Yelida 1 omo 4
H Oswpia ora MabnpaTika kareuduvong :
Opwopol — Iowtnteg - lpotdoeic — Oewpnnoato — AmoodeiEers

A. Tuvéxela ouvaptnong

1.TT6te o cvvaptnon ' Aéyetan suveyfig oto onpeio X, Tov nediov opiopod g ;

Anavinon
M cvvaptnon f Aéyetat cuveyxng oto onpeio x, tov mediov opiouoY TG , OTAV
lim f(x) =1f(x,)
X—>Xq

TxO0Ala

o) TOpEOVE HE TOV TOPAmdve 0ploud, pia cuvéptnon f dgv givar cvveyng oe éva onueio x, tov
nediov oplopov TG OTOV:
i) Aev vmépyel To 6p1O TG 6TO X, M

i1) Ynépyet 1o 0p1d tng 610 X,, AAAG gival dtapopeTikd and tnv Tipn e, f(x,), oto onpeio x,.

B) Mia cuvéaptnon f mov sival cuveyng oe dra ta onueia Tov mediov oplopov g, Oa Aéystar,

oVVEYNS CLVAPTNON.
Y) — Kéa0g molvmvopikn cvvaptnon P sivar covexic, 0o yio Kabe X, € R toybvet

lim P(x)=P(x,).
X—)XO

— Ka0g pnt1 ovvaptnon g givar ooveyng, apov yla kabe x, Tov mediov opIGHOY TNG LoYvEL

P(x) _ P(x,)
im = .
=0 O(x)  O(x,)

— Ovovvapticslg f(x)=npx kor g(x)=ocvvx givar cvveyei, apov yo kabe X, € R 1oYVEL

Iim nux =nux, lim cuvx = GVvx,.

X—)XO X—>X0

— Ovovvaptioelg f(x)=a” xav g(x)=log,x, 0<a=1 givar cuveyeic.

2. No d10TundoeTe TPOTACT OV 0POPE TN GUVEXELD KA TIG TPAEELS GUVAPTHOE®Y .

Anavinon

IMo ™ cvvéyela Kot Ti¢ TPAEEI GLVOPTHGEDY LOYVEL TO TAPAKAT® BEDPM U ©
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Xelida 2 amd 4

Av ot ovvaptioslg f kol g eivarl ovuveyeic 610 X, T0TE glval cvveyeic 6T0 X, KAl Ol GLUVOPTNOCELS:

f+g, c-f, omov ceR, f-g, i, | f| xo K/?
g

pe v tpodmdbeom Ot opifovtal oe éva SAoTNUA TOV TEPLEYXEL TO X,,.

2. No S10tundGeeTe TPOTAGT TOL APOPA T GLVEXELD GOVOETNG GLVAPTNONG .

Anavtnon

[Ma ™ cvvéyela 6uVOeTNG cLVAPTNONG IGYVEL TO TOPAKAT® OedpNua

Av n ocuvvéptnon f eivol ocvveyng o610 X, Kot 1 cvvépinon g eivar cvveyng oto f(x,), TOTE M

ovvleon tovg gof eivat cvveyng oto X, .

3. T6te wa cuvaptnon £ Aéyetar cvveyng oe éva avowktod didotnpe (o, ) kot ote ot0

KAelo16 Stdotnue [o,fB]

Anavinon

e Mo ovvaptnon f Aépe 01t elval cvveNg 6€ £va avolkTé ordotnpa (e, f), 6tav eival cvveyng oe

KaBe onpeio tov (a, f) .

e Mia cvvaptnon f Oa Aépe OTL elval ovveng 6 £va KAE16TO drdotnpa [a, f], 6tav gival cvveyng

oe K&Be onpeio tov (a, f) KAl emmAéov
lim f(x)=f(e)  xat lir;{ S =71(h)

TxXO0Al0

AvdAioyol opiopoi dtotvm®@vovTal Yo dtocTipata TG popong (a, A1, [a, B) .

4. No dwrvndoete 10 Ocdpnuo Bolzano kot va SOGETE T YEOUETPIKY TOL epunVveio.

Anavinon

‘Ecto pua cvvédptnon f, opiopévn og éva kAelotd dtdotnua [a, f]. Av:
e 1 feivar ovveyng oto [a, ] xat, emmAéov, 1oydeL
o f(a)-f(§)<0,
t0Te VIApPYEL va, TOVAGYLOTOV, X, € (a, f) Té€TO10, DOTE
S(x9)=0.
Anladn, vmapyet pio, Tovidyiotov, pila g e&icwong f(x) =0 oto avoiktd didotnpa (a,f) .

IxO0Ala

— Av e ovvaptnon f eivol cvoveyng oe éva dtdotnpua A4 kot de undeviletar 6’ avtd, TOTE LT N
etvar Betikn yio kabe x € 4 1 gival apvnTikn yo kabe x € 4, dnradn dratnpei mpoonuo oto didotnua 4.

— Mia cvveyng cvvdaptnon f dratnpei tpdonpo oe Kabéva and to dlacTHHaTe 6Te 0ol 01 S1ad0YIKES
pilec g f yopilovv to nedio opiopov e.
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Xelida 3 amd 4

Ocsnpnpa

5. Na Swatvndoete kat vo amodeifete 10 OsdpMHOL EVIIAUECHOY TILDOV .

Anavtnon

To OsOpnpa evé1APEcHOV TIPOV £ival TO MAPARATO :

‘Eoto pla ovvaptnon f, n onoia gival opiopévn o€ éva kKAELoTo dtaotnua [a, f]. Av:

e 1 f eival cvveyng oto [a, f] kat
o flw)= ()

tote, Yo kabe apOud n petadd tov f(a) ko f(F) vmhpyel évag, TovAdyloTov X, €(a,f) TéTOl0C,
MOoTE

S(xo) =1

Anode§n
Ag vmoBéocovpe 6Tt f(a) < f(B). Tote Ba woyver f(a)<n< f(B) (Zx. 67). Av Bewpficovpe TN cuvapTnon
gx)=f(x)—n, xe€la, f], mapampodpe otu:

e 1 g eival cvveyng oto [a, ] Kat VA

o g(a)g(p)<0,
0o JP|r=mmmmmmmmmm B(B.f(B)
g@)=f(@-n<0 xa i~ /
gB)=f(B)-n>0. L

|

I
R

fla)|-- !

Emopévog, ovppova pe to OBsdpnupa tov Bolzano, A(a.f(a))] |
vdpyel x, €(a,f) tétowo, wote g(x,)=f(x,)—%n=0, : '

omote f(x,)=x#. N

TxO0Ala

o) H sixéva f(4) evég Sraotiuotog 4 péoo piog cvuveyodg kol un otadepng cvvdptnong f eivar
dtaoTtnpa.

B) Av wa cuvéptnon f eival yvneieg avéovoa kol suverig o évo avolktd Sidotnpa (a, f), to1e 10
G60OVOAO TIL®V TNG 670 dtdotnua avtd gival to dtdotnua (4, B), 6mTov

A= lim f(x) kot B=lim f(x).

x—a" x—>p"
Av, opog, 1 f eivar yvnoiog @Bivovca kot ovveyng oto (a,f), 10Te T0 GHVOAO TILAOV TNG GTO
dtdotnuo avtd givat to dtaotnua (B, 4) .

6. No dwtvundoete To Oedpnpo péy1oTng — EAAYIOTNG TWAG -

Anavtnon

To Bedpnpo pEYLOTNG — EAAYLOTNG TIUNAG dLOTVTOVETOL ®C €ENG :

Av f eivar cvveyng cvvaptnon oto [a, f], 16te 1 f maipvel oto [a, f] pia péyiotn Tiun M Kot pia

eAdylotn TIUN m.
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Xelida 4 omd 4

Aniadn, vapyovv x,,x, €la, f] tétola, dote, av m= f(x,) ko M = f(x,), va 1oyvel
m< f(x)<M, vywkdabe xela,f].

TXO0A10

Amod 10 mopoamdveo Bedpnpo Kol To Oe@pnua eVOIALECOV TILOV TPOKVMLTEL OTL TO GVVOAO TINAV U10G
ovveyovg ocvvaptnong f pe medio opiopov 1o [a, f] eival to kielotd didotnuo [m,M], 6mov m 1
elbylotn TIp Kot M n péyloTn TIU tNG.
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