, , 0
AmPOGOOPIoTN HOPPT| 6)

Enopévac:
In x
f(x)=1x-1'
1 x=1

O<x==1

A2. Oewpovpe ™ cuvdptnon:
1
Fo=] f(t)dt-ﬁ@dt = f(t)dt+j1x¥dt, x>0

H ovvédpmon F(X) sivor mapayoyiowun oto (0,+o0) (g dOpoicpo mopoyoyiciumv

f
oLVOPTHCEWMV), 0oV ot cuvaptioelg f (t),% givon ovveyeic oto (0,+00). Eiva:

1
i
] 1
F (x)=f(x)+%-(—%]=f(x)—%f(;]1X€(01+OO)
X

e Tw O0<x==1 &ovue:

1

In x 1'”;_Inx 1-Inx Inx Inx Inx Inx

— = — = + = — =
x-1 x1_; x-1 x1-x x-1 1-x x-1 x-1
X X

F'(x)=

e T x=1F ()= /)= f@Q)=0
Apa F'(x) =0,xe(0,+00) kot emopévag F(X) =c, dmov ¢ otabepd. Eivar: F(I)=c<c=0

Enopévac :

F)=0s [ f(t)dt—ﬁ@dt =0 [ fMdt=i ft(t) dt

f (1)

A3. a) H g sivan mopayoyiown oto (0, +oo) oot ~ elvat ovveyng (og TAiko cvveymv

CLVOPTNCEWV) Kol APpol EXOVLLE!
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000 =-fi et = [ Tt xe (0, 400)

R e e e =L Lo
M P

A (t)dt fl f (t) dt = _f f (t)dt (AOyw® g oyéong Tov

Ynueioon: Eivar o evkora g(Xx) = _f

gpomuoatog A2) kot apa g'(x) = f(x), x>0.

INa x =1 &yovpe:

fi f(t)OIt In x 1
(D-IWM—II L imX=l_jim InX:Iimi=1=f(1)
X-=1 x—1 X-=1 -1 1 x->1 x—1 x-1 1
Apa:
In x
, —, O0<x=1
9'(x)=f(x)=9x-
1, x=1

H f eivon mapayoyioywn yo 0 < X 3= 1(0g Tpa&els Topoy®YIGIUL®OY GUVOPTHCEMV) UE

g,,(x):f,(x):(lnx] Xx—1-xInx O<x el K
x-1 x(x—l)
In x 1 1 1
., , , f(x) f) . x-1 = o Inx=x+1_ X
N=7(@1 :I| =lim =lim =lim =
g () f() X—> -1 -1 x-=1 x—1 (X 1) x—1 2()(_1)
1-x 1

—lim—~__ __=
il 2x(x— 1) 2

Oewpovue ™ ovvaptnon A(X) = X—-1-xInx,x >0 n onoia givar Tapaymyicyn yio KGbe
X > 0 (og mpaéelg mapaywyiciumv cuvaptioemv) pe A'(x) =1-Inx-1=-Inx,x > 0. Eyovpe:

A'(x)>0<:>—|nx>0<:>|nx<0<:>xe(0,l)

A'(x)<0<:>—|nx<0<:>|nx>0<:>xe(l,+oo)
O<x<1ls A(X) < A@Q) < A(X) <0
X>1s A(X) < AQL) < A(x) <0

Emopévag g "(x) <0 yuo kdbe X >0 ko dpa 1 ouvaptnon g eivar Koikn (otpéeel ta Koilo

két®) 670 (0,+90).
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f 1
P) H C, tépvertov 4Eova twv X'x dtav g(X) = —fll ft) dt=0==—=1< x=1(civan
X X
povadtkn aeov 1 g eivar «1-1» g yvnoiog avEovoa 6161 elvat:
In x
—, O0<x==1
g (x)=f(x)=9x-1 ) ue f(X)>0 ywxébe x>0.
1, x=1

Xnueioon: Eivo :
In x

> 0] Kot

. x>1<:>(InX>0 kat X-1>0,apa 1
X_

° 0<X<l<:>(|nx<0 kot X—-1<0,apa In);>0)
X_

Apa 1o onpeio Topfig g C; pe tov déova tov X x givan A(l, 0) Kol vt Lovadko.
H ggomtopévn g C, oto A(1,0) eivar:
y-0= g'(l)(x—1)<:> y :1-(x—1)<:> y=x-1
To epPadov mov mepucheietar amd ™ C, , v mopamdve gubeio ko Tig evbeieg X =1 ko
X =3 elvau
2 3
E=[a()-(x-1)dx = [ [(x-D-g(x) Jix = {X?— x} [P g(x)dx =2~ g(x)dx (enediy
1
cuvépmon g eivat koitn oto (1,3) Oa éxovpe g(x) < x-1,xe(1,3) .
["a to {nrovpuevo 1oydel 10odvVapaL:
E<2e2-[ gdx<2e -[ g(x)dx <0 [ g(x)dx >0
H tedevtaia oxéon eivar aAndng oot
H g eivar yvnoing adéovea oto [1,3] ko dpo:
1<x<3e g <g(x) < g3 < 0< g(x),x €[1 3] (n wotnta wydeL povo yio x =1)
H g dev givar movtov undév kar givar cvveyng oto dwotnua  [1, 3] ,emopévoc 1oydet

_fls g(x)dx > 0, mov v 0 {NTOVUEVO 1G0JVVOLLCL.

A4. Exovpe 610100)1KA Kol 1GOOVVOLLLOL:
[1 f(t)dt zljf f(t)dt < x[i f()dt > [1 f(t)dt < [r xf (t)dt-[i f()dt>0<
X X % X X x X

< [r(x-t)f (t)dt>0 (1)
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Topa &ovpe:

Int O<x==1
~  0<

ft)=9t-1 >0 yuo kéOe t >0 Ko :
1 x=1

o x=1noyéon (1) woydet o¢ 16oTNTA , CPOD TOTE _fll(l—t)f (t)dt=0.

1
o Tia x>l x>t s{vm:teli—,x:lct—XSO@X—tZO kot Gpa (x—t) f(t) =0 ko
X X

1

n ouvvaptnon M(t)=(x-t) f(t),t eli—,x:l givar cuveyng kol Oyl mavtoh pndév
X

Emopévac :

[(x-t)f (t)dt>0.

1
e T 0<x<leLsx eivan teI:X,—:|<:>t—X20<:>X—tSO kot gpa (x—t) f(t) <0
X X

Kot | ovvépmmon M(t) = (X—t) f(t),te l:%, X:l givol cuVEYNC Kat Oyl TovToh UNOEV.
Enopévac:
jf(x—t) f(t)dt<0e —[r(x-t) f(t)dt <0< [1(x-t) f(t)dt>0
Enopévac oe kdOe mepintwon eivat:

[i(x-t) f(t)dt>0

X

Empéiera Mocov: Kapayravvng B. lodvvrg, Xyoikog Zopfoviog Madnpotikov
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