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ENAEIKTIKEX AYXEIX

B’ I'vuvaciov

popiqpa 1
(o) No vroloyicete TV TN ™G TopdoTaong

A =2010-2009-2008+2010-2008.
(B) Na cvykpivete Tovg aptBpoig

B=2(2 L2 2} r=(Ll L) (1,20
8 23 3 2 11)\3 9
Adon

(o) XpNoHOoToudVTOS TV EMUEPIOTIKT] 1O10TNTA AdUPAVOLLE:
A =2010-2009-2008+2010-2008 =2010+ 2008-(2010—2009)
=2010+2008-1=2010+2008 = 4018.
(B) Exovpe

_E.(zz_l.E_ZJ_E.@_l.E_E]_E.(4_§_Ej_§.(48—9—8j_3'31_2
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p_p_31 21 31:22-32.21 682-672_ 10 _
32 2 32.22 32.22 3222

Emedn) woydel ot

b

gnetar Ot eivar B> 1.

Hpopinpa 2

O Tpymoe1og BeTiKOC aképoog x = a_ﬂy =100 +108+y, a # 0, &el aBpoiopo yneiov 10. Av
EVOALAEOVE TO YNOIO TV EKATOVTAI®V LE TO YNPI0 T®V HLOVAI®V TOV, TOTE TPOKVTTEL OKE-
pOog LIKpOTEPOG amd Tov x katd 297. [Moteg eivat ot Suvatég TIES TOV X ;

Adon
O 0Képa10g TOL TPOKVITEL UETA TNV EVAALOYT] TOV YNOI®MV TOV EKOTOVIAI®V KOl LOVAS®V gfvart
o y=100y +104 +a ka1, cOpQ®vo pe TV VTOBECT TOV TPOPALATOC, 1GYVEL OTL:



x—y=297 < (100a +108+y)—(100y +108+a ) =297
<99(a-y)=29T<a-y=3.

Apa ot duvaTé TIES Yo Ta ynole @ kot y glvat:

a=3,y=0Ma=4y=IMa=5y=2Ma=6,y=3Ma=T,y=4Ma=8y=5Ma=9,y=6.
Enedn amd v vwdbeon divetan 6T1 @ + S+ =10, o1 {nToduevol aképatot x = a_ﬂy glvar ot:

370, 451, 532, 613.

popinpa 3
OpbBoymvio ABT'A €yel mhdtog AB = x pétpa kot pikog BIM = y pétpa, to onoio eivon dimhdcio
TOL TAGTOVG TOV. AV AVENGOLLLE TO TAATOG TOV Katd 25%, va PBpeite mdco enl ta ekatd mpemet
VOl EAOTTOGOVLE TO PKOG TOV, MGTE TO EUPdOV TOL Vo peivel apetdfinto.

Adon
N 25x _125x _5x
100 100 4
‘Eocto 011 mpénet va ehattdcovpe To UnKog tov ophoymviov katd a% , £161 doTE va petvel 1o
euPado tov apetdPfinto. Tote to pnKog tov Oa yivet:
ay (100-a)y (100-)-2x

=Y 100 00 100

Metd v adénon katd 25% to mhdtog Tov opboywviov yivetan x, = x

evo Ba 1oydeL N 1o TA

100—x)-2 B

100 80

2x*

o[1219922) H e 02121922 L6 (apovx £ 0)
80 80

< 80-100+a =0« a=20.
Apa TpEmeL VoL EMATTOGOVE TO UNKOG TOL opBoymviov katd 20%.

popinpa 4.

210 dumhovo oynpa to tetpanievpo ABI'A givar podpupog mievpds o kor 1o tpiywvo I'EZ givan
106mhevpo TAevpds « . Ta onueia E kot Z Bpickovtar mdve otig mievpég AB kot AA, avtictot-
yo.. Na Bpeite 11¢ yovieg Tov poupfov ABTA.

Z
A
A
E
B
Zyfpa 1
Avon
Eneon eivan BI' =TE = a, to tpiywvo BI'E givon icookeléc kot Exet:
B=E, (1)

Enedon elvan AB||TA xoun EI givon tépvovoa tov AB kot T'A €yovpe ot



E, =ElA=T,+1,=60"+T,, 2)

oV KaOe yovia 16OTAELPOL TPry®dVOUL gival 60°.
Eniong and ta wooked tpiywva BI'E ko I'ZA e ioeg mievpéc BI' = 1'Z=a, [E=TA =a ,
TPOKLTTEL OTL:

I, =180°—2B=180° —2A =T, 3)
apov o1 oTEVAVTL YoVieg poppov gival ioeg,
Ao v maporiniio tov Tievpdv AB kot T'A éyovue

B+1'=180° < E +I,+BI['A=180" (A6ym g (1))

ST +2:(60°+1,)=180" (Méywmg (2))

& 3-T,+120° =180° < T, =20°.
Apa etvar:
180° —20°

> =80, A=B=80" xon A=1=180"—-80° =100".

B=



I'" T'vpvaoiov
popiqpa 1
‘Eotw o axépatog
A= [(—l)v +(=1)" +(-1)" +(—1)4V}-v, oMoV 1 DETIKOG 0KEPOILOG,

Av o A glvar dtoupéng tov 24, va Bpeite Tic Suvatég TIHES Tov V.

Avon
"Exovpue

A= [(—1)” (1) (1) +(_1)4V]v _ [(—1)” +1+((—1)3)V +1]v

:[24_2.(_1)1.‘/ :{4\/, ov v aprl(?g
0, av v mep1rToC.

Emne1on o axépatog A givon dtoupéng tov 24, Enetan Ot
o A=#0,ondte 0 v dev pumopel va eivar meptttog.
o O Oetikog axépatog A =4v, 6mov v aptiog BeTiKdg aKEPALOG, OVIKEL GTO GUVOLO TOV
aptiov BeTikdv dtopetdv Tov 24, dnladn eivat:
4v €{2,4,6,8,12,24}, omov v Gptiog BeTcdg aképaiog,
1.3
Sve {5,1,5,2,3, 6},(’)7t00 v aptiog OeTIKOG aKEPALOG,
Sv=21Rv=06.
Apa o1 duvatég TIHéEG Tov vV glvat To 2 Kot To 6.

popinpa 2
Yrapyet Swyrerog Oeticoc axéporog N =ab =10a+ b, 6mov a,b yneio pe a # 0, mov 160v-
TOL LLE TO YWVOLEVO T®V YMPIV TOL EAATTOUEVO KATO TO AOPOIGHA TOV YN@imV TOL;

Avon
O {nrovpevog dwymnerog Oetikog axéparog N =ab =10a + b, émov a,b yneia pe a # 0, wa-
vomnotel v e&icmon
10a+b = ab—(a+b) <lla=ab-2b < (11—b)a =-2b.
H tedevtaio eicwon dev elval duvatodv va 1oyVEL YTl 0 OPOG (1 1 —b)a TOV TPMTOL HEAOVG Ei-

var BeTiKog, EVd 0 OPOG TOL dELTEPOL UEAOVG Elvar HKPATEPOG N 100G e TO UNdéV. Apa dgv v-
mwhpyel 0 nrovuevog dtymelog BeTKOC akEpatog.

Hpopiqpa 3
Noa vroloyicete 10 dOpoiopa:
S=1"-2"-3+4"+5 6" -7 +8 +---+997° —998> —999” +1000".

Avon
[Mapampodpue 6t 10 dBpotoua S eivar dBpoispa 250 abpoioudTov TG LOpENS

S, = (4k+1)" —(4k+2)" —(4k +3)" +(4k +4)", yia k =0,1,2,3,...,249.
Onwg éyovpe



S, = (4k+1)" = (4k +2)" = (4k +3)" +(4k +4)°
=16k*>+8k +1—-16k* =16k —4 —16k* =24k —9+16k* +32k +16
=4, o ké0e k£ =0,1,2,3,...,249.

Apa &xovpe
S=8,+8 +..+8,,,=4+4+..4=250-4=1000

popinpa 4

210 mopoakdTom oynua divetal 0tL: To onueio A eivan to péco g mievpdg Al = £ oL Tprydvov
ABT, AAE =90°, n AE &ivat kd0etn mpoc ™ BT, AAE =TAZ =6 xou TZA =30°.

(i) No Bpeite ™ yovia 6.

(ii) No vmoAoyicete 10 uKog Tov eVOVYpapoL TUMHaTOS EZ cuvapticel tov S .

E

ZyMua 2
Adon
(i) Eoto 611 evbeia AE tépver  BI' oto onpeio H. Tote Ba eivon
HAT =0 (¢ Kot KOpLET]) Kol HAZ =HAT +TAZ =20,
onote omd to Tpiywvo HAZ &xovpe:
90° +26+30° =180° < 8 =30’

(i) To tpiywvo HEZ &ivar opBoydvio pe vroteivovca EZ, ondte yia tov vroroyiopd g EZ Ba
ypnoonomcovpe to [Mubaydpeto Bedpnua. Ipénet OpmS va Exovpe vroAoyicet Tig kAOETES
mievpég HZ ka1 HE cuvaptoet tov f.

Amo 1o tpiywvo HAT mov givan opBoyavio oto H pe T'A :g Kol EYEL HAT =6 =30° Aoppa-

VOULE:

_B

ﬁzﬂ—ﬁer:Ar-nmoO:ﬁ-l .
2 4 22 4
Awopopetikd, Bo pmopovcape vo vroroyicovpe ta ukn Tov HA kot HI' and to opBoydvio tpi-

HA = AT -ovv30° =§-

yovo HAT pe HAT =60 =30°, ondte N KaBetn TAeLpd oL Ppioketar amévavtt amd TV o&gin

yovia tov 30° O 16ovTarl fE TO Ped THE VIToTEivovsag , SnAadn sivar HI =§ KOl GTT GUVE-

yew and 1o [MuBayopero Bedpnua vworoyilovue ko v mhevpd HA =

A3
at



To tpiywvo I'AZ eivor 1cookeAég (FZA =TAZ =30" ), omote Ba etvon ['Z=TA = g Kol

nz-ur+rz=L+L_36
472 4

Emumiéov, and 1o opboydvio tpiywvo AAE pe AAE =90°, AAE =30° kon AA = g , EYOLUE:

AN~ AE _ pI2 _ﬁzﬂ_ﬁ’

Touv30 /2 B33

NERI i NE)
3 12
Enopévac, and to [Tvbayopeto Bempnua oto tpiywvo HEZ pe H=90° EYOVLE:

EZ =+HE’ +HZ’ _\/(Ejz J{%T =[’)—*/§.

12 4 6

ondte Oa givon

HE:HA+AE:’Hf+’H




A" AvkKelov

Mpoépinpa 1
(i) Na Bpeite T1g TYWES TOL PNTOY OPOUOY @ , Y10 TIC OTOiEG 0 aPOUOS A = a3 eivor pNToG.

2
(ii) No amodeitete 0t1 0 ap1Buog B = (1 +3 ) elvan appmroc.

Avon
(i) Tw a=0 elvar A=0, pntoég. ' Eoto a#0. Avftavo A = a3 pNToG, TOTE 0 APLONOG

A
2= , B NTav eniong pntoc, wg mAiko 6vo pntdv aplBumv, Tov givorl dTomo.
a

Enopévac, o apBuog A stvar pntdg povo yuoo a =0.
2
(ii) 'Eyxovpe B = (1+\/§ ) =4+2J3. Av o apBudc B ntav pntog, tote o apuog B—4 = 23

Ba Ntav emiong pntodc, MG dapopd dVo PNTAOV, T0 0moio givar dTomo, GOUEMVO LE TO (1).

popinpa 2
No armodeitete Ot M e&icmon
x+1—2|x| =ax,
€xel, Y kéBe Ty g mapapétpov @ € R, pio TovAdyiotov Tpaypatikny AOon.
[N moteg Tipéc tov o 1 elomon £xet 000 SOPOPETIKES HETAED TOVG TPAYUATIKEG AVGELS;

Avon

Enedn oty e€lowon epeavifetol 1 amdALTY TN TOV 0yVAOGTOL X SLOKPIVOLE dVO TEPITTO-

OELG:

(i)’ Eoctox>0.

Tote 1oyvet |x| =x ko n dedopévn e€icwon elval 1600HVOUN LLE TO GUOTNLAL:
x+1—2x:ax,x20©(a+1)x:1,x20

1
x=——, av a>-1
= a+1
aovvato, av a < —1.
(ii) Eoto x < 0.
Tote 1oyvet |x| =—Xx Ko 1 0edopévn eElomaon etvat 1GOOVVOLT LE TO GUGTNLLOL:

x+1+2x:ax,x<0<:>(a—3)x:l,x<0

xX= , 0V a<3

& a-3
advvarto, av a > 3.
Enopévmg, yia kaBe tiun g mopapétpov a € R, 1 e&icmon éxet pio TOLAGYIGTOV TPAYLATIKT
Mon. H e&iowon €xet 2 mpaypotikég AGELS Stpopetikés Leta&d Tovg, av woyvet: —1<a < 3.

1 ,
<0 kot x, =——> 0 mov eivan
a-3 a+l

péypott, yuo —1 < a <3 1 e&icwon €yel 1ig Aoelg x, =
SLPOPETIKES HeTAED TOVG.
Hpopiqpa 3

Atveton tpltymvo ABC eyyeypappévo oe kokAo C(O,R) xar éotw A4, B,,C, 10 0VTISIOUETPIKE
onueia TV Kopveav tov A4, B,C . Z1ig evbeieg mov opilovv ot mhevpés BC, AC, AB Bswpodype



to onpeia 4,,B,,C, avtiotoya kat £oto (g,) 1 €vbeia mov opilovv T onueia 4,,4,, (€,) N
gvbeio mov opiCovv ta onueia B;, B, kot (g;) M gvbeia mov opilovv ta onueia C;,C, .

‘Eoto axoéun (8,) n mapdrAinin gvbeia mov épovpe and to onueio 4 mpog v (g,), (3,) N
TopaAANAn gvleio Tov eépovpe and to onueio B mpog v (g,) Kot (3;) M mapdAAnin gvbeia
nov pépovpe and 1o onueio C mpog v (g;) . Na anodeilete Ot o1 evleieg (g,), (g,) xan (&)
ocvvIpEYOLY (TEpvave amd To 1d10 onpeio), av, kar povo av, ot evdeieg (9,),(d,) kot (6;) ov-
VIpEYOLV

AV

O 8:)]98{8@ (g,) xar (9,) eivar GUUUETPIKEG WG TPOG TO KEVIPO O TOL TEPLYEYPAUUEVOV KOKAOV
Tov Tpry®@vov ABC, apob 10 O givon péco g A4, .

Ot gvbeieg (g,) ko (8,) etvar cupUETPIKEG WG TPOG TO KEVIPO O TOL TEPYEYPOUUUEVOL KOKAOL
0V Tpty@dvov ABC, apod 10 O elvon péco g BB, .

Ot gvbeieg (g;) xar (0;) etvor cvppeTpkés wg TPog 10 KEVIPO O TOL TEPYEYPUUUEVOL KOKAOL
0V Tpty@dvov ABC , apod 10 O eivan péco mg CC,.

Toppmva pe ™ Osopia, av tepioTpéyovpe pio evbsio katd 180° Yupw amd T0 KEVIPO GUpLpE-
tploc, Tote vt B cuumEsEL pe T GLUUETPIKN TG eVBeia , ¢ mpog kévipo to onueio O. Eno-
uévag, ot evbeieg (g,), (g,) xar (g;,) ovvipéyovv, £otm oto onueio K, av, Kot povo av, ot gv-
Oeiec (5,), (8,) kot (8;) ovvipéyovv oto onueio K', mov givar To GpUETPIKO ToL onueiov K
¢ Tpog to onueio O.

Hapatipnon
To onueio K tavtileton pe to opBokevipo tov Tpryddvov ABC, av, Kot povo av, to onueio
4,,B,,C, sivar ta péoo twv mtievpov BC, AC, AB oavtictoryo.

X1 epinTOON LTI UTOPOVUE VA XPNGUYLOTOMGOVUE T YVOGTIH TPOTUCT:



“Ta ovuuetpira 1ov 0pBoKEVTPOD WS TPOS TO. UEGO TWV TAEVPWV TPIYWDVOD, PPIOKOVIOL EXGV® TTO
TEPLYEYPOLUEVO TOD KDKAO KO EIVOL OVTIOIOUETPIKG TWV KOPLPWY TOV”

Hpoprinpa 4

Ot paypatikoi aptBpol x, y Kot z IKavomolovV Tig 16OTNTEG:
x -y =262
x'y—-xp’ =62,

(o) No ek@pacete TOVG X, Y GUVAPTHGEL TOL Z .
(B) Av emmAéov woyel 6TL x+2y +3z =8, va Bpeite Tovg Tpoypotikovg aplfpods x, y Kot z .

Avo
Hok;lankactdgon pe v 6e0tepN 106t TOL €MTL 3 Kot TNV aPapoVUE amd TV TPAOTN, ondTe AapPd-
VOULLLE
(x—y)3:823<:>x—y=22. (1)
Téte 1 devtepn 160N TA YiveTOL:
2zxy =62°, (2)
0TOTE O10KPIVOLLE dVO TTEPUTTAGELS:
(1) Eotw z#0.
Téte n (2) eivor 10060vaun pe v oxéon
xy=3z", 3)
Ao tig (1) xon (3), mpokdmel | oyéon
x(x—2z) =3z ox-2zx-32=0=x=3z0x=-z,
omote Oa etvon
x=3z,y=zNx=-z,y=-3z.
(i1) ['a z =0 o1 6Vo mpdTES EE1I0MDGELS YivovTaL:

_ 2 2\=0
L —
xy(x—y)zO

OTOTE TPOKVITEL OTL:
x =y, aveEapmta omd 10 z .

B)Tw x=3z,y=z nelicwon x+2y+3z=8 yivetan 8z =8 < z =1, ondte £yovue 0T
(x,,2)=(3,L.1), evd y1o x=—z,y=-3z, n ekicwon yivetar—4z =8 <z =-2, ondte £xovpe OTL
(x,y,z) = (2, 6, —2) .
I[Na z=0, eivan x =y, ondte amod v e€lomwon x+2y+3z =8 npokHRTEL OTL

8 8

(x,y,z):(E,E,OJ.



B’ Avkeiov

popiqpa 1
Noa mpocodtopicete OAES TIC TPLAOESG (x, v, z) TPAYUATIKOV 0PpOUOV TOV Elval ADGELS TOL GLOTY-

HoLToc:
x +y’ =652
x’y+xy’ =20z
x—y+2z=10.
Avon

[ToAlamlacialovpe v devtepn e&icwon enti 3 Ko TV TpocHiTovpe oTNV TPMOTN, OTOTE AapPA-
voupe v e&icmon

(x+y)3=12523<:>x+y=52. (1)
Toéte n devTEpM e€lowon yiveton
5zxy =202°, (2)
omoTE dlaKpivovpe 600 TEPMTMGELS:
(i)' Eoctoz#0.
Téte and v e€icwon (2) Aappdvovpe:
xy=4z>. 3)

Ao 11 (1) xou (3), mpoxdmrer | e€lowon
x(Sz—x):4z2 Sx-Smx+4 =0 x=4z0x=1z,
omote O etva
x=4z,y=zN\x=z,y=4z.

Mo x=4z,y =z n 1pim e&icwon tov cvoTuatog yivetar 5z =10 < z =2, ondte T0 GLGTNUA
éxerm Mon (x,1,z)=(8,2,2), evd y1o x=z, y =4z 1 1pim e&icwon yivetan —z=10<z=-10,
omote T0 GhoTa £xeL T Avon (x, y,z) =(—-10,-40,-10).
(i) ['a z =0 o1 6vo mpdTES E€1I0MDGELS YivovTal:

(x+y)(x2 —xy+y2) =0

xy(x + y) =0

onote amd TV Tpitn e&icwon npokomtet o1t (X, y,z) =(5,-5,0).

}@x+y—0ﬁx—y—0©x—y,

Mpopinpa 2

Atvetor o&uydvio Kot okaAnvo tpiyovo ABC, K tuydv onpelo 6To e6OTEPIKO TOV Kot To KM
tov AH,,BH,,CH,. O mepryeypoppévog KOKAOG Tov Tptywvov  AH, H, téuvel v nuievdeia
AK ot0 onpelo K, o mepryeypappnévog KOKAOG tov tprydvov BH, H, téuvel v nuevdeia
BK oto onueto K, xat o meptyeypappévog Kokrog tov tpryovov CH, H, téuvel T nuevdeio
CK oto onueio K. Na amodeiEte 6t to onueto K, K,,K;, H kot K gtvor opoxvxkAkd ( om-
Aad1| aviikovv otov 1810 KOKA0), dmov H eivar o opBokevpo Tov tprydvov ABC .

Adon
‘Eoto (c,) o mepryeypappévog kokiog tov tprywvov AH,H ;, (c,) o meptyeypoplpévog KOKAOG
Tov Tprydvov BH  H ; ko (c;) o mepryeypoppévog kokAog tov tprydvov CH, H,.



Lo 4

To tetpamievpo AH ,HH ; eivon eyypyipo, omdte 0 kOKAOG (c,) mepvdet omd to onueio F .
To tetpamievpo BH  HH ; eivou eyypayo, omdte o kOKA0OG (c,) mepvaet amd to onpeio F .
To tetpanievpo CH ,HH , eivar eyypdyio, ondte o kOkAog (c,) mepvdetl and to onpeio H .
Tehkd, ot tpelg kvkhot (c,), (c,) kot (c,) mepvlve and t0 opBdkevipo H Tov Tprydvov
ABC.

O xoKhog (c,) €xet dapetpo v AH , omdte HK, L AK,, dnkadn to onpeio K, avikel 6to
KOKAO dwapétpov HK .

Opota amodetkvoovpe 6Tt kan o onpeio K,, K, avijxovv otov id1o kokAo.

Hpopiqpa 3
Noa arodeitete 011 N e&icmon
x* +x+1—2|x| =ax, a R,
Exel v kdbe @ € R 00 dopopeTikéc LETAEL TOVG AVoEL 6T0 GhvoAo R .
IMa moleg Tipég Tov @ o1 dvo pileg elvar eTepdoNIECS;

Avon

Abdy® g vVTapéng tov |x

(i)' Eoto x>0.

Téte n e&icwon yivetau:
X t+x+l-2x=ax,aeRex’ —(a+1)x+1=0,a R, (1)

, OL0KPIVOLLE dVO TTEPITTAOGELG:

1 omoia éxet Srakpivovoa A =(a + 1)2 —4=(a-1)(a+3). Apan &icoon (1) &t mpoypatikég
pileg, o0tav elvar @ < -3 M a > 1. Eme1on 1o ywvopevo tov pilov etvar P =1>0 ot pileg eivan
OLLOOMLES, OTOTE Y1 VoL lvat Kot o1 dVo BeTikég Tpémet ko apkel S=a+1>0 a > 1.
Emopévaog &ovpe:

e T a>1,neElomon (1) &etl dvo akpPmg drapopetikés Oetikég pilec oto R .

e Tw a=1,neElowon (1) &et m duthr Betikn pila x =1 ot0 R.



e Tw a<l,netionon (1) dev &gl un apvnrikég pileg oto R.

(ii) Eoto x < 0.
Téte n e&icwon yivetau:
x2+x+1+2x:ax,aeR@xz—(a—3)x+1=O,aeR, (2)

1 omoia £xgt Stakpivovoa A =(a — 3)2 —4=(a-5)(a-1). Apan e&iowon (2) éxel TpaypoTIKé
pileg 6tav eivar @ <11 a = 5. Enedn 1o ywvopevo twv prlov givar P=1>0 ot pileg eivar opo-
ONUES, OTATE Y1 VoL lvat Kot o1 dVO apvnTikéG Tpémel Kot opkel S=a-3<0< a <3.
Enopévog &xovpe:

o Tw a<l1,n ekicmon (2) &xet dvo akpPag dtapopetikés apvnrtikes pileg oto R

e Tw a=1,neklomwon (2) &gl duthn apvntikn pia x =-1 oto R.

o T a>1,nelicmon (2) dev éxer apvnrikég pileg oto R.
A6 1ig meputtroelg (1) kot (2) mpokdmrel 6t 1 dedopévn e€icmon €xet, Yo kabe @ € R, dvo
TpaypaTikég pileg drapopeTikég petalh Tovg, ot omoieg gival etepoonues Yo o =1.

Hpoprinpa 4
Noa Avoete 6TOVE TPAYUATIKOVS 0p1Bovg TV e€icmon

V2t +3x42 -2 +x+1=x+1.

Adon
Kat’ apyn mapatnpovpe ot ioyvet: 2x° +3x+2>0 kot x° +x+1>0, yio kébe xeR.

Av 0écovpe @ =~2x" +3x+2, b=~/x’+x+1, x € R, 1618 AapPévovpe:
a’ -b* :(2x2 +3x+2)—(x2 +x+l):x2 +2x+1 :(x+1)2,
omote amod T 0edopévn e&iocwon Tpokvmtel 1| e€lcmon e ayvaoTovs a,b,
@’ —b* =(a—2b)" & dab—5b* =0 = b(4a—5b) =0 < 4a =5b,
a@ov elvar b = 0. "Etot €govpe v e&icmon
4N2x* +3x+2 =5Vx* +x+1,

G omoiog ta dVo PEAN elvat BeTikd, Yo kaBe x € R, ondte givar 1codvvaun pe v eicwon
16-(2x* +3x+2) =25-(x" +x+1)

234337
14 '

ST +23x+7=0x=



I'” Avketov

popiqpa 1

r * 4 r r r
H axoiovbia a,,ne N, opiletor avadpopkd amod Tig oXECELS

a, =a +kn,neN,
omov k Betucdg axéparog kot @, =1. No Bpeite yo moa Ty tov £ 0 apBpog 2011 etvar 6pog

g akorovbiog a,neN .

Avon

A6 T 6edopévn OVOOPOLLKT] GYECT) EXOVLE
a, =1
a,=a,+k
a, =a, +2k

and TG omoieg e mpocheon Katd PEAN Aapavoope

a, =1+k(1+2+...+n—1):1+k(1+2+...+n—1):1+M.

Enopévac, apkel va mpoodtopicovple Tic TIHES TOV £ Kot 72 Y1 TIS 0Toieg 1oy VEL 1 1I6OTNTA:

k(n

-1
a, =1+T)n:2011c>k(n—l)n=4020

<:>k(n—1)n:1-2-2-3-5-67 .
< (n-1,n,k)=(1,2,2010) 1\ (n—1,n,k)=(2,3,670).
Emopévag, o k£ =2010 givar a, =2011 xaryo k=670 givan a, =2011.

Hpépinpa 2

Atveton o&uyavio kot oxaAnvo tpiyovo ABC ko ot M,, M,, M, toxdvta onpeio tov TAgv-
pav tov BC, AC, AB , avtictorya. Eoto akoun ta dyn tov AH,,BH,,CH,. No onodeiEete 0Tt
Ol TEPLYEYPOLLUEVOL KOKAOL TV Tpty®dvev AH, H,, BM H,, CM H, nepvave amnd 10 1610 onpeio
(éot0 K,), o1 mepryeypappévol kokAot tov tpryovev BH, H,, AM ,H,, CM,H, nepvdve ond to
310 onpeio (éotw K,) xat ot mepryeypappévol kokiot twv tpryovev CH, H,, AM.H,, BM ,H,
nepvave and 1o 1810 onueio (otw K;). Xt ovvéyewn va amodeifere OTL o1 gubeieg
AK,, BK,, CK, cvvipéyovv , dnlaodr mepvdve and 1o id1o onueio, av, kot povo av, ot evbeieg
AM,, BM,, CM, covipixouv.

Adon

‘Eoto (c,) o mepryeypoppévog koxkhog tov tpryovov BM H ;, (c,) o meptyeypoppévog KOKAOG
Tov Tprydovov CM ,H ,, (c,) o mepryeypappévog kokhog tov tprydvov AH , H; ko (c) o mept-
YEYPOAUUEVOG KOKAOG TOL gYYpayiov tetpomievpov BH . H,C .



Zypo 5

Ozopdvrag g tépuvovceg AB kar AC tov KOKAOV (C) , GUUTEPAIVOVLLE:
AB-AH; = AC-AH,.

To ywopevo opwg AB- AH ; exppdlet ™ dbvoun tov onpeiov 4 og mpog 1o Kukho (¢,) evd
10 ywopevo AC - AH , exkppalet m dvvaun tov onueiov 4 g mpog to kbkro (c,).
Apo 1o onpeio A, aviket 6tov prlikod GEovo tmv KOKA®V (c,) kot (c,).
‘Eoto tdpa 6Tt ot koxkAot (c,) kat (¢,) tépvovtar oto onueio K, (exktog PéPota amd to onpeio
M ). Tote n evbeia mov opilovv ta onpeio avtd (dnradn ta K, kot M) eivar o pilikdg d&o-
vog TV KokAov (c;) ko (c,).
Amnd tovg mapomive GVALOYIGHOVS TpokVTTeL 0Tt Ta onpelon 4, K, ko M, etvar cuvevBetokd.
Oo amodeifovpe Ot Ko 0 KUKAOG (C,;) mepvdet amd to onueio K, dnhadr| 0Tt 10 TETPATAELPO
AH, K, H, eivon eyypayyo.
Amd 10 gyypéyipo tetpbmievpo BH H ,C éyovpe: @ = B. Am6 10 EYYEYPAUUEVO TETPATAELPO
BM K ,H, éovps: ¢=B. Apa sivar @ =@ Kot koté cvvémew. to tetpamhevpo AH, K, H,
elvai eyypayo.
Me 6p010 TPOTO amodeVOOLUE OTL Kot 01 dV0 GAAES TPLAOEG KOKAWY, TEPVAVE omtd TO 1010 on-

glo.
%powowo’ag dpa ot evbeieg AK,,BK,,CK; cuvtpéyouv, av, Kot HOvo av, GuvTpéyovy ot gvbei-
egc AM,,BM ,,CM ; (dedopévov ot ta onueion 4,K,,M,, 1o onpeic B,K,, M, ko ta on-

ueta C,K;, M, , givor cuvevbetoxd.

Hpopiqpa 3

Av a,b,x,y €R pe (a,b)#(0,0) ko (x,y)#(0,0) karwoxdovv
a()c2 —yz)—2bxy = x(a2 —bz)—2aby
b(x? —y2)+2axy zy(a2 —b2)+2abx,

vo omodeiEete 0Tl x =a ka1 y=b.
Avon



SOUQOVO [LE TOV OPIGUO TNG 10OTNTAG UIYOOIK®V aplBUdV, TPOKOHTTEL OTL TO GVGTNUA TV VO
dedopévev eElomoemv glval 1l6odvuvapo pe v eElocwon:

[a(x2 —yz)—2bxy]+[b(x2 —y2)+2axy}i:[x(a2 —bz)—Zaby}+[y(a2 —b2)+2abx]i
= (a+bi)-[(x2 —y2)+2xyi} z[(a2 —b2)+2abi](x+yi)
<:>(a—i-bi)-(x—i—yi)2 =(a+bi)2 -(x+yi)
& x+yi=a+bi (agov (a, f)#(0,0) kar (x,y)#(0,0))
S x=a, y=h.

Hpoprinpa 4
Xnueio M Bpioketan 6to ecmtepikd kvkhov C (O,r), omov r=15c¢m , og amdctacon 9cm amd 10
KéVTpo Tov kVuKAOL. Na Bpeite Tov apBud tov yopdmv tov Kdkilov C (O, r) oV TEPVAVE amd TO

onueio M kot o pnKog Toug givat aképotog aptopoc.

Avon
B
A
(0]
0
E
r M A
A
Zynpo 6

Bewpovpe 1 xopdn AB mov mepvdet amd 1o onpeio M kot to kévipo O tov KHKAOL, KaBdS Kot
Vv KaBetn pog avtnv xopd ] 'MA , ondte 10 onueio M etvar 1o péco g yopdng I'A. H yopon
AB éxet axéparo unkog 30cm . Ao 10 Bedpnpo TEUVOUEV®V YOPOIDV EYOVUE OTL:

2 2
FM-MAzAM-MB@(%) :6-(9+15)c>(%j :144@%:12@&%:24.

"Etotl péypr torpa Exovpe Bpet 000 yopdég tov kvkiov C (O,r) oL TEPVAVE amd To onueio M kot
&xouv axépatlo punkoc. Oempovpe toyovoa yopdn KA tov xoxrov C (O,r) TOV TEPVAEL OO TO
M kot é6t0 ME =x, MOE =6, 6mov E sivon 10 néco e KA, oymua 6. Av vrobécovpe ot

0<6< %, TOTE EYOoVpE BE®PTOEL OAES TIC YOPOEG TOV KUKAOL C(O,r) oL TEPVAVE amd 10 M

Ko To dxpa Toug K xor A Bpiokovroar ota ehdocova 10o AT kot BA, avtiotorya . o kdbe
pio amd avTéS TIC XopOES avTioToryel Kot piot KON TOV €ivol 1 GUUUETPIKT TNG OC TPOGS T -
petpo AB.



T xopdh KA, av svpBoricovpe to pixog g og £(8), éxovpe

0(0)=24225-810v1°0, 0< 0 s%.

Enedn eivon K’(@)z\/zziméulzg -
—8lovv

>0, 96(0,%) , émeton 011 n ovvaptnon £(6) eivan
0

yvnolog adéovoa 6to dtdoTnua {O, %}, OTOTE 1| GLVAPTNON| K(@) €Yl GUVOAO TILAOV TO d1d-

TN {E(O) 0 (%ﬂ = [24, 30] . Apa 1o pnKog g xopdng KA pmopet vo mdpet OAeg tig axépot-
€G TIHEG TOL SLOGTIUATOG [24,30]. Av AdPovpe vdyy Ko ™ cvppeTpikn yopdn g KA wg
pog ™ odpetpo AB, tote T TEVTE PNk 25, 26, 27, 28, 29 AauPdvovtor 600 @opég to kabéva,
eved ta pnkn 24 kot 30 Aappdvovtarl and pia eopd. ‘Etotl €govpe cuvolkd 12 yopdéc mov mep-
véve amd T0 M pe aképoto URKog.

Hoapatipnon 1
Oa pmopovoape ETIiONG VA XPNOUOTOMGOVUE TO Ge@pnia UEYITTNG Kol EAGYIOTHS TYUHS Y10, T

ocuveyn ovvdaptmon 4 (9) = 2\/ 225-8lovv’d, 0<0 < %, n omolo €yet eAdyoTn TWN TNV

K(O) =24 Kol pHEYLeTN TN TV 6(%) =30. Avto mpokvmTel omd TNV TapoTPNoN OTL TO, UK
TOV YOpODOV £ival avTIoTPOPM®S OVAAOYO OO TO OMTOGTHUATA TOVG KOl OTL TO HEYIGTO OmOCTNOL

Aappdvetar yio 8 =0, evd to ELdy10TO amOSTNU AapPaveTol Yo 6 = % .

Hoapatypnon 2
Inuei@voovpe akOun 0Tt ot YopdEs pe axépato pnkn 25, 26, 27, 28, 29, umopovv vo, KOTaoKELO-
GTOVV YEOUETPIKE, 0ol av Bécovpe KM =x kow MA =y, tote €rovpe

x+y=m, me{2526,27,28,29} xu xy =144 =127,

"Etotl e€acpaiilovpe v Hapén autdv TV YopddV LE OKEPOLO UNKOG, XWPIG TN PO TOL Ot-
aQOPIKOD AOYIGHOV.



